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Abstract

We prove the validity of the p-Brunn—Minkowski inequality for the intrinsic volume
Vi, k =2,...,n — 1, of symmetric convex bodies in R”, in a neighbourhood of the

unit ball when one of the bodies is the unit ball, for 0 < p < 1. We also prove that
this inequality does not hold true on the entire class of convex bodies of R”, when p
is sufficiently close to 0.

Mathematics Subject Classification Primary 52A40 - 52A20; Secondary 26D10

1 Introduction

The Brunn—-Minkowski inequality is one of the cornerstones of convex geometry,
the branch of mathematics which studies the theory of convex bodies; in one of its
formulations, it states that the volume functional V), is (%)—concave, that is

Vu((1 = Ko+ tKDY" > (1 = 1)V, (Ko) V" + 1V, (K™,
VKo, K1 € K", V¢t e[0,1], (1.1)
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and equality holds if and only if Ko and K are homothetic, or contained in parallel
hyperplanes. Here V,, is the volume, that is, the Lebesgue measure in R"”, Ky, K
belong to the set of compact and convex subsets (convex bodies) of R, denoted by
K", and the “sum” of sets indicates the Minkowski linear combination, that is, the
vectorial sum. We refer the reader to the survey paper [15], and to the monograph
[30] for a thorough presentation of the Brunn—Minkowski inequality, its numerous
connections to other areas of mathematics, and applications.

Inequality (1.1) has a great number of variations and generalizations which consider
different kinds of sums and different kinds of shape functionals; here we are interested
in extending it to the so called p-addition of convex bodies and to the intrinsic volumes,
rather than the classical volume.

The p-sum of convex bodies was introduced by Firey in [14] for p > 1, and offers
an extension to the Minkowski sum (which represents the case p = 1). Its definition is
based on the support function of aconvex body K , whichis denotedby i : S"! — R
(see Sect. 2 for definitions and preliminary results) and finds its motivation starting
from the behaviour of the support function with respect to the Minkowski sum of sets.
More precisely: for every K, L € K" and «, 8 > 0 the following equality holds:

hek+pL = ahg + Bhy.

This relation motivates the definition of p-addition, for p > 1: for K, L € K", both
containing the origin (that is, K, L € ICS), and for o, B > 0, the p-combination
a-K+,pB-L,withp >1,is defined as the convex body whose support function is
given by

ha Ktpp.L = (@hf + Bh)'P.

This definition is well posed since (oth';< + ,BhZ)l/ ? is a (non-negative) support
function, by the condition p > 1. The p-addition is at the core of the branch of
convex geometry currently known as L ,-Brunn—-Minkowski theory (see [30, Chapter
9]), which received a major impulse by the works of Lutwak (see for instance [22,
23)).

A recent breakthrough in this context is due to the works [5, 6] by Boroczky,
Lutwak, Yang and Zhang, where the authors begin the analysis of the range p < 1,
focusing on the case p = 0. In particular, in [5] they establish the following form of the
Brunn—-Minkowski inequality for the case p = 0, called the log-Brunn—Minkowski
inequality, which we state in Theorem 1.1. Given Ky and K; in K7, and ¢ € [0, 1],
consider the function &, : S"~! — R” defined by

he o= hy ',

Then define the convex body (1 —¢) - Ko +¢ ¢ - K1 as the Aleksandrov body, or Wulff
shape, of h;; that is:

(1—1)-Ko4ot-Ki :={x eR": (x,y) <h;(y) Vye S}, (1.2)
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where (-, -) denotes the standard scalar product of R”.

Theorem 1.1 (Boroczky, Lutwak, Yang, Zhang) For every Ko, K| € K2, origin sym-
metric, and for every t € [0, 1]:

Va((1 —1) - Ko +ot- K1) > Va(Ko) 7' Va(Ky)'.

Equality holds if and only if Ky and K are dilates of each other, or they are paral-
lelotopes.

In [5] the authors conjectured the same result to be valid in arbitrary dimension;
this is the well known log-Brunn—Minkowski inequality conjecture.

Conjecture (Log-Brunn—-Minkowski inequality—Boroczky, Lutwak, Yang, Zhang)
For every Kg, K| € Kf, origin symmetric, and for every ¢ € [0, 1]:

Va((1—1) - Ko+o 1 - K1) = Va(Ko) ™' V(K1) (1.3)

The idea used in (1.2) to define the 0-sum has been extended to define the L , convex
combination of Ky, K| € K, for p € (0, 1). Given ¢ € [0, 1], we set

(A—1)-Ko+p 1K= {x ER": (x,y) < ((1 =kl () + 1l )7 vy e S"—l}.
Note that, by standard properties of p-means, for every p > 0 it holds:

(1-1)-Ko+ot- K1 S (1 —1)-Ko+, t- K1, VYKo, K1 €Ky, Vtel0,1]
(1.4)

(see (2.4) below). Hence, by the previous inclusion and by a standard argument based
on the homogeneity of the volume, inequality (1.3) would imply:

Va((1 —1) - Ko +p t - K)P" > (1 = 1)V (Ko)P™ + 1V, (K1)P", (1.5)

for every p > 0, that is a Brunn—Minkowski type inequality for the p-sum, for p > 0.

The conjectures about the validity of (1.3) and (1.5) originated an intense activity
in recent years, and much progress has been made in this area (see [3, 4, 8, 10, 11, 17,
20, 21, 24-27, 29, 31]).

As already mentioned, inequality (1.1) has been generalized in many directions. It
became the prototype for many similar inequalities, which bear the name of “Brunn—
Minkowski type inequalities”, where the volume functional is replaced by other
functionals. Among them, we mention those verified by intrinsic volumes as func-
tionals defined on X", with respect to the standard Minkowski addition. Indeed, for
every k € {0, 1, ..., n}, the following inequality holds:

Vi((1 =Ko+ tKDYE > (1 — O Ve(K) V¥ + ¢V (KDY, VY Ko, K1 € K", Vit el0,1]
(1.6)
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(see [30, Theorem 7.4.5]), where Vi is the k-th intrinsic volume. In particular, when
k = 1 equality holds in the previous inequality for every Ko, K1 and ¢, while for
k = n inequality (1.6) is the classical Brunn—Minkowski inequality (1.1). Note that
(1.6) implies a corresponding inequality with respect to the p-addition, for every
p > 1,in K7, due to the monotonicity of intrinsic volumes.

