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 Abstract—This paper presents an analytical model to predict 

the performance of eccentric surface-mounted permanent-magnet 

(ESPM) motor based on the nonlinear conformal mapping and 

reluctance network hybrid model (NCRHM). The proposed model 

can reveal the mutual influence of rotor eccentricity on the stator 

slotting and iron saturation accounting for the distortion of the 

equivalent current positions and air-gap path among the 

conformal mappings. The transformation between magnetic 

voltage drop of iron and equivalent current in the air region 

(including air-gap and slot region) is employed to consider the 

increased iron saturation due to the reduced air-gap length. Based 

on the proposed model, the electromagnetic performance 

including flux linkage, back-EMF, torque, and unbalanced 

magnetic force (UMF) can be accurately predicted for any kind of 

rotor eccentricity. Besides, the NCRHM is compared with the 

complex permeance model (CPM) neglecting both iron saturation 

and the field distortion in conformal mappings, which exhibits the 

great advantage of NCRHM for ESPM motor. The excellent 

accuracy and great efficiency of the proposed model is validated 

by both finite-element analysis and test results. 

 
Index Terms—Analytical model, conformal mapping, 

reluctance network, rotor eccentricity, saturation effect, slotting 

effect. 

 

I. INTRODUCTION 

he permanent-magnet (PM) motors have been widely used 

in the electric transportation such as electric vehicles, 

electric aircraft and high-speed train due to the advantage 

of high power density and efficiency . However, the excellent 

performance of PM motor is often deteriorated due to the rotor 

eccentricity, which comes from the manufacture imprecision, 

structure deformation, bearing tolerances, etc. Hence it is 

significant for manufacturers and researchers to account for the 

influence of rotor eccentricity when designing PM motor or in 

the fault diagnosis [1]. 

Generally, the rotor eccentricity can be classified as static 

eccentricity, dynamic eccentricity, and mix eccentricity. They 

are defined according to the position of the rotating axis. Fig. 1 

shows the schematic view of ESPM motor, where the rotor 
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center Or is displaced from the stator center Os. It illustrates the 

differences among the three rotor eccentricities. For the static 

eccentricity the rotating axis of rotor Oa is placed at the rotor 

center Or. For the dynamic eccentricity, Oa coincides with the 

stator center Os. As for the mix eccentricity, it is the most 

general situation when Oa is placed at any position in the motor 

except Or and Os [2]. 

In order to predict the performance of the eccentric motor, 

different models have been introduced to account for the rotor 

eccentricity. The finite-element method (FEM) can precisely 

describe the change of magnetic field in the PM motor when 

rotor eccentricity occurs, but it is time-consuming [3]. Based on 

the FEM, the impulse method is developed to show the 

frequency response under rotor eccentricity [4]. For modeling 

the axial flux permanent magnet machine with eccentricity, 

field reconstruction method was proposed to calculated the air-

gap field distribution, which can achieve the same accuracy as 

FEM with lower computational burden [5].  

 

Fig. 1 The schematic view of ESPM motor with rotor eccentricity in the S plane.  

Winding function method directly calculates the air-gap flux 

density using the geometry of eccentric air-gap and it has been 

investigated in the induction motors [6] and synchronous 

reluctance motors [7], but this method is not suitable for ESPM 

motor due to the relative large air-gap. Perturbation theory 

combined with analytical models is used to analyze the slotless 

ESPM motors [8]. The slotting effect was considered using 

boundary perturbation method [9], relative permeance model 
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[10] or subdomain model [11]. However, these models neglect 

iron saturation. Since the local iron saturation in the eccentric 

motor is significant due to the reduced air-gap length, it is 

necessary to consider the saturation effect in the analysis of 

eccentric motor. In [12], Dorrell found that UMF in the 

induction motor can be attenuated due to tooth-tip saturation. In 

[13], the air-gap flux density is decreased when considering 

iron saturation in the ESPM motor. The magnetic circuit model 

can account for the saturation effect for electric motors, but 

there are few research papers for the eccentric motors. The main 

difficulty and limitation for the magnetic circuit model are the 

variation of air-gap reluctance and dynamic network at different 

rotor position, leading to the low accuracy for calculating the 

air-gap field.  

