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Abstract— Aggregators of energy resources providing
balancing services to the grid face the twofold challenge
of assessing the overall amount of flexibility of the pool
of energy resources, and mapping the power requests by
the grid back to each single energy resource during the
service window. In this paper, we propose a framework that
allows to jointly optimize the power flexibility limits and
determine the disaggregation policy for managing the pool
of energy resources, thus avoiding an additional computa-
tional step in the operational service phase. The baseline
power exchange profiles of the energy resources can also
be optimized to enhance the pool flexibility, and practical
constraints such as time availability of the resources within
the service window or network congestion constraints can
be included. Notably, the resulting optimization problem is
amenable for privacy preserving and scalable distributed
resolution schemes.

Index Terms— Balancing services; Aggregation; Power
flexibility; Disaggregation policy.

[. INTRODUCTION

According to the European Green Deal, the European Union
aims at becoming net carbon neutral by 2050, [1]. This
ambitious goal calls for a substantial increase in the share of
renewable energy sources (RESs). However, integrating a large
amount of RESs like solar and wind into the electrical supply
poses challenges, particularly in terms of balancing services
due to the intermittent nature of these sources. The distributed
nature of RESs makes traditional centralized electrical plants
less suitable for providing balancing services, leading to a
policy shift promoting the use of distributed energy resources
(DERs). In response to this shift, the Ancillary Service Market
(ASM) has introduced products to encourage the participation
of smaller producers, with a reduction of the minimum bid
requirements, [2]. Aggregators play a key role in coordinating
pools of prosumers (small-scale consumers and producers)
to participate in the market, [3], [4]. However, assessing the
flexibility of a pool of prosumers, i.e., computing the set of
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all the power trajectories that the resources in the pool can
jointly provide to the grid along a given time horizon, is a
challenging task, also because the flexibility of the pool must
be represented by a set with a concise and compact description
in order to reduce the complexity of planning, trading, and
control by the aggregator and grid operator, [5].

Due to the inherent complexity of precisely computing the
aggregated flexibility set [6], various approximation methods
have been presented in the literature. We next briefly recall
methods that search for an inner approximation of the flexi-
bility set. Interested readers are referred to [7] for a thorough
review.

Several methods address the approximation of the aggre-
gated flexibility set by first finding an approximation of the
polytopic flexibility set of each individual unit. Key to these
methods is the selection of a suitable geometric representation
for the individual sets to facilitate their subsequent aggrega-
tion. The method in [5] employs zonotopes, a subclass of
polytopes, which can be easily aggregated if they share the
same set of generators, which, however, may limit the quality
of the approximation. The approach in [8], using unions of ho-
mothets of hyper-rectangles, decomposes the polytopic set and
iteratively covers it for an accurate approximation. However,
computation time increases exponentially with the coverage
level, thus causing early stopping of the covering procedure
and limiting the approximation accuracy. A general strength
of these methods is the preservation of privacy since each unit
can compute locally its flexibility set and communicate it to
the aggregator without sharing any sensitive data, an essential
aspect since prosumers are willing to offer flexibility but not
necessarily to disclose private information related to their
own use of local resources. A significant drawback of these
methods is the introduction of conservatism, as the aggregated
flexibility is not directly maximized but is instead computed
by approximating the flexibility at the prosumer level, which
also makes it difficult to incorporate congestion constraints
within the distribution network, thus possibly resulting in an
overestimation of the aggregated flexibility. In contrast to the
above mentioned approaches, the approaches in [9]-[12] seek
to maximize the flexibility directly over the aggregated space.
[9] and [10] formulate the aggregation problem as a projection
operation. In particular the aggregated flexibility is expressed
as the projection of a higher-dimensional set defined by the
prosumers’ power trajectories. Notably, the resulting problem
can be expressed as a robust optimization program, which,
however, requires certain assumptions over the geometry of
the aggregated set to be solvable. For instance, [9] fixes



the structure of the aggregated flexibility by using a simple
polytopic set, while [10] opts for an ellipsoidal set. These
reformulations, however, do not allow to account for network
congestion constraints.

More recent work in [11] and [12] retains the projection-
based formulation while incorporating network congestion
constraints through an additional adaptive step (adaptive robust
optimization). This step ensures that the solution adheres to
network congestion requirements while reducing conservatism
of the solution.

Although the main focus in the literature has been assessing
the overall flexibility of a pool of prosumers that are co-
ordinated by an aggregator, it is important to note that the
aggregator should be able to map any (admissible) power
request by the grid back into the power exchange profile of
each single resource of the pool (disaggregation policy), which
is a demanding task especially in the context of the Balanc-
ing Market (BM), where short response times are required.
Balancing service markets consist of an auction session where
participants offer to the grid their availability to modify their
power request within certain upward/downward limits during
a given service window, and a subsequent real-time session
where accepted participants must provide the actual service
when receiving a power request from the grid within their
declared limits [13]. Aggregators of energy resources offering
balancing services then face the challenges of assessing the
upward and downward power variations that the pool can
withstand in each time slot of the service window for the
auction session, and mapping admissible power requests by
the grid back to each single energy resource for the real-time
session.

Unfortunately, methods [11], [12] do not provide a disag-
gregation policy, thus requiring the additional step of defining
the contribution of each prosumer as soon as the grid power
request becomes available. An interesting approach that avoids
this two-step procedure is proposed in [14], where a finitely
parameterized disaggregation policy that depends linearly on
the power profile requested by the grid is assumed and, ac-
cordingly, an equivalent battery model is derived to assess the
flexibility of the aggregate. By jointly determining the aggre-
gated feasible region and the dispatching policy, method [14]
allows to promptly react to a grid balancing request. Although
inspiring, [14] has some limitations: it assumes an initial
energy condition equal to zero and symmetric bounds for the
energy resources involved, which is hardly the case in practical
problems, and it does not account for network constraints
caused by limits on the capacity of the transmission lines.
[15] proposes an approach to impose network constraints to
the set derived in [14] while reducing conservatism. However,
differently from [14], it does not provide the disaggregation
policy.

Building upon [14], we proposed in [16] a framework for
handling time-varying power and energy constraints while
including arbitrary initial energy conditions. We use a hyper-
cube with constant upward and downward power flexibility
limits over all time slots in the service window to represent
the aggregated flexibility and a linearly parameterized time-
invariant disaggregation policy affine in the grid power request.

We then show that the policy parameters can be derived by
maximizing the volume of the aggregated flexibility set while
considering global constraints like minimum service levels and
network congestion limits and that the resulting problem is
convex with a multi-agent constraint-coupled structure, thus
allowing for a decentralized solution that is computationally
tractable as the population grows while preserving information
privacy. In [17] a disaggregation policy with a time-varying
affine term is provided, which better copes with time variations
of power and energy limits while accounting for general
energy limits and initial state. However, the proposed method
does not account for network constraints and is tailored to
Thermostatically Controlled Loads (TCLs), which limits its
application domain. The aggregator collects the TCL parame-
ters from each prosumer and computes an average TCL model,
whose flexibility polytopic set serves as a template for all
prosumers to compute an inner approximation of their local
flexibility set via a re-scaling scalar factor and a translation
vector defining their disaggregation policy. Since the resulting
local flexibility sets are homothets, the inner approximation of
the aggregate flexibility set is easy to compute using the local
re-scaling factors and translation vectors.

In this paper, we extend our previous work [16] by adding
the following important features:

i) allow the disaggregation policy to have time-varying
gains and affine terms, and the upward and downward
power flexibility limits to differ over different time slots
in the service window;

ii) include the possibility of computing policies with tempo-
ral dependencies, leveraging the knowledge of the system
operator requested power profile some time before the
time window when it needs to be actually delivered,
or adapt the prosumers local power profile after the
requested power profile has been delivered based on the
actual service provided;

iii) enabling the optimization of the baseline exchange profile
of each prosumer, which provides an additional degree
of freedom to increase the overall amount of flexibility,
while satisfying the local demand.

