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Abstract
In this article, the existence of Ulrich bundles on projective bundles P(E) → X is
discussed. In the case, that the base variety X is a curve or surface, a close relationship
betweenUlrich bundles on X and those onP(E) is established for specific polarisations.
This yields the existence of Ulrich bundles on a wide range of projective bundles over
curves and some surfaces.
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1 Introduction

Given a smooth projective variety X , polarised by a very ample divisor A, let i : X ↪→
P
N be the associated closed embedding. A locally free sheaf F on X is called Ulrich

bundle (with respect to A) if and only if it satisfies one of the following conditions:

• There is a linear resolution of F :

0 → OPN (−c)⊕bc → OPN (−c + 1)⊕bc−1 → · · · → O⊕b0
PN → i∗F → 0,

where c is the codimension of X in PN .
• The cohomology H•(X ,F(−pA)) vanishes for 1 ≤ p ≤ dim(X).
• For any finite linear projection π : X → P

dim(X), the locally free sheaf π∗F splits
into a direct sum of O

Pdim(X) .

Actually, by Eisenbud and Schreyer (2003), these three conditions are equivalent. One
guiding question about Ulrich bundles is whether a given variety admits an Ulrich
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bundle of low rank. The existence of such a locally free sheaf has surprisingly strong
implications about the geometry of the variety, see the excellent surveys (Beauville
2018; Coskun 2017).

Given a projective bundle π : P(E) → X , this article deals with the question, what
is the relation between Ulrich bundles on the base X and those on P(E)? Note that
answers to such a question dependmuch on the choice of a very ample divisor. Herewe
consider very ample divisors D = π∗A+H , where H is the relative hyperplane section
of π : P(E) → X . In this case, we ask when a locally free sheaf of the form π∗F(D)

is an Ulrich bundle with respect to D. By Proposition 3.1, this can be expressed solely
in terms of cohomology vanishing on the base X . If the base variety is a curve, then,
essentially as a corollary, we obtain the following statement, see Theorem 4.3 and
Remark 4.4.

Theorem A Let π : P(E) → C be a projective bundle over a smooth projective curve,
and let D = π∗A + H be very ample. Then a locally free sheaf π∗F(D) is Ulrich if
and only if H•(C,F) = 0.

In particular, there are Ulrich line bundles on P(E) with respect to D.
Note that, for any very ample divisor A′ on C , the locally free sheaf F gives rise to

the Ulrich bundle F(A′) on C . This result is a generalisation of Aprodu et al. (2018,
Thm. 2.1), where the existence of Ulrich line bundles on P

1-bundles over curves is
shown.

If the base variety is a surface, then the connection between Ulrich bundles on P(E)

and those on the base becomes weaker. There we have the following statement, see
Theorem 5.1 and Corollary 5.8 and 5.17.

TheoremBLetπ : P(E) → S be a projective bundle over a smooth projective surface,
and let D = π∗A + H be very ample. Then a locally free sheaf π∗F(D) is Ulrich if
and only if

H•(S,F) = 0 = H•(S,F ⊗ OS(−D′)),
where D′ = rk(E)A + c1(E).

In particular, there are Ulrich bundles of rank two with respect to D, if S is the
projective plane or a Hirzebruch surface.

Note that if D′ is very ample on S, the locally free sheaf F(D′) from Theorem B
is an Ulrich bundle on S with respect to D′. So whenever there are Ulrich bundles
known on the surface (for many polarisations), then this implies the existence of an
Ulrich bundle on P(E). By this we generalise results of Fania et al. (2018) about the
existence of Ulrich bundles on P

1-bundles over certain surfaces. Note that the result
here is not optimal: for example, under specific conditions on the Chern classes of a
locally free sheaf E of rank two, the corresponding P1-bundles over P2 admits Ulrich
line bundles, see Fania et al. (2018, Prop. 5.1).

We also obtain the existence of Ulrich bundles on blowups of projective space in a
linear subspace, using that such a blowup carries the structure of a projective bundle,
see Proposition 5.13.

Finally we note that the method presented here may serve to obtain easily more
Ulrich bundles on projective bundles over surfaces different from the projective plane
or a Hirzebruch surface, see also Remark 5.19. But we also want to point out that
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the approach used here, does not generalise well for polarisations of the form D =
π∗A + nH with n > 1.

Conventions Tensor products of a sheaf F and a line bundle OX (D) are abbreviated
as F(D) := F ⊗ OX (D).

For two sheavesF andG on a variety X , wewriteHom•(F ,G) for theHomcomplex⊕
i Ext

i
X (F ,G)[−i], which is a complex of vector spaces with zero differentials. We

use similar notation for the cohomology of a sheafF , so H•(X ,F) = Hom•(OX ,F).
Finally, all varieties here will be smooth and projective over an algebraically closed

field of characteristic zero.

2 Preliminaries

For the purposes of this work, we recall a cohomological characterisation of Ulrich
bundles.

Definition 2.1 Let X be a smooth projective variety and A a very ample divisor on X .
Then a locally free sheaf F is called Ulrich bundle with respect to A if

H•(X ,F(−i A)) = 0

for i = 1, . . . , dim(X).

