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Abstract

In this paper, by using the convolution method, we obtain quantitative results in terms
of various moduli of smoothness for approximation of polyanalytic functions by poly-
analytic polynomials in the complex unit disc. Then, by introducing the polyanalytic
Gauss—Weierstrass operators of a complex variable, we prove that they form a con-
traction semigroup on the space of polyanalytic functions defined on the compact unit
disk. The quantitative approximation results in terms of moduli of smoothness are then
extended to the case of slice p-polyanalytic functions on the quaternionic unit ball.
Moreover, we show that also in the quaternionic case the Gauss—Weierstrass operators
of a quaternionic variable form a contraction semigroup on the space of polyanalytic
functions defined on the compact unit ball.
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1 Introduction and Preliminaries

Given a natural number p, a complex-valued function f of a complex variable is called
a p-analytic or polyanalytic of order p, in an open set G C C, if 5p(f) =0in G,
where 3" is the p-power of the Cauchy-Riemann operator, i.e. 3 = 9/9z. It can be
proved that f necessarily has the representation

f@=f@+z2i@+ -+ 1), z€G, (1

where fo, ..., fp—1 are analytic (holomorphic) in G. If all fy, ..., f,—1 are polyno-
mials, then f is called p-analytic polynomial and the degree deg( f) (with respect to z)
of a p-analytic polynomial f, is defined as max{deg(f;); j =0, ..., p—1}. For sim-
plicity, everywhere in the paper we assume that the degree of f is considered with
respect to z.

The concept of a polyanalytic function was introduced in 1908 by Kolossov, see
[34-37], to study elasticity problems. This stream of research was later on continued
by his student Muskhelishvili, see the book [42].

It is also worth mentioning the early paper by Pompeiu [47] and, one decade later,
the work of Burgatti, see [12], and in the thirties Teodorescu’s doctoral dissertation, see
[48]. However, a systematic study of polyanalytic functions was done by the Russian
school under the supervision of Balk, see his book [10].

Although the representation (1) suggests that the building blocks of polyanalytic
functions are holomorphic functions, the class of polyanalytic functions presents deep
differences from the class of holomorphic functions, see [10] for more information.

The lines of the current research on polyanalytic functions are various: the prob-
lem of the uniform approximation by p-analytic polynomials, see, e.g., Fedorovskiy
[18-21], Carmona—Fedorovskiy [13,14], Carmona—Paramonov—Fedorovskiy [15],
Baranov—Carmona—Fedorovskiy [11], Mazalov [39,40], Mazalov—Paramonov
—Fedorovskiy [41], Verdera [50], the study of wavelets and Gabor frames, see e.g.,
Abreu—Grochenig [5], Abreu [2,3], the time-frequency analysis, see, e.g., Abreu—
Feichtinger [4], the sampling and interpolation in function spaces, see, e.g. [1], the
image and signal processing, see, e.g. Abreu [1]. Other contributions in this field can
be found in Pascali’s works [43-46].

For functions p-analytic in G and continuous in G, the available results on approx-
imation using p-analytic polynomials are of qualitative type.

Thus, the first goal of the present paper is to obtain, in Sect. 2, quantitative uni-
form approximation results in terms of various moduli of smoothness in the particular
case when G = D—the open unit disk in C. Section 3 introduces the polyanalytic
Gauss—Weierstrass complex operators, for which one proves that they form a con-
traction semigroup on the space of polyanalytic complex functions in the unit disk.
We then move to the quaternionic case, and in Sect. 3 we consider the particular case
when G = B is the open unit ball and we obtain quantitative results, similar to those
ones in the complex case, in uniform approximation by slice quaternionic polyana-
Iytic polynomials. Finally, Sect. 5 deals with similar properties for the polyanalytic
Gauss—Weierstrass quaternionic operators. The quaternionic cases in Sects. 4 and 5 are
motivated by the recent introduction of the class of polyanalytic functions in the quater-
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nionic framework, see Alpay—Diki—Sabadini [7-9], Alpay—Colombo-Diki—Sabadini
[6].

To obtain our results, we use the classical method of convolution with various even
trigonometric kernels and with the Gauss—Weierstrass kernels, successfully used by
us in the past, see, e.g., Gal [22-24], Gal-Sabadini [27-31], Diki—Gal-Sabadini [17].

2 Approximation by Polyanalytic Polynomials

For p € N and D the open unit disk in C, let us denote by H), (D) the space of all
p-analytic functions in D and continuous in D, endowed with the uniform norm || - ||.

