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Abstract

In bike sharing systems the quality of the service to the users strongly depends on the
strategy adopted to reposition the bikes. The bike repositioning problem is in general very
complex as it involves different interrelated decisions: the routing of the repositioning vehi-
cles, the scheduling of their visits to the stations, the number of bikes to load or unload for
each station and for each vehicle that visits the station. In this paper we study the problem
of optimally loading/unloading vehicles that visit the same station at given time instants of
a finite time horizon. The goal is to minimize the total lost demand of bikes and free stands
in the station. We model the problem as a mixed integer linear programming problem and

present an optimal algorithm that runs in linear time in the size of the time horizon.

Keywords: Bike Repositioning Problem; One station; Linear complexity; Optimal algo-

rithm

1 Introduction

In a Bike Sharing System (BSS) one of the most important decisions at the operational level is
the adoption of a bike repositioning strategy to mitigate the imbalances caused by user demand
over time and space. These strategies can be divided in user-based and vehicle-based. In the
former, reward systems are put in place to encourage a use of the system that counteracts the
imbalance. In the latter, one or more vehicles are deployed to move bike to and from stations to
rebalance the bike inventory. In this paper we consider the latter and focus on the operations of
a fleet of vehicles in a single station.

Vehicle-based bike repositioning strategies can be further classified as static or dynamic.
When a static bike repositioning strategy is adopted, the bike repositioning operations are per-

formed when the user demand is low compared to the rest of the day, typically at night. In this



case, real-time user demand is disregarded. Dynamic bike repositioning is performed during the
day, accounting for the real-time status of the system and the behavior of the users, as well as
its forecast. Typically, the dynamic problem is tackled by solving a static time-dependent sub-
problem at the beginning of the operating day based on the current state and a forecast of the
demand during the day. Decisions are then periodically re-evaluated at later times with updated
information.

Various objectives have been considered in the literature to evaluate the quality of the relo-
cation solution. The most common one is the maximization of the quality of service, typically
measured as the number of lost withdraws (due to the lack of bikes) and/or returns (due to the
lack of stands). The former causes discomfort as the user has to either wait for a bike to be
returned at the desired departure station, move to another station where bikes are available, or
resort to another means of transportation. In the latter case, the user has to cycle to a different
station with free stands or, if available, resort to alternative ways to return the bike (e.g., with
a lock issued by the BSS operator).

Decisions to be taken in a repositioning strategy include those about the amount of bikes to
be loaded or unloaded in each station, the routing of the vehicles, and, in the dynamic setting,
the timing of the visits of the vehicles at each station. We collect the models that approach
these decisions under the name of bike repositioning problems (BRPs). These decisions are
interrelated. The routing determines the sequence of the stations visited by the vehicles and
therefore constrains their arrival time at each station. The number of bikes present at each
station depends on the arrival time.

The decisions taken for the operations of a vehicle in a station influence (interact with) not
only the actions of the same vehicle in the following stations along its route but also the actions of
other vehicles that could be scheduled to visit the same station. In fact, the interaction between
the operations of multiple vehicles is one of the main challenges when solving a problem in the
class of BRPs. The need of multiple visits, by the same vehicle or different vehicles, to the same
station is a consequence of the limited capacity of the repositioning vehicles, and of the dynamic
nature of the user demand. Both loading and unloading operations need to be performed across
the stations and across time at the same station.

When multiple visits to a station are considered, the interaction among the vehicles should be
taken into account when planning the loading/unloading operations of each vehicle. Any decision
taken for a vehicle has an impact on the operations that the following vehicles can perform along
their routes. For example, if a vehicle loads bikes to tackle a shortage of stands, and the next
vehicle unloads bikes to prevent a later shortage of bikes, the number of bikes loaded by the first
vehicle may have an impact on the size of the subsequent bike shortage. In other words, loading
an exceedingly large number of bikes on the first vehicle may cause a worsening of the shortage

of bikes at a later time that the second vehicle may be unable to cope with.



Contribution. Drawing from the experience gained in a collaboration with Brescia Mobilita
SpA, operating the station-based BSSs in Brescia, Italy (see [2]), in this paper we study the
problem of optimally loading/unloading vehicles that visit the same station at given time instants
of a discrete and finite time horizon. The net users demand at the station is known (provided
by the forecast) at each time instant of the time horizon. The goal is to minimize the total lost
demand of bikes and free stands. The station is characterized by an initial inventory stock and
a known capacity. Likewise, each vehicle is characterized by a capacity and an initial load of
bikes. We model the optimization problem, that accounts for the interaction of the operations
of the vehicles, as a mixed integer linear programming problem whose linear relaxation is shown
to always have an integer solution. We then present a solution algorithm that runs in linear
time in the size of the time horizon. Given the forecast of net users demand on each instant
(epoch) of the time horizon, the algorithm finds the type of operation (loading/unloading) and
the number of bikes (to be loaded/unloaded) for each vehicle that visits the station to minimize
the number of unsatisfied requests, taking into account the limits imposed by the capacity and
the load at the time of the visit. It also finds the number of requests that remain unsatisfied
regardless of the load and capacity of the vehicles. Therefore, the algorithm could be also used to
calibrate the load of the vehicles upon their arrival at a station and to evaluate the effectiveness
of certain visiting times at a station. The problem addressed can be seen as a subproblem to be
solved in a solution approach to a more general repositioning problem. The availability of a very
efficient optimal algorithm for the solution of the subproblem will contribute to the efficiency of
the approach. In this sense our work provides a contribution to the design of solution approaches

to more general models in the class of BRPs.

Literature Review. The design and management of a BSS involve many issues that have been
tackled by the optimization literature (see |25, 37, 41]). Among these problems, those regarding
the mitigation of spatio-temporal imbalances in the demand and offer of bikes by the users have
received a considerable attention. Many works consider a static setting, where bike relocation
is assumed to take place at night, when user demand is negligible (see [4, 10, 14, 16]). In this
context, the decisions can be decomposed in those regarding the inventory of the station and
those about the routing of the relocating vehicles. Considering the nighttime-only relocation
of bikes can be a limitation in systems experiencing high fluctuations in user demand. This
limitation is overcome in the dynamic setting where the relocation takes place during the day
and therefore decisions can be revised multiple times. In this setting, the decisions to be taken
include the inventory of each station, and the scheduling and routing of the vehicles performing
the relocation must be taken. These decisions have been tackled both separately (e.g., [34]) and
in an integrated way (e.g., [44, 20, 45]). It must be noted that the dynamic setting requires to
accurately forecast user behavior. This requirement is considered in various contributions (e.g.,
[34, 1, 43, 26]).



As noted above, in this paper we aim at tackling the problem of coordinating the operations
of multiple vehicles visiting a single station over time. A summary of the literature for this class
of BRPs that is relevant for our contribution is presented in Table I. For each reference, the table
classifies the papers according to: the time setting of the problem (static or dynamic), the number
of vehicles for the repositioning of bikes, whether stations are allowed to be visited multiple times,
and whether vehicle interaction is considered or not. Considering the real-time evolution of the
system and the forecast of users behavior makes the bike repositioning a very difficult problem
to solve. It is therefore not surprising that early contributions generally considered the static
setting. Furthermore, a considerable portion of the literature examined considers the case of a
single vehicle or does not allow for multiple visits or vehicle interaction. To further highlight the
difficulty of the task, it is also worth noting that, in many of the papers, the fact that stations
might be visited multiple times is not the result of a repositioning plan that explicitly considers
this possibility and the consequent vehicle interactions. In these papers this is the result of either
the problem being modeled as a Markov Decision Process where the set of actions includes the
visit to one among all the stations of the system, or the problem being solved by considering a
rolling horizon scheme where the reoptimization step considers a visit to all the stations, that
is, without removing from the set of candidate stops stations that have been visited at earlier
times.

We report that, to the best of our knowledge, the only work considering the problem on a
single station is [32]. The authors model the user requests to rent or return a bike as stochastic
processes and introduce a dissatisfaction function, establishing its convexity and devising an

accurate and efficient approximation for its estimation.

The paper is organized as follows. First, in Section 2 the problem is defined. Then, in Section
3 the optimization problem is discussed for specific subsets of the time horizon. The results are
then exploited in Section 4 to present a solution algorithm for the problem on the entire time

horizon.



Time Multiple Vehicles

Reference . 7## of vehicles . . .
setting visits interaction

[4, 10, 16, 21, 28, 39] Static  Single - -
[13] Static Single v -
[29, 18, 17, 15, 40] Static Multiple — -
[36] Static Multiple! — -
[7] Static Multiple v -
31,33,3, 1,22 42]  Static  Multiple v v
9] Static Multiple v v
8] Dynamic Single - -
[38] Dynamic Single v -
[5] Dynamic Single V2 -
[24] Dynamic Multiple - -
[23] Dynamic Multiple! - -
[27, 6] Dynamic Multiple! V2 -
[12, 44, 11, 2] Dynamic Multiple V3 -
[20, 30, 19, 45] Dynamic Multiple v v

I Stations are clustered and each cluster is assigned to one vehicle.

2 A Markov Decision Process is presented where routing decisions involve only
one vehicle visit per station. Further visits to a station are allowed only in
subsequent stages.

3 Each station can be served at most once by one vehicle within a reposi-
tioning time-window. A rolling horizon scheme is presented, with multiple
repositioning time-windows, meaning that a station can be served in multiple
time-windows during the day.

4 The vertices can be visited several times and by distinct vehicles, but tem-
porary storage is not allowed. This means that when inventory units are

delivered to some vertices, they cannot be picked up later again.

Table I: Literature contributions with respect to the characteristics relevant for this work.

2 Notation and problem definition

Let us consider a bike-station (station from now on) with known capacity C' and initial stock
level 5 € [0,C] at time t). Let the time horizon consist of m time instants t(*) indexed with
heT=/{1,...,m}, where t"*"1) < t(") for all h = 1,...,m, and let us call epochs the indices
h € T. The station receives at epoch h a known request of net flow of bikes (difference between

rentals and returns) d™  where d® > 0 represents an incoming net flow and d® < 0 represents



an outgoing net flow.

A set V = {vy,...,v,} of w vehicles is available to visit the station with a fixed sched-
ule. More precisely, vehicle v; visits the station at a fixed epoch e; € T. We denote by
H = {e1,...,eq} C T the set of visiting epochs and w.l.o.g. we assume that e; = 1 and
vehicles are indexed according to visiting epochs so that e; < e;4; for ¢ = 1,...,w — 1. Every
vehicle v; has a fixed capacity @); and a known load ¢; € [0, Q;] at visit epoch e;.

