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1 Introduction

In this paper we study the solvability of a system of second-order elliptic differential equations subject to
functional boundary conditions (BCs for short). Namely, we investigate parametric systems of the type

{Lkuk:Akfk(x,ul,...,um,Vul,...,Vum) ino (k=1,2,...,m),

(1.1)
ur(x) = ng §e(x) hxlug, ..., U] forxeoO0 (k=1,2,...,m),

where m > 1 is a fixed natural number, O ¢ R" is a bounded and connected open set of class C% for some
a €(0,1), and Ag, nx, k=1, ..., m, are nonnegative real parameters. Moreover, L1, ..., L, are uniformly
elliptic, second-order linear partial differential operators (PDOs) in divergence form on O. That is,

n n
Lpu = — Z axi(al(.?(x)axju + bgk)(x)u) + Z cl(.k)(x)axiu +dPx0u, k=1,...,m,
ij=1 i=1
where
o the coefficient functions of £ belong to C La(9, R),
o thematrix AR (x) := (ag;.) (x))i,j is symmetric for every x € O,
o Ly is uniformly elliptic in O, i.e., there exists Ax > 0 such that

1 n
A—kllé'll2 < z ag’kj)(x)&{j < Arllé)? foranyx € O and & € R"\ {0},
=1

where ||£]| stands for the Euclidean norm of £ € R",
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 for every nonnegative function ¢ € C3°(O, R) one has

n n
J (d(k)q) + Zbgk)axi(p> dx >0, J (d(k)(p + chk)axi(p> dx > 0.
o i=1 o i=1

Furthermore, for every fixed k = 1, ..., m we also assume that:

« fiis areal-valued continuous function defined on O x R™ x R"™,

«  hyis areal-valued continuous functional defined on the space C1(0, R™),

¢ G eChO,R)and { > 0on 0.

System (1.1) is quite general, and includes, for example, as a particular case a Dirichlet boundary value
problem for elliptic systems with gradient dependence of the form

—-Auy = Ay f1(x, ug, up, Vu, Vup) in0,
—Auy = A5 fH(x, u1, up, Vug, Vup) in0, (1.2)
Utlye =0 = uzly0.

Systems of nonlinear PDEs of this kind are widely studied in view of applications: in fact, the nonlineari-
ties in (1.2) may depend also on the gradient of the solution, and thus represent convection terms. These
problems, in general, are not easily dealt with by means of variational methods. Different approaches in
the study of PDEs with gradient terms have been proposed: for example sub- and super-solutions, topolog-
ical degree theory, mountain pass techniques. We mention, for instance, the pioneering works of Amann
and Crandall [3], Brézis and Turner [4], Mawhin and Schmitt [21, 22], Pokhozhaev [23] and the more recent
contributions [1, 7, 9, 12, 24, 26, 27, 29]. See also the very recent survey [8] and references therein.

In this paper we adopt a topological approach, based on the classical notion of fixed point index (see
e.g. [15]) for the existence result, Theorem 3.3 below, whereas we prove a non-existence result via an ele-
mentary argument. In some sense we follow a path established by Amman [2, 3] and successfully used by
many authors in different contexts. We point out that our approach applies not only to Dirichlet BCs but
permits to consider (possibly nonlinear) functional BCs, including the special cases of linear (multi-point or
integral) BCs of the form

m N n
hlul =) ) (&ijkuj(wi) + ZBijklaxluj(Ti)> (1.3)
j=1i=1 =1
or . .
hi[u] = Z < J aji () u;j(x) dx + Z JBjkl(X)aXIUj(X) dx), (1.4)
=1\ g =17

where, in (1.3), &k, Bijkl are nonnegative coefficients and w;, 7; € O while, in (1.4), &y, Bjkl are nonnegative
continuous functions on O. In particular, we observe that nonlinear, nonlocal BCs have seen recently atten-
tion in the framework of elliptic equations: we refer the reader to the papers [5, 6, 13, 14, 16, 17, 25] and
references therein.

We wish to point out that an advantage of our setting, with respect to the theory developed in [5, 6, 13,
14, 16, 25], is the possibility to allow also gradient dependence within the functionals occurring in the BCs.
This follows the approach used recently in [18, 19] within the setting of ODEs.

Note that functional BCs that involve gradient terms may occur in applications. For example, consider
a particular case of (1.1) for m = 1 and n = 2, namely

{—AM(X) = f(x, u(x), Vu(x)) X € B, (1.5)
u(x) = nou(0) + n1[Vu(0)|  x € 3B, '
where B is the Euclidean ball in R? centered at 0 with radius 1, || - || is the Euclidian norm and 7; are nonneg-

ative coefficients. The BVP (1.5) can be used as a model for the steady states of the temperature of a heated
disk of radius 1, where a controller located in the border of the disk adds or removes heat according to the
value of the temperature and to its variation, both registered by a sensor located in the center of the disk. In
the context of ODEs, a good reference for this kind of thermostat problems is the recent paper [28].
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As already pointed out, a peculiarity of system (1.1) is the dependence on the gradient of the solutions,
both in the nonlinearity and in the functionals occurring in the BCs, and this represents the main technical
difficulty that we have to deal with in this paper. For this purpose, we have to perform a preliminary study
of the Green’s function of the partial differential operators which occur in (1.1). In Section 2 we collect some
properties and estimates on Green’s function, which are probably known to the experts in the field, never-
theless we include them for the sake of completeness. Roughly speaking, these estimates yield the a priori
bounds needed to compute the fixed point index in suitable cones of nonnegative functions.

Section 3 contains our main results, while the final Section 4 includes some examples illustrating our
results. In particular, we fix m = 2 and n = 3, and, taking into account the parameters 11, A, 1, 72, we
provide existence and non-existence results in some concrete situations.

2 Preliminaries on Divergence-Form Elliptic Operators

In this section we present, mostly without proof, several results concerning divergence-form operators which
shall play a central role in the forthcoming sections. We refer the reader to, e.g., [10, 11] for a detailed
treatment of this topic.

To being with, let © € R" be a fixed open set and let £ be a second-order linear PDO on O of the following
divergence form:

Lu:=— Z Ox; (@i j(0)0xu + bi(X)u) + z ci(X)0x,u + d(X)u = —div(A(x)Vu + bu) + (¢, Vu) + du  (2.1)
ij=1 i=1

(here b= (by,...,by) and ¢ = (cy, ..., Cy)). Throughout the sequel, we shall suppose that the following
“structural assumptions” on O and £ are satisfied:

(HO) O is bounded, connected and of class C% for some a € (0, 1),

(H1) the coefficient functions of £ are H6lder-continuous of exponent a up to 00, i.e.,

aij, bi,ci, d € C*(O,R) foreveryi,je{l,...,n},
(H2) the matrix A(x) := (ai,j(x))i,]. is symmetric in O, i.e.,
aij(x) = aji(x) foreveryxe Oandeveryi,je{l,...,n},
(H3) £ is uniformly elliptic in O, i.e., there exists A > 0 such that
1 z —
KIIEII2 < Z a;j(x)&& < A|&|*  forany x € O and any £ € R",
ij=1

(H4) the inequalities d — div(b) > 0 and d - div(c) > 0 hold in the weak sense of distributions on O, i.e., for
every ¢ € C3°(0, R) such that ¢ > 0 on O, one has

n n
J(d(p+2biaxi(p> dx >0 and J(d(p+2ciaxi(p)dxzo.
o i=1 o i=1

It should be noticed that, since the coefficient functions of £ are assumed to be just Holder-continuous on o,
it is not possible to compute Lu in a point-wise sense (even if u is smooth on ©); for this reason, the following
definition is plainly justified.

