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Abstract

This paper introduces a general class of hierarchical nonparametric prior distributions. The
random probability measures are constructed by a hierarchy of generalized species sampling
processes with possibly non-diffuse base measures. The proposed framework provides a general
probabilistic foundation for hierarchical random measures with either atomic or mixed base
measures and allows for studying their properties, such as the distribution of the marginal and
total number of clusters. We show that hierarchical species sampling models have a Chinese
Restaurants Franchise representation and can be used as prior distributions to undertake Bayesian
nonparametric inference. We provide a method to sample from the posterior distribution together
with some numerical illustrations. Our class of priors includes some new hierarchical mixture
priors such as the hierarchical Gnedin measures, and other well-known prior distributions such as
the hierarchical Pitman-Yor and the hierarchical normalized random measures.

Keywords: Bayesian Nonparametrics; Generalized species sampling; Hierarchical random
measures; Spike-and-Slab

1 Introduction

Cluster structures in multiple groups of observations can be modelled by means of hierarchical
random probability measures or hierarchical processes that allow for heterogenous clustering effects
across groups and for sharing clusters among the groups. As an effect of the heterogeneity, in
these models the number of clusters in each group (marginal number of clusters) can differ, and
due to cluster sharing, the number of clusters in the entire sample (total number of clusters) can
be smaller than the sum of the marginal number of clusters. An important example of hierarchical
random measure is the Hierarchical Dirichlet Process (HDP), introduced in the seminal paper of
Teh et al) (|2_O_Od) The HDP involves a simple Bayesian hierarchy where the common base measure
for a set of Dirichlet processes is itself distributed according to a Dirichlet process. This means
that the joint law of a vector of random probability measures (p1,...,ps) is

» |
pilpo ~ DP(01,p0), i=1,...,1,

(1)
po|Ho~DP(6y, Hy),
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where DP(6,p) denotes the Dirichlet process with base measure p and concentration parameter

6 € R. Once the joint law of (p1,...,pr) has been specified, observations [£i7j]i:1,___71;j21 are
assumed to be conditionally independent given (p1,...,ps) with
£i7j|(pla'-'ap1)'\‘pz, = ,...,Iandel,

If the observations take values in a Polish space, then this is equivalent to partial exchangeability of
the array [&; ;li=1,...1;j>1 (de Finetti’s representation Theorem). Hierarchical processes are widely
used as prior distributions in Bayesian nonparametric inference (see Teh and Jordarl (|2Qld and
reference therein), by assuming &; ; are hidden variables describing the clustering structures of the

data and the observations in the i-th group, Y; ;, are conditionally independent given §; ; with

ind
Yiil&i; ~ (&),

where f is a suitable kernel density.
In this paper we provide a new class of hierarchical random probability measures constructed by
a hierarchy of generalized species sampling sequences, and call them Hierarchical Species Sampling
Models (HSSM). A species sampling sequence is an exchangeable sequence whose directing measure
is a discrete random probability
p= Z 5Zj 4dj, (2)

Jj>1
where (Z;);>1 and (g;);>1 are stochastically independent, Z; are i.i.d. with common distribution
Hy and the non-negative weights ¢; > 0 sum to one almost surely. By Kingman’s theory on
exchangeable partitions, any random sequence of positive weights such that ijl gj < 1 can
be associated to an exchangeable random partition of integers (I, ),>1. Moreover, the law of
an exchangeable random partition (II,,),>1 is completely described by the so-called exchangeable
probability partition function (EPPF). Hence, the law of the above defined random probability
measure p, turns out to be parametrized by an EPPF q and by a base measure Hy, which is
diffuse in species sampling sequences, and possibly non-diffuse in our generalized species sampling
construction.
A vector of random measures in the HSSM class can be described as follows. Denote by
SSrp(q, Hy) the law of the random probability measure p defined in ([2) and let (pg,p1,...,pr) be
a vector of random probably measures such that

iid .
p2|p0 ~ Ssrp(qap(])a Zzla"'a-[, (3)
pONSSTp(qO’HO)’

where Hj is a base measure and qg and q are two EPPFs. A HSSM is an array of observations
[€i jli=1....1j>1 conditionally independent given (py,...,pr) with & ;|(p1,...,pr) ‘X o pi,t=1,...,1
and j > 1.

The proposed framework is general enough to provide a probabilistic foundation of both
existing and novel hierarchical random measures, also allowing for non diffuse base measures. Our
HSSM class includes the HDP, its generalization given by the Hierarchical Pitman—Yor process
(HPYP), see Teh (IZDD_d Du et all (l20_ld [Lim et all (l20_ld and the hierarchical normalized
random measures with independent increments (HNRMI), recently studied in Klamﬂ]ﬁnghl_eli_a.l.l

. Among the novel measures, we study the hierarchical generalization of the Gnedin process
M) and of finite mixtures (e.g., Miller and Harrison (2017)) and the asymmetric
hierarchical constructions with pg and p; of different type (Du et all (|21)_1d)7 i i

)). Also, we consider new HSSM with non-diffuse base measure in the spike-and-slab class of




prior introduced by \George and McCulloch 419_9_3) and now widely studied in Bayesian parametric

(e.g., (Castillo et all (2015), Rockova and Georgd (2017) and [Rockoval (2018)) and nonparametric
(e.g., (2017)) inference. Finally note that non-diffuse base measures are also used in

other random measures models ( Euulﬁﬂmndﬁaggmrd (l20_lj ), although these models
are not in our class, the hlerarchlcal spemes sampling specification can be used to generalize them.
By exploiting the properties of hierarchical species sampling sequences, we are able to provide
the finite sample distribution of the number of clusters for each group of observations and
the total number of clusters. Moreover, we provide some new asymptotic results when the
number of observations goes to infinity, thus extending the asymptotic approximations for species
|BiL7Lian| )) and for hierarchical normalized random measures given in

sampling given in

We show that the measures in the proposed class have a Chinese Restaurant Franchise
representation, that is appealing for the applications to Bayesian nonparametrics, since it sheds
light on the clustering mechanism of the processes and suggests a simple sampling algorithm
for posterior computations whenever the EPPFs qg and q are known explicitly. In the Chinese
Restaurant Franchise metaphor, observations are attributed to “customers”, identified by the
indexes (i,7), ¢ = 1,...,I denote the restaurants (groups) and the customers are clustered
according to “tables”. Hence, the first step of the clustering process (from now on, bottom level)
is the restaurant-specific sitting plan. Tables are then clustered, in an higher level of the hierarchy
(top level), by means of “dishes” served to the tables. In a nutshell, observations driven by HSSM
can be described as follows:

d
§ij = Pdi, > Pn “ Hoy, [die cig) ~ Q, (4)

where ¢; ; is the (random) table at which the j-th “customer” of “restaurant” i sits, d;. is the
(random) index of the “dish” served at table ¢ in restaurant ¢ and the ¢,, are the "dishes” drawn
from the base probability measure Hy. The distribution of the observation process is completely
described once the law @ of the process [d;.,c; jli; is specified. We will see that the process
[di ., Cijli,j Plays a role similar to the one of the random partition associated with exchangeable
species sampling sequences.

The paper is organized as follows. Section [2] reviews exchangeable random partitions,
generalized species sampling sequences and species sampling random probability measures. Some
examples are discussed and new results obtained under the assumption of non-diffuse base measure.
Section [3] introduces hierarchical species sampling models, presents some special cases and shows
some properties such as the Chinese restaurant franchise representation, which are useful for
applications to Bayesian nonparametric inference. Section Ml provides the finite-sample and the
asymptotic distribution of the marginal and total number of clusters under both assumptions of
diffuse and non-diffuse base measure. A Gibbs sampler for hierarchical species sampling mixtures
is established in Section Bl Section [Bl presents some simulation studies and a real data application.

2 Background material

Exchangeable random partitions provide an important probabilistic tool for a wide range of
theoretical and applied problems. They have been used in various fields such as population genetics

[Ewens (llﬂj Kingman (IlQ&j) Donnelly (Il%d Hoppe (Il%_éJ) combinatorics, algebra and
number theory hlgundbmm&nmmmﬂ (1993); hlLamnls_amLBaﬂ (2012); |Arratia et all (|201)3

machine learning Teh ([20_0ﬁ 'Wood et all (IZDDQ) psychology [Navarro et a!.| (IZDD_d ), and model-
based clustering Eaun.dﬁrwd (|20_01| |Mill]ﬂ_and£2umlana| (|2Qld) In Bayesian nonparametrics

they are used to describe the latent clustering structure of infinite mixture models, see e.g.




|_H,jm_tjj_@lj (|21)_1d) and the references therein. For a comprehensive review on exhangeable random
partitions from a probabilistic perspective see Pitman ).

Our HSSM build on exchangeable random partitions and related processes, such as species
sampling sequences and species sampling random probability measures. We present their
definitions and some properties which will be used in this paper.

2.1 Exchangeable partitions

A (set) partition m, of [n] := {1,...,n} is an unordered collection (..., 7y ,) of disjoint non-
empty subsets (blocks) of {1,...,n} such that Uf:ﬁrj,n = [n]. A partition m, = [T15, T2, - ., Tk n)
has |m,| := k blocks (with 1 < |7,| < n) and we denote by |7 |, the number of elements of the

block ¢ = 1,...,k. We denote by P,, the collection of all partitions of [n| and, given a partition,
we list its blocks in ascending order of their smallest element. In other words, a partition m,, € P,
is coded with elements in order of appearance.

A sequence of random partitions, II = (II,),, is called random partition of N if for each n
the random variable II,, takes values in P,, and, for m < n, the restriction of II,, to P,, is II,,
(consistency property). A random partition of N is said to be exchangeable if for every n the
distribution of II,, is invariant under the action of all permutations (acting on II, in the natural
way).

Exchangeable random partitions are characterized by the fact that their distribution depends
on II, only through its block sizes. In point of fact, a random partition on N is exchangeable
if and only if its distribution can be expressed by an exchangeable partition probability function
(EPPF). An EPPF is a famil of symmetric functions q defined on the integers (nq,...,nx), with
Zle n; = n, that satisfy the additions rule

q(ni,...,ng) :Zq(nl,...,nj—|—1,...,nk)—i—q(nl,...,nk,l),

Jj=1

(see [Pitmanl M)) In particular, if (II,,),, is an exchangeable random partition of N, there exists
an EPPF such that for every n and m, € P,

P{Hn :ﬂ-n} :q(|771,n|,""|77k,n|) (5)

where k = |m,|. In other words, q(ni,...,nx) corresponds to the probability that II,, is equal to
any particular partition of [n] having k distinct blocks with frequencies (nq,...,ng).

Given an EPPF ¢, one deduces the corresponding sequence of predictive distributions. Starting
with IT; = {1}, given II,, = 7, (with |m,| = k), the conditional probability of adding a new block
(containing n + 1) to II,, is

q(|7T1,n|’ R |7T/€,n|’ 1) .
alminls - [Tnl)

(6)

Un(|minls -5 | TEn]) ==

while the conditional probability of adding n + 1 to the ¢-th block of II,, (for c =1,... k) is

a7l [Tenl + 1, [Tn])
Wn,e\ITLnly -5 [T, = | . ’
melmial - fmk.al) a(lmial, - [ma]) "
1 An EPPF can be seen as a family of symmetric functions q7(-) defined on C,, = {(n1,...,nx) € N¥: Z§:1 n; =n}.

To lighten the notation we simply write ¢ in place of q}. Alternatively, one can think that q is a function on U,enUp_;Cp k-



An important class of exchangeable random partitions is the Gibbs-type partitions, introduced
in (Gnedin and Pitman (2007) and characterized by an EPPF with a product form, that is

k
Cl(nh e 7nk) = Vn,k H(l - U)nc_17
c=1

where (), = z(z +1)...(x +n — 1) is the rising factorial (or Pochhammer polynomial), o < 1
and V;, ;, are positive real numbers such that V3 ; = 1 and

(n—ok)Vot1k+ Vg1 k41 = Vi (8)

for every n > 1 and 1 < k < n. Hereafter, we report some important examples of Gibbs-type
random partitions.

Example 1 (Pitman-Yor two-parameter distribution). A noteworthy example of Gibbs-type EPPF
is the so-called Pitman-Yor two-parameters family, PY (0,0). It is defined by

k—1 . k
q(ny,...,ng) = W H(l — O)ne—1,

c=1

where 0 < 0 <1 and § > —o; or 0 < 0 and 0 = |o|m for some integer m, see [Pitmarl (M)
[Pitman_and Yot (1997). This leads to the following predictive rules

OX ok nd wneinls... Imonl) = Fenl =7
9+7’L n,c 1,nls- kn 0+n

The Pitman-Yor two-parameters family generalizes the Ewens distribution | Ewend (@ ), which is
obtained for o =0

Vn(|7T1,n|a ) |7Tk7n|) =

-
—
s

q(ni,...,n

" i=1
If 0 <0 and 0 = |o|m, then V,, , = 0 for k > min{n, m}, which means that the maximum number
of blocks in a random partition of length n is min{n, m} with probability one. It is possible to show
that these random partitions can be obtained by sampling n indiwviduals from a population composed
by m different species with proportions distributed according to a symmetric Dirichlet distribution

of parameter |o|, see|Gnedin and Pitman (2005).
Example 2 (Partitions induced by Mixtures of Finite Mixtures). In|Gnedin_and Pitman (2005),

it has been proved that any Gibbs-type EPPF with o < 0 is a mizture of PY (o, m|o|) partitions
with respect to m, with mizing probability measure p = (pm)m>1 on the positive integers. In this

case q(n1,...,ng) == Vo p Hle(l — 0)n,—1, where o <0 and
k-1 I(ofm + 1)
Vok = m- 9
&= lel ZFm k+1) T(|ofm +n)” ©)

These Gibbs type EPPFs can also be obtained by considering the random partitions induced by
the so-called Mizture of Finite Miztures (MFM), see Miller and Harrison (2017). When |o| = 1,

) shows a distribution on m for which V,, i, has closed-form and this special case will
be described in the following example.




