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H I G H L I G H T S

∙ An adaptive Kriging reliability method is proposed for hybrid reliability analysis.

∙ The U-learning function is used to optimize the selection of optimal training samples.

∙ Search space reduction and domain truncation techniques are applied to enhance computational efficiency.

∙ An error-based stopping criterion is introduced to ensure the algorithm terminates appropriately.
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A B S T R A C T

We propose an active learning Kriging reliability method, based on the particle swarm optimization algorithm, 

to solve structural reliability assessment problems in which both random variables and parameter interval uncer-

tainty coexist. The method optimizes the selection of optimal training samples by using the U learning function as 

the optimization objective, combined with search space reduction and domain truncation techniques. An error-

based stopping criterion is employed to ensure termination of the algorithm. The effectiveness and feasibility of 

the proposed method are validated through five specific examples, whose results demonstrate the capability of 

the method to improve accuracy and computational efficiency in the reliability assessment.

1. Introduction

With the advancement of modern engineering technology, the com-

plexity of structural design and construction continues to grow. Ensuring 

the safety and reliability of structures throughout their service life has 

become an important part of engineering design. Structural reliabil-

ity refers to a structure’s ability to maintain its intended functionality 

without failure under specified service life and environmental condi-

tions, while bearing design loads and resisting environmental actions. 

Consequently, reliability analysis, as a critical link bridging design the-

ory and engineering practice, is of fundamental importance. However, 

structural performance is inevitably influenced by various uncertainty 

factors, such as material properties, external loads, and manufacturing 

tolerances. A core challenge lies in precisely quantifying these uncer-

tainties and accurately analyzing their impact on structural reliability 

in this field.

The quantification of uncertainty forms the foundation of reliability 

analysis. In current research, probabilistic models are widely adopted 

when sufficient statistical information is available, as they provide a rig-

orous framework for modeling random uncertainties. By representing 

uncertain parameters as random variables, various probabilistic relia-

bility methods have been developed to analyze the failure probability 

of structures. The classic methods primarily include: 1) Monte Carlo 

Simulation (MCS) and its various improved versions [1,2]; and 2) ana-

lytical methods, such as the First-Order Reliability Method (FORM) and 

the Second-Order Reliability Method (SORM) [3–5]. While MCS is ver-

satile, its prohibitive computational cost for problems involving small 

failure probabilities poses a significant limitation. FORM and SORM are 

computationally efficient, but their accuracy can be significantly com-

promised when the limit state function (LSF) exhibits high nonlinearity 

or involves multiple failure modes. To balance accuracy and efficiency,
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active learning methods based on surrogate models have been exten-

sively studied. These methods significantly improve analysis efficiency 

by adaptively selecting new sample points [6–10].

However, in many practical engineering problems, obtaining pre-

cise probability distributions for uncertain parameters is extremely 

challenging, especially when experimental data are scarce or dur-

ing the early design stages. In such data-deficient scenarios, non-

probabilistic models provide a more practical alternative. Among these 

non-probabilistic approaches, the interval model characterizes uncer-

tainty by specifying only the upper and lower bounds of parameters, 

thereby enabling reliability analysis when probabilistic information is 

insufficient or unavailable. On the basis of interval modeling, various 

non-probabilistic reliability theories have been developed, such as ev-

idence theory [11–13] and grey system theory [14]. Although these 

methods relax the requirements for input information, they cannot 

fully utilize the information from parameters that possess well-defined 

probabilistic characteristics, and their analysis results may sometimes 

be overly conservative. Therefore, to more comprehensively and real-

istically describe complex systems where both types of uncertainties 

coexist, the study of hybrid uncertainty models that combine random 

and interval representations has become particularly necessary and 

urgent.

As a result, hybrid reliability analysis (HRA) has emerged as an active 

research area in recent years for addressing such problems [15–20]. HRA 

inherently involves a nested process of probabilistic and interval anal-

ysis. Direct solutions often rely on Monte Carlo Simulation (MCS), but 

the associated high computational cost renders this approach impracti-

cal for large-scale numerical simulations, such as finite element analysis. 

To overcome this bottleneck, several alternative approaches have been 

proposed. For example, Du et al. [21] introduced a unified reliability 

analysis method based on FORM, termed FORM-UUA. Xiao et al. [22] 

proposed a mean first-order saddle point approximation method, which 

utilizes first-order Taylor series linearization to efficiently determine 

the extreme values of the response. However, for problems involving 

highly nonlinear functions or multiple design points, the computational 

accuracy of these methods may not be guaranteed. To address these limi-

tations, researchers have actively explored various efficient alternatives, 

among which surrogate model-based active learning strategies have 

emerged as the most flexible and widely adopted approach [23–28]. 

Within this framework, the research focus is on efficiently generating 

and evaluating potential sample points to accurately identify the true 

failure boundary with minimal computational cost. Current studies pri-

marily address two critical aspects: first, the optimization of candidate 

sample generation strategies. Traditional methods relying on large-scale 

sampling pools are inefficient; thus, a significant research direction is the 

design of more efficient sampling spaces to reduce the scope of the candi-

date pool [29]. The second aspect is the refinement of the mechanisms 

for evaluating and utilizing sample points [30]. Most methods design 

various active learning functions to evaluate the importance of candi-

date points. For example, Yang et al. [31] developed an active learning 

Kriging method for HRA (ALK-HRA). However, in the ALK-HRA method, 

the Kriging model is trained to approximate the entire limit-state surface 

involving both random and interval inputs, which may result in compu-

tational inefficiency. Based on the relationship between the bounds of 

the LSS projected onto the random space and the bounds of the failure 

probability, Zhang et al. [32–34] proposed a projection-outline-based 

active learning Kriging method (POALK). Nevertheless, POALK may not 

always exhibit robust or efficient performance when addressing com-

plex problems. Drawing inspiration from system reliability, Yang et al.

[35] proposed a truncated candidate region HRA method based on ac-

tive learning Kriging (ALK-TCR-HRA). Although this-method is robust 

and effective, its candidate sample pool can become excessively large, 

particularly in problems involving small failure probabilities. Xiao et al.

[36] combined subset simulation with active learning Kriging to pro-

pose a hybrid reliability analysis method for problems with random and 

interval variables. Zhao et al. [37] further proposed a novel random

and interval reliability analysis approach by combining active learning 

Kriging with two-stage subset simulation.

Despite the significant progress achieved by the aforementioned ac-

tive learning HRA methods through the continuous optimization of 

candidate point generation and evaluation mechanisms, there remains 

room for improvement in their overall adaptive learning strategies. 

Existing methods typically operate within a fixed framework, employing 

a learning function in a predetermined manner to select the next opti-

mal sample point from a large pool of candidates. This approach may not 

fully exploit the potential of the learning function, particularly in com-

plex hybrid problems. To address this limitation, this paper proposes 

a novel adaptive Kriging method. The core of the proposed method is 

the development of a comprehensive adaptive learning strategy, which 

aims to eliminate the dependence on limited candidate sample pools 

in traditional methods, thus enabling more efficient and globally opti-

mized sample point selection. The main innovations of this work are 

summarized as follows:

1. Global adaptive sampling: Particle swarm optimization (PSO) is

employed to perform a global search during the sampling pro-

cess, thereby eliminating the dependence on limited candidate 

sample pools. This enables adaptive selection of optimal new 

samples throughout the entire sample space, enhancing the rep-

resentational capability and sampling efficiency of the Kriging 

model.

2. Search space constraints and truncation: By introducing search

space reduction and regional truncation techniques, the optimiza-

tion efficiency is further improved, which ensures the feasibility 

and efficiency of the global sampling strategy in high-dimensional 

and complex systems.

3. Hybrid uncertainty extension for the error-based stopping cri-

terion (ESC): The ESC is systematically extended to stochastic-

interval hybrid uncertainty problems, thereby enabling adaptive 

and efficient convergence assessment for maximum/minimum 

failure probability intervals and broadening the applicability of 

the ESC.

The remainder of the paper is organized as follows. Section 2 in-

troduces the fundamentals of HRA and the Kriging model. Section 3 

details the proposed method and stopping criterion. Section 4 presents 

the implementation steps of the proposed method. Section 5 validates 

the proposed reliability analysis method through five specific examples. 

Finally, Section 6 concludes the paper.

2. Basic theory

This-section establishes the theoretical groundwork necessary for 

understanding the proposed method. It begins by presenting the math-

ematical formulation of the HRA problem, defining how the interaction 

between random and interval variables leads to the generation of failure 

probability bounds. Subsequently, the principles of the Kriging model 

for constructing a surrogate of the LSF are detailed. These foundational 

concepts are central to the adaptive learning strategy developed in the 

following chapters.

