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GLOBAL GAUSSIAN ESTIMATES FOR THE HEAT KERNEL
OF HOMOGENEOUS SUMS OF SQUARES.

STEFANO BIAGI AND MARCO BRAMANTI

ABSTRACT. Let H = Z;n:1 X]z — Ot be a heat-type operator in R*t1 where X = {X1,..., Xm}
is a system of smooth Hérmander’s vector fields in R™, and every X; is homogeneous of degree 1
with respect to a family of non-isotropic dilations in R™, while no underlying group structure is
assumed. In this paper we prove global (in space and time) upper and lower Gaussian estimates
for the heat kernel I'(¢, z; s,y) of H, in terms of the Carnot-Carathéodory distance induced by X
on R™, as well as global upper Gaussian estimates for the t- or X-derivatives of any order of T'.
From the Gaussian bounds we derive the unique solvability of the Cauchy problem for a possibly
unbounded continuous initial datum satisfying exponential growth at infinity. Also, we study the
solvability of the H-Dirichlet problem on an arbitrary bounded domain. Finally, we establish a
global scale-invariant Harnack inequality for non-negative solutions of Hu = 0.

1. INTRODUCTION

Let us consider a family X = {X3,..., X,,} of smooth Hérmander’s vector fields in R™ (precise
definitions will be given later). The study of the corresponding heat-type operator

K= ZXJ? —-9; onR"t!
j=1

and its fundamental solution (heat kernel) has a long history and, by now, a vast literature. The
study of operators of the kind ‘sum of squares of Hérmander’s vector fields’, £ = Z;nzl X jQ, as well
as their evolutive counterpart, H = £ — 9y, is usually characterized by the following dichotomy:

- local properties of Hérmander operators of the kind £ or H have been established for general
families of Hormander’s vector fields Xy, ..., X,, (some cornerstones in this context are [I7], [30],

28], [32], [18], [19]), while

- global properties of £ or H have been established almost exclusively when the vector fields

X1,...,X,, are left invariant on some Lie group.
In particular, starting with the famous paper [14] by Folland, a rich theory exists under the as-
sumption that Xi,...,X,, be both left invariant with respect to some group of translations, and
homogeneous with respect to some family of dilations (hence, Xi,...,X,, are the generators of a
Carnot group G in R™). In that context, the heat kernel has the form
(1.1) [(t,x;8,9) =y 'zt —s)
with ~ satisfying a two-sided Gaussian bound:
2 2
L exp 7—C||:c|| <v(z,t) < o - exp f—Hz”
Ctar " AR TP Ct

for every x € G, ¢t > 0. Here @ is the homogeneous dimension of the group, and ||-|| is a homogeneous
norm in G. Analogous upper bounds hold for the derivatives of every order:
2
¢ ]

|07 X1y (x, )| < HQt1T+2m)/2 - exp ot
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where X1 = X;, X;,...X;, with iq,...,i € {1,2,...,m}, and |I| = k. The above Gaussian bounds on
Carnot groups are a special case of the more general results proved for heat kernels corresponding
to left invariant, but not necessarily homogeneous, Hérmander’s vector fields, by Varopoulos, Saloff-
Coste, Coulhon in [37]. They proved that for heat kernels on nilpotent Lie groups, a context where
one still has (L), the function ~ satisfies a two sided bound

1 ox _ Cdi(x,0) -
C[Bx(0.v0)| p( ‘ )SV( ?)

C ox _dg((ac,())
= [Bx (0, V) o(-56%),

and an upper bound on derivatives of every order:

C d% (z,0)
1. m x < _ X\ Y
(13) 97 X (e, 1)) < By (0, /| eT2m /2 P ( ot )
where dx is the control distance induced by X7, ..., X,, and Bx(0,r) the corresponding balls (see
[37, Thm. IV.4.2, Thm. IV.4.3]). Also, they proved that on unimodular Lie groups with polynomial
volume growth, that is satisfying

at? < |Bx(0,Vt)] < ept?  fort>1

and some D > 0, the above results (L2)) and (L3) still hold (see [37, Thm. VIIL.2.7, Thm. 8.2.9]).
For a different approach to Gaussian estimates in the context of Lie groups with polynomial growth,
see also the monograph [I3] by Dungey, ter Elst, Robinson. For the special case of Gaussian estimates
on Carnot groups, that we will explicitly exploit in this paper, we refer to the more recent paper [9]
by Bonfiglioli, Lanconelli, Uguzzoni.

For a general system of Hormander’s vector fields, i.e., with no underlying group structure,
Gaussian bounds for the heat kernel

(1.2)

F(t7x7 S, ) = ’Y(t - S,SC,y)
have been proved by Jerison-Sanchez Calle [19, Thms. 2, 3, 4] in the form:

1 Cd% (z,y) C d% (z,y)
1.4 7exp<L)§7t,x,y §7exp<xi’>
N TP t N NPRY] i
¢ dx (‘Tay)2
m YTy < - 77
(15) |at X] X]’Y(t; Z, y)' = ‘BX (1‘, \/E) ’ t(lIH"JH’Qm)/Q eXp ( Ct

for every multiindices I, .J, with z,y ranging in a compact set and ¢t € (0,7). Using probabilistic
techniques, Kusuoka-Stroock have extended the above results to z,y in R and t € (0,7), in [21],
and later to ,y in RY and ¢ > 0 in [22]. However, Kusuoka-Stroock require that the coefficients
of the vector fields belong to C;* (RN ) For instance, vector fields with polynomial coefficients are
not covered by their theory (at least as far as global results are concerned). Related results (under
the same C° (RY) assumptions on the vector fields) have been proved by Léandre in [25], [26].
Davies in [I2] has improved the constant in the exponent of the upper bound in (4], for a system
of Hormander’s vector fields on a compact manifold.

On the other hand, a general setting which allows to develop an interesting global theory, with-
out assuming the existence of a group of translations, and allowing unboundedness of the coefficients
of X1, ..., X;, and their derivatives, is that of Hormander vector fields which are only assumed to be
1-homogeneous with respect to a family of non-isotropic dilations of the form

Oxa(z) := (A xy,..., A% xy),
where 1 =07 < ... < 0, are positive integers. In other words,
Xj(uody) = (Xju) o dy

for every j = 1,...,m, every u € C*°(R"™) and every A > 0. Under this assumption (without any
underlying group structure), Biagi-Bonfiglioli in [2] have built a global homogeneous fundamental
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solution for £ = Z;":l X j2 and have studied some of its properties. The idea of this construction is
that, according to a procedure originally devised by Folland in [15] and adapted in [2], a system of
1-homogeneous Hormander’s vector fields can always be lifted to a higher dimensional Carnot group
where the corresponding sum of squares is known to possess a global, left invariant, homogeneous
fundamental solution. Saturating this fundamental solution with respect to the added variables, in
[2] a homogeneous fundamental solution for the original operator is produced. More explicit estima-
tes for this kernel have been established in [5], in terms of the distance induced by the vector fields.
The general strategy of [2] has been later implemented in [4] for heat operators corresponding to
1-homogeneous vector fields, showing the existence of a global, homogeneous, heat kernel, obtained
by saturating the heat kernel of a higher dimensional operator living on a Carnot group.

The aim of this paper is to prove sharp global explicit Gaussian estimates for this heat kernel,
in terms of the intrinsic distance induced by the vector fields. More precisely, we will prove Gaussian
estimates (L4)-(L3) for every z,y € R™ and ¢ > 0, for heat operators corresponding to 1-homoge-
neous (but not left invariant) Hérmander’s vector fields (see Theorem [2:4)).

Our global Gaussian bounds in particular allow to improve known results about the Cauchy
problem for this heat operator. In [4, Thm. 4.1] it is proved that for every bounded continuous
initial datum f there exists one and only one bounded solution to the Cauchy problem. We will
prove that a solution to the Cauchy problem actually exists, at least for small times, as soon as the
initial datum f satisfies a growth condition of the kind

/n |f(y)exp (— pd% (y,0)) dy < o0

for some constant g > 0. The solution is unique in the class of functions satisfying a condition

// exp ( — dd% (z,0))|u(t,z)| dt dz < +oo
0 n

for some 0 > 0. Moreover, if f satisfies a stronger bound of the kind

/ |f(y)exp (— pd%(y,0)) dy < 400 for some a € (0,2),

then the solution exists for all ¢ > 0 (see Theorem and Proposition [6.5]). In Section [l we shall
present an application of our global Gaussian estimates to the study of the H-Dirichlet problem. In
fact, by crucially exploiting these estimates, we shall show that it is possible to apply to our operators
JH the axiomatic approach developed in the series of papers [20], 23] [24] [35]; this will lead to some
necessary and sufficient conditions for the regularity of boundary points of any bounded open set (2.
Finally, in the last part of the paper we will prove a scale-invariant parabolic Harnack inequality for
non-negative solutions of Hu = 0 (see Theorem [BI]in Section [{)).

We close this introduction with a few remarks about some related fields of research. Gaus-
sian bounds for heat kernels have been studied, besides the Euclidean setting, in the context of
Riemannian manifolds. We can quote under this respect the well-known paper [27] by Li-Yau where
Gaussian bounds are proved on manifolds with nonnegative curvature (see also the monograph
[16] by Grigor’yan and the references therein). Some extensions of these geometric techniques to
sub-Riemannian manifolds have been done, see e.g. the paper [6] by Baudoin, Bonnefont, Garofalo.
Gaussian bounds have been studied also in the abstract context of Dirichlet forms, see e.g. the papers
[33], [34] by Sturm. These researches have made apparent a general relation existing between the
validity of Gaussian bounds for the heat kernel, the validiy of global forms of Poincaré’s inequality
and doubling condition, and the validity of a parabolic Harnack inequality. For a discussion of
these general relations see also the monograph [31] by Saloff-Coste. In the context of homogeneous
Hormander vector fields studied in the present paper, global forms of Poincaré’s inequality and
doubling condition are known, after [5]. Therefore, our results about Gaussian bounds and Harnack
inequality are not unexpected. Nevertheless, we have not been able to find in the literature a precise
theorem, directly applicable to our context, implying our results. As far as we know, this is the first
case of global (in space and time) Gaussian estimates explicitly proved, for both the heat kernel and
its derivatives of every order, in the context of Hormander’s vector fields (with possibly unbounded
coefficients) in absense of an underlying group structure.
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2. ASSUMPTIONS AND STATEMENTS OF (GAUSSIAN BOUNDS

We denote by X(R™) the Lie algebra of the smooth vector fields on R™ (with n > 2). Given a
set X C X(R™), we indicate by Lie(X) the smallest Lie sub-algebra of X(R™) containing X. Finally,
if Z € X(R™) is a smooth vector field of the form

= 0
Z = E aj(x)% for some ay,...,a, € C°(R")
=1 !

and if © € R™, we denote by Z(x) the vector (a1(z),...,an(z)) € R™.