Example 3 (Gnedin model). (Gnedirl (m ) introduced a sequence of exchangeable partitions with
explicit predictive weights

(Ime] + D(n =k +7)

Wn,c(|7T1,n|a ) |7Tk,n|) - n2 Fn+ C > (10)
k* — vk +¢
Vn(‘ﬂ'l,n’a---a‘ﬂ'k,n‘) = ma (11)

where the parameter (v, () must be chosen such that v > 0 and k* — vk + ¢ is (i) either (strictly)
positive for all k € N or (ii) positive for k € {1,... kg — 1} and has a root at ko. In point of fact,
the Gnedin model, denoted with GN(v,(), can be deduced as special case of Gibbs-type EPPF with
negative 0 = —1 described in the previous example. As shown in Theorem 1 by [@% (M},
these random partitions have representation (@) with

D(z 4 D (ze + 1) [ (12 =414 €)
I'(v) ml(m—1)!

o — (12)

where z1,29 are complex root for the equation (z* + vo + () = (v + 21)(z + 22), that is

210 = (Y £ /2 —4C)/2. See also|Cerquetti (2013).

Example 4 (Poisson-Kingman partitions). Using the ranked random discrete distribution derived
from an inhomogeneous Poisson point process, m ) introduced a very broad class of
EPPF, the so-called Poisson-Kingman exchangeable partition probability functions,

o B b o
anseen) = gy [ BT [ e i (13

with Lévy density On, where 6 > 0 and n is a measure on Rt (absolutely continuous with respect
to the Lebesgue measure) such that

/ (1 — e M)n(y)dy < 400, forallA>0 and nRT) = +oo, (14)
R+

and L(\) = exp{—0 [p.(1 — e )n(v)dvy. This EPPF is related to normalized homogeneous
completely random measures of .James et all (2009) (see Ezample [1 and Appendiz[A for details).

2.2 Species Sampling Models

Kingman’s theory of random partitions sets up a one-one correspondence (Kingman’s
correspondence) between EPPFs and distributions for decreasing sequences of random variables
(cji)k with (jii > 0and ), (jii < 1 a.s., by using the notion of random partition induced by a
sequence of random variables.

A sequence of random variables (), induces a random partition on N by equivalence classes
i ~ j if and only if § = &;. Note that if (£,),, is exchangeable then the induced random partition
is also exchangeable.

Kingman’s correspondence theorem states that for any exchangeable random partition II with
EPPF q, it exists a random decreasing sequence (j% > gy > ... with cjl-i >0and ), (jii < 1, such

that if I1,...,1,,... are conditionally independent allocation variables with
) gt j>1,
P =G} =4 1=d j=—i, (15)
0 otherwise



the partition induced by (I,,), has the same law of II. See Kingman (1978) and [Aldoud (@)

When ((j})j is such that »_, (jii = 1 a.s., Kingman’s correspondence can be made more explicit
by the following result: let q be the EPPF of a random partition II built following the above
construction and let (g;); be any (possibly random) permutation of (cj]i) j, then

k
Hq;?;] : (16)

i=1

q(nl,...,nk): Z E

JlseensJke

where j1,...,jr ranges over all ordered k-tuples of distinct positive integers, see equation (2.14)

We call Species Sampling random probability of parameter q and H, p ~ SSrp(q, H), a random
distribution p = >_,~, d7,q;, where (Z;); are i.i.d. with common distribution H (not necessarily
diffuse) and the EPPF defined by (g;); via ({I8) is q. Such random probability measures are
sometimes called species sampling models.

Given an EPPF q and a diffuse probability measure H (i.e., H({z}) = 0 for every x) on a
Polish space X, an exchangeable sequence (§,,), taking values on X is a Species Sampling Sequence,
SSS(q, H), if the law of (&), is characterized by the predictive system:

i) P{& € dx} = H(dx);

i1) the conditional distribution of &,y given (§1,...,&,) is
k
P{&n1 €dzléy, ... 6} =D wnlex(da) + vy H(da), (17)
c=1
where (£7,...,&;) is the vector of distinct observations in order of appearance, w,. =
Wne(Mpnly oy Menl)s vn = (il .., Mkyl), & = |I,|, II, is the random partition

induced by (&1, ...,&,) and wy . and v, are related with the q by (G)-(D).

See [Pitman (1994).
In point of fact, as shown in Proposition 11 of Pitmanl (@), (&n)n is @ SSS(q, H) if and only

if the &, are conditionally i.i.d. given p, with common distribution

p=> dz0+ 1= q|H, (18)

J21 j=1

where >0, q; < 1 as., (Z;); and (g;); are stochastically independent and (Z;); are i.i.d. with
common diffuse distribution H. The random probability measure p in (8] is said to be proper if
Zj ¢; = 1 a.s. In this case, p is a SS7p and the EPPF of the exchangeable artitiorglf%)n induced
by (&n)n is q, where q and (g;); are related by (IG). For more details see m ).

The name species sampling sequences is due to the following interpretation: think to (&), as
an infinite population of individuals belonging to possibly infinite different species. The number
of partition blocks |II,,| takes on the interpretation of the number of distinct species in the sample
(&1,...,&), the & are the observed distinct species types and the |II.,| are the corresponding
species frequencies. In this species metaphor, v, is the probability of observing a new species at
the (n+ 1)-th sample, while wy, . is the probability of observing an already sampled species of type

£

2.3 Generalized species sampling sequences

Usually a species sampling sequence (&), is defined by the predictive system (I7)) assuming that
the measure H is diffuse (i.e. non-atomic). While this assumption is essential for the results recalled

7



above to be valid, an exchangeable sequence can be defined by sampling from a SSrp(q, H) for
any measure H. More precisely, we say that a sequence (&), is a generalized species sampling
sequence, gSSS(q, H), if the variables &, are conditionally i.i.d. (given p) with law p ~ SSrp(q, H)
or equivalently if the directing measure of (§,), is p. From the previous discussion, it should be
clear that if (&,), is a ¢SSS(q, H) with H diffuse, then it is a SSS(q, H), see Proposition 13 in
(@) When H is not diffuse, the relationship between the random partition induced by
the sequence (&, ), and the EPPF ¢ is not as simple as in the non-atomic case. Understanding this
relation and the partition structure of the g55.S is of paramount importance in order to define and
study hierarchical models of type (B), since the random measure pg in the hierarchical specification
@) is almost surely discrete (i.e. atomic). Moreover, properties of these sequences are also relevant
for studying non-parametric prior distributions with mixed base measure, such as the Pitman-Yor
process with spike-and-slab base measure introduced in [Canale et. al) (l20_lj)
Given a random partition II, let €;(II) be the random index of the block containing j, that is

¢;(Il) =c if jell; (19)
or equivalently if j € II., for some (and hence all) n > j. In the rest of the paper, if
Tn = [Tip,...,Tky) is a partition of [n] and q is any EPPF, we will write g(m,) in place of
A(mLnls - [Thnl)-

Proposition 1. Let p ~ SSrp(q,H), with p proper and H not necessarily diffuse. Let (I,,), be
the allocation sequence defined in ([ID)) by taking the weights of p in decreasing order. Assume that
(In)n and (Z;); (in the definition of p) are independent. Finally, let IT be a random partition, with
EPPF equal to q, also independent of (Z;);. We define, for everyn > 1,

&n =21, and f;z = Z%ﬂn(n).

Then:
(i) the sequence (&,)n is a gSSS(q, H);
(i1) the sequences (&n)n and (E))n have the same law;

(iii) for any Ai,..., A, in the Borel o-field of X

|7 |
T EPn c=1

Remark 1. If (§4)n is a gSSS(q,H) and H is not diffuse, then q is not necessarily the EPPF
induced by (£4)n. To see this, take X = {0,1}, H{0} = p and H{1} =1 —p. Let II be the random
partition induced by (§,)n and I1 a random partition with EPPF q. Using Proposition [, one gets
P{IL, = [(1,2)]} = Pl& — &} = P{&| — &} = P{IT; = [(1,2)]} + P{IL = [(1), @)}P(Z1 — 2}
— P{Ily = (1, 2]} + P{TL, = [(1), ()]}p? + (1 — p)?] # P{II; = [(1,2)]}, #f P{Tly = [(1), (2)]} > 0,
which shows that the EPPF of 11 is not q.

When the base measure is not diffuse, the representation in Proposition [[lcan be used to derive
the EPPF of the partition induced by any ¢SSS(q, H). Since this property is not used in the rest
of the paper we leave it for further research. Here we focus on the distribution of the number of
distinct observations in &1,...,&,, i.e. |fIn|, for any base measure H. We specialize the result for
the spike-and-slab type of base measures, which have been used by Suarez and Ghosal (129_15) in
DP and by (Canale et all (2017) in PY processes.

Corollary 1. Let the assumptions of Proposition [ hold.



(i) If H*(d|k) (for 1 < d < k) is the probability of observing exactly d distinct values in the
vector (Z1,...,Zx) and let 11 be the random partition induced by (&,)n then,

P{ML| = d} = Y B (dlk)B{|IL,| = k}.
k=d

(ii) If the base measure is in the spike-and-slab class, i.e. H(dx) = by, (dz)+(1—a)H (dx) where
a € (0,1), zg is a point of X and H is a diffuse measure on X, then

k

B{|L,| = d} = (1 - o)"P{IL,| = d} + 3 (d " 1)a"”/“—d(l — @) P{[IL,| = k).
k=d

Corollary 2. Under the assumptions of Proposition [Il, for every n > 1 and ¢ = 1,...,|II,,| one
has Z. = 5%(71 o) Wwith R(n,c) =min{j : j € Il.,,} and

1Ly
P{& 1 € dalel,. . & T} =Y wne(Iln)dz, (dz) + vn (TT,) H (dx) (20)
c=1

where wy, . and vy, are related to q by (Q)-(D),

Remark 2. Equation 20) in Corollary [2 differs substantially from the predictive system in (1)
due to the conditioning on the latent partition II,,. Nevertheless, if H is diffuse then II,, = II,, a.s.,
conditioning on (&1,...,&n, I,) is the same as conditioning on (&1,...,&,) and Z. is equal to the
c-th distinct observation in order of appearance. Hence, in this case, [20) reduces to ([IT).

Hereafter, we discuss some examples of SSrp and ¢SS5 which will be used in our hierarchical
constructions.

Example 5 (Pitman-Yor and Dirichlet processes). If q is the two-parameter Pitman-Yor
distribution PY (0,0) and p ~ SSrp(q, H), then p is a Pitman-Yor process (PYP), denoted with
p~ PYP(0,0, H) where o and 0 are the discount and concentration parameters, respectively, and
H is the base measure (see \Pitman (@’)} To see this equivalence, recall the description of the
PYP in terms of its stick-breaking construction

=Y adz, (21)

k>1

where (Zy)k is an i.i.d. sequence of random variables with law H and q; = Vj, Hf;ll(l — Vi), with
Vi independent Beta(l — 0,0 + ko) random wvariables. From (21), it is clear that a« PY P is a
SSrp. Moreover, it is well-known that the EPPF associated to the weights defined above is the
Pitman-Yor EPPF of Example (D (see Pitman (1994, 199¢); | Pitman_and Yoit (1997)). As a special
case, if q is the Ewens distribution, PY (0,0), and p ~ SSrp(q, H), then p is a Dirichlet process
(DP) denoted with DP(o, H). Note that this is true even if H have atoms.

Example 6 (Mixture of finite mixture processes). If q is the distribution described in Example 2
and p ~ SSrp(q, H), then p is a mizture of finite mizture process denoted with M FMP(o,p, H)
and p can be written as

K
P=>_ adz,. (22)
k=1



where K ~ p, p= (pm)m>1 is a p.m. on {1,2,...}, (Zp)k>1 ES H, and
(q1,-..,9K) | K~ Dirichletk(o,...,0), (23)

see |Miller and_Harrisorl (LZQ_Z_’D For |o| =1 and p given by [I2), an analytical expression for q is

available (see Example[d) and the process p is called Gnedin process (GP) denoted with GP(v,(, H).

Example 7 (Normalized completely random measures). Assume 8 > 0 and let n be a measure
satisfying (I4), q a Poisson-Kingman EPPF defined in (I3) and H a probability measure (possibly
not diffuse) on X. If p ~ SSrp(q,H), then p is a normalized homogeneous completely random
measure, NRMI(0,n, H), of parameters (6,n, H). See Appendiz[Al for the definition. The sequence
(&n)n obtained by sampling from p, i.e. a gSSS(q,H), is a sequence from a NRMI(0,n,H). All
these facts are well known when H is a non-atomic measure (seelJames et all (tZ_QQQ)) The results
for general measures and X = R are implicitly contained, although not explicitly stated, in

(@é) A detailed proof of the general case is given in Proposition [13 of Appendix[4l

3 Hierarchical Species Sampling Models

In this section we introduce hierarchical species sampling models (HSSMs) and study the
relationship between HSSMs and a general class of hierarchical random measures which contains
some well-known random measures (e.g., the HDP of Teh et all (|20_0_d)) Some examples of HSSM
are provided and some relevant properties of the HSSMs are given, such as the clustering structure
and the induced random partitions.

3.1 HSSM definition, properties and examples

In the following definition a hierarchy of exchangeable random partitions is used to build
hierarchical species sampling models.

Definition 3. Let q and qo be two EPPFs and Hy a probability distribution on X. We define an
array & jli=1,..1,j>1 as a Hierarchical Species Sampling model, HSSM(q,q0, Ho), of parameters
(q,90, Ho), if for every vector of integer numbers (ny,...,ny) and every collection of Borel sets
{Aij:i=1,...,1,j=1,...,n;} it holds

P{&'JEAZ‘,J"izl,...,I,jzl,...,ni}

I I \ﬂﬁfi)

\
= > a2 T 2 (N, )|

I = i=1 c=
W%ll)epnl,---,ﬂgl)épnll 1 i=1 c=1

(24)

with p ~ SSrp(qo, Hyp). Moreover, the directing random measures (p1,...,pr) of the array
(& jli=1,...1j>1 are called Hierarchical Species Sampling random measures, HSSrp.

The next result states a relationship between hierarchies of SSS and hierarchies of random
probabilities, which are widely used in Bayesian nonparametrics, thus motivating the choice of
name Hierarchical Species Sampling Model (HSSM) for the stochastic representation in Definition

Bl

Proposition 2. Let (po,p1,...,pr) be a vector of random probably measures such that

. ‘
pilpo < SSrp(a,po), i=1,....1,
po ~ SSrp(qo, Hy),

10



where Hy is a base measure. Let [&J]i:l,__szl be conditionally independent given (p1,...,pr) with
ind . . .
& ilp1s .-, pr) ‘N pi, where i =1,...,Iand j > 1. Then, & jli=1,...15>1 is a HSSM(q, q0, Ho).