The question that we consider in this paper is whether intrinsic volumes verify a
Brunn—Minkowski inequality with respect to the p-addition, for p € [0, 1), in K.

To begin with, we present the case k € {2,...,n — 1} (note that, for k = 0, Vy
is constant, k = n is the case of the volume, and the case k = 1 will be described
separately). We prove two types of results, one in the affirmative and one in the negative
direction. Our first two results state the validity of the p-Brunn—Minkowski inequality
for intrinsic volumes, in a suitable neighborhood of the unit ball B, of R”, for every
p € [0, 1). We denote by ICS’S the family of origin symmetric convex bodies.

Theorem 1.2 There exists n > 0 such that for every k € {2,...,n}and p € [0, 1), if
K € ICSJ is of class C*>% and verifies

11— hg 2@t <.
then

Vi1 =1) - By+ot-K) = Vi(B)' ™ Vi(K)' V1 e(0,0), (1.7
and

Vi1 = 1) - By 4p t - K)PF > (1 = ) Vi(B)P* + 1V (K)PF V1€ (0, 1).
(1.8)

Moreover, equality holds in (1.7) and in (1.8), if and only if K is a ball centered at the
origin.

The proof of (1.7) in this theorem is in the same spirit of analogous (and, in fact,
stronger) results concerning the volume, proved in [10, 11, 21]. The argument can be
heuristically described as follows: (1.7) is equivalent to the concavity of log(Vj), with
respect to the 0-addition. We compute the second variation of log(V}), and we prove
that it is negative definite at the unit ball. Then, by a continuity argument, we deduce
that such second variation continues to be negative definite in a neighborhood of B,,.
As in the case of the volume, determining the sign of the second variation amounts to
analysing the spectrum of a second order elliptic operator on S"~!. As it is pointed
out in [21], this method dates back to the proof of the standard Brunn—Minkowski
inequality for the volume, given by Hilbert (see also [2]).

Concerning (1.8), we deduce it from (1.7), using (1.4) and an argument based
on homogeneity. Moreover, again by homogeneity, (1.8) and (1.7) could be stated
replacing B, with the ball of radius R > 0 centered at the origin, for an arbitrary R.

In the case of the volume, k = n, and for n > 3 and p = 0, Theorem 1.2 is
contained in [10]. For 0 < p < 1, when p is sufficiently close to 1, the validity of the
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p-Brunn—Minkowski inequality for the volume has been proved for the entire class
of centrally symmetric convex bodies, with contributions by Kolesnikov and Milman
[21] and Chen, Huang, Li, Liu [8] (see also [26]).

We also show by counterexamples that for p sufficiently close to 0, the p-Brunn—
Minkowski inequality for Vi does not hold in K", forany k € {2,...,n — 1}.

Theorem 1.3 Foreveryn > 3, k € {2,...,n — 1}, there exists p € (0, 1) such that
for every p € (0, p) the p-Brunn—Minkowski inequality for Vi does not hold in ICS’X.
That is, there exist Ko, K| € IC& ¢ such that

1 1 Foa , 1 »
Vi E'Ko +p§'K1 < EVk(KO)" +§Vk(K1)k, (1.9)

if0<p < p.

Indeed we built some counterexamples by considering k-dimensional cubes, with
faces parallel to coordinate hyperplanes, embedded in R" in such a way that the
dimension of their intersection is minimized. The construction shows how the value
p depends on n and k.

The analysis of the case k = 1 yields a reverse Brunn—Minkowski inequality: this
is a direct consequence of the linearity of V| with respect to the Minkowski addition.

Theorem 1.4 Letn >3, p € [0, 1), t € [0, 1]. For every Ko, K| € K it holds
Vil —=1)- Ko+, t- Kp)P < (1 =t)Vi(Ko)? +1tVi(K)P. (1.10)

Moreover, equality holds if and only if either one of the two bodies Ky and K| coincides
with {0}, or they coincide up to a dilation.

As it is well known, Brunn—Minkowski type inequalities (and in particular equal-
ity conditions), are often decisive for uniqueness in the corresponding Minkowski
problem. The relevant problem for intrinsic volumes is in fact the so-called Christoffel—
Minkowski problem, which asks to determine a convex body when one of its area
measures is prescribed (see [30, Section 8.4]). As an application of Theorem 1.2, we
find the following local uniqueness result for the solution of the L, version of the
Christoffel-Minkowski problem, 0 < p < 1.

Theorem 1.5 There exists n > O such that foreveryk € {2,...,n—2}and p € [0, 1),
if K € K, is of class C>* and

1 — hK||c2(sn—1) =n,
then the condition
hig " dSi 1(K, ) = dSe-1(By. ), (1.11)
implies that K = By, (here Sx—1 denotes the area measure of order (k — 1) of K).
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A more general result, under the assumption that 7y € C 4(S”’l), is proved in [7]
(see also references contained therein). Moreover, the case k = n of Theorem 1.5 was
already established in [10]. Note that (1.11) can be written as a partial differential
equation on "~

h()' P Sk 1 (hij (x) + h(x)8i)) = Cuk (1.12)

where 4 indicates the support function of K, h;j, fori, j = 1,...,n — 1, are the
second covariant derivatives of /4 with respect to a local orthonormal frame on $"~!,
d;; are the usual Kronecker symbols, Sy_1(h;; + hd;;) is the elementary symmetric
function of order (k — 1) of the eigenvalues of the matrix (h;; +h3;;) and ¢, x = (z:%)

In Sect. 5.1 we also present a local uniqueness result for Eq. (1.12), in the more
general context of Sobolev spaces. The argument is based on the inverse function
theorem for Banach spaces, and it is completely independent of the Brunn—Minkowski
inequality.

Organization of the paper After some preliminaries, given in Sect. 2, Sect. 3 concerns
properties of intrinsic volumes relevant to the computation of their first and second
variations with respect to the p-addition. The proofs of Theorems 1.2 and 1.4 are given
in Sect. 4, while Theorem 1.5 is proved in Sect. 5. Eventually, the proof of Theorem
1.3 is contained in Sect. 6.

2 Preliminaries
2.1 Notations

We work in the n-dimensional Euclidean space R”,n > 2, endowed with the Euclidean
norm | - | and the scalar product (-, -). We denote by B, := {x € R" : |x| < 1} and
S"~!:= {x € R” : |x| = 1} the unit ball and the unit sphere, respectively.

2.1.1 Convex bodies and Wulff shapes

The symbol K" indicates the set of convex bodies in R”, that is, convex and compact
subsets of R”. For every K € K", hg denotes the support function of K, which is
defined, for every x € S"1 as:

hg(x) = sup{(x,y): y € K}.