Definition 2.1 Let K, (v) be an even trigonometric polynomial of degree d,, € N, with
K, (v) >0, forallv € [0, 2_71] andn € N.
Fori =+/—1, f € Hy(D) and n € N, let us define the convolution operator

1 2 ) 1 T .
L,(f)(z) = o ) fze")K,(v)dv = - fze"™)K, (v)dv, (2)
where
2
Cn :/ K,(v)dv. 3)
0

By the formula in (1), it is immediate that L, ( f)(z) can be written in the form
Pl 2 ) g _
Ln(f)(2) = ZEJ o fi@e'y- eV Ky(v)dv, neN,zeD. (4)
=0 n 0

Let us set

w1(f; 85 = sup{l f(z1) — f(z2)]; |21 — 22| <8, 21,22 € D).

The first main result is the following.

Theorem 2.2 For f € H, (D), and eachn € N, L,(f)(z) is a p-analytic polynomial
of degree d, + p — 1. In addition, if there exists a constant M > 0 (independent of n)
and o, — +00, such that

Cn n

1 T M
— - vK,(v)dv < — < +00
0 o

foralln € N, then

1 —
|f (@) = La(H) ()] = 2(1 + M), (f; a—), neN, zeD. (5)

D
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104 S. G. Gal, |. Sabadini

That is, since lim,_, o &y = +00, it follows that L, (f) — f uniformly on D.
Proof Taking z = re* €D, 0 < r < 1, we can write

1 27 . 1 27 +x .
— i(v+x) _ it _
L,(f)(2) = C /0 f(re VK (v)dv = A /0 Sre)Ky(t —x)dt

1 2 )
= — freHK,(t — x)dt,
0

so that L, (f)(z) is a convolution type operator.
Since K, (v) is a trigonometric polynomial of degree d,,, we have the representation

dy
Ky() =) (Age"" +Age ), A eC, q=0,....dy.
g=0
Since f € Hp(ﬁ), we have
p—1
fe) = 7 fi(ze')
Jj=0

where foreach j =0, ..., p — 1, we can write

fj(Z) ZC(/) 1’ ’

with cl(j )eC.
Inspired by formula (4), we compute

fi(ze™) - e VL Ky (v)

00 dy
(Z ) leilv> Z(Aqeiqv + qu—iqv) e—ijv

1=0 q=0

oo dy,
cl(j)A oiv+a) 1+ZZC(1)A V=) | —ijv
1=0 g=0

Cl(j)A eiv+a—j) I+ch(j)A pivi—g— j)l
1=0 q=0

(22
£
=81+ 5.
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Now, by integrating as in formula (4) and taking into account that

znei”()""k)dv: 0 ifk+r#0
0 21 ifk+A#0

it easily follows that for each fixed j € {0,..., p — 1}, foh S1dv reduces to a finite
sum of powers of z/ (for those [, g > 0 with [ + ¢ = j) and f027z S>dv reduces to a
finite sum of powers of Z (for those [, g > 0 with [ — g = j). Moreover, it is clear
that the maximum for / is obtained in the sum S and it is given from the formula
Il —q = j,ie.l =q + j, therefore is attained for for j = p — 1.

In other words, this means that L,(f)(z) is a p-analytic polynomial of degree
dy, + p — 1 and this proves the first part of the theorem.

To prove the second part of the theorem, we use formula (2) and we have

1 2 )
@ = LN = — /0 1) = Fze™) Kn(v)dv

1 T .

= | f(2) — f(ze'™)| K, (v)dv
1 [27 .
L /0 o1(f: 12] - 1€ — 1D5Kn(v)dv

Cn

IA

IA

1 2
- /0 01(f;2 - | sin(v/2) )5 Kn ()dv

Cn
2
Cn

- /0 01(f; 2 - | sin(/2)))5 Kn(v)dv

2 m
<2 /0 01 (f; vl fan)sKn (0)dv

Cn

< 2w (f; i) -i/ﬂ(l + o) Ky (v)dv
0

a, )5 cn

1 1 [T
= 2w <f; a_> [1 + oy - C_/o vKn(v)dviI
n/D n

1
52(1+M)'w1<f§a—> ,
n/)D

and the proof is complete. O

Remark 2.3 By taking in Theorem 2.2 as K, (v) other approximate units, we will get
various other approximation results. For example, if we choose as K, (v) the so-called
Jackson’s kernel, then we deduce the following result on the p-analytic polynomials

L, (f) given by (2):
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106 S. G. Gal, . Sabadini

. ’ 4
sin 5
Ky(v) = o )
sin bl

where n’ = [n/2] + 1, n € N and therefore

Corollary 2.4 If

3
T 222 + 1]

Cn

(see [22]), then, L,,(f)(z), n € N are p-analytic polynomials of degree n + p — 1,
which satisfy the quantitative estimate

|f (@) = La(H) ()] = 2(1 + M)wy <f; %) neN, zeD.
D

Proof In this case, since by relation (5) in Lorentz [38, p. 57], the case r = 2, we have

1 T M
— / vK,(v)dv < —,
0 n

Cn

it follows that we can choose «,, = n, for all n € N, which by the estimate (5) leads
to

1 _
|f(2) = La(H (@] = 2(1 + M)w; (f; ;), neN, zeD.