Definition 2.1. Let assumptions (HO)-(H4) be in force, and let f € L2(0). We say that a functionu : O — Ris
a solution of the equation
Lu=f in0O (2.2)

if u € W2(0) and if, for every test function ¢ € C°(0, R), one has

V)

j ((AGOVu +bu, V) + (¢, V) + dup) dx = ijb dx.
O
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Given g € W'2(09), we say that u is a solution of the Poisson problem

{ Lu=f in0, (2.3)
ulso = g, '

if u is a solution of (2.2) and, furthermore, u — g € Wé’Z(O).

Now, as a consequence of the “sign assumption” (H4) it is possible to prove that a suitable form of the
Weak Maximum Principle holds for £ (see, e.g., [11, Theorem 8.1]); from this, one can straightforwardly
deduce Lemma 2.2 below (see [11, Corollary 8.2]), ensuring that the Poisson problem (2.3) possesses at most
one solution.

Lemma 2.2. Let the assumptions (HO)—(H4) be in force, and let u € W(l,’z(o) be such that Lu = 0or LTu = 0in
O. Then u = 0 almost everywhere on O.

2.1 The Poisson Problem for £

A first group of results we aim to present is about existence and regularity of solutions for the Poisson problem
(2.3) for £. In order to do this, we first introduce the following Banach spaces:
« X=(CO,R), | lleo), where

Ifllco := max [f(x)], (2.4)
xe®
« X=(CYO,R), |l gy)> Where
"f"cl(a’]R) = j:r{laxn{”ﬂlooa "a]f"oo : ] =1,..., n}’ (25)

e X=CY%90, R) (for some 6 € (0, 1)), where

loju(x) — oju(y)l
Il crogo o = 1 {lulos I0juleo, sup “LE =T
’ j=1,..,n X,ye0 llx =yl

Given f € C! (6, R), it will be also convenient to define, with abuse of notation,

.....

so that, clearly, |fll o @ gy = max{lfloos |Vflloo}-
Now, by exploiting assumptions (H3)-(H4), Lemma 2.2 and the Fredholm alternative, one can establish
the following basic theorem (for a proof, see [11, Theorem 8.3]).

Theorem 2.3. Let assumptions (HO)—-(H4) be in force. Then, for every f € L>(0) and every g € W%2(0), there
exists a unique solution us, g € W2(0) of (2.3).

Throughout the sequel, we indicate by uy, ¢ the unique solution in W2(0) of (2.3) (for fixed f € L?(O) and
g € WH2(0)), whose existence is guaranteed by Theorem 2.3. In the particular case when g = 0, we simply
write uy instead of uy, o.

Remark 2.4. Theorem 2.3 holds under more general hypotheses: in fact, it suffices to assume that O is
bounded and that the coefficient functions of £ are in L*°(0O).

Remark 2.5. Let f1, f> € L?(0) and, for i = 1, 2, let u; = uy, € Wé’z(O) be the unique solution of (2.3) with
f = fi (and g = 0). Since, obviously, it holds that

L(up, +uf,) =up, +upr, and up +uy, € W(l)’z(O),
we conclude that the unique solution of (2.3) with f = f1 + f, and g = Ois uy, + uy,.

Since we aim to apply suitable fixed-point techniques to operators acting on spaces of C!-functions, we are
interested in solving (2.3) for continuous f and regular g. In this context, the unique solution uy, ; of (2.3)
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turns out to be much more regular that W'2; in fact, we have the following crucial result (for a proof, see [11,
Theorems 8.16, 8.33 and 8.34]).

Theorem 2.6. Let assumptions (HO)—(H4) be in force, and let L be as in (2.1). Moreover, let f € C(O, R) and let
g € CH%(O, R). Then the following facts hold true:
(i) There exists a unique iy, g € C1%(O, R) such that

Ufg =ufg a.e.onO.

In particular, ui5, ¢ solves (2.2) and iy, ¢ = g point-wise on 0Q.
(ii) There exists a constant C > 0, only depending on n, A and O, such that

litf, glleram ry < CUAl @R + 18N cra@ gy)-
(iii) Iff > 0 on O and g > 0 on 00, then ifg >0 on O.
Now, in view of Theorem 2.6 (i), we can define a linear operator as follows
Sz :CO,R) — CV*(O,R), S =1y, (2.6)

where Uiy = lif, g € C La(9, R) is the unique solution of (2.3) with g = 0. We shall call G the Green operator
for £. By exploiting assertions (ii)—(iii) of Theorem 2.6, it is possible to deduce some continuous-compactness
properties of Gz which shall play a central role in the next sections; to be more precise, we have the following
proposition.

Proposition 2.7. Let assumptions (HO)—(H4) be in force, and let G, be the operator defined in (2.6). Then the

following facts hold:

() S is continuous from C(O, R) to C*(O, R).

(i) G is compact from C(O, R) to C1(O, R) 2 C1%(0, R).

(iii) If Vo := C (O, R*) c C(O, R) denotes the (convex) cone of the nonnegative continuous functions on O, it
holds that G (Vy) € V.

Proof. (i) On account of Theorem 2.6 (ii), for every f € C(O, R) one has

”9£ (f)"Clv“(a,]R) < C"f"oo (27)

(here C > 0 is a constant independent of f). Since G, is linear (see Remark 2.5), from (2.7) we immediately
deduce that G is continuous from C(O, R) to C1-4(O, R).

(i) Let {f;}; be a bounded sequence in C(@, R). On account of (2.7), we see that the sequence {S (fj)};
is bounded in C*%(0, R); as a consequence, a standard application of Arzela—Ascoli’s Theorem implies the
existence of ug, . . ., un € C(O, R) such that
@ 192 fj,) - uollco — 0as k — oo,

(b) 10i(Sc(fj)) - uilloo — Oas k — co (foreveryi=1,...,n),
where {fj, } is a suitable sub-sequence of {f;};. By combining (a) and (b), we deduce that u, € C1(O, R) and
that Vug = (uq, ..., Uy); moreover, one has

”9L (f]k) - u()”cl(a)’]R) -0 ask— o0,

and this proves that G is compact from C (0, R) to C1(O, R), as desired.
(iii) Let f € Vo be fixed. Since, by Theorem 2.6 (iii), we know that G (f) = i1 o0 > O throughout O, we
immediately conclude that G, (f) € Von C La(9, R), as desired. O

2.2 Green’s Function for £

Now we have established Proposition 2.7, we turn to present a second group of results: this is about the
existence of a Green’s function for £ allowing to obtain an integral representation formula for G .
To begin with, we demonstrate the following key theorem.
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Theorem 2.8. Let assumptions (HO)-(H4) be in force, and let £ be as in (2.1). Then there exists a function
gr : Ox O — [0, c0) such that

(@) gc(-3x) € LY(O) for almost every x € O,

(b) forevery f € C(O, R) one has

S (HX) = jgz (i 0f(y)dy fora.e.x € 0. (2.8)
O

Furthermore, g enjoys the following properties:
() there exists a constant co > O such that, for a.e. x, y € O, one has

0<gc(y;%) < colx—ylI*™, (2.9)

(I ge(3x) € Wé’p((‘))for ae.xeOandeveryl <p < g,
(IID) ge(y;-) € W(l)’p(O)for ae.yeOandeveryl <p < %
(IV) there exists a constant c; > 0 such that, for a.e. x, y € O, one has

IVygc (s )l < cillx—yI*™ and  IVxge (y; Xl < crllx - ylI* ™. (2.10)

Finally, g is unique in the following sense: if g : O x O — [0, co) is another function satisfying (a)-(b), then
go(-3x)=8(-;x)in LY(0) fora.e. x € O.