Thus, at epoch e; the operator of vehicle v; may move, in either direction, some bikes between
the station and the vehicle. The amount moved at epoch e; is indicated with z;, where x; > 0
represents a bike flow from the vehicle to the station (i.e., bike unloading from the vehicle) and
x; < 0 represents a bike flow from the station to the vehicle (i.e., bike loading on the vehicle).
We call this amount an intervention. Intervention x; is bounded from above by the load ¢; of
the vehicle and from below by its residual capacity ¢; — @;. Thus, the intervention is feasible if

and only if

x; € [qi — Qi,qi] (or, equivalently ¢; — x; € [0, Q;]). (1)

As the intervention z; and the request d(¢?) take place at epoch e; the final result is a (post

intervention) virtual stock given by
) = glei= 4 gled) 4 gy, (2)
In any other epoch h ¢ H the virtual stock is given by
5 — g(h=1) o (). (3)

At any epoch h € T, if the virtual stock is greater than the station capacity, or below zero, the

difference is accounted for as a loss. More precisely, we define the surplus loss as
1MW+ = max(0, 5™ — C) (4)
and the stockout loss as
1M~ = max(0, —5"). (5)

It is clear that at most one of these two quantities may be positive. The actual (post intervention)

stock level in the station is

s — g _y(+ | g(n— (6)

where by construction s € [0,C], s =0 if 1)~ > 0 and s = C if 1M+ > 0. We define the
total amount of lost requests as L = Y 1, (IM+ + 1)),
Figure 1 reports an example of the net flow of bikes d. A vehicle vg with capacity Qg and load

q9 is visiting the station at time t©). Note that, in the figure, a small jitter is present to avoid



superimposition. For a given initial stock level s(9), Case (1) represents the resulting stock s,
surplus loss (M and stockout loss [()= (for h € T) in the case of null intervention. The total
loss L is also reported. While no temporal characterization is given for L, its value over time is
represented in Figure 1 for ease of visualization. It is worth pointing out that losses might occur
in an epoch h when an intervention is not allowed (h ¢ H), unless they are avoided by an earlier
intervention. Observe that earlier interventions should take into account that the station stock
level is waving up and down due to the net flow, and since an intervention at epoch h produces
a shift in the stock level from epoch h onward, it may avoid some losses in the next epochs, but
may also generate new losses in one or more of the next epochs. This is exemplified in Case
(2), where the intervention planned for ) avoids the losses occurring in t19 and ¢(12) when no
interventions can be performed. Increasing the number of bikes loaded in ¢ reduces the loss
occurring in t2%) (Case (3)), but because of the waving of the net demand, a larger intervention
induces a stockout loss in t29) (Case (4)), without modifying the actual stock at later times (i.e.,
the loss at t(>*) and later is unchanged w.r.t. Case (3)).
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Figure 1: A representation of the quantities involved in the problem: the net flow of bikes
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Problem instance is defined by parameters s ¢ and vectors d = [d(l), .. .,d(m)], q =
[q1, -, quw], Q = [Q1,...,Qw]. Decision variables are described by a vector of interventions
x = [x1,...,%y]. When required by the discussion, we will refer to quantities sh)g(h) )+
and M~ as sW(x), M (x), IM+(x), and (M~ (x), respectively, to explicitly express their
dependence from interventions . Accordingly, the total amount of lost requests L will be
denoted by L(z) = Y7, (1M (z) + 1MW~ (z)).

Thus, the problem can be formulated as a MILP as follows

min L(x) (7)
s.t. equations (1)-(6) forh=1,...,m.
x; € L fori=1,...,w. (8)

The linear relaxation of this problem is obtained by removing the integrality conditions

x; € Z. It can be shown that the problem always has an integer solution.
Theorem 1. An integer solution always exists to the linear relaxation of Problem (1)-(8).

Proof. The claim follows from observing that the matrix of the coefficients of the variables in

the constraints is totally unimodular. This is true because
e every entry is 0, +1, or —1;
e cvery column contains at most two non-zero (i.e., +1 or —1) entries;

e cach variable that appears in more than one constraint, that is each s and each ",
with h € T', appears with coefficients +1 and —1.

These are sufficient conditions for the matrix to be totally unimodular (see [35]). 0

In this paper we show that the problem can be solved in O(m) time.

Observe that @ = 0 is a feasible vector of interventions provided ¢; € [0,Q;] for all v; € V.
Observe also that the total loss is minimized by maximizing the quantity L(0) — L(x) which we
call recovered (or saved) loss. More in detail, if (1(M+(0)+1™=(0)) > (IM+(x)+1)~(x)) we say
that interventions a recovers a loss at epoch h; while, if (I"*(0)+1"M=(0)) < (1M (x)+1W~ ()
we say that interventions @ creates (or increments) a loss at epoch h.

Note that, for the sake of ease of reading, all the proofs of the propositions are provided in

Appendix A. For the same reason, the appendix also reports a table of notation.

3 Interval optimization

In this section we study the case of the problem of a single intervention to be taken at epoch e

(i.e., H = {e}) by a vehicle with capacity @ and load ¢ to minimize the loss realized within an



epoch interval [e,e]. We call this particular problem the I-Intervention problem. As we have a
single decision, the vector of interventions a reduces to a scalar value x.

We focus first on the uncapacitated version of the I-Intervention problem where constraint (1)
is relaxed and characterize the set of optimal interventions. Then, we establish the relationship
with the capacitated problem and design a linear time optimal algorithm. To characterize optimal
interventions, the sufficient conditions to improve an intervention are described (Section 3.1).
Then, sufficient conditions for the worsening of an intervention are defined (Section 3.2). These
results allow for the definition of the conditions for the optimality of an intervention (Section
3.3) and, eventually, the definition of an algorithm running in O(€e — ¢) time (Section 3.4).

Some additional notation is now introduced for this particular 1-Intervention version of the

problem. Given an intervention = at epoch e we define

® Sen(z) = min(s®)(z) | e < k < h), that is the minimum stock level in epoch interval
le, Rl
® S () = max (s (z) | e < k < h), that is the maximum stock level in epoch interval

e, Al
o W) (z) = min(k € [e,€]| I®*(z) > 0) if there is an epoch with surplus loss, +00 otherwise;

o W()(z) = min(k € [e,g] | I®)~(z) > 0) if there is an epoch with stockout loss, 400

otherwise.

3.1 Improving interventions

Here we state sufficient conditions to improve a given intervention x. Considering the case that,
for a given intervention x, the first loss is of type surplus (i.e., hH)(z) < h(-)(z)), we would like
to move from the station to the vehicle a quantity § so that the stock in the interval [e, h(t) (z)—1]
is downshifted and the surplus at epoch h(*)(x) is reduced or even zeroed without changing the
stock since then. However, the downshift should not be too large in order to avoid the creation
of stockout losses that would also stop the surplus recovery. In case we manage to zero the
loss at epoch (1) (x), the epoch of first loss is moved forward and we can look for a further

improvement of the new intervention (see Section 3.4). A similar argument can be used when

) (z) < W) (z).
Proposition 1 (Downshift improvement). Let z be an intervention such that h = () (z) < oo
(at least one surplus loss) and define 6* = min (l(h)+(a:), S 1] (a:))
Then, for any § € [0,8*], following properties hold for intervention ' = x —§
1= (") =1®)~(x) fork € [e,e]
1B+ =10+ (2) =6 fork=h 10+ =10+ (z) fork#h
sB(z) =s®(z) =6 fork<h sB 2"y = sF)(x) fork>h

10



Moreover, L(z') = L(x) — &; we also have that § = I™*(z) if and only if K (z) < h(H) ().

Observe that Proposition 1 does not provide any improvement in case §* = 0. Otherwise,
if 6* > 0, any intervention ' = x — § with § € (0,9*] is a strict improvement of x, indeed the
surplus loss at epoch A1) (x) is decreased exactly by . Moreover, the stock level before epoch
R (x) is uniformly downshifted by 6* while the stock level remains unchanged starting from
epoch h(H)(z) (in particular we still have C' at epoch h(*)(zx)). Finally, the first surplus loss
induced by the new intervention is pushed forward if and only if 2’ recovers the whole loss at
epoch h()(z).

Proposition 2 (Upshift improvement). Mirror of Proposition 1.
Let x be an intervention such that h = h{~)(x) < oo (at least one stockout loss) and define
0* = min (l(ﬁ)_(:v), Sle,h—1] ($))

Then, for any § € [0,6%], following properties hold for intervention x’ = x + §

B =(z) =0 fork=nh 1B (") =18~ (x) fork+#h
sB(z) = s (z)+6 fork<h sB) (2 =s®(x) fork>h

Moreover, L(x') = L(z) — §; we also have that § = 1M~ () if and only if ) (x) < h() (2.

3.2 Worsening interventions

Here we state sufficient conditions to say that an intervention z cannot be improved by a down-
shift ' < z or by an upshift 2’ > x. Let us consider the case that for a given intervention x the
stock is zero before any surplus loss. In this case no downshift could recover the surplus loss as
it would generate stockout losses at one or more earlier epochs preventing the downshift at the

later epoch.

Proposition 3 (Worsening by downshift). Let x be an intervention and h = min(h*)(x),e). If
EIs (x) = 0 (the stock level goes to zero in the interval and before the first epoch with a surplus

loss, if any), then, for all § > 0 the following properties hold for intervention ' = x — o

L(z') = L(z) + ¢
s® (2') = s® (z)

where the new loss is of type stockout and is realized at one or more epochs earlier than h.

Proposition 4 (Worsening by upshift). Mirror of Proposition 3. Let x be an intervention and
h = min(h)(z),e). If Sl ] (x) = C (the stock level goes to C in the interval and before the

11



first epoch with a stockout loss, if any), then, for all § > 0 the following properties hold for

intervention ©’ = x + §
L(2')=L(z)+6
s (') = 5 (2)

where the new loss is of type surplus and is realized at one or more epochs earlier than h.

3.3 Optimal intervention characterization

Here we characterize the properties of optimal interventions for the uncapacitated problem and
describe the set of optimal interventions. The computation of optimal interventions for the

capacitated problem and the corresponding optimal value are then described.

Proposition 5. An intervention x is optimal for the uncapacitated problem if and only if at least

one of the following conditions holds:

R () = B (2) = 400 (9)
M (@) <hO(z) A s pen ey (@) =0 (10)
@) <hM(@) A Fpewy @) =C (11)

The next proposition characterizes the set X °° of optimal interventions for the uncapacitated

problem and its extreme points z°° = min(X*°) and 7% = max(X ).

Proposition 6. Let x* be an optimal intervention for the uncapacitated problem. The whole set

of optimal interventions is characterized as follows.
1. If L(z*) > 0, we have X*° = {a*}, and for all 2’

L(z') = L(z*)+ |2/ — z*| and

D) —s@(0) = 5O (). 12)
2. If L(xz*) = 0, the set of optimal interventions is a range [x>°,T°| defined as
X®=[z"— S[ee] (%), 2" + C =5 q(z")].
Moreover, we have
2 €z, 7° = L) =0, s@ () = s© (z*) + (2 — z¥),
¢ >7° = L@)=12 -7°>0, sO@)=:s7), (13)

¥ <z® = L)=z® -2 >0, s@()=s0(z>).

12



As a consequence of Proposition 6 we can conclude that the set of optimal interventions for
the uncapacitated problem is an interval that reduces to a single point when the optimal loss
is positive. In all cases any intervention = ¢ [2°°,Z°°] generates an additional loss equal to the
distance of = from the boundary of [x>°, Z].

From now on, we denote by L the optimal loss and with £° the optimal intervention with
minimum modulus in [2°°,Z°], that is z° = z™ if 2> > 0, 2™ = zT®° if T*° < 0, z*° = 0,
otherwise.

The following proposition states the relationship between optimal interventions for the unca-
pacitated problem and its capacitated version, together with the corresponding optimal values
and stock level induced at the final epoch €. Accordingly, we will denote by X© the set of
optimal interventions for the capacitated problem with extreme points 29 = min(X®?) and
79 = max(X®¥). We also denote by 2% the optimal intervention with minimum modulus and as

L¥ the corresponding optimal value.

Proposition 7. The set X9 of optimal interventions for the capacitated version is a range
(29,79 determined from the range [x°°, 7] of optimal interventions for the uncapacitated 1-

Intervention problem as follows,

{q} if ¢ < x> =™
29,79 = {¢-Q} if2™ =7% < q—Q (14)
2,7 N g — Q,q] otherwise,

the minimum modulus optimal intervention z© is determined from x> as

q if g <z = x>
=1 q-Q fa*=7°<q-Q (15)
x> if otherwise,

the optimal loss is
L9 = L® 4 |z* — 29|, (16)
and the stock level induced at epoch € is

5@ (29) = 5@ (22) = s)(0). (17)

3.4 Interval optimal intervention

In this section we present an algorithm for the 1-Intervention problem discussed above. For the
sake of generality and in view of how the algorithm will be used to solve the general problem,
we assume that the vectors 8, I, [~ and s, representing, respectively, virtual stock, surplus loss,
stockout loss and stock level induced by the null vector of interventions & = 0 on all epochs T,

have been already computed.