The proposed framework is suited for the aggregation of
energy resources that can be modeled as polyhedral set in
the power domain with possibly linear coupling constraints.
This includes generators as well as storage-like units, such
as batteries, thermostatically controlled loads, and electric
vehicles, subject to constraints on power - both at the indi-
vidual and aggregate levels - and energy as well as to service
market requirements, such as a minimum amount of offered
downward/upward flexibility and also symmetric/asymmetric
bids. Possible applications include the provision of ancillary
services to the grid through the control of air conditioning sys-
tems in commercial buildings [18], the coordinated charging
of electric vehicle fleets [19], and the optimal scheduling of
flexibility-oriented microgrids [20].

The paper is organized as follows. In Section II we introduce
the addressed problem and discuss the challenges involved in
its solution. In Section III, we propose an approximate resolu-
tion strategy where the flexibility set is inner-approximated by



a box and the disaggregation policy is finitely parameterized
as a linear function of the power request by the grid. In
Section IV, we illustrate how several practical cases can
be captured by the proposed framework. In Section V we
showcase the effectiveness of the framework via numerical
simulations and in Section VI we draw some concluding
remarks.

Notation: 'We denote by N the set of positive integers,
by R the set of real numbers, and by R, the set of non-
negative real numbers. Given two sets S; and S,, we denote
by Sp \ So the relative complement of Sy with respect to Sy,
i.e., the set of elements in S; and not in Sy. Given a vector
v € R™ and an index j € {1,...,n}, we denote with v(j)
its j-th component, while if a set of indices J C {1,...,n}
is given, we denote with v[J] the subvector containing the
components of v corresponding to the indices in 7. Similarly,
for a matrix V' € R™*" and two indices r € {1,...,m}
and ¢ € {1,...,n}, we denote with V(r,c) the element
of V in the r-th row and c-th column, while if two set of
indices J, C {1,...,m} and J. C {1,...,n} are given, we
denote with V[7,., J.] the submatrix of V obtained removing
from V the rows with index r € {1,...,m} \ J, and the
columns with index ¢ € {1,...,n}\J.. For a vector or matrix,
superscript - | denotes its transpose and | - | its component-
wise absolute value. For any vector v € R™, we denote
with ||v|leec = max; |v(j)| its infinity norm and with diag(v)
a diagonal matrix with the components of v on the main
diagonal. The identity matrix of order n is denoted by I,
while the vector in R™ with all ones or zeros is denoted as 1,,
or 0, respectively, the subscript being omitted when the size
n is clear from the context. Throughout the paper (in)equalities
between vectors or between a vector and a scalar have to be
intended as component-wise, with the scalar interpreted as a
vector with all components identical and equal to that scalar.

IIl. THE AGGREGATION/DISAGGREGATION PROBLEM

Let us consider a set Z = {1,...,N} of N prosumers
willing to cooperate to offer balancing services to the grid
operator, possibly via a coordinating unit (the aggregator). The
coordination problem is posed with reference to a discrete-time
horizon 7 = {1,..., M} over which the prosumers can plan
their electrical energy exchange with the main grid.

For each prosumer 4, i € Z, we denote with p;(k) € R its
(average) power consumption (if p;(k) > 0) or production (if
pi(k) < 0) within time slot k, k € T, and with p; € RM the
corresponding power exchange profile over the horizon 7. We
assume that the set of admissible power profiles of prosumer
1 € Z can be described (see, e.g., [21]) via a polyhedron

P = {p; e RM: Fyp; < h;},

which possibly accounts for operating constraints, e.g., related
to capacity limits of a storage device, final status of charge of
an electric vehicle, comfort conditions of a thermostatically
controlled load, etc.!

'Equality constraints can be accounted for by means of double-sided
inequalities.

In balancing service provision, a power deviation profile
§ € RM from a nominal power exchange profile p € R is
requested by the grid to the pool within horizon 7. It is thus
convenient to decompose the power profile of prosumer ¢ as

i = Pi + 04, (D

where p; € RM is its power exchange profile when no power
deviation ¢ is requested by the grid, whereas 6; € RM is its
contribution to the deviation profile 9, i.e.,

Sier 8 = 0. )

In turn, p; is conveniently expressed as the sum of two
components

Di = gi + ag, 3)

where g; € RM and a; € RM respectively represent the power
exchanged with the grid and with the other prosumers within
the aggregate so that we have

>ier @i =0, “4)
resulting into

dierDi =D i1 9i = D- )

Clearly, the service requested by the grid may involve only
a subset S C T of time slots, which we refer to as the service
window. Consequently, the requested deviation is zero outside
the service window, i.e.,

5(k) =0, keSS =T\S. (6)

Prosumer 7 may be connected to the grid and the other
prosumers in a subset C; C 7 of time slots, which we refer
to as connection window, and may allow for a deviation from
its nominal profile only in a subset F; C C; of its connection
window, which we refer to as flexibility window. This is coded
via the following constraints:

kecs=T\C,
kE‘/—'.zC:T\fl,

1e€Z, (7)
teZ. (8

Note that even if for a time slot k outside the service
window S the grid request d(k) is zero (cf. (6)), the prosumers
within the pool can still have a non-zero deviation ¢;(k)
from their nominal profile p; within their flexibility window
F; so as to better prepare for or recover from a non-zero
deviation request within the service window. Such a deviation
must be coordinated with the other prosumers in the pool
so that the aggregate deviation §(k) = >, 7 0;(k) is zero,
or k € S°. Also, better preparing for a non-zero deviation
request is possible only if the whole request is known before
the flexibility window starts. We shall assume that this is the
case without any loss of generality, since we can eventually
set the flexibility window to start when we know the requested
profile will be available, or, in the worst case, at the beginning
of the service window, if the request were not available in
advance, so that no anticipative action can be taken anyhow.

Given the nominal power profiles p; = g; + a;, ¢ € Z, of
all prosumers, we can define the corresponding set of possible



power deviations that the prosumers pool can accommodate,
which we refer to as the flexibility set, as

A={6eRY: 6=3,,0 )
(9 +ai+6 €P;, i € I) A (6) A(8)}.

Note that the flexibility set A associated to p; = g; + as,
1 € Z, is a polyhedron given by the Minkowski sum over all
prosumers of the polyhedral sets collecting their admissible de-
viations. Unfortunately, determining an explicit representation
of A in terms of linear inequalities or vertices enumeration is
computationally hard when N is large. For this reason several
approaches aiming at inner approximating A with a simpler
set have been proposed in the literature, [7].

Even more difficult is the problem of finding the nominal
power profiles that optimize a certain feature of A (e.g.,
maximize its extent), which can be formalized as the following
joint optimization problem

max f(Ayg1,...,9Nn,01,...,aN), (10)
{gi,aitiez
subject to:  (4) A (7)

where f(-) is a suitably-defined performance criterion, possi-
bly accounting for the different energy prices for exchanges
with the grid and exchanges within the aggregate. Despite
its inherent complexity, problem (10) plays a central role
in ancillary service provision, e.g., in vehicle-to-grid optimal
operation planning, [22].

Suppose now that ¢7,...,g%, aj,...,ay is an optimal
solution to (10) and A° the corresponding flexibility set
computed according to (9) with p; = g7 + a7, 1 € Z. Then, if
a (feasible) service § = d € A° is requested by the grid, it has
to be mapped into a (feasible) variation é; for each prosumer
1 € Z. This can be done by solving a second optimization
problem

{(%171;1 fd(élaa(sN) (11)
subject to: >, 7 0; =0
gf+af+5i€73¢ A
®)

where a cost criterion f4(-) can be used to promote specific
disaggregation outcomes over others. If fy(-) is “easy” to
minimize (e.g., convex), then (11) is easy to solve. However,
besides requiring a coordination among the prosumers so as
to match the required service §, problem (11) needs to be
solved online within the time interval between the time when
the request by the grid operator is received and the time when
the deviation profile has to be implemented.

Alternatively, one can interpret (11) as a multiparametric
programming problem depending on 6 € A° and precompute
the disaggregation policy (d1,...,0n) : A° — RMN 1In the
case of a convex cost criterion fg(-) that is linear or quadratic,
the parametric solution is known to be piecewise affine and
defined over a polyhedral partition of A°, whose cardinality
grows exponentially with the number of prosumers, [23].
This perspective has the advantage of providing a policy
that is readily available for online application. However, 1)

it requires to solve two optimization problems, one of which
is parametric, ii) it provides to the grid a flexibility set where
the admissible deviations d(k), k € S, are correlated, and
iii) the resulting disaggregation policy is quite complex since
the polyhedral partition of A° has a cardinality that grows
exponentially with the number of prosumers, [24].

