Japan. J. Math.

DOL: 10.1007,/s11537-025-2427-x \//A JAPANESE JOURNAL
SINCE 1924 OF MATHEMATICS

Unitarity of minimal W-algebras and their
representations II: Ramond sector

Victor G. Kac - Pierluigi Mo6seneder Frajria - Paolo Papi

Received: 8 June 2024 / Revised: 24 January 2025 / Accepted: 4 February 2025
Published online: 18 April 2025

(© The Mathematical Society of Japan and Springer Nature Japan KK, part of Springer
Nature 2025

Communicated by: Yasuyuki Kawahigashi

Abstract. In this paper we study unitary Ramond twisted representations of minimal
W -algebras. We classify all such irreducible highest weight representations with highest
weight which is not Ramond extremal (unitarity in the Ramond extremal case, as well
as in the untwisted extremal case, remains open). We compute the characters of these
representations and deduce from them the denominator identities for all superconfor-
mal algebras in the Neveu—Schwarz and Ramond sector. Some of the results rely on
conjectures about the properties of the quantum Hamiltonian reduction functor in the
Ramond sector.

Keywords and phrases: almost compact involution, unitary representation of a ver-
tex algebra, free field realization, Ramond twisted representation, Ramond extremal

representation, twisted quantum Hamiltonian reduction, Zhu algebra

Mathematics Subject Classification (2020): Primary 17B69; Secondary 17B67

V.G. Kac
Department of Mathematics, MIT, 77 Mass. Ave, Cambridge, MA, 02139, USA
(e-mail: kac@math.mit.edu)

P. MOsSENEDER FRAJRIA
Politecnico di Milano, Polo regionale di Como, Via Anzani 42, 22100, Como, Italy
(e-mail: pierluigi.moseneder@polimi.it)

P. Par1

Dipartimento di Matematica, Sapienza Universitd di Roma, P.le A. Moro 2, 00185,
Roma, Italy

(e-mail: papi@mat.uniromal.it)



V.G. Kac, P. Moseneder Frajria and P. Papi

Contents

INETOAUCTION «..vvnenit et e
Twisted mMOdULEs ...
Minimal W-algebra SEtUp «.....c.ouiuiiiiii
Twisted highest weight modules over minimal W-algebras ..............c.c...oceaee.
The Zhu algebra in the Ramond sector .........c....ooooiiiiiii
Ramond sector: necessary conditions for unitarity...............c.oooi
Ramond sector: sufficient conditions for unitarity ...............c.cooii,
Euler—Poincaré characters..........coooviiiiiiiii
Unitarity between A(k,v) and B(k, UV, PR) ecvueiuieiiiiieiiiiieceee e
0. Explicit conditions for unitarity for Ramond twisted modules L' (v, ) ..........
10109 = DSL(2]2) ceeie e
10.2. 9 = SPO(2]3) eeeneiie e
10.3. 9 = SPO(2]27), T > 2. i
10.4. g = 3po(2]27 4 1), 7 > Luiiiiiii
10.5. g = D(2,1; %), m,n € N, m, 1 COPTIME ...ovvvviiiiiiiiiiiiiiiiiiecee s
10.6. G = F(4) ceneineii e
10,70 G = GU(B) ceeeie it
11. Unitarity for Ramond extremal modules of the N = 3 and
N = 4 superconformal algebras ...........cccoiiiiiiiiiiii

N e B o e

12. The characters of massless Ramond twisted modules for minimal W-algebras .
13. Denominator 1dentities .. ..c.oouiriiriii i e

13.1.g=spo(2|N), N =0,1,2, ko = — 5 .o,
13.2. g = PSU(2]2), k0 = —1 coeeiii e
13.3.9 = 8P0(2[3), K0 = — 5 weeeiieee e,
13.4.9 =D(2,1;1) = spo(2[4), ko = — 3 «oveeeiiiieiiii e
13.5.9 = 5po(2]27), 7> 2, ko = — 5 .ooooiiii i,
13.6. 9= spo(2]2r + 1), 7> 2, ko = — 3 oooiiiiiiiii
13.7. 9= F(4),50 = — 2 oo
13.8.8 = G(3) K0 = — 3 oo
14. Appendix. Denominator identity for minimal W-algebras of Deligne series......

1. Introduction

The problem of unitarity of highest weight representations of infinite-
dimensional Lie algebras and superalgebras has been a hot topic in the
1980s and 1990s in Mathematics and Physics (see e.g. [1] for a list of
references). With the advent of vertex algebra theory it was realized that
all these Lie (super)algebras arise naturally in the context of a special class
of vertex algebras, called the simple quantum affine W-algebras, obtained
by quantum Hamiltonian reduction from affine vertex algebras of level k,
starting from the datum (g, s) where g is a basic Lie superalgebra and s is
an slo subalgebra. The most important among these W-algebras are the
minimal ones, denoted by W™ (g), corresponding to the “minimal” choice
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of 5. They include all superconformal algebras, which play an important
role in quantum physics.