Conformal mapping is a powerful tool to transform the 

eccentric air-gap into concentric air-gap. Jalali et al. introduced 

the bilinear conformal mapping to obtain the eccentric magnetic 

field for slotless ESPM motor [2]. Li et al. developed the 

relative permeance function based on conformal mapping to 

show the influence of eccentricity on the radial flux density [10]. 

Alam et al. modified the complex permeance model (CPM) to 

account for the rotor eccentricity, but it neglects the influence 

of rotor eccentricity on the slotting effect. Besides, it can 

introduce errors when introducing the saturation factor to 

represent the iron saturation [14]. Besides, the modification of 

air-gap length and tooth-tips was another choice to represent 

iron saturation and the CPM was used to account for stator 

slotting and rotor eccentricity [13]. Similarly, Mahmoud et al. 

extended the combination of CPM and saturation factor to 

synchronous reluctance motors [15].  

There is strong coupling among rotor eccentricity, slotting 

effect and saturation effect in the ESPM motor. To investigate 

their mutual relationship on the motor performance, the 

NCRHM is developed in this paper to account for these 

remarkable features. Firstly, there are four conformal mappings 

to transform the slotted eccentric air-gap domain in the ESPM 

motor into the slotless annulus, where the Hague’s equation is 

applied to obtain the analytical field solution. It can precisely 

exhibit the change of slotting effect due to rotor eccentricity and 

gives the physical insight for eccentricity effect. The reluctance 

network is introduced to represent the magnetic voltage drop. It 

decreases the value of air-gap field generated from the 

equivalent current of saturation. The proposed model is used to 

analyze a 10-pole/12-slot ESPM motor with static, dynamic, 

and mix eccentricity, whose accuracy and efficiency are 

validated by the FEM. Then a prototype is built to verify the 

effectiveness of NCRHM. 

II. NONLINEAR HYBRID MODEL  

The NCRHM has the following assumptions: (1) The relative 

permeability of PM is 1 with linear property; (2) The end effect 

is neglected. Four conformal mappings are introduced to 

convert the air-gap domain of the ESPM motor in the S plane 

to that in the Ψ plane and obtain the air-gap field distribution. 

Even under no-load condition, the saturation level in the stator 

is significantly increased due to rotor eccentricity, which is 

represented by the equivalent current of saturation. 

A. Bilinear Mapping 

Bilinear mapping is widely-used to transform two eccentric 

circles to two concentric circles [14]. The general form of 

bilinear mapping is shown as: 
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Fig. 2 illustrate the symbols of the ESPM motor using 

bilinear mapping when neglecting the stator slots and PMs. The 

stator bore and rotor outer surface are the two circles to 

determine the parameters of bilinear mapping, whose radii are 

Rs and Rr, respectively. In Fig. 2, ρs, ρr, and ρd are the distances 

of OsOa, OaOr, and OsOr, respectively. γ is the angle between 

OsOa and horizon axis. β is the angle between OsOr and horizon 

axis.  is the angle between OaOr and OaOs, where (t)=wt+0. 

w is the angular speed of the rotor and 0 is the initial rotor 

position. The rotor eccentricity ratio is defined as  
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It is noted that the static eccentricity and dynamic 

eccentricity are represented by ε=1 and ε=0, respectively. For 

the mix eccentricity, 0<ε<1. 
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    (a) S plane                                        (b) T plane 

Fig. 2  General symbols of bilinear mapping for the slotless SPM motor: (a) 

eccentric air-gap and (b) concentric air-gap. 

For the slotted ESPM motor, the same bilinear mapping is 

used to obtain a concentric air-gap using (1)-(5). Fig. 3(a) 

shows the concentric air-gap in the T plane which is 

transformed from the eccentric motor in the S plane of Fig. 1. It 

is noted that the slot size and slot-opening in the T plane is 

changed after the bilinear mapping. It means that the slotting 

effect is influenced by rotor eccentricity, which is neglected in 

the CPM. Such differences can be more clearly observed in Fig. 