Proposition Bl provides a probabilistic foundation to a wide class of hierarchical random
measures. It is worth noticing that the base measure Hj is not necessarily diffuse and, thanks to
the properties of the SSrp and of the gSSS (see Proposition [II), the hierarchical random measures
in Proposition 2] are well defined also for non-diffuse (e.g., atomic or mixed) probability measures
Hy. Our result is general enough to be valid for many of the existing hierarchical random measures
(e.g., [Teh et al! (2006), [Tehl (2006), Bacallado et all (2017)). As with species sampling sequences,
HSSMs enjoy some exchangeability and clustering properties stated in the following proposition,
where, recalling (I9), €;(II) denotes the random index of the block of the random partition IT that
contains j.

Proposition 3. Let IIM ... . TID be i.4.d. exchangeable partitions with EPPF q and p o random
probability measure independent of H(l),...,H(I). If [Ci,j]i:L---,I,jZl are conditionally i.i.d. with
law p given p, then the random variables

&= C,ifé}(n(i)), where i =1,...,1 and j > 1 (25)

are partially exchangeable and satisfy Eq. 24)). Furthermore, if p is a SSrp(qo, Ho) then the
sequence (& jli; is a HSSM(q,qo, Ho).

The stochastic representation given in Proposition Bl allows us to find a simple representation
of the HSSM clustering structure (see Section B.2)). In Bayesian nonparametric inference, such
representation turns out to be very useful because it leads to a generative interpretation of the
nonparametric-priors in the HSSM class, and also makes possible to design general procedures for
approximated posterior inference (see Section [).

The definition of Hierarchical Species Sampling models includes some well known hierarchical
processes and allows for the definition of new processes, as showed in the following set of examples.

Example 8 (Hierarchical Pitman-Yor process). Let PY P(0,0,H) and DP(0,H) denote PY
and DP processes, respectively, given in Example [A. A wvector of dependent random measures
(p1,-..,p1), with law characterized by the following hierarchical structure

» |
pilpo ~ PY P(01,61,p0), i=1,...,1,

(26)
po|Ho~PY P(09, 00, Hy)

is called Hierarchical Pitman-Yor Process, HPY P(og,0y,01,01, Hy), of parameters 0 < o; < 1,
—0; < 0;, i = 0,1 and Hy (see [Tell (2006); \Du et all (2010); \Lim et all (2016)). Combining
Ezxample [3 with Proposition [, it is apparent that samples from a HPY P(oq,00,01,01, Hy) form a
HSSM of parameters (q,qo, Hy) where q and qo are Pitman-Yor EPPF's of parameters (o1,01) and
(00,00), respectively. If og = o1 = 0, then one recovers the HDP(0y,01, Hy). It is also possible to
define some mixed cases, where one considers a DP in one of the two stages of the hierarchy and
a PYP with strictly positive discount parameter in the other, that are: HDPY P(0y,01,01, Hy) =
HPYP(0,00,01,61,Hy) and HPY DP(09,00,6:1,Hy) = HPY P(09,00,0,01,Hp). For an example
of HDPY P see|Dubey et all (2014).

Example 9 (Hierarchical homogeneous normalized random measures). Hierarchical homogeneous

Normalized Random Measures (HNRMI) introduced in |Camerlenghi et all (2018) are defined by

» |
pilpo ~ NRMI(01,m1,p0), i=1,...,1,

po|H~NRM (6o, 0, Ho),

11



where NRMI(0,n,H) denotes a normalized homogeneous random measure with parameters
(0,m,H). For the definition of a NRMI(6,n,H) see Appendiz [Al Since py is almost surely a
discrete measure, it is essential in the definition of NRMI to allow for a non diffuse measure H.
Since as observed in Example [] a NRMI is a SSrp, then a HNRMI is a HSSrp and observations
sampled from o HNRMI are o HSSM.

Our class of HSSM includes also new hierarchical mixture of finite mixture processes as detailed
in the following examples.

Example 10 (Hierarchical mixture of finite mixture processes). Let MEFMP(o,p, H) be the
mizture of finite mizture process defined in Exampleld, then one can define the following hierarchical
structure

pilpo % MFMP(oy,p pg), i=1,....1,

(27)
po| Ho~M F M P (09, p©, Hy),

which is a Hierarchical MFMP with parameters o;, p(i) = ( ;(;))kzl, i = 0,1 and base measure H,
and is denoted with HMFMP(vy, p©, p"Y), Hy). This process extends, to the hierarchical case,
the finite mizture model of |Mi ] (fZ_Qlj) As a special case, when |o;| = 1 and
o is given by @) i = 0,1,..., one obtains the Hierarchical Gnedin Process with parameters

(707(07'717617}[0)7 denoted with HGP(707607717C17H0)'

Finally, new hierarchical processes can also be obtained by assuming a finite mixture process
at some level of the hierarchy and a PY P at the other level, as showed in the following.

Example 11 (Mixed Cases). The following hierarchical structure

. .
pilpo < PY P(01,01,p0), i=1,...,1,
po|Ho~G P (70, Co, Ho)

is a hierarchical Gnedin-Pitman-Yor process, denoted with HGPY P(vo,Co,01,61,Hy). The
hierarchical Gnedin-Dirichlet process is then obtained as special case for o1 = 0 and denoted with
HGDP(vy,Co,01,Hy). Exchanging the role of PY P and GP in the above construction, one gets
the HPYGP(O‘(), 90, Y1, Cla H(])

(28)

3.2 HSSM Clustering Structure: Chinese Restaurant Franchising

In this section, based on Proposition Bl we prove that the clustering structure of a HSSM can be
described with the same metaphor used to describe the HDP: the Chinese Restaurant Franchise.
In this metaphor, observations are attributed to “customers”, identified by the indices (i, j), and
groups are described as “restaurants” (i = 1,...,I). In each “restaurant”, “customers” are
clustered according to “tables”, which are then clustered in an higher hierarchy by means of
“dishes”. Observations are “attached” at the second level of the clustering process, when dishes
are associated to tables. One can think that the first customer sitting at each table chooses a
dish from a common menu and this dish is shared by all other customers who join the same table
afterwards.

The first step of the clustering process, acting within each group, will be driven by independent
random partitions IV, ... TI) with EPPF q. The second level, acting between groups, will be
driven by a random partition II(?) with EPPF qp.

Given nq,...,ny integer numbers, we introduce the following set of observations:

12



Proposition 4. If [¢; jli=1,...1,j>1 is a HSSM(q,qo, Ho), then the law of O is the same as the law
of [¢5de cj=1,...,n5i=1,...1I], where

)

di = Coici ;) (H(O)> . D(i,c) = S |H£f:,)| +c, =% <H(l )

(dn)n is a sequence of i.i.d. random wvariables with distribution Hy, a®, 1D are d.4.d.
exchangeable partitions with EPPF q and IO is an exchangeable partition with EPPF qq. All
the previous random elements are independent.

Since d* = dic,;; for dic = Cy; (H( )) then the construction in Proposition M can be
summamzed by the following hierarchical structure

(29)
(Hm),H(l)’m,H(I)) ~O DD,

where, following the Chinese Restaurant Franchise metaphor, ¢; ; is the table at which the j-th
“customer” of the “restaurant” i sits, d; . is the index of the “dish” served at table c in restaurant
i and d; ; is the index of the “dish” served to the j-th customer of the i-th restaurant.

Proposition [ can also be used to describe in a ”generative” way the array O. Having in mind
the Chinese Restaurant Franchising, we shall denote by n;.q the number of customers in restaurant
i seated at table ¢ and being served dish d and m;, the number of tables in restaurant i serving dish
d. We denote with dots the marginal counts. Thus, n;.4 is the number of customers in restaurant
i being served dish d, m;. is the number of tables in restaurant ¢, n,.. is the number of customers
in restaurant i (i.e. the n; observations), and m.. is the number of tables.

Finally, let w,, ; and v, be the weights of the predictive distribution of the random partitions
% (i = 1,...,I) with EPPF q (see Section ZI). Also, let @, and 7, be the weights of the
predictive distribution of the random partitions II®) with EPPF qo defined in an analogous way
by using qo in place of q.

We can sample {&; ;;¢ =1,...1,j =1,...,n;} starting with i =1, my. =1, n;;. =1, D =1,
m.a =1and &1 =& = ¢1 ~ Ho and then iterating for i =1,...,1 the following steps:

(S1) for ¢t = 2,...,n;., sample & given &1,...,&¢—1 and k= m; from G} +
Ve(Nitey ooy )G () where Gi(¢) = Git + U (Mg, ... ,m.p)Hp(+) and

k D
= weelni, . sk )¢z (+), Gir = > @me(ma,...,m.p)ds, ()
c=1 d=1

(S82) If & is sampled from G, then we set &, = 5; . and let ¢;; = c for the chosen ¢, we leave m;.
the same and set n;.. = n;.. + 1, while, if §; ; is sampled from G, then we set m;. = m;. +1,
&t = §jml and ¢y = my.. If §; is sampled from G1, we set §ie = Ga, let dic = d for chosen
d and increment m.. by one. If & ; is sampled from Hy, then we increment D by one and set
op = &, 5;6 = ¢+ and d;c = D. In both cases, we increment m.. by one.

(S3) Having sampled &;; with ¢ = n;.. in the previous Step, set i =i+ 1, m;. = 1, n;1. = 1 take
&ia = &1 where &y is sampled from Gj;. Update D,m.., dic and m.. as described in the
previous step.

13



3.3 Random partitions induced by a HSSM

The Chinese Restaurant Franchising representation in Section provides a description of the
HSSM clustering structure which is satisfactory for both theoretical and computational aspects.
Nevertheless, the theoretical description can be completed by deriving explicit expression for the
law of the random partition induced by an HSSM.

A partially exchangeable random array induces a random partition in this way: two couples
of indices (4,7) and (7', j') are in the same block of the partition if and only if & ; and & ;s take
on the same value. A possible way of coding this random partition is the following. Let D be the
(random) number of distinct values, say ¢1,...,¢p, in the set of observations ©. While in the
case of a single sequence of observations there is a natural order to enumerate distinct observations
(the order of appearance), here one needs to choose a suitable order to list the different values ¢;s.
In what follows, we choose the lexicographical order, which depends on the fact that we fix the
numbers of observations nq,...,ny for each group.

Given ¢1,...,¢p,fori=1,...,Tandd =1,...,D, let IT7 , the set of indices of the observations
of the i-th group that belongs to the d-th cluster, that is 7

Zd = {] S {1,... ,n,} : f@j = ¢d} = {j € {1,... ,ni} : di7Cij = d}

Note that for some ¢ it is possible that II} ; = () but clearly, identifying any element j in 17 ; with
the couple (i, 7), one has
UllE g = {(i,7) : & = da} # 0.
We shall say that
" =1"(0) == [} 4:i=1,...,I,d=1,..., D]

is the random partition induced by the set of observations O. Of course others coding are possible.
In order to express the law of IT* we need some more notation. Given integer numbers n;q for
i=1,...,Jandd=1,...,D, set n; :== (nj1,...,np), n = [nq,...,ns], and define

M[’I’LZ] = {mz = [mil,. .. ,miD] 1 < myg < njgif ngg >0,mg=0if n;g = 0}.
For m; in M[n;] define

A( ) L A = [Aila---,AiD] where A\;g = ()‘id17"'a)‘idnid) c N"id -
e 27211 JNidj = Nid Z?fl Aigj = myq ford=1,...,D ’

Set also
M[n] == M[nq] x M[ng]--- x M[n;] and A(m) := A(my) x --- x A(my).

For m in M[n| and XA = [Aq,...,A;] in A(m), following the convention of the previous section,
set m;. = ZdD:l Mg, Mg = Zle m;q and m.. = 2521 Zle m;q and define

q[[AZH = q(gilla e agimilly e ,gi,mi,D,D)a

where i1, limi 1, -+ -, biom; p,p are any integer numbers such that Sortid licq = nyq for every d
and #{c: licqg = j} = Nigj for every d and j. Note that in the previous definition if n;q = 0, and
hence m;q = 0, then i, = 0 and the expression ;. (fi11,-- - limy1s- -5 Lim,; p,0) Must be read
as the EPPF obtained erasing all the zeros. For instance, if ny 4 >0 foralld=1,...,D —1 and
ni1,D = 0, then q(£111, e 7€1m1117 e 761,m1D,D) is simply q(ﬁm, - 7€imi117 - ,Elml’thD_l). Note
also that q[[A;]] is well defined since the value of q(f;11, .-, imi1s- -+ 4im; p,p) depends only on
the statistics A;. See e.g. Pitman (@)

For expository purposes and differently from all the other results in this paper, the law of the
random partition is given under the assumption Hj is non-atomic.
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Proposition 5. Under the same assumptions of Proposition [f], assume further that Hy is non-
atomic. Let m be a possible realisation of the random partition 11* induced by O. If 7" has D
distinct block and the cardinality of m} ; is nyq fori=1,...,1 andd=1,...,D, then

]P’{H* — 7T*} — Z q0(m~17' o.M Z HCI H nld nZd ))\Zdj .

meM[n] )\EA m) i=

Remark 3. For a suitable choice of q and qo, one obtains as special cases of Proposition
[ the results in Theorem 8 and 4 of |Camerlenghi et all (tZ_Qlﬂ) The proof of Proposition [A

relies_on_combinatorical arguments combined with the results in Proposition [3 and [J], whereas

L@mﬁ_ﬁh&ngw (tZ_QZﬁ ) use mainly specific properties of normalized random measures.

4 Cluster sizes distributions

We study the distribution of the number of clusters in each group of observations (i.e., the number
of distinct dishes served in the restaurant i), as well as the global number of clusters (i.e. the total
number of distinct dishes in the restaurant franchise). We introduce a sequence of observation
sets, O, t =1,2,..., each containing n;(t) elements in the i-th group and n(t) = Zi[:1 n;(t) total
elements. We show the exact finite sample distribution of the number of clusters for given n(t) and
n;(t) when t < co. Some properties, such as the prior mean and variance, are discussed in order to
provide some guidelines to setting HSSM parameters in applications. Moreover, we give some new
asymptotic results when the number of observations goes to infinity, such that n(t) diverges to
+ooast jﬁo +o00. The results extend existing asymptotic approximations for species sampling

)) and for hierarchical normalized random measures (Camerlenghi et all (2018)) to

our HSSM. Finally, we provide a numerical study of the approximation accuracy.