13



The idea is to maintain a 4-tuple of variables (x>, L*°, «, 8) where x°° represents the mini-
mum modulus (optimal) intervention at epoch e to minimize the total loss on interval [e, h] for
the uncapacitated problem; variables L°°, « and [, represent the optimal loss, the minimum
and the maximum stock level induced by z°° on the considered interval. The computation is
initialized by setting the 4-tuple of variables for interval [e, e]. Then, the time interval is scanned
to iteratively enlarge the considered interval up to [e,€|. Improvement opportunity for current
intervention with respect to the new interval is evaluated, and by the end of each iteration the
4-tuple is consistently updated to an interval with one more epoch. When the scan is over, the
optimal intervention 2 for the capacitated problem is computed together with the corresponding
loss L9. A formal definition of the algorithm is provided in Pseudo-code Vehicle-Intervention
(Algorithm 1) provided below.

Algorithm 1: Vehicle-Intervention

input : e: intervention epoch, € : epoch up to which optimize intervention, ¢ : vehicle
load, @ : vehicle capacity
output: % : minimum modulus optimal intervention for capacitated problem; L< :
minimum loss for capacitated problem; £°° : minimum modulus optimal
intervention for uncapacitated problem; L : minimum loss for uncapacitated
problem;
global : C, s, 17, 1T
// initialization
12X = [+ 4 (-
2 L* =0
3 a,3=s9
4 for (h=e+1; h<e h++)do // scan time horizon
// intervention improvement
5 | 6t =min(IM* )
6 | 0~ =min(W~,C - p)
7| x® =2 —-0T 46"
8 | L® =L+ (1MW 5t 4 (1M-—57)
9 o = min(a — 61, s(M)
10 B = max(8 + 6, sM)

11 if 2° < ¢—Q then {29 =¢—-Q; L9 =L1> 29 — 2>}
12 else if 2™ > g then {2 =¢; L9 =L> 2> — 29}
13 else {29 =2%>; L9 =L>}

Theorem 2. Algorithm Vehicle-Intervention computes z°°, 2%, L and L% in O(g—e¢) time.

So far we have considered the initial stock level s(9) as given. However, the optimal interven-

14



tions and losses for both the uncapacitated and capacitated problems can be somehow affected
by the initial stock level. In order to understand some properties of the general problem on the
whole time horizon T, it can be useful to discuss a little bit about this point. Let us denote by
L(z | s) and s (z | s) the total loss and the final stock level induced at epoch € by intervention
T given a stock level s at epoch e — 1. Moreover, let us denote by 2°°(s) and 2% (s) the minimum
modulus optimal interventions for the uncapacitated and capacitated problems, respectively, as
functions of the stock level s at epoch e — 1, and by L>(s) and L?(s) the corresponding optimal
losses. Finally, we denote by X>(s) = [2>(s),7°(s)] and X?(s) = [29(s),Z9(s)] the range of
optimal interventions for the uncapacitated and capacitated problems, respectively.

The next proposition shows the relationship between these quantities when, under some
circumstances, the initial stock level s is translated by a quantity §. The special cases considered

by the proposition will be used in the following to study the properties of the general problem.

Proposition 8. Let s,s+ d € [0,C] be two alternative stock levels at epoch e — 1, then

X®(s+d)=X>(s)—9¢
L® >0 = O |s)=590]0), (19)
(s +0) =2%(s) =9
2P(s+0) =2%(s) =¢
LR(s+6) = L% (s) — ¢
s@(x9(s+0) | s +0) = 5@ (a9(s) | s),
(s +0) =x>(s) — 6
o o 29(s+6) =2%0s)=q—Q
SO (@9 +6) | 5+8) = s@@O(s) | 5).

Equations (18) show that the total loss induced in the interval by any intervention contains
a “systemic” component which cannot be recovered in any way, independently of the initial stock
level and available capacity and load. On the other hand, the range of optimal interventions for
the uncapacitated problem translate accordingly to the initial stock level; namely, an upshift of
the initial stock level produces a corresponding downshift of the optimal interventions, and vice
versa. Also equation (19) shows a sort of stability property, when the systemic loss is positive
any intervention with any initial stock level variation does not impact the final stock level. The
remaining part of the loss can be fully, or only partly, recovered according to the load-capacity
constraint (i.e., we could recover more if we had more capacity or load) and to the initial stock
level (we could lose less if we had a different initial stock). While we have no margin to work on
capacity, we can work on earlier interventions in order to set up appropriate initial stock levels

for later interventions and even anticipate the recover of losses that could also be recovered later.
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However, note that equations (20) and (21) show that, under applicable conditions, by changing
the initial stock level we may improve or worsen the result according to the sign of stock change
6. This is the main focus of the analysis when we consider the optimization of the vector of

interventions on the whole time horizon.

4 Time horizon optimization

In this section we first sketch the idea of how we can exploit the local optimization on the 1-
Intervention problem discussed in the above section to obtain the global optimization on the
whole time horizon T" with w intervention epochs. Then, we define the algorithm and prove its
correctness and computational complexity.

Let us consider two families of time intervals made of w members each

I =lejei+1,...,ei41—1] fori=1,...,w—1; and [, = ley,...,m|;
Ji =le1,e2,...,ei+1 — 1] fori=1,...,w—1; and J, =[e1,...,m];
where J; = Ui_ I} for i = 1,...,w (recall we assumed w.l.o.g. e; = 1).

In the following, we denote by

def. civ1’l
Ly ([en, e 2 Y (l(h)+(m) + l(h)_(a:)>
h=eq
the loss in interval J; depending on the initial stock level s(9) and the interventions [z, ..., z;]
implemented at epochs eq,...,e;, and as
def eir1 1
Ly, (xz s(eifl)(w)> = Z (l(h)+(w) + l(h)*(zc))
h:ei

the loss in interval I; depending on the intervention x; implemented at epoch e; and on the stock
level s~ ([xy, ..., x;_1]) determined at epoch e; — 1 by all previous interventions and which we
denote by s(¢~1(x) for short, where for sake of notation compactness, when i = 1, s(¢1=1)(x)
represents s0),

By construction, we have the following equalities for all ¢ < w

LJZ‘ ([xlv s )x’b]) = ZZ: Llh (:Ch ‘ S(ehil) (m)> (22)
h=1
and

Ly ([11]) =Lp (a1 | 5?),
Ly, ([x1,...,23]) =Ly_, ([x1,...,2i—1]) + L1, (Jcl ‘ s(ei_l)(w)) , fori>1.
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4.1 Backward formulation

We see the computation of an optimal vector of interventions as a decision-making process in
which we first determine the value of the first intervention at epoch eq, then that of intervention
at epoch ez and so on until we determine the last intervention at epoch e,,. The choices made up
to epoch e; condition the subsequent choices by influencing the stock level at epoch e;41 —1 from
which subsequent decisions take place. Thus, once the first 4 — 1 values of a vector & have been
chosen, it will be a question of choosing the next one in order to minimize the losses in accordance
with the conditions generated by the previous choices. We will therefore have to choose at best
the first ¢ values (i.e., [z1,...,®;]) to obtain, after the optimization of the following ones (i.e.,
[Tit1,...,Tyw]), @ minimum overall loss.

Using equation (23), problem (7) can thus be formulated in a backward recursive form:

def.
P(w) =) min (Lle ([z1, -y Twa1]) + min Ly, (ww ‘ s(e’”_l)(x))> (24)
@1,y Tw—1] T €[quw—Qu ,qw]
where vector [z1,...,%q4—1] is required to satisfy feasibility constraints (1). Analogously, we

define problems P(i) for all 1 < ¢ < w. For i = 1, P(i) reduces to the I-Intervention problem
we have already solved in the previous section. We denote by L7 the optimal value of P(i) for
any 7 < w.

According to formulation (24), for any given vector [x1,...,z,_1] the best we can do is to
solve the I-Intervention problem on interval I, given the initial stock s(¢»~1(z) produced at
epoch e,, — 1 by vector [x1,...,2Zyw—_1]. Thus, we have to find the best vector [z1,...,zy—_1] such

that after optimizing x,, we get the overall minimum loss.

We may observe that if s(¢v~1) (z) were independent of [z1, ..., Zy_1], that is s®»~D(x) = S,
for a fixed and known S, then we could solve separately the two (smaller) problems: first the
1-Intervention problem

min Li, (zy | S
mwe[(;)w*‘huJ]u)] ( v ‘ UJ)

and then
Plw—1)= min Ly, , ([z1,...,2Zw-1])

[£1,Tw—1
which could be recursively broken in w — 1 independent 1-Intervention problems. Although this
is true in some cases, it does not hold in general because the interventions on J,,_1 may affect,
for better or worse, the initial stock S,, for I,,. Nevertheless, our approach to problem (24) is to
prove that we can solve two separate smaller problems of these types leading to the solution of
a sequence of 1-Intervention problems. The following discussion illustrates how we can separate

the two subproblems.

Proposition 9. Let i < w and =* = [z],...,x}] be an optimal vector of interventions for

problem P(i). Then, for all h < i, intervention x} is optimal for the 1-Intervention capacitated
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problem on interval Iy, given the stock level s(ehfl)(a:*) at epoch e, — 1. That is,

Ly, (.%Z s(eh_l)(m*)) =  min Ly, (a: ’ s(eh_l)(a:*)>.

z€[qh—Qn,qn]

Proposition 10. Let * and y* be two optimal vectors of interventions for P(i). Then, for any

interval I, (h <1i) we have

Ly, (wh | s @) = Ly, (i | s @) (25)
Proposition 11. Let * = [z7,...,2]] be an optimal vector of interventions for problem P(i)
for some 1 <i <w. Then for all h <1, vector [x7},...,x}] is optimal for P(h).

Observe that while Proposition 11 cannot guarantee that an optimal vector of interventions
for problem P(w) can be built upon any optimal intervention for problem P(i) with i < w, it
however guarantees that in order to find the first ¢ optimal interventions for problem P(w) we

only have to look into the set of optimal vectors of interventions for problem P(%).

Proposition 12. Problem P (i) admits an optimal vector of interventions x* such that s\ (x*) =
s(N(0) where f = ejy1 — 1 if i < w, f =m otherwise.

4.2 The augmented problem

Let us consider, for i < w and a scalar parameter §, the augmented time intervals I; = [e;, e;11],
and J; = [e1,ei41] (i.e., I[; = [;U{ej11} and J; = J;U{e;11}) where net flow d€i+1) is fictitiously
set to zero if § = 0 or so that the null vector 0 produces, at epoch e;;1 a stockout loss |§] if 6 > 0
or a surplus loss |0] if § < 0. That is, if § = 0, d(¢+1) = 0, if § > 0, d(¢+1) = —slei1=D(0) — |4],
and, if § < 0, d+1) = C — sl+1=D(0) + |4].

We denote by Ly, 5 ([21, .. .,2;]) the corresponding loss induced by interventions [z1,..., ;]
and call
_ def.
P(i,9) < min Lig, 5 ([z1, -, mi])
[1717--~,$i] v

the augmented problem on interval J;. We generally denote by LE‘j“ 5] the optimal value of P (i, d).

Note that the augmented problem is still a problem in the class defined by (7) and all derived
properties still hold for it. However, P(i) and P(i,d) are defined on different set of data; namely
problem P(i,d) has the same set of decision epoch as P(i), but a longer time horizon with one

more epoch: e;+1 and net flow d©+1) Finally, we have by construction
L7,5 ([0, -,0i]) = Ly, ([01, ..., 04]) + |9]
Ligay (0 [ s700)) = Li, (0 | s D(0) ) + 13

We can further state some more properties of the augmented problem P(i,d) that establish

its relationship with the base problem P(7).
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Proposition 13. For all i < w, an optimal vector of interventions & for the augmented problem

P(i,0) is optimal also for the problem P(i). In a formula:

Ly ([T1,...,2;]) = min Ly, ([z1,...,2]) = L7,

[£1,0005]
Proposition 14. Let us consider problem P (i) for some i > 1 and let S; = s(¢=1(0) be the stock
induced by the null vector of interventions at epoch e;—1. Let (z°°(S;), LT,) and (z9(S;), Lg(Sl))
be the pairs of optimal intervention and optimal value for the uncapacitated and capacitated
1-Intervention problems on interval I; with initial stock level S;. Then, an optimal vector of

interventions & = [T1,...,%;_1] for the augmented problem P(i—1,0), with 6 = x>°(S;) —x?(S;),

exists such that ©* = [T1,...,%;_1,29(S;)] is an optimal vector of interventions for problem P (i)
and LY = LE}FM} + L.