Assumptions 2.1. Let X = {X1,..., X;n} (with m > 2) be a fixed family of linearly independent
smooth vector fields in Euclidean space R™ satisfying the following structural assumptions:

(H1): there exists a family {dx}r>0 of non-isotropic dilations of the form
(2.1) Oa(z) := (A xy,..., A% xy),

where 1 = 017 < ... < 0, are positive integers, with respect to which Xi,...,X,, are
homogeneous of degree 1. This means that

(22) Xj(uO(SA): (Xj’u,)O(S)\

for every j =1,...,m, every u € C* (R") and every A > 0. We define the dx-homogeneous
dimension of R™ as

(23) q = ZO']'.

Note that ¢ > n.
(H2): X;y,...,X,, satisfy Hérmander’s rank condition at « = 0, that is,

(2.4) dim{Y(0) : Y € Lie(X)} = n.

Remark 2.2. By combining assumptions (H1) and (H2), it is not difficult to recognize that Hor-
mander’s rank condition is actually satisfied at every point x € R™, that is,

dim {Y(z) : Y € Lie(X)} =n for all z € R"
(this is proved in [5, Remark 3.2]). Thus, by Hormander’s Hypoellipticity Theorem (see [I7]), both
the operators £ and H are C°°-hypoelliptic in every open subset of R™.

In order to state our result, we first recall the following standard

Definition 2.3 (Carnot-Carathéodory distance). Let Y = {Y7,...,Y,} be a family of smooth vector
fields defined on some space R¥. We assume that the Y;’s satisfy Hormander’s rank condition at
every point of R¥. The Carnot-Carathéodory (CC, shortly) distance associated with Y is defined as

dy (z,y) = inf {r > 0 : there exists v € C(r) with v(0) = 2 and v(1) =y},

where C(r) is the set of the absolutely continuous curves v : [0, 1] — R¥ satisfying (a.e.on [0, 1])

h
V()= a;(t)Y;(y(#),  with |a;(t)| <rforallj=1,... h

j=1
We will denote by By (x, p) the metric ball {y € RF : dy(z,y) < p} .

Well-known results assure that under the above assumptions dy (z,y) is finite for every couple
of points in R* and that (R¥, dy ) is a metric space; moreover, dy is topologically, but not metrically,
equivalent to the Euclidean distance.

We can now state our main result:
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Theorem 2.4. Let X = {X1,..., X} be a family of smooth vector fields in R™ satisfying Assump-
tions 21, and let H the heat-type operator

(2.5) Hi=L-0r=) X}—0  onR™" =R, xR
j=1

Moreover, let T'(t,x; s,y) := y(t — s, z,y) be the global heat kernel of H, that will be precisely defined
in I0). Then, the following facts hold.

(i) There exists a constant o > 1 such that

1 7 exp ( m) <At z,y)

0|Bx (, t
(2.6) )
< 0 exp<dx(w,y))7
|Bx (z,v/1)] ot
for every x,y € R™ and every t > 0.
i1) For any nonnegative integers k,r there exists C = Cj_, > 0 such that
Y g g ) ,

O\" ¢~ (k+r/2) d% (z,v)
2.7 = | Vi Yty <C——r—F" R
27 ‘(at) et y)‘ = [Bx(@ Vi) o (- 5GY)

for every choice of vector fields Yi,...,Y, € {X¥,..., X%, XV,..., XY}, and every choice of
x,y € R™t > 0.

The results about the Cauchy problem for H will be stated and proved in Section [6] while our
scale-invariant Harnack inequality will be stated and proved in Section 8l

3. PRELIMINARIES AND KNOWN RESULTS

3.1. Carnot groups, lifting and construction of the heat kernel for H{. We begin by recalling
the definition of homogeneous Carnot group and some related notions (see, e.g., [8] for an exhaustive
treatment of this topic).

We say that G = (RY, %, D)) is a homogeneous group if (RV, %) is a Lie group (with group
identity e = 0) and if there exists a one-parameter family of group automorphisms {D)} >0 acting
asin (H1). We shall call the Lie group operation * ‘translation’ and the automorphisms D) ‘dilations’.

We say that a smooth vector field X is left invariant if, for every f € C°(RY), we have

Xz flyxz)) = (X[f)(y*x) for all z,y € G.

Fori=1,2,...,n, let X; be the only left invariant vector field which agrees at the origin with 0,,.
Assume that for some positive integer m < N we have that X1, ..., X;;, are 1-homogeneous (in the
sense of ([22))) and that Xi,...,X,, satisfy Hormander’s condition as in (H2) (at the origin and
then, by left invariance, at every point). Then we say that

G is a Carnot group and Xy, ..., X, are its generators.

A continuous function || - || : G — [0, +00) is called a homogeneous norm on G if there exists ¢ > 0
such that, for every u,v € G, the following hold:

(i) |lu|]l = 0 if and only if u = 0;

(ii) ||Da(w)]] = Allu|| for every A > 0;

(i) fJuxof] < e([full + [[]]);

(iv) lu= < cflul.
If X = {Xy,...,X,n} are the generators of a Carnot group G and dx the Carnot-Carathéodory
distance associated with X, then ||u|| = dx(u,0) is a homogeneous norm on G, further satisfying
properties (iii)-(iv) with ¢ = 1.

A key information for the study of the operator H (and of its associated heat kernel) is the
dimension of the Lie algebra a := Lie(X). Under our assumptions (H1)-(H2), it is easy to see that
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a has finite dimension: in fact, using [3) Theorem A.11] and [8, Proposition 1.3.10]), one has

on
o= Do

k=1

where a1 := span{X} = span{Xl, e ,Xm} and

ap :=span{[Y,Z]: Y €m, Z € ay_1} (for k > 2).

In particular, we obtain

(3.1) N = dim(a) > dim{Y (0) : Ya} = n.

As a consequence of (BI)), only the following two cases can occur.

(i) N = n. In this case, by taking into account the dy-homogeneity of X, ..., X,,, we can apply
some results in [7], ensuring the existence of an operation * on R™ such that
F = (R", *,0,) is a homogeneous Carnot group with Lie(F) = a.

Hence, the vector fields Xj, ..., X,, are left invariant on F, and the operator H{ becomes the
canonical heat operator on R x F. This is a well-studied scenario, in which all the results of
this paper are well-known (see, for example, [9]).

(ii) N > n. In this case, instead, we derive from [1, Theorem 1.4] that there cannot exist any
Lie-group structure in R™ with respect to which X7, ..., X,, are left invariant. In particular,
the operator H is not a canonical heat operator on some Carnot group.

In view of the above discussion, throughout the sequel, in the proof of our results, we also make
the following ‘dimensional’ assumption.

(H3): Using the notation a = Lie(X) and N = dim(a), we assume that
(3.2) p=N-n>1.

Remark 3.1. Note that condition (H3) is not a further assumption that we require in order for
our results to be true. It is a further condition that is not restrictive to assume within the proofs,
because if our Assumptions 2T hold and (H3) is not true, then our Theorem 24 is already known.

Even if assumption (H3) implies that X,..., X,, cannot be left invariant with respect to any
Lie-group structure in R", it is proved in [2] that the X;’s can be lifted (in a suitable sense) to vector
fields Z1, ..., Z,, which are left invariant on a higher-dimensional Carnot group:

Theorem 3.2 (Lifting, see [2, Theorem 3.1]). Let us suppose that assumptions (H1)-to-(H3) are
satisfied. Then, it is possible to construct a homogeneous Carnot group G = (RN, D)) satisfying
the following properties:

(1) G has m generators;
(2) denoting the points of RN as u = (z,£) € R™ x RP, the family of dilations {Dy}x>o takes
the following ‘lifted’ form:

(3.3) Dx(u) = Dx(x,£) = (0x(x), 63(8)) ,
where 63 (&) = (A &1,...,APEy) for some integers 1 <1 < ... < 7p;
(3) there exists a system of Lie-generators Z ={Z1,...,Zmn} of Lie(G) s.t.
(3.4) Zj(x,€) = X;(z) + R;(x,9),
where the R;’s are smooth vector fields operating only in the variables & € RP, but with
coefficient possibly depending on (x,€). In particular, Ri,..., Ry are Dx-homogeneous of
degree 1.

Notation 3.3. Throughout the paper, we will handle points in the ‘original’ space R™, and points
in the ‘lifted’ space RY, according to Theorem 3.2l To this end, we shall use the notation

® x,y,z,... for points in R";

o u=(z,6),v=(y,m),... for points in RY = R" x R?,



GLOBAL GAUSSIAN ESTIMATES FOR THE HEAT KERNEL OF HOMOGENEOUS SUMS OF SQUARES. 7

denoting by Greek letters the added variables in the lifting procedure. The scalar time variables will
be denoted by letters ¢,s,7. Moreover, we shall indicate by dx and dz the Carnot-Carathéodory
distances associated with X and Z, respectively, and with Bx(x, p), Bz (u, p) the dx-ball, dz-ball,
respectively, with centre 2 € R", u € R, and radius p > 0.