4.1 Distribution of the cluster size under the prior

For every i = 1,..., I, we define
I
; 0 0
K= M0 K=Y (00| D=0 | Dy =[],
i=1

By Proposition[] for every fixed ¢, the laws of K;; and K; are the same as the ones of the number of
”active tables” in "restaurant” ¢ and of the total number of ”active tables” in the whole franchise,
respectively. Analogously, the laws of D; and D; ; are the same as the laws of the number of dishes
served in the restaurant ¢ and in the whole franchise, respectively. If Hy is diffuse, then D; and
the number of distinct clusters in O; have the same law and also D;; and the number of clusters
in the group ¢ follow the same law.

The distribution of both D; and D;; can be derived as follows.

Proposition 6. For every n > 1 and k = 1,...,n, we define q,(k) := P{]Hg)\ :k} and
qﬁlo)(k:) = P{]Hﬁf)\ = k:} Then, for everyi=1,...,1,

n;(t)
P{D;; =k} = Z Gy (M@ (k),  k=1,...,n(t),
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and
n(t) I
P{Dt = k} = Z Z H An;(t) (ml) CL(??) (k)a k=1,... ’n(t)'

m=max([,k) \ mi+--+mr=m,i=1
1<m;<n; (t)

Moreover, for every r >0
n;(t)

E[D}] = > E D1 n,o(m)

m=1
and
I
= > efng, [T,
1se-0M] =1
1<m; <ny(t)
In particular, we note that, for every i =1,...,I,n>1and k=1,...,n,

n!

Qn(k): Z H 1()\ |)( )A q[[)‘lw--a)‘ ]]7

(Ayesdn)EA, &

where A,,  is the set of integers (A1,...,A,) such that Zj Aj =k and Zj JA =mn, q[A, A
is the common value of the symmetric function q for all ny,...,n, with [{i : n; = j}| = A; for
j=1,...,n and

n!
[T (DG
is the number of partitions of [n] with \; blocks of cardinality j = 1,...,n (see Eq. (11) in [Pitman

(IM)) Similar expressions can be obtained for g\’ )(k:)

The results in Proposition [ generalize to HSSM those given in Theorem 5 of Klammjﬁnghl_ejz_a,lj
(@) for HNRMI. Our proof relies on the hierarchical SSS construction (see Proposition M),
whereas the proof 1n|C_a.mel‘lnghl£_Lal.| (|2_Qlfj) builds on the partial exchangeable partition function
given in Proposition [l

Also, the generalized SSS construction allows us to derive the distribution of the number of
clusters when Hj is not diffuse. Indeed, it can be deduced by considering possible coalescences of
latent clusters (due to ties in the i.i.d. sequence (¢, ), of Proposition M) forming a true cluster. Let
us denote with Dy and l~)l-7t the number of distinct clusters in Oy and in the group ¢, respectively,
at “time” t.

Proposition 7. Let Hj(d|k) (for 1 < d < k) be the probability of observing exactly d distinct
values in the vector (¢, ..., ¢r) where the ¢ns are i.i.d. Hy. Then,

nz(t)
P{Di; = d} = Y Hg(d|k)P{D;; = k}
k=d

for d = 1,...,n;(t). The probability of Dy has the same expression as above with Dy in place
of Diy and ny in place of niy. If Ho is diffuse, then P{D;; = d} = P{D;; = d} and
P{D; = d} = P{D; = d}, for every d > 1.

The assumption of atomic base measures behind HDP and HPYP has been used in many
studies, and some of its theoretical and computational implications have been investigated (e.g.,

m ) and lS_O_hn_a.n.d_Xmé (IZD_QQ ), whereas mixed base measures appeared only
recently in Bayesmn nonparametrics and their implications are not yet well studied, especially in
hierarchical constructions. In the following we state some new results for the case of spike-and-slab
base measures.
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Proposition 8. Assume that Ho(dr) = ady,(dz) + (1 — a)H(dx), where a € (0,1), xo is a point
of X and H is a diffuse measure on X, then

n; (t)

P{D;y=d} = (1—a)'P{D;y =d} + > < df 1) aF =41 — @) 'P{D; ;= K},
k=d

ford =1,...,n;(t). The probability of Dy has the same expression as above with Dy in place of
D;; and ng in place of n; . Moreover,

E[Dig] =1~ E[(1 - a)”] + (1 — )E[Di] < E[Diy]
and IE[]jt] has an analogous expression with D;; replaced by D;.

For a Gibbs type EPPF with o > 0, using results in \Gnedin and Pitman (IZDD_d), we get
qn(k) = Vo pSo (12, )

where V,, , satisfies the partial difference equation in ) and S,(n,k) is a generalized Stirling
number of the first kind, defined as

=g ()

for o # 0 and Sogn: ki = |s(n, k: )| for o=0, Where |s(n, k)| is the unsigned Stirling number of the
first kind, see See [De Blasi et all (|2_Qlﬂ) for an up-to-date review of Gibbs-type

prior processes.
For the hierarchical PY process II). ~ PY(o,6), the distribution g,(k) has closed-form

expression
HZ 1 (0 +i0)
an(k) = 6+ 1), Uk‘kl Z (=i0)n,

when 0 < o0 < 1 and 6 > —o, whilst

6FT(6)

an(k) = T(0+n)

[s(n, k)l

when o = 0.
For the Gnedin model M (@ ~ GN(v,(), of Example B it is possible to derive

explicit expression for ¢,

n—1\n! , wok [T G2 — i+
qn(k) = <k 1) Hyn’k’ with v, = @ nﬁlnlle( 7 C)
B ’ Hm:l(m + ym + C)

Fig. M in Appendix shows the prior distribution of the number of clusters for each
restaurant (group) P{D;; = k} (left panel) and for the restaurant franchise P{D; = k} (right
panel), when I = 2 and ny(t) = no(t) = 50, for the processes HDP (6,01, Hy) (black solid),
HPYP(O'(), 90, a1, 91, Ho) (blue) and HGP(’)/(], C(], Y1, Cla H(]) (red).

The values of the parameters are chosen in such a way that E[D;,] is approximately equal to 25
when the number of customers is n; = 50 in each restaurant ¢ = 1,2. The HSSM parameter settings
and the resulting prior means and variances of the number of clusters are given in Tab. @1 Both
HPY P(Hy,00,00;01,01) and HGP(Hg, %0, Co;71,¢1) offer more flexibility than the hierarchical
Dirichlet process, in setting the prior number of clusters, since their parameters can be chosen to

(30)
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Figure 1: Expected value (top) and variance (bottom) of the number of clusters when I = 2
n = 2,...,1000 for: i) the HDP with 6, = 6, = 43.3 (fist column); ii) the HPYP with (6y,00) =
(01,01) = (29.9,0.25) (second column); iii) the HGP with (7o, o) = (71, (1) = (15, 1450) (third column).
In each plot of the first (second) row, the blue solid lines refer to E[D;] (V[D;]), the red dashed lines to
> im0 E[Did] (3215 V[Diy]) for HSSM and the black dash-dot lines to D, 5 E[D; ] (32—, 5 V[Didl)
for SSM.
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allow for different variance levels while keeping fix the expected number of clusters. An example
is given by the blue and red dotted lines in Fig. M for the two settings reported in the last two
rows of Tab. Blin Appendix

Further results on the sensitivity of the prior distribution to changes in the HSSM parameters
are reported in Appendix[Cl In Fig. Bliflin Appendix[C] the analysis is done when the parameters of
the top-hierarchy and of the bottom-hierarchy random measures are all equals (homogeneous case).
For the easy of comparison, in each plot the blue lines represent the baseline cases corresponding
to the black lines of Fig. @l Changes in the concentration parameters, 6; and (;, have effects on
the mean and dispersion of the distribution as in the non-hierarchical case, see Fig. Bl Changes in
the discount parameters o; and ~; affect mainly the dispersion. In Fig. [0, we study the sensitivity
in the non-homogeneous case, assuming the measure at the top of the hierarchy has different
parameter values with respect to the measures at the bottom of the hierarchy which are assumed
identical.

The results of the sensitivity analysis discussed in this section show that the expected global
number of clusters is smaller than the sum of the expected marginal number of clusters, indicating
that all the hierarchical prior measures considered allow for various degrees of information pooling
across the different groups (restaurants). This information sharing effect is illustrated in Fig. [
where the expected value (top panels) and variance (bottom panels) of the number of clusters
are exhibited increasing n(t) from 2 to 1000, assuming I = 2 and ni(t) = no(t) = ¢, with
t =1,...,500. The expected global number of clusters, E[D;] (blue solid lines), is larger than
the sum of the expected marginal number of clusters, >, , E[D; ], for HSSM (red dashed lines)
and independent SSM (black dash-dot lines). Qualitatively, the variance of the global number of
clusters V/(Dy) (blue solid lines) is closed to the sum of the marginal variances »_,_, , VI[D; ] for
HSSM and much smaller than in the independent SSM (black dash-dot lines).
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4.2 Asymptotic distribution of the cluster size

An exchangeable random partition (II,,),>1 has asymptotic diversity S if
IIL,|/c, — S a.s. (31)

for a positive random variable S and a suitable normalizing sequence (¢, ),>1. Asymptotic diversity
generalizes the notion of o-diversity, see Definition 3.10 inm (Iﬁﬁ) An exchangeable random
partition (IL,),>1 has o-diversity S if (BI) holds with ¢, = n?. For any Gibbs-type partition
(IL,)n>1, BI) holds with

1 if o <0,
cn =1 log(n) ifo=0,
n? if 0 >0,

see Section 6.1 of [Pitmarl (@) Other characterizations of o-diversity can be found in Lemma
3.1 in [Pitmanl (2006).

In the following propositions, we use the (marginal) limiting behaviour ([BI) of the random
partitions Hg) (¢t = 0,...,1), to obtain the asymptotic distribution of D;; and D, assuming
¢n = n?L(n), with L slowly-varying.

The first general result deals with HSSM where 11,, = Hg ) satisfies @) for every i =1,...,1

and ¢, — +o0o and hence the cluster size |H,(f)| diverges to +o0.

Proposition 9. Assume that II®) and II® (fori=1,...,1I) are independent exchangeable random
partitions such that |H%O)|/an (|H£f)|/bn fori=1,... 1, respectively) converges almost surely to a

strictly positive random variable Dog (D((fo), respectively) for suitable diverging sequences a,, and
by. Moreover assume that a, = n°°Lo(n) and b, = n° Li(n), with o; > 0 and L; slowly varying
function, i = 0,1, and set d,, :== ap,, = n?°7 Lo(n°* Li(n)).
(i) If limy_, oo ni(t) = 400 for some i, then for t — +o0
D,

m — Dc(g) <DC(Q>OO a.s.

(11) If limy_ 4 oo ni(t) = 400 and ni(t)/n(t) — w; >0 for everyi=1,...,I then fort — 400

D ! "
L DY (Z w;! D&)) a.s.

(1) P

Remark 4. Part (ii) extends to HSSM with different group sizes, n;(t), the results given in

Theorem 7 of |Camerlenghi et all (tZ(Z.Z_é}) for HNRMI with groups of equal size. Both part (i)
and (ii) provide deterministic scaling of diversities, in the spirit of (M ), and differently
from ' (tZ_QLS ) where a random scaling is obtained.

The second general result describes the asymptotic behaviour of D;; and D; in presence of
random partitions for which ¢, = 1 for every n.

Proposition 10. Assume that II© and TIY, 4 = 1,..., T are independent exchangeable random
partitions and that limy_,o n;(t) = +oo for everyi=1,...,1.

(i) If \H,(f)\ converges a.s. to a positive random variable K; as n — +00, then for every k > 1

lim P{D;; =k} = P{K;=m}qQ(k),

t—-+o0
m>k
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and

Jim P{D; =k} = > S D) [[P{E = mi}.

m>max(I,k) mi+---+mr=m,
<m;

(ii) If ]Hg)]/bn converges a.s. to a strictly positive random variable DC(Q for a suitable diverging

sequences b, and |Hn0)| converges a.s. to a positive random variable Ko as n — +oo, then,
for every k> 1,

tilinoo P{D; =k} = tilfrnoo P{D;; =k} =P{K, = k}.

Starting from Propositions [ and [[0l analytic expressions for the asymptotic distributions of
D; and D; can be deduced for some special HSSMs.

As an example, consider the HGP and the mixed hierarchical models described in Examples
and [ If (II,,), is the Gnedin’s partition of parameters (izg then |II,,| converges almost
surely to a random variable K with distribution (I2]), see ). Hence, the asymptotic
behaviour of the number of clusters in a HGP and in HPYGP can be derived from Proposition
as stated here below.

Proposition 11. In a HGP (v, <o, 71, ¢1, Ho), one has

k—1 m— .
lim P{Dy, =k} = 4 <H<z'2—w+<o>> > et H U —mite)

t—+o0 k! Pl =k L (7% + 05 + o)

with
DL+ (0 + VA 30)/D0( + (0 — VE—40)/2)

L'(7)

Cy1,61 =

In contrast, in a HPY GP(0¢,00,7,(1, Ho),

2=+ Q)
m!(m—1)!

Jm P{Dy=m} = lim P{Di;=m}=cy ¢

Also for HPYPs one can derive explicit asymptotic distributions using the previous general
results. Indeed, if (II,,),, ~ PY(0,0) with 0 < 0 < 1 and 6 > —o, then |II,|/n? converges almost
surely and in LP (for every p > 0) to a strictly positive random variable S, with density

F(a + 1) 89/0

m go(s), s>0, (32)

9o0(s) ==

where g, is the type-2 Mittag-Leffler density, i.e. the unique density such that

T vy (o — L@+
/0 gy (@) = g (33)

See Theorem 3.8 in [Pitmarl (M) Moreover, if o = 0, we have that |II,,|/log(n) converges almost
surely and in LP for every p > 0 to 6 > 0.