2.1. Basics of HRA

For HRA involving both random and interval variables, the relation-

ship between structural performance and the uncertainties is described

by the LSF, denoted as 𝐺(𝑿, 𝒀 ). In this function, 𝑿 = [𝑥 1 

, 𝑥 2 

,… , 𝑥 𝑛 

] 

𝑇 is 

the 𝑛-dimensional vector of random variables, and 𝒀 = [𝑦 , 𝑦 ,… , 𝑦 ]𝑇1 2 𝑚  

 

is the 𝑚-dimensional vector of interval variables. Each component 𝑦𝑖  

of the interval vector is an interval defined by its lower and up-

per bounds, 𝑦  

 

= [𝑦𝐿, 𝑌 𝑈 ]. The set of𝑖 𝑖 𝑖   all possible realizations of 𝒀
constitutes a   

 hyper-rectangular domain [𝒀 

𝑳, 𝒀 

𝑼 ], bounded by the lower-

bound vector 𝒀 

𝑳 =   

 [𝑦 

𝐿
1 

, 𝑦 

𝐿
2 ,… , 𝑦 

𝐿]𝑚  and the upper-bound vector 𝒀 

𝑼 =
[𝑦𝑈1 , 𝑦

𝑈
2 ,… , 𝑦 

𝑈 ]𝑚  [27,28]. The existence of interval variables results in the
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failure probability being characterized as a range rather than a single 

deterministic value. The lower and upper bounds of the failure prob-

ability, 𝑃 

𝑚𝑖𝑛
𝑓 and 𝑃 

𝑚𝑎𝑥
𝑓 , are given by Eqs. (1) and (2), respectively:

𝑝max
𝑓 = 𝑃 

{

min
𝐘∈[𝐘 

𝐿 ,𝐘𝑈 ] 

𝐺(𝐗,𝐘) ≤ 0 

}

= 𝐸
[

𝐼𝐹

(

min
𝐘∈[𝐘 

𝐿 ,𝐘𝑈 ] 

𝐺(𝐗,𝐘) ≤ 0 

)]

(1)

𝑝min
𝑓 = 𝑃 

{

max
𝐘∈[𝐘 

𝐿 ,𝐘 

𝑈 ] 

𝐺(𝐗,𝐘) ≤ 0 

}

= 𝐸
[ 

𝐼 𝐹

(

max
𝐘∈[𝐘 

𝐿 ,𝐘𝑈 ] 

𝐺(𝐗,𝐘) ≤ 0 

)]

(2)

where 𝑃 {⋅} is the probability operator, 𝐼 𝐹 (⋅) is the failure indicator func-

tion, and 𝐸[⋅] represents the expectation operator. The primary objective 

of HRA is to compute these failure probability bounds.

Using the MCS, the failure probability can be approximated as 

follows:

𝑝̂max
𝑓 = 1

𝑁 𝑀𝐶

𝑁 𝑀𝐶
∑ 

𝑗=1
𝐼 𝐹

(

min
𝒀 ∈[𝐘 

𝐿 ,𝐘𝑈 ] 

𝐺(𝑿 

(𝑗) , 𝒀 ) < 0 

)

(3)

𝑝̂min
𝑓 = 1

𝑁 𝑀𝐶

𝑁 𝑀𝐶
∑ 

𝑗=1
𝐼 𝐹

(

max
𝒀 ∈[𝐘 

𝐿 ,𝐘 

𝑈 ] 

𝐺(𝑿 

(𝑗) , 𝒀 ) < 0 

)

(4) 

where 𝑿 

(𝑗) (𝑗 = 1, 2,… , 𝑁 𝑀𝐶 ) denotes the generic 𝑗−𝑡ℎ sample generated

through MCS. The coefficients of variation (𝐶𝑜𝑣) are given by:

𝐶𝑜𝑣(𝑝̂max
𝑓 ) =

√

√

√

√

1 − 𝑝̂max
𝑓

𝑁 𝑀𝐶 𝑝̂max
𝑓

(5)

𝐶𝑜𝑣(𝑝̂min
𝑓 ) =

√

√

√

√

√

1 − 𝑝̂min
𝑓

𝑁 𝑀𝐶 𝑝̂min
𝑓

(6)

2.2. Kriging model

The Kriging surrogate model is a statistical method widely used 

in surrogate modeling. Compared to other interpolation techniques, 

Kriging offers two primary advantages: It only requires information from 

points near the estimation location when approximating unknown quan-

tities; Due to its combined local and global statistical properties, it is 

capable of predicting trends and dynamics of the system. A general 

Kriging model consists of two components: a regression component and a 

stochastic component [38]. Based on 𝑘 𝑛-dimensional sample points and 

their corresponding response values 𝐺(𝒅), the Kriging surrogate model 

can be expressed as:

𝐺(𝒅) = 𝑓 

𝑇 (𝒅)𝛽 + 𝑍(𝒅) (7)

 𝑓 (𝒅) = [𝑓 (𝒅), 𝑓 (𝒅),… , 𝑓 (𝒅)]𝑇where 1 2 𝑚  denotes a vector comprising 𝑚 

basis functions; and 𝛽 = [𝛽 1, 𝛽 2,… , 𝛽 𝑚] 

𝑇 is an 𝑚-dimensional vector of 

regression coefficients. The term 𝑍(𝒅) is a stationary Gaussian process 

with a mean of zero and a variance 

2of  

 𝜎 , whose covariance is defined 

as:

𝐶𝑜𝑣(𝑍(𝑑 𝑖), 𝑍(𝑑 𝑗 )) = 𝜎 

2 𝑅(𝑑 𝑖, 𝑑 𝑗 ) (𝑖, 𝑗 = 1, 2, … , 𝑘) (8)

Between two sample points 𝑑 and , the spatial correlation func𝑖  

 

𝑑 𝑗     

tion 𝑅(𝑑 , 𝑑 ) can be defined using𝑖  various rms,𝑗  fo  such as exponential, 

Matérn, and spherical functions. In this study, we adopt the Gaussian 

correlation function, which is expressed as:

-

𝑅(𝑑 𝑖, 𝑑 𝑗 ) = exp 

[ 

− 

𝑘
∑

𝑙=1
𝜃 𝑙 

(𝑑 𝑖,𝑙 

− 𝑑 𝑗,𝑙) 

2

] 

(9)

where 𝑑 𝑖,𝑙 represent the 𝑙 − 𝑡ℎ components of the vectors 𝑑 𝑖 

. The corre-

lation parameters 𝜃 𝑙 

are derived using maximum likelihood estimation.

The expression for the log-likelihood function is given by:

ln[𝐿(𝜽)] = −1
2 

ln(|𝑅|) − 

𝑘
2 

ln 

( 

𝜎 

2 

) 

+ 𝐶 (10)

where 𝑅 = [𝑅 correlation𝑖𝑗 ]𝑘 is  matrix× 𝑘  the    

 

with 𝑅 𝑖𝑗 

= 𝑅(𝑑 𝑖, 𝑑 𝑗 )(𝑖, 𝑗 

 

=
1 2

  

, , … , 𝑘), and 𝐶 is a constant. The correlation parameters 𝜃 can be 

obtained by solving the following optimization problem:

min 

{ 1
2
ln(|𝑅|) + 

𝑘
2 

ln 

( 

𝜎2 

) 

}

(11)

Using the least squares method, the regression coefficients 𝛽  

 and the
2variance  

 of the Gaussian process 𝜎̂ can be estimated as:

𝛽 = 

( 

𝐹 𝑇 𝑅 

−1 𝐹 

) −1𝐹 

𝑇 𝑅 

−1 𝐺 (12)

𝜎̂ 

2 = 1
 

(𝐺 − 𝐹 

̂ 𝛽) 

𝑇 𝑅 

−1 

( 

𝐺 − 𝐹 ̂ 𝛽 

) 

(13)
𝑘

where 𝐹 = [𝐹 𝑖𝑗 ] ,  

 ×  

  

𝐹 𝑖𝑗 = 𝑓 𝑗 (𝑑𝑖)( =𝑘 𝑚 𝑖  1, 2, … , 𝑘, 𝑗 = 1, 2, … , 𝑚).
For any arbitrary unknown point 𝑑0  

 , the 0  

predicted response 𝐺̂(𝑑 ) 

follows 

2a  

 normal distribution 𝑁(𝜇 𝐺̂(𝑑0 ), 𝜎 (𝑑0 )). The best linear 

 
 

unbiased
𝐺̂ 

prediction 𝜇𝐺̂(𝑑0 ) and its mean  

 
 

squared error 𝜎 

2 (𝑑 0 as:
𝐺̂  

) can be expressed 

 

𝜇 𝐺̂ 

(𝑑 0) = 𝑓 

𝑇 (𝑑 0) ̂ 𝛽 + 𝑟 

𝑇
0 𝑅 

−1 

( 

𝐺 − 𝐹 ̂ 𝛽 

) 

(14)

𝜎 

2
𝐺̂ 

(𝑑 0) = 𝜎 

2 (1 + 𝑢 

𝑇 )
(

𝐹 𝑇 𝑅 

−1 𝐹 

) −1𝑢 − 𝑟 

𝑇
0 𝑅 

−1 𝑟 0 

(15)

𝑇where 𝑟 0 

= [𝑅(𝑑 0, 𝑑 1 

), 𝑅(𝑑0  

, 𝑑 2  

 

),… , 𝑅(𝑑0 , 𝑑 𝑘)] is the 

 

covariance matrix 

of the correlation vector among the prediction point 𝑑0  

and all 𝑘 sample 

points 𝑑 𝑇
1  

, 𝑑 2
 

      

−1 

       

2
   

 

,… , 𝑑𝑘 

, 𝑢 = 𝐹 𝑅 𝑟0 

− 𝑓 (𝑑0 

). The variance 𝜎 (𝑑0) is often𝐺̂ 

used to evaluate the prediction error at 𝑑0  

, and it also serves as the 

foundation for active learning methods.