We say that K € K" is of class C> if its boundary 8K is of class C? and the
Gauss curvature is positive at every point of 0K .

We denote by Kjj the family of convex bodies containing the origin in their interior
and by K the family of those elements of Kj which are origin symmetric. We
underline that a convex body contains the origin if and only if its support function
is non-negative on " !, and the origin is an interior point if and only if the support
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function is strictly positive on $"~!. Moreover, K € K" is origin symmetric if and
only if hg is even.
For p > 1,the L, Minkowski linear combination of K and L in Ky, with coefficients
o, B > 0, denoted by
a-K+,8-L,
is defined through the relation

ha-k4,p.L = (@h + Bh)P. VK L € Kg, Va,p > 0. 2.1

Given a continuous function f € C(S""!) and f > 0, we define its Aleksandrov
body, or Wulff shape, as

KIfl={x eR": (x,y) < f(y). Vye S},
It is not hard to prove that K[ f] is a convex body, and
hkip=f.

Moreover, equality holds in the previous inequality if f is a support function. Notice
that, by definition, if f = R, where R is a positive constant, it holds K[ f] = RB,,.

For p > 0, the L, Minkowski convex combination of K¢, Ky € K, with parameter
t € [0, 1], is defined as:

(I —1)- Ko+pt- Ki = K[((1 = Ohl +th )71, (2.2)

and we interpret the case p = 0 in the following limiting sense:

(1—1)-Ko+ot-K; = K[h}gofh'Kl]. (2.3)

Notice thatif p > 1 this coincides with the classical L , Minkowski linear combination
defined by (2.1). Moreover, for all p € (0, 1), the following chain of inclusions

(1—1)-Ko+ot-Ki1 S(1—1)-Ko+, t-K; € (1 —1)Ko+ 1K,
V Ko, K1 € K, V1 €[0,1] (2.4)

holds. Indeed, by the monotonicity property of the p-means we have
1
hy 'R < (1 =0kl +th)r < (1 = Dho + 1 hy,
where hg and /| denote the support functions of Ky and K, respectively; hence from
(2.3) and (2.2) we get (2.4).
For K € K"and k € {0, ..., n}, Vi(K) denotes the k-th intrinsic volume of K ; the

intrinsic volumes are described in more details in Sect. 3.
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2.2 The matrix Q

For a function ¢ € CZ(S"’l) andi, j € {I,...,n — 1}, we denote by ¢;, ¢;; the first
and second covariant derivatives with respect to a local orthonormal frame on S"~!.
Moreover, we set

Olel = (QijleDi,j=1....n—1 = (@ij + ©8ij)i,j=1,..n—1,
where 6;, 7, j € {1,...,n — 1}, denotes the Kronecker symbols. Then Q[¢] is a
symmetric matrix of order (n — 1).

The following proposition can be deduced, for instance, from [30, Section 2.5] and
it will be used several times in the paper.

Proposition 2.1 Let K € K". The body K is of class C>% if and only if its support
function hg is a C*(S"™") function and

Olhk] >0 onS" L.
We set
C>HS Y =thec’S"Y: O[h] > 0on S";

that is, C>(S"~!) is the set of support functions of convex bodies of class C>+. We
also denote by Cg (S 1) the set of support functions of convex bodies of class C
in Cj.

2.3 Elementary symmetric functions of a matrix

Let N € N (in most cases we will consider N = (n — 1)); we denote by Sym(N) the
space of symmetric square matrices of order N. For A = (a;;) € Sym(N) and for

r € {1,..., N}, we denote by S, (A) the r-th elementary symmetric function of the
eigenvalues Aq, ..., Ay of A:
Sr(A) = D ki

I<ij<ip<--<i,<N
For completeness, we set So(A) = 1. Note that
Sn(A) =det(A), Si(A) =tr(A).
Forr e {1,...,N}andi, j € {l,..., N}, we set

95, (A)

SY(A) =
Y ==
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,,,,,

.....

tity matrix of order N, then, for every r € {1, ..., N}, we have

N
Sr(dy) = <r> 2.5

Moreover,

ij N -1 .
Sy (y) = .1 dij, Vi, jefl,...,N},

i.e.

ij N—1
(S AN))ijeq1,...Ny = <r _ 1)11\/- (2.6)
This follows from (2.5) and from [12, Proposition 2.1]. We also set

925, (A)
0a;joag ’

s a) =
forr e {1,...,N}andi, j, k,l € {1,..., N}.

2.4 Integration by parts formulas

The following integration by parts formulas hold.

Proposition 2.2 For every h, ¥, ¢, ¢ € C>(S*™1),
/S 98OI i + ¢by) dx = /S eS8 QU @iy + i) dx. 2.T)
[ v b + )@y + ) s
= /ﬁ SN QU @y + 08 (g + psy) d, 238)
where we have used the convention of summation over repeated indices.
The proof follows from Lemma 2.3 in [9] (see also [10, (11)]).
2.5 The Poincaré inequality on the sphere

Given a function ¥ € C'(S*™!), we denote by Vi the spherical gradient of
(that is the gradient of ¥ as an application from S"~! to R; see for instance [1]). For
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¥ e C2(S" 1), we denote by IV lL2@ -1y, IV L2 n-1y, 1Y | c2(sn-1y the standard
L? and C? norms on the sphere, respectively.

Proposition 2.3 (Poincaré inequality on S"~) For every ¢ € C'(S"™1) such that

Y(x)dx =0,
sn—1

it holds
2 1 2
Yo(x)dx < —— [V (x)]* dx.
sn—1 n—1 §n—1

The constant in the previous inequality can be improved under a symmetry assump-
tion, as the following result shows (see, e.g., Section 2 in [10] for the proof).

