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Abstract

This study presents an original formulation for the co-simulation of multibody systems
based on partitioning at interface nodes or joints where motion and loads are exchanged
between subsystems. The proposed approach shows improved algorithmic stability com-
pared to existing formulations when implemented in explicit, loose coupling, due to the
retention of interface mass on both sides of the partition and the explicit exchange of inertia
load contributions along with constraint reactions. The stability properties of the proposed
approach are illustrated through benchmark problems. Its effectiveness is further validated
in complex mechanical systems, including the structural dynamics of beams and shells and
the real-time driver-in-the-loop dynamics of a race car.

Keywords Co-simulation - Parallelization

1 Introduction

Simulation is a cornerstone of modern engineering, offering a powerful means to model, ana-
lyze, and optimize complex systems. Among its many applications, real-time simulation has
become increasingly essential in domains requiring immediate feedback, including control
systems, simulators, hardware-in-the-loop testing, and game engines [1-3]. The challenge
is to achieve real-time performance with high-fidelity models [4, 5], which requires consis-
tently short time steps, and, consequently, high computational efficiency. The present work
addresses this challenge by proposing a method to enhance the efficiency of the solution of
multibody systems without compromising the fidelity of the model.

The proposed solution relies on co-simulation (also known as cooperative or coupled
simulation) [6, 7], a widely used approach for addressing multidomain problems. An ex-
haustive review of co-simulation can be found in the work of Gomes et al. [8] and Hafner
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and Popper [9]. In the present work, co-simulation is used to parallelize the solution of a me-
chanical system by partitioning it into subsystems, each solved on a dedicated core. At each
time step, the subsystems exchange coupling variables (namely, positions and forces), whose
formulation is detailed in this article. The proposed co-simulation scheme requires the ex-
change of extrapolated data; therefore, it should be possible to implement it within the latest
version of the FMI standard, 3.0.2 [10], which introduced the Intermediate Update
Mode, “enabl[ing] advanced Co-Simulation with interpolation/extrapolation techniques of
inputs and outputs”.

This approach preserves the original solvers and equation formulations, resulting in a
noninvasive, general-purpose method. It avoids the need for internal data manipulation and
instead relies on straightforward communication protocols, such as Internet or Unix sockets
using TCP or UDP, which are widely available in many computational and simulation envi-
ronments. These include mathematical environments such as Matlab, Simulink, and Octave,
programming environments such as Python, and multibody solvers, provided they support
the output of internal states and the input of prescribed kinematics and loads from external
sources, which is a common feature. When solvers or mathematical environments are avail-
able as free or open-source software, the integration of such basic primitives is typically
straightforward; however, proprietary solvers and environments often allow the integration
of user-defined routines to achieve similar functionality.

Despite their advantages in terms of effectiveness and ease of implementation, coupling
schemes (particularly explicit ones) may introduce challenges related to stability and accu-
racy, which depend on the choice of exchanged variables. To this end, the method proposed
in Sect. 2 is benchmarked using a simple linear model for stability analysis and compared
in Sect. 3 with reference algorithms from the literature. To assess its performance in more
complex scenarios, the proposed algorithm is implemented in MBDyn' [11]. Results from
an independent implementation, in the form of a Python script using standard integration
schemes, are also presented to illustrate the versatility of the proposed method. Implemen-
tation details are discussed in Sect. 4.

Co-simulations are evaluated against monolithic simulations concerning computational
efficiency and accuracy. A full-car vehicle model for Driver-in-the-Loop (DiL) simulations
is developed and executed in real-time in Sect. 5, followed by conclusions in Sect. 6.

2 Co-simulation algorithm

The proposed algorithm is inspired by the one presented by Zhang et al. in [12], which
was developed to study coupled systems composed of smooth multibody systems and non-
smooth particle dampers. That co-simulation aims to extract and combine the best charac-
teristics of rather different solvers—each specialized in its respective domain (MBDyn for
smooth dynamics and Chrono::Engine” for non-smooth dynamics, in [12])—within a ro-
bust and algorithmically stable framework. It is implemented as a tightly coupled scheme,
requiring the subsystems to exchange information—i.e., the pose from the smooth to the
non-smooth solver and the corresponding reaction force and moment from the non-smooth
to the smooth solver—multiple times at each time step through an iterative refinement pro-
cess until convergence criteria are met for both solvers.

TA free software, general-purpose solver for multibody and multiphysics simulations, https://www.mbdyn.
org.

ZAn Open Source general-purpose multibody library, specialized in non-smooth dynamics, https://
projectchrono.org/.
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Fig.1 Node partition

The algorithm presented here has a different purpose: increasing the efficiency of multi-
body simulations by distributing the solution over multiple CPU cores, each dedicated to
computing a small portion of the original system. To achieve this goal, the proposed algo-
rithm deviates from the original formulation in two major areas. First, the tight coupling
scheme is replaced by a loosely coupled approach, which not only reduces computational
cost but also ensures a more consistent load throughout the simulation. In a loosely coupled
system, information is exchanged only once per time step, and no correction iterations take
place. Furthermore, the procedure described in the referenced paper features a sequential
integration of the subsystems, whereas in the proposed algorithm, the integration of the so-
called real subsystems is performed in parallel, as demonstrated in the following examples.

2.1 Partitioning

One crucial aspect of the proposed algorithm is the way the multibody model is partitioned
into subsystems. This section addresses two common scenarios: splitting at constraints and
splitting at nodes that logically define the interface between subsystems, as illustrated in
Figs. 1 and 2. Both cases involve the duplication of the interface nodes across each cut and
the presence of coupling subsystems. Despite the resulting slight increase in system size, this
approach has a positive impact on the stability of the coupling, as will be shortly discussed.

