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ABSTRACT

Overcoming the “curse of dimensionality” in high-dimensional reliability analysis is still an enduring challenge.
This paper proposes an innovative deterministic sampling method designed to overcome this challenge. The
approach starts with a two-dimensional uniform point set, generated using the good lattice point method. This
set is then refined through the cutting method to produce a specific number of points. A novel generating vector
is computed based on this method, enabling the generation of the targeted high-dimensional point set through a
strategic dimension-by-dimension mapping. Notably, this method eliminates the need for complex congruence
computation and primitive root optimization, enhancing its efficiency for high-dimensional sampling. The
resulting point set is deterministic and uniform, greatly reducing variability in reliability analysis. Then, the
proposed approach is integrated into the fractional exponential moment-based maximum entropy method with
the Box-Cox transform. This integration efficiently recovers the probability distribution for the limit state
function (LSF) with high-dimensional inputs, enabling precise assessment of the failure probability. The efficacy
of the proposed method is demonstrated through three high-dimensional numerical examples, involving both
explicit and implicit LSFs, highlighting its applicability for high-dimensional reliability analysis of structures.

1. Introduction

The inherent uncertainties in practical engineering systems, such as
randomness in geometrical configurations, material properties, bound-
ary conditions, and loading conditions [1], underscore the importance
of reliability analysis in high-dimensional structures. The complexity
of this task is compounded by the need to express failure probabilities
as multiple integrals within the failure domain [2,3], a process compli-
cated by the intricate topology of the limit state surface [4]. Addressing
these challenges, a spectrum of approximate methods for reliability
analysis has evolved, falling into four primary categories: approxi-
mate analytical methods, sampling methods, surrogate model-based
methods, and numerical integration methods. These methodologies are
instrumental in navigating the complexities of structural reliability
assessment amidst the pervasive uncertainties in engineering systems.

Approximate analytical methods approach reliability by conduct-
ing a Taylor series expansion of the Limit State Function (LSF) at
the most probable point. Key techniques include the First Order-
Reliability Method (FORM) [5,6] and the Second-Order Reliability

Method (SORM) [7,8]. These methods, which employ first and second-
order Taylor expansions, are efficient and widely utilized [9,10]. How-
ever, they may not always be suitable for reliability problems involving
high dimensions and structural nonlinearities due to the omission of
higher-order information [11-14]. Consequently, the design point and
its vicinity become less relevant for estimating failure probabilities
in high-dimensional problems [12]. Additionally, approximations of
the LSF may not be feasible, as the shape of the failure region can
become highly complex due to structural nonlinearities [12]. Sampling
methods estimate failure probabilities through extensive model evalua-
tions. Monte Carlo Simulation (MCS), a benchmark in this category, is
applicable regardless of the number of random variables involved in the
problem or the nature of the structural model (whether linear or non-
linear) [12]. However, MCS faces significant computational challenges,
particularly for systems with a small failure probability, as a large
number of samples are required to obtain an estimator with sufficient
accuracy [11,12]. Enhanced MCS techniques, including Importance
Sampling (IS) [15], improved cross-entropy methods [16,17], sequen-
tial IS [18], sequential directional IS [19], Subset Simulation (SS) [20,
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Nomenclature

CDF Cumulative Distribution Function
FEM Fractional Exponential Moment
FM Fractional Moment

FORM First-Order Reliability Method
GLP Good Lattice Points

IS Importance Sampling

LSF Limit State Function

MCS Monte Carlo Simulation

MEM Maximum Entropy Method

NTM Number-Theoretical Method

PDF Probability Distribution Function
SORM Second-Order Reliability Method
SS Subset Simulation

21], and line sampling [22,23], etc., have been developed to increase
efficiency and have demonstrated robust performance. However, de-
spite these advancements, the accuracy and computational demands of
these methods may still remain significant challenges, particularly for
costly LSF evaluations involving high-dimensional inputs, nonlinearity,
or low failure probabilities [24-26]. Surrogate model-based methods
provide computational efficiency by replacing the original LSF with a
less computationally expensive mathematical expression derived from
training samples. Various techniques have been developed, including
response surface methods [27,28], support vector machines [29,30],
Kriging methods [31-33], and artificial neural networks [34,35]. Poly-
nomial chaos expansions have also been widely used [36-38]. Despite
their success in low-dimensional problems, these methods struggle
with the “curse of dimensionality” in high-dimensional scenarios [39-
41], leading to prohibitive computational costs for realistic systems
and structures. Integration of dimensionality reduction strategies with
surrogate models [42-44] has been attempted, yet significant com-
putational demands persist in practices [25]. Numerical integration
methods estimate the Probability Density Function (PDF) of the LSF
based on statistical moments, followed by one-dimensional integration
for reliability analysis [11]. Central to these methods is the accurate
estimation of statistical moments and PDF reconstruction. Moment-
based reliability analysis methods, such as the Pearson system [45],
Generalized Lambda distribution [46], and the Maximum Entropy
Method (MEM) [47], have gained prominence. Notably, MEM relies
on statistical moments for PDF reconstruction without additional as-
sumptions [48]. Variants of MEM, including integer moment-based
MEM [49], Fractional Moment-based MEM (FM-MEM) [50-52], and
Fractional Exponential Moment-based MEM (FEM-MEM) [24,53,54],
have been developed for efficiency. However, the challenge in these
methods lies in the selection of the point set for statistical moment
estimation, which significantly affects the accuracy of the reliabil-
ity analysis. Despite the significant contributions of these methods
to reliability assessment, balancing accuracy and efficiency in high-
dimensional problems remains a formidable challenge. The intricate
interplay of computational demands and the need for precision in
reliability analysis continues to drive research in this field.

To address the aforementioned limitations and achieve a balance
between accuracy and efficiency in high-dimensional reliability anal-
ysis of structures, this paper proposes a novel deterministic sampling
method in the framework of FEM-MEM. In the proposed method, two
strategies, i.e., a cutting strategy and a two-round sorting strategy, are
implemented to generate a high-dimensional uniform point set for LSF
moments assessment. Then, the FEM-MEM combined with the Box—Cox
transformation is applied to reconstruct the PDF of LSF. The proposed
method can effectively calculate the failure probability and reliability
index of structures with high-dimensional inputs.
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The structure of this paper is organized as follows: Section 2
presents a concise overview of the Number-Theoretical Method (NTM),
including Good Lattice Point (GLP) (Section 2.1) and an improved
GLP with dimension-by-dimension mapping strategy (DD-GLP) (Sec-
tion 2.2). In Section 3, the proposed high-dimensional deterministic
sampling approach is introduced, based on a cutting method (Sec-
tion 3.1) and a generating vector construction strategy (Section 3.2).
Section 4 considers the high-dimensional reliability problem (Sec-
tion 4.1), and outlines a probability reconstruction method based on the
Box-Cox transformation (Section 4.2) and FEM-MEM (Section 4.3). A
step-by-step description of the implementation of the proposed method
is provided in Section 5. Three numerical examples are presented
in Section 6 to illustrate the performance and effectiveness of the
proposed method. Finally, Section 7 contains the concluding remarks.