Throughout the sequel, we shall refer to the function g - in Theorem 2.8 as the Green’s function for the operator
G (and related to the open set O).

Proof. We begin by proving the existence part of the theorem. In order to do this, we make pivotal use of
several results established in the very recent paper [20].
First of all, by [20, Proposition 5.3] there exists a function g : O x O© — R such that
() gc(5x) e WHP(O) forae.x e Oandevery 1 < p < 145,
(ii) for every fixed f € C(O, R) one has

Sc(Hx) = JgL (v; x)f(y)dy fora.e.x € O.
o

Moreover, by [20, Theorem 6.10] we also have that
0<gsy;x)<colx— yllz‘" fora.e. x,y € Owithx #y,

where ¢ > 0 is a suitable constant. In view of these facts, to complete the demonstration we are left to prove
assertion (III) and the point-wise estimates in (2.10).

To this end, let us introduce the so-called (formal) adjoint £T of £: this is the linear differential operator
defined on O in the following way:

n n
LTy = - Z 0x, (@i j(X)0x, v + Ci(X)V) + Z bi(x)0x, v + d(x)v = —div(A(X)VV + cv) + (b, VV) + dv.  (2.11)
ij=1 i=1
Clearly, £T takes the same divergence-form of £ in (2.1) (with b and ¢ interchanged); furthermore, due to the
“symmetry” in assumption (H4), it is readily seen that £ T satisfies the “structural assumptions” (H1)-(H4).
As a consequence, all the results established so far do apply to £T. In particular, for every fixed
geC (O, R) there exists a unique function J(g) € C La(9, R) such that

LT‘I(g) =g in0O and T(g)=0 onoO.

Now, by [20, Theorem 6.12] there exists a function G : O x O — R such that
(iii) G(-;y) € WhP(O) forae.y € O and every 1 < p < -7,
(iv) for every fixed g € C(O, R) one has

Ty = J G(x;y)g(x)dx fora.e.y € 0.
O
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On the other hand, since [20, Proposition 6.13] shows that
G(x;y) =gc(y;x) fora.e.x,y € Owithx #y, (2.12)

from (iii) we infer that g¢ (y;-) = G(-;y) € WHP(0O) for almost every y € O and every exponent p € [1, ).
This is exactly assertion (III).

Finally, we prove the point-wise estimates in assertion (IV). First of all, since £ satisfies assumptions
(H1)-(H4), we are entitled to apply [20, Theorem 8.1], ensuring that

|17)1

IVxGOs )l < ) lIx -yl fora.e.x,y € Owithx #y, (2.13)

where c’1 > 0 is a suitable constant. Moreover, since also £ satisfies assumptions (H1)-(H4), another appli-
cation of [20, Theorem 8.1] gives

IVygc (sl < cf Ix—y|*™ forae.x,y € Owithx #y, (2.14)

where ¢! > Oisanother suitable constant. Gathering together (2.14), (2.13) and (2.12) we immediately obtain
the desired (2.10) (with ¢; := max{c}, c{'}).

As for the uniqueness part of the theorem, suppose that there exists another function g: O x O — [0, c0)
satisfying (a)-(b). In particular, for every ¢p € C3°(O, R) one has

J (8c(y;x) - 8(y; x))p(y)dy =0 fora.e.x € O. (2.15)
O

The space C5°(0, R) being separable (with its usual LF-topology), there exists a countable set ¥ ¢ C5°(0, R)
which is dense; moreover, by (2.15), for every ¢p € F there exists a set E(¢) < O, with zero-Lebesgue measure,
such that

J (8c(y;x)—8(;x)p(y)dy =0 forall x € E(¢p).
)

We then define E := Ud,est E(¢). Since ¥ is countable and E(¢) has zero-Lebesgue measure for every ¢, we
see that E has measure zero; moreover, for every x € O \ E we have

J(gz ;X)) = 8(y; x))p(y)dy =0 forall ¢ € F.
k)

This proves that, for every x € O \ E, the distribution g (-; x) — &(-; x) vanishes on JF; the latter being dense,
we then conclude that g (-;x) = 8(-;x) in L1(9) fora.e. x, y € O.
This ends the proof. O

Remark 2.9. The approach adopted for the proof of Theorem 2.8 shows the reason why we have assumed
that d — div(b) > 0 and d - div(c) > O in the sense of distributions.

In fact, under this assumption, all the mentioned results in [20] hold both for £ and for its transpose £T;
in particular, this allows us to obtain point-wise estimates both for

Vx8c(y;x) = VxG(x;y) and Vygc(y;x).

Remark 2.10. It is contained in the proof of Theorem 2.8 the following fact: if £ is of the form (2.1) and if
b = con O, then the Green’s function for G is symmetric, that is,

go(;x)=gs(x;y) forae.x,yeO.

In fact, if b = c on O, then the adjoint operator £ T coincides with £ (see (2.11)); thus, following the notation
in the proof of Theorem 2.8, we have

8cx;y) = Gx;y) = gc(¥5X).
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Remark 2.11. By carefully scrutinizing the proofs of the existence results for g, contained in [20, Proposi-
tion 5.3], one can recognize that the following properties hold:

(a) fora.e.x € O and every € > 0, we have g (-;x) € WH2(0 \ B(x, €)),

(b) g (-;x)isasolution of LTu =0in O\ B(x, €), where £T is asin (2.11).

Analogously, an inspection to the proof of [20, Theorem 6.12] shows that

(@) fora.e.y € © and every € > 0, we have G(-;y) = g¢(y;-) € WH2(O \ B(y, €)),

(1) G(-;y) = gc(y;-)is asolution of Lu = 0in O \ B(y, €).

Gathering together all these facts, from the classical elliptic regularity theory (see, e.g., [11, Corollary 8.36])
we deduce that g is of class C% out of the diagonal of © x ©.

We now use the point-wise estimates in (2.9)-(2.10) to prove the following lemma.