D

But by [38, pp. 55-56] K, (v) is a trigonometric polynomial of degree n, which by
Theorem 2.2 implies that the degree of L, (f)(z) isn + p — 1, proving the corollary.
(]

Remark 2.5 The step 1/n inside the modulus of continuity in Corollary 2.4 can
be put in accordance with the degree n + p — 1 of the p-analytic polynomials
Ly (f)(z), since there exists C;, > 0 (depending only on p) such that wy (f; 1/n)gF <
Cpor (f;1/(n+p—1))g, forall n € N and all f € Hp(ﬁ). Indeed, it is good
enough to choose Cj, > p, which will imply that

a)(fl> <a)<f’L> <(Cp,+ o <f;>
: "n D ! ‘n+p-—1 D P ! ‘n+p-1 ﬁ.

Let us define higher moduli of smoothness of f € H), (D) by

wg(f38)ap = s;épl]sup{me(re”n; x| < 7, |h| <8}, (©6)

rell,
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where g € N, g > 2 and
Al f(re™) =" :(—1)‘”< .>f(re’(”f’”)-
, J
J=0

The error estimate in the approximation of f by L, (f)(z) as in Corollary 2.4 can be
expressed in terms of w2 (f; )y, as follows.

Theorem 2.6 For f € H), (D), the p-analytic polynomials L,(f)(z) defined as in
Corollary 2.4, give the estimate

1
[f(2) = La(/)(@)] = Can (f; ;) ,

oD
where C > 0 is an absolute constant.

Proof Indeed, we can write

1 21 )
[f () — La(N)(@D)] < C_[o |f (@) — f(ze'")| Ky (v)dv

1 (" ;
=— |f(2) = f(ze'")|Kn(v)dv

1 (0 .
== |f(z) — f(ze'")|K,(v)dv

1 T .
- /0 (@) = £ Kn(v)d

1 T . .
= C—/ 12f(2) — f(ze") — f(ze™™)|Kn(v)dv.
n JO
Writing z = re'*, we now easily get

1 T
|f(2) = Lu(H()] = - -/0 w2(f;v)op Ky (v)dv

n

1 1 7 1
<w <f; —) ~—~/ (nv 4+ D)*K,(v)dv < Can (f; —) :
n/sp ¢ Jo nJan

where for the last inequality we have applied the relations in Lorentz [38, p. 56].

Here we also have applied the property wa(f; A - 8)ap < (1 + k)z ~w2(f; 8)am-
Also, notice that for w, we used here a definition equivalent to (6) (in fact it is obtained
from (6) by the simple substitution x + 4 :=y)

2 (f;8)ap = sup sup{|f(re' Ty —2f(re) + fre! O Iy| < 7, k] < 8).
1

rel0,1]

The theorem is proved. O
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108 S. G. Gal, |. Sabadini

More generally, let us attach to f € H), (D) the Jackson-type convolution operator
given by the formula

T g+l

1 .
I g(H)@) = — / Kn,r(wZ(—l)"(q: )f(ze”“’)dv, @)
k=1

-7

where r is the smallest integer for which r > (¢ + 3)/2, g € N and

1\ 2
1 [sin%? ' , [n
Kn,r(v) = , n = [—] +1

A\ sin 3 r

with A, , determined by 7 K, ,(v)dv = 1.
According to [38, p. 57] K, is a trigonometric polynomial of degree n.
Since f € H,(ID), by using formula (1), we immediately obtain

g+l

| K > o=t (q : l)f(ze”‘”)dv
k=1

In,q (@)

-7

q+1

> £ —ka("k ) / Ky ()€ dv
j=0 k=1

-7

Reasoning as in the proof of Theorem 2.2, we have that each I, ,(f)(z) is a p-analytic
polynomial.

Theorem2.7 If f € H), (D), then the p-analytic polynomials In4(f)(2) are of degree
n + p — 1 and give the error estimate

1f(2) = Lng (@] =M - wgq1(f; 1/n)gp, neN,zeD.

Proof As in [38, pp. 57-58] by taking into account the formula (7) and denoting
z =re'™, we get

1£(2) = Lng()(@)] < / |AITL f(re™) - Ky, (v)dv

< wg+1(f; 1/n)sp - / (v + DT K, (v)dv

-7

< Mwy11(f; 1/n)yp.