2. Overview of NTM-based sampling methods

As the introduction highlights, conventional methods often prove in-
efficient when confronted with high-dimensional problems. Therefore,
this paper proposes a novel sampling method combined with FEM-MEM
to address the challenges posed by high-dimensional reliability analysis
problems. Generally, a uniform point set with low discrepancy is ad-
vantageous for moment estimation and reliability analysis [24,55,56].
Notably, a specific category of NTM points, called GLP point set [57,
58], is tailored to minimize discrepancies for uniform design [59].
Given the desirable space-filling property of the GLP-generated uniform
point set [55], GLP points find widespread application in enhancing
accuracy and minimizing errors in the reliability analysis of structures.
In that regard, to ensure accuracy in the FEMs assessment, the high-
dimensional uniform sampling method is constructed in this paper,
relying on the GLP and DD-GLP method [60]. To provide context,
the fundamentals of GLP and DD-GLP are briefly revisited in this
section. The properties of these two methods will also be identified
and discussed, serving as motivation for the proposed sampling method
described in Section 3.

2.1. GLP
In the GLP method, the construction of the generating vector h is the

initial step to generate a uniform point set Py =
{Gq = (9(1) P ,Hfld) , ¢g=1,2,...,n; with n points within the rel-

q g >

evant unit hypercube space C¢ = [0,1]¢, which can be achieved

by [57,58]

h=(hy, hy . shy o hy) = (Lad, ... ,d7h . a® ") (modn), i=1,2,....d
@

where a is the primitive root of the prime number n, i.e., a;(mod n) #
aj(mod n), (1 < i"<j <n),1<h <n(h+# hy, i#j3i,j=12,...d),
the integers h; and a'~! are congruent modulo n, (mod 1) denoted as the
congruence theorem, and » stands for the number of points.

Then, the g-th component in the i-th dimension of the GLP point set
6% in the unit hypercube space C? = [0,1]¢ can be determined using
the formula below [57,58]

{Qf;) = gh;(mod n)

1 ) Lmi=1,2,....d (2)
0y =20 - 1)/2n

where the integers Qf;) and gh; are congruent modulo n, with 1 < Qf;) <
n.

According to the properties of the congruence theorem, Eq. (2) can
be further expressed as

. 2gh; — 1 2qh; — 1 2qh; — 1
R L B N (o L B IV P (o L B 3
4 2n 2n 2n

where int(-) represents a mathematical operation to obtain the integer
part of a real number, whereas dec (-) denotes the decimal part.
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2.2. DD-GLP

Although the GLP method [57,58] (Section 2.1) can generate uni-
form points with low discrepancy in a straightforward manner, it
encounters a NP-hard problem when computing the essential generat-
ing vector h in Eq. (1) in a high-dimensional random-variate space [60].
This leads to an unacceptable computational burden, potentially caus-
ing the failure to generate the point set P,. To overcome this issue,
Gao et al. [60] proposed the DD-GLP method, which enhances the
efficiency of constructing the generating vector and point set in a
high-dimensional random-variate space.

In contrast to the traditional GLP method (Section 2.1), which
requires exponent calculation to form the generating vector Eq. (1), the
DD-GLP method constructs the generating vector with its components
expressed as linear multiples of the primitive root a of the prime
number n, as follows [60]

{e:(e],ez,...,
0<e,<n

where the integers e, and ga are congruent modulo ».
Then, the uniform point set P, in the unit hypercube space C? =
[0,1]¢ can be generated by the DD-GLP as follows [60]

{ e, = qa(mod n)

e....,e)=(a,2a,...,qa,..., na)(modn
" ) = ( q X ) g=123 ..

4

= )
0 =00 q=123...mi=123,..d

The selection of an appropriate primitive root a is crucial for gen-
erating a point set with good uniformity. The optimal primitive root a
can be determined by satisfying the following equation, as follows [61]
4, zi (0.81 +2log n)" ®)

n

D, (Py) < -
where D, (Py) represents the star discrepancy of the point set gener-

ated by the primitive root a, defined as [57]
n [L,r),P

Dn (Pg) _ sel ( ’ 9)

[1,recd n

-V {Lr) (7)

where ng ([1,r),Py) is the number of points in P, that satisfy 6, €
[Lr), 0<I1<r<1,and V (l,r) = H,-d=1 (1;,r;) represents the volume
of [I,r).

Eq. (5) illustrates that the DD-GLP method conveniently generates
a low-discrepancy uniform point set using the dimension-by-dimension
mapping strategy, leading to an easily implementable recursive rela-
tionship. However, this approach still necessitates a large number of
samples (n > 10° points for d > 100) in high-dimensional random
sample space to ensure the uniformity of the point set [60], as the
discrepancy limit is constrained by the right-hand side of inequality
(6). Moreover, the computationally intensive congruence computation
and primitive root optimization processes for a large number n are
still inevitably present in the DD-GLP method, rendering it impractical
for direct application in engineering practice. It is worth highlighting
that both the GLP and DD-GLP generate deterministic point sets, which
show no variabilities.

3. A novel high-dimensional deterministic sampling method

Considering the limitations of the DD-GLP method, a novel high-
dimensional deterministic sampling method, based on GLP and incor-
porating a cutting strategy along with a new strategy for deriving
the generating vector, is proposed. This method aims to generate a
low-discrepancy uniform point set, ensuring the accuracy of high-
dimensional reliability analysis of structures with a smaller sample size.
In this method, the cutting strategy [62] is employed both to obtain
the position information of points within the GLP point set as the
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Fig. 1. Schematic of the initial two-dimensional GLP point set Pg.

basis for constructing the generating vector and to reduce the num-
ber of points required in reliability analysis while ensuring accuracy.
Simultaneously, the proposed generating vector construction strategy
is developed to extract the position information of points within the
uniform point set obtained through the cutting strategy, thereby fa-
cilitating the elegant construction of a new generating vector while
achieving the goal of circumventing the computationally intensive con-
gruence computation and primitive root optimization processes. The
details of the proposed method will be elaborated in this section.

3.1. Cutting strategy

To address the requirement for a large number of points, a cutting
strategy [62] is first proposed to obtain a two-dimensional cutting
point set P, = {u;= uf;),ufiz)), g= 1,2,...,n,} with an arbitrary
target number of points n,, where n, < n. This target number is
significantly smaller than the number of points » in the initial DD-GLP
point set Py. It is important to note that the proposed method only
requires cutting the first two dimensions of the point set P, using the
cutting strategy. In other words, the proposed method does not need to
generate the complete DD-GLP point set P, containing all dimensions,
thereby saving computational efforts compared to the DD-GLP method.