4.3 The algorithm
4.3.1 Sketch of the algorithm

The algorithm exploits the backward formulation of the problem. The basic line of the algorithm
is described below. We first compute the vectors 8, I, I7, and s representing, respectively,
virtual stock, surplus loss, stockout loss and stock level induced by the null vector of interventions
x = 0 on all epochs T. Then a 1-Intervention problem is solved on the last interval I, with
initial stock level S,, = s(®»=1)(0). The difference 7 — x(}gw is used to build the augmented
problem on interval J,_1. In some sense we may say that |1:CI’Z — x%\ is the loss due to limited
capacity of vehicle v,, and which is delegated to previous interventions. The augmented problem
is recursively solved by solving a I-Intervention problem on the last interval and delegating
to previous decisions the loss that could not be recovered by last intervention due to limited
capacity. Recursion stops when the augmented problem is defined on the first interval; in that
case only the I-Intervention problem is solved. In the meanwhile we take into account the loss

realized on each interval and compose the vector of optimal interventions.

4.3.2 Algorithm definition

A formal definition of the algorithm is provided in Pseudo-codes Global-Backward (Algorithm
2) and Global-Backward-Recursive (Algorithm 3) provided below.
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Algorithm 2: Global-Backward

® N O« WoN

10
11
12
13
14

input : s: initial stock level, C : station capacity, d : net flow, H : decision epochs, q
vehicle loads, @Q :
output: x* optimal vector of interventions; L* optimal value

global :

all variables

// initialization

m = dim(d) // problem size

w = |H| // number of interventions
8(0) =s

h=1: h<m; h++) do

for
l
l

_Sh

D4d® 7/ 5= 35(0)

vehicle capacities

<h + = max(0,5M —C) // 1T =17(0)

(h)—

—S

vhgg

= max(0, —M) // 1= =17(0)

— W+ = // s = 5(0)

= Global-Backward-Recursive(w — 1, 2>

®°, L) = Vehicle-Intervention(e, €, G, Qu)

—29)
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Algorithm 3: Global-Backward-Recursive

input : i: stage of decision process, 0 : problem augmentation
output: x* optimal vector of interventions up to stage i; L* optimal value up to stage ¢
global : C, d, s, H, q, Q

1 if ¢ > 0 then

2 e =€

3 € = €41

4 if § > 0 then d® = —sE=1 —|g|

5 else if § < 0 then d® = C — s 4 |4

6 else d® =0

7 (xQ7LQ7x°°,L°°) = Vehicle-Intervention(e, €, ¢;, Q;)
8 (z, L) = Global-Backward-Recursive(i — 1,2 — xQ)
o | @t =[z.a9)

10 L*=L+L>®
11 else

12 ¥ =10

13 L* = |o|

4.3.3 Algorithm properties

Theorem 3. Algorithm Global-Backward (Algorithm 2) computes an optimal vector of inter-
ventions «* for problem P(w) in O(m) time. Moreover, the vector returned by the algorithm

induces at the final epoch m the same stock induced by the null vector 0 (i.e., s(™) (z*) = s(™)(0)).

5 Conclusions

In this paper, the one-station bike repositioning problem is studied. A set of capacitated vehicles
with a given bike load are planned to visit a station to load or unload bikes at given times of a
finite time horizon. The problem is to find the optimal number of bikes to load or unload at each
visit with the goal of minimizing the number of user requests (of bike rental or return) lost over
the time horizon. An optimal algorithm with linear complexity in the cardinality of the time
horizon is presented. In addition to finding the optimal solution to the problem, the algorithm
provides the number of requests that would be lost regardless of the capacity and initial load of
the vehicles.

The studied problem considers multiple visits of vehicles to the same station and takes into
account the interaction among vehicles, crucial aspects of the problem of repositioning bikes in
a bike sharing system that have been in most of the cases disregarded in the literature. The

algorithm and the results presented in this paper are a contribution to a deep understanding of
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the general repositioning problem and could be useful to take decisions, for example about the
initial load of the vehicles. The algorithm, in particular, can be seen as a component of a general
solution approach to a more general problem.

As a final remark, we would like to point out that the strategy adopted by the proposed
algorithm is of the kind “recover as late as possible”. However, different optimal repositioning
strategies, like “recover as soon as possible”, can be implemented with little changes to the
algorithm, maintaining its linear complexity.

Future research efforts should be devoted to extending the analysis to the case where the

times of the visits are not given and to the case where more than one station is considered.
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Appendices

A Proofs

A.1 1-Intervention problem

Proof of Proposition 1.
Let us iteratively build vectors s(z’), I™ (') and I (z'). It is easy to see that from equations

(2)-(6) we have the following cases.
Case ¢ = h(P)(z).

o For k=e=h)(z):

30 (2" = sk 4 k) 4 o = k=D 4 gF) 4 (2 —0) = sW(2) — s =C +1WF(2) -6 > C
= max(0, 5 (2) — C) = max (0,1 *(z) — 6) = [IF+(z) = §

)
1B~ (2")| = max(0, —3®) (z)) = 0 = [I*)~(2)
)

=50 (") — 1B+ () + 1B~ (') = sF) (z) + 1B+ (z) — 6 — (1F+(z) — 0) = s (z) = C|

Case ¢ < h(F)(z).

e For k = e, we have:
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=50 (") — 1B+ () + 1B~ (2') = ) () — 1B+ (&) + 1R = (/) — 6 = | s (z) — §|.

sB (2] =50 () — 18F () + 10~ (") = 50 (z) — 1B+ (/) + 10— (2") — 6 = |sF) (z) — 6|,

sB(2) = sED() +d®) = (s*D(z) = §) +d®) =W (z) =6 =C+1W+H(z) -6 >C

)| = max(0,5M(2) — €) = max(0, §*) () — C = §) = max(0,iM*(z) — §) =B+ () = §
1®=(2")| = max(0,—5® (2")) = max(0, — (3" (z) — §)) = 0 =|IF)~(x)
)| = 5 (z') — l(k)+(3¢/) + l(k)—(g;/) = gk (z) + B+ _ 5 — (l(k)+(x) —8) = s(F) (z) =C|.

Observe that interventions z and ' produce the same station stock level C' at epoch h(t)(z).

Thus, since then they produce the same virtual stock, losses and stock level up to e.

As far as total loss is concerned, equation L(z’) = L(z) — § comes from the construction
of IT(2') and clearly the recovered loss is equal to intervention increment. Finally, we have
R (2') > h(H) () if and only if the whole surplus loss at epoch h(+)(z) is fully recovered, which
happens if and only if § equals the loss produced at that epoch by intervention x. O

Proof of Proposition 2. Discussion mirroring that for Proposition 1. O

Proof of Proposition 3. Let us consider the first epoch h such that s (z) = 0 and observe
that the inequality h < h holds by the hypothesis.
Case h =e.

We have §(©(z) < 0 and every § > 0 implies 5 (/) = 5 (z) — § < 0 with 1O~ (/) =
19~ (z) + 8. Moreover, the equality s (2') = 5 (z) = 0 holds, which implies all future
values of s, IT and I~ will be the same for z and z’; in particular, with 5(9(2') = s (z) and
L(z') = L(x) + 9.

Observe that a new stockout loss is introduced at epoch h while any other value remains

unchanged.
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Case h > e.
For ease of notation, let us indicate as s = §[§7b_”(x) > (0 the minimum level reached by the

station stock before epoch h.

e For § < s we can prove by construction that
§M) (2 = 5W(2) =5 €[0,C) for all k € [e,h — 1],

while

from which

1= (") = —sW(2") = —(3W () — 6) = 1®)~ () + 6.
Moreover, the equality s® (2/) = s®(2) = 0 holds, which implies all future values of
s, It and I~ will be the same for z and 2’; in particular, with s (2/) = s (z) and
L(z') = L(x) + 0.
Observe that the stock is uniformly downshifted by é up to h and a new stockout loss is

introduced at epoch h while any other value remains unchanged.

e For § > s we proceed as follows. Let us define Sl = s and 2z = 2 — §MU the worsening
intervention with s (z[) = s (z) and L(z!!) = L(z) 4 /1. Observe that with respect
to z, intervention z[l uniformly downshifts the stock by 61 up to h and introduces a
new stockout loss 8] at epoch h while any other value remains unchanged. Moreover,
intervention z!) satisfies hypothesis of Proposition 3, and thus, we can iterate on 1 with
' =6 —oltl.

If & > s'(x!1), we iterate in this case with 61 = &/(z[1) and z[? = £l — 5P producing a
worse loss L(z!?) = L(z!M) + 6 = L(z) + 61 + 6P and so on.

We reach the last iteration when & < s'(zV)), so that we fall in the first case and end up
with intervention ' = zll — ¢ = z — i:l 6Uly — ¢' = 2 — § producing a loss L(z') =

Lz 4+ ¢ = L(z) + Y30 _, 6Vl + & = L(z) + 4.

Observe that at each iteration a new earlier stockout loss is introduced.

Proof of Proposition 4. Discussion mirroring that for Proposition 3. O

Proof of Proposition 5.

Sufficient conditions

Eq. (9) If K (z) = h(7)(z) = 400, then L(x) = 0 holds by definition, which cannot be further

improved.
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Eq. (10) Assuming h{t)(z) < h{7)(x) (first loss is of type surplus), hypothesis of Proposition 4
are satisfied (stock level reaches C before any stockout loss). Thus any upshift brings
to a larger loss. On the other hand, any downshift also leads to a worse loss. Indeed,
§[g7h<+)(x)](:z) = 0, and, according to Proposition 3, any downshift would imply additional

stockout loss at epochs earlier than h(+)(z).
Eq. (11) Discussion mirroring that for point (10).

Necessary conditions. We proceed by contradiction. Let us assume that none of the listed
conditions hold. Then it must be the case that min(h(*)(z), h(7)(x)) < oo (some kind of loss
occurs at some epoch). Of course it cannot be the case that h(H)(z) = h(=)(z) < oo, thus,

exactly one of the following two holds

e WH)(z) < h(F)(x). In this case we must have Sien(H(2)) () > 0. Then hypothesis of
Proposition 1 hold with * > 0 and losses produced by intervention x can be strictly

improved.

e h9)(z) < h)(z). In this case we have Sie,n() ()] (#) < C. Then hypothesis of Proposition
2 hold with 6* > 0 and losses produced by intervention x can be strictly improved.
O

Proof of Proposition 6. Let 2* be an optimal intervention and consider the cases L(z*) > 0

and L(z*) = 0 separately.

L(z*) > 0. At least one loss is detected in [e, €] and either condition (10) or (11) is satisfied by z*. Let us
assume w.l.0.g. that condition (10) is matched by intervention z* (i.e., h(*)(2*) < h(7)(z*)
and sj, ,(+)(z+y(2") = 0) and consider an alternative intervention 2’ # z*. We have to

discuss two cases

— Case 2/ = 2*—0 with § > 0. Condition (10) guarantees that hypothesis of Proposition
3 are satisfied by z*. Accordingly, any alternative intervention ' < z* would lead to
aloss L(z') = L(z*) + |2/ — x*| with s (2/) = s (2%).

— Case o' = 2* + 6§ with § > 0. Since we have h(*)(2*) < 0o, we have a surplus loss in
the interval with 5 )(2*) = C for some h <. Thus, hypothesis of Proposition 4 are

satisfied by z*. Accordingly, any alternative intervention ' > z* would lead to a loss
L(z') = L(z*) + |2/ — z*| with s®)(2) = s©) (z*).

L(z*) = 0. Condition (9) is satisfied by z*. First, observe that
3@ () = s 4 @@ 4o/ = 56D 4 @) 4 g 4 (2 — 2*) = 59 (@) + (' — 2¥)

with 5 (2*) € [0, C] by the hypothesis L(z*) = 0 and thus s(© (z*) = 3(¢)(2*).
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If 2’ € X we have (z' —2%) € [

e,e]

(' — x*) € [0,C], and also s (2') = 5 (z*) + (2/ — z*) € [0,C].