Lemma 2.12. Let assumptions (HO)—(H4) be in force, and let g, be the Green’s function for G . Moreover, let
p := diam(0O). Then the following estimates hold:

2

JgL (y;x)dy < co - % fora.e.x €O, (2.16)
)
J |0x,8c(;sx)|dy <c1-nwnp  forae.xeO. (2.17)

O

Here w, is the Lebesgue measure of the unit ball B(0, 1) € R".

Proof. We begin by proving (2.16). To this end we first notice that, if x € O is arbitrary, then O ¢ B(x, p); as
a consequence, by crucially exploiting estimate (2.9) we get

Jga (y;0dy < co j Ix —yI2" dy < co j Ix — yI2" dy

o o B(x,p)
p
- ¢ j Iyl dy = co j (271 3 1(0B(0, £)) dt
B(0,p) 0
b 2
:conwthdt: o na)znp ,
0

which is exactly the desired (2.16). As for the proof of (2.17), we argue essentially in the same way: by
crucially exploiting estimate (2.10) we get

8oy x)|dy <ci | Ix-yl"dy<c x=yl~"dy
o (s x)|dy < I 1" d [ I*"d
0 0 B(x,p)

p
- j ||y||1‘"dy=cljtl-"ﬂf"-l(aB(o,r))dt

B(0.p) 0
P
:c1nwnjdt: C1-nwyp,
0
and this is precisely the desired inequality (2.17). O

Remark 2.13. We explicitly observe that, by combining estimate (2.16) in Lemma 2.12 with the representa-
tion formula (2.8), for a.e. x € O we obtain

2
0<5e()() = jg(y;x)dysco- nenf

O

where p := diam(0) and 1 denotes the constant function equal to 1 on O. As a consequence, since we have
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Gc(1) € (O, R), we get
nwy p?

2
We conclude this part of the section by deducing from (2.8) an integral representation for the x;-derivatives of
S (f). To this end we first observe that, if f € C(O, R), Lemma 2.12 ensures that the following “potential-type”
functions are well-defined:

15c(Dlleo < co -

PO f(x) 1= Jax,gﬁ 0fy)dy (fori=1,...,n). (2.18)
O

In fact, by estimate (2.17) in Lemma 2.12 we have (fori=1,...,n)

j 10,82 (V01 - f1 dY < [flloo j 105,82 (¥ 01y < floo - €1 Ny diam(©)  (fora.e. x € O).
(0] O

Moreover, from the above computation we also infer that (again fori=1,...,n)
POF e L°0) and [PPfleo0) < Ifloo - €1 1 Wy diam(O).
We are then ready to prove the following proposition.

Proposition 2.14. Let assumptions (HO)—-(H4) be in force, and let f € C(O, R). Moreover, leti € {1, ..., n} be
fixed, and let POf be as in (2.18). Then we have

0%, G2 (N0 = POf(x) = j 0x8c(y; )f(y)dy forae.x € 0. (2.19)
O

Proof. We first notice, since G (f) € C%(0, R), the identity (2.19) follows if we show that the L®-function
POf is the weak derivative (in L1(0)) of G ¢ (f). To prove this fact, we argue as follows: firstly, if ¢ € Cy’ (0, R),
by estimate (2.16) in Lemma 2.12 we get

| 8etrsn 11 10, @001 dxdy < Moo g - 10dleo - | ( |20 dy) dx
OxO O 0
nwy diam(0)?2

5 -10];

< flco ) - 19i@lleo - Co

we are then entitled to apply Fubini’s Theorem, obtaining

| seeaneeaax=[( [ seifmay)opeodx
O

o 0O

= J ( ng (V5 X)0x; P (x) dx)f(y) dy (sinceg(y;-) € Wé’l(O), see Theorem 2.8 (III))
o 0

— - [ ([ onge g dx ) dy = .
O 0O

On the other hand, since the estimate (2.17) in Lemma 2.12 implies that

| 10580501 I 19001 dxdy < Wl - 19l - [ ( [ 105820301y ) dx
Ox0 o 0O
< Ifleo - 1Plleo - €1 - 1wy diam(0) - O],

another application of Fubini’s Theorem is legitimate, and we get

() = - j ( j 0823 VFY) dy )b dx *27 - j POF()p(x) dx.

0o O (V]

Due to the arbitrariness of ¢ € C7° (O, R), we then conclude that P?f is the weak derivative of G - (f) in L1(0O),
and the proof is complete. O
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Remark 2.15. By using the regularity of g described in Remark 2.11, it is quite standard to recognize that,
for a fixed f € C(O, R), the functions

OBXHJgL(y;x)f(y)dy and PO, ... P00f
O

are continuous on O. As a consequence, the representation formulas (2.8) and (2.19) actually hold true for
every x € O (not only almost everywhere).

2.3 Spectral Properties of G

We conclude this section by briefly turning our attention to the spectral properties of the Green’s operator G .
To begin with, we remind the following theorem (see, e.g., [11, Theorem 8.6]).

Theorem 2.16. Let assumptions (HO)—(H4) be in force. Then there exists a countable and discrete set £ < (0, 00)
with the following property: for every o € X the subspace of solutions of the homogeneous problem

Lu=ou in0O,
{ulao =0,

has positive finite dimension (as a subspace of W2(0)).

By making use of Theorem 2.16, we can prove the Proposition 2.17 below.

Proposition 2.17. Let assumptions (HO)—(H4) be in force, and let G ;. be the Green’s operator for L (thought of
as an operator from C(O, R) into itself). Then the following facts hold true:

(i) The spectral radius r(Sz) of S is strictly positive.

(ii) There exists a nonnegative uy € C-*(0, R) \ {0} such that

G (ug) = r(Gc)uo.

Proof. (i) On account of Theorem 2.16, we can find a real number ¢ > 0 and a function u, € W2(0) \ {0}
such that

Lu=ou in0,

ulyo =0

On the other hand, by applying the classical Elliptic Regularity Theory to £ := £ — 0 (see, e.g., [11, Corol-
lary 8.35]), one can find a function ity € C1%(0, R) such that

Ug =uUys; a.e.onQ;

as a consequence, by the very definition of G we infer that
. 1.
G (lg) = = Ug-.
o

This proves that A := % > 0 lays in the (point-wise) spectrum of G (thought of as an operator from C (O, R)
into itself), and thus r(Gz) > O.

(ii) First of all, since C1(O, R) is continuously embedded in C(O, R), we straightforwardly derive from
Proposition 2.7 (ii) that G- is compact from C(O, R) into itself; moreover, if we denote by V, the convex cone
in C(0, R) defined as

Vo := C(O,R") ={u e C(O,R): u>0o0n0},

we know from Proposition 2.7 (iii) that Gz (V) < Vp. Since, obviously, Vy — Vj is dense in C (O, R) and since,
by statement (i), the spectral radius r(S ) of G is strictly positive, we are entitled to apply Krein—-Rutman’s
Theorem, ensuring that (G ) is an eigenvalue of G with positive eigenvector: this means that there exists
up € Vo \ {0} such that 1

G (uo) =r(Geluo &= uo = —5— G (uo).

