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Abstract

This work provides a theoretical/methodological contribution to the transient analysis
of asymmetrical faults in three-phase systems. Transient analysis of three-phase systems
is usually performed by resorting either to the instantaneous Symmetrical Component
Transformation (SCT) or to numerical methods. In this paper, an analytical methodology
based on the time-domain Clarke transformation is presented for the transient analysis of
the most common asymmetrical faults. For each kind of asymmetrical fault, a specific circuit
coupling between the Clarke αβ0 circuits is derived. Two main advantages are obtained
over the SCT approach. First, the Clarke circuits involve real-valued voltages/currents,
instead of complex variables as with the SCT. Second, the Clarke circuits αβ0 are not all
coupled to each other. Therefore, the dynamic order of the Clarke equivalent circuits is
lower than that of the SCT circuits. This property can be of interest in both the derivation
of analytical and numerical solutions. A simple radial system is used to exemplify the
proposed methodology.

Keywords: Clarke transformation; asymmetrical fault analysis; power quality; power
system analysis; space vectors; time-domain analysis; transient analysis; voltage sags

1. Introduction
Transients are a common phenomenon in three-phase power systems. Indeed, tran-

sients can be due to external causes like lightning or internal intended/unintended causes
like system operations and faults. Transient analysis is of paramount importance in modern
power systems because, typically, they imply temporary overcurrents and overvoltages
that could lead to malfunctioning and damage of system components [1].

As far as faults are concerned, extensive literature can be found about steady-state ana-
lytical calculation of voltage/current faults [2,3]. Such conventional approaches are mainly
based on a proper adaptation of the well-known Symmetrical Component Transformation
(SCT) operating on phasor variables.

On the contrary, when time-domain analysis (i.e., transient analysis) is required, the
related literature appears fragmentary and less systematic, especially when asymmetrical
faults are concerned. Actually, the inadequacy for transient analysis of the phasor SCT
was soon recognized, and the time-domain Clarke transformation was recognized as more
suited to transient analysis [4,5]. Papers [4,5], however, were not using the so-called
power invariant form of the Clarke transformation, and therefore, a systematic and general
derivation of equivalent circuits for asymmetrical faults was not provided.

Thus, asymmetrical faults were typically approached through numerical tools such
as the well-known Electromagnetic Transient Program (EMTP) [6,7]. Other interesting
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methods have been introduced and studied in the past years, such as dynamic phasor
modeling, able to provide accurate models of converter-dominated power systems, with
remarkable computational speed gains [8,9].

As far as analytical approaches are concerned, providing deeper insight into transient
phenomena, a further attempt to use the SCT for asymmetrical faults was introduced
through the instantaneous SCT [10–12]. The main advantage of the instantaneous SCT is
the use of the same interconnections of sequence circuits as for asymmetrical faults in the
sinusoidal steady state. An important drawback, however, is the introduction of complex
time-domain voltages and currents in the resulting dynamic circuits.

In the past few years, the Clarke transformation was rediscovered as a powerful
tool well-suited for manipulating time-domain variables. The first systematic application
of the Clarke transformation for transient analysis of asymmetrical faults was proposed
in [13], where it was also made clear that the Clarke equivalent circuits can also be useful
for numerical analysis. Advantages of the Clarke transformation over the instantaneous
SCT were confirmed in [14], where a simplified equivalent circuit was obtained for the
single-phase fault.

This paper is based on the systematic use of the Clarke transformation for the
transient analytical solution of asymmetrical faults, i.e., single-phase and double-phase
grounded/ungrounded faults. For each kind of asymmetrical fault, a proper circuit cou-
pling between Clarke α, β, and zero circuits is derived, allowing the exact analytical
transient solution of the resulting dynamic circuit. Moreover, it is shown that the Clarke
equivalent circuits have lower dynamic order with respect to the corresponding instanta-
neous SCT equivalent circuits. This point leads to simpler analytical solutions and provides
deeper insight into the transient phenomena.

Clarke transformation is also the basis for the definition of voltage/current space
vectors [15–18]. A voltage/current space vector is a complex-valued time function where
the real and imaginary parts are given by the α and β components of a Clarke-transformed
voltage/current, respectively. In the ideal unfaulted case, the trajectory of the voltage space
vector on the complex plane is circular. On the contrary, in the case of an asymmetrical
fault, the trajectory of the voltage space vector on the complex plane is elliptical, where the
inclination angle of the ellipse allows the classification of the kind of fault [19–30]. Figure 1
shows the classification angles for single-phase (S) and double-phase (D) faults [30]. Notice
that in [30], only the special case of a steady-state single-phase fault was considered. In this
paper, however, the transient solution through the Clarke transformation is proposed, and
a more general fault condition is considered, including asymmetrical double-phase faults.
Thus, the results derived in the paper also allow straightforward detection, classification,
and characterization of a specific kind of fault. Moreover, the impact of circuit parameters
on the effectiveness of fault characterization can be readily determined.