3(b), where the concentric air-gap is transformed into a 

multilateral polygon using the logarithmic complex function.  
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(a) T plane (b) Z plane 

Fig. 3  The air-gap region and slot region of ESPM motor using the logarithmic 

complex function. 

 log( )Z T=   (7) 

B. SC Mapping 

SC mapping shows great accuracy in transforming the 

rectangular area in the W plane to the interior of multilateral 

polygon in the Z plane. The general form of SC mapping is 

defined as  
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where Z0, Z1, w1, ···, wn-1, α1, ···, αn-1 are the SC parameters[16]. 

These parameters can be calculated using SC toolbox in the 

MATLAB. Fig. 4(a) shows the rectangular domain representing 

air-gap and slot in the W plane which is transformed from the 

multilateral polygon in the Z plane of Fig. 3(b). It is noted that 

the position of the equivalent currents in the W plane are 

nonuniformly distributed in different slots. After the inverse SC 

mapping, the exponential complex function is used to map the 

rectangle in the W plane to the annular domain in the Ψ plane, 

Fig. 4(b).  
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where △x and △y represent the length and width of rectangle 

in the W domain.  

  
(a) W plane (b) ψplane 

Fig. 4  The air-gap region and slot region of ESPM motor using the exponential 

complex function. 

C. Analytical Solution of Air-gap Field 

The four conformal mappings have connected the original 

eccentric motor in the S plane with the concentric annulus in 

the Ψ plane. As the equivalent current of PM, coil, and 

saturation in the original S plane are mapped to Ψ plane, the 

Hague’s equation is used to analytically obtain the air-gap field 

in the slotless annulus of Ψ plane. Using the inverse conformal 

mapping from Ψ plane to S plane, the magnetic field in the 

concentric motor can be accordingly obtained.  

According to the superposition principle, the total air-gap 

field in the ESPM motor can be regarded as the sum of the 

magnetic field generated from those equivalent currents of PM, 

coil, and saturation. The PMs with radial magnetization are 

equivalently replaced by the equivalent currents along the 

lateral side of the magnet. The value of PM equivalent current 

can be calculated as    
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where μr, hm, and Br are the permeability, thickness, and 

remanence of the PM. nPM is the number of PM equivalent 

current.  

For the equivalent current of coil, it is replaced by one or two 

dot current at the center of each slot depending on winding 

layout and the value of coil equivalent current is obtained from 

the input current. The equivalent current of saturation will be 

introduced in the next subsection. 

Then, the magnetic vector potential Az(rpψ, αpψ) produced by 

the single equivalent current ic(rcψ, αcψ) representing PM, coil, 

or iron saturation in the concentric slotless air-gap of Ψ plane is 

manipulated as: 
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where μ0 is vacuum permeability. rs and rr represent inside and 

outside radius of annulus. dpc is the distance between the dot 

current position and the position for calculating air-gap field 

[19]. Since the conformal mapping preserve the magnetic 

potential value, the magnetic vector potential Az(rps, αps) in the 

S plane is calculated as 

 (, ,( ) )ps psz p pzA rAr   =  (12) 

The radial and tangential component of air-gap field in the Ψ 

plane is also obtained from Az(rpψ, αpψ). 
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The solution of (13) presents the magnetic field in the polar 

coordinates and it is transformed to the Cartesian coordinates.  

 
( ) cos( ) sin( )

( ) sin( ) cos( )

,

,

p x p p p r p p p

p y p p p r p p p

B x y B B

B x y B B

      

      

 

 

= −

= +
  (14) 

Then, the complex permeance function λ is introduced to 

connect the flux density in Ψ plane and S plane. The magnetic 

field Bpsx and Bpsy in the S plane can be inversely mapped from 

Bpψx and Bpψy in the Ψ plane. 
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The complex permeance function λ is the connection 

between the slotted and slotless air-gap field. The influence of 

motor geometry on λ can be directly obtained using (16)-(20) 

while the slotless air-gap field has simple expression in [17]. 