1(Sc)
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Now, since ug € Vo \ {0}, we have up > 0 and u # 0 on O; moreover, reminding that G maps C(O, R) into
CL2(0, R) (see (2.6)), we derive that ug € C1%(0, R). Gathering together all these facts, we conclude that
U € CH%(O, R) \ {0} and that u > 0 on O, as desired. O

3 Existence and Non-existence Results

In this section we study the solvability of the following system of second order elliptic differential equations
subject to functional BCs

Lrug = A filx, uny o ooy Um, Vg, ..., V) in O (k=1,2,...,m), (3.1)
Ui(x) = ni () hxlu, ..oy uml forxe o0 (k=1,2,...,m), '
where, as in the Introduction, m > 1 is a fixed natural number, © € R" is an open set and £, ..., L, are

uniformly elliptic PDOs on O as in Section 2. To be more precise, we suppose that

() ©Oisbounded, connected and of class C1* for some a € (0, 1),

(I1) forevery fixed k = 1, ..., m, the differential operator £ satisfies assumptions (H1)-(H3) introduced in
Section 2, that is,
o [ takes the divergence form (2.1), i.e.,

n n
k k k
Lpu = — Z ax,.(al{,?(x)axju + bg )(x)u) + z Cg )(x)axiu +d©xu,
ij=1 i=1
o the coefficient functions of £} belong to C La@, R),
o the matrix A®(x) := (ag(].) (x));,j is symmetric for any x € O,
o Ly is uniformly elliptic in O, i.e., there exists Ay > 0 such that

1 n
A—’n‘su2 <y a§§>(x)§isfj < Arllé)? foranyx € Oand & € R"\ {0},
< i,j=1

 for every nonnegative function ¢ € C3°(0, R) one has

n n

J (d(k)(p + Zbgk)axi(p> dx >0, J (d(k)(p + chk)axi(p) dx > 0.
o i=1 o i=1

Furthermore, for every fixed k = 1, ..., m we also assume that

(I fy is a real-valued function defined on O x R™ x R"™,

(IV) hy is a real-valued operator defined on the space C Lo, rR™),

(V) ¢ e CH*(O,R)and {x >00n 0,

(VI) Ay, ni are nonnegative real parameters.

Throughout the sequel, if uy, ..., uy, are real-valued functions defined on O, we set

u(x) := (ur(x), ..., um(x)) (x€O).
If, in addition, u € C1(9, R™) (thatis, uy, ..., un € C1(O, R)), we define
Du(x) := (Vui(x), ..., Vun(x)) (x € 0).

Now, in view of assumptions (I)—(II), all the results presented in Section 2 can be applied to each operator L
(forafixed k = 1, ..., m); in particular, for every f € C (6, R) there exists a unique solution u; € C La9, R) of
the Poisson problem

{ Lyu=f in0O, (3.2)

ulpo = 0.
Furthermore, since the function i belongs to C La(@, R) (see assumption (V)), there exists a unique solution
Yk € CH%(O, R) of the Dirichlet problem

Lu=0 inO,
(3.3)

uloo = k.
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We then denote by Gy the Green’s operator G, for £y defined in (2.6), and we indicate by gi the Green’s
function gz, for the operator Gy defined through Theorem 2.8. We remind that, if f € C(O, R) is arbitrary fixed,
Gk(f) is the unique solution in C La(9, R) of the Poisson problem (3.2); moreover, we have the representation
formulas

S(PO = jgk(y; 0iy)dy and Oy Gu(H() = jaxigk(y; () dy,
O O

holding true fora.e. x e Oand anyi =1, ..., n (see Theorem 2.8 and Proposition 2.14).

Finally, according to Proposition 2.17, we denote by r¢ = r(Gx) > 0 the spectral radius of the operator Gy
(thought of as an operator from C! (0, R) intoitself) and we fix once and for all a function preC La@, R) \ {0}
such that (setting py := %)

Ok = Uk Gx(@k) and Px=>0 onO. (3.4)

Now that we have properly introduced all the “mathematical objects” appearing in problem (3.1), it is oppor-
tune to define what we mean by a solution of this problem.

To this end, we first fix some notation. Assume for the moment that f;, ..., f, are continuous on
O x R™ x R"™ (as we shall see in Theorem 3.3, this assumption can be relaxed by requiring that the func-
tions f; are continuous on a suitable subset of their domain). Then, for every index k € {1, ..., m}, we denote
by F the so-called superposition (Nemytskii) operator associated with f, that is,

Fi: C1(O,R™) - C(O,R), TFr(w) := fi(x, u, Du).
Moreover, we consider the operators T, T : C! (6, R™) — C 1(6, R™) defined by

T() = (A (Sk ° Fr)W)),_,

.....

We can now give the definition of solution of problem (3.1).

Definition 3.1. We say that a function u € C1(O, R™) is a weak solution of system (3.1) if u is a fixed point of
the operator T + I, that is,

u=T(u) + T(w) = (A (Sk ° Fie) (W) + Ny () hi[ul)ey o

If, in addition, the components of u are nonnegative and u; # 0 for some j, we say that u is a nonzero positive
solution of system (3.1).

For our existence result, we make use of the following proposition that states the main properties of the
classical fixed point index, for more details see [2, 15]. In what follows the closure and the boundary of
subsets of a cone P are understood to be relative to P.

Proposition 3.2. Let X be a real Banach space and let P c X be a cone. Let D be an open bounded set of X with

OeDnPandDnP + P. Assumethat T : Dn P — Pis a compact operator such that x + T(x) for x € d(D n P).

Then the fixed point index ip(T, D N P) has the following properties:

(i) Ifthereexists e € P\ {0} such that x # T(x) + e forallx € d(Dn P)and all o > 0, then iz(T,D N P) = 0.

(i) If T(x) # ox forallx € (DN P)and all g > 1, theniz(T,DNP) = 1.

(iii) Let D' be open bounded in X such that (D' n P) c (DN P). Ifiz(T,DN P) = 1and iz(T,D* N P) = 0, then T
has a fixed point in (D n P) \ (D! n P). The same holds if i3(T, DN P) = 0 and i3(T, D* n P) = 1.

We can now state a result regarding the existence of positive solutions for system (3.1).
In the sequel, we will consider on the space R® (where s will be either m, n or mn) the maximum norm

[v] := i_r{laxs lvil @Gfv=(vi,...,Vvs)). (3.5)

We will work in the Banach space C(O, R™) endowed with the norm

IZloo = max |z(x)| := max{lzillco, - - - » 1Zmlloo}s
xe®
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where z = (21, ..., zm) € C(O, R™), compare also with (2.4). Moreover, we will consider the Banach space
C1(0, R™) endowed with the norm

............

= max{|urllcos I0xUkllco : k=1,...,mandl=1,...,n}; (3.6)

notice that (3.6) reduces to (2.5) when m = 1. Given a finite sequence g = {pi}}., < (0, +00), we define

1) =[]10,px] and R() =]]Rp 3.7)
k=1 k=1

where R, = {v e R" : |[v| < p} (for t > 0); we also introduce, with abuse of notation, the sets
P:={ueCO,R™:ux>00n0foreveryk=1,...,m},
P(p) = {u e C}(O, R™) : u(x) € I(p) and Du(x) € R(p) forall x € O} < P.