The general methodology introduced in this paper can be outlined as follows. The
main assumption is the three-phase symmetry of the system, apart from the fault section
where fault constraints are typically asymmetrical. The symmetric part of the three-phase
system is processed according to the Clarke transformation. Thus, three circuits, named α,
β, and zero, with transformed topology and variables can be defined. The asymmetrical
part, i.e., the fault section, is characterized by specific constraints on the phase variables,
depending on the kind of fault (i.e., single/double-phase, grounded/ungrounded). The
constraints on the phase variables, once Clarke transformed, become constraints on the α,
β, and 0 variables at the fault location. Through specific mathematical derivations, it is
shown that such constraints can be represented as proper circuit elements (mainly ideal
transformers) coupling the α, β, and 0 circuits. Thanks to such simple equivalent circuits,
the three-phase transient can be easily solved in the time domain for each specific kind of
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fault. It is worth highlighting that such an approach is not approximate, but it provides
a rigorous and exact analytical solution, equivalent to the instantaneous SCT solution.
Numerical simulations of transients in a three-phase radial system validate the correctness
of the proposed analytical approach.

Figure 1. The voltage space vector shows an elliptical behavior on the complex plane, where the
inclination angle of the ellipse depends on the kind of fault. Single-phase faults (Sa,b,c) correspond to
0◦, 60◦, and 120◦. Double-phase faults (Dab,bc,ac) correspond to 30◦, 90◦, and 50◦ [30].

The paper is organized as follows. In Section 2, the instantaneous SCT is dis-
cussed. In Section 3, the Clarke transformation and some topological aspects are re-
ported. In Section 4, the analytical derivations for the single-phase fault, the double-phase
grounded/ungrounded faults, and the introduction of the related equivalent circuits are
presented in detail. In Section 5, a comparison between the instantaneous SCT and Clarke
equivalent circuits for transient analysis is presented. Numerical validation of the derived
analytical results and equivalent circuits is reported in Section 6 for a three-phase radial
system. Finally, conclusions are presented in Section 7.

2. Conventional Transient Analysis Through Instantaneous SCT
Transient analysis of three-phase systems was introduced in [10] with specific refer-

ence to rotating electric machines. The methodology, however, can be readily extended
to general power systems as shown in [11]. The basic underlying idea consists of extend-
ing the conventional SCT, originally introduced in the phasor domain, to time-domain
variables. Therefore, by considering a column vector of time-domain phase voltages

vabc =
[
va vb vc

]T
, the instantaneous SCT (ISCT) is defined as:

vpn0 =

vp

vn

v0

 = Svabc =
1√
3

1 a a2

0 a2 a
1 1 1


va

vb

vc

 (1)

where S is the SCT matrix in the power invariant form such that S−1 = S∗T , a = ej 2π
3 , vp

and vn are complex-valued voltages such that vn = v∗p, whereas v0 is a real-valued voltage.
Of course, the same transformation given in (1) holds for phase currents.

Notice that since the ISCT (1) is based on the same transformation matrix S as the con-
ventional SCT, asymmetrical-fault transient analysis leads to the same equivalent circuits
commonly used for the steady-state analysis of asymmetrical faults. This point will be de-
tailed in Section 5 where the ISCT approach will be compared with the Clarke components
approach proposed in this paper.
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3. Clarke Transformation and Three-Phase Circuit Analysis
Let us consider a column vector of time-domain phase voltages vabc. The Clarke

transformation of vabc is defined as [4–6]:

vαβ0 =

vα

vβ

v0

 = Tvabc =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


va

vb

vc

 (2)

where the transformation matrix T is defined in the power invariant form, from the abc
domain to the transformed αβ0 domain. This property is of paramount importance in order
to define consistent equivalent circuits in the Clarke domain.