The theorem is proved. O

Remark 2.8 Reasoning as in Remark 2.5, the estimate in Theorem 2.7 can be replaced
by one of the form

1
1@ = lg(N@ = Cp-wq+1(f: p— 1) '
- oD
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Remark 2.9 For fixed order p and degree m, let us denote by P, , the class of all
p-analytic polynomials of degree < m and for f € H), (D) let us denote by

Ep,m(f) = inf{]| f — Pp,m”ﬁ; Pym € Pp,m}a

the best approximation of f by p-analytic polynomials of degree < m, where || -
Iz denotes the uniform norm. Concerning this quantity Ej ,(f), there exist two
interesting open problems: one is to find the degree of E, ,,, (f) for p-analytic functions
in various subclasses of H), (D), and the second one is, for given f, p and m, to prove
the existence of P;f’m € Py with Ej, o (f) = |1 f — P[f’m 5 and even to construct
polynomials Qy,p € Ppm, m € N, for which || f — Qpmllg < CEpm(f), m € N,
with C > 1 a constant independent of m (and possibly also independent of f).

In the first case, it is known for example that for Gevrey polyanalytic classes of
functions f of order p, the degree of E, ,, (f) was obtained in [51].

3 Polyanalytic Gauss-Weierstrass Complex Operators

In this section we deal with the approximation properties of the convolution based on
the classical Gauss—Weierstrass kernel given by K;(u) = e’“z/ @)y eRt >0,
by introducing the polyanalytic Gauss—Weierstrass complex operator and showing
that the family of these operators has all the properties of a semigroup on the space
of polyanalytic functions of a given order. More exactly, if f € H) (D), then the
p-analytic Gauss—Weierstrass complex operator is defined by

Wi () (z) = L h f(Ze*iu)efuz/(zz)du
V2t J—co
1 +o00 )
= . f(ze’“)f“z/(2’)du, zeD, >0, ®)
27t J-co

We have:

Theorem 3.1 Let f € Hp(ﬁ) be given by (1) with all f; analytic in D given by
fi@=Y72 cl(])zl, j=0,...,p— 1 Then

(i) Wye H p(ﬁ) and we have

p—1 )
W)@ =) 7y dd o,
j=0 1=0
where

di () =c¢;” - cosfu(l — )le™/Cdu = Ve~ 1=1"12,

1 +00
2V 2t . /700
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110 S. G. Gal, . Sabadini

(i1) The following estimate holds:
IWi()@) = f@] < Cor(f; VD), forallzeD, t >0,

where C > 0 is a constant independent of t, z and f.
(iii) The following estimate holds:

W (£)(2) = W (F)(@)] < CsIVt — /5|, forallz €D, t € Vs C (0, +00),

where Cy > 0 is a constant depending on f, independent of z and t and V is
any neighborhood of s.
(iv) The operator W; is a contraction, that is,

WO < IIfll,  forallt >0, f € Hy(D).

(v) (Wi, t > 0) is a (Co)-contraction semigroup of linear operators on the space
H), (D) and the unique solution v(t, z) € Hp (]D)) for each fixed t, of the Cauchy

problem
v 1% i
E(t, 7) = Eﬁ(hz)’ (t,z) € (0,+00) xD, z=re?% z#0, 9)

v(0,2) = f(z), zeD, feHy,D), (10)

is given by the formula

+00

1 . 2
— fze ™)e /D gy, (11)
V2t J—oo

v(t,2) = Wi (f)(2) =

Proof (i) We obtain

[7_1 ] l +00 o0 () ) - )
Wi =) 7 / D)l giu=i) =1 20) | gy,

p—l
3 FY e / 1u(l—j)e—u2/(2t)] du
j=0  1=0

o]

Uiy 1 +oo 2
=7 ) e 2m/ cos[(u(l — )™/ du
j=0  1=0 -

p—1 00
=Y Y dd ;.
j=0 =0
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where

d ity =1 / " coslull — jyle= 0 dy = (D=7
5] 1 \/ﬁ o I ’
where for the last equality we used, for example, the formula in Theorem 2.2.1 (i) in
the book [25, p. 27] (see also [26, Thm. 2.1 D).
It is easy to see that |d; ;(t)| < |c\”|, forall j = 0,...,p— land € NU {0},
which implies that W;(f)(z), z € D, is of the form (1). _
It remains to prove that W; (f)(z) is continuous on all of D. In this sense, let zo € D
and consider a sequence z, € D, n € N, with z, — z9 asn — oo.
We get

1 o0 . . 2
| Wi (f)(zn) — Wi (f)(z0)] < NirTi / | f(zne™) — f(zoe™) e ™ /) du
—00
L e i iupy,—u?/21)
< m/ w1(f; |zne'™ — zoe'"De™ du
T —00
[ 21
< ﬂ_m/ 01(f |zn — z0De™ @ du
—0o0

< w1(f; Izn — z0)-

Therefore, passing to the limit with n — oo, since f is continuous on D it follows
from the continuity of W;(f)(z) for z € D.