2.1.1 Partitioning at a node

The simplest partition is obtained using a node as the interface between two (or more) sub-
systems. This approach can be employed in tree-like structures, such as the system in Fig. 1
to isolate individual branches. The subsystem that collects all the interface nodes (in this
simple example, bodies i and j) is named the coupling subsystem, indicated as S¢. A possi-
ble application of this approach is shown in Fig. 3. A flexible blade is clamped to a rigid hub
at its root node, which splits the system in two parts. If multiple blades are present, the same
operation can be repeated, each time creating a new subsystem and adding the interface node
to the coupling subsystem, represented by the hub.
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Fig.2 Constraint partition
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Fig.3 Simplified helicopter rotor representation (1, 2, and 4 blades); example application of partitioning at a
node

2.1.2 Partitioning at a constraint

If a constraint is chosen to split two subsystems, a slightly different approach is required.
Two real subsystems, S; and S in Fig. 2, contain the two sections of the model up to the
two coupling bodies. The coupling subsystem, S¢, includes the two coupling bodies linked
by the original constraint.

Any algebraic constraint or connection between two nodes, such as springs and dampers,
can be employed. In the upcoming examples, clamp constraints frequently arise, as they can
be conveniently used to split a single node in two. In the following example, a revolute hinge
is used to link the coupling nodes of the two halves of a flexible pendulum, modeled with
beam elements (Fig. 4).
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Fig.4 Flexible double pendulum; example application of partitioning at a constraint
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Fig.5 Shell; example application of partitioning at (discretized) one-dimensional interface

2.1.3 Partitioning at one- (and multi-)dimensional interfaces

The algorithm remains effective for subsystems separated by one- or multi-dimensional in-
terfaces, where discretization involves multiple nodes or constraints. The model in Fig. 5 is
a rectangular-shaped solid discretized by the 4-node shell elements presented in [13]. The
interface occurs along the vertical line that splits the mesh in two (equal) parts. The nodes
of the centerline are split in pairs of nodes, each accounting for half the mass and the cor-
responding inertia properties. Each pair of nodes is clamped together by a dummy joint,
which is used as the partitioning element. As described in the previous section, two real
subsystems and a coupling subsystem are generated, the latter containing all pairs of inter-
face nodes. The interface of a partitioned solid would be a surface, discretized by a surface
mesh and a grid of interface nodes. The latter would then be split into pairs of nodes, each
accounting for half the mass and the corresponding inertia properties. Each pair of nodes
would be clamped together, and all clamped pairs would belong to the coupling subsystem.
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Fig.6 Multiply partitioned beam; example application of multiple partitions

2.1.4 Multiple partitioning and coupling subsystems

As the number of subsystems increases, multiple coupling subsystems may arise. This case
can be handled by integrating all real subsystems in parallel, followed by the concurrent
integration of all coupling subsystems, without altering the solution process. Figure 6 shows
a slender beam divided into three subsystems, S, $,, and S3. Two independent coupling
subsystems are generated, S¢, (which links S} and S3) and S¢, (which links S, and S3).

2.2 Algorithm definition

The algorithm works as follows.

i. Atthe beginning of each time step, the state of the coupling bodies i and j of subsystem
Sc is predicted and substituted in the integration scheme to yield yf and yf.

ii. The predicted states are communicated to the corresponding subsystems, where a ded-
icated kinematic constraint prescribes the motion of the coupling bodies by enforcing
the predicted kinematic quantities, yl.G — S and yJG — 5.

iii. Subsystems S; and S, are then independently integrated one time step forward in par-
allel. As a result of the new configuration of the system, reaction forces and torques
arise for each subsystem, fc; and f¢ ;.

iv. All constraint forces are sent back to the coupling subsystem, Sc¢, which is integrated
one step forward to yield the updated state of the coupling bodies.

v. The loop can be repeated until convergence criteria are met by sending the updated
states of bodies i and j to subsystems S; and S,, i.e., by repeating the process from
step (ii.), in the case of the tight coupling scheme, or the obtained value can be accepted
and the solver proceeds with the next time step, in the case of loose coupling scheme.

The algorithm is structured as a Gauss-Seidel scheme. The connected subsystems, S; and
S5, use the interface kinematics predicted by the connection subsystem, Sc, to advance their
states and send back to the connection subsystem the interface forces it subsequently uses
to advance its own states.

2.3 Coupling forces determination

The definition of the coupling forces first requires the introduction of some kinematic quan-
tities. All the kinematic and dynamic entities discussed in the following are assumed to be
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expressed in a common fixed reference frame indicated as the absolute reference frame. For
each of the coupling bodies i and j,
— x is the node’s position vector (not necessarily coincident with the center of gravity of
the corresponding rigid body);
— @ is the node’s orientation vector (the Euler vector), representing the orientation of the
node in the absolute reference frame, such that the orientation matrix of the body, R,
can be expressed through Rodriguez’s formula

sin@ﬂ l—coseﬂ
R=I+ 0.,><+ 7 6 x 0 x (1)

where 6 = ||@|| and operator (-) x represents the 3 x 3 matrix that generates the vector
product of its argument by another vector at its right;?