Remark 2.2 If F is an Ulrich bundle with respect to a very ample A on a smooth
projective variety X of dimension n, then also F∨(KX + (n + 1)A) is Ulrich. To see
this note that by Serre duality

H•(X ,F∨(KX + (n + 1 − p)A
) = Homn−•(F∨((n + 1 − p)A),OX

)∨

= Hn−•(X ,F((p − n − 1)A)
)∨

and use thatF is Ulrich. So whenever we construct an Ulrich bundle, we get automat-
ically a second one.

Note that F can coincide with F∨(KX + (n + 1)A). For example, if F is of rank
two, then F∨ ∼= F(−c1(F)). Hence for F Ulrich with c1(F) = KX + (n + 1)A, we
find that F∨(KX + (n + 1)A) ∼= F . If X is a surface, then such Ulrich bundles are
called special; see also Eisenbud and Schreyer (2003) and Casnati (2017).

2.1 Projective bundles

In the following, we collect some facts about projective bundles, as can be found in
Hartshorne (1977).

Lemma 2.3 The canonical divisor of a projective bundle π : P(E) → X is given by

KP(E) = π∗(KX + c1(E)) − rk(E)H ,

where H is the relative hyperplane section.
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Recall that π is a flat morphism, so we do not run into problems pulling back
divisors.

Proof The relative canonical divisor for π is given by

KP(E) ∼ π∗KX + KP(E)|X .

By Hartshorne (1977, Ex. III.8.4), we have

KP(E)|X ∼ π∗c1(E) − rk(E)H ,

from which follows the statement. 
�
Lemma 2.4 (Hartshorne 1977, Prop. II.7.10) Letπ : P(E) → X be a projective bundle
over a smooth projective variety X with relative hyperplane section H. If A is an ample
divisor on X, then there is an n > 0 such that π∗(nA) + H is very ample.

Finally, we give the main cohomological ingredient to establish much of the coho-
mology vanishing.

Proposition 2.5 (Orlov 1992) Letπ : P(E) → X be a projective bundle over a smooth
projective variety X. Then there is a semi-orthogonal decomposition

Db(P(E)) = 〈
π∗ Db(X) ⊗ OP(−nH), . . . , π∗ Db(X) ⊗ OP(−H), π∗ Db(X)

〉
,

where n + 1 = rk(E) and H is the relative hyperplane section.

Remark 2.6 For readers which are unfamiliar with derived categories, wewant to point
out the two consequences of the semi-orthogonal decomposition above.

(1) for coherent sheaves F ,G on X we get

Hom•(π∗F , π∗G(−pH)) = 0

for p = 1, . . . , n. This is the semi-orthogonality of the decomposition, and is
crucial for much of the cohomology vanishing that we will need.

(2) any coherent sheaf on P(E) has an ‘approximation’ by objects in the parts
π∗ Db(X) ⊗ OP(E)(−pH). Put the other way, we can build sheaves on P(E)

using exact triangles whose terms are in these parts. This will be used in Lemma
5.5.

For more information on derived categories, see the introductory text (Hochenegger
2019) or the excellent text book (Huybrechts 2006).

Example 2.7 Just to see this in the simplest case of a Hirzebruch surface Fr = P(E)

with E = OP1 ⊕OP1(r). There we have two natural candidates for the relative hyper-
plane section, namely C± with the property that C2± = ±r . Using a fibre f , we have
that C+ ≡ r f + C− and ωFr = O(−(r + 2) f − 2C−) = O((r − 2) f − 2C+). Here
we find that π∗KP1 = −2 f and π∗ det(E) = O(r f ). Plugging all this into Lemma
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2.3, we conclude that H = C+. Note that a divisor D = a f + bC+ on Fr is very
ample if and only if a, b > 0.

Finally we remark that Proposition 2.5 is indifferent about the choice between C−
and C+. For this note thatOFr (C+) = OFr (C−)⊗π∗OP1(r) and _⊗π∗OP1(r) is an
autoequivalence of π∗ Db(P1).

3 Projective bundles over arbitrary varieties

In this section, we treat the case of Ulrich bundles on projective bundles over arbitrary
varieties. The following statement will be central for the next sections, where we
specialise to varieties of low dimension.

Proposition 3.1 Let π : P(E) → X be a projective bundle over a smooth projective
variety X, where E has rank n + 1. For a very ample divisor D = π∗A + H with H
the relative hyperplane section and a locally free sheaf F on X with H•(X ,F) = 0,
the locally free sheaf π∗F(D) is Ulrich if and only if

Hom•
X

(
Symk E,F(−c1(E) − (n + 1 + k)A)

) = 0

for k = 0, . . . , dim(X) − 2.

This proposition generalises (Fania et al. 2018, Thm. 2.1), where essentially this
characterisation is given for Ulrich line bundles on projective bundles.

Proof We abbreviate P := P(E) in the following. By Proposition 2.5, we have a
semi-orthogonal decomposition

Db(P) = 〈
π∗ Db(X) ⊗ OP(−nH), . . . , π∗ Db(X) ⊗ OP(−H), π∗ Db(X)

〉
.