Since the lifted vector fields Z1, ..., Z,, in Theorem 3.2 are left invariant on G, many properties
of Hg and its associated heat kernel are well-known. In fact, the following theorem holds.

Theorem 3.4 ([9, Theorems 2.1, 2.5]). There exists a function
v : RN SR,
smooth away from the origin, such that
(3.5) De(t, u;s,v) =g (t — s, vl u)
is the global heat kernel of Hg = Lg — O¢; this means, precisely, that
o for every fized (t,z) € R*™ N one has I'g(t,2;-) € L _(R'TN);

loc

o for every p € C° (RN and every (t,u) € RY*N | one has

9'(@(/ Tg(t,u;s,v)p(s,v)ds dv)
RI+N

- / Tt us 5, 0)Hop(s, v) ds dv = —(t, u).
]R1+N

Furthermore, vg satisfies the following properties:

(i) 7¢ > 0 and vg(t,u) =0 if and only if t < 0;

(11) VG(tvu) = ’YG(tvuil) for every (tvu) € ]RlJrN;'

(iii) for every A > 0 and every (t,u), we have

e (A%t, Dy (1)) = A\~ 9 g (t,u),
where @ is the homogeneous dimension of the group G, that is,

(3.6) Q:=q+q¢", with q as in Z3) and ¢* ==Y 1_, Tk;

(iv) v vanishes at infinity, that is, vc(t,u) — 0 as |(¢, u)| = +o0;

(v) for every t >0, we have
/ Yo (t,u)du = 1.
RN

Finally, the following Gaussian estimates for vyg hold:
(a) there exists a constant ¢ > 1, only depending on G and Z, s.t.

2 2
(3.7) 1192 oyp ( @) < et < et oxp < Ll )

for every u € RN and every t > 0.
(b) for every nonnegative integers h,k there exists a constant ¢ > 0 s.t.

k
ZiiZo (2 et u)| <@t-@rnran/2 g
iy oLy, at YGlt, w S C exp

(3.8) =
for any u € RN, any t > 0 and every choice of iy,...,in € {1,...,m}.

ct

Now, the ‘lifting property’ (8.4]) contained in Theorem easily implies that
(3.9) He ((t, x) — u(t,w(x))) = (Hu)(t, 7(x)), for all u € C*(R™)

where 7 is the projection of R = R" x R? on R". By combining (38) with Theorem (4] it is proved
in [] the following result.

Theorem 3.5 ([4, Theorem 1.4]). Let X = {X1,...,X,n} be a set of smooth vector fields on R™
satisfying axioms (H1)-to-(H3), and let H be the heat-type operator defined in (2. Moreover, let
G = RN, %, D)) and 2 ={Z1,...,Zy} be as in Theorem [T 2.

Then, if g is as in Theorem [3] the following facts hold.
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(i) The function T defined by

(3.10) D(t,z;s,y) == — s,2,y) = /R Yo (t — s, (y,0)"" * (x,n)) dn,

is the global heat kernel of H. This means, precisely, that
(1)1 for any fized (t,z) € R'™, we have I'(t,z;-) € Ll (R'™);
(i)2 for every ¢ € CS°(RY™™) and every (t,x) € R™™, we have

([ 2t snels ) dsay)

:/]Rl+ W(t—s,x,y)jﬂp(s,y)dsdy: —(,D(t,.’L')

(ii) There exists a constant ¢ > 1 such that

0 —1 2
c_lt_Q/Q/ exp(—CH(y’ ) t*(%n)H )dnév(t,x,y)
RP

—1 2
< ct—Q/2 / exp ( [(y,0)~" * (2, n)] >d77,
RP

ct

(3.11)

for every x,y € R" and every t > 0.
(iii) v >0 and

v(t,z,y) = 0 if and only if t <O0.

(iv) v is symmetric in the space variables, i.e.

y(t, x,y) = v(t,y, x) for every x,y € R” and every t > 0.

(v) T is smooth out of the diagonal of R**™ x RI*T™,
(vi) For every fived (t,x) € R*™™ with t > 0, we have

/ y(t, z,y)dy = 1.

(vii) If ¢ € CP(R™), then the function

u(t, ) = /n v(t, z,y) p(y) dy

defined for (t,z) € Q = (0,400) X R™ is the unique bounded classical solution of the homo-
geneous Cauchy problem for H, that is,

Hu=0 in Q
u(0,2) = p(x) for x € R™.

(viii) The function T*(t,u;s,v) = [(s,v;t,u) is the global heat kernel of the (formal) adjoint
operator H* := L + 0, and satisfies dual statements with respect to (i).

In the above theorem, || - || is any homogeneous norm on G.

Remark 3.6. Points (ii) and (iv) in the above theorem also imply that, with the same constant
¢ > 1 asin (ii), for all z,y € R™ and any ¢ > 0 one has

0 -1 2
C—l t_Q/Q / eXp ( _ c |‘(‘T’ ) * (y’n)H ) d77 S ’Y(t,l',y)
RP

t

—1 2
< et—Q2 / exp < [[(z,0)~" = (y,n) )dn,
RP

(3.12)

ct

(with the switched roles of z,y in the Gaussians). It will be sometimes convenient to use ([BI1]) in
this alternative form.
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3.2. Review of known results on the CC distance. Throughout the sequel, we will handle two
distinct families of Hormander’s vector fields, each one inducing a Carnot-Carathéodory distance:

e the original family of vector fields X1, ..., X, defined in R™, and satisfying (H1)-to-(H3);
o the lifted vector fields Z1, ..., Z,,, defined on the higher dimensional Carnot group G in RY.

Both the X;’s and the Z;’s are 1-homogeneous with respect to suitable dilations, which implies some
properties of the distances and the corresponding balls. The Z;’s are also left invariant, which implies
more properties for the corresponding distance. Finally, the Z;’s are a lifting of the X;’s. The next
proposition collects the basic properties which follow from these facts.

Proposition 3.7. With the previous notation and assumptions about the systems of vector fields X
and Z, the following properties hold.

(i) Homogeneity:
dx (0x(x),0x(y)) = Adx (z,y) forallz,y € R™ and A >0
dz(Dx(u), Dx(v)) = Adz(u,v)  for all u,v € RY and X\ > 0
6x(Bx(z,p)) = Bx (0x(x),Ap)  for allz € R™ and X\, p >0
Dx(Bz(u, p)) = Bz (Dx(u),Ap) for allu € RN and X\, p >0
(ii) Left invariance:
dz(u,v) = dg(u*w,v*w) for all u,v,w € RN
u* By (v,p) = Ba(u*v,p) for all u,v € RN and p >0
(iii) Projection:
dx (z,y) < dz((2,€),(y,m)  for all (x,€),(y,n) € RN =R™ x R?
7(Bz((z,€),p)) = Bx(x,p) for all (z,£) € RN and p >0

where T is the projection from RN = R™ x RP into R™. In particular, since 7 is surjective, the last
equality in (iii) means that

(3.13) Vy € Bx(z,p), £ €R? I neRP s.t.(y,n) € Bz(x,§),p).

(iv) Volume of Z-balls: setting wg = |Bz(0,1)|, we have
(3.14) | Bz, (u, p)| = | B2(0, p)| = wg p% for all u € RN and p > 0.

(v) Homogeneous norm: if we let

lu|| = dz(u, 0) for every u € RY,
then || - || is @ homogeneous norm, and we also have
de(u,v) = o™t xul| = Ju™t x| for every u,v € RY,

Throughout the following, the symbol || - || in RN will always denote this special norm.

The proof of Proposition B.7] can be found in [2], or is immediate.

A much deeper result describes the volume of X-balls. The following theorem specializes a
celebrated result by Nagel, Stein and Wainger [28] to the case of our 1-homogeneous vector fields X
(for a proof see [5, Theorem B]):

Theorem 3.8. Let X = {X1,..., X}, n and q be as before. Then, there exist constants y1,7y2 > 0
such that, for every x € R™ and every p > 0, one has the estimates

(3.15) M ij(w)pj < |Bx(z,p)| <2 Y fiz) o,

j=n
Here, the functions fi,..., fq : R" = R satisfy the following properties:

(1) fr,...,fq are continuous and non-negative on R™;
2) for every j € {n,...,q}, the function f; is dx-homogeneous of degree q — j.
J

In particular, fq(x) is constant in x and strictly positive.
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Remark 3.9. From estimate ([BI0]) it can be easily derived the following notable fact: for any
x € R™ and any 0 < r < p, one has

In particular, the following global doubling property holds:
(3.17) |Bx (x,2p)| < 2972 |Bx (z, p)| for all x € R™ and p > 0.
The above facts easily imply that the function

IBx(i,\/E)I op < M)

(which plays a key role in our estimates) is not so asymmetric in z,y as could seem. More precisely,
we have the following proposition.

Proposition 3.10. For every 8 > 0 there exists a constant C1 > 0 such that

)

2
X(xay) Cl
VO eXp( 1t

;ex (—d )<
PR b0 )~ Bx(

for every x,y € R™ and every t > 0.

(3.18)

Proof. To prove this, let us distinguish two cases.

o If dx(z,y) < Vt, we infer from BI7) that |Bx(y, /)| and |Bx (x,v/1)| are equivalent, and
thus the above inequality holds.

o If dx(x,y) > V/t, then by B.I0) and (BI7) we have

1 72 x(x,y)
Bx (VD ~ B dx (@ 0))] (

&
\_/\_/

29 (72) (
B (2 dx (2.9))] v
< (12)* 1 <dX($ay ) -
T om [Bx(z, V1)
From this, we readily obtain [BI8) (see, e.g., [@2)).
This ends the proof. ([

Another deep known result that will play a key role in our estimates is the following ‘global’
version of a well-known result by Sanchéz-Calle [32] (see also [28, Lemma 3.2] and [I8]), which
compares the volumes of Bx (z, p) and Bz ((x,£),p). For a proof of this result see [5, Theorem C]J.