In this context, to obtain a two-dimensional cutting point set P,, the
initial two-dimensional GLP point set Py = {6,=
(5;1),922)), g=1,2,...,n} needs to be determined using Eq. (2) or
Eq. (5). In this paper, the number of points in the point set Py is chosen
to be n = 1597, and the primitive root is set to a = 679 in accordance
with Eq. (6). Then, the points of P can be calculated as depicted in
Fig. 1.

The cutting strategy is, then, implemented by cutting the two-
dimensional initial point set 7; within the unit square C2 = [0, 1]?
using a square cutting region C2, = [0, ucut]z, Uy € [0,1], with
side length u.,, and one vertex at the origin. The points 6 s falling
within the square cutting region Cczut are selected as u;. To obtain
the cutting point set P,, the value of u, is continuously increased
until the number 7 of points falling in the square cutting region C2
reaches the target number n,. This process is performed iteratively.
Once the iteration stopping condition is met, all the points located in
the Cczut form the cutting point set P, accordingly. The algorithm for
the cutting method is presented in Table 1, and the schematic is shown
in Fig. 2. It is important to note that this iterative process does not
involve deterministic structural calculations, resulting in no additional

computational efforts.
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Table 1
Details of the cutting method.

Algorithm 1: Cutting method [62]

1: while 7 < n,
Increase the value of u;

P, = {éq €0 00 <ug N8P <ugy .q= 1,2,.“,n}

= {uﬁ = (u;”,uf;)), qg= ],2,...,71}

end
6% 4®
A
1
CZ
ucul
32
.
5 &
Q \6 .-
=i A
(1) —— 2
(CCut) Ccut
>
0 u 1 5
(#eu) Increase o 8", u"

Fig. 2. Schematic of the cutting method.

Since the cutting point set P, preserves the arrangement of points
from the initial two-dimensional GLP point set P, the positional infor-
mation of this uniform point set is retained [62]. Leveraging this prop-
erty, a new generating vector for producing a low-discrepancy uniform
point set across the entire unit hypercube space, C¢ = [0,1]¢, can be
derived using the method introduced in the next section (Section 3.2).

3.2. A new way to construct the generating vector

The computation of generating vectors is a key and challenging
aspect of the GLP method. As mentioned earlier (Section 2.2), tradi-
tional GLP methods [57,58] struggle to generate point sets in high-
dimensional spaces because the computation of high-dimensional gen-
erating vectors is a NP-hard problem. While the DD-GLP method [60]
represents an improvement by requiring only linear computation for
the generation vector, it still involves prime root optimization and
congruence computation for high-dimensional point sets with a large
number of points, resulting in significant computational efforts when
dealing with high-dimensional problems. The generating vector, es-
sentially a uniform design, determines the arrangement of points in
a unit hypercube C? = [0, 1]¢ according to the NTM [57]. Moreover,
there exists a recursive relationship between different dimensions of
the GLP point set Eq. (5), indicating that the position information (or
generating vector) of the entire point set can be inferred from the
points in any two dimensions. In light of this, this paper proposes a
novel method, named the two-round sorting strategy, to construct the
generating vector for high-dimensional sampling with high efficiency,
detailed in this section.

In the GLP method, the 2, = 1 can always be assumed for h =
(h1shy, ..., hy) [57]. Accordingly, the values of points of the first-
dimension can be expressed using Eq. (3) as:

T
(1) _ (o) p1) (1) (1)
o = (01".0,"..... 00, ..o

T
2g -1 -
q M) ’q:]’z’_”’n

8
(13 ®
“\2n’2n’ 2m 0T 2nm
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Clearly, the points in the first dimension of the GLP point set are
arranged in ascending order on [0, 1]. Moreover, according to DD-GLP,
the points in the second dimension can be generated recursively by the
points in the first dimension based on the generation vector Eq. (5).
Therefore, the generation vector not only determines the arrangement
but also the numerical order of the points in the second dimension. In
other words, the numerical order of the points on the second dimension
of the cutting point set P, can be used to derive the generating vector,
which is the core of the proposed method.

For ease of understanding, let us consider an example with d = 3,
n =7, and the primitive root a = 3 of the prime number 7. According to
Eq. (1), the generating vector h of the GLP algorithm can be expressed
as:

h = (hy,hy, h3) =(1,3,2) ©)
The generating vector e of the DD-GLP algorithm can be obtained via
Eq. (4) as:

e=(e.e....e;) =(3,6,2,5,1,4,7) 10)

Values of the first two-dimension points of the point set can be obtained
from Eq. (2) or Eq. (3) as

(1) (1) (1) (1) (1) (1) ON

o= [0 60) = (91 o) o) ol o o 6 )
(2) (2) (2) (2) (2) (2) (2)
0, 05 0 0, 0 O 0;

(D (D (D (D) (D) (1) N\ T
_ 91 92 93 94 65 66 0; an
951) 921) 9;1) 9;1) 9§1> 9§1> 9§1>
_ (1714 3/14 5/14 7/14 9/14 11/14 13/14 T
“\5/14 11714 3/14 9/14 1/14 7/14 13/14

It can be noticed that in Eq. (11), the generating vector determines the
numerical order of the points on the second dimension of the point set.
For clarity, the schematic diagram is shown in Fig. 3.

Since one of the vertices of the square cutting region C2, = [0, ey 2
is at the coordinate origin, as shown in Fig. 4, the points of the first
dimension of the cutting point set P, also form an ascending series on
the interval [0, u.,]. Additionally, the cutting process does not change
the original arrangement of the GLP point set. Therefore, the numerical
order of points on the second dimension of the cutting point set P,
contains the full information of the generating vector of P,, as shown
in Fig. 5. In that regard, once the cutting point set P, is obtained by the
cutting strategy (Section 3.1), the task is transformed to determining
UL Ugseee s Vg ooy Uy, )5 G = 1,2,...,n,, of the
points on the second dimension of the cutting point set P,. To achieve
this, a two-round sorting strategy is proposed to calculate the numerical
order v.

In the first-round sorting operation, the task is to sort the second
dimension of the cutting point set, denoted as u®, resulting in the
sorted set & = (i, iy, ... S, ... ’ﬁn,>' Additionally, it is necessary to
calculate the corresponding position vector, denoted as %, represent-
ing the positions of the sorted elements #;s in u®. It is evident that
each element 4 in the set u® has a one-to-one correspondence with
the position vector of u®, defined as % = [1,2,...,n,], which consists
of the positions of each element ul@ in u®. Consequently, the set u®
can be interpreted as a function, denoted as f,¢ : & — u®. Then, the
calculation of & and %, can be achieved through the following process

i = sort (u®) 12)

the numerical order v =

Py = @ a3

where sort(-) represents a sorting operation that arranges elements in

ascending order, and fu_(lz) (-) is the inverse function of f, (-).
Similarly, %, can also be regarded as a function, denoted as fg :

< — P, where & represents the position vector, which consists of the

positions of each element of % in %,. Subsequently, the second-round
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Dimension GLP point set (d =3,n=7,a=3)
I: 1 3 5 7 9 11 13:|
Ist
Numberical Order
Generating vector
2nd I: :I
14 14 14 14 14 14 14

Fig. 3. Principle of operation of DD-GLP method to obtain a point set.

cut

0 Uy b g

Fig. 4. Schematic diagram of the cutting point set.

sorting operation is executed to arrange the elements in %,, resulting
in the sorted vector %. Additionally, the corresponding position vector,
denoted as v, of & in %, is calculated. This process can be expressed
as follows

P =sort (%) 14

{ V= (ul,u2,...,uq,...,
0<v;<n

where f ; (+) is the inverse function of fg (-).