3. Adaptive Kriging algorithm based on PSO

This-section presents the core methodological contribution of this 

study: a novel adaptive learning strategy designed for the efficient and 

global exploration of the failure region. It elaborates on the strategy for 

defining both the objective learning function and the adaptive search 

space constraints. Furthermore, the ESC is described and adapted for the 

hybrid reliability context to ensure the simulation terminates adaptively 

and efficiently.

3.1. Determination of the objective function

In the process of estimating failure probability, it is necessary to 

repeatedly evaluate the true performance function, which is typically 

represented by a high-fidelity numerical model (such as finite ele-

ment analysis or other complex simulations). Each evaluation of such 

a model is computationally intensive, and the large number of required 

evaluations—often on the order of thousands or more for methods like 

MCS—results in a substantial overall computational cost. Therefore, 

the active learning Kriging model is introduced in HRA as a surrogate. 

Typically, various learning functions such as the Expected Risk Function 

(ERF) [6] and U learning function [7] are applied to identify the most 

effective training points for refining the Kriging model. In this study, 

the U learning function was selected because it effectively balances ex-

ploration and exploitation by considering both the predicted response 

and prediction uncertainty [35]. This makes it particularly suitable for 

reliability problems with mixed uncertainties, as it efficiently identifies 

samples near the limit state boundary where prediction accuracy is most 

critical.

𝑈 𝑙𝑒𝑎𝑟𝑛(𝑿, 𝒀 ) =
|

|

𝜇𝐺(𝑿, 𝒀 ) 

|

|

𝜎 𝐺(𝑿, 𝒀 )
(16)

Since all optimization calculations in this study are carried out in the 

standard normal space, the random variables 𝑿 are transformed into in-

dependent standard normal variables 𝑼 using either the iso-probability
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transformation or the 𝑁𝑎𝑡𝑎𝑓 transformation. Thus, the LSF with both

random and interval variables is described as 𝐺(𝑼 , 𝒀 ). Consequently, 

the optimization objective function is reformulated as:

[𝑼 , 𝒀 ] = arg min
|

|

𝜇𝐺(𝑼 , 𝒀 ) 

|

|

𝜎 𝐺 

(𝑼 , 𝒀 )
(17)

3.2. Determination of constraints 

3.2.1. Distance constraint

In the computation of HRA, selecting new sample points requires 

consideration of the potential risk of clustering among the random vari-

able samples. Accordingly, distance criterion is adopted to ensure that 

the optimal new sample point for random variables is sufficiently distant 

from the existing sample points: this is necessary to avoid overfitting the 

Kriging model. The distance function is defined as [39]:

𝑑 min 

= min 

𝑖 

√ 

(𝑼 − 𝑼 𝒊) 

𝑇 (𝑼 − 𝑼 𝒊 

) < 𝛿 (18)

where 𝑼 𝒊 represents the random variable portion of the sample point, 

and 𝑑 min 

is the minimum Euclidean distance between 𝑿 and the existing 

training samples. 𝛿 is a threshold determined based on practical engi-

neering problems: in this study, a recommended value of 𝛿 = 0.01 is 

adopted based on empirical experience. The primary role of the distance 

threshold 𝛿 is to ensure good space-filling properties of the samples and 

to maintain the numerical stability of the Kriging model. The recom-

mended value is an empirically robust choice. It is small enough not to 

overly constrain the optimization process, yet large enough to effectively 

prevent the Kriging correlation matrix from becoming ill-conditioned or 

singular due to excessively close sample points. This, in turn, prevents 

model overfitting and ensures the robustness of the algorithm. Note that 

all constraints in this-section apply exclusively to the random variable 

portion of the sample points.

3.2.2. Search space constraints

To accelerate the optimization process, the search space is restricted 

to a hypersphere region [29,40]. It is defined as the region between the 

outer radius 𝛽 1 and inner radius 𝛽 2 

, as shown in Eq. (19) and Fig. 1:

𝛽 2 

⩽ ‖𝑼‖ 2 ⩽ 𝛽 1 (19)

where ‖.‖2 denotes the 𝓁2 -norm. 

First, the inner radius 𝛽 2 

is predefined based on a reliability standard.
[ ]

 

The parameters 𝛽 2 and 𝛽 1 are used to define a region of interest 𝛽2 , 𝛽 1

Fig. 1. Search space.

that conforms to engineering practice, in order to focus computational 

resources on the most valuable samples. The core role of 𝛽 2 

is to im-

prove computational efficiency, and its principle is to actively exclude 

the high-probability safe region. In the standard normal space, the prob-

ability density is highest at the origin. 𝛽 2 = 1 defines a hypersphere with 

a radius of 1. The sample points within this region can almost certainly 

be considered safe (their one-sided failure probability is greater than 

Φ(−1) ≈ 15.9 % ), and their contribution to the final failure probability 

is negligible. Therefore, we recommend 𝛽 2 = 1 in order to concentrate 

computational resources on the critical regions where failure is more 

likely to occur.

Secondly, the adaptive outer radius 𝛽 1 is updated adaptively through 

Eq. (20), thereby dynamically shrinking or expanding the search range 

for the next iteration.

𝛽 1= 

{

𝜀 𝛼 1 

𝑅 𝐴𝑀𝑃 𝑃 > 𝜀
𝛼 1 

𝑅 𝐴𝑀𝑃 𝑃 𝛼 1 

𝑅 𝐴𝑀𝑃 𝑃 < 𝜀
(20)

where 𝑅 𝐴𝑀𝑃 𝑃 

is defined as the minimum value among the distances 

from each sample in the current training set to the LSS along its radial 

direction. 𝛼 1 

is the scaling factor for 𝑅 𝐴𝑀𝑃 𝑃 

, and 𝜀 serves as the upper 

threshold for the algorithm’s exploration range.

The scaling factor 𝛼 1 

is used to dynamically adjust the search radius 

to balance the exploration of unknown regions and the exploitation
√

 of
 

the known boundary. This paper recommends a value of 𝛼 1 = 2. This 

is justified from a geometric perspective: if a square is inscribed within
√ 

a circular failure boundary, the radius of the circumscribing circle is 2 

times the distance from the origin to a vertex of the square. This im

plies that if we treat the current 𝑅 as 

  

√

the𝐴𝑀  distance to𝑃   a vertex of𝑃
 

such an inscribed square, multiplying it by 2 expands the search radius 

to cover the circumscribed circle containing that square. Geometrically, 

this-provides a reasonable scale for expanding from a “point” to a ”sur

face,” facilitating the exploration of the unknown regions surrounding 

𝑅 . probabilistic𝐴𝑀𝑃𝑃  From a 

√

  

 

perspective, increasing the search 

 

radius
 

from a value 𝛽 to 2𝛽 allows the algorithm to span an order of mag

nitude in the probability space, which is crucial for efficiently locating 

small probability events.

-

-

-

Simultaneously, 𝜀 sets a practical upper limit on the algorithm’s 

exploration range to avoid unnecessary computations. We recommend 

𝜀 = 5.6, as this-value is directly derived from an analysis of reliability 

indices for common engineering structures. The failure probability for 

typical structures usually ranges from 10 

−1 to 10 

−8 , and a 𝑃 𝑓 of 10 

−8 cor-

responds to a reliability index 𝛽 of approximately 5.61. By setting 𝜀 to 

5.6, the algorithm’s search range can fully cover the reliability levels of 

interest for the vast majority of engineering problems.