In the next section we propose a method to approximately
solve (10) and jointly obtain a disaggregation policy that is
linear in the service request §, by searching for a box-shaped
inner approximation of A, while maximizing the performance
index in (10) with respect to the nominal power exchange
profiles.

I1l. FLEXIBILITY ASSESSMENT AND PoLICY DESIGN

In order to comply with the requirements of the energy
service market, where the offered flexibility has to be given
in terms of upward and downward power variations per time
slot, we inner-approximate the flexibility set A with a box

Bea={6€RM: |§ —¢|<d} CA (12)

where vector ¢ € RM parameterizes the center of the box
and d € R the box side half-lengths. Clearly, d(k) > 0
for all k € S and d(k) = 0 for all £ € S¢, so that we can
accommodate any deviation d(k) € [c(k) — d(k), c(k) + d(k)]
for any time slot k € S.

Similarly to past works [14], [16], we propose to fix the
family of disaggregation policies a-priori. To this end, we
impose the deviation profile of prosumer ¢, ¢ € Z, to be a
linear function

5= K6 (13)

of the deviation profile & requested by the grid. Note that
this entails that when the grid does not request any deviation
(6 = 0), then, all prosumers do not modify their exchange
profile with respect to the nominal one since §; = 0, for all
1 € Z. Differently from [14], [16], the gain K is not a scalar,
but it is rather a matrix K; € RM>*M whose sparsity pattern
depends on the considered scenario (see Section IV-D for some
examples). Using (13) inside (1) and (3) we obtain

pi = Di + K0

=gi +a; + K;0. (14

Differently from [16], we jointly optimize the policy and the
nominal profile.
We can now approximate (10) as

(e, gry. . gNs A, 15
T S fale,d, g1 gn, a1 an)  (15)
subject to:  (4) A (7)
Bea C Ak,

where f(-) is replaced by its surrogate f,(-) in which the
dependence on A is through center and size of the box B, 4
defined in (12) and the flexibility set A in (9) is replaced by

Ag={6eRM: 6=3,.,6 (16)
(9i +ai+06; €P; A6 =K;ib, i € I) A(6) A (8)}



accounting for the parameterized policy (13). Note that, as
a byproduct of solving (15), we obtain also a disaggregation
policy and we thus do not need to solve (11) online nor its
multiparametric version offline.

In the next theorem, we show that, under a mild assumption
on f,(+), problem (15) can be reformulated as a problem that
is much easier to solve.

Theorem 1: Problem (15) is equivalent to

ed (oK} ier fale,d, g1, 9N, a1, an) (17)
subject to:  (4) A (7)
Is = Xier K
c[8T=0, d[S]=0, d[S] >0
K;[F§,8] =0, ieT
Fi(gi+ a; + Kic) + |[FKi|ld < hi, i €1,

where Is = diag(es) € RM*M with es € RM such that
es[S] = 1 and es[S¢] = 0. Furthermore, if f,(-) does not
depend on ay, ..., ay, then, problem (17) is equivalent to

caqpnes,  faledigrgn) (18)
subject to: ¢ =), 7V, diag(d) =, 7 G;
[ =0, d[S]=0, d[S] >0
9:lC5] =0, %lCi] =0, i€l
G;|F5, 8] =0, ieT
Fi(gi +7) + |[FGilly < by, i€T

where v; = a; + K;c and G; = K; diag(d).
In particular, if ¢*, d*, and {g},~},G}}iez is an optimal
solution to (18), then the corresponding optimizer for (17)
(and thus (15)) is given by c¢*, d*, and {g},a}, K} },cz where
K} = G} diag(d') and af = v; — Kfc*, with d' € R} such
that d' (k) = 1/d*(k) for k € S and d' (k) = 0 for k € S°.
Proof: See Appendix A. [ |
According to Theorem 1, problem (15) thus admits a
reformulation with a convex feasible set. If the cost function
fa(+) is concave, then (15) admits a reformulation as a
convex problem, which can be easily solved with off-the-
shelf solvers. Additionally, note that (18) can be regarded as
a multi-agent optimization problem where the agents are the
prosumers (in charge of optimizing variables g;, v;, and G;)
and the aggregator (in charge of optimizing variables ¢ and
d), with decisions coupled by the constraints ¢ = ;v
and diag(d) = }_,.;G;. Therefore, if the cost function
fa() is separable (see Section IV-B for some examples),
then problem (18) can be solved by means of a distributed
optimization algorithm capable of handling such a structure,
e.g., [25]-[28], so as to ease the computation of the solution
and preserve privacy of the local prosumers’ information.
Since the change of variables involves a; and K; quantities
only (which are mapped into 7; and G;), any additional
constraint on ¢, d, and g; can be easily accounted for by adding
it to both (15) and (18) without any effect on the validity of
Theorem 1. Additional constraints linking a subset of the p;’s
can also be accounted for, leveraging the same idea behind the

proof of Theorem 1. Examples of both kind of constraints are
reported in Section IV-C.

Lastly, the reader should note that the set P; may be
the projection onto the p;-subspace of a higher-dimensional
polyhedron describing the prosumer internal behavior, for
example when the power p; is not the only decision variable. If
the relation between p; and other variables is still linear, then
we can simply add these decision variables to all optimization
problems and all derivations will carry through.

IV. PRACTICAL CASES

In this section we show how practical scenarios in ancil-
lary service provision fit our framework so that the solution
described in Section III can be applied.

A. Prosumers

The methodology developed in Section III applies to the
case when the flexibility set of each prosumer is given by a
polyhedron P;. As in [21] it has been suggested that prosumers
are equipped with different types of devices that can be
modeled as resource polytopes, in the following, we briefly
review resource polytopes modeling devices and show how
to translate them into linear inequalities to be used in the
definition of P;.

Dispatchable generator: the power p;(k) < 0 of the gener-
ator is constrained by

—up,i(k) < pi(k) <0, (19)

where w, ;(k) > 0 represents the maximum amount of power
that the generator can deliver, which can possibly be time-
varying within the time horizon 7.

Ramp-rate constraints limiting the rate at which the gener-
ator power can vary are given by

lri(k) < pi(k) —pi(k —1) < upi(k),

with lower and upper bounds that may also vary along 7.

Storage-like units, including batteries and thermostatically
controlled loads (TCLs, see [14]): the power p; exchanged
by the storage (positive if injected in the device, negative if
withdrawn from it) is bounded

Cp.i(k) < pi(k) < upi(k),

and (possibly) subject to rate constraints like (20). Further
constraints on p; arise due to capacity limits. Indeed, a storage-
like device is subject to constraints on the amount of energy
e;(k) that can be stored at the beginning of any time slot k,
which can be expressed as

(20)

2n

ge,i(k‘) S ei(k) S ue,i(k)y (22)

and can also encompass constraints on a minimum/maximum
desired energy level at specific time slots. Note that in the case
of a TCL, e;(k) represents thermal energy converted into elec-
trical energy through the TCL coefficient of performance and
capacity constraints model constraints on the TCL temperature
(cf. [29, Section 3.3.1]).



The evolution of e¢;(k) can be described by a recursive
equation of the following form

ei(k+1) = Gei(k) + by ipi(k) + ba,idy i (k),

where (; € (0, 1] represents a self-discharge coefficient that
models the dissipation of energy, while b,; and bg,; are
conversion efficiencies of the power p;(k) and a possible
further exogenous input d, ;(k) into the energy state. This
entails that e;(k) can be expressed as:

ez(k)_qu kglz pzzckls

s=kq

k-1
+ ba,i Z ¢ 0y (),

S:ks,i

(23)

ks, being the first time slot in C; and e;(ks ;) the storage
energy content at connection. We can then translate (22) into

a constraint on p;(s), s = ks,...,k — 1, as follows
k) < by Z G i) S dealk), (24
s=ks;
with:

k—1
- Z P bady i(s) — ¢ e (ki)
ae,i(k = Ue, L Z Ck = dedd, z( ) - Cfikb”iei(ks,i)
Since constraints (19), (20), (21), and (24) are all linear in
p;, they are encompassed by P; = {p; € R™ : F;p, < h;}
by suitably defining matrix F; and vector h; based on T, (;,
gp,is Up,is gr,i, Ui, ge,i’ ae,i, and ks,i-

B. Cost Function

Different cost functions f,(-) model different objectives
and clearly lead to different flexibility sets and disaggregation
policies. The expression of f,(-) should obviously reflect the
needs of the specific application at hand. Here, we suggest
some practical choices.