Through Egs. (12), (13), (14), and (15), the numerical order of u®,
denoted as v, is determined. As explained earlier, the term v in Eq. (15)
possesses the property of a generating vector h Eq. (1). Consequently,
v can be specifically treated as a generating vector for constructing a
uniform point set with n, points. The schematic representation of this
two-round sorting strategy is illustrated in Fig. 6. For the specific ex-
ample mentioned above, the new generating vector v can be calculated
using the proposed method as v = [3,2,4, 1].

The suggested two-round sorting strategy for constructing the gen-
erating vector eliminates the need for primitive root optimization and
congruence calculations in high-dimensional point sets with a large
number of points. Consequently, it circumvents the NP-hard problem
and the iterative process, making the proposed method computationally
efficient and highly robust.

o
”"r)zfg (#) . G=12....n, (15)

3.3. Generation of the representative point set

Once the generating vector v is determined, the points of the

remaining dimensions #” in the proposed uniform point set P; =

0= 17(,1),12(_2),...,17(_‘” , §=1,2,...,n, ; can be recursively derived by
q q°"q q !

the dimension-by-dimension mapping, starting from the points of the
first dimension @"). In this context, the calculation of ! should be
carried out first using either Eq. (2) or Eq. (3) as follows

T
) = (ﬁm’ﬁ(l)’ av ’ﬁa))
1 2 q

ny
25 -1 2, —1\7
9 ! >,q=1,2,...,n,

16
(13 ae
2n, 20,7 2n, T 2n,

Subsequently, in accordance with the DD-GLP, the gth point Qf the
ith dimension in the proposed uniform point set 7;, denoted as a;", can
be obtained from the v;th point of the (i — I)th dimension of P;. This

relationship can be expressed as

i =", §=1,23,...,n; i=1,23,...d 17)
q Vg

Let us continue with the above example to illustrate this. The first
dimension of the proposed uniform point set #!) can be computed
using Eq. (16), resulting in @ = (1/8,3/8,5/8,7/8)T. Subsequently,
the entire point set & can be directly obtained using Eq. (17) as follows:

1/8 5/8 7/8

|38 38 38

“Zls/8 778 178 as)
7/8 1/8 5/8

The schematic diagram illustrating the process of generating the pro-
posed uniform point set is presented in Fig. 7.

It can be seen that the generation of a target uniform d-dimensional
point set P; with n, points through the proposed method involves two
main steps: (1) obtaining the generating vector v using the cutting
method and the two-round sorting strategy; and (2) generating the
points in the first dimension with Eq. (16), followed by the recursive
generation of points in the remaining dimensions using Eq. (17). It
is noteworthy that the proposed method distinguishes itself by not
requiring the generation of an initial point set in the high-dimensional
space through the GLP method or DD-GLP method. Instead, it only
relies on a two-dimensional initial point P, thereby avoiding the
limitations associated with the GLP method or DD-GLP method.

Upon obtaining the proposed uniform point set P;, the represen-
tative point set P, = {xq = (xf;),x(q,z), ,x;d)c?, g=1,2,...,n, ¢ in the
original random variate space can be obtained through isoprobabilistic
transformation

A = ! (yﬁ (ug))) =7 (a;")),i =1.2,..d;g=12....n, (19

where F~!(-) represents the inverse Cumulative Distribution Function
(CDF) of the d independent random variables X = [X,X,,....X,] €
X C RY and Y, (-) denotes the CDF of the uniform distribution
with parameter [0, 1]. In cases involving correlated random variables,
the representative point set P, can be obtained through the Nataf
transformation [63].
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Dimension

GLP point set (d =3,n=7,a=3)
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Cutting point set (d =2,n, =4)

Ist IiL
114

71191 11 13]
141114) 14 14

2nd

|
i
/
<«
<_|

@——> Numberical Order

lri "6 76 i .4 New generating vector

Fig. 5. Schematic diagram of the new generating vector.

{ First round

I:i 39 L}
u® 14 14 14 14

Fig. 6. Schematic diagram of the two-round sorting strategy.

Then, the representative point set P, can be used as the set of
input samples for accurate statistical moment estimation and high-
dimensional reliability assessment, as described in the subsequent sec-
tions.

4. High-dimensional reliability analysis of structures
4.1. Problem statement

Structural reliability refers to the capacity of the structure to ful-
fill expected safety, applicability, and durability requirements un-
der specified conditions, considering inherent uncertainties. Let X =
[X1.X5.....X,] € X C R? represent a vector of d random variables,
serving as models for uncertain inputs in a LSF. The LSF, denoted as
Z = G(X) R? — R, takes on a value z = G(X) < 0 to indicate a

Dimension | €W generating Proposed point set
vector

1 3 5 7

i el 5 88 8
2nd v=(3.2.4.1) [§ 37 l:l

8 8 8 8

1
3rd v=(3.2,41) [% % 5 %]

Fig. 7. Schematic diagram of the proposed point set generation process.

failure state, and otherwise, a safe state. Without loss of generality, the
LSF Z = G (X) can be expressed by the following equation

Z=GX)=RX)-SX) (20)

where R(-) and S () represent the capacity and demand, respectively.

By substituting the points of the representative point set P, into
Eq. (20), the samples of the LSF can be obtained. Subsequently, once
the PDF of the LSF, denoted as f, (z), is derived, the corresponding
failure probability of the LSF can be calculated using

0
P; =Prob(Z <0)= / fz(2)dz (21)
where Prob (-) denotes the probability and the generalized reliability
index f is determined by

p=-o7"(P) (22)

where @~!(-) represents the inverse CDF of the standard Gaussian
distribution.

The focus, then, shifts to deriving the PDF f, (z) of the LSF. An-
alytically deriving the PDF f, (z) of LSF is generally challenging for
high-dimensional problems. In the next section, the FEM-MEM [53]
and Box—Cox transformation [64,65] are introduced as numerical ap-
proaches to reconstruct the PDF f, (z) of the LSF, based on the samples
of LSF.
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Fig. 8. Flowchart of the proposed method.