Another key value for determining 𝛽 1 

is 𝑅 𝐴𝑀𝑃 𝑃 

. Its specific calcula-

tion process is as follows:

(1) Determine the target LSS: For any random variable sample 𝑈 in 

the current training set, the corresponding limit state surface must first 

be identified. In handling problems with mixed random and interval

variables, the limit state is not a single surface but a region determined 

by the interval variables 𝑌 . To ensure the completeness of the search— 

thereby effectively avoiding the omission of important failure modes

and guaranteeing the algorithm’s convergence and accuracy—we must 

consider the outermost potential failure boundary. This corresponds to 

the “best-case” limit state, which is found by identifying the combina-

tion of interval variables, 𝑌 max, that maximizes the performance function 

𝐺(𝑈 𝑖 

, 𝑌 ) via an optimization process, as shown in Eq. (21).

𝒀 max 

= arg max 𝐺(𝑼 , 𝒀 ) , 𝒀 ∈ [𝒀 

𝑳 , 𝒀 

𝑼 ] (21)

(2) Find the approximate most probable point (AMPP): Once the tar

get surface
[

 is determine
]

d, a line is constructed from the origin through 

the point 𝑈, 𝑌
 

max . An AMPP candidate is defined as a location on 

this line where the Kriging surrogate model’s prediction is zero, i.e.,

-

̂ 𝐺(𝑈, 𝑌 max 

) = 0, as illustrated in Fig. 2. To find all AMPP candidates
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Fig. 2. Line search.

for a given sample, a radial search is performed. If the sample is lo

cated in the failure region ( 𝐺̂ (𝑈, 𝑌 max) ⩽ 0
[

), the radial
]

 distance 𝑟 is
 

decreased in steps of Δ𝑟, and the new point 𝑈 evaluated𝑛𝑒𝑤, 𝑌 max is  

 

un

til an AMPP candidate is found. Conversely, if the sample is in the safe 

region (𝐺̂ (𝑈, 𝑌 max) > 0), the radial distance is increased by increments of

Δ𝑟. The parameter Δ𝑟 defines the discrete step size for the radial search 

along the LSF, representing a trade-off between positioning accuracy 

and computational efficiency. In this study, we recommend Δ𝑟 = 0.1, a 

value that has been empirically verified to maintain high computational 

efficiency while ensuring sufficient accuracy. It is noteworthy that the al

gorithm’s adaptive learning mechanism exhibits robustness to the choice 

of Δ𝑟. Any minor inaccuracies in AMPP localization caused by the dis

crete step size can be compensated for in subsequent iterations, as the

scaling factor 𝛼 1 

dynamically adjusts the global search radius, thereby 

mitigating the impact of the initial discretization. 

-

-

-

-

(3) Calculate 𝑅 𝐴𝑀𝑃 𝑃 

: After identifying all AMPP candidates gener-

ated from the entire training set, 𝑅 𝐴𝑀𝑃 𝑃 

is defined as the minimum

distance from the origin among all these candidates. If no AMPP can-

didates are found for any sample (e.g., all samples are located far from 

the boundary in the safe region), 𝑅 𝐴𝑀𝑃 𝑃 

is assigned a default value, for 

instance, 3. 

3.2.3. Truncated domain constraint

As shown in Fig. 3, the projection of 𝐺(𝑼 , 𝒀 ) = 0 into the random

variable domain forms a strip-shaped region. If the U learning function 

is directly used to choose the most suitable training points, these points 

may lie within the strip-shaped region. However, only the boundaries of

min
𝑁 𝑦 ( )

𝑁𝑼 𝒀 (𝑗) max 𝑦 (𝑼 𝒀 ( )the region  𝐺 ,   

𝑗and  𝐺 ,  

 ) determine the bounds𝑗=1 𝑗=1  

of the failure rates, 𝑃 

𝑚𝑎𝑥 and 𝑃 

𝑚𝑖𝑛 , respectively. Therefore, it is expected𝑓 𝑓  

that constraining the training points to lie near the boundaries of the 

strip-shaped region will reduce the number of function evaluations with

out sacrificing accuracy. In this study, the truncated domain constraint

𝑃 

𝑚𝑎𝑥 is𝑓  expressed as 

-

[35]:

̃ Ω min 

(𝑼 ) = 

{ 

𝑼 |

𝑁 𝑦
min
𝑗=1

[ 

𝜇 𝐺 

(𝑼 , 𝒀 

(𝑗) + 2𝜎 𝐺(𝑼 , 𝒀 

(𝑗) ) 

] 

> 0 

}

(22)

and 𝑃 

𝑚𝑖𝑛
𝑓 :

̃ Ω max 

(𝑼 ) = 

{ 

𝑼 |

𝑁 𝑦
max
𝑗=1

[ 

𝜇 𝐺 

(𝑼 , 𝒀 

(𝑗) − 2𝜎 𝐺(𝑼 , 𝒀 

(𝑗) ) 

] 

< 0 

}

(23)

Fig. 3. Projection of the LSS into a two-dimensional random domain.

Combining Eqs. (16)–(23), the final optimization function is ex-

pressed as: 

𝑜𝑏𝑗 arg min 

|

𝜇𝐺(𝑼 , 𝒀 ) 

|

𝜎 𝐺(𝑼 , 𝒀 )

𝑠.𝑡. 𝑑 min 

< 𝛿

𝛽 2 ⩽ ‖𝑼‖ 2 ⩽ 𝛽 1

Ω̃ min 

(𝑼 ) 𝑜𝑟 ̃ Ω max 

(𝑼 )

(24)

| |

In this study, the optimization of the objective function is per-

formed using MATLAB’s built-in 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠𝑤𝑎𝑟𝑚 function. To ensure that 

the research focus remains on evaluating the effectiveness of the pro-

posed adaptive sampling framework, rather than on parameter tuning 

of the optimizer, we adopted the function’s well-validated default pa-

rameter settings. These standardized parameters provide a robust and 

reproducible benchmark for the algorithm’s performance. 

3.3. Stopping criterion

Besides the aforementioned optimized sampling scheme, the stop-

ping criterion for the active learning process is a crucial component in 

establishing an adaptive method based on Kriging. Generally, setting 

a threshold for the learning function is the most widely used conver-

gence criterion, but this approach can sometimes be overly conservative, 

leading to unnecessary calls to the performance function and increased 

computational cost. To address this issue, this paper introduces the 

ESC as the adaptive termination criterion for the algorithm. The ESC, 

which is based on the precision of the failure probability estimation, has 

demonstrated superior performance in numerous instances [41–43]. 

The relative error between the predicted failure rate 𝑝̂ 𝑓 

by the sur

rogate Kriging model and the actual failure rate results 𝑝 𝑓 

can be

approximated as follows:

-

𝜀 𝑟 

=
|

|

|

|

|

𝑝 𝑓 − 𝑝̂ 𝑓

𝑝 𝑓

|

|

|

|

|

≈
|

|

|

|

|

|

𝑝𝑀𝐶𝑆
𝑓 − 𝑝̂ 𝑓

𝑝𝑀𝐶𝑆
𝑓

|

|

|

|

|

|

=

|

|

|

|

|

|

|

|

𝑁 𝑓
𝑁 𝑀𝐶𝑆

−
̂ 𝑁 𝑓

𝑁 𝑀𝐶𝑆
𝑁 𝑓

𝑁 𝑀𝐶𝑆

|

|

|

|

|

|

|

|

=
|

|

|

|

|

|

̂ 𝑁 𝑓

𝑁 𝑓
− 1

|

|

|

|

|

|

(25)

where 𝑝𝑀𝐶𝑆 is the failure probability calculated via the𝑓   MCS method, 

𝑁 represents𝑀𝐶𝑆  the number of candidate design sample points used in 

the MCS method, 𝑁 

 

denotes the number of failure samples determined𝑓
by evaluating the true limit state function, and 𝑁̂ 

 is the𝑓   number of

failure samples identified by the Kriging surrogate model.

For the calculation of 𝑁 𝑓 , the following equation is employed:

𝑁 𝑓 = ̂ 𝑁 𝑓 + 𝑁̂ 𝑠𝑓 − 𝑁̂ 𝑓𝑠 (26)

where 𝑁̂ represents the number of candidate sample points Ω̂ 

 

 

within𝑓𝑠 𝑓
the failure domain that are misclassified by the Kriging model, and 𝑁̂𝑠𝑓 
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represents the number of candidate sample points Ω̂ 

  

 

within the safe𝑠
domain that are incorrectly predicted as safe samples by the Kriging

model.

Given the Gaussian properties of the Kriging model predictions, the

probability of a sign error in the performance function value at any

candidate sample 𝑿 is denoted as :𝑖    𝑝(𝑿 

 𝑖 

)  

𝑝(𝑿 𝑖 

) = Φ 

( 

−
| 

| 

| 

| 

| 

𝜇̂ 𝑔̂ 

(𝑿 𝑖 

)
𝜎̂ 𝑔̂(𝑿 𝑖 

)

|

|

|

|

|

)

(27)

Using an indicator function 𝐼 

 

the 

 

, the result of Kriging model’s𝑊 𝑖   pre

diction of the symbols in the candidate sample 𝑿 

 

can be𝑖   represented. 