Proposition 2.4 (Poincaré inequality on S"~! with symmetry) Let ¢ € C1(S"™!) be
even, and such that

Y(x)dx =0.
Sn—l
Then
2 1 2
Yo(x)dx < — [V (x)|” dx. (2.9)
gn—1 2n Jgn-1

3 Intrinsic volumes
Given a convex body K € K" of class C>t and k € {0, ..., n}, the k-th intrinsic

volume of K can be written in the form:

1
Vi(K) = et
e

[S RS () d,

where h = hg € C>T(S" ) is the support function of K, and «; denotes the j-
dimensional volume of the unit ball in R/ (see formulas (2.43), (4.9) and (5.56) in
[30]). Based on the previous formula, we consider the functional

1
Fe: C2F(S") = 10, 00).  Fe(h) = ;/yl h(x) Se-1(Q[R](x)) dx,

and we define
Fie: C*HS™hH > Y, Filh) = Sim1(Q[h)). 3.1
The functionals Fy and F have the following properties.
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1
e Fi(h) = % /Snil h(x)Fi(h)(x)dx.

e Fi is positively homogeneous of order (k — 1), that is:
Fi(th) = t* 1V F(h), Yhe > S Y, Vi > 0.
Consequently, Fj is positively homogeneous of order k.
e For every h € C>1(S"!) there exists a linear functional Ly (h): C*(S""!) —

C(S"1) such that, for every ¢ € C2(S"™1),

. Fi(h +s¢) — Fi(h)
1m
s—0 N

= Li(h)e,

where Ly (h)¢g denotes Ly (h) applied to ¢. L admits the following representation:

Li(he = S, (QIh)(¢ij + 98i)), (3.2)

where the summation convention over repeated indices is used (see [ 12, Proposition
4.2]).
e Forevery h € C>H(S"™1), Li(h) is self-adjoint, that is,

/ WLk(h)ﬁvdx:/ @Li(h)y dx,
sn—1 sn—1

for every ¢, ¥ € C>(S"~1). This follows from Proposition 2.2.

We conclude this section by recalling the first and second variation of the functional
Fy. In order to do this, we fix an element /& of C>1(S"~!) and we consider a differ-
entiable path &, in C>(S"~1), passing through /. In other words, for some & > 0,
we have a map (—¢, €) 3 s = hy € C>T(S*™!) such that

ho = h,

and the following derivatives exist for every s and for every x € "~

) d .. d? 43
hs(x) := %hs(x)a hs(x) := th(X) and hs(x) = Ehs(x)-

We also set

h=hs|_y, h=hs|_, and h = hs|_,-
We assume that the limits giving the previous derivatives are uniform in x.
In the following proposition we recall the first and second variations of Fy (we refer

to [12] for the proofs).
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Proposition 3.1 For every h € C>(S*™1), for every ¢ € C*(S*™') and for every
s € (—e,¢), with ¢ > 0 sufficiently small, we have

d .
L Filhy) = f s Fe(hs) dx,
R Sn—l

and

d? .. . .
—2F(hs) =/ hyF(hg) dx —i—/ hyL(hg)hg dx.
ds §n—1 sn—1

4 Proof of Theorems 1.2 and 1.4
4.1 Thecasek e {2,...,n}

In this subsection we prove Theorem 1.2.

4.1.1 Computations and estimates of derivatives

We consider a convex body K € IC§ of class C>7, and we denote by & € C§’+ (S* 1
its support function. We fix ¥ € C*(S"~!) and we define, for sufficiently small |s|,

hy = he'V. 4.1

The proof of the following result follows from [10, Remark 3.2].

Lemma4.1 Let h € C§’+(S”’1) and hg as in (4.1); there exists ng > 0 (depending
on h) with the following property: if y € C*(S"~1) and

1V llc2(sn-1y < Mo,
then

hy € CoH ("™, Vsel[-2,2].

From here on, we will always assume that & angl I/f"are.:' §uch that iy € C§’+(S"_l)
for every s € [—2, 2]. Asin Sect. 3, we denote by kg, hy, h the first, second and third
derivatives of /; with respect to s, respectively. When the index s is omitted, it means
that these derivatives are computed at s = 0.

Letk € {2, ..., n}; we are interested in the function

1 1
Ji(s) := E/ hs (%) S—1(Q[hs](x)) dx = E/
sn—1

sn

, hs(x)Fr(hg)dx. (4.2)
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Lemma 4.2 With the notations introduced above, we have, for every s:

7 = [ @Sl
fls) = /S )81 (QUAs1(0)) d + /S S Q) Qi lhs) ) d,
and

76 = [ iwsciiw a2 [

Sn

| s )SL (01100) Qi) ) d
+ fs S (QIh0)) Qi hs) () Qrsls ] () dx
+ /S (S (Q1Rs10)) Qs 1) dx.

Proof The formulas for the first and the second derivatives follow from Proposition

3.1 and from (3.2). For the third derivative, the proof is similar to the one in [10,
Lemma 3.3]:

76 = [ i@scime s+ [

Sn

S QU100 045l 1) dx
+ /Sl 15 (0)SY L (O 100) Qi s 1(x) dx

* /S hs (¥) S (QUA1(x)) Qi U5 106) Qrs U 1) dx

+ fS,H hs(0) S, (QLR(x)) Qi ls1(x) dx,

where we have used (3.2) and [10, Remark 3.1]. O
If K is the unit ball, then & = 1; consequently

hy =eV, hy=hyW, hy=hgy? and Fy = hyo. 4.3)

These formulas, together with Lemma 4.2, lead to the following result.

Corollary 4.3 Let K be the unit ball. With the notations introduced above we have

S (n—1
£u0) = '(” )

k n—=k

n—1

flO) = (k_ 1) AR

v (M—2\[ =Dk 2
wo= (T[S E [ e [ vave]

(where A denotes the spherical Laplacian).
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Proof First note that, from (4.1), hg = 1. From (4.2) we get that

f<0>—1/ Sy pde = 2 (1
KO =g Sende=—=—{ )

Lemma 4.2, (2.6) and (4.1) imply

n—1
[(0) = dx.
fk() (k_l)\/gn—ll// o

Moreover, from Lemma 4.2, (2.6) and (4.3) we have

. _ n—1 5 n—2 o B
fk ©0) = (k—]) - ¥ dx+<k—2> /;n_l W&j(‘ﬂz] +W8U)dx

_ (n—2)! n—1 24 Avd 0 24
_(k—2)!(n—k)!{k—l oV x+/s,,flw Vdx+(n = /&Hw x}

_ n—2\[(mn—-1Dk 2
_(n—k>[ =1 oV dx+/snflwm/’dx]‘

]

Lemma4.4 Leth € Cg’+ (S"1), and let no be as in Lemma 4.1. There exists a constant
C > 0, depending on h, n and k, such that if € C*(S*~) and

19l < mo. (4.4)
then, the following estimates
[fxk(s)| <C, foralls e [-2,2]; 4.5)
16 < Clllcagny. foralls € [-2.2]; (4.6)
O = C (112 gy + IV @r))» foralls € [=2,2; @.7)
O = Cl @y (012,01, + IVVI2,601)) . foralls € <2, 2);
4.8)

hold true.