Let F be a locally free sheaf on X with H•(X ,F) = 0. So by the semi-orthogonal
decomposition above we find that

H•(P, π∗F(−i D)) = 0

for i = 0, . . . , n. Note that here dim(P) = n + m, where m = dim(X). So this is
not sufficient to conclude that π∗F(D) is an Ulrich bundle. We need additionally the
vanishing of

H•(
P, π∗F(−(n + 1 + k)D)

)
.

for k = 0, . . . ,m − 2. By Lemma 2.3 we get

−(n + 1)H = KP − π∗(KX + c1(E))
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Using this for the above cohomology group we see that

H•(P, π∗F(−(n + 1 + k)D))

= Hom•
P

(
OP, π∗(F(−KX − c1(E) − (n + 1 + k)A)) ⊗ OP(KP − kH)

)

= Hom•
P

(
π∗(F(−KX − c1(E) − (n + 1 + k)A)),OP(kH)[n + m])∨

= Hom•
P

(
F(−KX − c1(E) − (n + 1 + k)A), π∗OP(kH)[n + m])∨

= Hom•
X

(
Symk E,F(−c1(E) − (n + 1 + k)A)[n])

where we use Serre duality two times, adjunction and π∗OP(kH) = Symk E ; see
Hartshorne (1977, Prop. II.7.11). Note that these equalities are only valid on the level
of derived categories, but here π∗(_) and π∗OP(kH) coincide with their derived
counterparts. From this follows the claim. 
�
Remark 3.2 For a locally free sheaf E that splits into line bundles, the additional
cohomology vanishing can be checkedmore easily in examples. Let E = ⊕n

i=0 O(Di )

and π : P(E) → X , and moreover, let D = π∗A + H be very ample. By Proposition
3.1, the additional conditions on a locally free sheaf F with H•(X ,F) = 0 to be
Ulrich amount to the vanishing of

H•
⎛

⎝X ,F

⎛

⎝−
n∑

i=0

Di −
k∑

j=1

Di j − (n + 1 + k)A

⎞

⎠

⎞

⎠

for all 0 ≤ i1 < · · · < ik ≤ n and k = 0, . . . , dim(X) − 2.
A result based on this remark is Proposition 5.13.

Remark 3.3 Let π : P(E) → X be a projective bundle and D = π∗A+ H very ample.
For G an Ulrich bundle with respect to D, one might ask whether there is a locally
free sheaf F on X with H•(X ,F) = 0, such that G = π∗F(D).

In the following, we use knowledge about Ulrich line bundles on Hirzebruch
surfaces, see Example 4.6 for details. First note that for these Ulrich line bun-
dles, the answer to the above question is positive. Now, consider the polarisation
D = f + C+ = 2 f + C− for F1. There is a non-trivial extension of two Ulrich line
bundles:

0 → OF1(C+) → G → OF1(2 f ) → 0.

ByCasanellas andHartshorne (2004, Prop. 5.4),G is an indecomposableUlrich bundle
of rank two, and there is no other such locally free sheaf on F1. But G cannot be of the
form π∗F(D), as all locally free sheaves on P1 split into line bundles. So the answer
to the question above is negative in general.

Note that G is an extension of the Ulrich line bundles OF1(C+) and OF1(2 f ) for
the same polarisation. So we can ask whether all Ulrich bundles G with respect to a
polarisation π∗A + H arise as extensions of Ulrich bundles of the shape π∗F(D).
But even this is not the case in general.
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To see this, we consider a rational normal scroll P(E) → P
1 where E =⊕n

i=0 OP1(ai ) and ai > 0. By Aprodu et al. (2019, Lem. 3.2), the locally free sheaves

�
j
P(E)|P1( j, j + 1) are stable Ulrich bundles with respect to H , for j = 0, . . . , n.

Hence, for j > 0, these Ulrich bundles are neither obtained by pullbacks twisted by
a divisor nor extensions thereof.

4 Projective bundles over curves

In this section, we specialise to the question aboutUlrich bundles on projective bundles
over curves.

The following lemma is well-known. For the convenience of the reader, we give a
proof.

Lemma 4.1 Let C be a projective curve of genus g. Then H•(C,L) = 0 for a general
line bundle L of degree g − 1.

Proof Note that Picg−1(C) has dimension g, in particular, a general line bundle L of
degree g − 1 is not effective, so H0(C,L) = 0. The degree of L was chosen in such
a way that H1(C,L) = 0 by the Riemann–Roch theorem. 
�
Remark 4.2 Note that Lemma 4.1 gives rise to many Ulrich line bundles on curves.
More generally, let A be a very ample divisor and E a locally free sheaf on C . Then
E(A) is Ulrich with respect to A if and only if H•(C, E) = 0.

Hence the study of Ulrich bundles can be reduced to the search of locally free
sheaves with no cohomology at all. Except for C = P

1, one can construct many
indecomposable Ulrich bundles of higher rank; for more details on the following
classification, see Coskun (2017, Sect. 4.1).