According to the waveform of complex permeance function, it 

is easy and clear to analyze the variation of slotted air-gap field 

from the simple slotless air-gap field and investigate the 

performance of ESPM motor. Accordingly, the radial and 

tangential flux density in the Ψ plane is obtained as  
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D. Iron Saturation   

In order to consider saturation effect, the equivalent current 

of saturation iss is introduced to replace the magnetic voltage 

drop, as shown in Fig. 5. It is located at the same position as the 

equivalent current of coil and is calculated using  

 ( ) ( )2 2 1
 

ks k s s ksi V V
−

−=   (22) 

where Vs(2k) and Vs(2k-1) is the magnetic potential in the tooth tip.  

V1 V2 V3 V4 V5 V6

iss1 iss2 iss3fs1 fs2 fs3 fs4 fs5 fs6

fs7 fs8 fs9 fs10 fs11fs12

fs13 fs14 fs15 fs16  

Fig. 5. The transformation between the magnetic voltage drop and equivalent 

current of saturation.   

In order to obtain the magnetic voltage drop in stator region, 

the reluctance network is used to show the flux path in the stator 

yoke, tooth body and tooth tip, Fig. 5. The air-gap flux and slot 

flux are obtained using the magnetic vector potential Az(rps, αps) 

in the S plane. 

 1 1 2 2( ) ( ), ,z z efsj ps ps ps psA r A lr   =  −   (23) 

where (rps1, αps1) and (rps2, αps2) represent the specified area for 

calculating flux.  

E. Calculation Process   

The general solution of NCRHM is derive from the 

calculation of reluctance network in Fig. 5 using 

 ( )f = − =T

sV AΛA V Φ 0  (24) 

where V, A, Λ, and Φs are the matrixes of node magnetic 

potential, incidence, branch permeance, and the air-gap flux φsj, 

respectively. Fig. 6 gives the general solving process. The 

initial value of equivalent current of saturation is zero and 

therefore the linear analytical solution of air-gap field can be 

obtained in the first step. Then, an inner solving loop is required 

to obtain the magnetic voltage drop of stator based on BH curve 

of iron. Accordingly, the equivalent current of saturation is 

updated from the magnetic voltage drop in the external loop. If 

the equivalent current is not convergent, the air-gap flux and 

slot flux should be calculated again in the inner loop using the 

reluctance network in Fig. 5. The Newton-Raphson method is 

often employed to accelerate the convergence speed and 

therefore the air-gap field of ESPM motor is obtained to predict 

using (11)-(21). It is noted that the tolerance of current error in 

Fig. 6 depends on the required accuracy for predicting the air-

gap field. For most ESPM motors, the criterion of “Error of 

current<0.1%” is used to obtain a satisfactory result based on 

practice. 
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Fig. 6. The flowchart of calculating the equivalent current of saturation.   

III. ELECTROMAGNETIC PERFORMANCE CALCULATION 

The flux linkage can be calculated from the integral of the 

air-gap field along the coil pitch belonging to the same phase. 
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i

i
p c s ef sr sN R l B R d

 


  

+

=    (25) 

where lef is effective length of stator in the axial direction. τ is 

coil pitch, and αi is the initial tangential position of the coil. 

Hence, according to Faraday’s law, the back EMF of the 

ESPM motor can be calculated using the derivative of the flux 

linkage: 
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The torque of the motor can be obtained based on the 
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Maxwell tensor theory, which equals to the integral of product 

between radial and tangential flux density along the air-gap 

circle.  
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The rotor eccentricity will significantly influence the UMF. 

Hence it is necessary to evaluate the change of UMF due to 

eccentricity [18]. The force in the x direction and y direction can 

be calculated using Maxwell tensor.  
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The modulus of the UMF can be therefore determined by 
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IV. FINITE-ELEMENT AND EXPERIMENT VALIDATION 

A 10-pole/12-slot ESPM motor is designed and analyzed to 

validate the proposed model. The motor parameters are given 

in TABLE I. The FEM calculation is carried out in JMAG, Fig. 

7 (a). Then a prototype with static eccentricity is built and tested 

in Fig. 7 (b)-(c).  

 
(a) JMAG simulation 

 
(b) Back-EMF test 

 
(c) Torque test 

Fig. 7. The ESPM motor in the simulation and in the test. 