Theorem 3.11. Under the previous assumptions and notation, there exist constants k € (0,1) and
c1,c2 > 0 such that, for every x € R™, every £ € RP and every p > 0 one has the estimates:

(3.19) |{n € R” : (y,n) € Bz((z,€),p)}| < W, for all y € R™,
(3.20) [{n € R”: (y,n) € Ba((z,£),p)}| > W, for all'y € Bx(z, rp).

We wish to stress that Theorems B.8 and BTl contain global results, adapted to our context of
homogeneous vector fields. In contrast with this, the original versions of these results, contained in
[28], [32], and related to general systems of Hormander’s vector fields, express local results.
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4. GAUSSIAN ESTIMATES FOR I

The aim of this section is to prove upper/lower Gaussian estimates for the global heat kernel
D(t, z;s,y) of H (or, equivalently, for v(¢,z,y)) as defined in (FI0)). Broadly put, our approach is
the following: on account of ([B.12)), we already know that I' satisfies the ‘quasi-Gaussian’ estimates

—1 2
Aty e eXp(_ I(2:0)7" .0 )dn,

RP
where ) is as in (3.6); we then derive ‘pure’ Gaussian estimates for I' by showing that, for any
z,y € R™ and any ¢t > 0, one has

(4.1) —Q/2 /Rp exp < ||(:1C,0)71;< (y,n)lQ) dn ~ |BX(;’ v exp < B M)

To begin with, for a future reference, we state the following lemma.

Lemma 4.1. The following estimates hold true:
(i) for every v >0 and § € (0,1) there exists ¢ > 0 such that

(4.2) e < ce for every T > 0;
il) for every positive v, 0 there exists ¢ > 0 such that
Yy p )
(4.3) TV > e for every T > 0.
We then proceed by proving ([.T), and we start with the upper estimate.

Proposition 4.2. There ezists a constant k > 1 such that

(4.4) —Q/2 /Rp exp ( ||(z,0)71: (y,ﬁ)||2> dn < |BX(; v exp <d§((27:1;,y)) |

for every x,y € R and every t > 0.

Proof. Let x,y € R™ be arbitrarily fixed, and let ¢ > 0.

CASE I: dx(z,y) > v/t. In this case, for every n = 0,1,2, ..., we define
(4.5) Ay = {n eRP: 2%dx(z,y) < ||(z,0)"" = (y,n)|| < 2" dx(z,9)},
and we observe that, by Proposition B.7H(iii), it holds R = U, >0A,. Hence,

[ exp (L0 2wy, f / exp (- DR

< Zexp( 2d; (x y)) Al

< ZeXp( 2l dX(x Y ) {n €eR”: (y,n) € Bz((x,0),2" ' dx(x,9)) }|

=: (%).
Next, by combining Theorem BT and B14), for every n > 0 we have
’BZ ((:Ea O)a 2n—i_ldX (‘Ta y)) ’

[{n € R () € Bal(@, 0,2 dx (@)} < o0 =5 T )|

2Q(n+1) 4% (2, y) - 290404 (z,y)
= C1W C1Ww,
1*Q ‘Bx($,2"+1dx(l',y))’ e |Bx (z,dx (z,y))|

200+ % (2, y)
|Bx (z, V1)

< ciwg
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since dx (x,y) > Vt. As a consequence, we obtain

too 92n 42 (:C y) 2Q(n+1)dQ (1. y)
*) < _ XA\ . X\
(k) < ciwg 3 exp ( t > |Bx (z,v/1)]

n=0

20 o/ *f(zndxu,y))@e ( 22”d§<x,y>>
= clw Xp| —————
2 B (@, V) NG P t

(by estimate (£2), with v = @ and, e.g., 6 = 1/2)

n=0

ag 1@z & ( 22nd2 (z, y))
<@ _Z XY
N |BX (SC, \/E)| n=0 o 2t (**)’

for some constant ag depending on Q. On the other hand, since we are assuming that dx (z,y) > NG
for any n > 0 we have

o () _ iy (L)) (LR )

2t 2t 2t

d% (z,y) 22n 1
= exXp < o exp 9 ,
from which we derive that

k) < 10 g () S (-22)

ot <M) |
| Bx (x, V)]

Finally, using this last estimate, we obtain

(4.6) —Q/2 /]Rp exp (||($,0)_1: (?N?)HQ) dn < |BX‘(1§ e (%)

which is precisely (4] (with x = ag,).

CASE II: dx(z,y) < /1. First of all, for every non-negative integer n we consider the set

(4.7) By = {n€RP: 2"Vt < ||(x,0)"" * (y,n)|| < 2"V},
moreover, we define
(4.8) Bi={neRP: |(z,0)7 * (y,n)| < Vt}.

Then we have:

/]Rpexp(_||($,0)_1:(y,77)||2)dn:/g{...}dn+§/3n{...}dn

+oo
< Bl + ) exp (—2°") - By

n=0

<|{neR?: (y,n) € Bz((x,0),Vt)}|

+o00
+ Zexp (=22") - [{n € R” : (y,n) € Bz((x,0),2" V1) }| =: ().
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Now, again by Theorem 311l and (BI4), for every n > 0 we have
| Bz ((2,0),2"v1)|
| Bx (2,2 V1)
onQQ/2 onQ +Q/2
Bx(r, 2] = Bxta, VO

{neRP: (y,n) € Bz((x, Vit <a

= CwQ

As a consequence, we obtain

tQ/2 = 9(n+1)Q4Q/2
(%) < ciwg ——— + cqwg - exp (—2%") ————
v e 2o )
Q/2
= cwQ E t( <1 + Z eXp 22" QQ("+1)>
X
1Q/2
_ Pl ).
|Bx (, V1)|

On the other hand, since we are assuming that dx (z,y) < v/, we have

d2
exp (_ X(;,y)) > 6—1/2,

19/ d% (x,y)
0= oo (-5

Finally, using this last estimate, we obtain

(4.9) 4—Q/2 /Rp exp (_ ||(z,0)71t>k (y,ﬁ)||2> dn < |Bx(ﬁﬁ\/¥)| exp <_d§((27:z;,y)) |

and this is again (£4). Gathering (@0 and [@3), we conclude that estimate ([@4]) holds for every
z,y € R™ and every t > 0 by choosing

from which we derive that

# = max{ay, fo} > 1.
This ends the proof. ([
In order to prove lower estimate of I', we need the following property.

Lemma 4.3. With the above notation and assumption, let b > a > 0 be fixed real numbers, and let
z,y € R" satisfying

(4.10) dx(z,y) < a.

Then, for every & € RP there exists ] =1, , ¢ € RP \ {0} such that

(4.11) {neRP:a<dx((,€),(y.n) <b} 2{n€R”: (y,n) € Bz((y,7), 5(b —a)) }.
Proof. Since y € Bx(x,a), if £ € R? is arbitrarily fixed, by (BI3) there exists

(4.12) m € {n€R”: (y,n) € Bz((x,),a) }.

In particular, since the set in the right-hand side of (£I2) is open, we can assume that ny # 0. We
then consider the function g : [1, +00) — R defined as follows:

g()‘) = dz((l‘,f), (ya 6;(”0)))a

where 05(n) = (A™'n1,...,A7rn,) is as in (B3]). Clearly, we have that g is continuous on the whole
of [1,+00); moreover, from (AI2) we infer that

(4.13) g(1) < a.
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We now claim that

(4.14) lim g(\) = +oo.

A——+oco

To prove ([£I4) we first notice that, by triangle’s inequality, we have
(4.15) 900 > dz((0,0), (3, 550m0))) — d=((0,0), (2.€))  (for all A > 1);

moreover, since the vector fields Z1, ..., Z,, are Dy-homogeneous of degree 1, by Proposition B7+(i)
we deduce that

dz((0,0), (y,03(m0))) = dz((0,0), (9x(d1/A(¥), 33(m0)))
(setting yy = 51/A(y))
= dz((0,0), Dx(yx,m0)))

= )\dZ((Oa 0)) (yAﬂ?O))-
Since yx = 01/A(y) = 0 € R™ as A — 400, and since 79 # 0, we have

Jimdz((0,0), (yxm0) = dz((0,0), (0,m0)) > 0;

(4.16)

as a consequence, taking the limit as A\ — +oo in (£I6) we obtain

4.17 lim dz((0,0 oy = .
( ) )\—1>r-',I-1<>o Z(( ) )’ (ya )\(770))) +00
Gathering ([@TI7) and (@I5), we obtain the claimed ([@.I4]).

Next, using the continuity of g, together with (.I3) and (LI4), we infer the existence of a
suitable A € (1, 4+00) such that

- N b+a
(4.15) o) = d((2.8). (. 53(m0))) = "=
Setting 7 := d5(no), we prove (LII) by showing the stronger inclusion
(4.19) {zeRY: a<dy((z,€),2) <b} 2 Bz((z,7),3(b—a)).
To this end, let u € BZ((y,ﬁ), %(b - a)) be fixed. On the one hand, we have
_ _ b+a b-—a
dZ((zaé)vu) SdZ((xvg)ﬂ(yvn)) JFdZ((yﬂ?),U) < 2 + 2 :b7
on the other hand, since we also have
_ _ b+a b—a
dZ((xag)au) > dZ((xag)a(yan)) _dZ(ua (9,77)) > 92 - 2 =a,
we conclude that (ZI9) holds. This ends the proof. O

We can now prove the estimate from below in (ZI]).

Proposition 4.4. There exists a constant ¥ > 1 such that

(4.20) —Q/2 /Rp exp ( ||(x,0)’1: (%77)||2) dn > : |BX(1$, oI exp <19d§<§:c,y)> 7

for every x,y € R" and every t > 0.

