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Abstract

In Li-ion batteries the electrochemical potential drives the redox reactions occurring at the interface
between electrolyte and storage material, typically active particles for porous electrodes, allowing Li ions
intercalation/extraction from electrodes. The limiting factor of the process is not solely related to the
electrochemical affinity, but also to structural features as the morphology of the electrodes. In this note,
the relevance of the electrodes architecture is investigated numerically, in terms of the electro-chemo-
mechanical response of a battery cell with homogeneous electrodes and conventional liquid electrolyte.
A suitable design of the electrodes induces major increments of battery efficiency.

1 Introduction
Because of their high working voltage and large power density, Li-ion batteries (LiBs henceforth) are suitable
for powering electric and hybrid vehicles (HEVs) [1]. Green mobility, though, demands for LiBs advancement
in safety, life time, and capacity preservation with cycling. To improve the energy density of LiBs, two main
methods could be suggested that change their intrinsic properties: either developing novel battery chemistry
or architecting electrodes. Countless efforts have been spending into improving the existing cathode materials
[2, 3, 4]. Less has been done in terms of electrode structural design [5, 6].

Figure 1: Schematic representation of a typical electrochemical cell, the characteristic length at different
scales, and the paradigmatic microstructure of a porous electrode.

As depicted in Fig. 1, conventional LiBs consists of one anode, one cathode, and a liquid electrolyte
with a separator, which is a porous polyethylene or polypropylene material used to create ionic contact
while maintaining electronic insulation between the two electrodes and current collectors. During battery
discharging, the electrochemical affinity triggers the motion of Li ions from the anode to the cathode across
the electrolyte, as well as the flow of electrons, with the same direction, through the external circuit; vice
versa during charging. In conventional systems, the porosity of the carbon/binder matrix is filled with liquid
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electrolyte, which penetrates from the separator up to the particle surface. The carbon/binder matrix, which
is electrochemically inert, increases the overall electrical conductivity of the electrode and provides structural
integrity. Electrodes are made porous to increase the surface over which the electrochemical charge transfer
reaction can occur, thus increasing the efficiency of batteries [7].

Although the scenario depicted in Fig. 1 is quite simple, modeling LiBs is challenging, as their behav-
ior is intrinsically multi-physics and multi-scale [8, 9, 10]. Modeling, therefore, requires complex systems
of coupled nonlinear time-dependent partial differential equations, capable of governing electrochemical-
thermal-mechanical processes over a range of spatio-temporal scales. The broad nature of the phenomena
involved (mechanical, electrical, electrochemical, and thermal) and the interactions among them lead to
complex mathematics with a very high number of unknown fields (displacements, electric potential, concen-
trations, temperature). Macroscale modelling is more suitable to evaluate the overall battery performance
[11, 12] but their phenomenological nature may prevent predictive ability in tailoring intrinsic microstruc-
tural properties. Indeed, the most relevant phenomena take place at the characteristic length scale of the
electrode compound, which can be several order of magnitude smaller then the battery size [13]. Gaining an
understanding of the role of these processes by theoretical and numerical studies can lead designing better
performing batteries [14, 15].

Computational simulations, based on rigorous theoretical modeling and coupled to validation and quan-
tification of the uncertainties, have the potential to enhance batteries’ performances through new shapes and
new materials [16, 17]. Numerical and experimental studies, in fact, enabled to grasp a much more profound
understanding of the multiphysics processes that occur during charge and discharge. Moreover, due to the
high costs and time required by experimental studies, numerical simulations became more widespread in the
battery community, increasing in complexity and capabilities.

Substantial experimental efforts on lithium ion batteries have been carried out to meet the high en-
ergy/power density requirements in terms of new battery configurations and material chemistry [18]. Despite
the progresses in advanced materials, the active components generally behave differently from the theoretical
expectations, showing significant energy loss and capacity failures. To overcome these issues, engineering the
electrodes by increasing exposed transport channels or tailoring the electrochemical properties of the elec-
trodes are suggested as promising solutions [19]. Architecting thick electrodes has been investigated broadly
with several experimental techniques such as: metal foams and carbon textile based thick cathodes [20],
3D embroidered aluminum current collectors [21], formation of vertical open channels till current collector
[22, 23], laser structuring to create through holes till current collector [24, 25, 26, 27]. The most promising
experimental studies display the idea of our theoretical work. Park and colleagues designed a lithium nickel
manganese cobalt oxide (NMC) electrode with the thickness of 175 µm with 26% porosity [28]. The laser
structuring process was used to turn the flat electrode film into a three-dimensional patterned microstructure,
see Fig. 2. The specific energy of the thick and dense electrodes increased with porosity, while improving
or retaining the power density at high current rates owing to the enlarged electrode surface area. Tsuda
and coworkers synthesized ultra-thick lithium iron phosphate (LiFePO4) holing cathodes by pico-second
pulsed lasers, with hole diameters of approximately 20-30 µm [27]. Making holes through the electrode
decreased the charge transfer resistance, since the available area for Li ions to diffuse increased. Ultimately,
increased surface area and reduction in tortuosity lead to a gain in the overall battery performance. Lim and
coworkers designed 3D conical-shaped microelectrodes based on experimental evidences [29]. A combined
electrochemical and chemo-mechanical model was proposed to simulate a three- dimensional LiCoO2-based
conical structure. It was found that the conical structure mechanically relaxes the substrate, thus reducing
the possibility of mechanical failure-induced capacity loss. Pfleging’s extensive review [26] on laser electrode
processing for the improvement of lithium ion battery systems is recommendable.

In this work, we aim at tailoring electrode configurations via computational simulations, seeking for
optimal functioning of conventional LiBs. We aim at optimizing the electrode design to alleviate the limiting
factors of battery power delivery, which can be categorized as: i) the rate of diffusion of Li cations into
cathode or anode particles, ii) the rate and distance of ionic transport in the electrolyte and between the
electrode particles and iii) the electrical conductivity of cathode materials.

In this paper, the influence of electrodes morphology on the response of the battery is evaluated numer-
ically. After nucleating the governing equations of a multiscale-compatible modeling approach in section
2, we considered a battery cell made up of homogeneous electrodes and a liquid electrolyte and devised a
unit cell for an electrode architecture as a function of a porosity parameter in section 3. Outcomes have
been largely discussed afterwards, showing how tailoring the electrode configuration could ideally boost the
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(a) (b)

Figure 2: SEM images of structured electrode a) structured electrode with high porosity. b) the cross section
of structured electrode. Reprinted and adapted with permission from reference [28]

battery efficiency from 3% to almost 100%. Limits and further developments of the current work conclude
the paper.