— q is the vector collecting the coupling body’s position and orientation vectors, q =
{x; 0};

— B=mx+S x" @ is the momentum vector of the coupling body, where w is the body’s
angular velocity vector, m its mass, and S = mocy its static — or first-order inertia —
moment, with S x” @ = —S x @ = w x S, being ocy; the location of the body’s center
of mass with respect to the node, in the absolute frame;

— ¥ =S x x+ Jw is the momenta moment vector of the coupling body, where J is the
(second-order) inertia tensor of the body;

— fie js the vector collecting the coupling body’s inertia force and moment vectors, fi,. =
{=B; —y —xx B};

— feonsr = ¢/qu is the vector collecting the constraint force and moment vectors arising
from the enforcement of the position and orientation of the coupling body, where ¢ = 0
is the array of constraint equations associated with subsystem coupling, ¢,, = 9¢/dq,
and A the array of the corresponding Lagrange multipliers.

The expression of the generalized coupling force vector, fc, is finally obtained as:

fC = (fcuns{r + fine) (2)

The generalized coupling force vector is then specialized to each of the connected subsys-
tems, e.g., fc; and f¢ ; in the example considered for the algorithm definition.

So far, interfaces have been treated as rigid-body-like, even when connecting subsys-
tems that exhibit flexibility. This approach aligns with the goal of minizing the interface
to simplify coupling and reduce the amount of exchanged information. When flexibility is
explicitly accounted for in non-local formulations, such as the Floating Frame of Refer-
ence (FFR) formulation combined with Component Mode Synthesis (CMS), the proposed
approach remains applicable and retains its effectiveness, provided that each FFR-CMS
element is confined within a single subsystem. Although MBDyn supports FFR-CMS el-
ements through the modal joint, problems of this type have not been considered so
far.

3Namely, matrix ax multiplied by vector b yields vector a x b, with
0 —-a3 ap

ax=| a3 0 —ap|.
—ay ap 0
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Fig.7 Reference problem for stability analysis

Table 1 Baseline values of linear

multi-oscillator parameters Property Symbol Value
Mass mp =my 2 kg
Mass ms3 =my 1kg
Spring stiffness ki =ky=k3z=ky 103N -m~!
Damper constant cl=c=c3=cy 10'N-s-m™!

An advantage of the proposed approach is that the coupling variables are obtained though
algebraic operations on quantities typically available to the user within simulation environ-
ments. No manipulation of the underlying structure of the equations or of the solver is re-
quired, allowing its application in a wide variety of solvers and computational environments.
A detailed exemplification is given in Sect. 4 about the proposed implementations.

In the formulation of the algorithm, the kinematic quantities exchanged between subsys-
tems include position, orientation (expressed in terms of the orientation vector), and linear
and angular velocity. When enforcing the state of the coupling bodies, either the full set of
kinematic quantities or only position and orientation may be employed. The two approaches
are outlined and compared in the next section, while implementation details are reported in
the Appendix.

3 Stability assessment

Figure 7(a) shows two linear systems used to evaluate the stability of the coupling. The
system composed by two masses, m 4 and mpg, presented in [12], is a variant of the typical
systems used to study the stability of co-simulations, usually consisting of multiple single-
mass oscillators coupled by additional springs and dampers representing the connection
between subsystems (see for example [14]).

In the present system, bodies A and B are split in two parts (bodies 1 and 2, and 3 and 4,
respectively), each pair connected by a spring and a damper, to produce a more general case
in which multiple subsystems, comprising at least two bodies, interact (Fig. 7(b)). As shown
in Table 1, the value of masses 1 and 2 is increased to 2 kg to make the problem more general,
avoiding perfect symmetry and forcing the Lagrange multiplier to be generally non-zero; all
other physical parameters are unchanged. Its monolithic first-order Differential-Algebraic
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Table2 Eigenvalues with the nominal parameter values of Table 1

Number Eigenvalue, Radian/s Frequency, Hz Damping factor
1,2 —1.9236e+00 £ j1.5787e+01 2.5126 0.12095
3,4 —1.1525e+01 £ j3.2535e+01 5.1782 0.33389
5,6 —1.1552e+01 =+ j4.5594e+01 7.2565 0.24560

Equations (DAE) of motion are
Mx=p
B+ Cx+Kx+¢li=0 3)

¢ =0 which for linearity corresponds to ¢,xx =0

where
M = diag (m, m, m3, my) (4a)
[k + &y —ky 0 0
_ —ky ko 0 0
K= 0 0 k3 —k3 (4b)
L 0 0 —k3 k3 + ky4
_Cl + C —Ca 0 0
_ —C2 C 0 0
C= 0 0 C3 —C3 (40)
L 0 0 —C3 c3+cy
¢x=[0 1 -1 0] (4d)

This is a system of index-3 DAEs [15]. Table 1 reports the default parameters used through-
out the analysis. The problem has 3 degrees of freedom and 6 (3 pairs of complex conju-
gated) eigenvalues, whose values with nominal parameters are shown in Table 2.

Without loss of generality, the equations of motion of the co-simulated problem are inte-
grated using the linear, multistep (two-step) method (LMS2) with tunable algorithmic dissi-
pation* originally presented in [16] and detailed in [11, 17].

The co-simulation system is generated following the procedure described in Sect. 2.1.2,
using the rigid connection between bodies 2 and 3 as the partitioning element for the sub-
systems (Fig. 8).

Owing to linearity, the system can be reformulated as a recurrence equation,

Z,+1 = Az, )

where z collects the state of the problem at two consecutive time steps. The core of the
process is outlined in the Appendix, with details fully developed in [18].

The spectral radius of matrix A is evaluated for different combinations of physical pa-
rameters and coefficients of the solver, to obtain the stability region of the coupling. Each

4The default integration method designed for, and implemented in, MBDyn.
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Fig.8 Reference problem: co-simulation partitioning

plot shows the influence on stability of two parameters, while the others are set according to
their baseline values, indicated in Table 1. A time step # = 10~ s and an asymptotic spectral
radius p, = 0.6 are used in the analysis.