Proof. Let x,y € R™ be arbitrarily fixed, and let ¢ > 0.
CASE I: dx(z,y) > V1. In this case, we consider the set
A= {neRP: 2dx(z,y) < [|(z,0)7" * (y, )| < ddx(z,y)}.
By applying Lemma F.3] (with a := 2dx (z,y) > dx(z,y) and b := 2a), one has
(4.21) A2 {neR”: (y,n) € Bx((y.7), dx(x,y)) }
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(for a suitable 7 =7, , € RP\ {0}); as a consequence, we obtain

[ e (LAY o [ (Lm0 G,

(since ||(z,0)~" # (3, m)|1? < 16 d% (z,y) for n € A)

2
> exp (W) |A|

> oxp (- LB 4y € 2 () € Ba (1) dx (o)} = )

On the other hand, by using Theorem B.I1] (with the choice (z,¢) = (y,7)) and B.I4), we get

‘BZ ((ya ﬁ)’ dx (‘r’ y)) ‘

{n € R?: (y,n) € Bz((y, M), dx (z,y)) }| > ¢z Bx (5,dx (.9

(since we are assuming that dx (x,y) > Vt)
tQ/2
> CoWwQ )
’BX (ya dX (‘Ta y)) ‘

from which we derive the estimate

t@/2 16 d3% (z,y)
> . _ X\ I
(%) 2 cag [Bx (gdx (@ y)] ( t )

)
(since Bx (y,dx(z,y)) C Bx (z,2dx(z,y)))

19 16d% (z,9) ) _.
2 2 T s @) P (‘ ; ) =: k).

We now observe that, since X1, ..., X,, are dy-homogeneous of degree 1, and since we are assuming
that dx (z,y) > /1, we can apply ([B.10), getting

|Bx (2, 2dx (2,9))| < 72 |Bx (, V)| - <M) |

Vit

where ¢ is as in ([2.3]). As a consequence, we deduce that
Q/2 —aq 2
(k) > CowQ t . (dx(ac,y)) exp (_ 16dX($,y))

=20 Bx@vil \ Vi i
(by estimate (£3), with v = ¢ and, e.g., § = 4)

- 1@/2 o < 20 d%(x,y))
~ ag.q|Bx(2, V1) t 7
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for some constant a4 g depending on ¢, Q). Finally, by exploiting this last estimate, we obtain

—1 2
o [ (MmO,

> —Q/2 ., |: 1Q/2 exp <20d§((z,y)>}
(4.22) N aq.Q |Bx (z,V1)] t

(setting ¥1 = max{aq,q,20})

> e = ()

which exactly the desired [@20) (with ¥ = ¥ > 1).

CASE II: dx (2,y) < vt. The proof is similar to that of CASE I, letting now
A={neR’: 2vt < (2,007 * (y. )| < 4V}
Applying Lemma B3] (with a := 2v/t > dx (x,y) and b := 2a), we get

AD{neRr:(y,n) € Bz((y,7),Vt)} # 2

(for a suitable 7 =7, , € RP\ {0}); as a consequence, we obtain

[ exp (OGN 4y 5 [ o (LU0 Y,

>e 0. |4l > e 10, ’{77 ERP: (y,m) € Bz((y,ﬁ),\/i)}’ =: ().

On the other hand, by using Theorem BTl (with the choice (z,€&) = (y,7)) and BI4), we get

[{n € R”: (y,m) € Bz((y,7), }|_2w

$Q/2
= CWQ ———F—,
from which we derive the estimate (remind that we are assuming dy (z,y) < /)
Cow t@/2
(%) > =

e'% [Bx(y, V1)
(since Bx (y, \/E) C Bx(x,dx(z,y) + \/Z) C BX(x,Q\/E))

>02wQ tQ/2
— €% |Bx(z,2V1)]

=: (%k).

By @I7), we have
|Bx(2,2V8)| < 7227|Bx (2, VB (where ¢ is as in (Z3));
as a consequence, we deduce that

cwg 192 $Q/2

- ex ——X(x,y)
= 20 (B (0, V0| ~ Bo | Bx (@ V0 p( t )

(Fek) >
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for some constant 3, o depending on ¢, Q). Using this last estimate, we get

—1 2
1th/z/ exp (II(LO) t* (v, )l >d77
RP

Y (_M)}
= [ﬂqux(x,ﬁn R

(setting ¥9 := max{By.q,1})
2
Z 1 exp (_ﬁQdX(xay))’
02| Bx (2, V1)] t

and this is again the desired ([20) (this time with ¥ = 95 > 1). Gathering [@22)) and (23], we
conclude that estimate ([@20) holds for every x,y € R™ and every ¢ > 0 by choosing

¥ :=max{t, 2} > 1.
This ends the proof. (I

(4.23)

Thanks to Propositions 2] and 4], we can now (2:6) in Theorem [Z4]

Proof of Theorem[Z7}(i). For every z,y € R™ and every ¢t > 0, we set
-1 2
H(w,y,t) = =@/ / exp < | (x,0) t* (y, )l > .
RP

On account of ([BI2), we know that there exists a constant ¢ > 1, only depending on G and on Z
(which, in their turn, only depend on the set X), such that

(4.24) TP H (z,y,e7 ) <A(ta,y) < TP H (2, y, )
for every x,y € R™ and every ¢t > 0. These bounds, together with the preceding Propositions
and 4] immediately give ([2.6]). O

5. ESTIMATES FOR THE DERIVATIVES OF I

The aim of this section is to establish (upper) Gaussian estimates for the space derivatives
along X1,...,X,, and for the ‘time derivatives’ of arbitrary order of ~, that is Theorem 2.4} (ii).
To begin with, we state the following theorem proved in [4], which provides integral representations
(analogous to formula [BI0)) for any space/time derivative of ~.

Theorem 5.1 (See [4, Theorem 3|). Under the previous assumption, and keeping the notation of

Theorem [3., for any nonnegative integers a, h,k and any choice of indexes i1,...,%h,J1,..., ]k N
{1,...,m}, we have the following representation formulas
a “ xr xT
60 () X Xiate)
a\“ 1
= a1 S dae (t, (y,0)~" = (z,m)) dn;
RP
(5.2) 2 CYXy...Xy (t )
) ot J g T\ Y
o\ _
= =) Zj - Zjoe ) (6 (2,007 % (y,m)) do;
RP ot
5.3 AN XY XY XT . XTA(t
(5.3) ot TR Pt PR ih’Y(axay)

_ /Rp <<%)azjl - Zj (Ziy -+ Ziyv6) o'[)> (t,(z,0)" % (y,m)) dn,
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holding true for every (t,x) # (0,y) in R, Here 7: RN — RN js the map defined by
it,u) = (t,u™")
and u=" is the inverse of u in G = (RN x).

While the proof of our Gaussian estimates for the derivatives appearing in (5.2) and (&) is,
by now, quite straightforward, for the mixed case in (5.3)) it will require some extra work. We start
establishing the following proposition, which will be useful for the case of mixed derivatives.

Proposition 5.2. With the above notation, for any nonnegative integers o, h,k and any choice of
indexes i1, ..., 4h, J1, .-, Jk € {1,...,m}, there exists c¢1,c2 > 0 such that

a2y T ~(@+2a [[ul®
(g) Zjy -+ 25 (Ziy -+ Ziyye) o T ) (u)| < eq t7(@F20H0HR/2 oxpy (_E ’

for every u € G and every t > 0.

In turn, Proposition follows from two facts which are stated separately in the next two
lemmas, since they may be of independent interest.

Lemma 5.3. Let Y be a 1-homogeneous (but not necessarily left invariant) smooth vector field on
G. Then, it is possible to find another 1-homogeneous smooth vector field Y such that

Y(fou)=(Yf)or  for every f € C®(RN),
where 1(u) = u~" is the inversion map on G.
Proof. First of all, let us write the dilations on G as:
Dy(u1,...,un) = (A% ug, ... AN up) (for any A > 0 and u € G).

We can write

where b;(u) is a (o; — 1)-homogeneous polynomial function. Moreover, using the structure of the
inversion map on homogeneous groups (see, e.g., [8, Corollary 1.3.16]), we know that the k-th com-
ponent of ¢(u) is a ag-homogeneous polynomial function. Therefore

N N
V(ron =Y b 3 5 () 5k
j=1 k=
N N o of B N of
:kil ; ]( )a_ui( ) a—uk(L(u):;ck( )a—%(( ))

and ¢ is a homogeneous polynomial function of degree
(j — 1)+ (ax — o) = ag — 1.
Next, we define ¢ = ¢ o t. Since the dilations Dy are group automorphisms, we have
(i) Dx(u(u)) = ¢(Da(w));
(ii) ¢k (Da(u)) = cx (Da((w))) = A Loy (u(u)) = A% =16, (u).
Hence, ¢, is (aj — 1)-homogeneous as well, and

N

Y(fou)(u) = Ek(L(u))aa—lj;(L(u)) = (Sfo)(L(u)),
k=1
where Y := Z;ivzl Cr(u) Oy, is a 1-homogeneous vector field (in view of (ii)). O

Next, let us prove the following:
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Proposition 5.4. Let a,r be nonnegative integers, and let Yi,...,Y, be 1-homogeneous (but not
necessarily left invariant) smooth vector fields on G. Then, there exist constants c¢1, ca > 0 such
that, for every u € G and every t > 0, the following Gaussian bound holds

AN 2 2 HUH2
’(E) Yi - Yoyg(t,u)| < e +—(Q/2+a+r/2) exp (_ ) )
Cgt

Proof. If Y1, ..., Y, are 1-homogeneous and left invariant vector fields on G, this result is proved by
[9, Theorem. 2.5] (see also (B.8)) in Theorem [B4). We are going to show that the result for left
invariant 1-homogeneous vector fields easily implies our more general statement.