2 Mathematical model
2.1 Electrolyte
The battery cell is considered to have 1 M LiPF6 liquid electrolyte, which is a solution of a binary salt
in carbonate solvent mixture. The lithium salt is denoted for simplicity as LiX. The electrolyte is then
characterized by the presence of ionic species Li+ and X− after the complete decomposition of the salt. The
electrolyte is modeled following the approach of [30], which assumes the transport of dissolved ions as driven
by diffusion and migration in a non convecting medium. Differently from widespread models of electrolytes
(see [31] for example), the kinetics of positive and negative ions is modeled independently, without neglecting
charge separations and the related electro-magnetic interactions. As pursued in [30], the electro-quasi-statics
approximation of the Maxwell’s equations is considered, by neglecting the time derivative of the magnetic
field. For the sake of brevity we address the reader to [32, 33, 34] for details. The balance laws in the
electrolyte domain Ve include

• Conservation of moving ions

∂cLi+

∂t
+ div

[
~hLi+

]
= 0 , (1a)

∂cX−

∂t
+ div

[
~hX−

]
= 0 , (1b)

where cα is the molarity (i.e. the number of moles per unit volume) of the specie α = Li+, X−; ~hα is
the mass flux in terms of moles, i.e. the number of moles of species α measured per unit area per unit
time.

• Maxwell’s equations for electro-quasi-statics

div
[
∂ ~De

∂t
+~ie

]
= 0 , (2a)

~Ee = −∇ [φe ] , (2b)

3



where ~De, ~ie, Ee, and φe refer to the electric displacement, current density, electric field, and electric
potential in the electrolyte respectively.

• Balance of linear and angular momentum

div [σe ] +~b = ~0 , (3a)
σe = σTe , (3b)

where σe is the Cauchy stress tensor, and ~b is the vector of body forces, i.e. force per unit volume.
Inertial effect are neglected in equation (3a).

The connection among balance equations (1)-(3) is provided by the constitutive definition of ~hα, ~De, ~ie,
and σe in terms of the independent variables cα, φe, and displacement vector ~ue. The flux of ionic species is
constitutively described by the Nernst-Planck formulation, extended to take into account the saturation of
electrolyte species as in [35]

~hLi+ = −D| Li+ ∇ [ cLi+ ]− D| Li+ F

RT
cLi+

(
1− 2 cLi+

cmax

)
∇ [φe ] , (4a)

~hX− = −D|X− ∇ [ cX− ] + D|X− F

RT
cX−

(
1− 2 cX−

cmax

)
∇ [φe ] .

In equations (4), D| α is the diffusion coefficient of species α; cmax is the ionic saturation limit; symbols F ,
R, and T refer to Faraday constant, universal gas constant, and absolute temperature, respectively. The
current density comes out from Faraday’s law as

~ie = F
(
~hLi+ − ~hX−

)
. (5)

Assuming the electrolyte as an isotropic, linear, homogeneous dielectric, the constitutive definition of the
electric displacement reads

~D = ε| ~E , (6)

where ε| = ε| r ε| 0 is the electrolyte permittivity, which is given, as usual, relative to that of vacuum (denoted
with ε| 0) as a relative permittivity ε| r. From the mechanical point of view, the electrolyte is assumed as an
isotropic-linear-elastic medium without splitting of deformation, viewing the latter as independent upon the
ionic concentration; accordingly the stress tensor relates to the elastic strain tensor εe through the following
relationship

σe = Ke tr [ εe ]1+ 2Ge dev [ εe ] , (7)

where Ke is the bulk modulus and Ge is the shear modulus. The elastic strain tensor is function of ~ue
through the formula

εe = 1
2

(
∇ [ ~ue ] +∇ [ ~ue ]T

)
. (8)

as in small-strains theories.

2.2 Intercalating electrodes
Electrodes are here assumed as homogeneous media, characterized by the presence of intercalated Li ions
and moving electrons. Li ions in active materials are screened by the mobile electrons, which accompany
lithium when moves from one interstitial site to the other [36]. Therefore, the charge of Li cation after
intercalation into active materials is instantaneously wiped out by the transport of electrons over the current
collectors toward the particle surface. The active storage materials are thus idealized as interstitial solid
solution containing dissolved Li and electrons, which are free to move. Because active materials have much
higher electronic conductivity than the electrolyte, the electromagnetic problem will be considered in the
electro-static approximation. According to the framework developed in [32], the governing equations for the
electrodes can be summarized as follows.
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• Conservation of dissolved lithium
∂cLi

∂t
+ div

[
~hLi

]
= 0 , (9)

where cLi is the molarity of Li and ~hLi is its flux vector.

• Charge conservation
div
[
~ia

]
= 0 , (10)

where ~ia refers to the current density in the electrodes.

• Balance of linear and angular momentum

div [σa ] +~b = ~0 , (11a)
σa = σTa , (11b)

with obvious meaning of symbols σa and ~b.

Constitutive equations are derived from thermodynamic principles, as carried out in [37], and are given
in terms of lithium concentration cLi, electric potential φa, and displacement vector ~ua. To account for the
effects of lithiation, the strain tensor εa = 1

2 (∇ [ ~ua ]+∇ [ ~ua ]T ) is additively decomposed in two contributions

εa = εela + εcha , (12)

where εela is the elastic part of the deformation, while the chemical strain εcha is the volumetric deformation
of the electrode lattice associated with lithium intercalation as

εcha = ωLi
(
cLi − c0Li

)
1 . (13)

In formula (13), ωLi is the coefficient of chemical expansion, i.e. one-third of Li partial molar volume at
given temperature, while 1 denotes the identity tensor. Owing to formula (12), the stress tensor is defined
as

σa = Ka tr
[
εa − εcha

]
1+ 2Ga dev [ εa ] , (14)

with obvious meaning of constants Ka and Ga. Constitutive law (14) is extremely simple if compared with
recent literature as [38, 39, 40]. In fact, we focus here on the influence of electrode morphology on the
charge/discharge without profoundly investigating the mechanical performance of batteries. Nonetheless, as
it will be elaborated later on in the paper, mechanical effects cannot be neglected.