Theorem 3.3. Let assumptions (I)-(VI) be in force. Moreover, let us suppose that one can find a finite sequence
0 = {px}p, <€ (0, 00) satisfying the following hypotheses:
(a) Foreveryk=1,...,m,one has that

(@)1 fx continuous and nonnegative on O x I(p) x R(p),

(@), hy continuous, nonnegative and bounded on P(p).

(b) There exist § € (0, +00), ko € {1,2, ..., m}and pg € (0, ming_1 ... m px) such that

fro (X, Z, W) > 6z, forevery(x,z,w) e O xIp xRy, (3.8)

where I =[], [0, pol and Ro := []j-; Rp,-

(c) Setting, foreveryk=1,...,m,
My := max {fi(x,z, W) : (x,z, W) € 0 x I(0) x R©@)},
Hy := sup hglu], (3.9)
ueP(p)
the following inequalities are satisfied:
(©)1 Mk, < 6Akys
(©)2 Ak Mic 1Sk (Do + 1k Hillyilloo < pio
(c); forany l=1,...,nwe have Ay My Gi,1 + Nk HillOx, Yillco < pk, where
Gy,1 := sup J [0x,8k(y; x)|dy (see Lemma 2.12). (3.10)
xeO
Then system (3.1) has a nonzero positive weak solutionu € C (O, R™) such that
lallci @ gmy 2P0 and uklleo < piforeveryk=1,...,m. (3.11)

Proof. For the sake of readability, we split the proof into different steps.

Step I: We first prove that the operator A := T+ T maps P(p) into P. To this end, let u € P(g) and let
ke {1,...,m} be fixed. Since u € P(p), from assumption (a), we derive that hi[u] > O; moreover, since
Yk = 0on O (see Proposition 2.7 (iii)) and since, by assumption (VI), 7 > 0, we get

Trw)(x) = ne yx(x) hx[u] >0 forallx € O. (3.12)
On the other hand, since u € P(p), by assumption (a); we also have that
Frw)(x) = fi(x, u(x), Du(x)) >0 forallx € O;

as a consequence, from Proposition 2.7 (iii) we derive that Gx(Fx(u)) > 0 on O. Finally, since A; > 0 (by
assumption (IV)), we get
Tr()(x) = Ak Gx(Fr(m)(x)) >0 for every x € O. (3.13)

By (3.12), (3.13) and the arbitrariness of k, we conclude that A(P(p)) < P.
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Step Il: We now prove that A : P(g) — P is compact. To this end, let {u;};c be a bounded sequence in P(g),
and let k € {1, ..., m} be fixed. Since hy is nonnegative and bounded on P(p) (see assumption (a);), the
sequence {hi[u;]}; is bounded in (0, c0); as a consequence, there exists 8 € [0, co) such that (up to a sub-
sequence)

Jim Tie(w)) = ricyie(x) 6o in C'(0,R). (3.14)

On the other hand, since {u;}; < P(p) and since fj is continuous on O x I(p) x R(p) (see assumption (a);), we
have (using the notation in (3.9))
1F(Wj)llco < My foreveryj e N.

As a consequence, since the operator Gy is compact (as an operator from C (5, R) into C 1(6, RR), see Propo-
sition 2.7 (ii)), it is possible to find a function wy € C1(O, R) such that (again by possibly passing to a sub-
sequence)

]lgglo Ti(w)) = ]lilglo (A Sk(Fr(w))) = Ak wi  in C1(O, R). (3.15)

Gathering together (3.14), (3.15) and (3.6), we infer that (up to a suitable sub-sequence)

Finally, since {A(u;)}; € P (by Step I) and since P is closed, we conclude that i € P; this proves the compact-
ness of A (as an operator from P(p) to P).

To proceed further, we consider the set Py € C 1(9, R™) defined as follows:
Po = {u e C*O,R™) : u(x) € Ip and Du(x) € Ry forall x € O} < P(p),

where Iy and Ry are as in assumption (b). Now, if the operator A = T + I has a fixed point uy € 0Py U 0P(p)
(where the boundaries are both relative to P), then uy is a solution of problem (3.1) satisfying (3.11), and the
theorem is proved.

If, instead, A is fixed-point free on 0Py U 0P(p), the fixed-point indexes ip(A, Po\0Py), ip(A, P(0)\0P())
are well-defined. Assuming this last possibility, we consider the following steps.

Step lll: In this step we prove the following fact:
ip(A, P(0) \ 0P(0)) = 1. (3.16)
According to Proposition 3.2 (ii), to prove (3.16) it suffices to show that
A(u) # ou foreveryu € 0P(p) and every o > 1. (3.17)

To establish (3.17), we argue by contradiction, and we suppose that there exist a function u € dP(p) and a
real ¢ > 1 such that
ou=A() =T() +IT'(a).

Since u € 0P(p), there exists an index k € {1, ..., m} such that either
luilloo = pic 01 [Vuilloo = pk-
We then distinguish these two cases.
Case |uklloo = px. By exploiting assumption (a); and (3.9), we have
0 < Fr(u)(x) = fr(x, u(x), Du(x)) < My forall x € O; (3.18)
from this, we derive the following chain of inequalities:
our(x) = A Gi(Fre(w))(X) + M yi(x) hie[u]
< Ak Sr(My1) (%) + nic yi(x) hi[u] - (since Sx(Myi1 - Fi(u)) = 0, see (3.18) and Proposition 2.7 (iii))
< Ak S(Mi )|, + |Imk Hie v, (since u € 9P(p) < P(p), see (3.9))

= A Mic || Sk(Dlloo + Mic Hic llyiclloo
< Pk (see assumption (c),). (3.19)
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As a consequence, by taking the supremum for x € O in (3.19) (and by reminding that u € 0P(g) < P(p)), we
then obtain

sup [0 ux(x)| < 0 px < pi,
xe€O

which is clearly a contradiction (since o > 1).

Case [|Vuilleo = pk. By the very definition of || - ||oo, there exists I € {1, ..., n} such that [0y, ukllc = px. More-
over, by Proposition 2.14 we have

0y uk(x) = At j 0, 81(ys 0)fc (%, u(y), Du(y)) dy + ni dx,yic(x) b [u],
O

for a.e. x € O. By means of this representation formula, we then obtain

0|05 ur(X)] < Ag J 10x,8k(y5 X)fi(x, u(y), Du(y))| dy + ni hi [u]|0x, yi(x)|

O
< A My I [0x,8x(y; )| dy + ni H |0x,yk(x)|  (since u € 0P(g) < P(p), see also (3.18))
O
< A M Gi1 + Nic Hic 105, Villoo (see (3.10)).

As a consequence, by taking the supremum for x € O in (3.19) (and by reminding that 10x uklloo = pk), from
assumption (c); we infer that

sup (010x,ux(X)|) = 0 pk < Ak Mi Gt + i Hic 10, Viclloo < pis

xeO

which is clearly a contradiction (as o > 1).
This completes the demonstration of (3.17).
Step IV: In this last step we prove the following fact:
ip(A, Py \ 0Py) = 0. (3.20)

According to Proposition 3.2 (i), to prove (3.20) it suffices to show that there exists a suitable function
e € P\ {0} satisfying the property

A(u) + oe +u foreveryu € 0Py and every o > 0. (3.21)

To establish (3.21), we let e := (@1, ..., Pm) (Where @1, ..., @n are as in (3.4)) and we argue by contradic-
tion: we thus suppose that there exist u € 0Py and o > 0 such that

u=A()+oe=T)+T'(u)+oe.