The stability region corresponds to sets of parameters that satisfy the inequality

p=max(|h]) <1 Vi=1l.n (©6)

where ); are the eigenvalues of matrix A.

Before addressing the stability analysis, two types of kinematic constraints are com-
pared to evaluate the influence of the set of coupling variables on stability and accuracy.
In the first case, the exchanged quantities include both position and velocity, whereas in
the second case only position is exchanged. Accuracy is assessed by comparing the error
in selected reference quantities against the analytical solution of the system, while stabil-
ity is evaluated through the computation of the spectral radius for several combinations of
physical and integration-scheme parameters. The corresponding results are not reported, as
the two approaches exhibit nearly identical behavior for all the configurations considered.
On the basis of this equivalent performance, the position-only formulation is retained in the
following. This choice does not limit the generality of the proposed formulation. Rather, it
reflects an implementation-oriented design decision, motivated by the additional complexity
associated with enforcing both position and velocity constraints in general, and in the cur-
rent MBDyn implementation in particular, discussed later, as well as by the increased data
exchange required by the full-state approach.

Figure 9 shows an example of the output of the stability analysis. The plot on the left
(labeled ‘Literature’) shows the stability region of the algorithm presented in [12], while the
one on the right (‘Proposed’) illustrates the stability region obtained using the proposed al-
gorithm. In this particular case, the parameter under analysis is the ratio between the masses
of the interface bodies, which, as one can notice, has a significant impact in both cases on
the algorithmic stability. Each mass value spans from 1073 x mg to 10% x m, where m is
the baseline value. The substantial difference between the two stability regions can also be
obtained for other combinations of physical parameters.

The effect of stiffness and damping on the instability region is shown in Fig. 10, where
all stiffness and damping characteristics are scaled by 10~! and 10! relative to their baseline
values. The trend can be explained by considering the original system shown in Fig. 7(a)
evaluated with the reference algorithm [12]. By studying the stability of the implicit prob-
lem, the following inequality can be obtained, which expresses the necessary condition for
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Fig.9 Stability matrix, my vs. Stability regions
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Fig. 10 Instability region variation with stiffness (left) and damping (right); the arrows indicate the stable

region

all the eigenvalues of the recurrence matrix to be less than (or equal to) one:
ma + hbocy + h*bjky < my + hbocy + h*bjk, (7)

When the physical parameters and the timestep are chosen in the same range of the baseline
values of Table 1, the relative influence of mass, stiffness, and damping on the coupling
stability becomes clear. Figure 11 shows the stability region obtained by changing both in-
terface masses values along with stiffness and damping, both for the loose and tight schemes.
Finally, the effect of the integrator parameters, namely, timestep and spectral radius at infin-
ity (0s0), 18 studied and the result is shown in Fig. 12.

Two relevant facts emerge from this analysis.
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Fig. 11 Stability matrix varying mass, stiffness and damping; the arrows indicate the stable region

Fig. 12 Stability matrix timestep Timestep vs. poo
and po; the arrows indicate the 3

. Tight
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1. The stable region of the proposed algorithm is broader than that shown by similar
algorithms found in the literature.
2. The difference between the proposed tight and loose schemes is marginal, making the
much more efficient loose scheme a promising candidate for real-time applications.
Another important parameter affecting both stability and accuracy is the order of extrapo-
lation of the state derivative. Higher-order extrapolation improves the accuracy of the cou-
pling, but has a detrimental effect on stability.

4 Implementation
4.1 MBDyn

This section presents relevant details of the implementation of the proposed method in the
free, general-purpose multibody solver MBDyn. As discussed in the following, only few
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aspects required specific software development, which could be incorporated as run-time
loadable user-defined functions, without the need to modify or recompile the core code.
The rest was obtained programmatically using existing modeling and execution scheduling
functionalities.

4.1.1 Inter-process communication

MBDyn provides primitives for interprocess communication via UNIX local and inet
sockets, suitable for co-simulation by exchanging information for each time step:
— to receive input at the beginning of the solution phase, right after prediction and right
before residual assembly and testing, based on st ream drives;
— to send output at the end of the solution, right after reaching convergence and right
before preparing for a new time step, based on output elements.’
Both primitives operate in terms of abstract channels. Both primitives support the implemen-
tation of user-defined functions as run-time loadable modules, to manipulate the contents of
the channels without the need to modify the core code of the solver.

Each stream drive can receive an arbitrary number of channels and make them available
to any entity (e.g., force components, prescribed displacement and rotation components, pre-
scribed anelastic strain components in constitutive laws, etc.) that supports an input signal.
The desired signal is identified by the name of the stream and the number of the channel.

In the present context, a stream that exposes the predicted prescribed pose of a structural
node receives 6 channels, 3 for the position components and 3 for the orientation vector
components. A stream that exposes the reaction and inertia forces acting on an interface
node as computed by a subsystem according to Eq. (2) receives 6 channels, 3 for the force
and 3 for the moment components.

Each output element can send an arbitrary number of channels. The values can be de-
fined with great flexibility, from raw values of states to complex mathematical and logical
expressions involving the values of internal states and virtually any other parameter of the
simulation.

In the present context, an element that exports the predicted state of a structural node
produces 6 channels, made available by a user-defined function that manipulates the state
of the node at step k to consistently predict its position and orientation vector at step k + 1,
as discussed in Sect. 4.1.2. An element that exports the reaction and inertia forces acting on
an interface node as computed by a subsystem according to Eq. (2) constructs the values of
the components of vector fc from the reaction forces of the related total pin joint
(See Sect. 4.1.3) and the inertia forces obtained from the momentum and momenta moment
derivatives of the related structural node.