In a thermodynamic consistent theory, the definition of the Li flux in Eq. (9) is derived from the
generalized Fick’s law. For the sake of simplicity, the effect of complicate phenomena, such as phase-
segregation, are not considered in this study. Accordingly, the chemical potential of dissolved lithium has
the usual expression for single-phase intercalating electrodes

µLi = µ0
Li +RT ln

(
cLi

cmaxLi − cLi

)
− ωLi tr [σa ] , (15)

with µ0
Li denoting the reference chemical potential. Therefore, the flux of dissolved lithium in the electrodes

obeys the coupled constitutive equation

~hLi = −D| Li∇ [ cLi ] + D| Li ωLi
RT

cLi

(
cmaxLi − cLi

cmaxLi

)
∇ [ tr [σa ] ] , (16)

where D| Li is the diffusivity of Li ions in the hosting lattice. Note that the transport of dissolved lithium is
driven by chemo-mechanical effects, since the lithium flux is proportional to the gradient of Li concentration
and to the gradient of hydrostatic pressure.

Guided by Joule effect, a linear law is set as usual for the electrons flow. Accordingly, the current is made
proportional to the gradient of the electric potential through the electrical conductivity κa > 0

~ia = κa∇ [φa ] . (17)
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2.3 Interface conditions
We introduce the boundary values of a generic function f(~x, t) at the interface between electrodes and
electrolyte I = ∂Va ∩ ∂Ve as

f |aI = lim
~x∈Va→I

f(~x, t) , f |eI = lim
~x∈Ve→I

f(~x, t) , (18)

and its jump as
JfK = f |aI − f |eI . (19)

The electrochemical reaction occurring at the electrodes surface is here modeled through the Butler-Volmer
equations [41] without accounting for double layer capacitance as in [42]. Instead of resolving explicitly
the boundary layers between electrodes and electrolyte, the involved phenomena are incorporated in a zero-
thickness interface at which the electric potential is discontinuous and the kinetics of the surface electro-
chemical reaction are defined in terms of the current density iBV as follows

iBV = i0

{
exp

[
αA F ηS
RT

]
− exp

[
−αC F ηS

RT

]}
(20)

(see [43] for a comprehensive treatment of the subject). In the Butler-Volmer equation (20), αA and αB are
positive kinetic constants, and ηS is the surface overpotential. The exchange current density, i0, is function
of the concentration of lithium at the interface, in the form [44]

i0 = KS F (cLi+ |
e
I)
αA (cmaxLi − cLi|aI )αA (cLi|aI )αC , (21)

while the surface overpotential is defined as
ηS = JφK− US , (22)

with US denoting the surface open circuit potential, and JφK the jump of the electric potential at the interface
defined as the potential at the electrode minus the potential in the electrolyte, as in (19). The surface open
circuit potential (OCP) US is related to the ideal chemical potential, µLi, of lithium at the surface of the
active material through the following equation [45],

F US(t) = µ̃Li − µLi(t)|aI , (23)
where µ̃Li is the chemical potential of lithium of a reference electrode. The surface mass flux in normal
direction at the electrode/electrolyte interface will be denoted with hBV . It is related, through the Faraday’s
law, to the surface current density in the same direction at the same location,

iBV = F hBV . (24)
There is no intercalation of X− ions into the active materials. From the mechanical point of view, compati-
bility and traction continuity are imposed across the interface I. In conclusion, the electro-chemo-mechanical
interface conditions can be summarized as follow

~hLi · ~na = −~hLi+ · ~ne = hBV , (25a)
~hX− · ~na = 0 , (25b)
JφK = US − ηS (25c)

J~uK = ~0 , (25d)
σa~na = −σe~ne . (25e)

3 Electrode design
Reshaping the fictitious planar battery represented in Fig. 3 in order to achieve optimal battery perfor-
mances is the goal of the electrode design. To this aim, a weak form has been derived after rewriting the
governing equations of each battery component in dimensionless form: the detailed calculations can be found
in appendix A. The weak form has been discretized in space via the Finite Elements Method (FEM), while
the evolution in time has been tracked with the Backward Euler scheme, as in [30, 35]. Finally, the resulting
nonlinear problem has been implemented in the commercial FEM software ABAQUS, by writing a User
Element Subroutine.
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3.1 Material parameters
The electrodes initial configuration consists of a 10 µm thick graphite anode, and a 10 µm LiCoO2 cathode
separated by a 30 µm separator and LiPF6 liquid electrolyte. The cross sectional area, i.e. the one depicted
with A in fig. 3 and not to be confused neither with the area of the interface between electrodes and electrolyte,
nor with the electrode net cross area Anet that will be defined later on, is assumed 200 cm2 as representative
of a commercial cylindrical battery [46]. The material parameters, taken from the literature, are listed in
Table 1. Subscripts an and ca will identify LiC6 anode and LiCoO2 cathode from now on.

Figure 3: The basic configuration (i.e. n = 0) for the numerically analyzed Li-ion cell.

Denote with 0 < x < 1 the amount of lithium in LixCoO2. Since in normal battery operations x ranges
between x = 0.5 and x = 1.0, the theoretical capacity of the battery can be estimated from the volume of
the positive electrode VLiCoO2 as

VLiCoO2

cmaxLi
2 F = 64 mAh , (26)

where F = 26.801Aůh/mol is Faraday’s constant. The intercalation reactions of lithium in positive and
negative electrodes are written as

Li+ + C6 + e– discharge
charge LiC6 (27)

and
CoO2 + Li+ + e– charge

discharge LiCoO2 . (28)

The surface OCP in formula (23) is given in terms of the ideal chemical potential (15) as

US = −µLi

F
= −µ

0
Li
F
− RT

F
ln
(

cLi

cmaxLi − cLi

)
+ ωLi

F
tr [σa ] , (29)

having taken a vanishing µ̃Li as usual. The OCP defined in formula (29) depends upon the concentration of
dissolved lithium and on the hydrostatic pressure at the electrode surface. The value for µ0

Li has been taken
as

µ0
Li
F

= −4.3 V (30)

in order to match the the measured OCP of graphite and lithium cobalt oxide for Li0.5CoO2, assuming a stress
free electrode, i.e for cLi = cmaxLi /2 and tr [σa ] = 0. A comparison between theoretical and experimental
OCP is plotted in Fig. 4.
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Figure 4: Comparison between the theoretical OCP from eq. (29) and the one experimentally measured in
[47]. The discrepancies are due to the phase transformation in LixCoO2 that have been highlighted in [47]
and cannot be captured by an ideal (purely entropic) model.