Proof The proof is similar to the one of Lemma 3.5 in [10]. Throughout the proof, C
denotes a positive constant depending on /4, n and k.
We firstly observe that, since (4.4) is in force, there exists C > 0 such that
lAsllc2@n-1y < C, foralls € [-2,2].
Then,

|hs (x)Sk—1(Qlhs](x))| = C, foralls € [-2,2]; 4.9)
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and we immediately deduce (4.5).
Now we prove (4.6). From Lemma 4.2 we get

FAOTE ‘ fs () S (QUs 1) dx

— ‘/Snl Y (x0)hs (x)Sk—1(Qhs](x)) dx|,

and so from (4.9) we obtain the desired estimate (4.6).
Letus now prove (4.7). Again, from Lemma 4.2 and the integration by parts formula
(2.7), we have

I ()] <

/S VPR (0861 (QUhs1 () dx

+ ‘ /S VRS (QUhs1)) Qij[Yhs1(x) dx

<ClI¥ 17, @n-1) + ‘ fs SLQIBIE) Wh)i ) (Wh) j(x) dx

<CIVI7, g1y + CIVU 201y

hence we have the bound in (4.7).
Finally, we show that (4.8) holds. From Lemma 4.2 we get

1)) =

/SH s ()Y () Sk—1 (Qlhs1(x)) dx

+2 ‘ /S @@ S Q1) Qi lhs Y 1(x) dx

+ ‘/S"_I h ()Y () S (Q1hs1(6)) Qi s ¥ (x) Qs[5 Y 1(x) dx

+ ‘ fS @S Q1)) Qi lhs ¥ () dx

Using formula (2.7) from Proposition 2.2, we get

/S @S (Q1hs1(0)) Qs Y1) dx

= /S VP S QL) Qi s ) ) d,
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thus

1) < Cldllicagnt

/Sn_l hs(x)xﬂ(x)sk_l(Q[hs](x)) dx

+ ClIY 2@y ‘ fS hs )Y () S, (Qlhs1(x)) Qi lhs ¥ 1(x) dx

+ ‘ /S | @Y ST (Q1A100) Qi he 1) Qrslhs 1) dx

+ ‘ [ RS (@16 0y hew dx

Now, arguing as we did before, we have that

1" ®)] < Cl 2@ IV IT @ity + CIY 2@ 1YY 1T, gty

+ ‘ /S V@S Q@) Qi s ¥ () Qrslhy Y1 (x) dx
+ClIY @I VI @)

The third term can be estimated, arguing as before, in the following way:

‘ /S @S Q) Qi s ¥ () Qrslhy Y1 (x) dx

<

fs @Y ST Q1) Qrelhs Y] ()8 dx

+ ‘ /S V@S Q) Qrslh 1) (Yhy )i (x) dx
< Cl¥lic2en IV I7 @1y
+C ‘ /S S QIR0 Qrslhs W 1) (Wrhe) () (Yrhy )i (x)

< Cl¥lic2 e I¥I17 g1y + ClY 2@ IVEIIT, @iy

where we used the definition of Q;;[h;¥] and the integration by parts formula (2.8).
This concludes the proof of (4.8), hence the proof of the lemma. O

4.1.2 Proof of Theorem 1.2

We need one last lemma.

Lemma4.5 Leth: "' — R h = landlety € C*(S"*1) be an even function such
that

1Vl c2sn-1y < Mo,
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where ng is given by Lemma 4.1. Let fi: [—2,2] — R be defined by (4.2), where
k € {2,...,n}. There exists a constant n > 0, which depends only on n, n < ng, such
that if

I¥llc2gn-1y < 1, (4.10)
then the function
s +— log fi(s) isconcavein[-2,2].

Moreover, the function is strictly concave, unless \ is a constant.

Proof We start by computing

, N
1 -k
(log fx) 7

and

i fie — (fk’)z.

(log fr)" = 7

We show that
H(s) = fi(s) f{' () — (f{()* <0
forall s € [—2, 2], provided ||| c2(s»-1y < n and ¥ is not constant. We have

H(0) = £ (0) f(0) — (f)*(0).

First we assume that

¥ dx = 0. 4.11)
sn—1

According to Corollary 4.3, we have that

s m—1
Je©) = — <n—k>

and

, _ n—1 _
S (0) = (k— 1) - Ydx =0.
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Moreover,

P n—2\[(m—- 1Dk 2
TO=\ o) o=t Jod VT L A

L K 2.4 )
B (I’l—k>|: k—1 gn—lw dx ‘/;n—] ”V‘/f” dxi|

Now, since (4.11) is in force and v is even, from Proposition 2.4 we get
n—2 (n— 1Dk /
7(0) < —_— 1 Vi ||% dx.
Tt )_<n—k> |:2n(k—1) } i 1V¥Idx

(n— Dk

L,
2n(k — 1)

we may write
HO) < =y IV¥II7, g1y

where y > 0 depends only on n. Now, for every s € [—2, 2] there exists s between 0
and s such that

H(s) = H0) +sH'(5) = HO) +5 [ i® ") = [iG) [ ®)] ;
from Lemma 4.4, we know that (4.5), (4.6), (4.7) and (4.8) hold true, hence
sH'G) = Cn (1012, sy + 1YV, gy ) < CnlVHIR, g,
where we used Proposition 2.4 again. We have then proved the concavity of f, and

the strict concavity whenever ||V ||, sn-1) > 0, i.e. whenever ¥ is not a constant.
Now we drop the assumption (4.11). Given ¥ € C*(S"™1), let

1 -
my, = W - lﬂdx and I/f = 1// — My, (412)

Clearly ¥ € C 2(S*~1) and ¥ verifies (4.11). Moreover
1 llc2m1y < W llcz@y + Imyl < 20¥ 2@y,
hence if ||| c2(gi-1y < 10/2 then ¥ satisfies (4.10). Since
hy = eV = S Wmy) — e "™ hy,
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we have

Olhs] = ™™ Q[hs] and  Sp_1(Qlhs](x)) = e~ *=Dsmigy 1 (Q[hs](x)),

thus
_ 1 _ _
futs) = fg @S (QIAI0)) dx = M fils). (@13)

We conclude that log f; and log f; differ by a linear term, and the concavity (respec-
tively the strict concavity) of f; is equivalent to that of fi. On the other hand, by the
first part of the proof log f; is concave (and strictly concave unless ¥ is constant), as
long as ||V | c2(sn-1y 1s sufficiently small, and this condition is verified if [|{/[|c2(sn-1)
is sufficiently small.