Moreover, for h=e+1,...,€ we get
§(h)($/) _ S(h_l)(l‘/) + d(h) _ S(h_l)(l‘*) + (l’, _ iL'*) + d(h) _ §(h)(l'*) + (IL‘/ _ l‘*)

with 5" (z*) € [0,C] by the hypothesis L(z*) = 0 and thus 5 (/) € [0,C] and also
s (2') = sW (2%) + (' — *).

This proves L(z') = 0 and optimality of '

Now we show that extreme points of X *° do not depend on the particular optimal interven-
tion *. Let us first observe that for any 2/ € X, from s(") (/) = s(") (z*) + (2/ — z*) for
all h € [e, €], we derive s ¢(2') = s, e]( 2*) 4 (2 — 2*) and 5 g (@) = 5 g (2*) + (2" —2¥).

Algebra tells us that 2% — s, 7 (v*) = 2’ — 51, 5 (2') and 2"+ C =5 g (z*) = 7'+ C =5 g (2')

which is what we need.

If 2/ > 7%° = max(X®) we observe that for the optimal intervention Z° we have
5[, (T) = C and T satisfies hypothesis of Proposition 4. Thus if we write 2’ =
T 4 (2/ —7%°) we get L(z') = 2/ — T and s©(2) = s (7).

If 2/ < 2°° = min(X ) we observe that for the optimal intervention 2°° we have s[e e]( x®) =
0 and 2z satisfies hypothesis of Proposition 3. Thus if we write 2/ = 2 + (2/ — 2*°) we
get L(z') = 2 — 2/ and s (2/) = 5 (z>).

Finally, the last two steps proves that no other intervention outside X °° can be optimal.
O

Proof of Proposition 7. Let us analyze the three cases.

If x* € [¢ — @Q,q|, then 2™ is also feasible for the more constrained capacitated problem.
Equalities 2¢ = 2°°, L€ = L*® and s (29) = 5(9(2°°) are thus obvious. Equality s(®)(z>) =
5@ (0) comes from the following argument. If 2°° = 0, there is nothing more to prove. Otherwise,
the equality comes from Proposition 6 by setting ' = 0 in both cases, i.e., L > 0 and L* = 0,
respectively. In the latter case use second implication when z°° = z*° < 0, and third implication

when 0 < £ = z*°

If ¢ < 2, then 0 < 2°° = 2 and any feasible intervention 2’ € [¢— @, q] for the capacitated
problem is smaller than x°°; according to Proposition 6 we get L(z') = L + |x*° — 2’| which
is clearly minimum only for the maximum feasible value for /. Thus, 2¢ = ¢ and L9 =
L>® + |2 — z9|. Condition 5 (2%9) = 54 (2>°) = 5((0) is directly derived from Proposition

6) by setting ' = % and 2’ = 0 (use third implication in case 2).
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If z° < g — @, then T° = 2 < 0 and any feasible intervention 2’ € [¢ — @, ¢| for the
capacitated problem is greater than z°°. The argument follows the same line of the previous

case. O

Proof of Theorem 2.

Complexity. We assume information on the system state induced by the null intervention at
all epochs h € [e, €], described in vectors s, I~ and I, has been already computed in O(m) time
according to equations (2)-(6). The algorithm itself runs in O(e — ¢), indeed every step has a

cost O(1) while the main loop executes O(e — e) times.

Correctness. We show that algorithm Vehicle-Intervention initializes and sequentially up-
dates the 4-tuple of variables (z°°, L>° «, ), so that, at the end of each loop iteration, the

following property holds on interval [e, h]:

o

e 1 is the minimum modulus optimal intervention;

e [ is the optimal loss;

o a= sy (™);
o J= E[Qh](l‘oo).

Let us observe that if the property holds, from Proposition 5 we derive quite straightforwardly
that L*° > 0= (a =0A = C), or viceversa that (¢ >0V < (C) = L* = 0.
We proceed with the following steps.

1. Property holds after the initialization phase (lines 1 — 3) for h = e. Observe that the
4-tuple is consistently initialized with (x> = 1©- — &+ 1% = 0,a = s©, 8 = 3(9)>.
Indeed, if no loss is induced at epoch e by the null intervention (i.e., [©O- = &+ = 0),
then the minimum modulus optimal intervention is zero, the loss is null and the stock
level at epoch e is unchanged. Otherwise let us assume w.l.o.g. we have a stockout loss
at epoch e (i.e., 19~ > 0 and 1Ot = 0). In this case, we have > = (9~ which is
the minimum positive intervention to recover the whole loss without changing the stock
level 5 () = 5()(0) = 0 at epoch ¢; in fact, according to equations (2) — (6) a smaller
intervention would leave a positive loss at epoch e, while a larger intervention would increase

the stock level at epoch e. A similar argument holds in case (& > 0.

2. Assuming that for some h > e the property holds at the beginning of a loop iteration on

interval [e, h — 1], we prove that at the end of the iteration the property holds on interval
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e, h]. First, observe that since s(~1 () = s(*=1(0), we have for all b’ > h

thus, when the iteration starts, L> 4 [+ 4 [(W)= represents the loss induced on le, h] by

xOO

, which is currently the minimum modulus optimal solution on interval [e, h — 1] with
optimal loss L. Let us also observe that at least one of 6~ and 6+ must be null and

proceed by cases:

e 67 >0 (and 6~ = 0). According to computation at line 5, condition §+ > 0 implies
0 <a=sp,q(@>) and 1M+ (%) > 0.
Inequality @ > 0 implies L = 0. Indeed, s ,_1)(z*°) > 0 (minimum stock level
in interval [e, h — 1]) implies h(7)(2°°) = 0o and both optimality conditions (10) and
(11) in Proposition 5 are excluded.
On the other hand, inequality [+ (2°°) > 0 implies s/ () = s (0) = C.
In particular, from L>° = 0, we have l(h/)Jr(xoo) = l(h/)*(:c"o) =0 VA <h-—1, which
together with [+ (2°) > 0 implies h = h{*)(2°°). Thus, h and 6T play the role of h
and ¢* in Proposition 1. Accordingly, the intervention update at line 7 is an improving
intervention on interval [e, h] with a loss update given at line 8. Moreover, Proposition
1 guarantees that stock levels are downshifted up to epoch h — 1, and unchanged
starting from h (i.e., s")(z°) = s(")(0) VA’ > h) including s (2°°) = s (0) = C.
Then, variables o and f§ are correctly updated to a = sy p (%) at line 9 and to
B = 5[e,p)(x>°) = C at line 10.
The optimality of the new value for z° in interval [e, h] is argued as follows. If §+

h)+ we know that the updated value of L is still zero

computed at line 5 equals 1
and we cannot do any better. Otherwise, we have the first loss in A = h(+)(2°°) while
the new value of a (as updated at line 9) equals 0, thus updated intervention x>
matches optimality condition (10) in Proposition 5 with respect to interval [e, h]

Finally, according to Proposition 1 we know that any update to £°° smaller than
0% would imply a larger update to L>°, which proves the suboptimality of any other

intervention smaller in modulus.
e 6~ >0 (and 6T = 0). Discussion mirroring that of previous point.

e 7 = §~ = 0. Intervention x*° does not change and loss L> and bounds « and 3
are consistently updated at lines 8, 9 and 10, respectively, with s(*)(z>°) = s(")(0)
implied by s"=1) () = s(*=1)(0).

Observe that, by hypothesis, optimality conditions stated in Proposition 5 hold for

x> on [e, h — 1]. If either condition (10) or (11) is satisfied, then the same condition
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is still satisfied on interval [e, h] (epoch of first loss does not change with respect to
the larger interval and so does the stock level up to then). If only condition (9) is

satisfied then we have three possible cases.
— 1MW+ = (M= = 0. Optimality condition (9) still holds on interval [e, h].
— 1M+ > 0, o = 0. On interval [e, h] we have Sen = 0 and h = A (%) <
h(=)(2°°), thus optimality condition (10) hold for 2°° on interval [e, h).
— W= >0, 3 = C. On interval [e, h] we have Se,n) = C and h = () (2®) <
R(H) (2°°), thus optimality condition (11) hold for 2°° on interval [e, h).

So far we know that £°° is the minimum modulus optimal intervention on interval
[e, h — 1], and an optimal intervention on [e, h]. To show that £ is also the minimum
modulus optimal intervention on interval [e, h] we use the following argument. If
2 = 0 the point is self evident. Otherwise, let us assume w.l.o.g. that > > 0 and
keep the focus on interval [e, h — 1] for which we have °° = z*° > 0. Now consider
an alternative intervention a/ < x°°. From Proposition 6 (use h — 1 in place of €)
we observe that 2’ is suboptimal on interval [e,h — 1] and s"=D(z/) = s(h=1)(z>).
Thus, according to equations (2)-(6), interventions 2’ and z°° produce the same loss

at epoch h. This proves the suboptimality of 2’ on interval [e, h).

3. Finally (lines 11 — 13), the algorithm computes 9 and L? accordingly to Proposition 7.

(|
Proof of Proposition 8.
Let us proceed in order.
Eq. (18) We first observe that
Lz |s)=L(x—4¢]s+9). (26)

Indeed, for any intervention x and § we have
9@ -6 s+0)=(s4+0)+@x—-0)+d9 =s+24+d9=59]s), (27
that is, from epoch e all values of vectors s, I, I are the same. In particular we have the

same losses all along the time interval and the same stock level at the final epoch €.

Then we observe that for any = we have an intervention y = x — § such that L(z | s) =
L(y | s+9), thus
min L(z | s) > min L(x | s+ 6).
T T

Analogously, for any x we have an intervention y = = + J such that L(z | s+6) = L(y | ),
thus
min L(z | s) <min L(x | s+ 0)
x x
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Eq. (19)

Eq. (20)

and clearly,
def.
min L(z | ) = min L(x | s 4 9) < pee,
x

xT

Moreover, from (26) we get that L(z | s) = L™ if and only if L(z — d | s +0) = L>°, thus

(s +06) =z*(s) —d and (s + J) = T>°(s) — 0. This concludes the argument.

Let us consider L> > 0 and fix x and s € [0, C]. Now let § = —s and use equation (27) to

realize that
s@( | s)=5®(x+s]0).

Finally, from equations (12) of Proposition 6 we have
s@(x+50)=59(0]0),

and obviously

s@ (x| s) =50 0).

Observe that the virtual loss induced at epoch e by intervention y = x*°(s) —d € [g, z°°(s)]

with initial stock level s + ¢ is, according to (27),
9y | 548) = 5§@(5) | 5),

that is y produces, at every epoch in interval [e, €] the same stock levels and losses. Thus,
y produces the same total loss L™ and so is optimal for the initial stock level s +§. In the

same way we can show that for any vy’ € [0,y) we get
SO |5 +8) =396(5) — (v -/) | 9
and, because x*°(s) — (y —y') € [0,2°°(s)), v’ produces a loss larger than L, thus,

y=x%(s) —d =2>(s+9).

Equalities

29(s+6) =z%s) =¢ and
LO(s+0) =L® +2%(s) —q—10

come directly from condition (s +d) = y > ¢ and equations (15), (16) in Proposition 7,

respectively.

Finally, observe that from x*°(s 4 §) = 2°°(s) — J, and equation (27) we have at epoch e

89 (@ (s+08) | s+08) =89 (@®(s) =0 | s+ 0) =5 (@®(s) | s),
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E

then we also have at epoch €
s@@®(s+9) | s+08) = s©@>(s) | 5).

Also consider that z9(s + ) = 2%(s) = ¢ < 2°(s + ) < 2°(s). Thus, from either
equations (12) or (13) of Proposition 6, we derive

s@@®(s+06) | s+06) =5 (@9 (s+6) | s+90)

s (@(s) | 5) = s (@(s) | 5)

and so
s@(@Q(s+0) | s+0) =5 (@%s) | ).

q. (21) Discussion follows the same line as equalities (20).

g
A.2 General problem
Proof of Proposition 9.
We proceed by contradiction. Let &* = [z],...,x]] be a vector of interventions and assume

that for some k£ < 4, intervention x, is not optimal for the I-Intervention capacitated problem

on interval I, with initial stock level s(ek_l)(az*) at epoch e;_1, l.e.,

Ly, (a:",;

s(e’“_l)(az*)> > min Ly, (33 ‘ s(ek_l)(w*)>.
2€[qr—Qk,qk]

Now, let us focus on the I-Intervention problem on interval I. Since zj is suboptimal for

the capacitated problem, it must be either x} < 29 or 79 < xp. If o} < 29, we must have

q¢—Q < z9 < 2™ and we set § = z¥; otherwise we must have 7° < 79 < ¢ and we set § = z%.