On the basis of these results, Proposition [0 can be specialized for the case of HPYPs and
convergence in LP obtained.

Proposition 12. Assume that IIO) ~ PY (0g,6y) and 1) ~ PY (01,6,) (for i = 1,...,1) with
00,01 > 0. Then (i) and (ii) of Proposition @ hold a.s. and in LP, p > 0, with the following
specifications:
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(i) fOT' HPYP(O'o,Go;O'l,Hl) with 09,01 > 0, d,, = n?°% and

I 70
L ] g0 L ]
D’i,oo = 500790 (S((Tll),@l) ) DOO = 500790 (Z ’LU;TI S((7'Z1),91> )
=1

with Syy.9,, 55 st

01,017 Mo,01
respectively;

(ii) for HPY DP(0y,00;61) with oo > 0, d,, = log(n)?° and

independent random variables with densities gy, 9, and go, 6,

L L
Di,oo = Doo = 0079091‘0,

with Sg, 0, random variable with density gy, g, ;
(111) for HDPY P(6y;01,61) with o1 > 0, dy, = 01log(n) and D; o = Do = bp;
() for HDP(6y;61), dy, = log(log(n)) and D; = Do = bp.

Proposition [[2] can be used for approximating the moments (e.g., expectation and variance) of
the number of clusters as stated in the following

Corollary 4. Let x,, ~ y, if and only if im,_ o Ty /yn = 1, then under the same assumptions
of Proposition 12, for every r > 0:

(i) for HPYP(O'o,@o,O'l,Hl) with og,01 > 0:

7] o)
P(ao—i-l) F<T+O_g+1) P(61+1) F(’I“O'Q—Fa—i—kl)'
F(6—0—|—1> F(90+TUQ+1)F(9_1+1> F(91+T0'00'1+1)’
oo o1

E [D;,t] ~ n;(t)"70%

(ii) for HPY DP(0y,00;61) with o9 > 0:

[%
F(90—|—1) P(?‘—i—o—g—i-l)
F<3_2+1) F(90+T00+1)

E[D},] = (log(ni(t))) ™6

)

(iii) for HDPY P(6y,01,61) with o1 > 0: E [D;;t] ~ log(n;(t))" (51600)" ;
(iv) for HDP(6y,0:1): E [D;t} ~ 0 log(log(n;(t)))".

In Fig. [ we compare exact and asymptotic values (see Proposition [6] and Corollary [l
respectively) of the expected marginal number of clusters for the HSSMs in the PY family:
HDP(HQ, (91), I{DJDY'ZD(GO7 g1, 01), HPYP(O’(), 60; a1, (91) and HPYDP(HQ, J05 (91) (different rows of
Fig. [). For each HSSM we consider n;(t) increasing from 1 to 500 and different parameter settings
(different columns and lines). For the HDP the exact value (dashed lines) is well approximated by
the asymptotic one (solid line) for all sample sizes n;(t), and different values of 0; (gray and blacks
lines in the left and right plots of panel (i)). For the HPYP, the results in panel (ii) show that there
are larger differences when 6;, i = 0,1 are large and oy and o are close to zero (left plot). The
approximation is good for small §; (right plot) and improves slowly with increasing n;(t) for smaller
o; (gray lines in the right plot). In the panels (iii) and (iv) for HDPYP and HPYDP, there exist
parameter settings where the asymptotic approximation is not satisfactory and is not improving
when n;(t) increases. Our numerical results point out that the asymptotic approximation for both
PY and HPY may lack of accuracy. Thus, the exact formula for the number of clusters should be
used in the applications when calibrating the parameters of the process.
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Figure 2: Exact (dashed lines) and asymptotic (solid lines) expected marginal number of clusters E(D; ;)

when n;(t) = 1,...,500 for different HSSMs.
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5 Samplers for Hierarchical Species Sampling
Mixtures

Random measures and hierarchical random measures are widely used in Bayesian nonparametric
inference (see Hjort. et all (|2Q1d) for an introduction) as prior distributions for the parameters of
a given density function. In this context a further stage is added to the hierarchical structure of
Eq. ([29) involving an observation model

ind
Yiléis ~ fC1€5),
where f is a suitable kernel density (e.g., with respect to the Lebesgue measure). The resulting
model is an infinite mixture, which is then the object of Bayesian inference. In this framework,

the posterior distribution is usually not tractable and Gibbs sampling has been proposed to

approximate the posterior quantities of interest. There are two main classes of samplers for
(lé;ﬂl) and

posterior approximation in infinite mixture models: the marginal (see

(L19_9ﬂ)) and the conditional (Walkex (IZDD_ﬂ Mwmm_ﬁm

(2008), [Kalli et all (2011)) samplers. See also [Favaro and Teh (|2Q13 for an up-to-date rev1ew
In this section, we extend the marginal sampler for HDP mixture (see Teh et all ([20_0ﬁ )

) and [Teh and Jordan (2010)), to our general class of HSSM. We present the sampler for

the conjugate case, where the atoms can be integrated out analytically, nevertheless the sampling

method can be modified following the auxiliary variable sampler of Neal (2000) and [Favaro and Teh

(2014).

Following the notation in Section 3.2, we consider the data structure

}/i?j7ci7j:i€j7 a‘ndjzl,...’n
dic:ieJ,andc=1,...,m,
¢q:deD,

where Y; ; is the j-th observation in the i-th group, n;. = n; is the total number of observations
in the i-th group, and J = {1,...,I} is the set of group indexes. The latent variable ¢; ;
denotes the table at which the j-th "customer® of "restaurant” ¢ sits and d;. the index of
the 7dish“ served at table ¢ in restaurant i. The random variables ¢4 are the ”dishes“ and
D ={d:d=d;. for somei € Jandc € {1,...,m;.}} is the set of indexes of the served dishes.

Let us assume that the distribution H of the atoms ¢4s has density h (with respect to the
Lebesgue measure, or any other reference measure) and the observations Y; ; have a kernel density
f(:]-), then our hierarchical infinite mixture model is

lﬁ-,jlrb,c,d%df(-Idw,,ci,j), dle.d K n(), [e,d] ~ HSSM

where
c=l¢:ieJ], ande;=ci;:7=1,...,n:],
d=[di.:ieJandc=1,...,m;],
¢ =[pa:d €D

and, with a slight abuse of notation, we write [¢,d] ~ HSSM in order to denote the distribution
of the labels [c, d] obtained from a HSSM as in (29). If we define

di;=die, and d"=[d;:i€J,j=1,..,n:]

then [c, d] and [c, d*| contain the same amount of information, indeed d* is a function of d and ¢,
while d is a function of d* and ¢. From now on, we denote with Y =[Y;;:i1€ J,j=1,...,n;.]
the set of observations.
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5.1 Chinese Restaurant Franchise Sampler

If f and H are conjugate, the Chinese Restaurant Franchise Sampler of [Teh et all (|2_0_0ﬁ) can be
generalized and a new sampler can be obtained for our class of models.

Denotes with the superscript ™ the counts and sets in which customer j in restaurant i is
removed and, analogously, with ¢ the counts and sets in which all the customers in table ¢ of
restaurant i are removed. We denote with p(X) the density of the random variable X. It should
be clear from the context if this density is with respect to the counting measure (i.e., a discrete
distribution), or with respect to the Lebesgue measure. In order to avoid the proliferation of the
symbols, we shall use the same letter (e.g., Y, ¢, c,d) to denote both the random variables and
their realizations.

The proposed Gibbs sampler simulates iteratively the elements of ¢ and d from their full
conditional distributions, where the latent variables ¢, are integrated out analytically. In sampling
the latent variable ¢, we need to sample jointly [e, d*] and, since d is a function of [e, d*], this also
gives a sample for d. In order to improve the mixing we re-sample d given ¢ in a second step. In
summary, the sampler iterates for i = 1,..., I according to the following steps:

(i) sample [¢; 5, d} ;] from p(c; j, ”\Y ¢, d*") (see BEq. @9)), for j =1,...,m;;
(ii) (re)-sample d; . from p(d;|Y,c,d ic) (see Eq. B0)), for c=1,...,m;..

In what follows, w,, ; and v, indicate the weights of the predictive distribution of the random
partitions I1() (¢t =1,...,I) with EPPF q (see Section 21]) and @, and 7, the weights of the
predictive distribution of the random partitions I1(¥) with EPPF qo. Moreover, we set

Ci = {c:c= ¢ jfor some some j =1,...,n;.}.

Finally, for an arbitrary index set S and a ”dish” label d, the marginal conditional density of
{Y; +}ites given all the other observations assigned to the cluster d is

J h(¢) H ves,us S (Vi w|¢)do
J () ivesps f Yo wld)dd’

where Sq = {(i',t) : d}, ,, = d}, and, following Teh et all (IZDDH), will be denoted by f4({Yi:}ites)-
As regards the full conditional p(c; ;, df7j|Y, ¢, d*'"), the outcomes of the sampling are of

three types. The customer j can sit ”alone* at a table, ¢;; = ¢, or he/she can sit at a table with
old

p({Yittites| Yo : (') € Sg\ S, ¢,d) = (34)

other customers, ¢; ; = 4 where @ is a table index already present in C; ER i Cij = 4 then
di ; = djcola € DI, whereas if ¢;; = ¢"*?, then we can have two disjoint events: either d; ;=d
for some d € D'V or di ; = d with d ¢ D', say d; ; = d". In formula, the full conditional for

[Ci,j, d;!:j] is

p(ci,j - COlda d;k] - LC"ld‘Ya cjija d*—lij) X wni. -1 c"ld(c‘ij) di cold ({Y;J})
p(ci,j — Cnew’ d;k] dOld|Y, c‘lij’ d*jij) X Up,. l(c—l ])w WJ dold(d ])fdold({yvzj}) (35)

pleiy = c™ di ;= d" Y, e d" ) o v, —1(e;" ), i () fanew ({Vi5}),

where
—Iij o —\Zj —\Zj —Iij o —\Zj —\Zj
W, 1,0t (€;") = W, cota(ngg?s ... anim?z’j_)a Vn..—1(¢;") = v —1(nyy), . =nim?z’j_)a
i i
and
5 (Y ij Tij S (d Y = 5 (i ij
Wmi”,dold( ) =@, dold(m 1 ""’m-\D”ﬂ'\)’ Vi (d ) = 0,0 (myg ""’m-|D%'j|)'
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The second step of the sampler is related to the full conditional p(d; .|Y', ¢,d ). Denote with
i the counts and sets in which all the customer in table ¢ of restaurant i are removed. Then, the
full conditional for d; . is

pdic = d"|Y €, d ") o< Dyyie (A ) fanew ({Yig : (i,) € Sic}),

s ~ - o (36)
p(die = dY ,c,d ) Wpyrie gord (A ") fgora({Yij ¢ (4,5) € Sic}),
where d°¢ runs in D .
If needed one can always sample ¢ given [Y, ¢, d], from the conditional distribution
p@Y.c,d)oc [T hiea) [] F(¥isléa). (37)
deD (i.4):d} ;=d

The detailed derivations of the full conditional distributions are given in Appendix [Bl

5.2 Approximating predictive distributions

The posterior predictive distribution p(Y; ,,+1|Y") can be approximated by

M
1 *(m
M Z p(YVi,ni+1|Y’c(m)ad ( )),
m=1

where (c(m), d*(m))mzlvm, M is the output of M iterations of Gibbs sampler and
p(}/;,ni+1 ‘Y7 c, d*) = Z p(}/;,ni-‘f-l ’Y, c, d*, Cimn;+1 d;‘k,niJrl)p(Ciﬂi-f—l? d;‘k,niJrl ’Y7 C, d*) (38)
Ci,ni+17d;ni+1

is the conditional predictive distribution. The first term appearing in the conditional predictive
can be written as

PYin, 1Y, e,d*, cin;11,d5 1) X /f(Yi,niJr1|¢) H fYuvl@)h(g)dg.  (39)

ity =dy
As for the second term is concerned, one gets
p(cimi-i-lv dz(,ni—I—l ’Yv (& d*) =P (ci,ni-f-lv dz(,ni-i-l ’07 d) (40)
with
wni”’cold(cz‘), if c= COld7 d= di7cold7
p (ci,ni—I—l =G dZerl = d‘ca d) = Vni--(ci)ajm..,d"ld(d)v if c=c"", d= d01d7 (41)
Un, (€i)Vm..(d) if c ="V, d = d"ev,

See Appendix [B] for details.
Summation and integration in (38])-([BJ) can be avoided by using the following approximation
of the predictive p (Y; n, 1Y)

1 ZM (m)
m
M lf <Yvi’ni+1|¢d;ni+1) )
m=

where (cgngf 1 d;'k,ni+1(m)) is sampled from (#IJ), and (]5&:;2#1 given (cgngf iy ™)) from

p (¢£lg‘n,)%+1 |CZ(,TZS+1’ dznﬁ-l(m)’ Y,c, d) xh ( Elrz:b:ﬁl) ) H ! <n’j|¢d;”i+1>

()7 =

at each Gibbs iteration.
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6 Illustrations

6.1 Simulation Experiments

This section illustrates the performance of the Gibbs sampler described in the previous section when
applied to different processes (HDP, HPYP, HGP, HDPYP, HPYDP, HGDP and HGPYP) and
sets of synthetic data. In the first experimental setting, we consider three groups of observations
from three-component normal mixtures with common mixture components, but different mixture
probabilities:

v, & 0.3N(=5,1)+0.3N(0,1) + 0.4N(5,1), j=1,...,100,
Ya; A 0.3N(=5,1) +0.7N(0,1), j=1,...,50,
Y A 0.8N(=5,1) +0.IN(0,1) + 0.IN(5,1), j=1,...,50.

The parameters of the different prior processes are chosen such that the marginal expected value
is E(D; ) = 5 and the variance is between 1.97 and 3.53 (see panel (a) in Tab. [l and left panel in
Fig. B, Appendix D).

In the second experimental setting, we consider ten groups of observations from two-component
normal mixtures with one common component and different mixing probabilities:

Y, 07N (=5,1) + 03N (=4 +4,1), j=1,...,50.
The parameters of the different prior processes are chosen such that the marginal expected value
is E(D;;) = 10 and the variance is between 4.37 and 6.53 (see panel (b) in Tab. Bl and right panel
in Fig. B, Appendix [D]).