The main feature of the Clarke transformation is the diagonalization of balanced
three-phase component matrices. As a remarkable example, for a symmetrical mutual
inductor in the time domain, we obtain [30]:vα

vβ

v0

 = T

Lph Lm Lm

Lm Lph Lm

Lm Lm Lph

T−1 d
dt

iα

iβ

i0

 =

=

Lph − Lm 0 0
0 Lph − Lm 0
0 0 Lph + 2Lm

 d
dt

iα

iβ

i0

 =

=

Lα 0 0
0 Lβ 0
0 0 L0

 d
dt

iα

iβ

i0


(3)

Thus, three uncoupled equations were obtained in (3). Moreover, by considering that
Lα = Lβ, the first two equations can be combined in one complex equation as:

v = vα + jvβ = L
d
dt

(
iα + jiβ

)
= L

d
dt

i (4)

where the voltage/current space vectors v and i have been introduced.
In case of a three-phase sinusoidal voltage source with phase voltages e =[

ea eb ec

]T
, by using the Clarke transformation, we obtain the following space vector:

e = eα + jeβ = Epejωt + E∗
ne−jωt (5)

where Ep and En are the positive/negative sequence components provided by the phasor
SCT [29,30]:

ES =

Ep

En

E0

 = SE =
1√
3

1 a a2

1 a2 a
1 1 1


Ea

Eb

Ec

 (6)

Under sinusoidal steady state, the trajectory of the space vector e is elliptical, and the
semi-major axis rM, the semi-minor axis rm, and inclination angle φ, are given by [29,30]:

rM =
∣∣Ep

∣∣+ |E∗
n|, rm =

∣∣∣∣Ep
∣∣− |E∗

n|
∣∣ (7)

φ =
1
2
[
arg

(
Ep

)
+ arg(E∗

n)
]

(8)

Clarke equivalent circuits in the αβ0 variables can be obtained by transforming three-
phase components as in (2) and by transforming three-phase symmetrical connections. The
most common three-phase connections are the star connections, where the star center can
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be either non-accessible or accessible to connect the three-phase system to single-phase
networks [30].

3.1. Star Connection with Non-Accessible Center

Figure 2 shows a star connection with a non-accessible star center. By assuming a
reference terminal G valid for the whole three-phase system, the star connection can be
considered a three-port network characterized by the following independent relationships:

va = vb, vb = vc, ia + ib + ic = 0 (9)

 

Figure 2. A star connection with a non-accessible center [30].

By using (9) in the Clarke transformation (2), we obtain:

vα = vβ = 0 (10)

i0 = 0 (11)

i.e., the star connection with a non-accessible center is equivalent to a short circuit in the αβ

domains and an open circuit in the 0 domain.

3.2. Star Connection with Accessible Center

Figure 3 shows a star connection with an accessible star center. The star center is
normally used to connect the three-phase system to a single-phase circuit. This connection
can be treated as a four-port network whose independent relationships are given by:

va = vy, vb = vy, vc = vy, ia + ib + ic = iy (12)

Figure 3. A star connection with an accessible center [30].

By using (12) in the Clarke transformation (2), we obtain that this kind of connection
is a short circuit in the αβ domains, whereas in the 0 domain:

v0 =
√

3vy (13)

i0 =
1√
3

iy (14)
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i.e., the interconnection between the 0 (three-phase) domain and the single-phase domain
can be represented as an ideal transformer with a turn ratio

√
3 (see Figure 4). The well-

known properties of ideal transformers can be readily used to analyze circuits in the 0
domain and the interconnections with single-phase circuits.

 

Figure 4. A zero-component equivalent circuit of a star connection with an accessible center [30].

4. Clarke Transient Analysis of Asymmetrical Faults
In this section, the time-domain analysis of asymmetrical faults based on the Clarke

transformation recalled in Section 3 will be developed. In particular, the following faults
will be considered: (a) single-phase faults, (b) double-phase grounded faults, (c) double-
phase ungrounded faults.

Figure 5 shows the effect of Clarke transformation on the circuit variables. In the abc
domain, phase voltages and currents belonging to the symmetrical part of the three-phase
circuit are coupled, whereas the asymmetrical fault can usually be represented as uncoupled
phase constraints. On the contrary, after Clarke transformation, the αβ0 variables in the
symmetrical portion of the three-phase circuit are uncoupled, whereas the asymmetrical
fault constraints result in coupled αβ0 variables. Thus, the αβ0 circuits result in coupled
circuits at the fault location only. The effect of the Clarke transformation is, therefore, to
move the circuit coupling from the whole three-phase system (i.e., the left side in Figure 5)
to the asymmetrical fault only (i.e., the right side in Figure 5).

Figure 5. Clarke-transformed variables at an asymmetrical fault location.