4.1.2 Node state prediction

MBDyn exposes — and supports pushing to a peer solver — the solution of a time step
after solution convergence and before prediction for a new time step. The proposed co-
simulation needs predicted values for step k + 1; however, when after step k’s convergence
the solver has the opportunity to expose its state, the predicted value is not yet available.
Fortunately, MBDyn also supports the implementation of user-defined components as run-
time loadable modules. A specific user-defined module, module-cosim-output, has

5The output primitive was originally derived from the element class because it provides versatile entry
points to most simulation phases, although it does not directly contribute to the equations of the problem.
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been developed to expose the predicted state of structural nodes. The module predicts the
state of a structural node at step k + 1 based on the state at step k and previous steps and
makes such information available as signals for output streams. Its code is now included in
MBDyn’s public repository.°®

The state derivative is predicted using an extrapolation based on cubic Hermitian func-
tions from the values of the state and its derivative at steps k and k — 1 as

1 . .
Yih = 7 (m Oy mi(Dyicr) + 77 (D3 + 77 (i ®)

where the cubic Hermitian functions m s, m;, ny, and n; of the non-dimensional time 7 €
[—1,0] are

my(t) = —2713 37241 m;(t) =273 + 372
)
np(t)=1v+2t*+1 ni(t) =t3+12

The prime operator, (+)’, indicates derivative with respect to 7, and # is the time step, h =
trs1 — i, such that & = d&/dr = (d&/d7) - (dt/dt) = &'/ h. The derivatives of the functions
in Egs. (9), evaluated at T = 1, i.e., at time #;, yield

m'p(1) = —12 ml(1) =12 (1) =8 n()=5  (10)

The prediction of the state is performed using the second-order accurate, linear, multi-
step (two-step) method (LMS2) with tunable algorithmic dissipation presented in [11, 17],
namely

y/(((ﬁl =aiyr + ayi—1 +h (bo)"ﬁzl + biyk +b2).'k—l) (11)

where the predicted state derivative of Eq. (8), y,ﬁ‘ﬁl , is used. The coefficients of the method
are

=1 = by=3 ! b—ﬂ ! 28 b—ﬂ b 12
a=1-8 a=p 0= +§ |—§+§— 2—54‘ (12)
with
3(1= o)’ +42ps — 1) (1= px)?
= §=—— " 13
P 4— (1= p)? 2(4— (1 - px)?) ()

where po, is the method’s asymptotic spectral radius, namely the largest norm root of the
characteristic polynomial of the method applied to the problem y = jwy forj = /=1, w € R,
and h — +o0.

It is worth recalling that this method corresponds to the (L-stable) second-order Back-
ward Differentiation Formula (BDF2) when po, = 0; according to [11], ps = 0.6 is a valid
trade-off between accuracy and algorithmic dissipation.

The above described prediction requires the converged state and state derivative at steps
k and k — 1. When the simulation starts, only the state and its derivative at step k = 0, the
initial time, are available, a common problem of multistep methods, which earned them the

f’https ://public.gitlab.polimi.it/DAER/mbdyn.
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non self-starting definition. In that case, the time derivative of a linear prediction is used to
predict the state derivative, namely

y1="Yo (14)
and the Crank-Nicolson method is used to predict the state

Yo+ Y1
Yi=Yo+h

=Yo + h¥o 15)

preserving the second-order accuracy of state prediction. Owing to the particular choice of
the state derivative prediction, the state prediction corresponds to integrating with explicit
Euler, which is not algorithmically stable. However, this is only used for the first step, pre-
serving the second-order accuracy of the prediction.

Orientation prediction requires special handling to guarantee that the resulting orientation
matrix is orthogonal. For this purpose,

— the orientation at step k is considered as a reference; as a consequence, the correspond-
ing relative orientation vector is by definition 0, =0;

— the orientation at step k — 1 is expressed in the reference frame of step k as the relative
orientation matrix ﬁk_l = RZ R;._; from the orientation matrices R; and R;_; at steps
kand k —1;

— the corresponding relative orientation vector O, is computed from the relative orien-
tation matrix, R;_, as 0 h—1 = ax(log(Rk 1)), where operator ax (& x) = & extracts the
underlying vector & from the skew-symmetric matrix & x;

— the time derivative of the relative orientation vector, 6 k-1, 1s computed from the corre-
sponding angular velocity vector, @, transformed in the reference frame of step , as

01 =GO~ '"R7 w;_, where matrix G maps the angular velocity to the derivative
of the orientation parameters, ® = G(0)0 since matrix G is singular for ||@|| = 2nm,

with n € Z, using the orientation at step k as a reference is intended to keep H 0 H limited
(Hé H <)

— the time derivative of ék is 6k = G(ék)’lR[wk = R,Zwk, since ék = ( and by construc-
tion G(0) =1;

— the time derivative of the relative orlentatlon vector at step k + 1, 0 is predicted

k+10
using Eq. (8), with 0, ok,l, Wy, and 01{71 in lieu of yy, Yi_1, Y&, and yi_1;

— the relative orientation vector at step k+1, 61(:1:|’ is predicted using Eq. (11), with the
above predicted value for 0 1

— the predicted relative orientation matrix at step k + 1 is constructed as Ii,(fﬁl =
R(égl) = exp(égl %) using Rodriguez’s formula;

— the predicted absolute orientation matrix at step k + 1 is constructed as R(O)I = RkR;(BL ;

— the predicted absolute orientation vector at step k + 1, 0,(331, as needed in Sect. 4.1.3,
is finally extracted from the corresponding absolute orientation matrix, 0,(:21 =

ax(log(RY)))).
4.1.3 Predicted pose enforcement

The position and orientation of the interface nodes in the subsystems — in short, their
pose — are prescribed using the total pin joint element. This constraint prescribes a
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node’s absolute position and orientation, or some components of the corresponding vectors.
Prescribing the position is relatively straightforward. Orientation prescription is a bit more
tricky.