Material Parameters ref. ref.

LiC6 anode LiCoO2 cathode
cmaxLi

[
mol/m3] 2.64× 104 [48] 2.39× 104 [44]

D| Li
[
m2/s

]
3.90× 10−14 [48] 5.387× 10−15 [44]

ωLi
[
m3/mol

]
1.642× 10−6 [48] −5.300× 10−7 [49]

E [Gpa] 15 [48] 370 [44]
ν [−] 0.3 [48] 0.2 [44]
κ [S/m] 100 [50] 10 [50]

LiPF6 electrolyte
cmax

[
mol/m3] 1.0× 104 [35]

D| Li+
[
m2/s

]
2.0× 10−11 [35]

D|X−

[
m2/s

]
3.0× 10−11 [35]

E [MPa] 450 [51]
ν [−] 0.499 This study
ε| r [−] 95 [35]

LiC6|LiPF6 interface LiCoO2|LiPF6 interface
αA [−] 0.5 [52] 0.5 [52]
αC [−] 0.5 [52] 0.5 [52]

KS

[
m2.5 mol−0.5 s−1] 1.764× 10−11 [52] 6.667× 10−11 [52]

Table 1: Material parameters used in the numerical simulations. The mechanical parameters are given in
terms of Young’s modulus E and Poisson ratio ν.
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3.2 Architected geometries
In order to assess the impact of the electrode morphology on the battery performance, either one or both
electrodes have been reshaped into the comb-like profile depicted in Fig. 5a. The unit cell cross-section
inherits an index n, which controls the degree of optimization. At n = 0 the selected shape is rectangular,
with height h0 and thickness b0 = 10µm, resembling Fig. 3. The number of unit cells amounts at n+ 1 and
the height of each unit cell is

h(n) = h0/(n+ 1) ,

so that the total height of the cell remains unchanged and equal to h0. Figure 5b depicts the shape of the
cathode for n = 1, 3, 4, 10. By increasing the parameter n, the protrusions become more pronounced and the
comb-like shape more evident. In order to consistently measure the increment of performance with n, the
capacity and the electrode net area kept constant, i.e.

Anet = h0 b0 .

The thickness of the separator is fixed at 30µm but the thickness of the electrodes change with n, though,
and a porosity index ε may eventually be associated to n as the ratio of the area occupied by the electrolyte
and the net area of the electrode.

h0

b0

n = 0

h
αh

Δbαb0

n = 5 n = 10

n = 15

Figure 5: The schematic representation of modified electrodes. Light gray shows the planar area at n = 0.

The shape of the unit cell cross-section, which evolves from rectangular to an L-shape, is managed by a
factor 0 ≤ α(n) < 1 and by the amount

∆b(n) = b0
α2

1− α ,

9



n α ∆b bbtm btop h αh ε

0 0 0 10 10 20 0 0
1 0.05 0.03 10.03 9.5 10 0.5 0.003
5 0.25 0.83 10.83 7.5 3.33 0.833 0.077
10 0.5 5 15 5 1.82 0.91 0.333
15 0.75 22.5 32.5 2.5 1.25 0.9375 0.692

Table 2: Geometric data of the unit cell.

as depicted in Fig. 5. The selection of function α(n) is arbitrary, provided that α(0) = 0. The size of the
bottom side of the unit cell, see again Fig. 5, is

bbtm(n) = b0 + ∆b = b0
(

1 + α2

1− α

)
,

whereas the top side length amounts at

btop(n) = b0(1− α(n)) .

The total area of the unit cell amounts at

Auctot(n) = h bbtm = Anet
1

n+ 1

(
1 + α2

1− α

)
(31)

hence the total area of the electrode yields

Atot(n) = (n+ 1)Auctot(n) = Anet

(
1 + α2

1− α

)
(32)

and finally the porosity ratio comes out

ε(n) = 1− Anet
Atot(n) = α2

1− α+ α2 . (33)

The new comb-like geometry adds porosity to electrodes and improves the intercalation by two mechanisms,
by increasing the surface area and by narrowing the thickness of the electrodes in the combs, so to increase
the amount of lithium that can be effectively stored. The second feature turns out to be particularly relevant
at high C-rates. As for function α(n), we chose

α(n) = n

nmax
(34)

in our simulations, with nmax = 20 the (arbitrary chosen) upper bound of the number of combs. The
geometric data for a few values of n are reported in Table 2. Logarithmic plots for the dimensionless ratio
h/h0, ∆b/b0, and for the porosity after such a choice are depicted in Fig. 6.

3.3 Boundary and initial conditions
For the sake of clarity, the electrodes boundary is divided into two parts, ∂ΩA and ∂ΩB , as depicted in
Fig. 3. The boundary conditions are imposed on the boundary of both the electrodes, ∂Ωan and ∂Ωca, and
electrolyte ∂Ωe. Making reference to Fig. 3, all conditions on

{
∂Ωel ∪ ∂ΩBan ∪ ∂ΩBca

}
will be vanishing, in

this way enforcing a periodicity in the y direction of Taylor type.
The battery response will be evaluated upon constant current discharging at different C-rates. To this

end, a uniform discharging current is prescribed on both sides of the battery as follows

~ian · ~nan = −I(t)
A

on ∂ΩAan , ~ica · ~nca = I(t)
A

on ∂ΩAca , (35)
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Figure 6: Log plots for the dimensionless ratio h/h0, ∆b/b0, and for the porosity for the evolution of the
electrode geometry with n=0,1,... and α(n) as in (34).

where A is the battery cross-sectional area (see Fig. 3) and ~i refers to the (ionic) current flowing through
the battery. In order to make initial and boundary conditions compatible with thermodynamic equilibrium
at t = 0, I is tuned in time as

I(t) =
(
1− e−t

)
I1.0 Cr , (36)

where I1.0 = 3.2 A/m2 is the electric current corresponding to 1 C-rate discharging, while Cr is the discharge
rate. The flux of current is zero on

{
∂Ωel ∪ ∂ΩBan ∪ ∂ΩBca

}
~ian · ~nan = 0 on ∂ΩBan , ~ica · ~nca = 0 on ∂ΩBca , ~iel · ~nel = 0 on ∂Ωel .

In line with battery morphology and processes, ionic species Li+ and X− cannot flow through the external
boundary so that

~hLi · ~nan = 0 on ∂Ωan , ~hLi · ~nca = 0 on ∂Ωca ,
~hLi+ · ~nel = ~hX− · ~nel = 0 on ∂Ωel .