Since u € 0Py < Py < P(p) (by the definition of Py, see assumption (b)), we know from Step I that .A(u) € P;
as a consequence, if ko is as in assumption (b), we have

Uy, = AWy, + 0 P, =2 0@k, oOn O.
Furthermore, by exploiting once again assumption (b) we get
Fio () = fi, (X, u(x), DU(x)) > Suy, (x) = o, (x) forall x € O. (3.22)
Gathering together all these facts, for every x € O we have
Uiy (X) = Ay Sy (Fheo (W) (X) + My Vieo (X) By [U] + 0 iy (%)
> Aky Gk (0091, (X) + 0@y, (x)  (since G, (Fi, (1) — 50@yk,) > 0, see (3.22) and Proposition 2.7 (iii))

= ko
Hko
> 200k, (x) (see assumption (c)).

S0P, (X) + 0P, (X) (since @y, is an eigenfunction of Gy, see (3.4))
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By iterating the above argument, for every x € O we get
Uk, (X) = pogi,(x) foreveryp € N,
but this is contradiction with the boundedness of uy, € C 1O, R) (as Yk, #0).

We are now ready to conclude the proof of the theorem: in fact, by combining (3.16), (3.20) and Proposi-
tion 3.2 (iii), we infer the existence of a fixed point

ug € (P(p) \ 0P(0)) \ Po
of A = T + T; thus, ug is a solution of (3.1) satisfying (3.11). O

Remark 3.4. Let the assumption and the notation of Theorem 3.3 do apply. We have already pointed out that,
since {1,...,¢{m € C La(9, R) (see assumption (V)), one has

yk € CY%(O,R) foreveryk=1,...,m.

As a consequence, the operator I maps C* (6, R™) into C 1’“(6, RR™). On the other hand, since the operators
S1,...,9m map C(O, R) into C1-%(0, R), we also have that

T(CHO,R™) c CH*(O, R™).
Gathering together all these facts, we conclude that any weak solution of (3.1) (i.e., any fixed point of
A =T +Tin C1(O, R™)) is actually of class C*% on O.

An elementary argument yields the following non-existence result.

Theorem 3.5. Let assumptions (I)—(IV) be in force. Moreover, let us suppose that there exists a finite sequence
o= {pk},’(":1 ¢ (0, co) such that, forevery k = 1, ..., m, the following conditions hold:
(@) fi is continuous on O x I(p) x R(p), and there exist Ty € (0, +co) such that

0 < fr(x,z,W) < Txzx  forevery (x,z,w) € O x I(p) x R(p).
(b) hy is continuous and nonnegative on P(g); moreover, there exist & € (0, +00) such that

hilu] < &k - lulleo  for every u € P(g).
(c) The following inequality holds:
ATill S (Dlloo + Nréillyicllo < 1. (3.23)
Then system (3.1) has at most the zero solution in P(p).
Proof. We argue by contradiction and we assume that (3.1) has a solution u € P(p) \ {0}. According to
Definition 3.1, this means that u is a fixed point of the operator A = T + I'. Setting p := [[u]e > 0, we let
je{1,2,...,m}such that
lujlleo = p- (3.24)
For every x € O, we then have
0 < Fj(u)(x) = fj(x, u(x), Du(x)) < tju;(x) < T;jp; (3.25)
from this, we obtain
u;j(x) = A; G;(F;(w))(x) + n; y;j(x) hj[u]
< A Gj(tjpl)(x) + njyj(x) hj[u] (since Gj(zjp - 1 - Fj(u)) > 0, see (3.25) and Proposition 2.7 (iii))
< Si(tip)|, + Inj &P vill, (by assumption (b) and since lulle = p)
= (A 7 | SkD)llco + 15 & Yjllco)p- (3.26)
By taking the supremum in (3.26) for x € O, from (3.23) and (3.24) we finally obtain

p =supuj(x) < (4 TSk (Dllco + 1 & 1Yjlleo )P < P

xeO

a contradiction. Thus, problem (3.1) cannot have nonzero solutions in P(p). O
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4 Examples

In this last section we present a couple of concrete examples illustrating the applicability of our main results,
namely Theorems 3.3 and 3.5.

Example 4.1. On Euclidean space R3, let us consider the following BVP:

[(—Auy = A1 e¥1(1 + [Vuz|?) in B,
~Auy = A(16 — u?) cos((Vuy, Vup)) inB,
1 u1los = n1(u1(0) + u2(0)), (4.1)
uzlop = M2 J ui(1 - [Vup|?) do,
0B,

where B is the Euclidean ball centered at O with radius 1, and | - | is the max norm in R3, as in (3.5).
Obviously, this problem takes the form (3.1) with (here and throughout, we denote the points of R®

by w = (W1, W»), with wy, w, € R3)

i) O:=B,

(i) L1=Ly=-A,

(iii) f1:BxRZxR® - R, fi(x,z, W) = e?(1 + |w3|?),

(iv) f2: BxR?>xR® - R, fo(x,z, W) = (16 - z3) cos((W1, W2)),

(v) hp:CYB,R?) — R, hiluz, uz] := u1(0) + uz(0),

(vi) hy: CY(B,R?) — R, hy[uy, up] := [, ui(1 - [Vup|?)do,

i) 1= =1,

Furthermore, it is straightforward to check that all the structural assumptions (I)-(VI) listed at the beginning

of Section 3 are satisfied (for every a € (0, 1)). We now aim to show that, in this case, also assumptions (a)—(c)

in statement of Theorem 3.3 are fulfilled.

Assumption (a). To begin with, we consider the finite sequence

s
0 =1{p1,p2}, wherep; =p, = \/g' (4.2)

Clearly, the function f; is continuous and nonnegative on B x I(p) x R(p) (see (3.7) for the definition of I(p)
and R(p)); moreover, since p1, p> < 4 and since, by Cauchy-Schwarz inequality, we have (remind the defini-
tion of | - | in (3.5))

n
(W1, W2)| < 3 |Wq]-|w| < 0 for any w = (w1, W) € R(p),

we easily deduce that also f5 is (continuous and) nonnegative on B x I(g) x R(p).

As for the operators hy, h», it is immediate to check that they are (continuous and) nonnegative when
restricted to the cone P(p) (note that, if u € P(g), we have |[Vu;| < p, < 1); furthermore, since u = (uy, u,) € P(p)
implies that 0 < uy, uy < \/g, we have

hafu] = hy[uy, uy] < z\/g and halu] = halus, ] < 0B = 2312 (4.3)
Thus, hy, h; are bounded on P(p), and this proves that assumption (a) is fulfilled.
Assumption (b). First of all we observe that, by definition, one has
fi(x,z, W) > e* forevery (x,z,w) € Bx R? x R%;

as a consequence, given any 6 > 0, it is possible to find a small pg = po(6) € (O, \/g) such that (here,
Io = [0, po] x [0, po] and Ro := Ry, X Ry, see (3.7))

fi(x,z, W) > e® > 6z, forevery (x,z, W) € B x I x Ro.

