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Abstract. Estimating the covariance operator from incomplete obser-
vations is a known problem in functional data analysis. While existing
methods provide consistent estimates of the operator when functional
samples are partially observed on varying subintervals of their domain,
they fail in settings where missing values follow a persistent pattern
across all samples, and entire portions of the domain remain systemati-
cally unobserved. We propose a nonparametric covariance reconstruction
method designed specifically for this setting. Our approach estimates
the covariance kernel through the sample covariance matrix and extends
matrix completion techniques by introducing a Laplacian regularization
which enforces smoothness in the solution. Our method effectively mit-
igates instability and roughness issues associated with purely low-rank
approaches, while preserving accuracy in the reconstruction. The pro-
posed methodology is showcased on multi-temporal interferometric im-
ages of the Phlegraean Fields, Italy, where covariance reconstruction is
key for reliable displacement estimation and natural hazard monitoring.

Keywords: Functional data analysis, incomplete data, covariance re-
construction, Laplacian regularization

1 Introduction

This work considers the problem of estimating the covariance operator of par-
tially observed independent and identically distributed functional data. Recover-
ing the covariance structure from incomplete observations is a well-known prob-
lem in the literature on partially observed functional data [8, 6, 4]. While the
covariance operator plays a fundamental role in functional data analysis — en-
abling dimensionality reduction through principal component decomposition and
facilitating prediction in forecasting problems — it becomes even more critical in
the presence of incomplete functional data, as reconstruction methods for par-
tially observed curves typically rely on its accurate estimation [8, 7].

The fundamental difficulty of estimating the covariance operator in this set-
ting arises from the lack of observed functional pairs for certain domain locations,
making standard empirical covariance estimation inconsistent or even infeasible.
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Currently, solutions exist in certain regimes of data availability. Two commonly
studied cases are the blanket regime and the banded regime. In the blanket
regime [8], a sufficient number of functional samples are available over the entire
domain, allowing for straightforward estimation of the covariance operator using
classical estimators from functional data analysis. In the banded regime [4, 6],
each functional sample is observed on a subinterval of fixed length §, smaller
than the length of the full domain. In this setting, the classical empirical estima-
tor is a consistent estimate of the covariance kernel over a band of width § that
covers the main diagonal of the covariance matrix. Then, the covariance ker-
nel can be effectively reconstructed in the missing cells using matrix completion
techniques which leverage a low-rank structure of the space where the extension
of the kernel is seeked [5, 6].

The solutions proposed for the banded regime do not directly apply when
the functional observations are available only on the same, potentially disjoint
subdomain O of the full domain. In this fragmented regime, entire portions of
the domain remain persistently missing across all functional replicates. We pro-
pose a novel nonparametric approach to covariance reconstruction tailored to
this regime. Building on ideas from [6], we propose to reconstruct the covariance
operator using a regularized, fixed-rank matrix completion framework. By in-
corporating structural smoothness constraints via Laplacian regularization, our
approach mitigates the instability and roughness associated with pure low-rank
methods in the presence of persistently missing values. This allows for a more
reliable estimation of the underlying covariance structure even in cases where
conventional methods fail.

The proposed method is showcased on real data involving Synthetic Aperture
Radar (SAR) images containing ground displacement measurements on the area
of the Phlegraean Fields, in Italy. As SAR signals may be scattered, absorbed,
or reflected away from the sensor by certain ground features —such as water,
vegetation, or rocky surfaces — the analysed images present patterns of miss-
ing values that remain presistently unobserved over replicates. In these cases,
reconstructing the covariance structure in every point of the image is crucial
for recovering missing displacement values and improving monitoring of natural
hazards.

2 Notation and Problem Definition

Consider a sequence of independent and identically distributed random func-
tions, Xi,...,X,, taking values in L?([0,1]), the space of square-integrable
functions over the unit interval. We denote the mean function and covariance
operator of the process by i : [0,1] — R and R : L%([0,1]) — L2([0,1]), re-
spectively. The covariance operator is an integral operator which acts on any
function f € L?([0,1]) through its kernel r(s,t) = Cov(Xi(s), X1(t)); that is,
Rf = fol r(-,t) f(t)dt. We suppose that each curve X; is observed only on a sub-
set O C [0,1], which may in principle consist of multiple disjoint subintervals.
The unobserved portion of the domain is denoted as M = [0,1] \ O.
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When functional data are only partially observed, standard empirical estima-
tors for the mean function and covariance operator cannot be directly applied.
Formally, the estimator for the mean function p at ¢ € [0, 1] reads

i =203 x,),

n

where 1¢(t) is the indicator function corresponding to the observed domain. The
mean function is consistently estimated by [ at locations where observations are
available. However, in regions where no data are observed, the estimator takes
value zero. It will be clear from what follows that having an estimate of p on
M is not necessary to get an estimate of the covariance operator everywhere on
[0,1]2. We argue, though, that extending /i on M through a linear interpolation
of its values on O could be a simple but effective solution for many practical
problems. We hereafter focus on the estimation of the covariance operator.

As it is typically done in functional data analysis, the empirical counterpart of
the covariance operator is obtained through an estimator of its covariance kernel.
Following the notation of [6], for any (s,t) € [0,1]?, we define the empirical
covariance kernel #(s,t) as

n
#s.t) = 2O S™ (. (4) — ) (X,00) — 1)

i=1
Note that for pairs (s,t) where both points lie in M, the estimator is identically
zero, indicating the need for reconstruction in these regions.