A first possible objective for the aggregator is to maximize
the set of profiles ¢ that can be accommodated. This can be
encoded using as cost function f,(-) the volume of the box
B.,q, which is given by the product of the length of all edges
in the service window

= [ 24

keS
Taking the logarithm of vol(B d)

Zlog 2d(k

keS

vol(B

log Vol (25)

we obtain a cost that is strictly concave in the decision variable
d. Alternatively, one can use the sum of the lengths of the

edges
> 2d(k)

kesS

(26)

as a different measure for the extent of B4, to keep the
problem linear. If the aggregator is interested in promoting
symmetric upward and downward services, then it can en-
courage the center of B. 4 to be close to the origin with the
term

27)

—llel13,

which is strictly concave in c.

If the revenues of the aggregator depend on how much
flexibility it provides in different time slots, then we can
modify (26) as follows

Z 2 prd(k)

keS

(28)

where pi, > 0 is the aggregator revenue per unit of flexibility
offered in time slot k. If we further want to differentiate
between amounts of downward (6(k) > 0) and upward
(0(k) < 0) flexibility offered, then we can use

Z py max{0, c(k) +d(k)} — p;, min{0, c(k) —
kes

d(k)}, (29)

where p;l' > 0 and p, > 0 are the aggregator revenue per unit
of flexibility offered downward and upward, respectively, in
time slot k. Even if (29) is not necessarily concave in ¢ and
d, it simplifies to the concave expression

™ i (elk) + d(k)) — p (c(k) — d(k))
kes
in the case when the interval [c(k)—d(k), c(k)+d(k)] contains
d(k) =0, for all k € S, which is always the case because it is
sensible to ensure that a zero-deviation request is admissible
for the problem at hand (see Section IV-C).

The cost function f,(-) can be set to any positive combina-
tion of the terms in (25), (26), (27), (28), (29), and (30).

(30)

C. Additional Constraints

The framework proposed in Section III can be easily ex-
tended to account for application-specific requirements. We
next cover some useful constraints that can be added to
problems (15) and (18) without invalidating the result of
Theorem 1.

To ensure that it is always possible to stick to the nominal
profile, we can enforce 0 € B, 4 by imposing that

c[S] + d[S] > 0 (la)

(31b)

In many cases in order to access the balancing service market,
a minimum amount of downward/upward flexibility has to
be offered. This requirement can be easily enforced via the
constraints

min[S],

u (32a)
Cmin[S],

>
< (32b)

where umin (k) > 0 and £, (k) < 0 respectively represent the
minimum level of downward and upward flexibility that must
be offered within time slot k£ € S. In this case, constraints (31)
are redundant.



If instead the aggregator is forced to provide a symmetric
flexibility around its baseline profile p, then this can be
enforced imposing

c[8] = 0. 33)

On the contrary, if the aggregator is interested in bidding
asymmetrically for either a downward or upward service only
in a specific time slot k, it can impose either of the following
constraint

c(k) — d(k)
c(k) +d(k)

respectively, for some k € S.
Lastly, if a subset N; C Z of prosumers is subject to

technical limits on their cumulative power exchange profile,
then we must enforce

9 < 5m1n EzeN pi < Jnax Z en; Pi < uld) | (35)
€B

0, (34a)
0

>
< (34b)

where u{ )( k) and ¢ (k) are the maximum power that the j-
th subset of prosumers A/ can absorb from and inject into the
grid during time slot k, respectively, thus modeling congestion
constraints. If we now exploit the fact that |3, Kild =
|Eze/\/j K; diag(d)|1ps since d > 0, by (14) and (42) in the
Appendix, constraint (35) is equivalent to enforcing

ZieNj (gi +a; + KiC) =+ ‘Zie]\fj K; diag(d)‘lM < u%])
ZieNj (gi +a; + KiC) — ‘Zie]\fj K; diag(d)‘lM > 653)

in problem (15). Leveraging the change of variables G; =
K; diag(d) and ; = a;+ K¢ used in Theorem 1, the previous
constraints are equivalent to

Sien; (9 +7) + [ Zien, Gillu < ulf) (36a)
Sien, (95 +7) = | Zien, Gillar > ) (36b)

to be added to problem (18) for as many subset \V; as needed.
Note that, if the whole aggregate power profile is subject
to technical limits, then its is sufficient to enforce (36) with

Nj =T, which, using ¢ = Y, ;v and diag(d) = >, ;7 G;
from (18), simplifies into
ZieI gi +c+ d < uy, (37a)
Yier9itc—d> 4Ly (37b)

to be added to problem (18), where u,, (k) and £, (k) are the
maximum power that the whole aggregate can absorb from
and inject into the grid during time slot k, respectively.

Clearly, any combination of constraints (32), (33), (34),
(36), and (37) is allowed except for (32a) with (34b) and
Umin(k) > 0 for some k € S and for (32b) with (34a) and
Lmin(k) < 0 for some k € S, because they would be mutually
exclusive.

D. Policy Structure

As we mentioned in Section III, the sparsity pattern of the
disaggregation policy matrix K; of prosumer 7 depends on
the considered scenario. We shall describe next three different
types of increasingly restrictive policies.

The less restrictive one is the proactive policy, which
assumes that the actual deviation profile § that the grid requests
to the prosumers pool is known before the flexibility window
F; of prosumer ¢ begins. In this case, prosumer ¢ is allowed to
deviate from its nominal profile (i.e., have d;(k) # 0 for some
k € F;\S) to prepare for the upcoming request. The proactive
policy is already captured by the formulation in Section III and
requires no modifications.

A more restrictive case is the reactive policy, which assumes
that the actual deviation §(k) that the grid requests to the
prosumers pool in time slot k£ is known to prosumer i at the
beginning of time slot k£ only and not before. In this case,
prosumer ¢ is not allowed to deviate from its nominal profile
to prepare for the upcoming request simply because it does not
know the request in advance, but it is still allowed to deviate
from its nominal profile to recover from the request after the
service window. This scenario forces K;(j,,j.) = 0 for all
(jr,Jje) such that j. € S and j, = {1,...,j.— 1} and, hence,
a specific sparsity pattern for K;[T,S].

An even more restrictive case is the greedy policy, which
forces the deviation ¢;(k) of prosumer ¢ to be a function of
0(k) only. This implies that prosumer ¢ is not allowed to
deviate from its nominal profile before and after the service
window but has the benefit of having a simple policy to
optimize. In this case, K;(j,,j.) = 0 for all (j,,j.) such
that j. € S and j, # j. and, hence, a specific sparsity pattern
for K;[T,S].

Note that, since according to Theorem 1, matrix K; in (15)
and matrix G; in (18) are related by G; = K; diag(d), their
corresponding submatrices K;[T,S] and G;[T, S] are related
by G;[T,S] = K;[T,S]diag(d[S]) with d[S] > 0. As a
consequence, any constraint on the sparsity pattern of K;[7, S]
straightforwardly translates into a constraint on the sparsity

pattern of G;[T,S].

E. Policy Optimization

As shown in Theorem 1, for problem (15) and (18) to be
equivalent, the cost function f,(-) is not allowed to depend
on a; or K;, v« € Z. Therefore, even if some possible cost
functions introduced in Section IV-B are strictly concave in
c and d (thus resulting in a unique optimal flexibility box
B 4+), there might be different combinations of a; and K
yielding the same box B g4».