Assuming the battery case to be infinitely rigid, the cell expansion/contraction is prevented during battery
operations. Thus the following mechanical boundary conditions have been set:

ux = 0 on
{
∂ΩAan ∪ ∂ΩAca

}
, uy = 0 on

{
∂Ωel ∪ ∂ΩBan ∪ ∂ΩBca

}
.

Initial conditions have been imposed for species concentration in both cathode and electrolyte at t = 0.
When the battery is first assembled, all the Lithium resides in the positive electrode, the anode being Lithium
free when the battery is fully discharged. Thus the battery has to be charged first, so that Li ions can be
transferred from the positive to the negative electrode. Due to the electrochemical properties of LiCoO2,
only half of its theoretical capacity is usually displaced to the anode and used in battery operations [47].
Therefore, the initial concentration of Li ions in the electrodes is

cLi

∣∣∣
t=0

= 1.2× 104mol/m3 in Ωan ∪ Ωca ,

since the electrodes have the same volume. The initial concentration of ionic species in the electrolyte is
taken from [35], i.e.

cLi+
∣∣∣
t=0

= cX+

∣∣∣
t=0

= 1.5× 103mol/m3 in Ωel .

3.4 Numerical methodology
As already pointed out, the weak form (50) enclosed in appendix A is discretized in space and time prior
to the implementation in the commercial software ABAQUS as a user element subroutine. In this way, the
resulting non-linear problem is solved through the Newton-Raphson algorithm in a monolithic scheme by
ABAQUS inner algorithmic machinery.
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The numerical implementation of the conditions at the interface between active materials and elec-
trolyte are of particular interest in these electro-chemo-mechanical systems. In this work we implemented
zero-thickness elements between electrodes and electrolyte. For this sake, we have extended the numerical
approach used for cohesive mechanics (see [53, 54, 55, 56] among others) to the electro-chemo-mechanical
interfaces at hand using conformal FE discretization of active materials and electrolyte at the interfaces, i.e.
the nodes at interface must superpose (see Fig. 7).

The computational domain, which can be reduced to the unit cell reported in Fig. 7 for reasons of sym-
metry and periodicity, has been discretized using 4-node bilinear elements. Due to the regular morphology
of the battery components, a structured FE grid has been generated with the mesh-generator Gmsh [57].

Figure 7: Computational domain adopted for the numerical simulations along with a schematic representation
of the boundary conditions used.

Three distinct User Elements have been developed for the implementation in ABAQUS: one for the active
materials, one for the electrolyte, and one for the interfaces. All these elements have five degrees of freedom
as depicted in Fig. 8. In particular, the nodal unknowns are {cLi+ , cX− , φe, ux, uy} in the electrolyte and
{cLi, Σ, φe, ux, uy} in the electrodes. Since the nodes of the interface elements belong either to the electrolyte
or to the electrodes, the nodal unknowns in the interface elements follow from the ones implemented in the
bulk elements.

Figure 8: Unknown fields in the electrolyte and in the electrodes. Since the nodes of the interface elements
belong either to the electrolyte or to the electrodes, the nodal unknowns in the interface elements follow from
the ones implemented in the bulk elements.

4 Outcomes and discussion
In all simulations we considered a current-discharge regime (36) for C − rates = 1, 2, 4, 8. The response of
the battery with planar electrodes, see Fig. 3, is discussed as the one-dimensional reference configuration
n = 0.

4.1 Electro-chemo-mechanical response of the planar configuration
The battery voltage - Figure 9a shows the predicted voltage profiles as a function of time, while in Fig. 9b
the battery voltage is plotted against the extracted charge, the integral in time of the current that flows
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(a) Voltage vs time (b) Voltage vs capacity

Figure 9: Simulated voltage profiles of the planar battery during constant-current-discharging at C-rates = 1,
2, 4, and 8. Fig. (b) reports in brackets the ratio of the extracted charge(capacity) at the end of the discharge
over the theoretical capacity of the battery, i.e. 64 mAh.

across the battery cell. Independently upon the discharging rate, the voltage profiles show three distinct
phases: at first the voltage drops sharply (IR drop), then the discharge proceeds showing a plateau, finally
the process ends with another sudden voltage drop. It is worth recalling that here we do not make use of
the experimental OCP, as carried out in many numerical works, rather we relate the surface OCP in the
Butler-Volmer equation to the chemical potential of Li ions in the electrodes, as shown in Eq. (23).

As it emerges from experimental data [36, 42], the battery voltage is highly dependent on the C-rates.
Indeed the operating voltage attains lower values for higher discharging rate as a result of higher battery
overpotentials. The amount of extracted charge is dependent on the discharge rate as well (see Fig. 9b): the
higher the discharge rate, the lower the extracted charge. For quantitative comparisons, the ratio between the
simulated extracted charge and the theoretical capacity is reported in brackets in Fig. 9b. This percentage
can be regarded as a measure of the efficiency of the battery. For the planar configuration, the battery
performs poorly (for instance, at 8 C-rate, only 3% of the theoretical capacity is used; even for 1 C-rate the
amount of extracted charge is only about 20% of the theoretical capacity).

The chemo-mechanical response - Figure 10a plots the evolution in time of Li ions concentrations within
the planar battery at 1.0 C-rate discharging. During discharging, the concentration of lithium progressively
increases in the cathode, accumulating near the electrolyte interface, while the opposite occurs at the negative
electrode. The simulation ends after 12.5 minutes, when lithium in the cathode reaches its saturation limit
in correspondence of Γca (cmaxLi = 2.39×104 mol/m3). Indeed, further current flow, in the prescribed regime,
is prevented by saturation of lithium in the positive electrode in eq. (21). The latter is thus the limiting
factor for the performance of this planar Li-ion battery. Owing to the much higher ionic diffusivity, the
concentration profile of Li ions is essentially flat in the electrolyte. The overall amount of Li ions dissolved
in the electrolyte is conserved since lithium is consumed at Γca with the same velocity as it is generated at
Γan, and the charge is conserved.

Figure 10b depicts the simulated mechanical response in terms of hydrostatic pressure, i.e. p = 1
3 tr [σ].