Firstly, the conformal mappings for NCRHM and CPM are 

compared to show the errors of neglecting the field distortion in 

conformal mappings according to (15). The distance between  

TABLE I 

MAIN PARAMETERS OF ESPM MOTOR 

Parameter Value Unit 

Stator outer radius 60 mm 

Stator inner radius 32 mm 

Airgap length 1 mm 

Slot opening 2 mm 

Stator yoke height 6 mm 

Tooth body width 7.95 mm 

Magnet thickness 3 mm 

Number of pole pairs 5 ` 

Number of slots 12  

Active length 70 mm 

Rated speed 3000 rpm 

 
(a) Position 

 
(b) Real part of complex permeance function λ 

 
(c) Imaginary part of complex permeance function λ 

Fig. 8. The comparison of NCRHM and CPM during conformal mapping. 

center and rotor center is 0.5mm. In Fig. 8(a), the position from 

S plane to Ψ plane using NCRHM is different from that using 

CPM while their complex permeance functions are the same in 

Fig. 8(b)-(c). Such difference leads to less accurate calculation 

of flux density using CPM, as shown in Fig. 9. Both radial and 

tangential flux density predicted using NCRHM matches well 

with FEM results due to considering iron saturation and 

applying the more accurate conformal mapping. CPM 
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prediction has significant difference in the nearest region of the 

eccentric air-gap. In Fig. 8(b)-(c), 12 steep peaks representing 

slotting effect are lying on the gentle slope representing rotor 

eccentricity. According to the proposed model, the rotor center 

should get close to the stator bore at the angular position of 0° 

and therefore the corresponding air-gap field in the radial 

direction will become larger, as shown in Fig. 9(a).   

 
  (a) radial flux density  

 
  (b) tangential flux density 

Fig. 9  The flux density predicted using NCRHM, CPM, and FEM along the 

center line of the air-gap under open-circuit condition.  

 
  (a) radial direction 

 
  (b) tangential direction 

Fig. 10  The variation of major harmonic flux density to the eccentric distance 

of rotor center and stator center.  

Then the variation of harmonic flux density to the eccentric 

distance of rotor center and stator center is investigated and 

analyzed using Fig .10. The eccentric distance has negligible 

influence on the major harmonic of radial flux density but the 

increased eccentric distance can reduce the major harmonic of 

tangential flux density in Fig .10. However, in Fig .11, the 6th 

and 16th harmonic of radial flux density will increase as the 

eccentric distance grows. Figs .10-11 illustrate that it is 

important to select the useful and sensitive harmonic flux 

density for the fault severity assessment of rotor eccentricity 

[20].  

 

Fig. 11  The variation of 6th and 16th harmonic of radial flux density to the 

eccentric distance of rotor center and stator center.  

Figs 12-13 give the comparison of phase flux linkage and 

phase back EMF under static eccentricity (ε=1) using NCRHM 

and CPM. CPM has larger errors than NCRHM for both flux 

linkage and back-EMF. The amplitude of flux linkage and 

back-EMF in Phase C is much smaller than that in Phase A and 

Phase B. However, the line back-EMF in Phase A, B and C has 

similar amplitude, as shown in Fig. 14. Meanwhile, the 

NCRHM prediction of line back-EMF agrees well with 

experimental result. Figs 15-16 illustrate the major harmonic 

components of flux linkage and back EMF for static (ε=1), 

dynamic (ε=0), and mix eccentricity (ε=0.25, 0.5, 0.75). It can 

be seen that NCRHM predictions for the fundamental flux 

linkage and back-EMF agree well with FEM results while CPM 

predictions show much higher amplitude than FEM results 

under any rotor eccentricity.  

 

Fig. 12  The comparison of phase flux linkage using NCRHM and CPM under 

static eccentricity. 
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Fig. 13  The comparison of phase back-EMF using NCRHM and CPM under 

static eccentricity. 

 

Fig. 14  The measured line back-EMF under static eccentricity. 

 

Fig. 15  The variation of harmonic flux linkage to rotor eccentricity ratio.  