When the Kriging model incorrectly predicts the symbol in 𝑿 𝑖 

, the in

dicator function 𝐼 𝑊 𝑖 = 1, otherwise 𝐼𝑊  

 𝑖 

= 0. In this case, 𝐼𝑊 𝑖 

is a

Bernoulli random variable with an expectation and variance of 𝑝(𝑿 𝑖 

) 

and 𝑝(𝑿 

 

)(1 − 𝑝(𝑿 the 

 

)), respectively. Based on definitions of𝑖 𝑖  𝑁̂𝑠𝑓 and

𝑁̂ , derived:𝑓  the following relationships can be𝑠  

-

-

𝑁̂ 𝑠𝑓 =
̂ 𝑁 𝑠
∑ 

𝑖=1
𝐼 𝑊 𝑖 

, 𝑿 𝑖 ∈ ̂ Ω 𝑠 

(28)

 

𝑁̂ 𝑓𝑠 =
𝑁̂ 𝑓
∑ 

𝑖=1
𝐼 𝑊 𝑖 

, 𝑿 𝑖 ∈ ̂ Ω 𝑓 

(29)

where Ω̂ 

𝑠  

and Ω̂ 𝑓 

represent the failure and safe domains, respectively. 

𝑁̂ 

 and 𝑁̂ 

 denote the number of candidate𝑠 𝑓   samples in these domains. 

Since the sum of independent Bernoulli trials follows a Poisson

binomial distribution, both   

 𝑁̂𝑠 and 𝑁̂ also follow such a distribution,𝑓     

 

and thus 𝑁̂𝑠𝑓 ∼ 𝑝𝑏(𝜇𝑁̂ , 𝜎2 )̂  

 

and
 

𝑁̂𝑓 𝑠 ∼ 𝑝𝑏(𝜇 2 parame
𝑠𝑓 𝑁

  

 

) whose𝑁̂ , 𝜎
𝑓𝑠𝑠𝑓 𝑁̂𝑓 𝑠

ters can be expressed as:

-

-

𝜇𝑁̂ 𝑠𝑓
=

̂ 𝑁 𝑠
∑ 

𝑖=1
𝑝(𝑿 𝑖) 𝜎 

2
𝑁̂ 𝑠𝑓

=
̂ 𝑁 𝑠
∑ 

𝑖=1
𝑝(𝑿 𝑖 

)(1 − 𝑝(𝑿 𝑖 

)) (30)

𝜇𝑁̂ 𝑓𝑠
=

̂ 𝑁 𝑓
∑ 

𝑖=1
𝑝(𝑿 𝑖) 𝜎 

2
𝑁̂ 𝑓𝑠

=
̂ 𝑁 𝑓
∑ 

𝑖=1
𝑝(𝑿 𝑖 

)(1 − 𝑝(𝑿 𝑖 

)) (31)

The confidence interval for 𝑁 𝑓 

at a confidence level of 𝛼, based on

Eq. (26), can be expressed as [41]: 

𝑁 𝑓 

∈ 

[

̂ 𝑁 𝑓 − ̂ 𝑁 

𝑢 

𝑓𝑠 

, ̂ 𝑁 𝑓 

+ ̂ 𝑁 

𝑢 

𝑠𝑓

] 

(32)

where 𝑁̂ 
𝑢 and ̂ 

𝑢 are𝑓 𝑠  𝑁 𝑠𝑓  the critical values corresponding to the confi
 

dence level of 𝑁̂ and 𝑁̂ ,𝑠𝑓  respectively.𝑓𝑠  

-

For the quantification of 𝑁̂ 

 

𝑢 and ̂ 

𝑓𝑠 𝑁 

𝑢 ,𝑠𝑓  the approximation methods

proposed in the literature [43] are adopted: 

𝑁̂ 

𝑢
𝑓𝑠 = 𝜇𝑁̂ 𝑓𝑠

+ 3𝜎 𝑁̂𝑓𝑠
(33) 

𝑁̂ 

𝑢
𝑠𝑓 = 𝜇𝑁̂ 𝑠𝑓

+ 3𝜎 𝑁̂𝑠𝑓
(34) 

Combining Eq. (26) through (34), the ESC for the proposed method can 

be established as:

𝜀 𝑟 

⩽ max 

(

| 

| 

| 

| 

| 

| 

̂ 𝑁 𝑓

𝑁̂ 𝑓 − 𝑁̂ 

𝑢
𝑓𝑠

− 1
|

|

|

|

|

|

,
|

|

|

|

|

|

̂ 𝑁 𝑓

𝑁̂ 𝑓 + 𝑁̂ 

𝑢
𝑠𝑓

− 1
|

|

|

|

|

|

) 

= 𝜀̂ max 𝐸𝑆𝐶 

⩽ 𝜀 𝑡𝑜𝑙 (35)

For the assessment of hybrid reliability, the stopping criterion can be 

further constructed as:

𝜀 𝐻𝑅𝐴 = max(𝜀
𝑃 

𝑚𝑎𝑥
𝑓

𝑟 , 𝜀
𝑃 

𝑚𝑖𝑛
𝑓

𝑟 ) < 𝜀 𝑡𝑜𝑙 

(36) 

where 𝜀  

 

is the prescribed threshold for the relative error of the failure𝑡𝑜𝑙  

𝑃 

𝑚𝑎𝑥
𝑓probability estimate, recommended to be 0.001 in this work [41]. 𝜀𝑟 is

𝑃
is the relative error of 𝑃 

𝑚𝑎𝑥  

𝑚𝑖𝑛

and𝑓  𝜀 𝑓 is𝑟  the relative error of 𝑃 

𝑚𝑖𝑛.𝑓 

4. Implementation steps of the proposed method

Building upon the theoretical and methodological foundations es-

tablished in Sections 2 and 3, this-section outlines the comprehensive 

step-by-step implementation process of the proposed adaptive HRA 

method. The procedural steps of the proposed method are summarized 

below (Fig. 4):

1. Generate an initial set 𝑆 𝐷 of designs of experiment (DoE)

sample points. 

In this study, the Latin hypercube sampling (LHS) method is used 

for generating the DoE sample points, with an initial size deter-

mined as 𝑁0  

= max(10, 2+ 𝑁 𝑥 + 𝑁𝑦  

  

). The boundary values of the 

random variables are [𝐹−1(Φ(−5))𝑖 , 𝐹 

−1(Φ(5))]𝑖  (𝑖 = 1, 2, … , 𝑁 𝑥 

), 

where 𝐹 

−1 is𝑖  the inverse cumulative distribution function of 𝑿 𝑖 

. 

The boundary values of   

 the interval variables are [𝒀 

𝑳, 𝒀 

𝑼 ]. If

a random variable 𝑿 has a non-standard normal distribution, it 

needs to be transformed into a standard normal space using the 

Rosenblatt transformation.

2. Construct the initial Kriging surrogate model.

For each sample point within the initial set 𝑆 𝐷 

, the true perfor-

mance function, 𝐺(𝑿, 𝒀 ), is evaluated to obtain the corresponding 

response values. These values compose an initial response set. 

Then, based on the sample point set and response set, construct 

the initial Kriging surrogate model. This model will serve as the 

foundation for subsequent adaptive learning processes.

3. Computation of adaptive search space constraints.

This step marks the beginning of the iterative learning loop. At 

the start of each iteration, the dynamic search space must be re-

defined. The method, as described in Section 3.2.2, is used to 

compute the inner and outer constraint radii, 𝛽 1 

and 𝛽 2 

, based on

the current state of the Kriging model.

Fig. 4. Flowchart of the method.
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4. Identify optimal sampling points via PSO.

In this step, the next sample point [𝑋 𝑛𝑒𝑤 

, 𝑌 𝑛𝑒𝑤] that most effectively

improves the model accuracy is sought by solving a constrained 

optimization problem. This-problem aims to maximize the U learn-

ing function as the objective, subject to the multi-constraint system 

(including a dynamically constrained search space defined by 𝛽 1 

and 𝛽 2, distance constraints, and truncated domain constraints) de-

scribed in detail in Section 3. The PSO algorithm is then applied 

to globally solve this-problem, and the resulting point is identified 

as the new optimal sample point [𝑋 𝑛𝑒𝑤 

, 𝑌 𝑛𝑒𝑤].
5. Update the Kriging model.

The optimal sample point [𝑋 𝑛𝑒𝑤 

, 𝑌 𝑛𝑒𝑤 

] identified is added to the 

experimental design sample point set 𝑆 𝐷 in step 4, and its response 

is evaluated by invoking the true LSF. Then, the Kriging model 

is retrained using the updated dataset to enhance its accuracy in 

approximating the true LSF.