This proves that f; satisfies (3.8), and thus assumption (b) is fulfilled (with kg = 1).
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Assumption (c). We begin by explicitly computing the quantities appearing in (3.9). On the one hand, by the
very definition of f1, f> we have

4 n
My = max f;= e‘/z<1 + —) and M= max f,=16. (4.4)
BxI()xR(0) 6 BxI(0)xR(0)

On the other hand, on account of (4.3), we have (notice that the constant function defined on Bby u := (\/E ,0)
certainly belongs to P(p))

I3 22
Hy = sup hq[u] = 2\/ and H, = sup hy[u] = —. (4.5)

ueP(p) ueP(p) 3
We now observe that, since £; = £, = -A (and taking into account the very definition of Green operator,
see (2.6)), one obviously has

61(1) =G¢,(1) = Gay(1) and G2(1) = G.,(1) = Gay(D),
where G(_a)(1) is the unique solution of
{ -Au=1 inB,
ulop = 0.

As a consequence, since a direct computation gives 9(_A)(i) = %(1 — [Ix]|%), we get

151 (Dlleo = 152(Dlleo = % (4.6)

Analogously, since {; = {, = 1 (and again since £1 = £, = —A), from (3.3) we deduce that y; = y, =y, where
y is the unique solution of
J[ Au=0 inB,

ulop = 1.
As a consequence, since y = 1 clearly solves the above problem, we get
Iyilloo = IV2llco = 1. (4.7)

Finally, according to (3.10), we turn to provide an explicit estimate for

sugj 05,8y :0ldy  (withl=1,2,3),
X€E
B

where g(_a) is the Green function for (-A) (and related to B). To this end, we make crucial use of the explicit
expression of g_p) (see, e.g., [10, Section 2.2.4 (c)])

_1
gm0 = o= (I =y = (1 by - 200 1) ) (4.8)
where | - | is the usual Euclidean norm in R3. Starting from (4.8), a direct yet tedious computation shows that
(for every x, y € Bwith x # y)

O8Nl < S5
10,8 (-m) (¥ )| 27||x - y|12

as a consequence, for every x € B we have

1 _ 1 -
[1owgcominidys o [-yiay< 5 [ x-yiay
B B {ix=yl<2}
2
1

- = 2qy - L J _
o | wray - 10 [ dp-a

{llyll<2} 0

Thus, taking into account that £, = £, = —A, we obtain

G1,1=G2,1 = sup J [0x,8n(y;x)|dy <4 foreveryl=1,2,3. (4.9)
X€EB
B
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By gathering together (4.2), (4.4), (4.5), (4.6), (4.7) and (4.9), we are finally entitled to apply Theorem 3.3:
forany A; > Oand any 4,171,172 >0 satisfying
A61 \/7 + 2 ’11\] \/g (see assumption (c),),

§ }(2 + N2 < \/7 (see assumption (c),),

max{Ml e‘f(l + E) 64/\2} \/Z (see assumption (c)3),

there exists at least one solution u = (u1, u») € C1(B, R?) of (4.1) such that

n
luilloos luz2llco <\~ and |ulle g g2y = Po-
6 (B,IR?)

Here, po = po(8) > Ois as in assumption (b) and § > 0 is such that p; < 611 (see assumption (c); and remind
that p; > 0 denotes the inverse of the spectral radius of £ = —A, see (3.4)). It should be noticed that, since
(3.8) holds for any given 6 > 0 (by accordingly choosing po = po(8) > 0), there is no need to have an explicit
knowledge of p;.

Example 4.2. On Euclidean space R3, let us consider the following BVP

(—Auy = A u?(1 - eVl in B,
~Auy = Ay sin(uz) (3 + [(Vug, Vup)|) in B,
YuileB =M1 Ju§ dx, (4.10)
B
Uzlop = N2 maxuq,
L oB

where B is the Euclidean ball with center 0 and radius 1 and we adopt the same notation of Example 4.1.
Obviously, this problem takes the form (3.1) with

(i) O:=B,

(i) £y1=4L2=-A,

(i) f1: BxR?xR® - R, f1(x,z, W) = z3(1 - e™2]),

(iv) f2:BxR*xR® > R, fo(x, z, W) = sin(Zz)(21 + (w1, W2))),

(V) hl Cl(B IRZ) - R, hl[ul, uz .I.B uz dX

(vi) hy: C'(B,R?) — R, hi[u1, uz] := maxyp u1,

(Vll) (1 = (2 =1.

Furthermore, it is straightforward to check that all the structural assumptions (I)-(VI) listed at the beginning

of Section 3 are satisfied (for every a € (0, 1)). We now aim to show that, in this case, assumptions (a)—(c) in

statement of Theorem 3.5 are fulfilled.

Assumption (a). To begin with, we consider the finite sequence

o =1{p1,p2}, wherep; =p,=1. (4.11)

Clearly, f; is continuous and nonnegative on B x I(p) x R(p); moreover, for every (x, z, w) € B x I(p) x R(p)
one has (notice that, if z € I(p), then 0 < z; < 1)

0<fi(x,z,w) =2z - (z1(1 - e ™2l)) < 2. (4.12)

Thus, fi fulfills assumption (a) (with 71 = 1).
As regards f>, we obviously have that also this function is continuous and nonnegative on BxI (0)xR(0);
moreover, since 0 < sin(t) < t for every O < t < 1, we have for every (x, z, w) € B x I(p) x R(p),
0<fo(x,z,W) < zo(1 + (W1, Wp)|)
<z3(1+3|wq|-|wy|) (by Cauchy-Schwarz inequality, see Example 4.1)

<4z, (since w = (W1, W3) € R(p) implies that [wq], |[w>| < 1). (4.13)

As a consequence, also f5 satisfies assumption (a) (with 7, = 4).
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Assumption (b). First of all, it is very easy to check that both h; and h; are continuous and nonnegative
when restricted to the cone P(p) < CY(B, R); moreover, since the condition u = (u7, us) € P(p) implies that
O<uj,up; <1, weget

47t
halu) = halur, ] < [ o dx < (maxus) - 1Bl < = oo (4.14)
B
B

and this proves that h; fulfills assumption (b) (with &; = %").
Finally, by exploiting the very definition of | - ||, we have

hy[u] = holuq, up] = maxu; < [ullco, (4.15)

and thus also h, satisfies assumption (b) (with & = 1).

Assumption (c). By making use of all the computations already carried out in the previous Example 4.1, we
know that (see, precisely, (4.6) and (4.7))
@ 151(Dlleo = 1952(Dlleo = ¢
(®) lyilleo = lly2lleo = 1.
As a consequence, by gathering together (4.11), (4.12), (4.13), (4.14), (4.15) and the above (a)-(b), we are
entitled to apply Theorem 3.5: for any A4, Ay, 11, 72 > 0 satisfying

Al 47T

?+?n1<1 and 24, +12 <1,

the BVP (4.10) possesses only the zero solution (notice that u = O trivially solves (4.10)).
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