4.2. Box-Cox transformation

It is widely acknowledged that the FM-MEM stands out as one of
the most accurate estimators for an unknown PDF [66]. The enhanced
version, FEM-MEM [53], has gained popularity in the reliability anal-
ysis community due to its improved robustness and efficiency [24,54].
Therefore, this paper introduces FEM-MEM in Section 4.3 to numeri-
cally reconstruct the PDF f, (z) of the LSF. However, it is worth noting
that while FEM-MEM is a powerful tool for reconstructing unknown
probability distributions, it may exhibit inaccuracies when dealing with
PDFs featuring long tails [14]. To address this, the Box—Cox transforma-
tion [64,65] is initially applied. This transformation serves to convert
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the probability distribution of the LSF into either a normal or weakly
non-normal distribution, ensuring the accuracy and robustness of the
subsequent FEM-MEM reconstruction.

By employing the Box-Cox transformation, Eq. (20) can be equiva-
lently expressed as

nX)* -1 k%0
g§(X) = K 2
gX) { In[yX)]. =0 (23)
where
_ RX)
nX) = 5X) 24

and « represents the transformation parameter.

To balance the accuracy and efficiency, the parameter « is deter-
mined when |a;;| < 0.1 is satisfied, where a3 ; denotes the skewness
of the transformed LSF g (X). Specifically, this determination can be
carried out through enumeration, in which the range of x limits to
[-1,1] [65], with a step size of 2 x 107°. Substituting each « €
[-1:2x1075 : 1] into Eq. (23), the final value of « is selected once
the condition ‘a&g‘ < 0.1 is satisfied.

Although a Box-Cox transformation has been applied to the LSF
G (X), the limit states of G (X) and &(X) remain consistent. Up to
this point, the failure probability of G (X) can be calculated by the
transformed LSF g (X) as follows

0
P, = / fs(®dz (25)

where Z = g (X) and its PDF is f (2).

4.3. Probability distribution reconstruction by FEM-MEM

Indeed, the transformed LSF & (X) can be regarded as a random
variable, denoted as Z. Since the distribution domains of Z may vary
across different problems, scale transformation and translation trans-
formation [53] are initially performed to convert Z into a positively
bounded variable Y. The details of these two transformation steps can
be found in the Ref. [53].

Generally, the FEMs of Y is defined as [53]

E [exp ()] = /Q exp (—a;y) py () dy (26)
Y

where «, represents the fractional order, £, denotes the distribution
domain of Y and fy (y) represents the PDF of Y. Utilizing the repre-
sentative point set P, transformed by the proposed point set P;, the
fractional order moments of Y can be numerically computed by

z:exp aky ))

E [exp (—a;¥)] 27

Subsequently, the PDF of Y, fy (»), can be obtained by solving an
optimization problem with a total of K constraints [67,68], which can
be formulated as follows

Find : A= [A. 4y ... 4|  and o*
Minimize: £ (@, 2) = In { Jo, exp [— TX | Acexp (—ka* - y)] dy} + 3K A Mk
st —2<a*<2

28)

where o* is the optimal fractional order, & = [a*,2a%,30a*,...,Ka*]T
is the fractional order vector, M{;"*, k =1,2,...,K denotes the sample
FEM, 4 = [y, Ay, ..., Ag]1T is the vector of Lagrange multipliers, which
can be calculated by a linear mathematical operation [69].
Correspondingly, the PDF of Y can be represented as follows

—Ag — Z A exp (—a; ) 29)
k=1

Sy (») =exp
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Fig. 9. Points in the first two dimensions (Example 1).

where

K
Ag=1In {/ exp [— Ay exp (—aky)] dy} (30)
Qy k=1

Once the PDF fy(y) is obtained, the PDF f () of the transformed
LSF g (X) can be determined through linear translation and scale trans-
formation [69].

5. Step-by-step procedure of the proposed method

In summary, a deterministic sampling method for high-dimensional
reliability analysis of structures is proposed in the present paper, whose
calculation procedure flowchart is depicted in Fig. 8. The corresponding
detailed steps are outlined below:

Step 1: Determine the number of random variables d and the target
number of points #,.

Step 2: Generate the initial two-dimensional
Py = 16,=(0.00). g=1.2,...n
1597, a = 679 using Eq. (2) or Eq. (5).

Step 3: Implement the cutting strategy (Table 1) to obtain the two-
dimensional cutting point set P, = {

point  set
with parameters n =

u; = uf;),u(q,z)) , =12,
....n,} with n, points from the initial two-dimensional point set
Pp.

Step 4: Extract the points in the second dimension of the cutting
point set P, and apply the proposed two-round sorting strategy
(Egs. (12), (13), (14), and (15)) to construct the new generating
vector v for generating the d-dimensional uniform point set P; =

i = (a0 @ D) -
{uq—(uq TP ) q—1,2,...,n,}

Step 5: Utilize the GLP or DD-GLP method to generate the n, points
in the first dimension Eq. (16), and obtain the proposed uniform
point set P; across the entire d-dimensional unit hypercube space
using the dimension-by-dimension mapping strategy iteratively
Eq. (17).

Step 6: Transform the proposed uniform point set 7; using isoprob-
abilistic transformation Eq. (19) or Nataf transformation to obtain
the representative point set Py =

.. ,xE{”), g=12,... ,n,} in the original random
variate space.

Step 7: Substitute the representative point set P, into Eq. (24) to cal-
culate the samples of the interested physical quantity of structures
by repeatedly performing deterministic model evaluations.

Step 8: Apply the Box-Cox transformation to transform the LSF G (X)
into g(X) (as described in Section 4.2), and use FEM-MEM (as
described in Section 4.3) to calculate the PDF f (2) of g (X).

Step 9: Compute the failure probability and reliability index by inte-
grating the PDF f (%) of the transformed LSF g (X). This can be
done using Egs. (22) and (25), respectively.