6. Convergence check.

After the model is updated, the ESC is calculated. The value of 

this criterion is then checked against the convergence condition 

defined in Eq. (36). If the condition is met, it signifies that the 

model’s accuracy has reached the desired level. The learning pro-

cess terminates, and the algorithm proceeds to the final reliability 

assessment. If the condition is not met, the algorithm returns to 

Step 4 to begin a new iteration of learning.

7. Calculate the failure rate.

Once the algorithm has converged, the constructed Kriging model 

is used as a surrogate for the true LSF. The MCS method is 

then employed to calculate the upper and lower bounds of the 

failure probability. Specifically, for each Monte Carlo sample, 

an optimization algorithm is applied within the boundaries of 

interval variables to rapidly solve Eq. (3) and Eq. (4) using 

the final Kriging model, yielding extremal responses (𝐺 𝑚𝑖𝑛 

and

𝐺 ). The final probability bounds, 𝑃 

𝑚𝑖𝑛 and 𝑚𝑎𝑥 

 𝑃 , are𝑚𝑎𝑥 𝑓 𝑓   then

determined by statistically aggregating the outcomes from all 

samples.

5. Numerical examples

To rigorously evaluate the precision, efficiency, and robustness of the 

proposed method, this-section applies it to five distinct numerical case 

studies encompassing scenarios ranging from mathematical functions to 

engineering problems. Our approach undergoes systematic performance 

comparisons with MCS and other advanced HRA methods. A detailed 

analysis of results is conducted to demonstrate the method’s advantages 

in both computational cost and accuracy, thereby validating its effec-

tiveness and practical applicability. Each experiment was independently 

executed 10 times to ensure statistical significance. The performance of 

the proposed method is verified through relative errors and the number 

of calls to the true performance function.

5.1. Example 1: a mathematical example

Two random variables and one interval variable are involved in this 

example. The definition of the performance function is [35,44]:

𝐺(𝑿, 𝒀 ) = sin 

(

5𝑥 1
2

) 

−
(𝑥21 + 4)(𝑥 2 

− 1)
20 

+ 𝑦 (37)

2where 𝑥 1 

∼ 𝑁(1.5, 1  

 ) and 𝑥 2 

∼  

 𝑁(2.5, 1 

2) are two independent nor-

mal random variables. For interval variables, two different cases are 

discussed here. Scenario 1: 𝑦 ∈ [2, 2.5] and Scenario 2: 𝑦 ∈ [4, 4.5]. All

methods used the LHS method to generate the 10 initial samples, and 

the failure probability bounds calculated using the MCS method are used 

as a benchmark for evaluating the superiority of other methods. 𝑁 𝑐𝑎𝑙𝑙𝑠
indicates 

maxthe quantity of calls to the real performance function; 𝑝̂ is𝑓  

minthe maximum failure rate and 𝑝̂ is𝑓  the minimum failure rate; 𝜀 1 

and

𝜀 2 

represent the absolute relative errors of the maximum and minimum 

of the failure probability, respectively.

In Scenario 1, the failure probability boundaries determined by MCS 

lie within the range of 10 

−2 to 10 

−3 , representing a problem of moderate

difficulty. As shown in Table 1, all advanced surrogate model methods 

exhibit commendable performance. The method proposed in this work 

achieves the highest efficiency with an average of 42.0 function evalua-

tions (𝑁 maintaining exceptional 

 

) while accuracy (𝑐𝑎𝑙𝑙𝑠  𝜀1  

= 0.2274 %,

𝜀 2 =  

 

0.3218 %). These results demonstrate the initial validity of the

method’s effectiveness. The true test of the algorithm’s capabilities ma

terializes in Scenario 2. By adjusting interval variables, we rigorously 

narrow the problem into the rare-event domain, where the failure prob
−4ability drops to the 10  

     magnitude. This sharp reduction underscores 

an intense challenge for the algorithm. Under this scenario, a dramatic 

divergence in the performance of the different methods is observed. The 

proposed method achieves high efficiency, requiring only 36.9 function

evaluations (𝑁 ) to accurately complete the reliability assessment.𝑐𝑎𝑙𝑙𝑠  

This-value not only represents the lowest among all methods but also 

slightly surpasses its performance in the simpler Scenario 1. In stark 

contrast, other methods either suffer significant efficiency degradation 

(e.g., ALK-HRA’s 𝑁 increases𝑐𝑎𝑙𝑙𝑠   

 

to 80.6) or sacrifice substantial accu

racy to maintain efficiency (e.g., AK-MCS’s 𝜀 2 

sharply rises to 7.0600 %). 

This clearly reveals the inherent difficulty of existing methods in balanc

ing efficiency and accuracy when the LSS falls into the tail region of the 

probability distribution. Remarkably, the proposed method achieves a

slight reduction in 𝑁 (to𝑐𝑎𝑙𝑙𝑠  36.9) even in the more complex Scenario

2. This seemingly paradoxical result directly validates the mechanis

tic superiority of its adaptive sampling strategy. The active learning 

strategy we employ exhibits strong sensitivity to information-rich re

gions. In rare-event problems, these regions inherently coincide with the 

tails of the probability density function. Therefore, the algorithm can 

lock onto the target more rapidly, ensuring that every function call is 

maximally effective, thus achieving faster convergence and avoiding ex

cessive exploration in the more scattered, uncertain regions of moderate 

probability.

-

-

-

-

-

-

-

Table 1

Estimated results using different methods for Example 1.

Method 𝑁 𝑐𝑎𝑙𝑙𝑠 𝑝̂max
𝑓 𝐶𝑜𝑣 (%)𝑚𝑎𝑥 𝜀 1 

(%) 𝑝̂min
𝑓 𝐶𝑜𝑣 𝑚𝑖𝑛 

(%) 𝜀 2(%)

1 MCS 2 × 10 

6 3.115 × 10 

−2 – – 5.905 × 10 

−3 – –

AK-MCS 64.9 3.129 × 10 

−2 1.760 0.4430 5.946 × 10 

−3 4.090 0.6943

ALK-HRA 70.4 3.105 × 10 

−2 1.767 0.3274 5.898 × 10 

−3 4.108 0.1185

ALK-TCR-HRA 48.5 3.151 × 10 

−2 2.099 1.1570 5.942 × 10 

−3 4.900 0.6209

proposed method 42.0 3.122 × 10 

−2 1.792 0.2274 5.924 × 10 

−3 4.098 0.3218

2 MCS 101 × 10 

6 6.510 × 10 

−4 – – 2.900 × 10 

−4 – –

AK-MCS 49.9 6.362 × 10 

−4 3.208 2.2700 2.695 × 10 

−4 4.929 7.0600

ALK-HRA 80.6 6.470 × 10 

−4 3.500 0.6100 2.850 × 10 

−4 6.550 1.7200

ALK-TCR-HRA 63.5 6.700 × 10 

−4 3.270 2.9200 2.850 × 10 

−4 6.470 1.7200

proposed method 36.9 6.572 × 10 

−4 3.274 0.9531 2.978 × 10 

−4 4.865 2.6850

Computers and Structures 318 (2025) 107947 
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Fig. 5. Cantilever beam.

Table 2 

Parameter information for Example 2.

Variable Unit Distribution type Parameter 1 Parameter 2

𝐿 mm Normal 1000 100

𝑏 mm Normal 100 15

ℎ mm Normal 200 20

𝑃 𝑥 N Interval 47000 53000

𝑃 𝑦 N Interval 23000 27000

5.2. Example 2: cantilever beam

There are three random variables and two interval variables in the 

cantilever beam structure shown in Fig. 5 [15]. The allowable stress of 

the material is 𝑆 = 370 MPa. According to the principles of material 

mechanics, the maximum internal stress in a cantilever beam struc-

ture occurs at the fixed end. As the maximum stress cannot exceed the 

allowable stress, the structural performance function is derived as:

𝐺(𝑿, 𝒀 ) = 𝑆 − 

6𝑃 𝑥𝐿
𝑏 

2 ℎ
− 

6𝑃 𝑦𝐿

𝑏ℎ 

2
(38)

where 𝐿, 𝑏 and ℎ are the length, width and height of the beam’s cross-

sectional area, respectively. 𝑃 𝑥 

and 𝑃 𝑦 

are the forces acting at the free 

end of the beam. Table 2 summarizes information on the uncertainty 

variables. For the random variables, the parameters 1 and 2 repre-

sent the mean and variance, respectively; for the interval variables, the 

parameters 1 and 2 represent the lower and upper bounds, respectively.