The solver computes the prescribed orientation matrix, R©®, from the corresponding pre-
scribed orientation vector, 8© (i.e., the predicted orientation vector of Sect. 4.1.2), namely
R© = R(9'?), using Rodriguez’s formula. The relative orientation matrix between the
Ilode’s orientation matrix, R, and the prescribed orientation mat~rix, RO s computed as

R = R"R©, and the corresponding relative orientation vector, 8, is then extracted. This
relative orientation vector is finally used to construct the orientation constraint equation as

0=0 (16)
More details are available in [19].
4.2 Other solvers

To assess the behavior of the proposed co-simulation algorithm in a mixed environment,
where different solvers employing different integration schemes are involved, an alternative
formulation of the coupling subsystem has been prototyped as a Python script and integrated
using various numerical schemes. The connected subsystems are simulated in MBDyn using
the second-order accurate, linear, two-step method (LMS2) with tunable algorithmic dissi-
pation presented in [11, 17]. For this example, the selected asymptotic spectral radius is 0.6;
in the following plots, this integration scheme is denoted as ‘LMS2, 0.6.

The coupling subsystem is handled outside MBDyn and solved using different numeri-
cal schemes. First, the same scheme employed for the connected subsystems (i.e., ‘LMS2,
0.6) is applied to verify the consistency of the solution with respect to a co-simulation in-
volving three MBDyn instances. Two additional schemes are then considered: the first-order
accurate Backward-Euler method (denoted as ‘BE’) and a fourth-order Runge-Kutta scheme
(denoted as ‘RK4’, with and without force interpolation). Figure 13 compares the solutions
obtained in the mixed environment, the MBDyn-only co-simulation, and the monolithic so-
lution, all evaluated against the analytical solution of the problem. As expected, the mono-
lithic solution, the MBDyn-only co-simulation, and the mixed solution using ‘LMS2, 0.6’
produce nearly identical results. In contrast, the use of the other two integration schemes
has a significant impact on the error magnitude, in accordance with their nominal order of
accuracy: the error increases by approximately four orders of magnitude when using BE,
while RK4 yields a slight reduction when the force is linearly interpolated within the time
step, where the RK algorithm evaluates the problem at intermediate times, or a substantial
increase without interpolation.’

5 Applications

The following case studies are investigated to test the algorithm on more complex problems
and quantify the time gain achievable by the coupling. In addition, for each application,

7Similar results were obtained using higher-order explicit Runge-Kutta integration schemes in Sim-
scape Multibody, where the absence of force interpolation yielded errors larger than those obtained with
‘LMS2, 0.6’ in monolithic, MBDyn-only co-simulation, and mixed solution configurations.
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Fig. 13 Reference problem, monolithic vs. co-simulated (MBDyn-MBDyn and Python-MBDyn with differ-
ent integrators)

Ey
LY 2 Monolithic
Ey E;
X
1 Two subsystems
z y Three subsystems

Fig. 14 Beam model, partitioned into two and three subsystems

different tests are conducted to validate and assess the accuracy of the simulation by com-
paring the results with the monolithic solution. All problems are tested on machines of dif-
ferent performance levels: an Asus Vivobook Pro (Intel i7-8750H @ 2.2-4.1 GHz, 6 cores),
an Alienware Aurora R13 (Intel i19-12900KF @ 2.4-5.2 GHz, 16 cores) and an assembled
desktop (AMD Ryzen 9 7950X @ 4.5-5.7 GHz, 16 cores)

5.1 Beam model

The first problem is a simply supported beam, illustrated in Fig. 14. Its geometric and ma-
terial properties and the corresponding stiffness and inertia properties are summarized in
Table 3. The number of equations of the model is varied by increasing the number of beam
elements used to discretize the structure, respectively n, = 6, 12, and 24. MBDyn’s ge-
ometrically exact three-node finite-volume beam element is used [20, 21]. A monolithic
model is developed for each mesh refinement, along with two co-simulation arrangements,
dividing the system into two and three parts, respectively. In the three cases, the monolithic
model respectively requires n, = 2n, + 1 = 13, 25, and 49 structural nodes and produces
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Table 3 Beam properties

Property Symbol Value

Length 14 24 m

Section moment of inertia ixx 0.1kg - m%/m
iyy 0.05 kg - m?/m
izz 0.05 kg - m%/m

Axial stiffness EA 106N

Shear stiffness GAy=GA; 0.6-10°N

Torsional stiffness GJ 103 N m?2

Bending stiffness, vertical EJy 2.10° Nm?

Bending stiffness, lateral EJ, 10* N m?

Linear density m=pA 5kg m~!

Damping factor & 0.05

Mid Node Displacement z (m) Mid Node Displacement Error z (m)

\J igﬁi,zﬂ‘mcs,wszws 10710

oo LT

—monolithic
@ 2 subsystems
3 subsystems 3 subsystems
-1.5 1071
0 2 4 6 8 10 0 2 4 6 8 10

Fig. 15 Beam simulation, monolithic vs. co-simulation

12n, + 10 = 166, 310, and 598 equations, respectively, where 10 is the number of con-
straints corresponding to the two revolute joints at the ends of the beam, each eliminating 5
degrees of freedom. The objective is to verify how the execution time scales as the number
of subsystems is varied, while comparing the accuracy of the partitioned solutions with the
monolithic one.