6. Numerical examples

This section presents three high-dimensional numerical examples,
featuring both explicit and implicit LSFs, to illustrate the versatility and
effectiveness of the proposed method in high-dimensional reliability
analysis. Additionally, correlated random variables are considered in
the second example. Alongside, the MCS and other prominent methods
in the field are leveraged, including the FORM, SORM, SS, and IS, as
available in UQlab [70], to compare and highlight the strengths of the
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Fig. 10. PDF and CDF of transformed LSF (Example 1, d = 100).
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Fig. 11. PDF and CDF of transformed LSF (Example 1, d = 300).
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Fig. 12. PDF and CDF of transformed LSF (Example 1, d = 650).
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Table 2
Comparison of reliability analyses (Example 1).
Dimension Method n, I e (%) P, ep, (%) Cc.0v
100 MCS 1x 107 1.4897 - 6.8149 x 1072 - 0.0012
FORM 204 1.0000 32.873 1.5866 x 10! 132.8155 -
SS 1900 1.5001 0.6939 6.6800 x 1072 1.9796 0.1054
IS 1204 1.5172 1.5436 6.5176 x 1072 4.3623 0.0554
Sobol Point 400 1.4741 1.0482 7.0227 x 1072 3.0490 -
Proposed 400 1.4927 0.1996 6.7759 x 1072 0.5725 -
300 MCS 1x107 2.4756 - 6.6502 x 1073 - 0.0039
FORM 604 1.0000 59.606 1.5866 x 107! - -
SS 2800 2.5284 2.1298 5.7300 x 1073 13.8369 0.2088
IS 1604 2.5290 2.1551 5.7203 x 1073 13.9906 0.1320
Sobol Point 400 2.6023 5.1166 4.6302x 1073 30.3755 -
Proposed 400 2.4703 0.2163 6.7506 x 1073 1.5095 -
650 MCS 1x107 4.1731 - 1.5021 x 1073 - 0.0816
FORM 1304 1.0000 76.037 1.5887 x 107! - -
SS 4600 4.1409 0.7734 1.7300 x 1073 15.1683 0.3784
Iy 2304 - - - - -
Sobol Point 400 4.3516 4.2771 6.7564 x 107° 55.0215 -
Proposed 400 4.1514 0.5200 1.6519 x 10> 9.9712 -
Note: C.0.V = Coefficient of variation.
Table 3
Star discrepancy comparison of Point Sets (Example 1)..
Dimension GLP Propsoed method
n a Star discrepancy n, (n) a Star discrepancy
2 233 143 0.0086 233 (1597) 679 0.0059
1459 1005 0.0036 0.0183
10 19069 697 0.0037 0.0515
30 76673 209 0.0034 400 (1597) 679 0.1064
50 123121 244 0.0064 0.0899
100 354017 54 0.0099 0.0774

considered methods. These benchmark methods are run in their default
configurations unless specified otherwise.

6.1. Example 1

In the first example, the performance of the proposed method
is investigated by a high-dimensional nonlinear LSF with different
dimensions, as follows

d-1

Z=GX)= <5+0.0052Xj?—xd)—4

j=1

(31)

where X 5 J = 12,...d are independent standard normal random
variables.

To clearly illustrate the execution of the proposed method, a step-
by-step computational flow corresponding to the procedure in Section 5
and Fig. 8 is provided as follows:

Step 1 : In this example, three distinct cases with dimensions d =100,
300, and 650 are considered. Each case involves a total of n, = 400
points.

Step 2 : Initially, a two-dimensional point set P, comprising 1597
samples is generated via the DD-GLP method, as illustrated in Fig. 9(a).

Step 3 . Subsequently, a subset of 400 samples, referred to as the
cutting point set P,, is extracted from P using the cutting method.
This step is depicted in Fig. 9(b).

Step 4 : Based on P,, a new generating vector v is calculated using
the equations outlined in (12), (13), (14), and (15). The values of v are
tabulated in Table A.6 Appendix.

Step 5 : For the first dimension, the 400 points are computed using
the GLP method, as per Eq. (16). The points in subsequent dimensions
are recursively determined using the generating vector v, culminating
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in the formation of the proposed point set 7;, which consists of 400
points within the unit hypercube space [0, 174. Fig. 9(c) showcases the
first two-dimensions of P;.

Step 6 : The obtained point set P; is, then, transformed into the
representative point set P, within the original random variate space.
This transformation, an essential step in the process, is visualized in
Fig. 9(d).

Step 7 : The representative point set P, is then input into the LSF for
deterministic model evaluations, yielding LSF response samples.

Step 8 . Afterward, the Box—Cox transform is applied to obtain the
transformed LSF. Subsequently, the PDF and CDF of the transformed
LSF are reconstructed using the FEM-MEM, as shown in Figs. 10, 11,
and 12.

Step 9 . Finally, the failure probability and reliability index can be
calculated based on the reconstructed PDF of the LSF, as presented in
Table 2.

The recovered PDFs and CDFs in logarithmic scale of the trans-
formed LSFs for these three cases are depicted in Figs. 10, 11, and
12, juxtaposed with results from 107 MCS runs for comparative pur-
poses. These figures attest to the strong accordance between the re-
sults from the proposed method and the MCS, confirming the ability
of the proposed method to accurately approximate LSFs’ probability
distributions.

The estimated reliability indices § and failure probabilities P, as
obtained by the proposed method and other known methods, are listed
in Table 2. Notably, the FORM, despite requiring fewer deterministic
model calculations than the proposed method, fails to yield satisfactory
results in this numerical example. In contrast, the IS and SS methods,
although nearly matching the reference results, demand thousands
of deterministic model evaluations and exhibit some variability. The
proposed method stands out, requiring merely 400 evaluations for
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Fig. 13. PDF and CDF of transformed LSF (Example 2, d = 100).
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Fig. 15. PDF and CDF of transformed LSF (Example 2, d = 650).

higher accuracy and consistency. If efficiency is measured by the num-
ber of LSF calls, the proposed method is markedly more efficient,
requiring only 400 calculations compared to the thousands or more
needed by the other methods listed in Table 2. Furthermore, we bench-
marked against the Sobol sequence method with 400 samples, and
the proposed method demonstrated superior computational efficiency
and comparable accuracy in high-dimensional reliability analysis. The
failure probabilities produced by the proposed method and MCS closely

11

match in each scenario, verifying the proposed method’s effectiveness.
Remarkably, the consistent use of 400 samples across all three cases
implies that the proposed method’s performance is largely unaffected
by dimensionality. This is further highlighted in the evaluation of
small failure probabilities (around 1075) in a 650-dimensional problem,
achieved with just 400 model evaluations, showcasing remarkable
efficiency. Additionally, the proposed method may address the “curse
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of dimensionality”, as it inherently benefits from the NTM, maintaining
a constant number of model evaluations regardless of dimension.

Additionally, to investigate the uniformity of point sets generated
by the proposed method (with n, = 400, n = 1597, a = 679), the
star discrepancies of these point sets are compared with that of the
GLP point sets across different dimensions (d = 2, 3, 10, 30,50, 100). The
corresponding results are presented in Table 3. For these GLP point sets,
the number of points n and the primitive roots a utilized for different
dimensions are based on Ref. [60]. The results in Table 3 show that
while the star discrepancies of the point sets generated by the proposed
method are slightly higher than that of the GLP point sets in dimensions
greater than two, they remain sufficiently small, thus providing a basis
for ensuring the accuracy of reliability analysis. Moreover, the sample
sizes of the proposed point sets are significantly reduced compared
to the GLP point sets, which is essential for maintaining efficiency
in high-dimensional reliability analysis. On the other hand, since the
uniform point sets generated by the proposed method and the GLP
point sets are derived from different generating vectors, establishing
a quantitative relationship between their discrepancies across various
dimensions poses challenges. Nevertheless, this remains an important
issue for future research.

6.2. Example 2

In the second example, a high-dimensional, non-linear limit state
function (LSF) with significant skewness and involving correlated ran-
dom variables is considered, expressed as

d-1
2 2
Z—G(X)_m;X[—Xd (32)
where X;, i = 1,2,...,d are dependent lognormal random variables
with the mean 1 and standard derivation 0.3. The correlation coeffi-
cient between each pair of variables is 0.1.