For g = 0, that is, C = P
1, the only line bundle with no cohomology at all is

OP1(−1). Recall that any locally free sheaf E on P1 splits into line bundles. So if E is
such that H•(P1, E) = 0, then it is isomorphic to

⊕
OP1(−1).

For g = 1, we recall Atiyah (1957, Thm. 5): for each r ≥ 1, there is an inde-
composable locally free sheaf Fr of rank r and of degree zero with H•(C,Fr ) ∼= k,
additionallyFr is unique up to isomorphism.Moreover, forFr ⊗LwithL a non-trivial
line bundle of degree zero, we have H•(C,Fr ⊗L) = 0. Hence, any locally free sheaf
E on an elliptic curve with H•(C, E) = 0 splits into a direct sum of such Fr ⊗ L.

For g > 2, one can consider a direct sum of line bundles
⊕

Li with H•(C,Li ) = 0.
Then a general deformation of this direct sum will yield an indecomposable locally
free sheaf E with H•(C, E) = 0.

As an application of Proposition 3.1, we get the following statement.

Theorem 4.3 Let π : P(E) → C be a projective bundle over a smooth projective curve
C.Moreover, let D = π∗A+H be a very ample divisor with H the relative hyperplane
section.

A locally free sheaf π∗F(D) is Ulrich on P(E) with respect to D if and only if F
is a locally free sheaf on C with H•(C,F) = 0. In particular, for any very ample A′,
F(A′) is Ulrich with respect to A′.
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Remark 4.4 By Lemma 2.4, very ample divisors of the shape π∗A + H exist on
P(E). Moreover, by Lemma 4.1, there are line bundles L on C such H•(C,L) = 0.
In particular, a projective bundle over a curve admits an abundance of Ulrich line
bundles.

Remark 4.5 The above result generalises Aprodu et al. (2018, Thm. 2.1), where Ulrich
line bundles on geometrically ruled surfaces over curves are classified. Note that
in Aprodu et al. (2018), also Ulrich bundles of rank two are constructed for any
given polarisation of the ruled surface. This uses the Serre construction of locally free
bundles, which does not generalise that easily to higher dimensions.

In Aprodu et al. (2019, Thm. 4.7, Cor. 4.10), Ulrich bundles on rational normal
scrolls P

(⊕
i OP1(ai )

)
with respect to polarisations of the form π∗A + H are char-

acterised. There it is shown that there are at most finitely many.
Moreover, in Faenzi and Malaspina (2017, Thm. B), rigid Ulrich bundles on Hirze-

bruch surfaces of degree ≥ 5 are described as extensions (more precisely: mutations)
of Ulrich line bundles. This gives a curious connection between such Ulrich bundles
and Fibonacci numbers. Additionally, in the case that such a Hirzebruch surface is
of degree 4, aCM sheaves of even rank are classified: there is a P

1-family of such
sheaves, see Faenzi and Malaspina (2017, Thm. A).

Finally, in Antonelli (2021) a full classification of Ulrich bundles on Hirzebruch
surfaces for any given polarisation is obtained.

The following example can also be obtained as a consequence of the more general
Aprodu et al. (2018, Thm. 2.1).

Example 4.6 Let Fr = P(OP1 ⊕ OP1(r)) be the r -th Hirzebruch surface with r ≥ 0
and let π : Fr → P

1 be the projection. Up to isomorphism, the only line bundle L on
the base P1 with H•(P1,L) = 0 is OP1(−1).

If we denote by f a fibre of π and by C+ the rational curve on Fr with C2+ = r ,
then for OFr ( f ) = π∗OP1(−1) we find that H•(Fr ,OFr ( f )) = 0. Additionally, one
can check that D = a f + C+ is ample, which for smooth projective toric varieties is
equivalent to being very ample. Hence Theorem 4.3 and Remark 2.2 imply that for
this polarisation, the line bundles

OFr ((a − 1) f + C+) and OFr ((r − 1 + 2a) f )

are Ulrich.
For r > 0 these give all Ulrich line bundles. To see this note that

OFr (− f ), OFr (i f − C+) with i ∈ Z, OFr ((r − 2) f − 2C+),

is a complete list of line bundles L on Fr with the property that H•(Fr ,L) = 0.
Therefore, the very ample divisor D = a f + bC+ with a > 0 and b > 1 does not
give rise to any Ulrich line bundle.

For r = 0, we find that F0 = P
1 × P

1 has precisely two families of line bundles L
with H•(P1 × P

1,L) = 0:

OF0(i f − f ′), OF0(− f + i f ′) with i ∈ Z
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where f ′ = C+ is a fibre of the second ruling. Hence given any very ample divisor
D = a f + b f ′ with a, b > 0, we get that

OF0((a − 1) f + (2b − 1) f ′) and OF0((2a − 1) f + (b − 1) f ′)

are the Ulrich line bundles with respect to D.

5 Projective bundles over surfaces

In this section, we specialise to the question aboutUlrich bundles on projective bundles
over surfaces. Later we pay more attention to the case of the projective plane and
Hirzebruch surfaces.