4.1. Single-Phase Faults

A single-phase fault can be represented as in Figure 6, where only the switch cor-
responding to the faulted phase is closed. For the sake of simplicity, we assume a resis-
tive fault R f ; however, a generic RLC fault could be considered in the proposed time-
domain analysis.
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https://doi.org/10.3390/en19112580


Energies 2026, 19, 2580 7 of 24

Figure 6. A single-phase fault implemented as the closure of one switch only. Fault of phase a is
obtained by closing switch a.

By assuming that the faulted phase is phase a, the corresponding fault constraints on
the phase variables are given by:

va = R f ia, ib = ic = 0 (15)

By using (15) in the Clarke transformation defined in (2), we can readily obtain the
αβ0 voltages and currents:

vαβ0 =

vα

vβ

v0

 =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


R f ia

vb

vc

 =

√
2
3


R f ia −

vb+vc
2√

3 vb−vc
2

R f ia+vb+vc√
2

 (16)

iαβ0 =

iα

iβ

i0

 =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


ia

0
0

 =

√
2
3

 ia

0
1√
2

ia

 (17)

From (17), we observe that iβ = 0, i.e., β is an open circuit. Moreover:

i0 =
1√
2

iα (18)

By taking into account (17) in (16), for the α and 0 circuits, we obtain:

vα = R f iα −
vb + vc√

6
(19)

v0 = R f i0 +
vb + vc√

3
(20)

Thus, from (18)–(20) we can readily obtain the circuit representation of coupling
between α and 0 circuits through an ideal transformer with a turn ratio n = −1/

√
2 as in

Figure 7, where the open β circuit is also represented.
Notice that, according to the space vector definition (4), the β component of the

voltage is not affected by the fault, whereas the transient of the α component is affected
by the coupling with the 0 circuit. As far as the current space vector is considered, we can
observe that its β component is zero. Thus, the current transient is fully described by the α

component of the current space vector, affected by the coupling with the 0 circuit.
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Figure 7. Clarke circuit representation of a single-phase fault.

Finally, once the αβ0 circuits in Figure 7 are solved, the phase abc variables at the fault
location can be recovered through the inverse Clarke transformation. As far as the voltages
are concerned, we obtain:

vabc =

va

vb

vc

 =

√
2
3


1 0 1√

2

− 1
2

√
3

2
1√
2

− 1
2 −

√
3

2
1√
2


vα

vβ

v0

 =

√
2
3


Re{v}+ 1√

2
v0

Re
{

a2v
}
+ 1√

2
v0

Re{av}+ 1√
2

v0

 (21)

where v is the space vector defined in (4), and Re{·} takes the real part.
As far as the abc currents are considered, in this case, only ia is different from zero.

From (17), we readily obtain:

ia =

√
3
2

iα =
√

3i0 (22)

4.2. Double-Phase Grounded Faults

Double-phase grounded faults involve two phases and the ground. In the general case,
a double-phase fault can be represented as in Figure 8, where only two switches are closed.
By closing the switches b and c, the corresponding constraints on the phase variables are
given by:

ia = 0, vb = R f 1ib + R f 2(ib + ic), vc = R f 1ic + R f 2(ib + ic) (23)

Figure 8. Circuit representation of double-phase grounded faults. By closing only the switches b and
c, the corresponding two phases are involved in the fault.

By using (23) in the Clarke transformation defined in (2), we can readily obtain the
αβ0 voltages and currents:
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vαβ0 =

vα

vβ

v0

 =
√

2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


 va

R f 1ib + R f 2(ib + ic)
R f 1ic + R f 2(ib + ic)

 =

=
√

2
3


va − 1

2

(
R f 1 + 2R f 2

)
(ib + ic)

√
3

2 R f 1(ib − ic)
1√
2

[
va +

(
R f 1 + 2R f 2

)
(ib + ic)

]


(24)

iαβ0 =

iα
iβ

i0

 =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


0

ib

ic

 =

√
2
3

−
1
2 (ib + ic)√
3

2 (ib − ic)
1√
2
(ib + ic)

 (25)

From (24) and (25), using simple algebra, we obtain:

i0 = −
√

2iα (26)

and

vα =

√
2
3

va +
(

R f 1 + 2R f 2

)
iα (27)

vβ = R f 1iβ (28)

v0 =
1√
3

va +
(

R f 1 + 2R f 2

)
i0 (29)

Therefore, the α and 0 circuits can be represented as coupled circuits through an ideal
transformer with a turn ratio n =

√
2, whereas the β circuit is uncoupled and loaded with

the fault resistor R f 1 (see Figure 9).