Similarly, this example considers three cases with dimensions (d)
of 100, 300, and 650. The proposed method is then applied to the
LSF presented in Eq. (32). Given the involvement of correlated random
variables in this example, the Nataf transformation is implemented
to convert the proposed uniform point set into the representative
point set in the original random variate space. Subsequently, utilizing
only 400 samples, the proposed method accurately captures the PDFs
and CDFs of the transformed LSFs with high-dimensional, correlated
random inputs, as evidenced in Figs. 13, 14, and 15. These results
demonstrate the efficiency and reliability of the proposed method in
handling high-dimensional problems with complex and skewed LSFs
involving correlated random variables.

To further validate its advantages in reliability analysis, the pro-
posed method is compared with several existing methods that utilize
the Nataf transformation. The reliability indices f and failure probabili-
ties f’f obtained by different methods are presented in Table 4. Notably,
the method consistently provides accurate reliability assessments across
different dimensions. This demonstrates its ability to balance accuracy
and efficiency in high-dimensional reliability analysis, even when con-
sidering correlated random variables. These findings underscore the
effectiveness of the method, making it a promising tool for practical
engineering applications that involve high-dimensional and complex
reliability challenges.

6.3. Example 3

To more comprehensively assess the applicability of the proposed
method to implicit problems, a thin, solid square plate structure, char-
acterized by dimensions L, = L, = 1 and thickness 7 = 1, is considered.
This structure is analyzed using stochastic finite element analysis as
detailed in [11] and illustrated in Fig. 16.

The finite element model built by OpenSEES consists of 16 four-
node quadrilateral finite elements representing the plate. In this model,

12
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Fig. 16. Schematic view of the thin solid square plate.

one end of the plate is fixed, while the opposite end is subjected to a
homogeneous in-plate tension T' = 1. The Poisson’s ratio of the plate
is assumed to be zero, and the Young modulus E (a, b) is described by
the two-dimensional Gaussian random field with a mean value u and
standard deviation ¢ . The expression for E (a, b) is given as

E(a,b) = ug [1+7v(a b)] (33)

where y (a,b) is a zero-mean stochastic Gaussian random filed with
auto-covariance function

a —b a, — b
,,<a,b)=agexp<_" i _la 2|)
S1 52

(34)

where s; and s, are the correlation lengths. The parameters involved
in this example are specified as yp = 1, o = 0.1, 5, =
0.5. Further, y (a,b) is approximated by the series representation of d
independent standard normal variables X = [X|, X,, ..., X,] using the
Karhunen-Love (K-L) expansion:

Sy =

d

y(@b) ~ Y \o Xw (a,b) (35)
i=1

where ¢; and y; (a,b)s, i = 1,2, ...,d are the eigenvalues and eigenfunc-

tions of the auto-covariance function p (a, b).

In this example, the plate structure is considered to fail when the
vertical displacement of node 23, denoted as D,3, is larger than the
prescribed threshold D = 1.25. The LSF can be defined as
Z=G(X)=D- Dy (X) (36)

This example also focuses on three cases to test the applicability
of the proposed method for implicit problems with high-dimensional
inputs, setting dimensions 4 at 100, 300, and 650. In each scenario,
the proposed method determines a point set of 400 points for reliability
analysis. Figs. 17, 18, and 19 illustrate the recovered PDFs and CDFs
of the transformed LSFs, compared with MCS results (10° runs). These
comparisons show notable matching of the PDFs and CDFs obtained by
the proposed method and MCS, confirming the method’s capacity to
accurately represent the distribution’s main body and tail in implicit
problems. Table 5 summarizes the calculated reliability indices and
failure probabilities, alongside the results obtained by MCS, FORM, IS,
SS, and the Sobol point method. The proposed method stands out for
its non-intrusive nature, eliminating the need for gradient information
or iterations. Furthermore, it surpasses the accuracy of the Sobol point
method with 400 samples, showcasing its effectiveness and precision
in high-dimensional reliability problems involving implicit LSFs.
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Table 4
Comparison of reliability analyses (Example 2).
Dimension Method n, A ej (%) P, ep, (%) C.0.V
100 MCS 1x 107 2.6760 - 3.7252x 1073 - 0.0052
FORM 510 2.1754 18.7074 1.4800 x 1072 297.2959 -
SS 2800 2.7349 2.2006 3.1200 x 1073 16.2470 0.2097
1S 1510 2.7279 1.7810 3.2281 x 1073 13.6458 0.0704
Sobol Point 400 2.5159 5.9816 5.9357 x 1073 59.3386 -
Proposed 400 2.7195 1.6268 3.2686 x 1073 12.2576 -
300 MCS 1x 107 2.7159 - 3.3048 x 1073 - 0.0055
FORM 1510 2.2013 18.9493 1.3859 x 1072 319.3584 -
SS 2800 2.6429 2.6878 4.1100 x 1073 34.3628 0.2131
IS 2510 2.7746 2.1618 2.7634 x 1073 16.3827 0.0674
Sobol Point 400 3.0884 13.7170 1.0067 x 1073 69.5577 -
Proposed 400 2.6762 1.4602 3.7227 x 1073 12.6439 -
650 MCS 5% 10° 2.7293 - 3.1738 x 1073 - 0.0079
FORM 3260 2.2083 19.0877 1.3611 x 1072 328.8637 -
SS 2800 2.8408 4.0869 2.2500 x 103 29.1075 0.2277
IS 2304 2.7697 1.4819 2.8053 x 103 11.6100 0.0694
Sobol Point 400 2.8064 2.8246 2.5053x 1073 21.0636 -
Proposed 400 2.7496 0.7459 2.9832x 1073 6.0048 -
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Fig. 17. PDF and CDF of transformed LSF (Example 3, d = 100).
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Fig. 18. PDF and CDF of the transformed LSF (Example 3, d = 300).