Theorem 5.1 Let π : P(E) → S be a projective bundle over a smooth projective
surface S. Moreover, let D = π∗A + H be a very ample divisor with H the relative
hyperplane section.

A locally free sheaf π∗F(D) is Ulrich on P(E) with respect to D if and only if F
is a locally free sheaf on S with

H•(S,F) = 0 = H•(S,F(−D′))

where D′ := rk(E) · A+c1(E). In particular, if D′ is very ample, thenF(D′) is Ulrich
with respect to D′.

This statement generalises Fania et al. (2018, Thm. 2.4), where the case of P1-
bundles over surfaces is treated. Recall that by Lemma 2.4, a very ample divisor of
the form D = π∗A + H does always exist.

Proof This is a direct application of Proposition 3.1. 
�
Question 5.2 Already the connection between the ample divisors on a surface and
ample divisors on projective bundles over the surface is quite complicated, see Misra
and Ray (2019). So it is not obvious, whether D = π∗A + H (very) ample implies
that also D′ = (n + 1)A + c1(E) is (very) ample, as well. Examples suggest that this
implication is true, but also show that the other implication is wrong in general; see
Example 5.11.

On the other hand, by Lemma 2.4, we can choose A positive enough such that D
and D′ are very ample.

Example 5.3 In Fania et al. (2018), many more Ulrich bundles of low rank are con-
structed on P

1-bundles over several surfaces, obtaining even a full classification in
those cases of Ulrich line bundles.

5.1 Projective bundles over P2

Proposition 5.4 (Coskun and Genz 2017; Costa and Miró-Roig 2018) For d > 0,
there are are Ulrich bundles on P

2 with respect to OP2(d):
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d = 1: direct sums of OP2 ;
d = 2: direct sums of TP2 ;
d > 2: locally free sheaves of rank at least 2. For example, an Ulrich bundle E of

rank two fits into the short exact sequence

0 → O⊕(d−1)
P2

(d − 2) → O⊕(d+1)
P2

(d − 1) → E → 0,

which in the case of d = 2 yields TP2 .

The following lemma will be the basis for the construction of Ulrich bundles.

Lemma 5.5 Let d be a non-negative integers. On Pn, there are locally free sheaves F
of rank n or

(n+d
n−1

)
with the properties that

H•(Pn,F) = 0 and F ∈ 〈
OPn (d),OPn (d + 1)

〉
.

Proof The easiest way to guarantee the second condition of the statement is to assume
that F fits into a short exact sequence

0 → F → O(d)⊕b1 α−→ O(d + 1)⊕b2 → 0,

as for a surjective morphism between locally free sheaves, the kernel is automatically
locally free. By applying H•(Pn, _) to this sequence, we obtain

0 → H0(Pn,F) → H0(Pn,O(d))⊕b1 H0(α)−−−→ H0(Pn,O(d + 1))⊕b2

→ H1(Pn,F) → 0.

Here we want to ensure that H0(α) is an isomorphism to conclude that H•(Pn,F) =
0. A necessary condition for this to happen is that b1 · dimH0(Pn,O(d)) = b2 ·
dimH0(Pn,O(d + 1)), or more explicitly that

b1 ·
(
n + d

n

)

= b2 ·
(
n + d + 1

n

)

⇐⇒ (d + 1)b1 = (n + d + 1)b2

In particular, b1 = n+d +1 and b2 = d +1 is a valid solution. There are solutions
with smaller values, if gcd(n, d + 1) > 1, but for this choice we find that there a
generic choice of α : O(d)n+d+1 → O(d + 1)d+1 induces an isomorphism H0(α).
For example, we can take

On+d+1(d)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x0 xn 0 0

0

0

0 0 x0 xn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

−−−−−−−−−−−−−−−−−−−−−−−→ Od+1(d + 1)
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which is a direct generalisation of Eisenbud and Schreyer (2003, Prop. 5.9). Hence
for b1 = n + d + 1 and b2 = d + 1, we obtain a locally free sheaf F of rank n with

H•(Pn,F) = 0, F ∈ 〈
OPn (d),OPn (d + 1)

〉
.

Another choice for a solution is b1 = (n+d+1
n

)
and b2 = (n+d

n

)
. By the same kind

of argument, we obtain for this choice, a locally free sheafF of rank b1 −b2 = (n+d
n−1

)
.

Here, we can construct also an explicit locally free sheaf. For this, consider the Euler
sequence

0 → � → O(−1)n+1 → O → 0.

Taking the (d+1)-th symmetric power of this short exact sequence and tensoring with
O(2d + 1) yields

0 → Symd+1 �(2d + 1) → O(d)⊕(n+d+1
n ) → O(d + 1)⊕(n+d

n ) → 0.

By construction Symd+1 �(2d + 1) ∈ 〈
O(d),O(d + 1)

〉
, and taking cohomology of

the last short exact sequence shows also that H•(Pn,Symd+1 �(2d + 1)) = 0. 
�
Remark 5.6 LetF be a locally free sheaf on P2. The conditions of Lemma 5.5 amount
to F(d + 2) being an Ulrich bundle with respect to O(d + 2). To see this, note that
0 = H•(P2,F(−d − 2)) = Hom•(O(d + 2),F) if and only if F ∈ O(d + 2)⊥ =〈
O(d),O(d + 1)

〉
.