For each settings we generate 50 independent dataset and run the marginal sampler described in
the previous section with 6000 iterations to approximate the posterior predictive distribution and
the posterior distribution of the clustering variables ¢ and d. We discard the first 1.000 iterations
of each run. All inferences are averaged over the 50 independent runs.

We study the goodness of fit of each model by evaluating its co-clustering errors and

predictive abilities (see [Favaro and Teh (2013) and (@)) We put d™ in the vector

form d(™ = (d(m) atm atm atm ), m =1,..., M, where M is the number of

17011"”’ Lclnl,..., 17611""’ chInI

Gibbs iterations. The co-clustering matrix of posterior pairwise probabilities of joint classification
is estimated by:

M
S ) 141

Let dy be the vector of the true values of the clustering variable d. The co-clustering error can
be measured as the average L distance between the true pairwise co-clustering matrix, d¢4,,} (dox)
and the estimated co-clustering probability matrix, P, i.e.:

ON = = 3> [8(aqy) (dor) — Pl )
=1 k=1

An alternative measure can be defined by using the Hamming norm and the estimated co-
clustering matrix, I( P > 0.5), i.e.

n n

CN* = — > 161y (dox) = I(Pi > 0.5)]. (43)
=1 k=1
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Table 1: Model accuracy for seven HSSMs in two experimental settings (panel (a) and (b)) using
different measures: co-clustering norm (C'N), threshold co-clustering norm (C'N*), predictive score

(SC), posterior median (go5(D)) and variance (V/(D\)) of the number of clusters. The accuracy and
its standard deviation (in parenthesis) have been estimated with 50 independent MCMC experiments.

Each experiment consists in 6000 MCMC iterations.
HDP _HPYP HGP HDPYP HPYDP HGDP HGPYP
(a) Three-component normal mixtures
CN 00975 0.0829 0.1220 0.0668 0.0888 0.1018 0.0982
(0.0032) (0.0035) (0.0040) (0.0026) (0.0037) (0.0032) (0.0033)
CN*  0.0073 0.0056 0.0311 0.0053 0.0057 0.0079 0.0070
(0.0031) (0.0014) (0.0018) (0.0024) (0.0020) (0.0028) (0.0023)

sc 0.5732  0.5556 0.6121 0.5368 0.5651 0.5872 0.5917

(0.0187) (0.0186) (0.0193) (0.0197) (0.0199) (0.0200) (0.0205)
q@s(D) 7 7 6.7 5 6.96  6.04 6
(0) (0)  (0.4629) (0)  (0.1979) (0.1979)  (0)

\//([7) 3.3365 4.5520 2.5166 2.1800 4.2211 2.3580 2.3509
(0.1195) (0.2014) (0.0994) (0.0882) (0.1563) (0.1144) (0.0958)
(b) Two-component normal mixtures
CN 0.3120 0.2570 0.4115 0.2674 0.2825 0.4003 0.3967
(0.0078) (0.0061) (0.0062) (0.0076) (0.0073) (0.0066) (0.0057)
CN* 0.1870  0.1598 0.5558 0.1568 0.1617 0.5508  0.5462
(0.0091) (0.0011) (0.0016) (0.0012) (0.0035) (0.0047) (0.0053)
sC 2.2666  2.2217 2.26567 2.1186 2.1612 2.2855 2.3054
(0.0239) (0.0300) (0.0222) (0.0239) (0.0222) (0.0254) (0.0238)

qs5(D) 19.14 19 1498  15.34 22 1414 14.04
(0.3505)  (0)  (0.1414) (0.4785)  (0)  (0.3505) (0.1979)
V(D) 9.3477 11.8293 6.4858 6.5009 13.2239 6.0336 5.8835
(0.2949) (0.4377) (0.3676) (0.2179) (0.4273) (0.3515) (0.3315)

Both accuracy measures CN and C'N* attain 0 in absence of co-clustering error and 1 when
co-clustering is mispredicted.

The L, distance between the true group-specific densities, f(Y;,,+1) and the corresponding
posterior predictive densities, p(Y; ,,,+1/Y), can be used to define the predictive score, i.e.:

I
1
SC = I Z_;/ ’f(Y;"“Ll) _p(Yi,mH‘Y)‘ in,ni+1-

Finally, we consider the posterior median (q@)) and variance (1//(17)) of the total number
of clusters D.

The results in Tab. [l point out similar co-clustering accuracy across HSSMs and experiments.
For the exemplification purposes we report in Fig. [ and [I0 in Appendix [D] P and I(Py > 0.5)
for one of the 50 experiments. In comparison to the other HSSMs, HPYP and HDPYP have
significantly small co-clustering errors, CN and C'N*. As regard the predictive score SC, the
seven HSSMs behave similarly in the three-component mixture experiment, whereas in the two-
component experiment the HDPYP performs slightly better with respect to the other HSSMs (see
also predictive densities Fig. [[Tlin Appendix [DI).

The posterior number of clusters for the HDPYP and the Hierarchical Gnedin processes, HGP,
HGPDP and HGPYP (see Tab. []), is significantly closer to the true value (3 and 11 for the first
and second experiment, respectively). The HDP, HPYP and HPYDP processes tend to have extra

clusters causes the posterior number of clusters to be inflated (see V/(ZT) in Tab [ and Fig.
in Appendix [D]); conversely the HDPPY and the Hierarchical Gnedin processes have a smaller
dispersion of the number of clusters.

In our set of experiments, we can conclude that using the Pitman-Yor process at some stage
of the hierarchy may lead to a better accurancy. The HDPYP did reasonably well in all our
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Figure 3: (a) Co-clustering matrix for the US (bottom left block) and EU (top right block) business
cycles and cross-co-clustering (main diagonal blocks) between US and EU. (b) Posterior number of

clusters. Total (b.1), marginal for US (b.2) and EU (b.3) and common (b.4).
(a) (b.1) (b.2)

123 45 6 7 8 9 1011 123 45 6 7 8 9 1011 12

o (b.3) (b.4)

123 45 6 7 8 9 1011 123 456 7 8 9 1011 12

experiments in line with previous findings on hierarchical Dirichlet and Pitman-Yor process
for topic models (see [Du et all (2010); Buntine and Mishra (2014)). Also Hierarchical Gnedin
processes tend to over-perform other HSSMs in estimating the posterior number of clusters.
Finally, we would not say that either model is uniformly better than the other, rather, following
Miller and Harrisonl (2017) one should use the model that is best suited to the application. A
Bayesian nonparametric analysis should include robustness checks of the results not only with
respect to the hyperparameters of the chosen prior, but also with respect to the prior in the general
HSSM class. Alternatively, averaging of models with different HSSM priors could be considered

(see Hoeting et all (1999))

6.2 Real Data Application

The data contains the seasonally and working day adjusted industrial production indexes
(IPI) at a monthly frequency from April 1971 to January 2011 for both United States (US)
and European Union (EU) and has been previously analysed by [Bassetti et all (IZD_M) We
generate autoregressive-filtered IPI quarterly growth rates by calculating the residuals of Vector
autoregressive model of order 4.

We follow a Bayesian nonparametric approach based on HSSM prior for the estimation of
the number of regimes or structural breaks. Based on the simulation results, we focus on the
HPYP with hyperparameters, (6y,0¢) = (1.2,0.2) and (61,01) = (2,0.2) such that the prior mean
and variance of the number of clusters are 5.48 and 23.71, respectively. The main results of the
nonparametric inference can be summarized through the implied data clustering (panel (a) of Fig.
B) and the marginal, total and common posterior number of clusters (panel (b)).

One of the most striking feature of the co-clustering in Fig. Blis that in the first and second
block of the minor diagonal there are vertical and horizontal white lines. They correspond to
observations of the two series, which belong to the same cluster and are associated with crisis

periods.

Another feature that motivates the use of HSSMs are the black horizontal and vertical lines in
the two main diagonal blocks. They correspond to observation from two different groups allocated
to common clusters.

The appearance of the posterior total number of clusters (see panel b.1) suggests that at least
three clusters should be used in a joint modelling of the US and EU business cycle. The larger
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dispersion of the marginal number of cluster for EU (b.3) with respect to US (b.2) confirms the
evidence in [Bassefti et all (IZD_lAI) of a larger heterogeneity in the EU cycle. Finally, we found
evidence (panel b.4) two common clusters of observations between the EU and the US business

cycles.

7 Conclusions

We propose generalized species sampling sequences as a general unified framework for constructing
hierarchical random probability measures. The new class of hierarchical species sampling models
(HSSM) includes some existing nonparametric priors, such as the hierarchical Dirichlet process, and
other new measures such as the hierarchical Gnedin and the hierarchical mixtures of finite mixtures.
In the proposed framework we derive the distribution of the marginal and total number of clusters
under general assumptions for the base measure, which is useful for setting prior distribution in the
applications to Bayesian nonparametric inference. Also, our assumptions allow for non-diffuse base
measures, such as the spike-and-slab prior, used in sparse Bayesian nonparametric modeling. We
show that HSSMs allow for the franchise Chinese restaurant representation and provide a general
Gibbs sampler, which is appealing for posterior approximation in Bayesian inference.
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A Homogeneous Normalized Random Measures

A completely additive random measure on a Polish space X is a random measure ji such that, for
any measurable collection {Aq,..., Ax} (k > 1) of pairwise disjoint measurable subsets of X, the
random variables fi(A1),. .., i(Ay) are stochastically independent. Under very general assumption
(X-boundeness), such random measures can be written as the sum of three independent random
measures: a deterministic measure, an atomic random measure with fixed atoms ., U;d;, (where
the points x1,z9,... are fixed in X and U; are independent positive random variables) and the
ordinary component, i.e. a discrete random measure fip without fixed atoms. This last measure
can be express as an integral of a Poisson random measure N on X x RT, more precisely as
fi0(A) = [ 4+ YN (dady) (see Kingman (1967)).

To define the Normalized Random Measures, we consider the sub-class of completely random
measures, without deterministic component, characterized by the Laplace functional

B ) —ep - [ a-e a0 aese), )

where B(X) is the Borel o-field on X and v a o-finte measure on X x RT. In particular, if
v({z} x R") = 0 for every x € X, then [ is the most general form of the ordinary component
of a completely random measure, see Chapter 10.1 in Daﬂandl&r.e;]_o_nﬁé (|20_0fj) If we allow
v to have atomic components in X, i.e. if v({z} x RT) > 0 for some # € D C X (D countable),
it is not difficult to prove that i = jip4 + fip for two independent completely random measures,
fir A with fixed atoms on D and fip ordinary with Levy measures v(dzdy) — > . pv({z}dy). Note
that it is not in contradiction with Kingman’s result as stated for instance in Theorem 10.1.111
of Dah;LaﬂdJ&r_e—J_o_mi&J (|2_O_O}j), since in that statement the nonatomicity of v is assumed only in
order to ensure uniqueness in the representation. With few exceptions, fixed atoms are in general
ignored in the Bayesian nonparametrics literature, but for our proposes it is fundamental to assume
possible atoms (at least of the previous particular type).
To go further, we require the following two regularity conditions:

/X R+(1 — e M) (dzdy) < +oo, YA >0, (45)
X

which entails that i(X) < 400 a.s., while the second condition
v(X x RY) = +o0 (46)

entails that i(X) > 0 a.s. (see[Regazzini et all (2003)). Under these regularity conditions, following
Regazzini et all (2003), one can define a normalized completely random measure (or equivalently a

normalized random measure with independent increments, NRMI) setting
fi(:)
p() = 2
fi(X)
The so—called normalized homogeneous random measure of parameter (6,p, H), NRMI(0,n,H),
is obtained for the special case

v(dzdy) = 6H (dz)n(dy), (47)

 being a positive number, H a probability measure on X and 7 a measure on R* such that
n(RT) =400 and [, (1 — e )n(dy) < +oo for every positive .

The most classical example of NRMI is the Dirichlet process, characterized by n(dv) = v~te?dv
and the connection between NRMI and SSrp is clarified in the following proposition.
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Proposition 13. Let p be a normalized homogeneous random measure of parameter (6,nm, H),
where 1 is absolutely continuous with respect to the Lebesgue measure and H any probability

measures on X, then p is a SSrp(q, H) for q specified by (13])-([I4).

Proof. We start by proving that p can be represented as a SSrp. Let N be a inhomogeneous
Poisson point process on R* with o-finte Lévy measure 7(y)dy = 6n(y y)dy. Let (Z;); be a sequence
of i.i.d. random variables on X with distribution H, independent of N. Denote by (J1,J2,...) the
jumps of the Poisson process N, i.e. N(dy) = > 0;(dy), and set

x) == Z(SZij.
J

Using independence of (Z;); and N, one easily shows that

B e {- [ - e-Aym(y)dyH(dx)} >0, A€BX).

Hence
p(dz) =

Z(sZ q]7

with ¢; = J;/(3>_; Jk), is a NRMI1(6,7n, H). The thesis follows since, by results in (@),
the EPPF of the random partition derived by sampling from (g;); is specified by (I3))-(I4). O

Remark 5. If H has atoms, then q is not the EPPF induced by a sequence of exchangeable
random variables sampled from p. Moreover, p can not be derived by normalization of an ordinary
completely random measure, since it has fized atoms.

B Proofs of the results in the paper

B.1 Proofs of the results in Section

Proof of Proposition[d. We assume without loss of generality that ¢ = ) i>1 ) Z].('jji». Given the
Borel sets, A1,..., A,, and the integers numbers iy, ..., i,, then we have

0.(a) (2.} = H 67, (A},

IP’{§1 €AL& AT =in,. .. ]y =in

and by marginalising,

Ji (@) )= 8 TLon, (et = [La.