For this case, an initial Kriging surrogate model was constructed 

using 10 sample points, and the failure probability was calculated by 

averaging over 10 independent executions. As we can see in Table 3, 

the AK-MCS and ALK-HRA methods exhibit low computational effi-

ciency, with high numbers of function evaluations required (95.2 and 

92.1, respectively). The ALK-TCR-HRA method shows a significant im-

provement in efficiency compared to the first two methods; however, it 

remains less efficient than the proposed method. In terms of accuracy, 

the proposed method achieves relative errors of 0.2691 % and 0.9543 %, 

which are significantly lower than those of the ALK-TCR-HRA method. 

This demonstrates that the proposed method, by optimizing the selec-

tion of training sample points and employing the ESC, not only identifies 

optimal training points accurately but also avoids unnecessary training 

points while maintaining high precision.

Table 3 

Estimated results using different methods for Example 2.

Method 𝑁 𝑐𝑎𝑙𝑙𝑠 𝑝̂max
𝑓 𝐶𝑜𝑣 𝑚𝑎𝑥 

(%) 𝜀 1 

(%) 𝑝̂min
𝑓 𝐶𝑜𝑣 𝑚𝑖𝑛 

(%) 𝜀 2(%)

MCS 2 × 10 

6 4.041 × 10 

−2 – – 1.970 × 10 

−3 – –

AK-MCS 95.2 4.017 × 10 

−2 1.546 0.5840 1.974 × 10 

−3 2.229 0.2132

ALK-HRA 92.1 4.016 × 10 

−2 1.546 0.6137 1.974 × 10 

−3 2.229 0.2203

ALK-TCR-

HRA

47.6 4.192 × 10 

−2 3.199 3.7330 2.038 × 10 

−3 4.630 3.4430

proposed 

method

42.9 4.052 × 10 

−2 1.539 0.2691 1.951 × 10 

−3 2.242 0.9543

Fig. 6. Roof truss structure.

Table 4 

Parameter information for Example 3.

Variable Unit Distribution type Parameter 1 Parameter 2

𝑞 N∕m Normal 20000 1600

𝑙 m Normal 12 0.24

𝐸 𝑠 N∕m 

2 Normal 1.2 × 10 

11 8.4 × 10 

9

𝐸 𝑐 N∕m 

2 Normal 3 × 10 

10 2.4 × 10 

9

𝐴 𝑠 m 

2 Interval 9.3 × 10 

−4 9.5 × 10 

−4

𝐴 𝑐 m 

2 Interval 0.033 0.035

5.3. Example 3: roof truss structure

The roof truss structure model is examined as a case study to further 

demonstrate the effectiveness of the proposed approach [33,36]. As il-

lustrated in Fig. 6, the structure consists of two interval variables and 

four random variables. The top of the roof and the compression mem-

bers are reinforced with concrete, while the bottom and the tie rods are 

manufactured from steel. The load 𝑞 on the roof is uniformly distributed, 

and this load is converted into equivalent nodal loads 𝑃 = 𝑞𝑙∕4 at nodes 

𝐶, 𝐷 and 𝐹 . The performance function is expressed using the analytical 

vertical deflection formula at node 𝐶:

𝐺(𝑿, 𝒀 ) = Δ − 

𝑞𝑙 

2

2 

(

3.81
𝐴𝑐𝐸𝑐

+ 

1.13
𝐴𝑠𝐸𝑠

) 

(39)

where 𝐸𝑐 and 𝐸 are𝑠  the elastic moduli of these materials. 𝐴 and𝑐  

 

𝐴 𝑠
are the concrete and steel cross-sectional areas, respectively. At node 

𝐶, the maximum vertical deflection is 0.025 m. Table 4 presents the 

uncertainty information for the relevant parameters.

In terms of computational efficiency, it can be seen from Table 5 

that the 𝑁 by the proposed method is 25.4, compared to 97.5,𝑐𝑎𝑙𝑙𝑠   89.9

and 33.2 for the AK-MCS, ALK-HRA and ALK-TCR-HRA methods, respec

tively. Obviously, the quantity of function evaluations is significantly 

reduced by the proposed method. Regarding computational accuracy,

the results using the MCS are 1.840   

 × 10 

−2 and 8.310 × 10 

−3. In compari

son, 

−2the  

 proposed method yields bounds of 1.846 × 10 and 8.361 × 10 

−3 , 

with 𝜀1 and 𝜀2 being 0.3207 % and 0.6137 %, respectively. The AK-MCS 

method produces  

 bounds  

   

−3of 1.845 × 10 

−2 and 8.409 × 10 , with 𝜀 1 

and 

𝜀 2 being 0.2554 % and 1.1910 %, respectively. 

 

The ALK-HRA method re

    1.836 × 10 

−2 −3sults in bounds of  , 8.330 × 10  

 , with 𝜀1     

 

being 0.2120 % and

𝜀 2 being 0.2407 %. Finally, the ALK-TCR-HRA method gives  

 

bounds of 

1.895 × 10 

−2 , 8.568 ×  

 10 

−3, with 𝜀1  

and 𝜀2  

being 2.9670 % and 3.1050 %,

respectively. These results indicate that although both ALK-TCR-HRA

-

-

-

Table 5 

Estimated results using different methods for Example 3.

Method 𝑁 𝑐𝑎𝑙𝑙𝑠 𝑝̂max
𝑓 𝐶𝑜𝑣 𝑚𝑎𝑥 

(%) 𝜀 1 

(%) 𝑝̂min
𝑓 𝐶𝑜𝑣 (%)𝑚𝑖𝑛  𝜀 2 

(%)

MCS 2 × 10 

6 1.840 × 10 

−2 – – 8.310 × 10 

−3 – –

AK-MCS 97.5 1.845 × 10 

−2 2.307 0.2554 8.409 × 10 

−3 3.435 1.1910

ALK-HRA 89.9 1.836 × 10 

−2 2.313 0.2120 8.330 × 10 

−3 3.452 0.2407

ALK-TCR-

HRA

33.2 1.895 × 10 

−2 3.220 2.9670 8.568 × 10 

−3 4.816 3.1050

proposed 

method

25.4 1.846 × 10 

−2 2.309 0.3207 8.361 × 10 

−3 3.447 0.6137
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Fig. 7. Ten-bar truss.

Table 6 

Parameter information for Example 4.

Variable Unit Distribution type Parameter 1 Parameter 2

𝐴 1 mm 

2 Normal 1000 50

𝐴 2 mm 

2 Normal 1000 50

𝐴 3 mm 

2 Normal 1000 50

𝐹 1 kN Interval 79.5 80.5

𝐹 2 kN Interval 79.5 80.5

𝐹 3 kN Interval 9.9 10.1

method and the proposed method significantly reduce the number of 

function evaluations, the ALK-TCR-HRA method sacrifices accuracy to a 

certain extent. In contrast, the proposed method achieves high compu-

tational efficiency while keeping the relative errors at less than 1 % for 

both failure probability bounds.

5.4. Example 4: ten-bar truss

As an engineering case study, this-section analyzes a ten-bar truss 

structure [35]. The structure consists of three interval variables and 

three random variables, as shown in Fig. 7. The cross-sectional areas of

members 1–4, 5–6 and 7–10 are denoted as 𝐴1 , 𝐴2  

  

and 𝐴 3 

, respectively. 

Vertical load 𝐹1 acts on  

 

node 4, whereas node 2 experiences the applica

tion of both horizontal load 𝐹 3 

and vertical load 𝐹2  

. The elastic modulus 

-

𝐸 is 1 × 10 

5 MPa. The statistical distribution is provided in Table 6, 

where random variables 𝐴1 , 𝐴 2 and 𝐴3 follow normal  

   

distributions, and 

𝐹 1, 𝐹2 and 𝐹 3 are interval variables. 

The allowable limit for vertical displacement at node 2 is set at

9.3 mm. Thus, the definition of a performance function is:

𝐺(𝑿, 𝒀 ) = 9.3 − Δ (40)

Table 7 presents the comparative results. The results using the MCS 

are 1.970 × 10 

−2 , 8.350 × 10 

−3 . The AK-MCS and ALK-HRA methods 

require 81.4 and 73.3 function evaluations, respectively, to achieve con-

vergence. The ALK-TCR-HRA method requires 30.2 function evaluations 

and produces failure probability bounds of 2.028 × 10 

−2 and 8.345 × 10 

−3. 

The the maximum relative error 𝜀 1 

of 2.9510 % is the maximum of any 

method, and the minimum relative error 𝜀 2 

of 0.0599 % is the mini-

mum. This indicates that the ALK-TCR-HRA method is less accurate in 

simultaneously computing the failure probability.

In contrast, the proposed method requires the fewest function eval-

uations (22.7) while demonstrating excellent computational accuracy, 

with relative errors for the failure probability bounds remaining around 

1 %. These results highlight the superior efficiency and precision of the 

proposed method.

Table 7 

Estimated results using different methods for Example 4.