In any case y is optimal for the capacitated 1-Intervention problem; moreover we have
S(ekﬂ—l)([f{’ czh 7)) = S(ek+1_1)(m*)

where the equality is guaranteed by Proposition 6 (both z} and ¥ induce the same stock level as
the optimal intervention > or ).
Thus, for vector of interventions y = [y1, ..., y;) with y; = z; for j # k and yx = y we have

from equation (22)

Ly (ly1,---,u]) = Zézl Ly, (yn | ster=D(y))
< Shei Ln, (g | s D (@*)) = Ly, (27, ..., 7))

which contradicts optimality of * for problem P(%). O

Proof of Proposition 10.

Property is guaranteed by the two following claims for all h <1
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A 8(6}”71)(:13*) _ S(ehfl)(y*) . Llh (x;’; ‘ S(eh 1)( )) LIh ( ‘ s(ehfl)(y*));
B. S(eh_l)(aj*) 7é 3(8h_1)(y*) — max (Llh (:1:7; ‘ S(eh 1)< )) LI}L (yh } S eh 1 (y ))) - L?i

Claim A is guaranteed by Proposition 9. With respect to claim B, observe that, according
to equation (16) of Proposition 7, L7® is a lower bound for both Ly, (x (z; | s (en=1) (g *)) and
Ly, (y;‘L ‘ s(ehfl)(y*)), thus the equality also implies Ly, (ac;‘L ‘ s(e’fl)(m*)) Ly, (yh } slen— )(y*))

We prove claim B by absurdity. We assume that an index h < i exists such that

s(eh_l)(w*) + s(eh_l)(y*) and max (L[h (ac}'; slen— 1)( )) Ly, (yh

s V) > L,

and get to some contradiction.

Let A’ be the minimum of such indices, and let [ be the last index before h’' such that
sle=D(z*) = s (y*). Note that such an index [ exists as the equality holds at least for [ = 1
(possibly I = ' — 1), and observe that we have the following Facts:

(a) st=D(x*) = s~ (y*) and s (z*) # sl (y*) for k =1+ 1,...,H; by definition of
R’ and 1.

(b) Ly, (= ’ s(ek_l)(a:*)) Ly, (v | slen=1) (g )) = Ly for k=1+1...,h" —1; by definition
of b’ and I.

(c) Ly, (27 | s(el_l)(az*)) =Ly, (v} | s(el_l)('y*)) = L7’ = 0; this follows from Proposition 9,
which guarantees that z7 and y; are both optimal for the same I-Intervention capacitated
problem, from Fact (a) which implies 2} # y;, and from equation (14) of Proposition 7 show-
ing that two distinct optimal intervention for the same I1-Intervention capacitated problem

are allowed only if the optimal loss is zero.

(d) LY = 0 for k = l,...,h" — 1; this follows from equation (19) of Proposition 8, which
guarantees that L7® > 0 implies slerti=D(g*) = slexr1=D(y*) in contradiction with Fact
(a).

(e) Ly, (« | s(e’fl)(x*)) =Ly, (v; | s (ex—1) (g )) =0for k =1,...,h —1; this is a straight
consequence of Proposition 9, which guarantees that zj and y; are both optimal for the

corresponding 1-Intervention capacitated problem on intervals Iy, and from Facts (b), (c)
and (d).

(f) stee=D (y*) — slen=D(g*) = A~ 1(y] —}) for k =1+1,...,h'; this follows from Fact (e)

g=l
and equations (2) — (6).

Now, let us assume w.l.o.g. that s =1 (y*) > sl 1) (2*) and discuss the possible cases.
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o max (Ly,, (w}, | s =V(@*)), Ly, (v | s D (")) = L, (a), | s V(@*)) > L2 .
Then, z}, € Xﬁ/(s(eh’ D(x*)), but z}, ¢ X?:/(s(eh’*l)(w*)) and, according to equation

(15) of Proposition 7, we have two possible cases:

— Case zj, = qi < g?:/(s(eh’*l)(w*)). According to Fact (f), inequality s~ (y*) >
s(en =1 (x*) implies that at least one index k < h' exists such that Yy > xj, and by
defining k as the last of such indices (I < k < h'), we have that (=1 (y*)—s(es—1) (g*)
is monotonically non-increasing with respect to k starting from k+1 up to h'.

Now consider the vector of interventions z with 2z, = z for k # k and 2, = J;z + 9 for
6 = 1 < min(se D (y*) — s(eh’*l)(w*),gi’j/(s(eh’*l)(w*)) — qp); observe that from
equations (2) — (6) we easily derive the following Facts:
() s+ (z) = 5@ D (@) and Ly, (5 | 8O (z)) = Ly, (af | 5@V (") for
k=1,..., l;:;
(ii) s(rD(2) = s (x*) + 6 € [sler=D(x), slexD(y)] for k =k +1,...,h;
(iti) Ly, (2 | s Y(2)) = Ly, (z} | s D(x*)) =0 for k = k,...,h —1;

Asfor Ly, (zh/

(ii) we have

S(eh/_l)(z)) and Ly, (372/ | s(eh’_l)(w*)) we observe that from Fact

S(eh/—l)(z) _ S(eh/—l)(m*) 14,
and according to equations (20) of Proposition 8, we get

o = aw = (5407 D(2)),

B
=%@w1w»

(

(

slen 171 (2) = slew1=D (g*).

The first equality shows that zj, = ¢/ is the optimal intervention for the 1-Intervention
capacitated problem on interval I, given the initial stock level s —1) (z). The second
equality implies that vector of interventions z attains a smaller loss in interval Ij, with
respect to &*. The third equality guarantees that starting from epoch e/ 1 onward
the stock level induced by vector z is unchanged with respect to «*, and so are the
losses. In conclusion, we have Ly, ([z1,...,2]) < Ly, ([z],...,2]]), in contradiction
with the optimality of x* for P(7).

— Case z7, = qp — Q> E?;’/(s(eh’_l)(m*)). We first observe that from equations (18)
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of Proposition 8 we obtain

77y, (s D (y") = 75 (D (@) = (s D (") - s D @)
)

and derive that y;, = Egﬂ (s(eh’*l)(y*)) =qy — Qu =z},
Moreover, note that EZ‘L’, (s(eh’*l)(y*)) — (g — Q) < s(ch’*l)(w*) — s(ch’fl)(y*) < 0.
Thus, setting § = s~V (z*) — s(ew =D (y*) and s = s~V (y*) we can obtain from

equations (21) of Proposition 8 the following chain of inequalities

Ly, (| s~ D(@)) = 19, (sl D (@)
= L (sw D (y*) + s D (@*) — sl (y*))
= L3, (s D) + (st D(@®) - s D(y")
< 1§, (s () = Ly, (v | s Diw™)

g(ch,’*l) (y*) )

s(ch/*l)(y*)) > L?}OL/.

SN (@) > L, (o

in contradiction with Ly, (LZ,

® max (L[h/ (ZC;;/ ! S(Ghrlfl) (:L.*)) 7LIh/ (y;;, S(C}L/*l) (y*))) = LIh’ (y;;/
Discussion mirroring that of previous point.

This concludes the argument. O

Proof of Proposition 11.

We proceed by induction on the dimension ¢ of the optimal vector @ for P(i). The inductive
hypothesis is that an optimal vector of interventions for P(i) is also optimal for P(h) for all
1<h <.

Base case. Let i = 2 and & = [z, 23] be an optimal vector of interventions for P(i). We
show that x satisfies the inductive hypothesis. Proposition 9 guarantees that intervention x; is
optimal for the I-Intervention problem on interval I; with initial stock level s(0); but as I} = .J;

vector [z1] is also optimal for problem P(1).

Inductive step. Let us assume that the inductive hypothesis holds for some i > 2 and show
that also holds for ¢ + 1.

We proceed by contradiction. Let @ = [z1,...,2;41] be an optimal vector of interventions
for P(i + 1) which, for some h < i, is not optimal for P(h), and let k£ be the minimum of such
indices.

Let y be any optimal vector of interventions for P(i) and, according to the inductive hypoth-
esis, also for P(h), h=1,...,i— 1.
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By construction of k, x is optimal for P(k — 1) and sub-optimal for P (k). On the other side,
by inductive assumption, y is optimal for both P(k — 1) and P (k). Thus, from equation (23) it

is immediate to derive
Li (w | 5D @)) > Ly, (e | s D()).

which, on the basis of Proposition 9, excludes the case s~ (z) = s+~ (y). We conclude
the discussion observing that the latter two conditions contradict the statement of Proposition
10. O

Proof of Proposition 12. We consider only the case ¢ = w. Discussion for ¢ < w follows
the same line, just on a shorter time horizon. If Lj, ([01,...,04]) = 0 then 0 is optimal and we
have nothing to show. Otherwise, let h be the last epoch when the null vector induces a loss
(i.e., h = max{h | L™ (0) > 0}) and let y be an optimal vector of interventions.

If s (y) = s(ﬁ)(O) then we obtain the optimal vector of interventions x* by setting 2} = y;
for e; < h and 27 = 0 for e; > h. Observe that * produces the same effect (stock level and
loss) as y up to epoch h, and the same effect as 0 (with null loss) from h onward, which implies
Ly (21 r28]) < Ly (1, - 9]) and s0™(@*) = 507(0).

To examine the case s() (y) # s (0), let us assume w.l.o.g. that we have a surplus loss at
epoch & (ie., (M+(0) > 0) and necessarily s (y) < s (0) = C.

Let ez be the last intervention epoch before h and ey, the first intervention epoch such that
S(E)([yl, oy Uks Opt1, - .-, 07]) < C. Clearly we have e, < ef < h, S(E)([yl, oY 01, ., 0F]) =
C for all I < k and y;, # 0.

Focusing on the 1-Intervention problem on interval [ey, k] with stock level s(¢~1)(y) at epoch
er, — 1 we observe that the stock level induced at epoch h by the null intervention at epoch ey, is
C while the stock level induced by intervention g is smaller than C. According to Proposition
6 we can have two interventions producing different stock levels at the end of the interval only
when the optimal loss for the uncapacitated problem is zero. Moreover, according to equation
(17) of Proposition 7 minimum modulus optimal interventions 2> and 2% for the uncapacitated
and capacitated problems induce at the end of the interval the same stock level as the null
intervention. Summing up, we have L[%m ([xQ, Ok+1,-- -, 0g] } s(ek_l)(y)) = 0 with stock level
C at epoch h.

Finally, observe that starting with a stock level equal to C' at epoch h the sequence of null
interventions at epochs e; with i > k produces exactly the same effect, in terms of losses and
stock levels, on the interval [h,w]; in particular, by construction of A the total loss induced in

this interval is zero.

Now, let us define a vector of interventions x as follows: z; = y; for j < k, 2}, = z9, and

xz; = 0 for 7 > k. We are ready to show that x is optimal.
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Indeed,

LJw ([xlv"'amw}) = L[el,ek—l} ([yla--'vykfl} ‘ 3(0))+
L[ekﬁ] ([va 0k+1a ey OE] ‘ S(Ek_l) (y)) +
L[E+17w] 0]0C)

g L[el7ek_1} ([yl, PN 7yk7]_} ‘ 3(0))
< Ly, ([y1y--yw)) -

Finally, condition s(™(z) = s(™(0) comes by observing that by construction s (z) =

s(ﬁ)(O) and starting from h all interventions in & are zero. 0

Proof of Proposition 13. We first observe that for a given i < w, we have by construction

Ly (5, sa3)) = Loy (o, @ia)) + L, (2

s D(a")) (28)

where * = [z7,..., 2] is an optimal vector for the problem P(i), and

Lisy (1o @) = Ly (130,31 + Ly gy (0 | 5©470(@)) (29)

where Z = [Z1,...,Z;] is the optimal vector of interventions for the augmented problem P(i, §)
and the last term is the loss in the augmented interval I; depending on the intervention ;
implemented at epoch e; and on the stock level s(ei_l)(i) determined at epoch e; — 1 by all
previous interventions.