In fact, let Xi,..., Xy be the canonical basis of G, i.e., X; is the unique left invariant vector
field on G such that X;(0) = d,,. Up to possibly reordering the X;’s, we can assume that X; is
a;-homogeneous, with 1 = a1 = ... = @y < Amg1 < Apga.... < ay =8, and s is the step of G (that
is, Lie(G) is nilpotent of step s). Then, for homogeneity reasons, we have

N
Xi=0u + Y bix(w)dy,  (fori=12.,N),

Q>0

where b (u) is a (ar — @;)-homogeneous polynomial function. In particular, since Xy = 9,,, we
can solve the above system in 0,,, ..., 0y, using backward substitution, thus writing

(5.4) Ou; = X + Z i (u) X (fori=1,2,...,N),

Q>0

where ¢ (u) is a (ar — «;)-homogeneous polynomial function.
Let now Y be a 1-homogeneous vector field. Owing to ([&.4]), we have

N N N N
YV = Zﬁi(u) Ou, = Zﬂi(u) Xi+ Y ea(w)Xy | = Z%‘(U)Xz

Q>0

where ~;(u) is a (a; — 1)-homogeneous polynomial function. Notice that, since X7, ..., X,,, are gen-
erators of Lie(G), every X; with ¢ > m can be written as a linear combination (with constant
coefficients) of commutators of X7, ..., X,,, of length «;. Thus, since the Gaussian bound holds for
left invariant vector fields (see B3)) in Theorem [34]), we obtain

2
Yrg(t,u)| < ; Xivcl(t, S (@Fe)/2 ¢ ——”f”
[Ye(t,u) E [vi(w)] - [ X6 (t, w) E exp =

i=1 i=1

a;—1 Q+a; )/2 ||u||2
< K Z ||’LL| N -t N exp *W
m—(@+1>/2z el W.exp i C&
2.\ o

2
¢ t—(@FD/2 exp (_”U” )
Cgt

where the last inequality follows from (&2]). The general case then follows by iteration. Il

IN

We are now ready to prove Proposition

Proof of Proposition[5.2 By repeatedly applying Lemma [5.3] we can rewrite
o\” _ O\ ~ -
(5) Zj1"'ij((Zil"'Zih’YG)OL) — {(E) Zjl"'ij(Zil"'ZihVG)}OL

with 7(¢,u) = (t,u~1). Here the Z;’s are 1-homogeneous and left invariant, whereas the Z-’s are just
1-homogeneous. Anyhow, we can apply Proposition [5.4] and get the desired result. (I
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With Proposition in hand, we can prove the Gaussian estimates on the derivatives.

Proof of Theorem [24}(ii). We distinguish three different cases.
CaseE 1. Y1,...,Y, = X7 --- X7 . Then, by (51), (3.8) and Proposition E.2] we have

AN T T
}(&) Xil"'XiTV(tazay)}

@, 07"+ (@,m)|
o (M0 )

ct
d2
exp (_ X(‘Tay)) )
|Bx (y, V1) ct
The assertion then follows by Remark
CASE 2. Y1,...,Y, = X7 --- X . Then, by (5.2), (3.8) and Proposition 1.2} we have

a «@
() Xt Xt

0 -1
PYECUSITE TP
P ct
1 d>
exp < X(zay)> )
| Bx (2, V)] ct
Case 3. Yi,...,Y, = X7 - XJ X¥ ... X7 (with k +h = 7). In this last case, by exploiting

21

(E3), Proposition and again Proposition [£.2] we obtain

<c +—(Q/2+a+r/2) /
R

S Ct—(a-‘r’l‘/2)

< ot (@/2+atr/2) /
R

< ct—(atr/2)

8 “ Yy Yy x x

ot
-1 2
o <|<x,o> (g, )l ) "
P Cgt

1 d3
exp (_ X(:an))
|Bx (,v/1)| gt
This ends the proof. O

< o —(@/2+atr/2) /
R

S Ct—(a-‘r’l‘/2)

6. AN APPLICATION TO THE CAUCHY PROBLEM FOR H

As anticipated in the Introduction, in this section we exploit the global Gaussian bounds of I"
to study the unique solvability of the Cauchy problem for H. More precisely, we extend the result
proved in [4, Thm. 4.1], where the Cauchy problem is studied for bounded continuous initial data,
to possibly unbounded continuous initial data, fastly growing at infinity.

As for the proof of Gaussian estimates, we will make Assumptions 1] and will also assume
(H3) (see Section B]). As noted before, condition (H3) amounts to assuming that we are not in a
Carnot group (see also Remark after the proof of our result for some explanation on this point).

We start with the following

Definition 6.1. Let S, := (0,7) x R™, for some fixed 7 € (0, +0o0]. Given any function f € C(R"™),
we say that u : .S; — R is a classical solution of the Cauchy problem

{J‘CUO in S;,

(6.1 u(0,2) = f(z) forz € R™

if it satisfies the following properties:

(1) u € C?(S,) and Hu = 0 pointwise on S.;
(2) limy_,o+ u(t,x) = f(x) for every fixed z € R™.
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Using the upper Gaussian estimates of I, we are able to prove that (GI))) admits (at least) one
classical solution when the initial datum f grows at most exponentially. In what follows, we set

px(x) :=dx(0,x) (x € R™).
Theorem 6.2. There exists T > 0 such that, if f € C(R™) satisfies the growth condition

(6.2) / [f ()| exp (= ppX (y) dy < +oo
RTL
for some constant p > 0, then the function
(6.3) u(t, z) = /n L(t,2;0,y) f(y)dy = /n vt z,y) fy)dy

is a classical solution of ([GJ)) on the strip Sty,,.
Furthermore, it is possible to find constants 7,6 > 0 (depending on u) such that

(6.4) /S exp (—6p% () |u(t,z)| dt dz < 4oo.

.

Finally, if ui,us are two classical solutions of (6.1) with the same continuous initial datum f, and
if u1,ug satisfy condition [64) in two strips S, Sr,, respectively, then

up = ug i Sy, for 7 = min{r, 2 }.
Before proving Theorem we establish, for a future reference, the following easy lemma.
Lemma 6.3. For every fixed 8 > 0, we have
(6.5) ¢(y) == exp (—Op% (y)) € L'(R").

Proof. Since ¢ is bounded, it suffices to show that ¢ is integrable at infinity. To this end, if 01, ..., 0,
are as in (2.1)), we consider the homogeneous norm

N(y) =D |y (yeRM,
j=1

and we prove that ¢ is integrable on the set O := {N > 1}. Now, using Lemma [4.1] and taking into
account that both N and px are dy-homogeneous of degree 1, we have

1 = 1
¢<y>dy§c/—dy:c / Loy
/o 0 pX W) kzzo (2r<N<ar1y P (y)

(performing the change of variable y = dor (1))

= C u . —_— .
fren<ay ¥ (u) 24k

k=0
This ends the proof. (I

We are now ready to prove Theorem

Proof of Theorem[6.2 Assume that f € C(R") satisfies (6.2]), and let u be as in ([6.3).
STEP I. Let us show that u is well defined and solves (@) in some Sp. To this end, let R > 0
be arbitrarily fixed, and let ¢r € CJ(R™) satisfy the following properties

e ¢op =1 on {px < R};
e o)p=0o0n {px > 2R};
e 0 <¢pr <1lonR"

Then, we can write

u(t,r) = /n Y(t,z,y) f(y)or(y) dy + /Rn Y(t,z,y) f(y) (1= or(y)) dy = ui(t, 2) + ua(t, z).
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Since f¢g is bounded continuous, by [4] Theorem 4.1] we know that wu; is well defined for every
t > 0, and it solves (G.I]) with initial datum f¢r on the whole of on (0,+00) x R™. In particular,
since ¢ =1 on the set {px < R}, for every x € R™ with px(x) < R we have

lim uy(t,z) = (for)(z) = f(x).
t—0t+
We now prove that there exists a suitable 1" > 0, independent of the chosen R, such that the following
facts hold on the bounded stripe Sp,, g := (0,T/u) x {px < R}:
(i) ug is well defined;  (ii) uz it solves the equation Hu = 0; (iii) ua(t,x) — 0 ast — 07.
As for (i)-(ii) we observe that, by the Gaussian estimate (2.6), we have

A% (z,y)
ot

Jualt, ) < —2—— e (- ) 17l ay

| <
|B(z, V)| Jipx)>2r)

= G ) e (k) 0l e (- i)

On the other hand, for every z,y € R™ satisfying px(z) < R and px(y) > 2R, one has

dx(e.9) = px(v) — pxe) = X,
as a consequence, we get
(6.7) exp (% + M)?((y)) < exp (pi(y) (4%)15 - u)) <1,
as soon as ¢ € {px < R} and %@t — > 0, that is (setting 71 := 1/(4p))
r<
W

Gathering together all these facts, for fixed (¢,z) € St, /,,r We obtain

|ua(t, )| < Ct,z/ [f ()] exp (= ppX (y)) dy < +oc.
RTL

Now, using the Gaussian estimates (Z7) for the derivatives of 7, and arguing exactly as above, one

can easily prove that us € C’Q(ST/H,R) and Huz = 0 on St/ g, where

1
(6.8) T := min {Tl, E} and C is as in (271).
Next, we show that for ¢ — 07 we have us(t,z) — 0 if x € R" satisfies px(z) < R. To this end we
first observe that, by (313, for every ¢ > 0 and « € R™ we have

q
(6.9) B, VDI > 1 S falg) 42 > [y 1972 = g 1072,
h=n

with kg := 71 f; (remind that f,,..., f, > 0 and f, is a positive constant). As a consequence, by
combining ([6.9), (6.6) and (6.7), for every (¢,7) € S/, r We obtain the estimate

e—pi(y)(ﬁ,t—u) )
bl se [ e ) e (- p ) dy
px(y)>

We are going to show that, by Lebesgue’s theorem, the last integral goes to zero as t — 07. On the
one hand, for every fixed y € R™ with px(y) > 2R, we have

t—0t

I (e_pi(y)(%@t_“) 6_4R2(4%>t_“)
1m e Pre———
t—0t

) —ppx (y) i e
A0 ) < tim S o,
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On the other hand, for every t > 0 and every y € R™ satisfying px(y) > 2R, one has

2 1 2( 1
o) (2 —n) o, o~ AR (5 —n) o
——m |f(y)| e HPx W) < — |f(y)| e HPx W)
74R2(L7,u)
(A 4ot _ 2 _ 5 .
s <t7/) ) e AW = c|f(y)| e x W e LUR™),

and thus, by Lebesgue’s theorem, we conclude that

lim ws(t,x) =0 for every x € R™ with px(z) < R.

t—0+
Summing up, we have proved that us satisfies (i)-to-(iii) on S7/u,R, as desired.