Since no external forces are prescribed on the battery case, the stress evolution is triggered by the volumetric
strain induced by lithium intercalation and de-intercalation in the electrodes. The separator acts passively,
contrasting the volume change in the electrodes with its mechanical stiffness. As shown in Fig. 10b, the
pressure, null at t = 0, increases with time in each component of the battery. On one hand, p is essentially
uniform in the separator with magnitude smaller that 100 Mpa. On the other, the stress distribution is not
uniform in the electrodes and attains its maximum value at interface Γca. The stress evolution of p in the
electrodes merely emanates from the distribution of lithium, as dictated by equation (14). The pressure is
positive, i.e. tensile, in both positive and negative electrodes because of the value of parameters ωLi. In fact,
experimental evidence show [58] that LiC6 shrinks upon de-lithiation and LiCoO2 shrinks with lithiation.
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(a) (b)

Figure 10: (a) Lithium concentration and (b) hydrostatic pressure in the planar battery as a function of x
coordinate at time t=0, 2, 4, 6, 8, 12 minutes, and at the end of the process for 1.0 C-rate discharging.

The impact of the stress evolution in the voltage response of the battery is highlighted in Figure 11. The
voltage profiles of Fig. 9b are compared with the ones obtained by neglecting the mechanical effects, i.e.
prescribing ωLi = 0 in both electrodes. The numerical evidence show that the chemo-mechanical coupling
influences the duration of the discharging process, and consequently, the amount of extracted charge at the
end of the process. This relies on the definition of the chemical potential in Eq. (15), from which the stress
state influences the transport of lithium and the surface OCP in the Butler-Volmer equation (see Eq.s (16)
- (29)). These outcomes show that the mechanics of intercalating electrodes has a major influence on the
operating voltage of Li-ion batteries and cannot be neglected.

Figure 11: Comparison between the simulated
voltages in the planar battery obtained though fully
coupled chemo-mechanical analysis (ωLi 6= 0), and
by neglecting the mechanical effects (ωLi = 0).
The battery has been simulated upon constant-
current-discharing at 1.0, 2.0, 4.0, 8.0 C-rates.

4.2 Electrodes morphologies
In section 4.2.1, the positive electrode LiCoO2 is reshaped into the comb-like morphology detailed in section
3.2. This morphological change impacts on the amount of surface of the cathode in contact with the
electrolyte, i.e. the electrochemical charge transfer reaction takes place on a greater surface compared to the
planar battery simulated in Section 4.1. However, as stated in Section 3.2, the new morphology does not
alter neither the volume of active material nor the theoretical capacity of the battery.

We proceeded in section 4.2.2 by modifying the geometry of both anode and cathode concurrently: in
each battery configuration, the morphology of both electrodes is mirrored. Akin to section 4.2.1, the battery
geometry is defined by index n, without altering neither the volume of active material nor the theoretical
capacity of the battery.
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4.2.1 Architecting the cathode

The battery voltage - Figure 12 depicts the simulated voltage of the battery for different cathode morphologies,
with n ranging from 1 to 15. The discharge current (36) is the same for each analysis. For both C- rates
1 and 8, the higher the number of combs the higher the operating voltage of the battery. Accordingly, the
amount of extracted charge is influenced by the electrodes morphology. The rise in the battery efficiency
can be seen clearly by comparison with the reference planar configuration. At a unit C-rate, the efficiency
gradually yet constantly increases up to n = 9. Afterwards, for n ≥ 10, the capacity of the battery remains
basically steady at 76.56%. Similar outcomes are observed for C-rate 8 under the same operating conditions,
although the extracted charge is much lower.

(a) (b)

Figure 12: Influence of cathode morphology on the simulated voltage for 1.0 (a) and 8.0 (b) C-rate discharging.
Each voltage profile is labelled by the integer n, i.e. the constant that identifies the shape of cathode (see Fig.
5). The battery efficiency, reported in parenthesis, is computed as the ratio between the extracted charge at
the end of the discharging and the theoretical capacity.

The chemo-mechanical response - The effect of the cathode morphology on lithium concentration is
evaluated at 1C-rate for n = 1 as well as n = 10 and depicted in Fig. 13. As expected, the higher the index
n the more uniform the lithium distributes in the positive electrode. For n = 1, the lithium intercalated in
the cathode accumulates at the electrolyte interface, while the lithium in the anode shares with the reference
battery (n = 0) the same profile. The battery discharge ends due to the saturation limit on the cathode
interface Γca. Hence, as for the planar electrode configuration, the cathode is the limiting factor for the
battery cell on discharge.

The circumstances change at n > 10. As shown in Fig. 13b, lithium does not saturate in the positive
electrode anymore. Rather, the LiC6 becomes the new limiting factor, because the depletion of lithium at
the anode at Γan is induced, preventing any further flow of current. This evidence explains why increasing
the porosity of the cathode by index n does not provide any further improvement to the performance, which
could be obtained only after reshaping both electrodes.

4.2.2 Reshaping both electrodes

The battery voltage - Figure 14 shows the simulated battery voltage for different number of combs under
constant current regimes for 1.0 and 8.0 C-rates. As resulted in the former section, the operating battery
voltage increases with n. The electrode morphology impacts on the amount of the extracted charge in a
similar way: the higher the number of combs, the higher the efficiency of the battery. At 1.0 C-rate, the
efficiency of the battery exceeds 90% efficiency with 15 combs on both electrodes. The striking impact of
the morphology on discharge rate is seen clearly also for high C-rate (equal to 8 in Fig. 14b).

The chemo-mechanical response - The role of the battery geometry on the spatial distribution of lithium
concentration is depicted in Fig. 15 at 8.0 C-rate. By increasing the surface area of the electrodes and,
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Figure 13: Comparison between the lithium distribution in the battery at the end of 1.0 C-rate discharging
for cathode morphology n = 5 and n = 10.

(a) (b)

Figure 14: Impact of battery morphology on the simulated voltage for 1.0 (a) and 8.0 (b) C-rate discharging.
Each voltage profile is labeled by the integer n, i.e. the constant that identifies the shape of the electrodes
(see Fig. 5). The battery efficiency, reported in parenthesis, is computed as the ratio between the extracted
charge at the end of the discharging and the theoretical capacity.
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Figure 15: Comparison between the lithium distribution in the battery at the end of 8.0 C-rate discharging
process for battery morphologies n = 5 and n = 10.

even more relevant, by narrowing the thickness of combs, the lithium concentration in the cathode results
more uniform. For n = 1, the limiting factor is the saturation of lithium in the cathode, that prevents
further discharge of the battery. On the contrary, for n = 10 the depletion of lithium at the anode and the
saturation at cathode are concurrent at the top of the combs, which are basically filled with stored lithium.
Saturation in the cathode takes place in vicinity of the cathode-electrolyte interface, see the B plot in Fig.
15 for n = 10. This becomes the new cut-off factor of the battery and limits efficiency to 83.4%, as seen in
Fig. 14b. Efficiency increases with n, but the size of electrodes becomes higher and higher, see Fig. 6b up
to becoming unrealistic. Most likely, a three dimensional design of the electrode may relieve this drawback
and allow optimal performance of the battery even at higher C-rates. This analysis will be the subject of
further research.