 

Fig. 16  The variation of harmonic back-EMF to rotor eccentricity ratio. 

Figs. 17-19 show the cogging torque waveform at different 

rotor eccentricity. NCRHM achieves high accuracy for 

predicting cogging torque even the value of cogging torque is 

small in 10-pole/12-slot motor, but the errors of CPM can reach 

over 80%. When the ESPM motor with static eccentricity is 

operated at constant load torque using MTPA control, the  

 

Fig. 17  The cogging torque predicted using NCRHM, CPM, and FEM at static 

eccentricity (ε=1). 

 

Fig. 18  The cogging torque predicted using NCRHM, CPM, and FEM under 

mix eccentricity (ε=0.5) 

 

Fig. 19  The cogging torque predicted using NCRHM, CPM, and FEM at 

dynamic eccentricity (ε=0) 

 

Fig. 20  The measured current waveform of ESPM motor at static eccentricity 

for on-load condition. 

amplitudes of three phase current are not the same [22]. As the 

predicted back-EMF of phase C is the smallest in Fig. 12, the 

measured current amplitude of Phase C is the largest to produce 
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the constant torque from the experiment, Fig .20. Then, the 

variation of average torque to current is obtained from both 

simulation and experiment in Fig. 21. It can be seen that 

NCRHM agrees well with both FEM and experimental result.     

 

Fig. 21  The variation of average torque to current at static eccentricity. 

The waveform of unbalance magnetic force and major 

harmonic components predicted using NCRHM, CPM, and 

FEM under different kind of rotor eccentricity are compared in 

Figs. 22-23 for open-circuit condition. CPM predicts slightly 

higher value of UMF while NCRHM predictions agree well 

with FEM results. The rotor eccentricity can significantly affect 

the UMF. When the rotor eccentricity ratio ε becomes larger 

under open-circuit condition, the average force in y direction 

(Fy) becomes smaller, as shown in Fig. 23(c). For static 

eccentricity, there is nearly no force in y direction.   

 

Fig. 22  The UMF predicted using NCRHM, CPM, and FEM under static 

eccentricity for open-circuit condition. 

 
(a) 

 
(b) 

 
(c) 

Fig. 23  Variation of major harmonic components of UMF with rotor 

eccentricity ratio for open-circuit condition: (a) F, (b) Fx, and (c) Fy. 

The calculation time of NCRHM, CPM, and FEM for 

predicting the ESPM motor with static eccentricity is compared 

in Table II. The simulation setting is given in Table III to 

guarantee a fair comparison. NCRHM can significantly 

accelerate the calculation for analyzing the rotor eccentricity 

fault in ESPM motors as it only cost less than 1/5 of the 

calculation time using FEM.. 
TABLE II 

CALCULATION TIME OF NCRHM UNDER STATIC ECCENTRICITY 

Current (A) 0 4.2 7.7 11.6 15.5 

NCRHM (s) 104 105 105 105 106 

CPM (s) 162 163 163 163 164 

FEA (s) 582 620 691 796 878 

 
TABLE III 

SIMULATION SETTING FOR NCRHM, CPM, AND FEM 

Model Airgap segment Simulation steps Total node Total element 

NCRHM 360 61 105 106 

CPM 360 61 108 120 

FEA 360 61 56481 108568 

V. CONCLUSION 

This paper proposed a NCRHM to accurately evaluate the 

impact of the rotor eccentricity, iron saturation, and slotting 

effect on the performance of ESPM motor. Four conformal 

mappings are applied to investigate rotor eccentricity and 

slotting effect on the air-gap field produced by the equivalent 

current. The saturation effect is represented using equivalent 

current of saturation and it is extracted from the magnetic 

voltage drop on the stator iron. The proposed model can 

accurately predict the total torque with asymmetric three phase 

current, the cogging torque and unbalance magnetic force under 
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different rotor eccentricity. FEM results and experiment have 

verified the excellent accuracy and great efficiency of NCRHM. 

In the future, the proposed model can be improved to predict 

the performance of eccentric interior permanent-magnet motor 

considering rotor saliency. 
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