(i) We obtain
1 oo —iu —u? 2t)
W) - FQ)] < ﬁf fze™) — F)]e /D du
= le_ / ) o1(f: 11— e ™ )e /D dy
Tt J—oco

1 +00 f 5lsi u _MZ/(ZI) d
= w1 y 2|81 — e u
A/ 2t —00 2

\/—1 f % ot e g
w1 ([ ul)e u
27Tl —00
—+o00 |u| 200
f wl(f;«/?)(——i—l)e_”/(t)du
oo Jt

1
V2t

o1 (f; /1) [®
Jt 2t Jo

=

=<
=wi(f; Vi) + 2ue_”2/(21) du.
Since

o0 5 o0
/ Que /@ gy = ZI/ e Vdv =2t,
0 0
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112 S. G. Gal, . Sabadini

we infer
2
Wi = QI = o (fivD) + [0 (f: VD] = = Car(f5 V.
(ii1) We have
B £ +o0 e*“2/t B efuz/s
W@ = WeN@I = | | = = du

Letus set /7 = a, /s = b. By the mean value theorem, there is a value ¢ € (a, b),
such that

_ 27,2 212
eu/a eu/b

a b

22 [ 2u? 1
— — ble Jeo | =2 ,
R

which combined with the fact that

+o00 2 +o00 2
f PRLACRRPY / u?e W20 ~ oo
- —00

o0

immediately implies the desired inequality for W;.

(iv) Since
1 oo u2
—ut/Q20) 3. _
e du =1,
V2t /;oo
we deduce
1 e —iuy, —u?/Q21) o
(Wi (/)] < Nz [f(ze™")le du < | fll, ze€D,
—00

which yields [|W, ()| < I f].
(v) Let f € Hy(D), that is,

p—1 p—1 00
fO=>FfH@=27)Y ¢’ 2D
j=0 j=0 1=0

IfzeD,z=re? 0<r < 1, then by (i), we can write
p—l 0o o . .
Wi(f)@) =Y > el pltigiwl=ne=(=irt2,

j=01=0

Itis easy to see that W5 (f)(2) = W[W:(f)](z),forallz, s > 0.If z is on the bound-
ary of D, then we may take a sequence (z,)nen of points in D with lim,,_, », 7, = z and
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we apply the continuity property from the above point (i). Also, denoting W; (f)(z) by
T(1)(f),itis easy to see that the property lim,\ o T'(t)(f) = f, the continuity of T (-)
and its contraction property follow from (ii), (iii) and (iv), respectively. Therefore, all
these facts show that (W;, ¢ > 0) is a (Cp)-contraction semigroup of linear operators
on the space H) (ﬁ).

Furthermore, since from (i) the above series representation for W, (f)(z) is uni-
formly convergent in any compact disk included in D, it can be differentiated term by
term, with respect to ¢ and ¢. Then, we easily get that

W () _ 1PWi()@)
ot T2 B2

Also, from the same series representation, it is easy to see that

Wo(f)@) = f(2), z €D,

Finally, we note that, in (9) we have to take z # 0 because z = 0 cannot be represented
as function of ¢. The theorem is proved. O

4 Approximation by Slice Quaternionic Polyanalytic Polynomials

The analogue of polyanalytic functions in the slice quaternionic setting have been
introduced in [7-9] and subsequent papers.

To explain our results we need to introduce the necessary definitions and notation. The
skew field of quaternions is defined to be

H = {g = xo +x1i +x2j + x3k ; xo,x1,x2,x3 € R}
where the imaginary units satisfy the relations
it=j2=k*=—-1, ij=—ji=k, jk=—kj=i, ki=—ik=]j.
In H the conjugate and the norm of ¢ are defined respectively by
g = Re(qg) —Im(gq)  where Re(q) = xo, Im(q) = x1i + x2j + x3k

and

lgl = +Vqq = \/xg—i—xlz—}—xzz—}—x%.
The set
_ — i : .2 2 2 _
S = {q =x1i +x2] + x3k; x7+ x5 +x3 = 1}
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114 S. G. Gal, |. Sabadini

contains all the imaginary units, namely all the elements g such that g> = —1. Any
quaternion g € H \ R can be written in a unique way as ¢ = x + Iy for some real
numbers x and y > 0, and imaginary unit / € S, in fact

X1l + x2j + x3k
q:x+ 1 2] 3

. . ‘.
0 |x17 + x2j + x3k] 1d o x2 o x3k]

For every I € S, we set C; = R 4+ RI which is isomorphic to the complex plane C.
It is immediate that H = |, .5 C;.