P{fleAl,...,gn

112>21,..,in>1 =1 7j=1
Hence, given Ay, ..., Ay,
n
P{& € Ay, & € Anld} = [ d(4))
j=1
almost surely. Since X is Polish, we prove (i). Let us denote by 7 (11,..., I,) the partition induced

by I,...,1I, and by Kingman’s correspondence its law is characterlsed by the EPPF q. Hence
the law of w(Iy,...,I,) is the same as the law of II,,. If i and j belong to the same block of
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w(I1,...,1I,), it follows that I; = I; = k for some k and then & = {; = Zj. In particular, using
the independence of the Zs, we can write

|70

P{gl € Ala- & € An} = Z P{W(Ila cee aIn) = 7Tn} HH(mjeﬂ'c,nAj)'
c=1

7Tn€’Pn

Since P{n(I1,...,1I,) = m,} = P{Il,, = m,} = q(my), then (iii) follows immediately. Finally, we
immediately check that P{{} € Ay,---,¢, € Ap} =3 op P{II, = m,} HLZ’I‘ H(Njer.,A;)), and
hence, by (iii), we obtain (ii). O

Proof of Corollaryd. By Proposition [ the probability of the event {|II,| = d} is equal to the
probability of observing d distinct values in (&1, ...,&},). Since (£1,...,&,) = (Zg (), - - - Zo, (1))
the conditional probability of observing d distinct values given the event |II,,| = k is zero if k < d
and equals to the the probability of observing exactly d distinct values in the vector (Z1, ..., Zk)
if d < k < n. This shows that P{|II,| = d||IT,| = k} = H*(d|k) and proves point (i). Point
(ii) follows by specialising point (i) for H(dz) = ad,,(dz) + (1 — a)H(dz). In this case, a simple
computation shows that

H*(d|k) = (df 1) a1 — ) 4 1{d = k(1 - a)”.

O

Proof of Corollary[d. For ¢ =1,...,|II,| by construction Z. = §}z(n ¢ With R(n,c) =min{j: j €
II.,. Then

[Tl |

P {dz—f—l € dw‘§i7 B 7§;L=Hn} = Z P{(n + 1) € Hn—l—l,c‘Hn}éZc(dx)
c=1

+P{(n+1) € Wq jr1j 41 }P{ 211, |41 € d}
1L, |

= anc )0z, (dzx) 4 v, (T, H (dx).

O
B.2 Proofs of the results in Section
Proof of Proposition[2. Since p1,...,pr are conditionally independent given pg, then we can write

P{¢& ;€ Aijfori=1,. Lnit=E HE le

Given pg, then E [H?;l pi(Ai ;) ‘po} is the probability that the first n; observations of a gSSM (q, po)

take values in A;; X -+ x A;p,,, hence by point (iii) of Proposition [I] we can write
4 \W(i)|
E|[LnAiilpo| = 3 {ug) =0} H po (N0 4is)
j=1 ()P,
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where II() has EPPF q and we can assume that the II) are independent on all the other random
elements. Taking the product and then the expectation, we get

]P){gi,j GAm‘ forizl,...,[,jzl,...,ni}

I |7c()]
(15 o) T o)
i=1 ) e,
1 I |rt)]
-2 IF {2 =20} T IT w0 (e 40s)
n(l)epnp,,,,ﬂ(l)epnli i=1 c=1
I 1 |7
= > Ta(=")E HHpo( en0 i)
7T(1)€73n17---,ﬂ(1)677n1 =1 i=1 c=1
with po ~ SSTp(q0, Hp), that concludes the proof. O

Proof of Proposition[3. Consider an array of i.i.d. random variables [(; j|i=1,..r,j>1 With common
distribution ¢. It follows immediately that

§i.j = Ci (1))

is a partially exchangeable array. In this case, the row [; j];>1 turns out to be independent and
each row is an exchangeable sequence. Since mixtures of partially exchangeable random variables
are still partially exchangeable, we get the first part of the proof. The second part follows easily. [

The proof of Proposition ] is a consequence of the next simple result. Given 7T£L? € Py, for

1=1,...,1, let
C<7T§L11),...,7T1(111)> = {(i,c) :i:1,...,[;021,...‘7'(',(1?’}

and fix a bijection 7 : C(w,(fl),... 71'59) — {1 Z|7T,(122)|}, e.g., I(i,c) = Z |7T | +c.
Note that clearly Z depends on C' (w,(fl), . 7T§L 1)> although we do not write it explicitly.

Lemma 5. Under the same assumptions of Proposition[]], let (¢,)n be a sequence of exchangeable
random variables with directing random measure p ~ SSrp(qo, Ho) independent of all the others
random elements. Then the law of O is the same as the law of

{Copgmoyii=1r Li=1,..,ni}.

Proof. Given 7,...,mr and Z as above, we have

Hence

— Y IR I T o (0,ei)

w1 )e’Pnl, L )ePn =1 i=1 c=1
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O

Proof of Proposition [{] The thesis follows by combining Lemma [B] with Proposition [Il Indeed, by
(ii) of Proposition @] one can take in Lemma

Cn = (bc,gﬂn (H(O) ) ’

getting
Coti; ) = %@(i,%jm@»)(ﬂm))’

which proves the thesis.

O

Proof of Proposition [d. Following Proposition ll we can assume that O is described by (29).
Hence, using (29]) and the fact that H is non-atomic, we can express the event II* = 7* as the union
of disjoint events of the form {II(0) = 7O 1MW = 7MW 11D = 7D} where (z(1, ... 7)) run
over all the possible partitions compatible with 7*.

Note that, given I =7z T = 7D with (z(M), ... 7)) compatible with 7*, we have
that necessarily (on the event II* = 7*) 110 = 70 for a partition 7(?) as function of 7* and

(7, ..., 7). In what follow we shall write this partition as 7 (z*, 7() ... 7(D).
For example, if [ =2, n1 =4, ny =3 and D =3 with ¢1 =&11 =814 = &22, P2 =12 =813
and ¢3 = fo1 = &23, we have 77, = [1,4], miy = [2,3], {3 = 0, 73, = [2], 735 = 0,

755 = [1,3]. In this case () can be one of the partitions: [(1),(2),(3),(4)], [(1,4),(2),(3)],
[(1,4),(2,3)], [(1),(2,3),(4)] and, analogously, 7(®) can be [(1),(2),(3)] or [(1,3),(2)]. Finally,
assuming for instance that () = [(1,4),(2),(3)] and that 7 = [(1,3),(2)] we have that
necessarily 7(0) = [(1,5), (2,3),(4)].

In general, given ¢ = 1,...,I, the subset of partitions in P,, that are compatible with
[T5y,. - ,71';‘7D] is

UmneMini] UnieAma) PE 75 Ai),

where P (i, 7*; ;) are partitions 7 in P, with ZdD:1 m;q blocks such that for every d =1,..., D:
(i) there are m;q blocks in m with cardinality ;g (¢ = 1,...,m;4), such that > 7" l;cq = nsq for
every d and #{c : ljcqg = j} = Nigj for every d and j; (ii) the union of these blocks coincides with
m} 4. Using the well-known fact that the number N(¢1,...,¢,) of partitions of [n] with ¢; blocks
of cardinality 7 = 1,...,n can be written as

n!

I CDIFORS
see equation (11) in [Pitmarl (IM)7 it is easy to see that

N(ly,... b)) =

i) 48
PG, H s (15)

Setting
Apv 1= UmeMin] YreA(m) P, w5 A1) X -+ x P(L,7*; A1)

we can write

{II" = 7"} = Uz xD)ea, . {H(l) =70 . 00 =70 110 = 70 <7T*,7T(1), e ,71'(1))} .
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Now, given m € M[n], A € A(m) and (7, ... 7)) € P(1, 7% X)) x --- x P(I,7*; A1), since
o© o®, .. 110 are independent exchangeable random partitions, we have that

P{O® = zV 1D = 70 OO = 7O 7 7O 70y}
= qo(m.1,...,m.p) [T allxl]-

Combining it with (@8], we have finally that

PO =} = 3 SR{I0 =20 . 10 = 20,10 = 7O (7,20, x0)]

meMin] *
AeA(m)
1
Z qo(m.l,-..,m.D) Z H H nld A ’Ld]
meMn)] AEA(m) i=1 iaj
where x = {(7‘('(1),...,7'('([)) € P(L,m*; A1) x -+ x P(I,7*; A1)} O

B.3 Proofs of the results in Section 4
Proof of Proposition[@. It is prompt to see that

n; (t)

P Dy =k} = Y P{ID | = k[ | =m}p {08, | =m}

_ P{|H§3’I = k}P{mg(w' :m}’

where we use the independence of IV and II(°). Moreover,

n;(t) n;(t)
E[D!,] = E(Hﬁ? ) (— P ‘H(Z (— - E(HQVP ‘H(Z (—
1) = 35 [0 [ =] {15 | =) = S8 2 ] [ =)
The second part of the proposition can be proved in an analogous way. ]

Proof of Proposition[]. The proof is analogous to the one of Proposition [l By Proposition [ the
probability of the event {D;; = d} is equal to the probability of observing d distinct values in

(f1,. .. ’¢|H(°)\)' Hence, conditionally on {\H(O).] = D;; = k} this probability is Hj(d|k) and the
thesis follows. Analogously one proves the statement for Dy, since in this case the probability of

the event {D; = d} is equal to the probability of observing d distinct values in (¢, ... 7¢‘H(O)‘). U
Ky

Proof of Proposition[8. As already observed in the proof of Proposition [l if Hj is a spike-and-slab

prior, then
k
H(d|k) = (d B 1) aF A1 — @) 1k = d}(1 - a)?

Hence, the first part of the thesis follows immediately from Proposition [l Now

n;(t)

Z d(l—a IP’{D r=d} + Z d Z ( ) k+1_d(1 — a)d_llp’{Di,t =k},
d=0

d=0
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where

d—1
d=0 k=d
— Zd(d - 1) aF =41 — @) 'P{D;; = k}
k=0 d=1
n;(t) k—1 2
=> >+ <l>akl(1 —a)'P{D;; = k}
k=0 1=0
n;(t)
=Y 1+0—ak—(k+1)(1—a)|P{D;; = k}.
k=0

Which gives
~ gt nl(t)
E[D;,] = Z k(1 —a)"P{D;; = k} + Z 14+ (1 —a)k— (k+1)(1 —a)*|P{D;; = k}
k=0 k=0
=1+E[(1—-a)D;; — (1 —a)Pi].
Ol
Proof of Proposition[d. Since lim;_,ooni(t) = 400 and lim, b, = 400, we get that bp,(t) — 0.

Jbn — DY as. and then ‘HSZ(t)‘/bni(t) = Kit/bn,y — DY as. and

K;; — 400 a.s.. Then, we can write

By assumption, ‘HSZ )

(0)

Di,t . HKi,t AK;

dm(t) AKiy @by, ()

Combining the fact that Hﬁf) Jan — Dég) a.s. and K;; — 400 a.s., we have that H(Igzt/a;(i’t —

0 .
D&,) a.s.. Now we can write

K;,
OKip _ < Kt )UO e <bni—(;b”i(“>
b () Lo(b, )

ab”i(t)

Recalling that for any slowly varying function Lo(z,yn)/Lo(yn) — 1 whenever y,, — +oo and

Zn — x> 0 (see Theorem B.1.4 inde Haan and Ferreira (2006)) and that K;n/bn, — DY as., it

is easy to see that
aKi n ) 90
= — (Dc(fo)> a.s.
abni

In order to proof (ii), we note that
(0)
Dy g, ag,
dn(t) AR, abn(t)

Now, using again that Li(x,y,)/L1(yn) — 1 whenever y,, — 400 and x,, — x > 0, we get

o1

bory (i) L1 <T:;(%)n(t)>
bn((t)) B (n(t)> i)
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Hence

b

I I
K, Kit bn) <
= LENLACANEN DWWyt q.s.

£ ; bni(e) bne) ; o
Hence, it follows that K; — 400 a.s.. To conclude we can follow the same line of the first part of

the proof. O

Proof of Proposition Il Part (i) follows immediately by taking the limit for ¢ — +oco in the
expression of P{D;; =k} and P{D; = k} given in Proposition [l For part (ii), note that since
\H,(f)\ /b, converges a.s. to a strictly positive random variable DY) with b, — +oo, then ]Hg)\

diverges to +o00 a.s. Hence, D;; converges a.s. to the same limit of ynﬁf)\, i.e. to K. Since, both
D;; and Ky are integer valued random variables the thesis follows. The proof for D; is similar. [

Proof of Proposition[I1l. Tt is enough to apply Proposition [[0] and the fact that if (II,), is the
Gnedin’s partition of parameters (v, (), |II,,| converges almost surely to a random variable K with
distribution (I2)). Algebraic manipulations give the thesis. O

Proof of Proposition[IZ. The statement is essentially a corollary of Proposition @ except for the
fact that we now want to show that all the convergences are in LP. We shall use a classical
dominated convergence argument. Let us give the details for the proof of statement (iii). The
other cases are similar. Assume that we are dealing with a HPY DP(0¢;01,01). Recall that in
this case ’Hgo) |/ log(n) converges almost surely and in L? (for every p > 0) to 6y, while \Hg)\ /n
converges almost surely and in LP (for every p > 0) to Sz(rzl),& for i = 1,...,I, where 5—?,61 are
independent and identically distributed random variables with density g,, g, Proposition[@applies

with a,, = log(n), 0g = 0, Lo(z) = log(n), b, = n’, o1 = 01, L1(z) =1, Dg,) — gt D(()g) = 6.

01,01’
Hence, it remains to prove that all the convergences hold also in LP. We already know that

Ky = ‘HSZ(U‘ — 400 a.s., and, since

H;q)(t)‘ /@, 1) — o in LP for every p > 0, it is easy to check

that
'
SR Dég) in LP for every p > 0.
aK; .

Using log(x) < z for every x > 0, write

Ki,t o K'L’,t Kz
aKi . log (ni(t)o-l nz(t) 1) 10g (ni(t)al ) —ni t’f"l
0< it — L= L1 O
av, log(n;(t)”") log(ni(t)”") log(n(t)™")

Hence, for every p > 0,

aK; , P

ap

p
<o

Since we already know from the proof of Proposition @ that a,,/ap, «, converges a.s. to 1 and

ni(t)1 log(ng(t)7") " 1] '

m;(t)

K;¢/n;(t)°" converges in LP for every p > 0, by dominated convergence theorem it follows that
ax; .,/ b, () converges il LP to 1 for every p > 0. Since p is arbitrary, combining all these results
one gets

D; H&?) aK.
vt et 2t DO in IP for every p > 0.
dni(t) Ky Qb ()

Arguing in a similar way, one proves that also D;/ dp(y = DSS) in LP for every p > 0. O
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Proof of Corollary[f] Let S, be a random variable with density ([32). Then

b1 DO+1) [+~ Jotp O+ 1)T(p+0/o+1)
E[Sa,e} _71“(%—1—1)/0 0o+ ga(s)ds—r(§+1) TO+pot 1)

where in the second part we use ([33)). Using the previous expression with p = r, we get

I'(6o + 1)I'(6o/0o0 + 1+ 1)

E (550,00 = T(6o/00 + )T (60 + rog + 1)

00,%

and for p = rog
B [(50,7] = L0 UEGo 40 +1)
1,61 F(Hl/o'l + 1)F(91 +ro1og + 1)

Now the thesis follows easily from Proposition[I2] For example, in case (i), we have that D;;/n?°%

) O, hence E[D},] ~ n?°'E [Sr (S(i) )7or| and

00,00\~ 01,01

converges in L" for every r > 0 to Sy, g, (S((;Zl) 6

the thesis follows. The other cases can be obtained in a similar way.