To break the tie we can look for the best policy g;,
a;, and K;, i € Z, according to some cost criterion
fplg1,a1,K1,...,9gn,an, Kn), among those yielding the
box B+ 4+. This can be achieved by solving the following
optimization problem

min fp(glaalaKlv"'7gN;aNaKN) (38)
{givaivKi}iEI
subject to:  (4) A (7)
Bc’yd* - AK?

which is equal to (15) but with ¢ = ¢*, d = d* > 0 and a
different cost function f,(-) in place of f,(-). Therefore, by
the first part of Theorem 1, (38) is equivalent to (17) with



c=c*, d=d">0and f,(-) in place of f,(), i.e.,

min fplg1,01,K1,....9n,an, KN) (39)
{9i:0i,Ki}iez
subject to: 0=, ya;i, Is =) .7 K;
gi[C5] =0, a;[C5] =0, 1€T
K;[F:, 8] =0, 1€l
Fi(gi +ai + Kic®) + |FiKy|d* < h;, €T,

where we made explicit constraints (4) and (7) and we
neglected constraints on ¢ and d only, since they are already
satisfied by ¢* and d* > 0.

Note that, whenever f,,(-) is convex in the decision vari-
ables, problem (39) is convex and easy to solve with available
solvers.

V. SIMULATION RESULTS

We next present two case studies to showcase the effective-
ness of our approach via simulation. The first one refers to the
aggregation of a pool of TCLs. This allows to compare our
method with that in [17] which is tailored to TCL energy
resources. We also make a comparison with the method
in [16], which can be viewed as an instance of our approach
by setting C; = F; = § = T, making G; a diagonal matrix
with equal diagonal entries, forcing vectors ~;, ¢, and d to
have all identical components, and fixing g;. Lastly, we also
comment on the differences between our approach and the one
in [8].

The second case study is a comprehensive example featuring
a heterogeneous pool of prosumers including air conditioners
(ACs), refrigerators (RFs), electric vehicles (EVs), electrical
batteries (EBs), and power generators (PGs), which is instru-
mental to show the versatility of our method and its capability
to cope with various settings and requirements including time
window mismatches, final energy condition requirements, and
network constraints. In our experiments, we adopt populations
of energy resources with parameters extracted at random from
intervals that reflect a realistic setting and are taken from [30]
for ACs and RFs and from [31], [32] for EVs, EBs, and PGs.

A. First case study

We consider a horizon T of M = 24 time slots of 7 = 15
minutes duration and a service time window S = 7T for a
pool Z of N = 100 residential ACs, which can be modeled
as energy storage systems as mentioned in Section IV-A
and further detailed in [29, Section 3.3.1]. Since [17] does
not consider any misalignment between service, connection,
and flexibility windows, we restrict our setup to the case
when C; = F;, = S, ¢ € Z. We assume that each AC
1, ¢+ € 7, has a constant temperature set-point 0, ; and an
admissible temperature deviation A, ; with respect to 6 ;
that is also constant along 7. The values of 6,; and A,
as well as of the further TCL parameters (thermal resistance
Ryp.s, thermal capacitance Cyy, ;, coefficient of performance
7, and rated power P;.;) involved in the TCL model (see [29,
Section 3.3.1]) belong to the ranges specified in Table II.
For simplicity, we assume a constant ambient temperature

0, = 33 °C throughout the time horizon 7 for the whole pool.
The pool of N ACs is then generated by random extraction
from the discrete population of AC types in Table III. Note
that the electrical parameters of the AC types reported in that
table are derived from the thermal parameters according to the
modeling in [29, Section 3.3.1]. For each AC, the value of the
initial energy e;(0) is extracted uniformly at random from the
interval [lc ;, Ue ;]

Since in the method in [17] the power exchanged with the
grid by each TCL is not optimized, we fix it also for our
approach and set g; = Py ;, @ € Z, where P, ; is the power
to maintain the temperature at the extracted constant set-point
value 6, ; (see [29, Section 3.3.1] for the details).

In [17] the flexibility set is described as a polytope in
halfspace representation P = {§ € RM : F§ < h}. Set
P can be inner approximated by a maximum volume box
B={5eRM: ¢ <§ < u} defined by the upward and
downward margins £ € RM and u € RM solving the following
optimization problem

max l;glog(U(k) t(k)) (40)
subject to:  max{F,0}u — max{—F,0}{ < h
<0
u > 0.

Note that the first constraint represents the containment con-
dition B C P, while the remaining ones ensure that 0 € B so
that the aggregator can maintain the baseline profile if there
is no power request from the grid. As for our method, we
directly determine the maximum volume box by solving the
following optimization problem:

oS e 2 OB @
subject to: ¢ =), 7V, diag(d) =3, 7 G;
S = 0, d[S] =0, d[S] > 0
9i[Ci] = 0, %[CiT =0, iel
Gi[F5,.S] =0, i€l
Fi(gi +vi) + |FGillm < hy, i €T,

C[S] + d[S] Z umin[SL
c[8] — d[S] < lrmin[S],

with Cpin = Umin = 0, so that 0 € B, 4.

In Figure 1 we report the upward and downward flexibility
margins of the pool obtained with the method in [17] (yellow
dashed lines) and our method with the constant policy in
our earlier paper [16] (green solid lines), greedy (red dotted
lines), and reactive policies (turquoise dotted lines). It can be
observed that for most of the time slots, the margins obtained
with the method in [17] (yellow dashed lines) are contained
within those obtained with our method using the three different
policy variants. In order to better compare the performance of
the methods, we report in Table I the ratio between the volume
of the box obtained with our method and the volume of the
box obtained with [17]. Note that the volume ratio obtained
is always above one and gradually increases as more degrees
of freedom are used in our policy.
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Fig. 1: Power flexibility margins of the pool along the 24 time
slots using the method in [17] (yellow dashed lines), and the
proposed method with: the constant policy of [16] (green solid
lines), the greedy policy (red dotted lines), and the reactive
policy (turquoise dotted lines).

We next examine the contribution of the a; component of
the baseline power profile p; in (3), which provides a zero-
net contribution to the overall power exchange with the grid
according to the constraint (4) and can be used to increase the
flexibility of the pool. To this purpose, consider the baseline
power profile of one of the ACs and the corresponding energy
evolution of its equivalent battery model, respectively reported
in the left and right plots of Figure 2. Note that the initial
energy condition is very close to the upper capacity limit,
which hampers the AC in providing downward flexibility, as it
is able to absorb less power (give away stored energy, upward
service) but not extra power (store more energy, downward
service). The a; contribution to p; then makes the energy
content evolution (solid blue line) towards half capacity more
rapid than with the g; contribution only (dashed magenta line),
so as to enable the exploitation of the full power range.

If we optimize jointly ¢; and a;, we do not get any
significant improvement in terms of cost in the considered set-
up. This is probably due to the fact that the distribution of the
initial energy content throughout the population can support
the net-zero internal exchanges a;, ¢ € Z, so as to allow
for the cost maximization despite g; being fixed. If, instead,
we impose that a final temperature condition 6;(24) < 6, ;,
i € 7, has to be reached, this limits the amount of net-zero
internal exchanges because part of the initial energy content
is used to enforce this new constraint, and we then obtain that
optimizing the energy grid exchange g; jointly with a;, i € Z,
does provide a cost improvement. In fact, by optimizing g;,

TABLE I: Comparative analysis with respect to [17]: ratio
between the obtained flexibility boxes for different policies.

Policy Volume ratio
Constant, [16] 2.13 x 102
Greedy 15.93 x 102
Reactive 18.74 x 102

the volume of the flexibility box increases of a factor 1.7 and
4 for the greedy and reactive policy, respectively.