   

Figure 9. Equivalent circuits in the Clarke domain for the double-phase grounded fault.

Notice that in this case, the transient involves all three components αβ0. Moreover,
fault grounding results in circuit coupling between α and 0 circuits.

4.3. Double-Phase Ungrounded Faults

In the special case of an ungrounded double-phase fault, the fault resistor R f 2 in
Figure 8 is replaced by an open circuit (see Figure 10).

By taking into account the current constraint ia = iy = 0, we can write:

ic = −ib (30)

Thus, the phase voltages in this case are given by:

va = vay + vy

vb = vby + vy = R f ib + vy (31)

vc = vcy + vy = −R f ib + vy
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By using (30) and (31) in the Clarke transformation defined in (1), we can readily
obtain the αβ0 voltages and currents:

vαβ0 =

vα

vβ

v0

 =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


 vay + vy

R f ib + vy

−R f ib + vy

 =

√
2
3

 vay√
3R f ib

1√
2

(
vay + 3vy

)
 (32)

iαβ0 =

iα
iβ

i0

 =

√
2
3

 1 − 1
2 − 1

2

0
√

3
2 −

√
3

2
1√
2

1√
2

1√
2


 0

ib
−ib

 =

√
2
3

 0√
3ib

0

 (33)

Notice that vα and vβ are not dependent on vy. Moreover, since iα = i0 = 0, the α and
0 circuits are open circuits, whereas the β circuit is closed on the fault resistor R f , such that
(see Figure 11):

vβ = R f iβ (34)

as in the grounded fault case (28). Thus, in the ungrounded double-phase fault, the
transient involves only the β circuit. This is the opposite behavior of the single-phase
fault described in Section 4.1. The α and 0 circuits remain in the steady-state open-circuit
condition; therefore, they can be readily solved as transient-free circuits.

Figure 10. Circuit representation of double-phase ungrounded faults. By closing only the switches b
and c, the corresponding two phases are involved in the fault.

     

Figure 11. Equivalent circuits in the Clarke domain for the double-phase ungrounded fault.

Once iβ is calculated by solving the transient β circuit, ib can be recovered from (33)
as ib = iβ/

√
2. Moreover, the phase voltages can be recovered from the inverse Clarke

transformation (21).
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5. Comparison Between Clarke and ISCT Transient Analysis
Transient analyses by adopting Clarke and ISCT approaches will be compared using

the three-phase system depicted in Figure 12. It will be shown that since the Clarke ap-
proach provides equivalent circuits where the α, β, and 0 components are not all coupled,
the dynamic order of each equivalent circuit is lower than the equivalent circuit correspond-
ing to the ISCT approach. Equivalent circuits with reduced dynamic order require simpler
calculations in both numerical and analytical/hand approaches.

Figure 12. A three-phase system used to compare the Clarke and the ISCT approaches.

As far as the single-phase fault is concerned, i.e., only switch a in Figure 12 is operated,
the ISCT provides the equivalent circuit in Figure 13 where R f = R f 1 + R f 2, and the
three sequence circuits are connected in series. Notice that the circuit in Figure 13 is a
third-order dynamic circuit. In fact, despite the number of inductors being five, the number
of independent inductors is three.

In Figure 14, the Clarke equivalent circuits corresponding to Figure 7 are shown. It is
apparent that the β circuit is independent of the α and 0 circuits. Actually, the α-0 circuit
is a second-order dynamic circuit, whereas the β circuit is a first-order circuit, such that
the whole dynamic order remains equal to three. Moreover, notice that the β circuit has
no transients; thus, it requires the steady-state solution only. Therefore, by adopting the
Clarke approach, a second-order dynamic circuit must be solved instead of a third-order
circuit as in the ISCT approach.

As far as the double-phase grounded fault is concerned, the ISCT approach provides
the equivalent circuit represented in Figure 15, where the three sequence circuits are con-
nected in parallel. The effective dynamic order of the circuit, i.e., the number of independent
inductors, is four. Figure 16 shows the equivalent circuits provided by the Clarke approach
corresponding to Figure 9. Notice that in this case, the β circuit is independent of the α-0
circuit. Moreover, both the Clarke circuits are second-order dynamic circuits. Thus, the
whole dynamic order remains equal to four, but the two independent circuits provided by
the Clarke approach require simpler calculations because each of them is a second-order
circuit whose solution can be readily obtained by hand calculations.
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Figure 13. ISCT equivalent circuit for a single-phase fault.

Figure 14. Clarke equivalent circuits for a single-phase fault.