We specifically focus on the case where functional data are recorded on an
equally spaced grid. Each function is therefore represented through its evalua-
tions at K predefined points (¢1,...,tx) € T C O, forming a discrete representa-
tion. The empirical covariance kernel can then be compactly represented by the
K x K sample covariance matrix R¥ = {7(t;, tl)}fl:l. The goal is to recover the

missing entries in this covariance matrix to retrieve a complete discrete estimate
of r(s,t) for any (s,t) € [0,1]%

3 Methodology

Inspired by the covariance reconstruction method proposed in [6] for the banded
regime, we formulate the covariance reconstruction as a fixed-rank matrix com-
pletion problem. First, we complete the missing diagonal entries of R* by per-
forming a simple interpolation of the observed diagonal entries. Treating the
diagonal entries of R as observed is crucial in order to ensure the stability of
the solutions to the optimization problem which we present below. In the space
of positive semi-definite matrices with fixed rank r*, we look for the matrix R
which minimizes an objective function composed of two terms. The first term
quantifies the error made in the approximation of the observed cells in R¥. The
second term is a Laplacian regularization, which enforces smoothness by discour-
aging sharp variations in the estimated covariance kernel. This is particularly
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advantageous when the underlying functional process exhibits gradual changes
over the domain. The balance between the adherence to the observed parts of
RX and the smoothness in the reconstructed covariance matrix is controlled by
the regularization parameter «, which adjusts the trade-off between these two
objectives.

To enhance computational efficiency, the problem is solved by leveraging the
positive semidefiniteness of R¥. Specifically, the candidate covariance matrix R
is parametrized as R = oo, where 0 € R” ¥ Then, the optimization is done
over o using the Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm.

The Laplacian regularization is based on an adjacency-based Laplacian ma-
trix that captures the connectivity between domain points and incorporates the
domain structure into the optimization problem. Since the regularization term is
computed over the entire reconstructed kernel, we introduce a weighting matrix
to control the relative influence of observed and missing entries in the penal-
ization term. Note that this strategy is coherent with the weighted approach to
functional data analysis presented in [2]. The weighting matrix, parameterized
by m € [0,1], determines how much the observed and missing entries in the
reconstructed covariance matrix contribute to the penalty. Higher values of m
increase the influence of missing entries in the regularization term, while lower
values prioritize smoothness over the observed data.

The rank r* can be set as high as computational resources allow without
affecting the smoothness of the reconstructed covariance matrix in the miss-
ing entries, as the Laplacian term enforces regularity and prevents instability or
overfitting. The hyperparameters o and m are tuned according to the criteria es-
tablished by conducting extensive simulation studies. The simulations show that
the parameter a should be selected by identifying the elbow point in the recon-
struction error made on the observed part of the covariance matrix. This elbow
arises due to the trade-off in the optimization problem, where smaller « priori-
tizes observed data while larger o reduces its influence, leading to an increase in
the error made when reconstructing the observed cells of the covariance matrix.
For parameter m, on the other hand, the simulations prescribe that its selection
should be based on cross-validation. The cross-validation scheme sequentially
treats rows and columns near existing missing cells as fictitiously unobserved,
selecting m that minimizes the reconstruction error in these left-out cells.

4 Case Study

Synthetic Aperture Radar (SAR) data are collected by Sentinel-1 satellites with
arevisit time as short as six days. The Small Baseline Subsets (SBAS) method [1]
leverages sequential SAR acquisitions to estimate ground displacement over time.
Specifically, SBAS constructs a sequence of high-resolution images, where each
pixel is associated to a time series of surface deformation for the corresponding
ground location [3]. As SAR signals may be scattered, absorbed, or reflected
away from the sensor by certain ground features — such as water, vegetation,
or rocky surfaces — SBAS-processed images are typically characterized by large
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numbers of missing values, which remain absent over all instants of the time
series.

We apply our methodology to SBAS-processed SAR images of the Phlegraean
Fields, in Italy, focusing on a study area of 101 x 101 pixels, where each pixel
represents an 80m x 80m section of terrain. The dataset consists of n = 391
temporal observations. Due to significant autocorrelation between images, we
preprocess the data to remove temporal dependencies.

To reconstruct the covariance structure of the image, we extend the approach
presented in Section 3 to accommodate functions defined over a two-dimensional
domain. Specifically, we modify the Laplacian regularization term to incorpo-
rate the four-dimensional proximity of elements within the covariance kernel.
We determine « by analyzing the curve of the reconstruction error made on
the observed entries of the covariance matrix for fixed values of m, and then
select m using the cross-validation strategy outlined in Section 3. Although our
method operates in a four-dimensional space, Figure 1 provides a simplified visu-
alization by vectorizing three consecutive columns of the reconstructed empirical
covariance kernel for illustration.
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Fig. 1. Empirical covariance kernel (left) and reconstructed covariance kernel (right)
for 79", 80" and 81°* column of the considered area. The rank of the solution is
r* = 130, and the selected hyperparameters are « = 0.01 and m = 0.1.

5 Conclusions

We introduce a nonparametric approach for reconstructing the covariance ker-
nel of partially observed functional data, specifically addressing the newly in-
troduced fragmented regime, where missing values follow persistent patterns.
Building on the low-rank matrix completion framework of [6], which enforces a
low-rank constraint while preserving observed entries, our method incorporates
instead a Laplacian regularization within a fixed-rank formulation. This regu-
larization encourages the smoothness of the reconstructed covariance kernel by
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promoting consistency across neighboring cells of the covariance matrix. We pro-
vide systematic criteria for selecting the regularization parameter o and weight-
ing parameter m. Finally, applying our approach to SBAS-processed ground
displacement data, we successfully reconstruct the covariance structure, demon-
strating its practical applicability. The recovered covariance kernel can then be
integrated into existing methods for functional data reconstruction [8, 7], fa-
cilitating the estimation of the ground deformation in the regions where the
information is missing.
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