In this work, we are interested in the specific case of functions defined on the unit ball
B ={g € H; |gq| < 1} and in this case slice p-polyanalytic functions are of the form

f@=fol@+qf@+-+q" " fruil@), qeB, (12)

where f;(g) = Z?‘:O(fqlclm, CI(J) eH,j=0,...,p—1,1=0,1,..., where the
series is convergentin B, i.e., f;(q) is a slice regular function. In particular, f;(qg) can
be a polynomial and if f;(g) is a polynomial forall j =0, ..., p — 1 we say that f
is a slice p-polyanalytic polynomial whose degree deg( f) is defined as the maximum
degree of the f;’s. We refer the reader to [16,32] for more information on this class of
functions and to [30] for a summary of the approximation results in this framework.

To introduce the corresponding convolution operators of a quaternion variable, we
need a suitable exponential function of a quaternion variable. Forany / € S, we choose
the following well-known definition for the exponential: e/’ = cos(t) + I sin(t), t €
R, see [33]. The Euler’s formula holds:

(cos(t) + I sin(1))* = cos(kt) + I sin(k?),
and therefore we can write [e/!]% = /¥,
For any ¢ € H \ R, let r := ||q||; then, see [33], there exists a unique a € (0, )
such that cos(a) := x1/r and a unique I, € S, such that

Iya X2 X3 X4

qg=red, withl, =iy+ jv+ks, y=

- , U= - , 8 = p .
r sin(a) rsin(a) rsin(a)

Now, if ¢ € R, then we choose a = 0,if ¢ > Oanda = 7w if ¢ < 0, and as
I, we choose an arbitrary fixed / € S. So that if ¢ € R\ {0}, then again we can
write ¢ = ||gq||(cos(a) + I sin(a)) (but with a non unique /). The above is called
the trigonometric form of the quaternion number ¢ # 0. For ¢ = 0 we do not
have a trigonometric form for g (exactly as in the complex case). Analogously to the
case of a complex variable, we can introduce the following convolution operator of a
quaternionic variable.

For p € N and B the open unit ball in H, let us denote by SP, (B) the space of
all slice p-polyanalytic functions in B which are continuous in B, endowed with the
uniform norm || - ||.

Also, let K, - (v) be an even, classical, positive-valued, trigonometric polynomial
of degree d,, , € N, with K, ,(v) > 0, forall v € [0, 27] and n, r € N.
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For f € SP, (B),q € H\Rand n € N, let us define the convolution operator

1 2
LMM@=—~0fWWWMWv

Cn,r
1 g I,v
= : fge'")K, r(v)dv, (13)
Cn,r -
where
2
(WZ/ Knr (). (14)
0

In this section, we will use the trigonometric kernels

sonu N 2r
sin 5 )
) .
SlIl2

Kn,r(v) = (

According to Lorentz [38, p. 55] they are even and positive trigonometric polynomials
of degree r(n — 1), which can be written in the form

r(n—1)

Knr()= > Apg-cos(s-v),

s=0

with A, s e R, forallr e N,r >2ands=1,...,r(n —1).
Firstly, we prove the following:

Lemma 4.1 The functions L, ,(f)(q) are slice p-polyanalytic polynomials.

Proof Since ¢,q, ¢!’ and e4V are on the slice C 1, determined by I, they commute.
Therefore it is immediate that L, (f)(g) can be written in the form

p—1

Lo (@) =) 7

j=0

2w . —
. /0 e lajv. fj(quq”) -Kn,(v)dv,neN, ¢qeB.

Cn,r

s)

From formula (15), we need to calculate

2 .
/ e 1l fi(ze?) - K, (v)dv.
0
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I;lv

Again from the fact that I, e14/%, ' and e’¢'” commute, we get

00 r(n—1)
eIV fi(ge"y - Ky, (v) = e Tl (Zq’e'ql”cl(”> D Apg-cosis - v)

=0 s=0
oo r(n—1) )
= Z Z glela =D A, cos(s - v)
=0 s=0
oo r(n—1) )
=" 3" 4lef” A cos(( = jHv) cos(s - v)
1=0 s=0

oo r(n—1) ‘
+ 1 Z Z qlcl(/)Ar,s sin((l — j)v) cos(s - v)
=0 s5=0
=81+ 1;5.

Now, by integrating the sum S; with respect to v from O to 27, it easily follows that
the only terms which are different from zero are the terms for which/ = j — 1, with
the maximum value / = p — 1 + nr — r, while integrating S> we get that all its terms
are equal to zero.

Consequently, formula (15) shows that L, (f)(g) is a slice (p — 1)-polyanalytic
polynomial of degree p — 1 + nr — 1. O

Denoting

w1(f; &g = sup{l f(q) — f(@)]; lq1 — q2| <8, q1. 92 € B,

we are now in position to prove the first main result of this section.