In order to understand the reason why our method is better
performing than the method in [17], we now consider the
case of the flexibility offered by two ACs over a two-slot
time horizon. Figure 3 reports the exact flexibility set (black
solid lines), the flexibility sets obtained with [17] (yellow solid
lines), the flexibility sets obtained with our greedy policy (red
dashed lines), and those obtained with our reactive policy
(turquoise dotted lines), for the aggregator (Figure 3c) and,
using the appropriate disaggregation strategy, for the two ACs
(Figures 3a and 3b). Firstly, note that while [17] dilates the
prototype set at each AC level as much as possible (yellow
lines are touching the black lines in Figures 3a and 3b), it
falls short in fully dilating the aggregated set (yellow line is not
touching the black line in Figure 3c). The maximum volume
box inscribed the aggregate flexibility set returned by [17]
(reported with a green dotted line in Figure 3c) is therefore
smaller than the optimal one (indeed, it is not touching
the black line). As for our method with the greedy policy,
the resulting aggregate flexibility box is also not optimal in
terms of volume (red dashed line is not touching the black
lines in Figure 3c), but it is nonetheless bigger than the one
obtained using [17]. It is worth highlighting that by using the
greedy policy, the resulting flexibility set of the second AC
is lower dimensional and contracted in the first dimension.
In practice, this means that the aggregator found it optimal
to use the power flexibility of AC 2 only during the second
time slot. The fact that the box in the AC 2 space has zero
volume is not a contradiction since our approach aims at
maximizing the volume directly in the aggregator space and
not in each prosumer spaces. Notably, the reactive policy
computes two non-axis aligned zonotopes (turquoise dotted
lines in Figures 3a and 3b) that effectively maximize the
aggregated flexibility box (turquoise dotted line in Figure 3c
does touch the black line of the exact aggregate flexibility set).
In fact, the maximum box inscribed in the exact polytopic
flexibility set of Figure 3c corresponds to the same box found
by the reactive policy, proving that more flexibility can be
caught by considering a policy that accounts for past power
requests from the grid.

This simple example also shows a major drawback of the
approach in [8], which presents a method for approximating
the aggregated flexibility set using a union of boxes. In order
for the resulting aggregated set to be a box (to comply with
balancing market regulations), we restrict the method in [8]
to what the authors refer to as “Stage 0”. In this stage, the
method first computes the maximum volume box within each
prosumer space and then returns their Minkowski sum, which
is easy to compute for boxes, and is guaranteed to be contained
within the aggregate flexibility set. However, this approach
may lead to a suboptimal box, as maximizing the volume of
each individual box in the prosumer space does not necessarily
correspond to maximize the volume of the box within the
aggregated space. This is very well illustrated by the results
obtained by our greedy policy in Figure 3 (red dashed lines).
Due to its structure, the greedy policy aims at maximizing the
volume of the box in the aggregated space by fitting boxes
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Fig. 2: Power (left plot) and energy (right plot) evolution for the battery equivalent model of one AC with: p; = g; (dotted
magenta line) and p; = g; + a, (solid blue line). Black dashed lines represents power/energy upper and lower limits.
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Fig. 3: Flexibility sets for two ACs over a two-time slot horizon in each single AC space (left and center) and in the aggregated
space (right). The exact flexibility sets are represented by black solid lines. The sets obtained using the method in [17] are
shown as yellow solid lines, while those obtained using the method proposed in this paper with a greedy policy and a reactive
policy are shown as red dashed and turquoise dotted lines, respectively. In the aggregated space, the maximum volume box
contained inside the set obtained using [17] is represented with a dotted green line.

into each prosumer space. As can be seen from the picture, the
(unique) maximum volume box in the aggregated space (that
can be obtained with boxes in the prosumer spaces) does not
correspond to maximum volume boxes within the prosumer
spaces (in fact the box of AC 2 has zero volume, as noted
above). This proves that maximizing the boxes within the
prosumer space will lead to a suboptimal box in the aggregated
space. Since our method encompasses also more complex
policies than the greedy one, we can conclude that our method
will always outperform the one in [8] when restricted to return
a box-shaped aggregate flexibility set. Moreover, [8] does not
readily provide a disaggregation policy.

B. Second case study

We consider a discrete time horizon 7 = {1,2,..., M} of
M = 24 time slots of 7 = 15 minutes duration each, and
a pool Z of N = 250 prosumers offering balancing services
in a 4-hour service window S = {5,...,20}, with minimum
required upward and downward flexibility of 500 kW. The pool
of prosumers comprises 50 units of each type of the following
energy resources: ACs, RFs, EVs, EBs, and PGs.

The 50 units of each energy resource are extracted at
random from the discrete populations in Table III. As for

the TCLs, we assume that the temperature set-point 6, ; and
admissible deviation A, ; are both constant, and that both ACs
and RFs are exposed to a constant ambient temperature 6,
equal to 33 °C and 20 °C, respectively. The values of 6,
and A, ; and of the TCL thermal parameters Ry, i, Ctp i, Nis
and P, ; involved in the TCL model belong to the intervals
specified in Table II. The electrical parameters of the AC and
RF types in Table III are derived from the thermal parameters
according to the modeling in [29, Section 3.3.1].

EVs are scheduled to arrive at the charging stations at slot
kg’ and depart at slot k% with a minimum desired energy
level e%;. We assume that EBs are fully dedicated to providing
flexibility and require their final charge e?{’i to be equal to
half their capacity C;, so that they are already balanced for
future service provision. Finally, PGs are subject to ramp-rate
constraints and are assumed to be always connected but with
a flexibility window that starts at kff; and ends at k?gi, which

are selected at random in the same way as kZ% and k;”l

The initial energy conditions for the battery or battery-like
energy resources and the initial power value for the PGs are
selected at random according to the uniform distribution over
the interval specified in Table IV, where also information on
the final energy amount and the connection and flexibility



windows are summarized, with £V = {
KPS = (kP9 kY,

In our tests, we consider different objective functions, i.e.,
i) the box volume (25), ii) the sum of the lengths of the
box edges (26), and iii) the possible revenue obtained for
flexibility provision (30). The downward and upward revenue
coefficients pi and p, appearing in (30), are real prices taken
from the Italian ancillary service market, whose values per
time slot is reported in Table V. For all cases, we impose
the constraints (31), so that 0 € B, 4. We, however, do not
consider any network congestion constraint when formulating
the optimization problem.

The parameters of the causal policy and the baseline power
profile are both optimized, resulting in the values of the indices
reported in Table VI, which are consistent with the chosen
objective function. The resulting power flexibility is shown in
Figure 4.

Note that when the cost function represents the possible
revenue of the aggregator (red dashed line), the downward
flexibility margin (positive limit) is set to the minimal admis-
sible value (500 kW), due to the fact that the values of p,
are larger than p; in every time slot k. When the objective
is maximizing the box volume (turquoise dashed line), the
power flexibility margins tend to be almost constant, whist
maximizing the sum of the lengths of the box edges (green
dashed line) leads to high margins in the first slots and a
progressively decreasing trend within the service window.

Figure 6 shows the power and energy profiles of individual
energy resources corresponding to the power request from the
grid in Figure 5, when the disaggregation policy is the optimal
reactive one maximizing the sum of the edge lengths of the
flexibility box. Note that all energy resources track the baseline
before the service window starts, while the reactive nature of
the policy has an impact on their power profile after time
slot & = 20, when the service windows is over, yet within
their flexibility window. This deviation allows the aggregator
to offer a wider power margin during the service window since
the power profile can be adjusted after the service window is
over based on past grid requests to meet local constraints, as
is the case with the EB and EV. The net amount of power
deviation when summed over all energy resources in the pool
will however be zero so as to match the request in Figure 5.

It is worth observing that the baseline power profiles
(Figure 6, solid turquoise lines) of the battery-like energy
resources drive their energy state close to the center of its
range. For the PG, which is not subject to energy constraints,

S5 -sk$5} and

5,17

TABLE II: Residential TCL parameter ranges taken from [30,
Table 3].

Parameter AC RF Description
Ag i 0.25 -1 1-2 Half dead-band width [°C]
Os., 18 — 27 1.7 — 3.3  Temperature set-point [°C]
R i 1.5—-2.5 80—105 Thermal resistance [°C/kW]
Cih, 1.5—2.5 0.4—0.8 Thermal capacitance [kWh/°C]
i 2—-3 1.5 —2.5  Coefficient of performance
P 4—-7.2 0.2 —0.5 Power Rate [kW]

TABLE IlI: Electrical parameters of the discrete pool of EVs,
EBs, ACs, RFs, and PGs used in the second case study.