On P2, note that in the case d = 0, we obtain the Ulrich bundle

F(2) ∼= �P2(3) ∼= TP2

of rank 2 on P2. Actually, this is the only indecomposable Ulrich bundle with respect
to OP2(2), see Aprodu et al. (2019, Ex. 3.1). Moreover, we get for any d > 0 many
Ulrich bundles of rank two. The construction in the proof of Lemma 5.5 is the dual of
the one given in Eisenbud and Schreyer (2003, Prop. 5.9).

Also note that the argument of Lemma 5.5 can be extended to cover also the case
d = −1, where we end up with the the Ulrich line bundle OP2 .

Remark 5.7 On P
2, in the case d = 1, the proof of Lemma 5.5 gives the locally free

sheaf F = Sym2 �P2(3), which appears in Hochenegger and Meachan (2020, Sect.
3.4) in a completely different context. There the interest lies on ⊥OP2 ∩ O⊥

P2
, which

is a non-admissible subcategory of Db(P2). Note that the locally free sheaves inside
⊥OP2 ∩ O⊥

P2
are precisely the Ulrich bundles on P

2 with respect to the anticanonical
polarisation OP2(3).

The following statement is a consequence of Theorem5.1 andLemma5.5, by taking
into account that for D = π∗A + H we can replace A by a more positive divisor, in
order to guarantee that D′ = rk(E) · A + c1(E) is very ample, see Lemma 2.4.
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Corollary 5.8 Let π : P(E) → P
2 be a projective bundle and let D = π∗A + H be

a very ample divisor such that D′ = rk(E) · A + c1(E) is very ample, as well. Then
there are Ulrich bundles of rank two on P(E) with respect to D.

Remark 5.9 This corollary generalises the results from Fania et al. (2018, Sect. 5)
about Ulrich bundles of rank two on P

1-bundles over P2. Note that in Fania et al.
(2018, Prop. 5.1), it is shown under which restrictions on the Chern classes of E , there
are Ulrich line bundles.

Question 5.10 This is again Eq. (5.2): If D = π∗A+ H is very ample, do we have at
least in the situation of the theorem above, that D′ = (n+1)A+ c1(E) is very ample?
What is the minimal degree dmin of D′ in dependence of the possible choices for A?
In the case that dmin is always positive, we have a connection between Ulrich bundles
on P(E) and those on P

2. In situations where dmin = 1 is possible, π∗OP2(−1) ⊗
OP(E)(D) would be an Ulrich line bundle on P(E).

Example 5.11 Let X = (P3)′ be the blowup of P3 in a point. There is a map π : X →
P
2, realising X as a projective bundle. More precisely, one has X = P(E) with E =

OP2(1) ⊕ OP2 . Denoting by h the pullback of a hyperplane section of P2 via π , a
divisor D = ah + H is very ample if and only if a > 0.

By Theorem 5.1, a locally free sheaf π∗F(ah + H) is Ulrich with respect to
OX (ah + H) if and only if F(2a + 1) is Ulrich on P

2 with respect to OP2(2a + 1).
For the minimal choice a = 1, we therefore have Ulrich bundles of rank at least two,
see Example 5.6.

Note that for the excluded value a = 0, OP2 is an Ulrich line bundle on P
2 with

respect to the very ample OP2(1). Moreover, for F = OP2(−1), the cohomolgy
groups H•(X ,L(−pD)) vanish for the line bundle L := π∗F(H) = OX (H − h)

and p = 1, 2, 3. But OX (H) is not even ample, so OX (H − h) is not Ulrich.
For a deeper picture about Ulrich bundles on (P3)′, see Casnati et al. (2017).

Example 5.12 Consider E = OP2(1)⊕O⊕d
P2

and the projective bundle π : P(E) → P
2.

As before, by Theorem 5.1, a locally free sheaf π∗F(ah+H) is Ulrich with respect to
ah+H if and only ifF((d+1)a+1) is Ulrich onP2 with respect toOP2((d+1)a+1).
Again, the case a = 0 is not possible, as H is not even ample, so we conclude that
there are Ulrich bundles on X which have rank at least two.

Proposition 5.13 Let E = OPn (1) ⊕ O⊕d
Pn

and consider the projective bundle
π : P(E) → P

n. Then there are Ulrich bundles of rank n on P(E) with respect to
the very ample divisor D = h + H, where h is the pullback of the hyperplane section
of Pn.

Proof We show that there is a locally free sheaf F of rank n on Pn , such that π∗F(D)

is an Ulrich bundle on P(E) with respect to D. For this we will use Proposition 3.1
in its formulation for split locally free sheaves in Remark 3.2. The conditions for F
to fulfill are that H•(Pn,F) = 0 and H•(Pn,F(−1 − δ − (n + 1 + k))) = 0 with
δ ∈ {0, 1} and 0 ≤ k ≤ n − 2. The latter vanishing can be expressed as

Hom•(O(n + 2 + k),F) = 0
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for 0 ≤ k ≤ n−1. Using thatDb(Pn) = 〈
O(n),O(n+1),O(n+2), . . . ,O(2n+1)

〉
,

these conditions become

H•(Pn,F) = 0 and F ∈ 〈
O(n),O(n + 1)

〉
.