Theorem4.2 For f € SP, B), ¢ € H\ R and n € N, let us define the convolution
operator

2 T
f(ge" ") Ky 2 (v)dv = f(ge' ") K, 2(v)dv,

Ly2(f)(q) =
Cn,2 0 n,2 -7
(16)
where
)\ 4
sin -
Kn,Z(U) = T
sin 5
withn' = [n/2]+ 1, n € Nand
2
Cn2 =/ K, 2(v)dv. a7
0
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Then L, 2(f)(q), n € N are slice p-polyanalytic polynomials of degree n + p — 1,

which satisfy the quantitative estimate
1 —_
1f(@) — Lu20/) (@) =2(1 + M)wy | f; ~) .me N,q € B,
B
where M > 0 is a constant independent of q, f and n.

Proof Taking g = re’s* e B, we can write

1 2
Lua (@) = — / fre'd" K, H(v)dv

n, 0
1 21 +x

=- 2/ frel? K, »(t — x)dt
n, 0
1 2

=/ fre'a K, (t — x)dt.
n,

It follows that

1f(q) = La2(H)@)] =

2
/0 | (@) — fge" )| Ky a(v)dv

Cn,2

and using calculations similar to those in the proof of the second part of Theorem 2.2
(by replacing ay, i, z by n, I;, g respectively) we obtain the required estimate. O

Remark 4.3 Reasoning as in Remark 2.5, the step 1/ inside the modulus of continuity
in Theorem 4.2 can be put in accordance with the degree n + p — 1 of the slice p-
polyanalytic polynomials L, 2(f)(q), since there exists C, > 0 (depending only
on p) such that wy (f; 1/n)g < Cpw1 (f;1/(n+ p — 1))z, for all n € N and all
fesp, (B). Indeed, it is good enough to choose C » > p, which will imply that

1 C, 1
el ) _=(Cp+1 e
a)1<f H)B_w(f n+p—l>B €y + )wl(f n+p—1

Now, if we define higher moduli of smoothness of f € SP, (B) by

wm(f; 8)gm = sup sup sup{|A} f(re’s™)|; x| < 7, |h| < 8},
I,eSrel0,1]

where m € N, m > 2 and

Wfrelty =3 (=" <7)f(re’q("”’”),

j=0

).

(18)

then the error estimate in the approximation of f by L, 2(f)(g) as in Theorem 4.2,

can be expressed in terms of wy(f; §)gp, as follows.
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Theorem 4.4 For f € SP,,(E), the slice p-polyanalytic polynomials L, 2(f)(q)
defined in (16) give the estimate

1 _
[f(q) — Lu2(f)(g@)] < Can (f; ;) , q€B,

B
where C > 0 is an absolute constant.

Proof Indeed, we can write

1 27
@ = Ln2(D@)] = - fo @) — f(@e™") | Kna(v)dv.

n,2

Then, writing g = rele* | and reasoning as in the proof of Theorem 2.6 (where i, z

must be replaced by 1, g respectively) we now easily get the assertion. O

More generally, for f € SP, (B), let us attach the generalized Jackson-type con-
volution operator given by the formula

m—+1
+1
Lun(f)(q) = — f Mv)Z( 1>k< )f(qe’qk”)dv, (19)

where r is the smallest integer for which r > (m + 3)/2, m € N, and

. / 2r
1 [sin%? , [n
— . on= [—] +1,
Ay \ SIN 3 r

with A,/ , determined by ffﬂ Ky »(v)dv = 1. According to [38, p. 57] K, » is an even
trigonometric polynomial of degree n.

We now set K, (v) = Y 4_ Ay g cos(s - v) and we consider f € SP, (B). Using
reasonings and calculations similar to those ones in the proof of Lemma4.1, by formula
(12) we immediately obtain

Kn,r(v) =

T m+1 1
Inm(f)(q) = —/ Ky, (v) Z( 1)’<< . )f(qel )y
7 k=1

- m+1 n

SeFent)s

=0 s=0

2 -
X {Ar,s/ cos[v(l —kj)]cos(s - v)dv} qlcl(])-
0

Again reasoning as in the proof of Lemma 4.1, we get that each 1, ,, (f)(2) is a slice
p-polyanalytic polynomial of degree n + (p — 1)(m + 1).
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Theorem4.5 If f € SP, (B), then the slice p-polyanalytic polynomials In.m(f)(q)
are of degree n + (p — 1)(m + 1) and give the error estimate

1 —
If(q)—ln,m(f)(q)lSM-wm+1<f; ;) , neN, qgeb,
B

where M > 0 is independent of f, q and n.