Parameter  (;  up; fpi Uey  Lleyi  Uri Lri bpi ba,i
Unit [[]  [kW] [kW] [kWh] [kWh] [kW] [kW] [-] [-]
EV/EB-1 1 6.0 -6.0 40 0 - 0.25
EV/EB-2 1 75 -7.5 45 0 - 0.25
EV/EB-3 1 11.5 -11.5 75 0 - 0.25
EV/EB-4 1 22.5 -225 90 0 - 0.25
EV/EB-5 0.99 30 -30 90 0 - 0.25
EV/EB-6 0.99 30 -30 100 0 - 0.25
EV/EB-7 0.985 90 -90 100 0 - 0.25
EV/EB-8§ 0.98 100 -100 105 0 - 0.25
PG-1 - 20 - - - 24 24 0.25
PG-2 - 20 - - - 48 -48 0.25
PG-3 - 20 - - - 6.0 -6.0 0.25
PG-4 - 20 - - - 9.0 -9.0 0.25
PG-5 - 40 - - - 48 -48 0.25
PG-6 - 40 - - - 96 -9.6 0.25
PG-7 - 40 - - 12.0 -12.0 0.25
PG-8 - 40 - - 18.0 -18.0 0.25
AC-1 0.926 4.5 0 16.31 16.09 - - -0.241 0.0668
AC-2 0.920 5.8 0 17.50 17.05 - - -0.240 0.0727
AC-3 0.939 6.5 0 17.50 17.05 - - -0.242 0.0551
AC-4 0.951 7.0 0 18.50 17.50 - - -0.244 0.0488
AC-5 0.961 7.2 0 16.25 15.42 - - -0.245 0.0327
RF-1 0.996 0.2 0 0.88 0.48 - - -0.25 0.0016
RF-2 0.992 0.2 0 0.69 0.37 - - -0.25 0.0012
RF-3 0.995 0.3 0 0.90 0.30 - - -0.25 0.0014
RF-4 0.997 0.3 0 1.20 0.40 - - -0.25 0.0013
RF-5 0.997 0.5 0 1.12 0.48 - - -0.25 0.0010

TABLE IV: Time windows, initial energy/power values, and
final energy constraints for the heterogeneous population of
the second case study.

Device C; Fi €0,i Po,i €fi
AC T T (e, i, te,i] - -
RF T T [ee,i, ’uﬁﬂ'] - -
EV KgY C; [0.4,0.6]C; - [0.8,1]C;
EB T T [Ze,i, Ue,i] - 0.5Ci
PG T K - [—up,i, 0] -

the baseline power profile gets centered within its range.
This is not surprising since in this way the PG can either
decrease or increase its power production of the same amount,
depending on the grid request, and, similarly, the battery-like
energy resources are ready to offer both upward and downward
services, compatibly with their final energy constraints, if any.
In the EV case, the minimum required energy level at the end
of the connection window can be recovered in only a few time
slots.

Now, consider the time slots £ = 5 and £ = 6, where
the grid requests around 3800 kW of downward flexibility
(Figure 5). During time slot k = 5, the AC contributes with a
high power value by significantly deviating from its baseline
profile (see the green dashed line versus the solid turquoise
one in the plot (a)). This however leads its energy state (plot
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Fig. 4: Power flexibility margins obtained by aggregating a
mixed population of 250 energy resources using as objective
function: the box volume (25) (in turquoise), the sum of the
lengths of the box edges (26) (in green), and the possible
revenue (30) (in red). Blue arrows denote the beginning
(pointing to the right) and the ending (pointing to the left)
of the service window.

(b), green dashed line) to saturation thus causing a power
reduction during time slot & = 6. This demonstrates the
effectiveness of using a reactive policy, enabling the aggregator
to exploit the AC power range to contribute to a high peak
request from the grid and subsequently reduce the power in
the following time slots to ensure feasibility. It is important to
note that it is not just about having a smaller gain in different
time slots but about being able to provide a high power
peak during any time slot and then reduce power as needed.
In contrast, a greedy policy cannot make such adjustments,
leading to a more conservative behavior and thus reducing
the flexibility available to the grid. In fact, by aggregating
the pool of prosumers using a greedy policy instead of a
reactive, the aggregator is not able to find a solution that
ensures the minimum of 500 kW of downward and upward
services. Moreover, when the limits of the constraints are
relaxed to £, = Umin = 0 kW, the power indicator obtained
is only 1127 kW against 3304 kW reported in Table VI for
the reactive policy, which instead enforces the minimum 500
kW constraint.

As pointed out in Section IV-C, an important feature of
our method is that we can account for network constraints
of the form (36). To demonstrate this feature, we randomly
distribute the 250 energy resources across the nodes of an
IEEE 33-bus distribution feeder with 32 transmission lines
subject to congestion limits as indicated in Figure 7. We then
compute the optimal reactive policy according to the objective

TABLE V: Prices per kWh along the time horizon 7 in the
second case study.

k 1-4 5—=8 9—=12 13—=16 17—=20 21—24
p;r 0.031  0.034 0.035 0.036 0.036 0.036
P, 0.093  0.096 0.098 0.098 0.097 0.097

TABLE VI: Performance indicators using different cost func-
tions for a mixed population of 250 energy resources.

Obiective functi Volume Power  Revenue
jective function [leG] kW] [Euro]
(25) 6.51 x 1052 3207 530
(26) 8.38 x 10°0 3304 542
(30) 3.47 x 100 2784 549
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Fig. 5: Power profile request by the grid. Blue arrows denote
the beginning (pointing to the right) and the ending (pointing
to the left) of the service window.

function (26) in the presence of the network constraints. The
power flexibility margins of the aggregated energy resources
(at node 0) obtained with and without accounting for conges-
tion constraints are represented in Figure 8. The resulting cost
function value is 3296, which is slightly less than the 3304
obtained when network constraints are not enforced. However,
it can be seen from the plots that by neglecting the network
constraints, an infeasible flexibility box is obtained since the
power flow through ¢; is allowed to exceed its limits in the
time slots k = 5 and k = 6.

VI. CONCLUSION

In this paper, we address the problem of optimizing and
managing the flexibility that a pool of distributed prosumers
can offer to the grid for providing balancing services. Pro-
sumers are equipped with energy resources whose power
availability throughout the service window can be described
as a polytopic set.

We introduce a linearly parameterized disaggregation policy
to distribute the power grid request to the prosumers in the
pool in the real-time session of the balancing market. The
policy parameters are optimized jointly with the baseline
power profiles so as to maximize the size of a flexibility box
that inner approximates the overall flexibility set and thus
make the best offer in the auction session of the balancing
market. The proposed method allows to account also for
practical constraints including congestion limits in the distri-
bution network. Notably, the resulting optimization problem is
well-suited for distributed implementation, enhancing compu-
tational scalability and preserving the privacy of prosumers’
information.

Note that the optimization problem depends on the initial
state of the energy resources. An interesting further direction
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of research would then be investigating the robustness proper-
ties of the derived policy with respect to perturbations of the
initial conditions and the development of solutions that are
parametric in the initial state by adopting a multiparametric
programming approach.

APPENDIX

In the following, we will make extensive use of the follow-
ing (well-known) relations, which we report here for ease of
reference:

max Vo =Vec+|V]d (42a)
5€Bc,d
min Vo =Ve—|V|d (42b)
6€Bc,d

for any matrix V' of appropriate dimensions, where B, 4 is the
box-shaped set defined in (12) parameterized by its center c
and half-side lengths d.

A. Proof of Theorem 1

Let us first focus on the set A k. By definition of A in (16)
and P;, and the fact that §; = K;0, we have that § € A if

and only if

58] =0, (43a)
0= iz Kid, (43b)
(K:0)[F5) =0, i€, (43c)
Fi(gi + a;) + FiK;6 < hy, iel, (43d)

for given nominal profiles p; = g; + a; satisfying (4) and (7).
Imposing the constraint B, 4 C Ak in (15) is thus equivalent
to enforcing the satisfaction of (43) for any 6§ € B, 4. This is
analyzed next.