Finally, due to the arbitrariness of R > 0, we then conclude that u is a classical solution of
problem (E1)) on the stripe Sy, (with T" as in (6.8)).

STEP II. Let us show that u satisfies a bound (6.4]) for some §,7 > 0. Since u is a continuous
function on the stripe Sr/,,, the integral

/ / lu(t,z)| exp ( — 6pk (z)) dt dz
0 J{px(z)<R}

is finite for every choice of §, R > 0 and every 0 < 7 < T'/u. So, it is enough to show that there exist
suitable ¢ € (0,+00) and 0 < 7 < T/ such that

/ / lu(t, z)| exp ( — dp% (z)) dtdz < +oc.
{px(x)>1}

By the very definition of v in ([63]), we have

/ / lu(t,z)| exp ( — 0p% (2)) dt d
0 J{px(z)>1}

<L (Leenlswla) e (k)

We then split the space integral as follows

/ </ v(t, 2, y) [ f () dy> exp ( — 0p% (z)) da
{px(z)>1} R™
= / (/ v(t,z,y) |f () dy) exp (— dpx (2)) dx
{ox ()>1} \J{px (1)>20x ()}

+/ (/ y(t,z,y) | f(y)] dy) exp (— 0px (2)) da
{px (z)>1} {px(y)<2px(z)}

= A(t) + B(1).
As for A(t), by combining the Gaussian estimate (2.6) with ([6.9]), we get

A(t) < e / / e dX(T 2t () e hPX () | ()] dy e~ 0P% (@) 4.
T2 e @s1y \Jiox >>2px<m>}

for every z,y € R", one has

px(@)
) exo (= 40 (57 1) ) = o)

) and px(z) > 1, we obtain

moreover, using the fact that dx(z,y) > px(y

d2
exp(%Jru )<exp<

As a consequence, since in A(t) we have px (y PX

(
(%) < exp (pxg—ix) *403((96)(2%5 — 1 > = exp (pi(z)(é 4u)>

Sexp< (éﬁlu)),
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provided that t € (0,7/u), see (68). Using this last estimate, we get

A(t) < t% e~ (F-n) (/n |F ()| exp (= upX (y)) dy) (/n exp (= dp% (x)) dw)

- ta/2

where we have exploited Lemma [6.3] From this, we finally obtain
/ A(t)dt < / %e—(ﬁ%u) dt < +o0, for any 7 € (0,7/u) and any 6 > 0.
0 0

As for B(t), since px(y) < 2px(x), we have

B(t) = / / (t, 2, y) X @) | f(y)] e PR W) dy) 0@ g
{px (z)>1} {px(y)<2px(x)}

< /n [f ()] exp (= ok (v)) </ IRICERY el 0)rx (@) d:c) dy.

Thus, if we choose § > 44, from Theorem B4} (iv) and (vi) we obtain

/ Yt 2, y) e O—HIPA @ g S/ Y(t,z,y)dz = 1.

n

As a consequence, we get
BO < [ 15wl dy = c< v
from which we derive that
/T B(t)dt < +o0 for any 7 € (0,7/u) and any & > 4pu.
0

Summing up, we conclude that u satisfies ([@.4]) for every ¢ > 4p and every 7 € (0,T/p).
STEP III. Let us prove the uniqueness result. By linearity, it is enough to show that if for some

7 > 0 the function u € C?%(S,) is a classical solution of

(6.10) {J‘Cu() in S;,

u(0,2) =0 for x € R™
and satisfies (6.4)), then u =0 on S,. Denoting again by 7, the projection of RY onto R", we set
u:5,:=(0,7) x RN - R, u(t, 2) == u(t, m(2)).
Obviously, & € C2(S,); moreover, since u solves (6.10) and Hg = 37, Z37 — 9y is a lifting of I (see

j=
33), it is easy to check that u is a classical solution of

Heu=0 inS,,
(6.11) { et -

1(0,2) =0 for z € RV,
We claim that there exists 6 > 0 such that

(6.12) [ exp (=3 |12 [(t, 2)| dt dz < +oo.

-

Once this is proved, by [l Theorem 6.5] we derive that & =0 on §T, and thus u =0 on S,.
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To prove ([GI2)), let 7 > 0 to be fixed in a moment. By using Proposition (with z = 0 and
t =0"1>0), we obtain the following computation

[ e (=B 1a1?) e, 2)l dece = [ exp (=3 &)IP) [, (v, €))| de dodg
S

T T

619) = [ ([ o (=51 0P) ¢ ) ate o) avas

52
< = A / exp _9rx(@) |u(t, z)| dt dz,
§9/2|Bx(0,6-1/2)| Js, K

for a suitable constant k > 1 . As a consequence, if we choose 5:=6- K, with ¢ as in (64]), from
[613) we immediately deduce the claimed (612). This ends the proof. O

Remark 6.4. In the special case of Carnot groups, the uniqueness part of our result was already
known, after [9, Thm. 6.5], and in our proof (Step III) we have explicitly exploited that result, relying
on the assumption (H3) and the lifting technique. On the other hand, in the proof of our existence
result (Steps I-II) we have never exploited assumption (H3) and the lifing technique. Actually, our
proof in Steps I-II works also in Carnot groups, and our existence result extends the one proved in
[9, Corollary 6.2], where a stronger pointwise (instead of integral) bound was assumed on f.

If the initial datum satisfies a slightly stronger assumption than (6.2)), we can refine the previous
results getting existence and uniqueness of the solution for every ¢ > 0:

Proposition 6.5. Let f € C(R"™) satisfy the growth assumption [62) in the following stronger form:
there exist o € (0,2) and p > 0 such that

(6.14) /R [f )| exp (— pp&(y)) dy < +o0.

Then, the function u defined by ([G3) is a classical solution of ([GII) on Se := (0, +00) X R™.
Proof. Using assumption (6.I4)), it is easy to see that for every fixed § > 0 one has

(6.15) [ 15 exp (= 030) dy <+

R’Vl
As a consequence, from Theorem [6.2] we derive that the function v in (6.3)) is a classical solution of
(6.10) on Sy for every 0 > 0, hence on the whole of S... O

7. AN APPLICATION TO THE DIRICHLET PROBLEM FOR H

The aim of this section is to show how our global Gaussian estimates for I' can be used to study
the solvability of the J(-Dirichlet problem on an arbitrary bounded domain £ C R'*™. All the results
we are going to present basically follow by combining the results of the previous sections with the
investigations carried out (in an abstract framework) in [20, 23] [24] [35].

To begin with, we need to establish the following proposition.

Proposition 7.1. The CC distance dx associated with our system X = {X1,...,Xm} of homoge-
neous Hormander’s vector fields satisfies the so-called segment property: for every fized x,y € R™
there exists a continuous path 7 : [0,1] = R™ such that v(0) =z, (1) = y and

dx(z,y) =dx (x,v(t)) +dx (v(t),y) forall0 <t < 1.

Proof. This fact has been proved in [8, Corollary 5.15.6] in the context of Carnot groups. Actually,
the same proof can be repeated in our setting; the only nontrivial point that must be checked is that
the dx-balls Bx (z, p) are bounded in the Euclidean sense (for all z € R™ and p > 0).

To prove this fact, we argue as follows. First of all, since the distance dx is topologically
equivalent to the Euclidean distance, there exists some r > 0 such that the Euclidean ball Bg(0,1)
contains the dx-ball Bx(0,7). On the other hand, for every R > 0 we have

6./r(Bx(0,R)) = Bx (0,7) C Bg(0,1);
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hence, 6, /r(Bx (0, R)) is bounded in the Euclidean sense and, by the explicit form of 4, /5, the same
is true for Bx (0, R). From this, since for any z € R™ and p > 0 we have Bx(z, p) C Bx(0, R), with
R = p+dx(x,0), we conclude that every dx-ball is bounded in the Euclidean sense. O

Using the segment property of dx, jointly with the properties of I' listed in Theorem and
the global Gaussian estimates ([2.6]) in Theorem [Z4] we can apply the axiomatic approach developed
in [23]: denoting by H the sheaf of functions defined as

Qs H(Q):={ueC®Q): Hu=0in Q},
we have that (R™, H) is a f-harmonic space satisfying the Doob convergence property. In this
context, given a fixed open set 2 C R!*", we say that
e a function u: Q@ — R is H-harmonic in Q if u € H(Q);
e a function u : Q — (—o0, +00] is H-superharmonic in  if
(a) u is lower semi-continuous (1.s.c., for short) in Q;
(b) the set {z € Q: u(z) < +oo} is dense in (X
(c) for every v € C(§2) such that v|, € H(2) and v < u on 9 one has v < u on Q.
e a function u : Q — [—o0, +00) is H-subharmonic in Q if —u is H-superharmonic in .
We denote by H(Q) (resp. H(f2)) the (convex) ) cone of the H-superharmonic (resp. H-subharmonic)
functions in Q. Obviously, we have H(Q) = —H(Q2) and H(Q) N H(Q) = H(QQ).
Let now Q C R be a fixed open set, and let ¢ € C(9€). We say that a function u: Q2 — R
is a classical solution of the H-Dirichlet problem
Hu=0 in§
(7.1) { u in £,
ulpq =
if it satisfies the following properties:
e ucC(Q)and u‘ﬂ € C%(Q);
e Hu=0in Q and u‘ag = .
Since H = £ — 0; satisfies the Weak Maximum Principle on every open subset of R1™" (see, e.g., |3
Example 8.20]), there exists at most one classical solution of the Dirichlet problem (ZIl); however,

the existence of such a solution for a general ¢ € C(99) is not guaranteed. For this reason, we
introduce the so-called PerrondASWieneraASBrelotaASBauer (PWBB, in short) solution of (Z.)).