Proof As in [38, pp. 57-58] by taking into account the formula (19) and denoting
q= rela* we get

1£(@) = Lim(F)(@)] < / |ATH f(re!r™) - Ky (v)dv

-7
T

< Omp1 (f; 1n)as - [ (o] + D" K, (v)dv
—TT

1
< qu+1<f; ;) ,  qE€B,
B

and the theorem is proved. O

Remark 4.6 Reasoning as in Remark 4.3, the estimate in Theorem 4.5, can be replaced
by

1
[ f(q) — nm(f)(Q)| = Cm,p ’wm+](f§ nt(p—m+ 1))33.

5 Polyanalytic Gauss-Weierstrass Quaternionic Operators

Keeping the notation in Sect. 3, for SP) (B) let us introduce now the polyanalytic
Gauss—Weierstrass quaternionic operators given by the formula

+00
1
Wi (f)(q) = \/T? / f(qelqu)e_uz/(mdu, g e H\R,q =rels" e B,
—00

+00
1
Wi (f)(g) = o / f(qel")ef"z/a’)du, g €R\{0},g=re!l*€B, a=0orm,
—00

W (/)(©0) = £(0), (20)

where I € S is fixed (but arbitrary).
The results in Sect. 3 can be generalized to this case and we have:

Theorem 5.1 Let f € SP, (B) be given by (12) with all fj slice regular functions in
B given by fj(q) = Y20 q'c”, ¢ € H, j=0,...,p—1,1=0,1,2,.... Then
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i W, eSPpP, (B) and we have

p—1 00
W@ = g Y q'd ),
j=0 1=0

where

1
N2t

(i1) The following estimate holds:

e 2/ ) -2 ()
dp (1) :[ / cos[u(l — j)le /¢ %’4 e = e =2 )
—00

Wi (£)(q) — f(@)] < Cawi(f;/t)  forallg €B, t >0,

where C > 0 is a constant independent of t, q and f.
(iii) The following estimate holds:

Wi (£)(q) — Ws(F) (@] < CsIVt — /5| forallz € B, t € Vy C (0, +00),

where Cy > 0 is a constant depending on f, independent of q and t and V is
any neighborhood of s.
(iv) The operator W; is a contraction, that is,

WOl < IIFIl - forallt > 0, f € SPy(B).

w) (W, t > 0) is a (Co)-contraction semigroup OI linear operators on the space
S P, (B) and the unique solutionu(t, q) € SP,(B), for each fixedt, of the Cauchy
problem

v 1% o
E(qu)zza_wz(tvq)a (tsCI)E(O»+OO)XBs C]:req ) CI#O’(ZD
v0,9) = f(@), g B, feSP,B), (22)

is given by the formula

v(t, q) = Wi (f)(q). (23)

Proof (i) Since g/, ¢!, e’a™ e~1aJ" are on the same slice, they commute and therefore
we obtain

o i1 +oo [ 2 N () 2
Wi (f)g) =) q’/— / gl el 1= D g=2/0 | g,

SRS L ) i (0
ZZ‘_IJZ‘II{ 2m/ [elqu(zmefu /(2’)]6114}6,"
=0 -0

J=0
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p 400

-1 00
- 1 , .
— I 1 —u2/Q2r) o)
q’ q {—/ cos[(u(l — j)le du}c
2720\ o | !

p-l o0
=>"q') d'a ;.
0

=0 1=
where
1 +00 . . .
d (1) = {\/Z_m‘/ cos[(u(l — j)]e“z/(mdu} cl(j) = e*(l*/)zt/zcl(j),
—00

where for the last equality we used, for example, the formula in Theorem 2.2.1, (i) in
the book [25, p. 27] (see also [26, Thm. 2.1 (1)]).
Itis immediate that |dj_; (1)| < |c\”)], forall j =0, ..., p—1and/ € NU {0}, which
implies that W;(f)(q), ¢ € B, is of the form (1).

The continuity of W;(f)(g) on B is obtained exactly as that in the complex case in
the proof Theorem 3.1,(i).

Since the proofs of (ii), (iii), (iv) follow exactly the lines in the proof of Theorem 3.1,
(ii), (iii), (iv) and (v), we omit them here.

Also, for the proof of (v) it is enough to observe that denoting ¢ = re’a?,0 < r < 1,
by using the point (i) we can write

p—1

. s (] 2 :
W, (f)(q) = Z ZrlJrJe’q(ﬂ(l De=U=0 1/26.1(/)

j=01=0

and from this point we follow exactly the lines in the proof of Theorem 3.1, (v). The
theorem is proved. O

Remark 5.2 For p = 1 the results in Sects. 4, 5 give the corresponding results in the
quaternionic slice regular case, see [30].
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