The beam starts in its undeformed configuration and reaches equilibrium under its own
weight. Figure 15 shows the displacement of the middle node of the beam and the error
between the monolithic and the partitioned solutions. Table 4 reports the required CPU time.
Each simulation lasts 10 s, with a time step 47 = 10™* s and 10’ time steps.

This example shows how a substantial speedup can be achieved with co-simulation. Each
subsystem’s size is smaller than that of the monolithic system; the subsystems are solved in
parallel on multiple cores. The simulation wall clock time is nearly inversely proportional
to the number of parts in which the system is partitioned. On the slower machine, Table 4a,
the gain is more noticeable.

The wall clock time increases almost linearly with the problem size because a very effi-
cient sparse linear solver [22] is used for the factorization of the problem’s Jacobian matrix
within the Newton-Raphson correction phase of the solution. Considering the structure of
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Table4 Beam model results
n. of beams, np, 6 12 24

(a) Asus — CPU time, s.

monolithic 28.19 52.19 100.26
2 subsystems 14.64 24.08 49.29
3 subsystems 10.69 18.04 34.11
(b) Alienware — CPU time, s.
monolithic 8.81 15.40 30.74
2 subsystems 5.63 9.68 18.11
3 subsystems 4.09 7.20 13.02
Table 5 Shell properties
Property Symbol Value
Length £ Im
Width w 0.2m
Thickness t 0.001 m
Young’s modulus E 6.825-107 Pa
Poisson’s ratio v 0.3

the problem and the bandedness and sparsity of the Jacobian matrix, its latter property is
very well preserved in the factored matrix, justifying the observed scalability.

5.2 Shell model

The shell model of Fig. 5 has been implemented as an example of partitioning at a discretized
one-dimensional interface. Table 5 shows the physical properties of the system. The middle
nodes, located at x = 0, are loaded with a total force F(¢) oriented along the positive z axis:
half, i.e., F(¢)/2, on the mid-node and one quarter, i.e., F'(t)/4, on each of the side nodes.
F () is a smooth step, going from zero to 20 N in 1 s as [1 — cos(xw¢)]/2. The deformation
and the difference between the monolithic and partitioned solutions are shown in Fig. 16.
The execution times of Table 6 show the same essentially linear speedup observed for the
beam of Sect. 5.1.

5.3 Vehicle model

The main case study is a vehicle model for DiL. simulations, implemented in MBDyn
(Fig. 17(a)). The selected vehicle is the 2022 Formula Student car from Dynamis PRC3.
The DP12evo was chosen for its extensive set of available parameters. Formula Student is
an international competition born in the 1980s that challenges students in the field of engi-
neering to design, manufacture, and race single-seater Formula-style cars.” The difference in
mass and inertia between parts, e.g., between the car body and the wheel sets, and the high
rigidity of several components make the system numerically stiff, making this a challenging
testbench for the algorithm’s stability.

8Dynamis PRC, https://www.dynamisprc.com, last accessed April 2025.
9Formula Student Germany, https://www.formulastudent.de/fsg, last accessed April 2025.
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Fig. 16 Shell simulation, monolithic vs. co-simulation
Table 6 Shell model results
n. of shells, ny X ny 4x2
(a) Asus — CPU time, s.
monolithic 48.50's
2 subsystems 23.76 s
(b) AMD desktop — CPU time, s.
monolithic 28.4 s
2 subsystems 13.7 s

The modeling is essential, but it comprises all the fundamental elements of a vehicle
model. Each subsystem is optimized to minimize the number of equations while providing
a good representation of the underlying physical system.

All suspended masses (including the driver) are collected in a single rigid body (the
chassis), while non-suspended masses are divided in two parts, comprising rotating (rims,
hubs, brake disks, electric motor rotors etc.) and non-rotating components (hub carriers,
brake calipers, motor stators and cooling jackets, etc.). All suspension members (wishbones,
rods, and links) are modeled by means of distance constraints due to their negligible mass
and corresponding negligible contribution to inertia forces. Elastic members include linear
springs, anti-roll bars, and nonlinear shock absorbers (Fig. 17(b)).

The rims are connected to the wheel hubs by revolute joints. The steering mechanism
is achieved by connecting the two inner ball joints of the tie rods to a rack, which is then
linked to the chassis with a prismatic joint. Brakes and motor torques act as internal torques
between each rim and the corresponding wheel hub. A specific built-in joint, the brake, is
used to achieve the desired braking behavior through a LuGre friction model [23].

The tire model, named MFtire, has been developed from scratch as a user-defined element
and included in MBDyn’s source code!® as module-MFtire. A Pacejka-like model [24] is
used for the calculation of forces and moments. The contributions of the tire to the problem’s
Jacobian matrix have been developed to improve convergence and stability.

Ohttps://public.gitlab.polimi.i/DAER/mbdyn.
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(a) Full vehicle model. (b) Detail of front suspensions.

Fig. 17 Views of the vehicle
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Fig. 18 Vehicle model co-simulation scheme

Aerodynamic forces and moments are computed as functions of the front and rear ride
heights and applied to the chassis.

An open-loop step steer manoeuvre is conducted to investigate the lateral transient re-
sponse of the vehicle following the procedure described in ISO 7401:2011 [25]. The re-
sult of the simulation is shown in Fig. 20. The vehicle is accelerated up to the test speed,
100 km/h, and then a step input is applied, whose magnitude is selected to obtain a target
steady-state lateral acceleration of 0.8 g.