Finally, note that, by (4.1), if ¥ = v is constant then z; = ¢¥0°. Consequently

fi(s) = eV ¢ >0,

whence log fi (s) is linear.
The proof of the lemma is complete. O

We split the proof of Theorem 1.2 in two parts: in the first one we prove the validity
of (1.7), while in the second one we deduce (1.8).

Proofof (1.7) in Theorem 1.2 Let n > 0 be as in Lemma 4.5, and let K € ICS,S be of
class C%7F and such that

”1 — ]’l”cZ(Sn—l) S n, (414)

where £ is the support function of K. This implies that # > 0 on S"~!, and therefore
we can set ¥ = logh € CZ(S”’I); thus we may write % in the form & = eV Define,
fort € [0, 1],

Ki=(1—-1t)-B,+ot-K,
and let /; be the support function of K;; then
hy =1""h' = ¢V,

Hence Vi (K;) is concave in [—2, 2], which proves (1.7). Moreover, Vi (K;) is strictly
concave unless ¥ is constant, and the latter condition is equivalent to saying that % is
constant, i.e. K is a ball centered at the origin. O

The following remark will be useful for the proof of (1.8) in Theorem 1.2.
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Remark 4.6 If two convex bodies Ky and K satisfy the log-Brunn—Minkowski
inequality

Vi((1—1)-Ko+o1- K1) = Vi(Ko)' ™ Vi(Ky)!, forallz €[0,1], (4.15)

then ¢ Ko and B K satisfy the same log-Brunn—Minkowski inequality, for o, 8 > 0.
Indeed, we consider the convex bodies o K and 8 K1 ; from the definition of 0-sum
we have

(1—1)-aKo+ot-BK1 = K[(aho)' ™" (Bh1)']
— al—tﬂtK[h(l)—l‘htl]
=o' "B[(1—1)-Ko+ot-Kil, (4.16)

where /g and &1 denote the support functions of Ky and K1, respectively. Hence, from
the fact that Vj is k-homogeneous, (4.16) and (4.15) we obtain

Vi1 —1)-aKo+ot - BK1) = o' FBEV(1 — 1) - Ko 4ot - K1)
> oY (Ko)' T Vi(K )
= (@ Vi(Ko)'™" (B* V(K1)
= Vi(@Ko)' ™" Vk(BK1)',

i.e. Ko and BK satisfy the log-Brunn—Minkowski inequality (4.15) too. By the
previous argument, it is clear that we have equality in the inequality for Ko and K if
and only if we have equality in the inequality for « Ko and S K.

Proofof (1.8) in Theorem 1.2 Let B, and K be as in the statement of Theorem 1.2.
In the following we will use an homogeneity argument which is classical in convex
geometry; for completeness we write all the details. Let us define

- 1
= —B
T V(B VR

- 1
and K = WK,
observe that

Vi(Bp) =1 = Vi (K), (4.17)

since Vj is k-homogeneous. Because of Theorem 1.2, B, and K satisfy the log-Brunn—
Minkowski inequality

Vi((1 = 1) - By 4ot - K) > Vi(By)' ™ Vi(K)', forallz € [0, 1].
Thanks to Remark 4.6, B, and K satisfy the same log-Brunn—Minkowski inequality:

Vi((1 —=1)- B, +ot-K)> Vi(B,)' ™" Vi(K), forallr € [0,1]. (4.18)
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Now, for every ¢ € [0, 1] we define

. Vi (K)P/¥
(L= V(By)PIk 4t V(K )P/

Clearly 7 € [0, 1] and

- (1 — )V (B,)P/k
1—7= ,
(1 = ) Vi(B)P/k + t Vi (K)P/k

hence, applying (4.18) with ¢ = 7, we find
Vi((1 =) - By +07-K) = Vi(B)' ™ Vi(K) =1,
where we have used (4.17). On the other hand,

V(1 —1)- By +07-K)

B (1 — ) Vi(B,)P* L
N A= O VBPF+ (Ve (K)PIE V(B E "
tVi(K)P/k 1
+o % % i K
(1 = DOVi(B)P/k + tVi(K)P/k Vi (K)
v (1 — ) Vi(B,)P/* 1 3
N A= OV BOPEH V(KPR Vi (ByP/E "
tVi(K)P/k 1
+o k * 7 K
(1 = D)Vi(Bo)P/* + tVi(K)PI* Vi (K )P/

_ (1—-1) t
=W ((1 Ve B KPP T TV B R Vi (K)PF 'K)
1

N (1 = ) Vi(Bn)P/*k + t Vi (K)P/R)k/p Vi((1—=1t)-B,+ot-K),

where we used the fact that
Vit - K) = VWP Ky =2kPy(K), forall A > 0.
Summing up, we have that
Vi (1 =1) - By +o 1 - K) = (1 = OVi(B)P* + 1V (K)PIFYHP.
The conclusion now follows from the inclusion (2.4), which gives

Vi(A=1)-By+pt-K)

v

Vi((1—1¢t)-B,4+0t-K)
(1 = OVi(B)P* + 1V (K)PIRYIP - (4.19)

v

Assuming that equality holds in (4.19), we see that we have equality in (4.18) as
well. By Remark 4.6 and by the discussion of equality conditions in Theorem 1.2, we
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obtain that K has to be homothetic to B,,. The vice versa of this statement follows
from homogeneity. O

4.2 Thecasek =1

In this subsection we prove Theorem 1.4.