Here we assume that * is an optimal vector that satisfies condition stated in Proposition 12
(ie., s (x*) = s()(0) for f =e;41 — 1) so that

Lij o (21, 2i]) = L (21, 25]) + o). (30)

Indeed, as s (z*) = s(/)(0) for f = e;;1 — 1, the total loss obtained in the augmented interval
J; is given by the loss obtained in interval J; plus the loss obtained at epoch e; 1 which is |§| by
construction.

Now, Proposition 11 guarantees that partial vectors [Z1,...,Z;—1] and [z7],...,2]_ ] are op-

timal on interval J;_1 and we have
Ly, ([ilv <o vjifl]) =Lyj,_, ([:L’T, B x;‘k—l]) . (31)
Thus, to prove optimality of & for interval J; it suffices to show that

Ly, (:TcZ s(ei_l)(ac*)) )

s(ei—l)(a_;)> <Ly (x;k

We prove this latter inequality by contradiction. If

Ly, (3?7Z ’ s(eifl)(zi)> > Ly, (:cf

s (2" ), (32)
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then there must be at least one epoch h € I; with a positive loss, which according to equations

(12) of Proposition 6, does not change the stock and loss (w.r.t. 0) at later epochs and thus we

have
Lira (3 | 89 70@)) = Ly, (71 | € D(@) ) + o). (33)
Using equations (28) — (33) we can derive the following chain of inequalities

Lo (21, 3]) = [by eq. (29)]
= Ly ([#1, o @ia]) + Lz (3 | s©970(@)) = [by eq. (33)]
=Ly, ([B1,.... %))+ Ly, (2 | s D(@)) +16| = [by eq. (31)]
=Ly, ([z},....274]) + L, (7 | s V(@) +16] >  [by eq. (32)]
> Ly, ([, 2fa)) + L (a7 [ s€7 (@) +10] = [by eq. (28)]
=Ly, ([z1,...,27]) + 10| = [by eq. (30)]
= Lij g (21, 77])

proving that & cannot be an optimal vector of interventions for the augmented problem, in

contradiction with the hypothesis. O

Proof of Proposition 14. We analyze the augmented problem P(i — 1,8) proceeding by
cases with respect to the sign of § = 2°°(5;) — 2%(S;). For sake of clarity the fictitious demand
at epoch e; used to build P(i — 1,6) is denoted by d;, not to be confused with d¢) which is
the demand at epoch e; for problem P(i). According to equations (2) — (6), we indicate with
5(¢)(y) = max(0, min(C, s\~ (y) + d;)) the stock level induced by a vector of decisions y at

epoch e; in the augmented problem.
Case 6 > 0. When § > 0 we know the following Facts:
(a) 2°°(S;) > 29(S;) = ¢; (from Proposition 7).

(b) d;y = =541 (0)—§ = —S; — 6 and 5(¢)(0) = 0 (by construction of the augmented problem).

(c) An optimal vector of interventions Z for the augmented problem P(i — 1, §) exists such that
5l¢)(x) = 5(¢)(0) = 0 (from Proposition 12 and Fact (b)).

(d) & is an optimal vector of interventions for problem P(i — 1) (from Proposition 13).

(e) Any optimal vector of interventions y for P(i — 1) satisfies the equation
Liz o) ([, wia]) = L5, 4+ max(0,6 — (5“7 D(y) = 5))). (34)

Equation (34) holds by construction of augmented problem, equation (5) and Fact (b) applied
to virtual stock of the augmented problem at epoch e;: s~ (y) +d; = s(¢=D(y) — §; — 6.

def. " « . * * *
() A = (L5 | +96) - L[jiflv(ﬂ € [0,6] (directly from L[J?;A,é] € |Ly Ly  + (5} where the

lower bound comes from equation (34); and the upper bound derives from equation (34)
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applied to the vector y that, according to Proposition 12, is optimal for P(i — 1) with
S (y) = 5)).

(g) s¢=D(Z) = S; + A. (according to: Fact (f), Fact (d), equation (34) applied to &, and Fact
(c¢) that guarantees s(*~D (&) + d; < 0; we have A = Ly  +46- L>["j__1 0= 0 — max(0,d —
(s (@) - 5)) = s () — 8.

We also observe that following Fact (g), and according to Fact (a), equation (20) of Propo-

sition 8 and equation (16) of Proposition 7 we have

29(S; +A) =298 = g,

xoo(SZ + A) = .CUOO(SZ) A, (35)
LE(Si+4A) =L + (2%(Si) - A) = a9(8) = LF +6 - A,
Now, let us consider * = [Z1,...,%;—1,¢;] and an optimal vector of interventions y for P(7).

Observe that, by construction, =* is optimal for P(i — 1) and Ly, ([z7],...,2]]) = L}  +
Ly, (7 ’ s(ei_l)(a:*)) with Ly, (z} | s(ei_l)(x*)) = LjQi(Si—i—A). On the other hand y is optimal
also for P(i — 1) and Ly, ([y1,...,ui]) =L _ + Ly, (yi ’ s(ei_l)(y)).

Thus, to prove the optimality of z* for P(i) it suffices to show that Ly, (2} | s(ei_l)(az*)) =

Ly, (yi | s(efl)(y)). Let us proceed by cases.

o If A =4, then from (35) we have Ly, (z} | sV (z*)) = L% while, according to Proposi-
tion 7 and Proposition 8, we get L7 < Ly, (yl ‘ s(ei_l)(y)) where a strict inequality would

be in contradiction with the optimality of y.

e If A < 9§, let us indicate with s(ei_l)(y) = 5; + 7 the stock level induced by y at epoch

e; — 1.

— Ify = A, then Ly, (] | s(eifl)(w*)) = LIQi(Si—i—A) by construction and Lg(Si—i—A) =
Ly, (yl ‘ s(ei_l)(y)) from Proposition 9.

— If v < A, then from equation (20) of Proposition 8 we get Ly, (y; | s(eifl)(y)) >
Ly, (z; | s~ (Z)) in contradiction with optimality of y for P(i).

— If v > A, observe that, according to equation (34) we have Lij_, 4 ([af{, . ,x;k_l]) -
Lij, 6 (y1s- - yim1]) = 6 — A —max(0,6 — ) > 0 which is in contradiction with the
optimality of & for the augmented problem P(i — 1, §).

i

Ly  +LP(Si+A)=L%5  +L¥+06— A and the definition of A

1’(5]—1—Li,° straightly derives from equalities L = Ly, ([27,...,2]]) =

Finally, equality L7, = L ) L5

Case 0 < 0. When § < 0 we we can carry out a discussion mirroring the previous one.
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Case § = 0. When § = 0 we have by construction d; = 0 and °(S;) = z9(S;), hence
L%(SZ) = Ly. Let & = [Z1,...,Z;-1] be the optimal vector of interventions for augmented
problem P (i — 1,6) such that 5() (&) = 5(¢)(0) as guaranteed by Proposition 12. Observe that
not only is vector & optimal for P(i — 1) as guaranteed by Proposition 13, but it also satisfies
st (z) = 8, (36)
L[jze]ﬁ] ([fh ce :fi,ﬂ) = L:]i—l ([ffﬁ, ce ,373‘1;1]) = L*]i—l; (37)

equality (36) straightly derives from conditions 5(¢) (&) = 5(¢)(0) and d; = 0, and from equations
(2)-(6) applied to the augmented problem; equality (37) comes from d; = 0 and optimality of Z
for P(i —1).
Morever, vector &* = [Z1, ..., Z;_1,2%?(S;)] produces on interval .J; a loss
Lo (o5, @il = Ly, + L, (w7 | s© 7D (@"))
=Lj  + Lg(&) (from s (2*) = s~V (Z), equation (36), and z} = 22(S;))
= L5 |+ L7 (from 27°(5;) = .’I?Q(Si)).

Observe that L+ L7’ is a lower bound for any vector of interventions on interval J; which

proves the optimality of «* for P(i).
Ui
L5+ L7, optimality of & for P(i) and equation (37). 0

Finally, equality L = L a7t L7 straightly derives from equality Ly, ([27,...,2]]) =

Proof of Theorem 3.

The algorithm starts with some initialization and computes vectors 8, [T, I~, and s repre-
senting, respectively, virtual stock, surplus loss, stockout loss, and stock level induced by the
null vector of interventions = 0 on all epochs T' (lines 1-8). The computation is clearly done

in O(m) time.
In the second part, three fundamental steps are performed.

1. Lines 9 — 11. A I-Intervention problem is solved in O(m — e,) time by procedure
Vehicle-Intervention on the interval I, with initial stock level s»~1(0) and producing
corresponding minimum modulus optimal interventions 2>, 29 and optimal values L,
L% for the uncapacitated and capacitated problem, respectively: the stock level at epoch
m is s (29) = s(M)(0).

2. Line 12. The augmented problem P(w — 1,6) is solved with § = 2> — 2% in O(e,,) time
by algorithm Global-Backward-Recursive producing an optimal vector of interventions

x and the corresponding optimal value L.

3. Lines 13 — 14. The solutions of the two problems are chained in O(1) time to form the
optimal vector of interventions &* for P(w) such that s'™ (z*) = s(™)(0). and the corre-

sponding optimal value L*.
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Correctness of the first step is guaranteed by (Theorem 2); correctness of the third step is

guaranteed by (Proposition 14). Correctness of the second step is proved in the following.

We proceed by induction on the number i of stages to show that problem P(i, §) is solved by
algorithm Global-Backward-Recursive which produces an optimal vector of interventions a*

in O(ej4+1) time.

Base cases

For i = 0, we do not have any decision epochs and the procedure consistently returns in O(1)
time the empty vector as optimal vector of interventions &* and || as optimal value L*.

For i = 1, the augmented problem P(1,d) reduces to a I-Intervention problem on augmented
interval I; which is consistently initialized at lines 2 — 5 in O(1) time and solved by algorithm
Vehicle-Intervention at line 7 in O(e;11), which returns the corresponding optimal interven-
tions z9, £°°, and optimal values LY and L. The next recursive call for P(0, 2> — xQ), returns
an empty vector of interventions and a loss |z — xQ|. Thus, the procedure consistently returns

*

x* = [2°°] as one-intervention optimal vector of interventions and L* = L® = L*® + |2 — 2|

as total loss (latter equality guaranteed by equation (16) of Proposition 7).

Inductive step.

Let 7 > 1 and assume that algorithm Global-Backward-Recursive solves problem P(i—1,6)
in O(e;) time. We show that algorithm Global-Backward-Recursive also solves problem P(i, d)
in O(6i+1).

Similarly to the case of i = 1, also for ¢ > 1, data for the 1-Intervention problem on augmented
interval I; are computed in O(1) and corresponding problem is solved in O(e; ;1 —e;) by algorithm

© and

Vehicle-Intervention, which returns the corresponding optimal interventions z%, z
optimal values L% and L.

From the inductive hypothesis, augmented problem P(i — 1, 2% — xQ) is solved by algorithm
Global-Backward-Recursive in O(e;) producing an optimal vector of interventions x and its
optimal value L.

According to Proposition 14, at last step the optimal vector of interventions x* for the
augmented problem P(i,0) is given by [z, 2%] and its optimal value is given by L* = L>® 4 L.
The overall time complexity is O(e;+1). 0

A.3 Table of notation

Notation Meaning

Problem parameters

C Capacity of the station.
T=A{1,...,m} Set of epochs.

d=1[dWY,.. .  d"™)] Vector of net flow in the time horizon.
V=A{vi,...,vw} Set of the vehicles.
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Notation Meaning

H={e1,...,ew} CT Set of epochs in which the station is visited by the vehicles.
Q=1[Q1,...,Qu] Vector of the capacity of vehicles.
a=Iq,--,qu] Vector of the bike load of the vehicles.
Variables

T =[T1,...,Tw) Vector of the interventions.

s=[sW,. .. ™) Vector of stock levels in the time horizon.
5=[3W,. .. 5m) Vector of virtual stock in the time horizon.
=Wt Vector of surplus losses.