In this example, the chassis is divided in two parts to simplify the architecture of the co-
simulation, since multiple elements connect the left and right side of the vehicle, as shown
in Fig. 18. For further performance improvement, the chassis could be partitioned into four
parts.

A Simulink model allows to visualize simulation results offline and for interaction with
the operator in real-time simulations. Simulink’s Vehicle Dynamics Blockset provides blocks
to create customized scenes using Unreal Engine. The only input required is the vehicle mo-
tion (position and orientation of the chassis and each wheel). Due to the additional overhead
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(a) DiL setup. (b) On-board view of the vehicle.

Fig. 19 System implementation
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Fig.20 Comparison of velocity and angular velocity components during a step steer manoeuver

introduced by the graphics engine, two computers connected via TPC socket are used, one
for simulation and one for visualization, as shown in Fig. 19a.

For DiL simulations, MBDyn’s Human Interface Devices (HID) module (module-
hid) has been successfully integrated in the model and configured and tested with two
devices that were not previously available, a PlayStation 4 joystick and a Logitech G27
steering wheel and pedals kit. The steering wheel offers greater accuracy and the possibility
of returning force feedback, making it ideal for more realistic simulations, while the joystick
controller is better suited for rapid testing and less complex setups.

As anticipated, co-simulating the vehicle model saves nearly 50% of simulation time. The
model has been consistently executed in soft real-time at a 3 - 10™* s time step (Alienware
Aurora R13). The time step must be chosen considering that at max speed the number of
steps per wheel revolution, n.,, must be sufficiently large for accuracy (e.g., ny,y > 100,
thus max < Thin/Prev = Pmax/ 2T Rrey) = Umax/ (27T Rhgey), Where R is the wheel radius, €
the angular velocity and v the speed of the vehicle).

MBDyn supports real-time scheduling using POSIX primitives. Periodic scheduling is
achieved by waiting on calls to clock nanosleep () before advancing to the next step.
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6 Conclusions

This work presents the use of co-simulation to parallelize the solution of mechanical systems
(primarily multibody systems), aiming to reduce solution times in particular for models that
require fast, real-time execution, such as simulators and Human- and Hardware-in-the-Loop
(HiL) problems. The case studies demonstrate that, with an efficient solver like the one
implemented in MBDyn (whose time complexity can be almost linear with respect to model
size), the scheme achieves time savings nearly proportional to the number of subsystems
into which the system is divided. A comprehensive stability analysis of the coupling was
conducted on a test model to identify the most influential parameters, revealing an ample
stability region.

Several applications are presented to demonstrate the effects of the coupling scheme on
complex multibody systems. By appropriately dividing the system into subsystems (typi-
cally using symmetries or repeated elements) significant time savings are achieved while
maintaining stability.

Appendix: Derivation of recurrence matrix

To obtain the recurrence matrix A, the equations of motion are integrated using LMS2,
Eq. (11), and further discussed in Sect. 4.1.2. The state vector y collects the position, linear
momentum and Lagrange multiplier variables. The subscript n indicates the time step. All
constant terms are collected into matrices A, A, and As,

Yin= Alyl,n—l + A2yl,n—2 + A3yC,n (17)

Similarly, for subsystem 2:

Y2 =BiY2—1 + Boy2 2 +Bsyc (18)

Yc.. is the state vector of the coupling subsystem, which contains the position of the cou-
pling bodies enforced by the algebraic constraint. The coupling force vector is assembled
by means of Eq. (2) and the resulting expression is the following:

A 0
Fo=1 ot |yia+]| g, [V2n = AsY1 + Bsyz, (19)
0 B,
The same operation is carried out for the coupling subsystem, which yields:
Yen = ClyC,n—l + CZyC,n—Z + C3Fn—1 + C4Fn—2 + CSFn (20)

To obtain the expression of the loose coupling recurrence matrix, the starting point is the
computation of an initial guess for the coupling subsystem’s state, which is computed by
means of the first derivatives of Hermite polynomials (similarly to how prediction is treated
in MBDyn, as discussed in Sect. 4.1.2).

.G 12
=—— n—1—Ycn-1)+8(M n—1+ McoF, _
Yc 7 (YC, 1 —Yc 1) ( c1Yc,n-1 c2 1) 21

+5 (MClyc,n—Z + Mcanfz)
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The predicted state derivative is substituted in the integration scheme and the state, yc ,—;,
and coupling force vector, F,,_;, at the previous time steps i = 1, 2 are collected, yielding

yg =Giycn-1 +Goycn—2 + G3F,_; + G4F, (22)
The resulting system of equations is

Yin =A1¥in-1+AsYia—2 + A3 (Giyca—1 + GoYcu—2 + G3F,_1 + GyF, ;)
Y2n =B1Y2u-1 +Boyan2+Bs (Glyc,n—l +Ga2ycn—2+ G3Fuo + G4Fn—2)

(23)
Fn = A5yl,n + B5y2,n
Yo =Ciye -1 + Coyen—s + C3F,_ + C4F,_, + C5F,
Constant terms are collected as follows:
I 0 0 o0 A 0 AGs A3Gy
0 I 0 o | 0 By B3G: BiGy
“As -Bs I o|Y|lo o o 0o |
0 I -Cs 1 0 o C; C
24
0 A5Gy A5G,
0 B1 B3G4 Bng
0 0 Y2
Cy C,
which can be reorganized as
Alyn = AZYM—I + A3Yn—2 (25)
where Y= [yl,n; Yo.ns F.; Yc,n]- After deﬁning z, = [yn; Ynfl]v Eq (5) becomes
AT'A, ATMA
Zn:|: 1I 2 10 3]1’171 (26)
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