B.4 Proofs of the results in Section

In order to derive the full conditionals of Section [l we start from the joint distribution of
Y, @, c, d], that is

p(Y,¢,c,d) = p(Y|p,c,d)p(¢p|D)p(c,d), (49)
where
s(¥ige.d) = TTT1 (Visléa,, ) and p(@[D) = ] Ao (50)
ieJ j=1 deD

From (@9)), the marginal distribution of [Y', ¢, d] factorizes as follows

p(Voed) =pledp¥led =ped [[ [ T f0on@d. 6

deD (4,7):d =d

’LCZJ

Recalling that d ;= dmm., we can write

p(Y,b,¢,d*) = p(Y|¢,d")p(¢|D)p(c, d”), (52)
where
p(Ylg,d*) =] H F(Yijlda: ) (53)
i€ j=1

and D ={dj; :i € J,j=1,...,n.} From (B2), Y and c are conditionally independent given
[d*, ¢] and since
{(Z’j) : d;kyj = d} = {(17]) : dl}Ci,j = d}7

we obtain that

p(Y, ¢, d") = p(c,d)p(Y|d") = p(c,d") H/ [ riglen@)do (54)

e (ij)d: =d
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Proof of B3). From (52)),(B3) and (B4]), we have
p(Y Y ed) =ple.d)p(y Vd ),
which shows that p(Y "“|c,d*) = p(Y “|d* /). Hence we can write
p(Y cij.dije™.d ) =ple™ d* )pleij,dijle™, d P )p(Y Ve, d)p(Yi, )Y Ve, d)
=p(c D, d" p(ciz,di e, d T p(Y e d* p(Yi Y Y e, d).
This shows that

pleig, di; Y. e d" ) o pleig, i le ™ d* T )p(Y ;Y 9, d" ™, dy ). (55)
From (54)) and (34), we have that
p(Yi Y 4, d ", d} ;) = fax ,({Yi;}). (56)

Moreover, by exchangeability and using the predictive distribution given in Section 2.1 it follows
that

p(Ci,j = COld, d:j = di’cold|cjij, d*jl‘]) = wninfl,cold(c;ij),
p(ci,j _ cnew7dzj _ dold‘c‘lij7d*7zj) _ Vni..—l(c;w)Qmji{ddd(djij)? (57)
p(Cz‘,j _ cnew7dzj _ dnew’cjij,d*—lij) _ Vni..—l(czij)ﬁmiij (dﬂij).

Combining (B5)), (56) and (G7) we obtain (B5).
O

Proof of [B6]). Using (&1), we have
p(dic=dY,e,d ") o< p(d; . = dle,d )p({Yij: ij € Sic}{Yijr: 75 € Sa\Sic} e, d ™, d), (58)
where
Sic ={(i,j) 1 ¢ij = c} and Sg = {(i',j') : ;k,J, =d}.
Note that i in S;. is fixed and j is such that ¢; ; = ¢. From (El), we get
p{Yij: (i,7) € Sict{Yi o (i',5") € Sa\ Sic} e, d ™, d) = fa({Yij : (i,) € Sic})-

Moreover

p(dic = d"le,d ™) = 7,00 (d ),

pldie = de,d ) = &, e goa(d ™).

U
Proof of B1). From ({@J)-(E0) one gets
p(@. 1Y, c.d)oc [[noa) [] F(¥isloa) (59)
deD (i.d):d; =d
U

Proof of ([@Q0)-{Il). Arguing as in the proof of (B4), one gets
p(Y,c,d* cini1,d; 1) = p(Y|d*)p (e, d*, cinii1,di 1)
and then
D (Cz’,n¢+1, d;ni+1|Y, c, d*) =p (Cz‘,ni+1, d;ni+1|c, d*) .
The explicit expression for p <ci,ni+17d;n¢ ale d*) follows arguing as in the proof of (&1) by

: ig o g% i g : %
replacing ¢; j, ¢;”,d; 7, n;.. — 1 and m..”, with ¢; »,41, ¢;, d;, n;.. and m... ]
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C Prior sensitivity analysis

Figure 4: Prior distribution, for i = 1,2, of the marginal, P{D,; = k}, for k = 1,...,50 (left); and total,
P{D, =k}, for k =1,...,100 (right); number of clusters, for the following processes: i) HDP(6y, 61, Hy)
with 6y = 6, = 43.3 (black solid); ii) HPY P(oy, 0y, 01,01, Hy) with (09,6y) = (01,601) = (0.25,29.9)
(blue dashed) and (0¢,0y) = (01,6,) = (0.67,8.53) (blue dotted); iii) HGP(vo, o, 1,1, Ho) with
(70, Co) = (71, ¢1) = (15,1450) (red dashed), and (o, (o) = (71, (1) = (3.2,290) (red dotted). The values

of the parameters are chosen in such a way that E[D; | = 25, with n; = 50 and n = n; + ny = 100.

0.15 0.15

0.1

0.1

0.05 0.05

Table 2: Marginal and total expected number of clusters (E(D; ;) and E(D;), respectively) and marginal
and total variance of the number of clusters (V(D;,) and V(Dy), respectively), when I = 2, n; = 50,
i = 1,2, for three HSSMs (first column) and five parameter settings (columns o;, 6;, v; and ;).

HDP(6y,6,, Hy) 43.3 25.0 9.1 40.8 17.2
HPY P(09,00,01,01, Hy) | 0.25 29.9 25.0  10.6 413 215
HGP (7o, Co, 1, C1, Ho) 15 1450 | 25.0 121 401  30.5
HPY P(0¢,00,01,61,Hy) | 0.67 8.53 25.0 21.1 43.3 50.9
HGP(vo, Co, V1, C1, Ho) 3.2 290 | 25.0  30.8 40.6  99.1
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Figure 5: Prior marginal P{D;; = k} (left column) and global P{D; = k} (right column) number of
clusters for different processes.

0.15

0.1

0.05

(i) HDP with 6y = 6; = 23.3 (red dashed), 6y = 0; = 63.3 (black dashed) and 6y = 6; = 43.3

(homogeneous case, solid blue).

0.15

0.1

0.05

(ii) HPYP with (6o, 00) = (05, 0:) = (9.9,0.25) (red dashed), (0o, 00) = (0;,0;) = (49.9,0.25)

0.15

0.1

0.05

(black dashed) and (6o, 09) = (0;,04) = (29.9,0.25) (homogeneous case, solid blue).

0.15

0.1

0.05

(111) HGP with (")/Q,CQ) = (’y“CZ)

0.15

0.1

0.05

(15,1050) (red dashed), (y0,¢0) = (v4,¢) = (15,1950)

(black dashed) and (v, ¢o) = (74, ¢i) = (15,1450) (homogeneous case, solid blue).
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Figure 6: Prior marginal P{D;; = k} (left column) and global P{D; = k} (right column) number of

clusters for different processes.

0.15 0.15

0.1 0.1

0.05 0.05
O0 50 O0 80 100

(i) HPYP with (6o, 00) = (6i,04) = (29.9,0.05) (red dashed), (0y,00) = (0;,0;) = (29.9,0.45)
(black dashed) and (6y, 09) = (0;,04) = (29.9,0.25) (homogeneous case, solid blue).

0.15 0.15
0.1 0.1
0.05 0.05 -
\\
0 0
0 50 0 80 100

(black dashed) and symmetric case (y0,Co) = (7Vi,¢) = (15,1450) (homogeneous case, solid
blue).
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Figure 7: Prior marginal P{D;,

clusters for different processes.

0.15

0.1

0.05

= k} (left column) and global P{D,

0.15

0.1

0.05

(i) HDP with 6y = 23.3, 6; = 43.3 (red dashed), 0y = 63.3, 6; = 43.3 (black dashed) and

0y = 0; = 43.3 (homogeneous case, solid blue).

0.15
0.1

0.05

(11) HPYP with (90,0’0) =

0.15

0.1

0.05

(9.9,0.25), (0;,04) = (29.9,0.25) (red dashed), (6p,00) =

(49.9,0.25), (6;,0:) = (29.9,0.25) (black dashed) and (0y,00) = (6i,0:) = (29.9,0.25)

(homogeneous case, solid blue).

0.15

0.1

0.05

0.15

0.1

0.05

(iii) HGP with (vy0,¢o) = (15,1050), (i, () = (15,1450) (red dashed), (7o, ¢o) = (15,1950),
(i, Gi) = (15,1450) (black dashed) and (vy0,¢0) = (7i,¢) = (15,1450) (homogeneous case,

solid blue).
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D Further numerical results

Figure 8: Comparison of HDP (black solid), HPYP (black dashed), HGP (black dotted), HDPYP
(gray solid), HPYDP (gray dashed), HGDP (dotted gray) and HGPYP (dashed-dotted gray) when
E[D;;] =5 (left panel) and when EID; .1 = 10 (right panel) and # = 50.

0.3

0.3
0.2 /\ 0.2
{ A\
//,[ ki /\
i/ \ PN
01} 4 \ 0.1 /
/A AN
) N N
ol N ol A Sl
0 5 10 15 20 0 5 10 15 20

Table 3: Marginal and total expected number of clusters (E(D;,) and E(D;), respectively), number of
groups, I and number of observations per group, n; for seven HSSMs following different parameter (o,
0;, v; and (;) and experimental (panel (a) and (b)) settings.

(a) Three-component normal mixtures
HSSM oo o1 | o 01| o 1 | & ||E[Di] VIDi I ng
HDP(0o,601) 3.50 3.50 5.00 2.46 2 50
HPY P(00,00,01,01) |0.25 0.25| 2.00 2.00 5.00 3.53 2 50
HGP(v0,C0,71,C1) 13.50 13.50(140 140|| 5.00 2.04 2 50
HDPY P(6p,01,61) 0.23| 3.30 2.00 5.00 2.81 250
HPY DP (00, 00,601) 0.22 2.00 3.85 5.00 3.13 2 50
HGDP(~0, o, 01) 3.30(14.40 135 5.00 1.97 2 50
HGPY P(v0,¢0,01,601) 0.23 2.00(14.71 130 5.00 2.24 250

(b) Two-component normal mixtures
HDP(0o,601) 9.10 9.10 10.00 4.78 2 50
HPY P(00,00,01,01) |0.25 0.25| 5.73 5.73 10.00  6.53 2 50
HGP (70, C0,71,C1) 18.00 18.00(425 425|| 10.00 4.54 2 50
HDPY P(0p,01,601) 0.22| 6.50 6.20 10.00 5.28 2 50
HPY DP (o0, 60,601) 0.22 10.40 6.20 10.00 5.16 2 50
HGDP(70, Co, 61) 9.00|18.00 400 10.00  4.37 2 50
HGPY P(v0,¢0,01,601) 0.21 5.80|18.00 400 10.00 4.84 2 50
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Figure 9: Global co-clustering matrix for the three-component normal (panel (a)) and the two-
component normal (panel (b)) mixture experiments.
(a) Three-component normal mixture experiment

HDP HPYP HGP

200 1
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. 0.4
50 ? 02

0

50 100 150 200

HDPYP HPYDP HGDP HGPYP

200 1
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50 y 02
0
50 100 150 200
(b) Two-component normal mixture experiment
HDP HPYP HGP
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0.8 400 = ‘ 0.8 400 0.8
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0.4 200 0.4 200 - 04
0.2 100 1021001 02
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500 5 1500 }g‘x}# 1500 W g = 1
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100 0.2 100 102100 1 [ - | 02100 02
0 e 0
100 200 300 400 500 100 200 300 400 500 100 200 300 400 500 100 200 300 400 500
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Figure 10: Restaurant co-clustering matrix for the for the three-component (panel (a)) and two-
component (panel (b)) normal mixture experiments. Red lines denote the co-clustering within (blocks
on the minor diagonal) and between restaurants (blocks out of the minor diagonal).

(a) Three-component normal mixture experiment

HDP HPYP HGP
1 200 - 1 200 - 1
08 08 08
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02 %0 4‘0.2 50 J‘o.z
0 5b 100 150 200 0 5b 100 150 200 0
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06 06 0.6
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4‘0.2 50 02 90 02

. 0 . 0 0

50 100 150 200 50 100 150 200

50 100 150 200
(b) Two-component normal mixture experiment

HPYP HGP
1500 1500 L 1
0.8 400 0.8 400 — Ros
0.6 300 0.6 300 1 06
0.4 200 0.4 200 i 04
02100 T).z 100 J‘o.z

0 0
100 200 300 400 500

HDPYP HPYDP HGDP HGPYP
500 . 1500 1500 e e o e L 1500 e L i L 1
400 :‘I-I-I-I-l-l:l:|_=:|| 0.8 400 0.8 400 'L e t 0.8 400 t— .-t 0.8
300 -I-Iqq:ll-i -I:II:II 0.6 300 06 300 - ": 0.6 300 ] = 06
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100 200 300 400 500 100 200 300 400 500 ° 100 200 300 b40_0 500 ° 100 200 300 400 500‘ o
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Figure 11: Predictive density for the three-component (two-component) normal mixture experiment.
Columns: the predictive for the first (first), second (fifth) ad third (tenth) restaurant. In each panel the
predictive for HDP and HDPYP (first row), the HPYP and HPYDP (second row) and HGP, HGPYP
and HGDP (third row).

(a) Three-component normal mixture experiment
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Figure 12: Posterior total number of clusters for the three-component normal (panel (a)) and the
two-component normal (panel (b)) mixture experiments.

(a) Three-component normal mixture experiment
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(b) Two-component normal mixture experiment
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