Method 𝑁 𝑐𝑎𝑙𝑙𝑠 𝑝̂max
𝑓 𝐶𝑜𝑣 𝑚𝑎𝑥 

(%) 𝜀 1 

(%) 𝑝̂min
𝑓 𝐶𝑜𝑣 𝑚𝑖𝑛 

(%) 𝜀 2(%)

MCS 2 × 10 

6 1.970 × 10 

−2 – – 8.350 × 10 

−3 – –

AK-MCS 81.4 1.976 × 10 

−2 2.228 0.2944 8.259 × 10 

−3 3.466 1.0900

ALK-HRA 73.3 1.984 × 10 

−2 2.223 0.7107 8.202 × 10 

−3 3.478 1.7720

ALK-TCR-

HRA

30.2 2.028 × 10 

−2 3.083 2.9510 8.345 × 10 

−3 4.834 0.0599

proposed 

method

22.7 1.991 × 10 

−2 2.219 1.0610 8.270 × 10 

−3 3.364 0.9581

Fig. 8. Cantilever tube.

5.5. Example 5: cantilever tube

In order to evaluate the performance of the proposed method in high-

dimensional problems, a cantilever tube structure is analyzed, as shown 

in Fig. 8. The external forces 𝐹 1 

, 𝐹 2 

, 𝑃 and a torque 𝑇 act on the can-

tilever. Failure occurs when the maximum stress 𝜎 max 

at the top of the 

cantilever tube at the origin exceeds the material’s yield limit 𝑆 𝑦 

. The

limit state function is defined as [35,44]:

𝐺(𝑿, 𝒀 ) = 𝑆 𝑦 

− 𝜎 max 

= 𝑆 𝑦 

−
√

𝜎2𝑥 + 3𝜏 

2 

𝑧𝑥 (41)

where 𝜎 𝑥 represents the normal stress at the origin, given as: 

𝜎 𝑥 = 

𝑃 + 𝐹 1 sin(𝜃 1 

) + 𝐹 2 

sin(𝜃 2)
𝐴

+ 

𝑀𝑑 

2𝐼 

(42)

where 

[

the first term denotes the axial stress due to the axial force, 

𝐴 = 𝜋 𝑑
 ]2 2

   − 𝑑(𝑑 − 2𝑡)
 

 

 , whereas the second term represents the bending4
[

stress due to the moment, 𝐼 = 

𝜋  ]

64 𝑑 

4 − 𝑑( 4𝑑
 

 

 − 2𝑡) , 𝑀 = 𝐹 1𝐿  

 1 

cos(𝜃1 

) + 

𝐹 2 

𝐿2  

cos(𝜃2 ). 𝐿 1 represents the total length  

 

of the cantilever tube; 𝐿2  

is

the distance from the fixed end to where force 𝐹 2 is applied; 𝑑 and  

 

𝑡 are 

the outer diameter and wall thickness of the tube, respectively; 𝜃 1 

and 

𝜃 2 are the application angles of  

 

forces 𝐹 2 

and 𝐹 1 

. The shear stress at the

origin 𝜏 is𝑧𝑥  given by:

𝜏 𝑧𝑥 = 𝑇𝑑
2 𝐽 

(43)

where 𝐽 = 2𝐼 .

This example involves 11 variables, including 7 random variables 

and 4 interval variables, with their information provided in Table 8. For 

all methods, the initial sample size used to construct the Kriging model 

is set to 13. As shown in Table 9, the number of function evaluations 

required by the four methods is 200.5 (AK-MCS), 173.8 (ALK-HRA), 

73.50 (ALK-TCR-HRA) and 26.50 (proposed method). Evidently, the pro-

posed method significantly reduces the number of function evaluations 

in this high-dimensional case, demonstrating substantial improvements 

in computational efficiency.

In terms of accuracy, the results using the MCS are 1.816 × 10 

−2 and 

1.356 × 10 

−2 . The proposed method yields bounds of 1.815 × 10 

−2
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Table 8 

Parameter information for Example 5.

Variable Unit Distribution type Parameter 1 Parameter 2

𝑡 mm Normal 5 0.1

𝑑 mm Normal 42 0.5

𝑃 kN Normal 12 1.2

𝐹 1 kN Normal 3 0.3

𝐹 2 kN Normal 3 0.3

𝑇 N ⋅ mm Normal 90 9

𝑆 𝑦 MPa Normal 180 22

𝐿 1 mm Interval 59.75 60.25

𝐿 2 mm Interval 119.75 120.25

𝜃 1 deg Interval 0 10

𝜃 2 deg Interval 5 15

Table 9 

Estimated results using different methods for Example 5.

Method 𝑁 𝑐𝑎𝑙𝑙𝑠 𝑝̂max
𝑓 𝐶𝑜𝑣 𝑚𝑎𝑥 

(%) 𝜀 1 

(%) 𝑝̂min
𝑓 𝐶𝑜𝑣 𝑚𝑖𝑛 

(%) 𝜀 2(%)

MCS 2 × 10 

6 1.816 × 10 

−2 – – 1.356 × 10 

−3 – –

AK-MCS 200.5 1.877 × 10 

−2 2.286 3.3810 1.412 × 10 

−3 2.643 4.1150

ALK-HRA 173.8 1.869 × 10 

−2 2.292 2.9240 1.419 × 10 

−3 2.636 4.6170

ALK-TCR-

HRA

73.50 1.872 × 10 

−2 4.127 3.0790 1.415 × 10 

−3 4.757 4.3820

proposed 

method

26.50 1.815 × 10 

−2 2.328 0.0606 1.373 × 10 

−3 2.682 1.2390

and 1.373 × 10 

−2 , with relative errors 𝜀 1 and 𝜀 2 

of 0.0606 % and 

1.2390 %, respectively. As shown in Table 9, the proposed method 

achieves the smallest relative errors for both failure probability bounds. 

For the case studied, the proposed method demonstrates encouraging 

computational efficiency and accuracy compared to the other methods. 

This highlights its potential for addressing problems of moderate-to-high 

dimensionality.

6. Conclusion

This study has proposed and validated a novel global adaptive learn-

ing strategy for hybrid reliability analysis. This-section summarizes 

the method’s core contributions, its performance, and future research 

directions.

Focusing on reliability problems involving both random and inter-

val uncertainties, this study presents a new active learning analysis 

method based on Kriging surrogate modeling. The core innovation lies 

in establishing a completely new adaptive learning framework that elim-

inates dependence on candidate sample pools. By deeply integrating the 

U learning function with the PSO algorithm, the framework achieves 

global dynamic search for optimal update sample points. In each it-

eration, the PSO maximizes the U learning function as its objective, 

searching within a dynamically adjusted space. This search space is gov-

erned by a multi-constraint system, including two boundary constraints, 

a distance constraint, and a global domain truncation constraint. This 

intelligent optimization strategy, which integrates multiple constraints 

with the global search capability of PSO, completely eliminates the de-

pendence of traditional methods on a pre-defined candidate sample pool, 

thereby enabling a more efficient convergence to the true limit state 

boundary. The entire iterative process is monitored by an extended ESC 

to ensure efficient termination after achieving the target accuracy.

The performance of the proposed method was systematically val-

idated through five numerical examples, including benchmark math-

ematical functions and engineering applications. Comparative studies 

against established methods such as MCS, AK-MCS, ALK-HRA, and ALK-

TCR-HRA demonstrated the effectiveness of our approach. The results 

confirm that the proposed method achieves a more effective balance be-

tween computational accuracy and efficiency, significantly reducing the 

number of calls to the expensive limit state function while maintaining 

a high level of precision in estimating the bounds of failure probability.

Although the proposed method has achieved encouraging results for 

the static reliability problems investigated, we recognize that its appli-

cability to more complex scenarios requires further exploration. Future 

research will primarily focus on the following two directions: First, the 

extension of the method to high-dimensional problems. The validation 

in this paper was mainly concentrated on low- to moderate-dimensional 

problems. As the dimensionality of design variables increases signifi-

cantly, both the construction cost of the Kriging model and the search 

efficiency of the optimization algorithm will face the severe challenge of 

the ”curse of dimensionality.” Therefore, investigating how to combine 

the current framework with dimensionality reduction techniques (e.g., 

Principal Component Analysis) or advanced high-dimensional surrogate 

modeling techniques(e.g., sparse grids or polynomial chaos expansions) 

is a critical step to enhance the method’s practical utility and repre-

sents a primary focus of our future work. Second, the application of 

the method to time-variant reliability analysis. The present study pri-

marily considered cases where uncertainty parameters do not change 

over time. However, in many real-world engineering problems, factors 

such as material degradation and load variations cause structural perfor-

mance to degrade over time, which is a typical time-variant reliability 

problem. How to integrate the active learning strategy proposed herein 

with stochastic process theory to efficiently predict the failure probabil-

ity over a structure’s entire lifecycle is a research direction of significant 

theoretical value and engineering importance.
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