As far as the double-phase ungrounded fault is concerned, the ISCT provides the
equivalent circuit represented in Figure 17. Notice that it can be derived from Figure 15 by
letting R f 2 → ∞ . The circuit in Figure 17 is a third-order dynamic circuit. Figure 18 shows
the equivalent circuits obtained from the Clarke approach, corresponding to Figure 11. The
three Clarke circuits are independent. Moreover, the α circuit is in steady state, whereas
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the 0 circuit is an open circuit. The transient is represented only by the β circuit, which is a
second-order dynamic circuit.

Figure 15. ISCT equivalent circuit for a double-phase grounded fault.

Figure 16. Clarke equivalent circuits for a double-phase grounded fault.
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Figure 17. ISCT equivalent circuit for a double-phase ungrounded fault.

Figure 18. Clarke equivalent circuits for a double-phase ungrounded fault.

6. Numerical Validation
The analytical results derived in Section 4 were validated through numerical simula-

tion in Matlab/Simscape R2025b of the simple radial system depicted in Figure 19.
The equivalent balanced generator is characterized by a 60 Hz phase voltage equal

to 1/
√

2 kV, positive/negative reactance Xg = 0.5 Ω and resistance Rg = 0.1 Ω, zero
sequence reactance X0g = 0.25 Ω, and grounding reactance Xgr = 0.2 Ω (see Table 1). The
transformer, with a unity turn ratio, has a series positive/negative reactance XT = 0.1 Ω
and zero sequence reactance XT0 = 0.05 Ω. The line is modeled with positive/negative
sequence reactance Xline = 0.3 Ω/km and resistance Rline = 0.1 Ω/km, and zero sequence
reactance X0line = 0.9 Ω/km. The fault is located at a distance d from bus 1.

The three fault cases analyzed in Section 4 were implemented by assuming fault
locations d and fault resistance R f as parameters. For each case, the transient currents at the
fault location and the locus of the voltage space vector at bus 1 were evaluated and plotted.
Analytical and numerical results have always overlapped; therefore, in the following
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figures, no distinction has been made between analytical and numerical curves. Moreover,
load effects were also negligible. Actually, in the existing literature, fault conditions are
studied by neglecting the load [11,14,22].

Figure 19. The radial system used to validate the analytical results. The fault location is at a distance
d from bus 1.

Table 1. Data of the components in the radial system depicted in Figure 14.

Components Connection Parameters

Generator Grounded Y Pos./neg. : R = 0.1 Ω, X = 0.4 Ω
Zero : X0 = 0.2 Ω, Ground : Xgr = 0.2 Ω

Transformer Grounded Y-Y, 1/1 kV Pos./neg. : X = 0.1 Ω
Zero : X0 = 0.05 Ω

Line Pos./neg. : R = 0.1 Ω/km, X = 0.3 Ω/km
Zero : X0 = 0.9 Ω/km

Load S = 10 MVA, pf = 0.9

6.1. Single-Phase Faults

Single-phase faults, described in Section 4.1, have been implemented in Mat-
lab/Simscape in order to validate the analytical results. In particular, the current iα and
the corresponding fault current ia were evaluated at a fault location d = 10 km for two
different values of fault resistance, i.e., R f = 0 and R f = 1 Ω (see Figure 20). Clearly, a
lower value of R f results in a larger excursion of the fault current and a larger time constant.
This behavior is more evident in Figure 21, where the fault location is d = 1 km. Indeed, in
this case, the line parameters have a lower impact, and therefore, the fault current has a
larger excursion in the case of a fault with zero resistance.

 

Figure 20. Transient behavior of the phase current ia for a single-phase fault after two cycles at 60 Hz.
The location of the fault is d = 10 km from bus 1, and two different values for the fault resistance are
considered.
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Figure 21. Transient behavior of the phase current ia for a single-phase fault after two cycles at 60 Hz.
The location of the fault is d = 1 km from bus 1, and two different values for the fault resistance are
considered.

Figure 22 shows the behavior of the transient fault current ia for different values of the
generator ground reactance Xgr. Clearly, as expected, by increasing the ground reactance,
the fault current decreases.

Figure 23 shows the phase voltages vabc at a fault location d = 10 km for fault resistance
R f = 0. Overvoltage of unfaulted phases b and c is evident.

 

Figure 22. Transient behavior of the phase current ia for a single-phase fault after two cycles at 60 Hz.
The location of the fault is d = 1 km from bus 1, and three different values for the generator ground
reactance are considered.