= =M=, Vector of stockout losses.

L Total amount of lost requests.

Interval optimization

eeT
eeT
§@,h](9€)
E@,h](l’)
h(+)(:c)

h(’)(m)

X =[z%,7%]
L*>°, =

X9 = @Q’fQ]7 LQ, @

Starting epoch for interval optimization.

Ending epoch for interval optimization.

Minimum stock level in epoch interval [e, h] C T.

Maximum stock level in epoch interval [e, h] C T

First epoch in which a surplus loss is present, if any, +oo otherwise.

First epoch in which a stockout loss is present, if any, +oo otherwise.

Range of optimal interventions for the uncapacitated case.

Optimal loss and minimum modulus optimal intervention for the uncapacitated case.

Same as above for the capacitated problem.

Time horizon optimization

LJI. ([ml,...,$¢])
Lig 5 ([x1, .o i)
Lr (z | s)

I =lei,ei+1,...,ei01 — 1 fori=1,...,w—1, [, = [ew,...,m].
Ji =ler,e2,...,eip1 — 1 fori=1,...,w—1, J, = [e1,...,m].
Augmented intervals I; = I; U {ei+1}, Ji = Ji U {eit1}-

def.
P(i) 2 ming, . 2, Ly; ([#1,...,2:]), optimization problem (7) on interval J;.

P(i,0) = ming, .o, Lyj,s (€1, ..., 2i]), the augmentation of problem P(i) to J; with
extra loss §.

Optimal values of P(i) and P(i, ).

Subvector of first i-th components of the vector of interventions .

Loss induced by interventions [z1,...,z;] in interval in interval J;.
Loss induced by interventions [z1, ..., ;] in interval J; for the augmented problem.
Loss induced by intervention x in interval I; depending on initial stock level s at epoch

ei—l.

Rich notation

Throughout the manuscript, the dependency of different quantities on different variables is highlighted. Example

of this highlighting through notation are reported in this section of the table.

s (z)

s(x)
s (x)
L@’h] (x | 8)

X7 (s) = [z7; (), 77 (s)];

27, (s), LTy (s)

Stock level at epoch h resulting from intervention z (for I-Intervention problem).
Vector of stock levels resulting from the vector of interventions .

Stock level at epoch A induced by interventions in vector & up to epoch h.

Loss induced on interval [e, h] by intervention x at epoch e given an initial stock level s.
Set of optimal interventions, minimum modulus optimal intervention and optimal loss
for the I-Intervention uncapacitated problem on interval [, with their dependency on
initial stock level s being highlighted.

Table II: Table of notation

41



References

[1] R. Alvarez-Valdes, J. M. Belenguer, E. Benavent, J. D. Bermudez, F. Munoz, E. Vercher,

2]

3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

and F. Verdejo. Optimizing the level of service quality of a bike-sharing system. Omega,
62:163-175, 2016.

E. Angelelli, M. Chiari, A. Mor, and M. G. Speranza. A simulation framework for a station-
based bike-sharing system. Computers & Industrial Engineering, 171:108489, 2022.

P. Angeloudis, J. Hu, and M. G. Bell. A strategic repositioning algorithm for bicycle-sharing
schemes. Transportmetrica A: Transport Science, 10:759-774, 2014.

M. Benchimol, P. Benchimol, B. Chappert, A. De La Taille, F. Laroche, F. Meunier, and
L. Robinet. Balancing the stations of a self service “bike hire” system. RAIRO-Operations
Research, 45:37-61, 2011.

J. Brinkmann, M. W. Ulmer, and D. C. Mattfeld. Dynamic lookahead policies for stochastic-

dynamic inventory routing in bike sharing systems. Computers & Operations Research,

106:260-279, 2019.

J. Brinkmann, M. W. Ulmer, and D. C. Mattfeld. The multi-vehicle stochastic-dynamic

inventory routing problem for bike sharing systems. Business Research, 13:69-92, 2020.

T. Bulh6es, A. Subramanian, G. Erdogan, and G. Laporte. The static bike relocation prob-
lem with multiple vehicles and visits. European Journal of Operational Research, 264:508—
923, 2018.

L. Caggiani and M. Ottomanelli. A modular soft computing based method for vehicles
repositioning in bike-sharing systems. Procedia-Social and Behavioral Sciences, 54:675-684,

2012.

M. Casazza, A. Ceselli, D. Chemla, F. Meunier, and R. Wolfler Calvo. The multiple vehicle
balancing problem. Networks, 72:337-357, 2018.

D. Chemla, F. Meunier, and R. W. Calvo. Bike sharing systems: Solving the static rebal-
ancing problem. Discrete Optimization, 10:120-146, 2013.

F. Chiariotti, C. Pielli, A. Zanella, and M. Zorzi. A bike-sharing optimization framework
combining dynamic rebalancing and user incentives. ACM Transactions on Autonomous
and Adaptive Systems (TAAS), 14:1-30, 2020.

C. Contardo, C. Morency, and L.-M. Rousseau. Balancing a dynamic public bike-sharing
system, volume 4. Cirrelt Montreal, 2012. Last access: 2022-10-04.

42



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

F. Cruz, A. Subramanian, B. P. Bruck, and M. Iori. A heuristic algorithm for a single vehicle

static bike sharing rebalancing problem. Computers & Operations Research, 79:19-33, 2017.

M. Dell’Amico, E. Hadjicostantinou, M. Iori, and S. Novellani. The bike sharing rebalancing

problem: Mathematical formulations and benchmark instances. Omega, 45:7-19, 2014.

M. Dell’Amico, M. Iori, S. Novellani, T. Stiitzle, et al. A destroy and repair algorithm for
the bike sharing rebalancing problem. Computers € Operations Research, 71:149-162, 2016.

G. Erdogan, G. Laporte, and R. W. Calvo. The static bicycle relocation problem with
demand intervals. Furopean Journal of Operational Research, 238:451-457, 2014.

I. A. Forma, T. Raviv, and M. Tzur. A 3-step math heuristic for the static repositioning
problem in bike-sharing systems. Transportation Research Part B: methodological, 71:230—
247, 2015.

L. D. Gaspero, A. Rendl, and T. Urli. A hybrid aco+ cp for balancing bicycle sharing
systems. In International Workshop on Hybrid Metaheuristics, pages 198-212. Springer,
2013.

S. Ghosh, J. Y. Koh, and P. Jaillet. Improving customer satisfaction in bike sharing systems
through dynamic repositioning. In Proceedings of the Twenty-FEighth International Joint
Conference on Artificial Intelligence, IJCAI-19, pages 5864—5870, 2019.

S. Ghosh, P. Varakantham, Y. Adulyasak, and P. Jaillet. Dynamic repositioning to reduce
lost demand in bike sharing systems. Journal of Artificial Intelligence Research, 58:387-430,
2017.

S. C. Ho and W. Szeto. Solving a static repositioning problem in bike-sharing systems using
iterated tabu search. Transportation Research Part E: Logistics and Transportation Review,

69:180-198, 2014.

S. C. Ho and W. Y. Szeto. A hybrid large neighborhood search for the static multi-vehicle
bike-repositioning problem. Transportation Research Part B: Methodological, 95:340-363,
2017.

J. Huang, Q. Tan, H. Li, A. Li, and L. Huang. Monte carlo tree search for dynamic bike
repositioning in bike-sharing systems. Applied Intelligence, 52:4610-4625, 2022.

C. Kloimiillner, P. Papazek, B. Hu, and G. R. Raidl. Balancing bicycle sharing systems:
an approach for the dynamic case. In Furopean conference on evolutionary computation in

combinatorial optimization, pages 73-84. Springer, 2014.

43



[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

G. Laporte, F. Meunier, and R. Wolfler Calvo. Shared mobility systems: an updated survey.
Annals of Operations Research, 271:105-126, 2018.

E. Lee, B. Son, and Y. Han. Optimal relocation strategy for public bike system with selective
pick-up and delivery. Transportation research record, 2674:325-336, 2020.

B. Legros. Dynamic repositioning strategy in a bike-sharing system; how to prioritize and
how to rebalance a bike station. Furopean Journal of Operational Research, 272:740-753,
2019.

Y. Li, W. Szeto, J. Long, and C. S. Shui. A multiple type bike repositioning problem.
Transportation Research Part B: Methodological, 90:263-278, 2016.

J.-H. Lin and T.-C. Chou. A geo-aware and vrp-based public bicycle redistribution system.
International Journal of Vehicular Technology, 2012, 2012.

M. Lowalekar, P. Varakantham, S. Ghosh, S. Jena, and P. Jaillet. Online repositioning in
bike sharing systems. Proceedings of the International Conference on Automated Planning
and Scheduling, 27:200-208, 2017.

M. Rainer-Harbach, P. Papazek, B. Hu, and G. R. Raidl. Balancing bicycle sharing sys-
tems: A variable neighborhood search approach. In European conference on evolutionary

computation in combinatorial optimization, pages 121-132. Springer, 2013.

T. Raviv and O. Kolka. Optimal inventory management of a bike-sharing station. [ie
Transactions, 45:1077-1093, 2013.

T. Raviv, M. Tzur, and I. A. Forma. Static repositioning in a bike-sharing system: models

and solution approaches. EURO Journal on Transportation and Logistics, 2:187-229, 2013.

R. Regue and W. Recker. Proactive vehicle routing with inferred demand to solve the bike-
sharing rebalancing problem. Transportation Research Part E: Logistics and Transportation
Review, 72:192-209, 2014.

A. Schrijver. Combinatorial optimization: polyhedra and efficiency. Springer, Berlin, 2003.

J. Schuijbroek, R. C. Hampshire, and W.-J. Van Hoeve. Inventory rebalancing and vehicle
routing in bike sharing systems. FEuropean Journal of Operational Research, 257:992-1004,
2017.

C. Shui and W. Szeto. A review of bicycle-sharing service planning problems. Transportation
Research Part C: Emerging Technologies, 117:102648, 2020.

44



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

C. S. Shui and W. Szeto. Dynamic green bike repositioning problem—a hybrid rolling horizon
artificial bee colony algorithm approach. Transportation Research Part D: Transport and
Environment, 60:119-136, 2018.

W. Szeto, Y. Liu, and S. C. Ho. Chemical reaction optimization for solving a static bike repo-
sitioning problem. Transportation Research Part D: Transport and Environment, 47:104—

135, 2016.

W. Y. Szeto and C. S. Shui. Exact loading and unloading strategies for the static
multi-vehicle bike repositioning problem. Transportation Research Part B: Methodological,
109:176-211, 2018.

C. M. Vallez, M. Castro, and D. Contreras. Challenges and opportunities in dock-based
bike-sharing rebalancing: a systematic review. Sustainability, 13:1829, 2021.

Y. Wang and W. Szeto. Static green repositioning in bike sharing systems with broken
bikes. Transportation Research Part D: Transport and Environment, 65:438-457, 2018.

A. Yoshida, Y. Yatsushiro, N. Hata, T. Higurashi, N. Tateiwa, T. Wakamatsu, A. Tanaka,
K. Nagamatsu, and K. Fujisawa. Practical end-to-end repositioning algorithm for managing

bike-sharing system. In 2019 IEEE International Conference on Big Data (Big Data), pages
1251-1258. IEEE, 2019.

D. Zhang, C. Yu, J. Desai, H. Lau, and S. Srivathsan. A time-space network flow ap-
proach to dynamic repositioning in bicycle sharing systems. Transportation Research Part

B: Methodological, 103:188-207, 2017.

X. Zheng, M. Tang, Y. Liu, Z. Xian, and H. H. Zhuo. Repositioning bikes with carrier
vehicles and bike trailers in bike sharing systems. Applied Sciences, 11:7227, 2021.

45