7. Concluding remarks

This work introduces a novel method for high-dimensional uniform
point sampling, integrating an innovative generating vector construc-
tion technique, the GLP method, and a strategic cutting approach. The
methodology involves initially generating a two-dimensional uniform
point set via the GLP method. This is followed by employing a cutting
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strategy to derive a subset of cutting points. Subsequently, a novel two-
round sorting strategy is implemented to compute a new generating
vector. The point set, generated utilizing this new generating vector, is
transformed into the original random variate space, serving as input to
the LSF for deterministic model computations. To simplify the reliabil-
ity analysis, the FEM-MEM combined with a Box—Cox transformation is
applied, reconstructing the probability distribution of the transformed
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Fig. 19. PDF and CDF of transformed LSF (Example 3, d = 650).
Table 5
Comparison of reliability analyses (Example 3).
Dimension Method n /] e; (%) Pr(x107%) ep, (%) cov
100 MCS 1x10° 3.2920 - 4.9746 - 0.0448
FORM 616 3.3568 1.9698 3.9424 20.7483 -
SS 3700 3.2991 0.2164 4.8500 2.5039 0.2650
IS 1616 3.2711 0.6345 5.3570 7.6876 0.0583
Sobol Point 400 3.3221 0.9149 4.4675 10.1938 -
Proposed 400 3.2955 0.1074 4.9124 1.2493 -
300 MCS 1x 10° 3.2901 - 5.0081 - 0.0447
FORM 616 3.3544 1.9541 3.9774 20.5803 -
SS 3700 3.2408 1.4980 5.9600 19.0084 0.3024
IS 2515 3.3111 0.6396 4.6462 7.2255 0.0631
Sobol Point 400 3.3149 0.7551 4.5835 8.4772 -
Proposed 400 3.2697 0.6203 5.3828 7.5019 -
650 MCS 1x10° 3.2899 - 5.0293 - 0.0466
FORM 3266 3.3536 1.9671 3.9877 20.6908 -
SS 3700 3.2968 0.2402 4.8900 2.7700 0.2783
IS 4266 3.3070 0.5518 4.7145 6.2588 0.0635
Sobol Point 400 3.3128 0.7272 4.6184 8.1707 -
Proposed 400 3.2777 0.3412 5.2336 4.0613 -

LSF. The efficacy of this proposed method is substantiated through
three numerical examples, yielding the following conclusions:

(1) The proposed method avoids the need for high-dimensional
congruence calculations, eliminating the NP-hard problem asso-
ciated with high-dimensional sampling problems.

The proposed method demonstrates efficiency in generating
point sets with an arbitrary number of points, as it eliminates
the need for primitive root optimization.

The proposed point set exhibits homogeneity and determinism,
contributing to high accuracy and no variability in reliability
analysis.

The proposed sampling method utilizes the FEM-MEM method
in conjunction with Box—Cox transformation to effectively re-
construct the probability distribution of the LSF, ensuring the
robustness of the reliability analysis.

The efficiency of the proposed method is demonstrated by the
fact that only 400 points are required for high-dimensional
reliability analysis.

(2)

€))

4

)

The proposed method exhibits the potential to become a valuable
tool for the reliability analysis of complex engineering structures char-
acterized by high-dimensional inputs and unimodal failure domain.
Future research directions may involve extending the method to tackle
reliability analysis problems that involve (1) multimodal failure do-
mains and (2) dynamic challenges associated with short-term dynamic
loadings. In addition, this paper does not specifically focus on reliability
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analysis problems involving non-smooth limit state functions; however,
an in-depth exploration of the performance of the proposed method in
tackling such issues remains an important topic for future research.
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Table A.6
The values of new generating vector v for n, = 400.
q Vg q Vg q Vg q Vg q 173 q Vg q Vg q Vg q Vg q Vg
1 340 41 352 81 362 121 374 161 385 201 396 241 287 281 298 321 90 361 100
2 220 42 232 82 242 122 254 162 265 202 276 242 167 282 178 322 310 362 320
3 101 43 112 83 122 123 134 163 145 203 156 243 48 283 59 323 190 363 200
4 321 44 332 84 3 124 15 164 26 204 37 244 388 284 399 324 71 364 81
5 201 45 212 85 343 125 355 165 366 205 377 245 268 285 279 325 291 365 301
6 82 46 93 86 223 126 235 166 246 206 257 246 148 286 159 326 171 366 181
7 302 47 313 87 104 127 115 167 126 207 137 247 29 287 40 327 52 367 62
8 182 48 193 88 324 128 335 168 7 208 18 248 369 288 380 328 392 368 282
9 63 49 74 89 204 129 215 169 347 209 358 249 249 289 260 329 272 369 162
10 283 50 294 90 85 130 96 170 227 210 238 250 129 290 140 330 152 370 43
11 163 51 174 91 305 131 316 171 108 211 118 251 10 291 21 331 33 371 383
12 44 52 55 92 185 132 196 172 328 212 338 252 350 292 361 332 373 372 263
13 384 53 395 93 66 133 77 173 208 213 218 253 230 293 241 333 253 373 143
14 264 54 275 94 286 134 297 174 89 214 99 254 111 294 121 334 133 374 24
15 144 55 155 95 166 135 177 175 309 215 319 255 331 295 2 335 14 375 364
16 25 56 36 96 47 136 58 176 189 216 199 256 211 296 342 336 354 376 244
17 365 57 376 97 387 137 398 177 70 217 80 257 92 297 222 337 234 377 124
18 245 58 256 98 267 138 278 178 290 218 300 258 312 298 103 338 114 378 5
19 125 59 136 99 147 139 158 179 170 219 180 259 192 299 323 339 334 379 345
20 6 60 17 100 28 140 39 180 51 220 61 260 73 300 203 340 214 380 225
21 346 61 357 101 368 141 379 181 391 221 281 261 293 301 84 341 95 381 106
22 226 62 237 102 248 142 259 182 271 222 161 262 173 302 304 342 315 382 326
23 107 63 117 103 128 143 139 183 151 223 42 263 54 303 184 343 195 383 206
24 327 64 337 104 9 144 20 184 32 224 382 264 394 304 65 344 76 384 87
25 207 65 217 105 349 145 360 185 372 225 262 265 274 305 285 345 296 385 307
26 88 66 98 106 229 146 240 186 252 226 142 266 154 306 165 346 176 386 187
27 308 67 318 107 110 147 120 187 132 227 23 267 35 307 46 347 57 387 68
28 188 68 198 108 330 148 1 188 13 228 363 268 375 308 386 348 397 388 288
29 69 69 79 109 210 149 341 189 353 229 243 269 255 309 266 349 277 389 168
30 289 70 299 110 91 150 221 190 233 230 123 270 135 310 146 350 157 390 49
31 169 71 179 111 311 151 102 191 113 231 4 271 16 311 27 351 38 391 389
32 50 72 60 112 191 152 322 192 333 232 344 272 356 312 367 352 378 392 269
33 39 73 400 113 72 153 202 193 213 233 224 273 236 313 247 353 258 393 149
34 270 74 280 114 292 154 83 194 94 234 105 274 116 314 127 354 138 394 30
35 150 75 160 115 172 155 303 195 314 235 325 275 336 315 8 355 19 395 370
36 31 76 41 116 53 156 183 196 194 236 205 276 216 316 348 356 359 396 250
37 371 77 381 117 393 157 64 197 75 237 86 277 97 317 228 357 239 397 130
38 251 78 261 118 273 158 284 198 295 238 306 278 317 318 109 358 119 398 11
39 131 79 141 119 153 159 164 199 175 239 186 279 197 319 329 359 339 399 351
40 12 80 22 120 34 160 45 200 56 240 67 280 78 320 209 360 219 400 231
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2012;134(10):100912.
. [8] Huang X, Li Y, Zhang Y, Zhang X. A new direct second-order reliability analysis
The value of the new generating vector v for n, = 400 calculated by method. Appl Math Model 2018;55:68-80.
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[11] Dang C, Xu J. Unified reliability assessment for problems with low-to
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