Let us start with (43a). Constraint (43a) holds for all § €
Be,q if and only if

0 < min 4[8°] < max 6[S°] <0,
5€Bea 3€Be.q

which, by (42) is equivalent to
0 < ¢S - d[ST] < ¢S + d[S] <0,
thus yielding
S[SY =0 6€Bey « c[S)=d[S=0.  (44)

Let us now define K =
into

icz Ki, consider (43b) and split it

5[S] = KIS, S|5[S] + K|S, S)5[S°]
5[S%] = K[S<, S)0[S] + K[S°, S0[S7).

Since we know that (43a) must hold for all 6 € B, 4, then, the
previous constraints simplifies into

3[S] = K[S, 8)8[S)]
0 = K[S°, S)9[S],

which holds for all § € B, 4 if and only if

0< min (I — K[S,S))d[S] < max (I — K[S,8])d[S] <0,

6€B..q 0€B:,q
0< min K[SS,S]5[S] < max K[S<,S]5[S] <0,
0€Bc.a 0€Bec,a

which, by (42) is equivalent to

0< (I K[S,8))e[S] — |I - K[S,S)|d[S]
< (I = K[S,S))c[S] + [ - K[S, S|d[S] < 0,
0 < KI[S°,
< K[SS,

JelS

c[8S] — |K[S, S]|d[S
lelS

S
S)e[S] + |K[S, S)|d[S] < 0

)

]
]

thus yielding

KI[S,8) =1

0=> ..~ K0 6d€B.yqy <
2iez o K[85,.8]=0

(45)
since d[S] > 0. Since K; always appears multiplied by ¢ and
since, by (43a), §[S¢] = 0, then all entries of K;[T,S¢| are
free and we can thus set K;[7,S¢| = 0 yielding K[7,S¢] = 0.
This way, recalling the definition of Is = diag(es) € RM*M,
with es € RM such that es[S] = 1 and es[S¢] = 0, we have

0= ZiGI K6 6¢ Bc,d — K= ZiGI K, =1s. (46)



Next, using again (43a), constraint (43c) can be simplified into

0= (K;9)[F;]
= Ki[}—ic?ﬂ(s
= K;[F7, S|6[S] + K[ F5, S°J6[S°]

which holds for all § € B, 4 if and only if, for all ¢ € Z,

0< min Ki[F5,8)6(S] < max Ki[F5,8)6[S] <0,
0€Bc,a 0€Bc,a

which, by (42) is equivalent to

0 < Ki[F§, SlelS] — | K[ F7, S|d[S]
< Kl 77, SlelS] + [Ki[ F7, S]1d[S] < 0,

for all 4 € Z, thus yielding

(K:i0)[F]=0 0€B.qg < K;[Ff,S]=0, iel,
(47)
since d[S] > 0. Lastly, constraint (43d) holds for all § € B, 4

if and only if, for all ¢ € Z,
Fi(g; + a;) + max F;K;0 < h;,
0€Bc.a
which, by (42), yields

Fi(gi + a;) + F;K;0 < h; 0€Beg
< Fi(9i+a;) + F;K;c+ |F;K;|d < h;
> Fi(9i+a; + Kic) + |F;K;D|1y < hg, i € Z, (48)

where D = diag(d) and d > 0.

In summary, the double implications in (44), (46), (47),
and (48) together with d[S] > 0, show that problem (15)
and (17) share the same feasible set. Since they also have
the same cost function, the two problems are equivalent, thus
concluding the first part of the proof.

While most constraints in problem (17) are linear in the
decision variables ¢, d, g;, a;, and K;, in the last constraint
(cf. right hand side of (48)) we have a product between K; and
D = diag(d). In order to handle the bilinearity, we introduce
the following change of variables

Gi =K;D and Vi = a; + KiC, (49)

where G; and ~; are new decision variables in place of K;
and a;. We thus have to check whether all constraints in (17)
can be equivalently expressed in terms of ¢, d, g;, v;, and G,
without any bilinearity. From (49) the right hand side of (48)
satisfies

Fi(gi +a; + Kic) + |F; K;D|1y < h;

— Fi(gi+v)+ |FiGillpy < hg, i €. (50)
Since
= K;[F;,S|D[S, 8] + K;[F;, 8¢ D[S¢, S]
——
0
= K;[F5,S)D[S, S],

we immediately have that the right hand side of (47) satisfies
Ki[FS,8] =0 < Gi[F5, 8] =0, icZ,  (51)
as an effect of D[S, S] = diag(d[S]) being invertible due to
d[S] > 0. Moreover,
Gi[Fi, S| = Ki[F, T|D[T., S]
= K;[F;,S]D[S, S| + K;[F;,S8°] D[S, S]

——
0

and, hence
Ki[Fi,S] = Gi[Fi, S]D[S, S,

as an effect of D[S, S] = diag(d[S]) being invertible due to
d[S] > 0. Finally, since by (51) we want K;[Ff,S] = 0 and
we arbitrarily set K;[T,S] = 0, we can compactly write part
of the inverse coordinate change as

K; = G;D', (52)

with DT = diag(d") and d' € RY such that® d'(k) = 1/d(k)
for k € S and df(k) = 0 for k € S°. Let us define G =
> ez Gi- Let us define G = Y, _; G;. By (49),
G=>c:Gi=>,csKiD=KD,
hence
G[S, 8] = KI[S, TID[T, S
= K[S,S]D[S,S] + K[S,S8°] D[S, S]

————
0

KI[S,S|D[S, S|
G[S¢, 8] = K[S¢, T|D|[T,S]
K[S¢,8|D[S, 8] + K[5¢, 8¢

DI[SS, S]
———
0

= KI[S8%,S|DIS, S,
from which we can see that the right hand side of (45) satisfies
K[S8,8] =1 G[S,S8] = D[S, S]
K[§%,8]=0 G[S°, 8] =0,
as an effect of D[S, S] = diag(d[S]) being invertible due to
d|8] > 0. Since G[T, 8] = K[T,T|D[T, 8| = 0, we finally
have that the right hand side of (46) satisfies
K = ZiEI Ki=1s < G= EiEI G; =D. (53)

Constraint ¢[S¢] = d[S°] = 0 in the right hand side of (44)
depends on c¢ and d only and is not affected by the proposed
coordinate change. Since D = diag(d) now appears linearly
in all constraints, we can keep d as a decision variable and
substitute D = diag(d). Using (52) in the expression of ~;
in (49) and summing over all prosumers gives

Ziez Vi = ZieI a; + (Ziez Ki)c
= ier @it (Ziel Gi)DTC
=Y ez +DDe
= ZieI a; + Isc,

2Note that DT is the unique pseudoinverse (Moore-Penrose inverse) of D
and DDt = DID = I.



where the second-last equality holds because we are imposing
G = D according to (53) and the last equality is true by
definition of Is. This immediately yields

ZieI 7i[S] = Ziez ai[S] + c[S]
D ier VilST = 2 ier ailST + Is[S°, Tl e = 32,7 ail 87,
0

from which we obtain

Yoier @i =0AC[S)=0 <= c=> .77 Nc[ST] =0,
(54)
where, similarly to d, we can keep ¢ as decision variable as
it now appears linearly in all constraints. Lastly, we have to
reformulate constraint (7). Since g; is still a decision variable,
we can readily enforce ¢;[CS] = 0. As for ;[CS] = 0 we
observe that

%i[C5] = ai[CF] + KG[CF, Tle
= q;[C5] + K;[Cs, S] ¢[S] + K;[C5, 8] [S]
—_—— ~——
0 0
= aZ[CfL

where K;[CS,S] = 0 because Cf C Ff and K;[Ff,S] =0
by (47), while ¢[§¢] = 0 by (54). By the previous discussion
we immediately have

glCi] = 0N a;[C;] =0 <= gi[C5] =0A%[C5] =0. (55)

By equivalences (50), (51), (53), (54), and (55) we proved
that problem (17) and (18) have an equivalent feasible set
under the change of variable (49). If we further assume that
the cost function does not depend on the a;’s, then the cost
function is unchanged and the two problems are equivalent
(and equivalent to (15)). Moreover we have shown that we
can recover K; from G; and D using (52), while by (49) we
can recover a; from ~;, ¢, and K; using a; = v; — K;c, which
concludes the proof. ]
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