The battery response as a function of porosity, already extensively discussed, is condensed in Fig. 16.
Note that the same microstructure is used for both electrodes, hence a single parameter captures the porosity
of the system. Figure 16a depicts battery efficiency vs cathode porosity, whereas fig. 16b refers to both
electrodes.

5 Conclusions
In this study, the effect of the architecture of the electrode in Li-ion batteries has been investigated via
thermo-chemo-mechanically coupled modeling and simulations. Insightful conclusions can be drawn, for
which the battery efficiency is largely amplified by a proper design of the microstruture of the electrodes. At
high C-rates, the battery cut off is caused by specific limiting factors: in discharge, as it emerged from the
simulations, they stand in the concentration of inserted lithium in the cathode at the electrode/electrolyte
interface, which prevents further discharge and limits the battery efficiency to few percent at 8 C-rates. An
optimal design allows overcoming those limiting factors, redistributing the lithium owing to two mechanisms,
the widening of oxidation/reaction surface area and the narrowing of the thickness, which allow almost
complete filling of the electrodes. Although this paper deals with liquid electrolyte, similar conclusions
might in principle be inferred in solid electrolytes. Furthermore, the role of the electrode microstructure
exacerbates in materials with very low intercalation diffusivity, as for LiFePO4. In fact, very low diffusivities
cause lithium to accumulate near the electrolyte interfaces, a limiting factor that structured electrodes can
overcome as shown in this paper.

We shall point out that in several respects our model, and thus our conclusions in terms of increment of
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(a) (b)

Figure 16: Influence of porosity on the efficiency, i.e. the ratio between stored charge and the cathodic
theoretical capacity.

battery efficiency, does not capture complete realism. Modelling of fade and power loss with electrochemical
cycling has been a significant research branch in LIBs modelling [59, 60, 61] that was not accounted for.
The main mechanisms of aging can be categorized in four groups, namely: surface film formation (solid
electrolyte interphase (SEI) [62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77], bulk changes
(phase segregation), mechanical effects due to lithiation (fracturing, dissipation, grinding), and parasitic
reactions (corrosion, binder degradation)[78, 79, 80]. Those mechanisms will alter the numerical evidence in
the increment of efficiency that our simulations highlighted, but will not diminish the conceptual relevance
of architected electrodes. For this sake, further research will be elaborated in the near future, to further
validate the main outcomes of the present note in the presence of aging and degradation, accentuated by
mechanical detrimental effects [81, 82].
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A Finite element implementation
A.1 Non-dimensional governing equations and weak form
Intercalating electrodes - Equations (9) - (10) - (11) have been rephrased in term adimensional variables

x∗i = xi

l̄
, t∗ = t

t̄
, c∗Li = cLi

c̄
, φ∗ = φF

RT
, u∗i = ui

l̄
, σ∗ij = σij

σ̄
, (39)

by introducing l̄, t̄, c̄, σ̄ as reference length, time, concentration, and stress respectively. In this way, the
governing equations of intercalating electrodes are equivalent to the following non-dimensional ones

∂c∗Li
∂t∗

+ div∗[~h∗Li] = 0 , (40a)

div∗[~i∗a] = 0 , (40b)

div∗[σ∗a] = ~0 , (40c)

where

div∗[~h∗Li] =
2∑
i=1

h∗Li
∂x∗i

, div∗[σ∗a] =
2∑
i=1

2∑
j=1

σ∗ij
∂x∗j

~ei , ~h∗Li =
~hLi t̄

c̄ l̄
, ~i∗a =

~ia t̄

c̄ l̄ F
.

Note that equations (40) have the same expression of (9) - (10) - (11) but are formulated in terms of non-
dimensional variables and operators. Similarly, a non-dimensional counterpart of the constitutive laws (14)
- (16) - (17) can be easily obtained as follow

σ∗a = K∗a tr
[
εa − εch

]
1 + 2G∗a dev [ εa ] ,

~h∗Li = −D| ∗Li∇
∗ [c∗Li] + D| ∗Li ω

∗
Li

(RT )∗ c
∗
Li

(
(cmaxLi )∗ − c∗Li

(cmaxLi )∗
)
∇ [ tr [σ∗a ] ]

~i∗a = κ∗a∇∗ [φ∗a] .

with non-dimensional material parameters defined as

D| ∗Li = D| Li t̄

l̄2
, ω∗Li = ωLi c̄ , (RT )∗ = RT

c̄

σ̄
, (cmaxLi )∗ = cmaxLi

c̄
,

κ∗a = κa t̄ R T

c̄ l̄2 F 2
, K∗a = Ka

σ̄
, G∗a = Ga

σ̄
.

To include the effect of stress gradient in equation (16) we define an additional dimensionless variable Σ∗ as
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Σ∗ − tr [σ∗ ] = 0 , (43)

which will be approximate as an explicit degree of freedom. Eq. (43) is then added to the set of governing
equations (40) for the numerical resolution of the problem.

Electrolyte - Following the same procedure adopted for electrodes, governing equations (1) - (2) - (3)
are first made dimensionless by introducing the following non dimensional variables

x∗i = xi

l̄
, t∗ = t

t̄
, c∗Li+ = cLi+

c̄
, c∗X− = cX−

c̄
,

φ∗ = φF

RT
, u∗i = ui

l̄
, σ∗ij = σij

σ̄
, (44)

with l̄, t̄, c̄, σ̄ representing reference length, time, concentration, and stress respectively. Taking advantage
of the definitions (A.1), the balance laws of electrolyte are equivalent to the following non-dimensional ones

∂c∗Li+

∂t∗
+ div∗[~h∗Li+ ] = 0 , (45a)

∂c∗X−

∂t∗
+ div∗[~h∗X− ] = 0 , (45b)

div∗
[
∂ ~D∗e
∂t∗

+
(
~h∗Li+ − ~h

∗
X−

)]
= 0 , (45c)

div∗[σ∗e ] = ~0 , (45d)

where

div∗[~h∗β ] =
2∑
i=1

h∗β
∂x∗i

, div∗[σ∗e ] =
2∑
i=1

2∑
j=1

σ∗ij
∂x∗j

~ei , ~h∗β =
~hβ t̄

c̄ l̄
, ~D∗e =

~De

c̄ l̄ F
,

and

β = Li+, X− .