So by Lemma 5.5 there are locally free sheaves F of rank n on P
n that satisfy these

conditions. In turn, this gives Ulrich bundles π∗F(D) of rank n on P(E) with respect
to D = h + H by Proposition 3.1. 
�
Remark 5.14 For E = OPn (1)⊕O⊕d

Pn
, the projective bundle P(E) is isomorphic to the

blowup (Pn+d)′ of Pn+d in a (d−1)-dimensional linear subspace. So in Example 5.11
and 5.12 and Proposition 5.13, there is also the possibility to construct Ulrich bundles
via pullback using the map (Pn+d)′ → P

n+d , by using Casnati and Kim (2007, Thm.
3.1).

5.2 Projective bundles over Hirzebruch surfaces

Proposition 5.15 (Aprodu et al. 2018) Let π : Fr → P
1 be the projection of Hirze-

bruch surface Fr = P(O ⊕O(r)) to P1. For any very ample D = ah + bH, where h
is the pullback of the hyperplane section of P1, there exist

• Ulrich line bundles if and only if b = 1,
• Ulrich bundles of rank two if b > 1

on Fr with respect to D.

Remark 5.16 In Antonelli (2021), Ulrich bundles of arbitrary rank are described as
cokernels of an injective map of split locally free sheaves.

Again as an application of Theorem 5.1, we arrive at the following statement.

Corollary 5.17 Let π : P(E) → Fr be a projective bundle and let D = π∗A + H be
a very ample divisor such that D′ = rk(E) · A + c1(E) is very ample, as well. Then
there are Ulrich bundles of rank two on P(E) with respect to D.

Remark 5.18 For the base variety F0 = P
1 × P

1, there are Ulrich line bundles for any
polarisation, so in this case we have even Ulrich line bundles on P(E).

For base variety Fr with r > 0, the question remains under which conditions on E
there are Ulrich line bundles on P(E). Note that in Fania et al. (2018, Thm. 5.9), it is
shown that there are Ulrich bundles of rank two on a P1-bundle over F1.

Remark 5.19 The method described in this section, establishes the existence of Ulrich
bundles on projective bundles over a surface, where sufficiently many Ulrich bundles
are known. We give a list of such surfaces, which is far from exhaustive, and some
references:

• del Pezzo surfaces: (Pons-Llopis and Tonini 2009; Coskun et al. 2013);
• K3 surfaces: (Coskun et al. 2012;Watanabe 2015; Aprodu et al. 2017; Casnati and
Galuzzi 2018);
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• surfaces with pq = 0 and q = 0, 1: (Casnati 2017, 2019).

Moreover, most of the results of Fania et al. (2018) about Ulrich bundles onP1-bundles
over certain surfaces should allow a generalisation to arbitrary projective bundles over
these surfaces. We leave the search for further Ulrich bundles to the interested readers.

Acknowledgements The author wants to thank Klaus Altmann, Gianfranco Casnati, FrancescoMalaspina,
Peter Newstead, Joan Pons-Llopis and an anonymous referee for useful suggestions and comments.

Funding Open access funding provided by Politecnico di Milano within the CRUI-CARE Agreement.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Antonelli, V.: Characterization of Ulrich bundles on Hirzebruch surfaces. Riv. Mat. Complut. 34, 43–74
(2021). Also arXiv:1806.10380

Aprodu,M., Costa, L.,Miró-Roig, R.: Ulrich bundles on ruled surfaces. J. Pure Appl. Algebra 222, 131–138
(2018). Also arXiv:1609.08340

Aprodu, M., Farkas, G., Ortega, A.: Minimal resolutions, Chow forms and Ulrich bundles on K3 surfaces.
J. Reine Angew. Math. 730, 225–249 (2017). Also arXiv:1212.6248

Aprodu, M., Huh, S., Malaspina, F., Pons-Llopis, J.: Ulrich bundles on smooth projective varieties of
minimal degree. Proc. Am. Math. Soc. 147, 5117–5129 (2019). Also arXiv:1705.07790

Atiyah, M.: Vector bundles over an elliptic curve. Proc. Lond. Math. Soc. 7, 414–452 (1957)
Beauville, A.: An introduction to Ulrich bundles. Eur. J. Math. 4, 26–36 (2018). Also arXiv:1610.02771
Casanellas, M., Hartshorne, R.: Gorenstein biliaison and ACM sheaves. J. Algebra 278, 314–341 (2004).

Also arXiv:math/0304447
Casnati, G.: Special Ulrich bundles on non-special surfaces with pg = q = 0. Int. J. Math. 28, 1750061

(2017). Also arXiv:1609.07915
Casnati, G.: Ulrich bundles on non-special surfaces with pg = 0, q = 1. Riv. Mat. Complut. 32, 559–574

(2019). Also arXiv:1707.06429
Casnati, G., Filip, M., Malaspina, F.: Rank two aCM bundles on the del Pezzo threefold of degree 7. Rev.