Figure 24 shows the behavior of the voltage space vector at bus 1 in the case of a fault
with R f = 0. The black curve shows the circular ideal trajectory in the case of no fault.
The blue curve shows the trajectory in the case of a fault location d = 10 km, whereas
the red curve shows the trajectory in the case of a fault location d = 1 km. Clearly, at a
smaller distance, the detection of the single-phase fault becomes more evident, since the
elliptical trajectory with inclination angle 90◦ can be readily detected. Figure 25 shows the
voltage space vector in the case of a fault with R f = 1 Ω. Notice that the fault resistance
results in a slight deviation of the ellipse inclination and a smaller difference between
d = 1 km and d = 10 km. Thus, as was expected, faults with larger resistance result in
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lower detection capability of the space vector trajectory. The apparent double red curve is
due to the transient behavior.

 

Figure 23. Transient behavior of the phase voltages vabc for a single-phase fault with R f = 0 after
two cycles at 60 Hz. The location of the fault is d = 10 km from bus 1.

 

Figure 24. Trajectory of the voltage space vector at bus 1 in the case of fault resistance R f = 0. The
black curve corresponds to the ideal circular trajectory in the case of no fault. The blue trajectory was
obtained for a fault location d = 10 km, whereas the red trajectory corresponds to a fault location
d = 1 km.

6.2. Double-Phase Grounded Faults

Double-phase grounded faults, described in Section 4.2, have been implemented in
Matlab/Simscape in order to validate the analytical results. In particular, the currents
iα and iβ and the corresponding fault current (ib + ic) were evaluated at a fault location
d = 10 km for two different values of fault resistance, i.e., R f 2 = 0 and R f 2 = 1 Ω, with
R f 1 = 0 (see Figure 26). A lower value of R f 2 results in a larger excursion of the fault
current and a larger time constant. This behavior is more evident in Figure 27 where the
fault location is d = 1 km. Indeed, in this case, the line parameters have a lower impact, and
therefore, the fault current has a larger excursion in the case of a fault with zero resistance.
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Figure 25. Trajectory of the voltage space vector at bus 1 in the case of fault resistance R f = 1 Ω. The
black curve corresponds to the ideal circular trajectory in the case of no fault. The blue trajectory was
obtained for a fault location d = 10 km, whereas the red trajectory corresponds to a fault location
d = 1 km.

 

Figure 26. Transient behavior of the fault current (ib + ic) for a grounded double-phase fault after
two cycles at 60 Hz. The location of the fault is d = 10 km from bus 1, and two different values for
the fault resistance R f 2 are considered.

Figure 28 shows the behavior of the transient fault current (ib + ic) for different values
of the generator ground reactance Xgr. Clearly, as expected, by increasing the ground
reactance, the fault current decreases.

Figure 29 shows the behavior of the voltage space vector at bus 1 in the case of a fault
with R f 2 = 0. The black curve shows the circular ideal trajectory in the case of no fault.
The blue curve shows the trajectory in the case of a fault location d = 10 km, whereas the
red curve shows the trajectory in the case of a fault location d = 1 km. Clearly, at a smaller
distance, the detection of the double-phase fault becomes more evident since the elliptical
trajectory with inclination angle 0◦ can be readily detected. Figure 30 shows the voltage
space vector in the case of a fault with R f 2 = 1 Ω. Notice that, according to the analytical
results, the fault resistance R f 2 affects only the α component, not the β component. In fact,
the red curves in Figures 29 and 30 have a different horizontal excursion, but they keep
the same vertical excursion. The detection capability of the space vector trajectory remains
effective since the phase-to-phase fault resistance R f 1 is kept to zero.
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Figure 27. Transient behavior of the fault current (ib + ic) for a grounded double-phase fault after
two cycles at 60 Hz. The location of the fault is d = 1 km from bus 1, and two different values for the
fault resistance R f 2 are considered.

 

Figure 28. Transient behavior of the fault current (ib + ic) for a double-phase fault after two cycles at
60 Hz. The location of the fault is d = 1 km from bus 1, and three different values for the generator
ground reactance are considered.

 

Figure 29. Trajectory of the voltage space vector at bus 1 in the case of fault resistances R f 1 = R f 2 = 0.
The black curve corresponds to the ideal circular trajectory in the case of no fault. The blue trajectory
was obtained for a fault location d = 10 km, whereas the red trajectory corresponds to a fault location
d = 1 km.
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Figure 30. Trajectory of the voltage space vector at bus 1 in the case of fault resistances R f 1 = 0,
R f 2 = 1 Ω. The black curve corresponds to the ideal circular trajectory in the case of no fault. The

blue trajectory was obtained for a fault location d = 10 km, whereas the red trajectory corresponds to
a fault location d = 1 km.