Proof of Theorem 1.4 We firstly observe that (see Sects. 2 and 3)

Vi(K) = h(x)dx.

sn—1

1
/ h(x)So(Q[h](x)) dx =
gn—1 Kp—

n—1

With this remark the conclusion of the theorem follows immediately from Minkowski’s
triangular inequality (if 0 < p < 1) and from Holder’s inequality (if p = 0). Indeed,
letO0 < p < 1 and let K¢, K| € K}, then for any ¢ € [0, 1]

Vi((l—1)-Ko+pt-K1)?

p
h(1—1)-Ko+pt-K (x)dx]

1

Kp—1 Snl

IA

|:Kn 1 Jgr-1

» » 1/p P
1 — DR (x) + th, (x)) dx

) ||(1—t)h +th§l||Ll/p(Sn71)

IA

1 p
) (- l)”hKOHLl/P(Sn 1y + ( 1) t”h';(l e -1y
Kn—

t)Vl(Ko)” + ViK1,

(
While, if p =0

Vi(d—1)-Ko+ot-Ky)
1
= / h(1—1)-Ko+or- k1 (X) dx
Kp—1 n—1

1 / hl l(
x)h (x) dx
Kn—1 Jsn—1

1 1—1 1 t
= |:/ hKde:| |:/ hKl dxi|
Kn—1 [Jsn—1 Kn—1 [Jsn-1

Vi(Ko)' ' Vi(KY)'

IA

From the characterization of equality conditions in the Minkowski’s triangular inequal-
ity and in the Holder’s inequality we deduce that h g, = ahg,, for some o > 0. This
implies that either one of the two bodies Ky and K coincides with {0}, or they are
homothetic. O
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5 Local uniqueness for the L, Christoffel-Minkowski problem

In this section, we prove Theorem 1.5. We will need the following preliminary result.

Lemma 5.1 There exists n > O such that for every p € (0, 1) and if K € ICS’S is of
class C>* and

11— hkllc2@n-1y < n,
then for every t € [0, 1] the function h; : S*~' — R defined by
he = [(1 — 1) +thR]"?
is the support function of a convex body K; € IC(')'ﬁ o of class C 24,

Proof Note that h; € C>(S*~!) for every ¢ € [0, 1]. By Proposition 2.1, we need to
prove that

O[h]>0 onS"!

for every ¢ € [0, 1]. By contradiction, assume that there exist a sequence n; > 0,
J € N, converging to 0, a sequence of convex bodies K; € ICS_S, of class C>7, a

sequence ¢; € [0, 1] and a sequence x; € S"~1, such that, denoting by h ; the support
function of K,

11 —=hjllc2gn-1y < njs
and
Olhj(x;))] <0.
Clearly h; converges to the constant function g = 1 in C?(S"1), and hence h j
converges to hp = 1 in C*(S*~1). Up to subsequences, we may also assume that ¢ I

and x; converge to 7 € [0, 1] and X € S"~1, respectively. As a consequence of these
facts, by the continuity of Q we get

Qlho(x)] =0,

which is a contradiction, as Q[ho] is the identity matrix. O

Proof of Theorem 1.5 We first consider the case p > 0. Let 7 > 0 be smaller than the
two positive quantities, both called 7, appearing in Theorem 1.2 and Lemma 5.1. Let
K € K ; be of class C 2% and such that

I —=hllc2@n-1) =1
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Up to replacing # with a smaller constant, we may assume that g > 0 on S"~!. For
simplicity, in the rest of the proof we will write & instead of &1 x. We also set

Ki=(—1)-By4,t-K, Viel0,1].

By the definition of p-addition and Lemma 5.1, the support function %, of K; is given
by:

he=[1—-1) +th1’]1/”.

We now consider the functions f, g: [0, 1] — R defined by:

£(0) = Wik = [ o[ htsk_l(Q[ht])de/k,
(1) = (1 = O[Vi(B)IP/* + t[Vi(K) 17/
By (1.8) in Theorem 1.2,
f@&) =g, VYielo,1].
Moreover f(0) = g(0), f(1) = g(1), so that
0= ¢ ), f1)<g . (5.1)
Note that
g'(0) = g'(1) = [Vk(K)1P/* — [Vi(B)IP/. (5.2)

By Lemma 4.2, we have:

£/ = 2Bk [ /Sq(hf’ - 1)Sk—1(Q[h0])dx]

PKn—k

/s , h? Sg—1(Qlho]) dx

P 1
[Vi(B)]1F ! .

Kn—k
P 1
—[Vk(Bn)]f‘k / Sk—1(Qlho]) dx
Kn—k n—1
=[vk(Bn>]%—1k / hSi_1(Q[h]) dx — [V (B)1E
Kn—k Jsn—1
= [VeB)IE ' VR (K)] — [V (BDIX, (5.3)

where we have used (1.11). From (5.1), (5.2) and (5.3), we get
Vi(K) = Vi(By).

@ Springer



On p-Brunn-Minkowski inequalities for intrinsic. .. 345

In a similar way, from the comparison g’(1) > f/(1) we obtain the reverse inequality.
Hence Vi (K) = Vi(B,), which implies that f'(0) = f’(1) = 0. As f is concave,
we have that f is constant in [0, 1], which means that the inequality (1.8) becomes
an equality for K. By Theorem 1.2, K is a dilation of B,,. On the other hand, (1.11)
implies K = B,,.

The proof in the case p = 0 is similar; (1.7) in Theorem 1.2 and Lemma 4.1 will
have to be used instead of (1.8) in Theorem 1.2 and Lemma 5.1, respectively. O

5.1 Local uniqueness via a different approach
In this subsection we obtain a local uniqueness result for Eq. (1.11), in the context of

Sobolev spaces, via a different argument.
Letk € {1,...,n — 1} and let g be any real number such that

n—1
g > max {Zk, T} : (5.4)

We consider the Sobolev space W24 (S"1). As ¢ > %, by the Sobolev embed-

ding theorem, C(S"!) continuously embeds in this space. Let X := {h €
W24(S"1): h > 0}. For p € [0, 1), consider the functional

G: X — L3S
defined by
G(h) = h'"P Sk (QIh])

(with the obvious extension of the matrix Q to functions having second derivatives
defined a.e.). G is differentiable in X, and its differential at 2 € X is given by

DG(h)$ = (1 — p)h~P S (QLhD$ + h' =P S (Q[h]) (¢ij + $5i)),

and depends continuously on 2 € X. In particular, at » = hp» = 1 we have, by the
results of Sect. 2.3,

n

—1
DG(hg)p = (1 - p) <Z>¢ + (k - 1)<A¢ +(n— )

!

n(l —p) +

The value
n—1
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does not belong to the spectrum of the spherical Laplacian, for any value of k €
{1,...,n}. Therefore DG(hpn) is invertible. By the inverse function theorem in
Banach spaces (see e.g. [28]), G is injective in a neighborhood of A g» in W2k (S"~1).

Let K € ICS, and let h = hg; assume that h € W24(S"~1). By a standard
approximation argument, and by weak continuity of area measures of convex bodies
(see e.g. [30, Chapter 4]), it follows that

dSi(K, x) = Sg(hij + hé;j)dx.

Assume that 2 > 0 on $"~! (i.e. the origin is an interior point of K) and that it
verifies (1.11). Then (1.12) holds as well, a.e. on S"~!. Therefore G(h) = G(hp»). If,
in addition, [|2 — 1[ly2.4gn-1) < 0, then K = B".