Mat. Complut. 30, 129–165 (2017). Also arXiv:1511.07166
Casnati, G., Galuzzi, F.: Stability of rank 2 Ulrich bundles on projective K3 surface. Math. Scand. 122,

239–256 (2018). Also arXiv:1607.05469
Casnati, G., Kim, Y.: Ulrich bundles on blowing up (and an erratum). C.R. Math. 355, 1291–1297 (2007)
Coskun, E., Genz, O.: Ulrich bundles on Veronese surfaces. Proc. Am. Math. Soc. 145, 4687–4701 (2017).

Also arXiv:1609.07130
Coskun, E.: A survey of Ulrich bundles. In: Aryasomayajula, A., Biswas, I., Morye, A.S., Parameswaran,

A.J. (eds.) Analytic and Algebraic Geometry, pp. 85–106. Springer, Berlin (2017)
Coskun, E., Kulkarni, R.S., Mustopa, Y.: Pfaffian quartic surfaces and representations of Clifford algebras.

Doc. Math. 17, 1003–1028 (2012). Also arXiv:1107.1522
Coskun, E., Kulkarni, R.S., Mustopa, Y.: The geometry of Ulrich bundles on del Pezzo surfaces. J. Algebra

375, 380–381 (2013). Also arXiv:1105.2575
Costa, L., Miró-Roig, R.: Ulrich Bundles on Veronese surface. In: Greuel, G.-M., Narvárez Macarro, L.,

Xambó-Descamps, S. (eds.) Singularities, Algebraic Geometry, Commutative Algebra, and Related
Topics, pp. 375–381. Springer, Berlin (2018)

123

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1806.10380
http://arxiv.org/abs/1609.08340
http://arxiv.org/abs/1212.6248
http://arxiv.org/abs/1705.07790
http://arxiv.org/abs/1610.02771
http://arxiv.org/abs/math/0304447
http://arxiv.org/abs/1609.07915
http://arxiv.org/abs/1707.06429
http://arxiv.org/abs/1511.07166
http://arxiv.org/abs/1607.05469
http://arxiv.org/abs/1609.07130
http://arxiv.org/abs/1107.1522
http://arxiv.org/abs/1105.2575


Beitr Algebra Geom (2022) 63:573–587 587

Eisenbud, D., Schreyer, F.-O.: (with an Appendix by J. Weyman) Resultants and Chow forms via exterior
syzygies. J. Am. Math. Soc. 16, 537–579 (2003). Also arXiv:math/0111040

Faenzi, D., Malaspina, F.: Surfaces of minimal degree of tame representation type and mutations of Cohen–
Macaulay modules. Adv. Math. 310, 663–695 (2017). Also arXiv:1409.4892

Fania, M., Lelli-Chiesa, M., Pons-Llopis, J.: Ulrich bundles on three dimensional scrolls. Int. Math. Res.
Not. (2018). Also arXiv:1808.00074

Hartshorne, R.: Algebraic Geometry. Springer, Berlin (1977)
Hochenegger, A.: Introduction to derived categories of coherent sheaves. In: Hocheneggger, A., Lehn,

M., Stellari, P. (eds.) Birational Geometry of Hypersurfaces Springer Lecture Notes della Unione
Matematica Italiana, pp. 267–295. Springer, Berlin (2019)

Hochenegger, A., Meachan, C.: Frobenius and spherical codomains and neighbourhoods. Doc. Math. 25,
483–525 (2020). Also arXiv:2001.04774

Huybrechts, D.: Fourier-Mukai Transforms in Algebraic Geometry. OxfordUniversity Press, Oxford (2006)
Misra, S., Ray, N.: Nef cones of projective bundles over surfaces and Seshadri constants (2019).

arXiv:1904.02335 (preprint)
Orlov, D.: Projective bundles, monoidal transformations, and derived categories of coherent sheaves. Izv.

RAN. Ser. Mat. 56, 852–862 (1992)
Pons-Llopis, J., Tonini, F.: aCM bundles on del Pezzo surfaces. Matematiche 64, 177–211 (2009). Also

arXiv:1003.3404
Watanabe, K.: The classification of aCM line bundles on quartic hypersurfaces on P

3. Geom. Dedicata.
175, 347–353 (2015). Also arXiv:1309.1821

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://arxiv.org/abs/math/0111040
http://arxiv.org/abs/1409.4892
http://arxiv.org/abs/1808.00074
http://arxiv.org/abs/2001.04774
http://arxiv.org/abs/1904.02335
http://arxiv.org/abs/1003.3404
http://arxiv.org/abs/1309.1821

	On Ulrich bundles on projective bundles
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Projective bundles

	3 Projective bundles over arbitrary varieties
	4 Projective bundles over curves
	5 Projective bundles over surfaces
	5.1 Projective bundles over mathbbP2
	5.2 Projective bundles over Hirzebruch surfaces

	Acknowledgements
	References