6.3. Double-Phase Ungrounded Faults

Double-phase ungrounded faults, described in Section 4.3, have been implemented in
Matlab/Simscape in order to validate the analytical results. In particular, the currents iβ and
the corresponding fault current ib = iβ/

√
2 were evaluated at a fault location d = 10 km for

two different values of fault resistance, i.e., R f = 0 and R f = 1 Ω (see Figure 31). A lower
value of R f results in a larger excursion of the fault current and a larger time constant. This
behavior is more evident in Figure 32, where the fault location is d = 1 km. Indeed, in this
case, the line parameters have a lower impact, and therefore, the fault current has a larger
excursion in the case of a fault with zero resistance.

 

Figure 31. Transient behavior of the phase current ib for a double-phase ungrounded fault after two
cycles at 60 Hz. The location of the fault is d = 10 km from bus 1, and two different values for the
fault resistance are considered.
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Figure 32. Transient behavior of the phase current ib for a double-phase ungrounded fault after two
cycles at 60 Hz. The location of the fault is d = 1 km from bus 1, and two different values for the fault
resistance are considered.

Figure 33 shows the effect of voltage unbalance on the transient fault current ib. The
blue curve corresponds to the balanced case, already represented in Figure 32, where the
generator voltages Eb and Ec have phase displacement ±120◦ with respect to Ea. The
black curve corresponds to the unbalanced case, where Eb and Ec have phase displacement
±135◦ with respect to Ea. The red curve corresponds to the unbalanced case where Eb and
Ec have phase displacement ±150◦ with respect to Ea. Notice that by increasing the phase
displacement with respect to Ea, the voltage source eβ in Figure 18 decreases its magnitude.
Thus, a corresponding decrease in the transient fault current in Figure 33 can be observed.

 

Figure 33. Transient behavior of the phase current ib for a double-phase fault after two cycles at 60 Hz.
The location of the fault is d = 1 km from bus 1, and three different values for the generator voltage
unbalance are considered.

Figure 34 shows the behavior of the voltage space vector at bus 1 in the case of a fault
with R f = 0. The black curve shows the circular ideal trajectory in the case of no fault. The
blue curve shows the trajectory in the case of a fault location d = 10 km, whereas the red
curve shows the trajectory in the case of a fault location d = 1 km. Clearly, at a smaller
distance, the detection of the double-phase fault becomes more evident, since the elliptical
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trajectory with inclination angle 0◦ can be readily detected. Figure 35 shows the voltage
space vector in the case of a fault with R f = 1 Ω. Notice that, according to the analytical
results, the fault resistance R f affects only the β component, not the α component. In fact,
the red curves in Figures 34 and 35 have a different vertical excursion, but they keep the
same horizontal excursion. Notice that the fault resistance results in a slight deviation of
the ellipse inclination and a smaller difference between d = 1 km and d = 10 km. Thus,
as was expected, faults with a larger resistance result in lower detection capability of the
space vector trajectory. The transient behavior is also evident in the blue and red curves.

 

Figure 34. Trajectory of the voltage space vector at bus 1 in the case of fault resistance R f = 0. The
black curve corresponds to the ideal circular trajectory in the case of no fault. The blue trajectory was
obtained for a fault location d = 10 km, whereas the red trajectory corresponds to a fault location
d = 1 km.

 

Figure 35. Trajectory of the voltage space vector at bus 1 in the case of fault resistance R f = 1 Ω. The
black curve corresponds to the ideal circular trajectory in the case of no fault. The blue trajectory was
obtained for a fault location d = 10 km, whereas the red trajectory corresponds to a fault location
d = 1 km.

7. Conclusions
The systematic analytical investigation of the Clarke transient analysis of asymmetrical

faults in three-phase systems was presented and compared with the ISCT approach. The
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proposed Clarke approach proved to be advantageous for two main reasons. First, the
derived equivalent circuits are defined in terms of real-valued voltages and currents.
Second, the dynamic order of the Clarke equivalent circuits is lower than the corresponding
ISCT circuits because the αβ0 circuits are not all coupled. Thus, the main results of the
paper have a theoretical value when compared with the ISCT, whereas the application
domain is the same as that of the ISCT.

Future work will be devoted to extending the proposed methodology to simultaneous
faults and phase interruptions.
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