Following [23], we first consider the functions
Q

H () :=inf {u(z) : ue H(Q) and lin_1>infu(w) > ¢(wo) for all wy € 9N} and
w—wo
ﬂg(ac) ;= sup {u(z) : v € H(Q) and lini}sup u(w) < p(wo) for all wy € 9N},
w—wo

Then, since (R'*™", H) satisfies Doob’sconvergence property, it can be proved that
7 _ g0 . g0
H,=H,=:H,¢c H(Q).

We shall call this function the PWBB solution of ([TI). Obviously, if u is the classical solution of
(1), one has v = H, fj on ; on the other hand, even if H, fj can be constructed for an arbitrary
p € C(90) and it is always H-harmonic in €2, one cannot expect (in general) that

wh—{go Hg(w) = ¢(wp) for wy € 092
The following definition is thus plainly justified.

Definition 7.2. A point wg € 0N is called H-regular if
(7.2) lim Hg(w) = p(wo) for all ¢ € C(09).

w—wo
Due to the validity of the segment property for dx, the ‘good’ behavior of I' in Theorem 3.5 and
the validity of global Gaussian estimates for I'; we are entitled to apply to our context all the abstract
results established in [20, 23] 24] B5]. As a consequence, we obtain several necessary/sufficient
conditions for a point wy € I to be H-regular (in the sense of Definition [T2).
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Throughout the sequel, given any compact set K C R, we define

Vi (w) = liminf (Wk (2)), where
(7.3) zZ—w .
Wk (z) :==inf {v(z) : v € HR"),v > 0on R""™ and v > 1 on K}.

The function Vi is usually referred to as the H-balayage of ug =1 on K.

Theorem 7.3. |23, Thm.s 4.6 and 4.11] Let Q C R be a bounded open set, and let wy = (to, 7o)
be a fized point of OY. For any r > 0, we define
V. (wo) == {w = (t,z) € R\ Q: ¢ <o, (dy(z,20)* + [t — t0]2) /" <7,

and we denote by V,. the so-called H-balayage of ug =1 on Q. (wp), that is,
(7.4) Vi = Vo (o)
Then, following assertions are equivalent:

e wq is not H-reqular;

o there exists v > 0 such that V,(wo) < 1;

o Vi(w)—=0asr— 0T,
On the other hand, if there exist real constants M, p,0 > 0 such that

H:C € Bx(l'o,Mp) : (tO - p27$) ¢ Q}’ 2 0|BX(1'0’MP>|7

then wo is H-regular.

Another sufficient condition for H-regularity is the following.
Theorem 7.4. [20, Theorem 5.1| Let Q C R**™ be an open set, and let wo = (to, o) € IQ be fizved.
Moreover, let {Bx}o<x<1 be a basis of closed neighborhoods of x¢ in R™ such that

ByCB,if0<A<pu<l.
For every A € (0,1), we define
Q5 (wo) := ([to — A\ to] x BA)\ Q2 and Th(wo) :={z € R™: (to — \,z) € Q5 (wo)}.
Then the point wq is H-reqular if
1imsup/ Y(A g, &) dE > 0.
k \ 0+ T>\ (UJU)

By making use of the so-called 3{-Wiener function (associated with the open set © and the
point wg € 0N), it is possible to derive a necessary and sufficient condition for wy to be regular.

Theorem 7.5. [23| Theorem 5.4] Let Q C R™™ be a bounded open set, and let wy = (to,z0) € OQ
be fixred. Moreover, given a number p > 0 and a sequence {ry}tren converging to 0 as k — 400, we
define the H-Wiener function (associated with Q and wg) as

—+o0

(7.5) Ww) =Y i’“(‘”),

k
— P
where Vi, =V, and, for every r > 0, the function V, is as in ([C4l). Then
wo s H-regular if and only if W(w) — 0 as w — wyp.
Finally, by making explicit use of our global Gaussian estimates for I', we can obtain criteria

for H-regularity which are resemblant to the classical results proved by Wiener and Landis for the
heat operator A — 0;. In order to clearly state these criteria, we first fix some notation.

Given a compact set K C R let Vi be the H-balayage of ug = 1 on K defined in (Z.3).
By classical results of Potential Theory, it is known that Vi is H-superharmonic on R'*": as a
consequence, there exists a unique positive Radon measure jt = g on R'*” such that

HVi = —pg in D'(R'™) and supp(uk) = K.
(see, e.g., [29]). We then define the H-capacity of K as follows
Co(K) := pr (K).
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Moreover, if M (K) denotes the set of non-negative Radon measures on R'*" with support contained
in K, we also define the a-Gaussian capacity of K as follows

Co(K) :=sup {V(K) : v e MY(K) and / Ga(t,z;8,y)du(s,y) <1 for all (t,x) € RH"},
K

where for every a > 0 we have used the notation

0, ift <s,

7.6 Go(t,z;s,y) = 1 2
(7.6) ( 2 —exp(—aidX(x’y)) if t > s.
|Bx (z, v/t — s)] t—s

Notice that, using (Z6]), our Gaussian estimates (2.6]) reads as
1
E Gg(ta x;5s, y) < F(ta Z;s, y) < QGl/Q(ta Z;s, y) (fOI' all (ta ZL'), (Sa y) € R1+n>'

Here is a ‘Wiener-type’ test for H-regularity.

Theorem 7.6. [24, Theorem 1.1] Let Q@ C R*™ be a bounded open set, and let wy = (tg, o) € 0.
For every fized X € (0,1) and every h,k € N, we define

Q (wo, A) == {w = (t,x) ERM\Q: M <t —t < AP,

2
< exp (M) <L (dx (z, m0)* + [t — to[?)/* < \/X}

Ah=1 to—1 AW

Then, if 0 > 0 is as in 28), the following facts hold.
o if there exist 0 < a < 1/p and b > ¢ such that

Z Woa)‘)) A\bh = 400

Pyt |BX Zo, Ak/2)|

then the point wq is H-reqular.
e [f the point wy is H-regular, then

f * (wo, )) AP — 1o

h,k=1 ‘BX w0, AF/2)| 7
for every0 <a<1/p and b > p.

Finally, a ‘Landis-type’ condition for H-regularity is given by the following theorem.

Theorem 7.7. [35, Theorem 1.3] Let Q C R be a bounded open set, and let wy = (to, xg) € ON.
For every fized XA € (0,1) and every k € IN, we consider the set

1 1

QZ(&J()) = {w = (t,l’) S RlJrn \ Q0 W < F(to,l‘o;t,x) < m} U {(to,l‘o)},

where I is the global heat kernel of H. Then wy is H-regular if and only if

+oo
D Vg wy)(wo) = +00
k=1

where Voe () is the H-balayage of ug =1 on Qf (wo), see (T3).
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8. SCALE-INVARIANT HARNACK INEQUALITY FOR H

In this last section we prove a scale-invariant Harnack inequality for non-negative solutions of
Hu = 0. This fact easily follows, via the lifting procedure, from the analogous result proved on
Carnot groups in [9, Corollary 4.5]. It is however a result which is worthwhile to be pointed out.

Given any point wy = (tg, o) € (0,+00) x R™, any number r > 0, we define
Clwo,r) = {(t,x) e R : dx(z,20) <1, [t —to| <7’}
Furthermore, for every A € (0,1/2), we set
Sa(wo,r) == {(t,z) e R : dx(z,20) < (1 = N)r, Ar* <tg—t < (1—Nr’}.
We are ready to state our result.

Theorem 8.1. For every h, k = 0,1,2, ... and every fizred A € (0,1/2), it is possible to find a positive
constant v = vp i, x > 0 such that, for every wy = (to,x0) € (0,+00) X R™, every r > 0, and every
nonnegative function u € C*(C(wo,r)) satisfying Hu = 0 on C(wo, ),

(8.1) sup | Xi, -+ X, (8y) u| < vrm 2R 4 (W),
Sx(wo,m)
for every iq,... ip € {1,...,m}.

Proof. Letting vy := (z0,0) € RY and @y := (to,v0) € RV, we define

C(@o,r) = {(t,v) e R"N t dz(v,00) <7y |t —to] <r?} and

SA (@o, T 7{ (t,v) € RN - dy(v,00) < (1 =Ny, M2 <tg—t < (17)\)7"2}.

Let then u € C?(C(wo, 7)) be any non-negative function satisfying of 3u = 0 on C(wp,7). Denoting
by 7, : RN — R” the canonical projection of RV onto R", we set

u(t,v) == u(t, m(v)) (v e RY).
Since Bz (vo,r) C 7, ' (Bx (20, 7)) (see Proposition B.ZH(iii)), we have
€ C*(C(&o, 7).
Moreover, since u > 0 and Hu = 0 on C(wp, ), from the lifting property (3.9) we derive that

u>0 and Heu=0 on C(@o, 7).
Putting together these facts, we are entitled to apply [9, Corollary 4.5], obtaining
(8.2) sup ‘Zh AN (6,5)’“@‘ <y~ (h428) u(to,vo),
Sx(@o,r)

where v > 0 is an absolute constant only depending on h,k and A\. We now claim that the above
([B2) is precisely the desired [81]). In fact, by the very definition of @, we have

(8.3) u(to, vo) = u(to, o) = u(wo);
moreover, by repeatedly exploiting ([B.4]), we get

Ziy -+ Zuy (0 1t 0) = (0 (Zis -+ Ziy (v ult, 7 (0))) )
= (@) (Zi+++ Zins (v (X 0) (7 (0)) )

=...=(0)"Xs, - X;u) (t, m(v))  forall (t,v) € C(@o,7).
From this, taking into account that m,, (Bz(vg, (1 — A\)r)) = Bx(x0, (1 — \)r), we readily obtain
(8.4) sup |Zi, -+ Z, (0)Fu| = sup ) | X, -+ X, (00)ul.

S\ (@o,r) Sx(wo,r

By combining (82), (83)) and (B4]), we finally derive (8I]), with an absolute constant v > 0 which
depends on the chosen h, k and A (but not on wg, r nor «). This ends the proof. [l
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