In this way the dimensionless form of the constitutive laws (4) - (6) - (3) result as follow

~h∗Li+ = −D| ∗Li+ ∇ [c∗Li+ ]−D| ∗Li+ c
∗
Li+

(
1− 2

c∗Li+

(cmax)∗
)
∇∗ [φ∗e] ,

~h∗X− = −D| ∗X− ∇∗ [cX− ] + D| ∗X− c∗X−

(
1− 2

c∗X−

(cmax)∗
)
∇∗ [φ∗e] ,

~D∗ = −ε| ∗∇∗ [φ∗e] ,

σ∗e = K∗e tr [ εe ]1+ 2G∗e dev [ εe ] .
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where

D| ∗Li+ = D| Li+ t̄

l̄2
, D| ∗X− = D|X− t̄

l̄2
,

(
F

RT

)∗
= 1 ,

(
cmax

)∗ = cmax

c̄
,

ε| ∗e = ε| eRT
c̄ l̄2 F 2

, K∗e = Ke

σ̄
, G∗e = Ge

σ̄
.

Interfaces - The interface conditions are applied for integrals defined on interfaces on Γan and Γca for
both electrodes and electrolyte. It is convenient to gather together all the contributions as follow;∫

Γan

∆̂cLi hBV (∆φ) ds+
∫

Γan

∆̂φ iBV (∆φ) ds +
∫

Γan

∆̂~u · ~TΓ (∆~u) ds
(48)

and ∫
Γca

∆̂cLi hBV (∆φ) ds+
∫

Γca

∆̂φ iBV (∆φ) ds +
∫

Γca

∆̂~u · ~TΓ (∆~u) ds , (49)

Symbol ∆ defines the jump of a certain variable at the interfaces ( α stands for an and ca depending on
the interface Γ where integrals are computed.)

Weak form - The weak formulation results from multiplying the strong form of governing equations by
a suitable set of tests functions and performing an integration upon the domain, exploiting the integration
by parts formula with the aim of reducing the order of differentiation in space. The asterisk is omitted for
the sake of readability. In conclusion, the overall weak form of battery governing equations can be written
in the time interval [0, tf ] as

Find y(~x, t) ∈ V [0, tf ] such that

∂

∂t
b (ŷ(~x), cL(~x, t)) + a (ŷ(~x), y(~x, t)) = f (ŷ(~x)) ∀ ŷ(~x) ∈ V (50)

where

b (ŷ(~x), cL(~x, t)) =
∫

Ωa

ĉL cL dA +
∫

Ωe

ĉLi+ cLi+ dA +
∫

Ωe

ĉX− cX− dA +
∫

Ωe

ε| e∇[ φ̂e ] · ∇ [φe ] dA ,

a (ŷ(~x), y(~x, t)) =
∫

Ωa

∇ [ ĉL ] ·
{

D| L∇ [ cL ]−D|Σ (cL)∇ [ Σ ]
}

dA +
∫

Ωa

κa∇[ φ̂a ] · ∇ [φa ] dA+

+
∫

Ωa

∇S
[
~̂ua
]

: σa(cL,Σ, ~ua) dA +
∫

Ωa

Σ̂
{

Σ− tr [σa(cL,Σ, ~ua) ]
}

dA+

+
∫

Ωe

∇ [ ĉLi+ ] ·
{

D| Li+ ∇ [ cLi+ ] + D|+φ (cLi+)∇ [φe ]
}

dA+

+
∫

Ωe

∇ [ ĉX− ] ·
{

D|X− ∇ [ cX− ]−D|−φ (cX−)∇ [φe ]
}

dA+

+
∫

Ωe

∇
[
φ̂e

]
·

{
D| Li+∇ [ cLi+ ] + D|+φ (cLi+) ∇ [φe ] −D|X−∇ [ cX− ] + D|−φ (cX−) ∇ [φe ]

}
dA+

+
∫

Ωe

∇S
[
~̂ue
]

: σe(~ue) dA+

+
∫

Γan

∆̂cLi hBV (∆φ) ds+
∫

Γan

∆̂φ iBV (∆φ) ds −
∫

Γan

∆̂~u · ~TΓ (∆~u) ds+
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+
∫

Γca

∆̂cLi hBV (∆φ) ds+
∫

Γca

∆̂φ iBV (∆φ) ds −
∫

Γca

∆̂~u · ~TΓ (∆~u) ds ,

f (ŷ(~x)) = −
∫
∂N Ωan

ĉL

{
~hL · ~nan

}
ds −

∫
∂N Ωca

ĉL

{
~hL · ~nca

}
ds+

−
∫
∂N Ωan

φ̂an

{
~i · ~nan

}
ds −

∫
∂N Ωca

φ̂ca

{
~i · ~nca

}
ds+

+
∫
∂N Ωan

~̂uan · (σan ~nan) ds +
∫
∂N Ωca

~̂uca · (σca ~nca) ds .

where D|Σ, D|+φ , D|−φ stands for

D|Σ = D| L ωL
RT

cL

(
cmaxL − cL
cmaxL

)
, D|+φ = D| Li+ F

RT
cLi+

(
1− 2 cLi+

cmax

)
, D|−φ = D|X− F

RT
cX−

(
1− 2 cX−

cmax

)
,

and Ωa = Ωan ∪ Ωca is the domain occupied by the electrodes. Symbol ∆ defines the jump of a certain
variable at the interfaces (a stands for an or ca depending on the interface Γ where integrals are computed)

∆cLi = cL − cLi+ , ∆φ = φa − φe , ∆~u = ~ua − ~ue , (51)

while ~TΓ is the traction normal to the interface

~TΓ = σa ~na = −σe ~ne . (52)

y = {cL, φa, ~ua, Σ, cLi+ , cX− , φe, ~ue} collecting the time-dependent unknown fields. Column ŷ collects
the steady state test functions that correspond to the unknown fields in y, i.e. ŷ = { ĉL, φ̂a, ~̂ua, Σ̂, ĉLi+ ,
ĉX− , φ̂e, ~̂ue}. The identification of the functional space V falls beyond the scope of this work.
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