We have then proved the following result.

Theorem 5.2 Letk € {1,...,n—1}andlet g € Rverify (5.4). There exists a constant
n > 0 such that if K is a convex body containing the origin in its interior, verifying
(1.11), with support function h € W>4(S"~1) and

Ih — lw2an-1y <0,

then K = B".

6 Proof of Theorem 1.3: counterexamples

In this section we show that for every k € {2,...,n — 1} there exists p such that
the p-Brunn—Minkowski inequality for the intrinsic volumes does not hold, for every
p < p, thatis, (1.9) is satisfied for suitable K¢, K| € ICg’s.

Given k € {2,...,n — 1}, we consider

Ko:={(x1,....,x) eR" 1 x; =0, Vj=1,....n—k
and x| <1,VYi=n—k+1,....n,

Ky = {(x1,..., x) €R" ¢ x| <1, Vi=1,...,kand x; =0,Vj=k+1,...,n}.

Ko and K are k-dimensional cubes of side length 2; therefore Vi (Ko) = Vi (K1) = 2k,
We set, for p € (0, 1),

1 1
KP:ZE'KO_i_pE'Kl,
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so that its support function kg, satisfies

1 1 I/p
— P p
hiey (00 = Rerchng g ) = <5h1<o(x) + 50k, (x)> forall x € R.
6.1)

We denote by {ey, . .., e, } the standard orthonormal basis of R”, and we treat the cases
k > n/2 and k < n/2 separately.

e Case k > n/2. In this case we have

0 ifie{l,....n—k)
higy(Ee)=11 ifiefn—k+1,... k)
1 ifielk+1,....n}

1 ifief{l,....n—k}
and hg,(e)=1{1 ifieln—k+1,... .k
0 ifie{k+1,...,n}.

Therefore, from (6.1),

271 ifie{l,....,n—k}
hi, (£ e) < {1 ifien—k+1,... k)
2-Vr ifiefk+1,...,n).

We deduce that

K, CK:= [—2*1/17, 2*1/P1|”—k 1. 1]21(7;1 « [_2*1/17, 271/pj|n—k ’

where [xg, yo]” indicates the m-dimensional cube given by the product of m copies
of [xg, yo]. This implies

2n—2k
Vi(Kp) < Vi(K) = Vg ([—2_1/”, 2_1/”] x [—1, I]Zk_n)
n
=V (H[—di,ai]) =2k Z i, ... i,
i=1 1<ij<...<ix<n
where

27Ur ifie{l,...,2n — 2k}
a; =
' 1 ifi e{2n—2k+1,...,n}.

Notice that, since k < n, we have n — (2n — 2k) = 2k — n < k, hence when
choosing k intervals among {[—a;, a;1}i=1.... n, at least one of the them is of the

.....
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formz[—2’1/P, 2’1/1”]. We are going to discuss separately the cases k < %n and
k > %n.
3

Ifk < %n, then 2n — 2k > k, and

L 2n =2k
Vi(Kp) <28 > e =2 Z( i >2—'/1’
i=1

1<ii<..<iy<n
k
i=1 !
whereas if k > %n, then 2n — 2k < k and

2n—2k

2n — 2K\ .
ik <2 Y ayea =28 ("i )2’/P
i=1

1<ij<...<ix<n
2n—2k
2n — 2k
< 21{71/[7 — 2k7]/p 22}172/{ _ 1 .
< ;‘ ( ,- ) ( )

Since Vi (Ko) = Vi (K1) = 2F, we have

1 P 1 r\P k
“Vi(Ko)F + Vi (KpD®E ) =27,
2 2

while

Cpi 2F1/P if 2 <k<2n

Vi(K,) <
(Kp) = {2](]/1)(22n2k -1 if%n <k=<n-1

If5 <k< %n, consider

_ 1

p = —?

log, (C k)

and let p < p (note that C, x > 1, so that p > 0). Hence
o

that is, the p-Brunn—Minkowski inequality fails.
If %n < k <n—1, we choose

1

P= log, (227=2k — 1)
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and we take p < p. Hence
ok o 2k—%(22n—2k —1),

that is, the p-Brunn—Minkowski inequality fails.
e Case k < n/2. In this case we have

0 ifiefl,..., k}
hgy(£e;)) =30 ifietk+1,...,n—k}
1 ifie{fn—k+1,...,n},

1 ifie{l,... k}
and hg (£e;)) =10 ifietk+1,...,n—k}
0 ifie{fn—k+1,...,n}
Consequently, from (6.1),
27Vr ifie{l,... k)
th(:I:e,-)S 0 ifielk+1,...,n—k}
271P ifie{n—k+1,...,n)
and we deduce that

Kp S K= [-27107, z—l/P]k x (02 x [0, 2—1/P]".

Therefore,
2% 2k\ j_k
Vi(Kp) < Vi ([—2—1/1’,2—1/1’] x {0}”‘”) = <k )2" P,

Let p and consider p < p. We have

2k k
< ) <2f”
k

k
)2k75, which entails that the p-Brunn—Minkowski

__k
log, (%)

which is equivalent to 2¢ > (3
inequality fails.
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Summing things up, we have the following result: for every fixedk € {2, ..., n—1},
let
k
— forl <k <73,
log, (%) )
Pk = for%<k§%n,

log, Z?Tl ()

- - 2 1.
10g2[22<n7k) T for sn < k<n-—1;

then the p-Brunn Minkowski for intrinsic volumes does not hold if p < pi. In par-
ticular, this proves Theorem 1.3.

Remark 6.1 The value of py is bounded away from 1, as n and k range in N and

{2,...,n— 1}, respectively. We analyse its value and its asymptotic behaviour in high

dimension, in the three cases | <k < 5,5 <k < 25 and %n <k<n-1.

2 3
Case | < k < 7. The sequence

is strictly increasing, hence by > by = 1 for k > 2, which implies that

_ k
log; (%)

Dk <1

moreover limy_, oo pr = %
Case % <k < %n We notice that, since k > 1,

k
3] G IO i) ISV VS VIRE VI S
i 1 33

i=
hence

< ;
log, (2n)/3)

Pk

forevery k < %n and for every n > 3. Hence the asymptotic behavior of py as n tends
to infinity is infinitesimal for every 5 < k < %n

Case %n <k <n—1.Sincen —k > 1, we have p;y < 1/log,3 < 1.
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