This paper is a continuation of our paper [15] on classification of
unitary minimal (quantum affine) W-algebras W (g) and their (non-
twisted) representations. In that paper we singled out necessary condi-
tions for unitarity and divided the irreducible highest weight representa-
tions satisfying these conditions into extremal and non-extremal ones. We
proved unitarity of non-extremal representations and conjectured that ex-
tremal representations are unitary, completing thereby the classification
of unitary highest weight representations. Support to our conjecture is
given by the cases of N = 3 and N = 4 superconformal algebra.

In the present paper we study Ramond twisted unitary representations
of minimal W-algebras. We introduce (suitably modified) notions of ex-
tremal and non-extremal modules and we prove unitarity of non-extremal
representations, under (for a certain subclass) the conjectural validity of
exactness properties for the twisted quantum Hamiltonian reduction func-
tor. Again we conjecture that extremal representations are unitary, and
again we have unitarity for extremal representations of the N = 3 and
N = 4 superconformal algebra. Another indirect support to the properties
of this functor that we are assuming is given by classical combinatorial
identities derived from character formulas by using this functor.

Let us discuss in more detail the setting and the results of the paper.
Let g be a simple finite-dimensional Lie superalgebra, over C, with a
reductive even part gg and invariant non-degenerate symmetric bilinear
form (-|-), with restriction to gg non-degenerate. Let s = span{e,z, f},
where e, f] = z, [z, €] = e, [z, f] = —f be an sly subalgebra of gg. To the
datum (g, s, k € C) one associates the universal quantum affine W-algebra
WP*(g,s) of level k by the quantum Hamiltonian reduction [16], [19]. If &
is different from the critical level k.., the vertex algebra W* (g,5) has
a unique maximal ideal, and the quotient by this ideal is a simple W-
algebra, denoted by Wx(g,s).

The minimal W-algebras correspond to the choice of s, called minimal,
for which the ad z-eigenspace decomposition is of the form

(1.1) g=9g1® g-1/2 D go D g1/2 D 91, where g_1 = Cf, g1 = Ce.

We normalize the bilinear form (:|-) by the condition (z|z) = 3. Then
kerie = —hY, where hY is half of the eigenvalue of the Casimir operator on
g. The decomposition (1.1) and the numbers k" are listed in [19, Tables
1-3].

In order to define unitarity of a W-algebra, one needs a conjugate linear
involution ¢ of g, which fixes the subalgebra s pointwise. Then, provided
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that k € R, ¢ induces a conjugate linear involution of the vertex algebra
W*(g,s), and it descends to Wy(g, ).

It is proved in [15, Proposition 7.2| that for minimal s C g and a non-
collapsing level k£ € R, any conjugate linear involution ¢ of the vertex
algebra W¥(g,s) is necessarily induced by a conjugate linear involution
¢ of g fixing s. (Recall that k is called a collapsing level if Wy(g,s) is
isomorphic to its affine part.) Moreover, it is proved in [15, Proposition
8.9] that the vertex algebra Wy (g, s) is unitary only if the centralizer g? of
s in g is a semisimple subalgebra of g5, and the conjugate linear involution
¢ is almost compact, i.e., it restricts to a compact involution of g%, and it
leaves {e, z, f} fixed. We write g% = EBigE, where gE
of gf.

We prove in [15] that an almost compact conjugate linear involution
of g exists if and only if g is from the following lists:

(1.2)  psl(2|2), spo(2|m) for m > 0,D(2,1;a) for a € R, F(4), G(3);

are simple components

(1.3) sl(2|m) for m > 3, osp(4|m) for m > 2 even,

and it is essentially unique. Moreover, in these cases g admits a unique,
up to conjugation, minimal sly-subalgebra s. We denote the corresponding
minimal universal W-algebra of level k by WE. (g), and its simple quotient

by Win(g). Recall that, for k # keqt, the vertex algebra WE. (g) is

min
conformal with Virasoro field L = Y L,z "2, and it is strongly and
neZ
freely generated by the operators L,,, n € Z, and the Fourier coefficients

of the primary fields J{%} (z) = 3 J}{La}z_”_l, a € g%, of conformal weight
neZ
1, and G (2) = Z Gy 2, u € g_q/2, of conformal Welght
n€2+Z
|19, Theorems 4.1 and 5.1].

Note that, as in [15], we exclude the case of g = spo(2|m), m = 0,1,
and 2, since in these cases the W-algebra WF, (g) is the universal Vira-
soro, Neveu—Schwarz, and N = 2 vertex algebra, respectively, for which
unitarity of non-twisted and twisted modules is well understood.

A non-degenerate Hermitian form H on a module M with finite-
dimensional L eigenspaces over a conformal vertex algebra is called ¢-
invariant if it defines an isomorphism of M with its restricted dual. For
WPE. (g) this is equivalent to the following conditions [7], [14]:

L;kl =L_,, (Jia})* _ Jifl(a)}7 (G;{Lu})* _ G{_(ﬁn(u)}

We proved in [15, Proposition 8.19] that, for k # k¢pit, the minimal W-
algebra W;™"(g) is not unitary for g from the list (1.3), except when g =
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sl(2|m), m > 3, and the level is the collapsing level £k = —1. Furthermore,
we proved in [15, Corollary 11.2] that, for g from the list (1.2), the vertex
algebra Wémn(g) is non-trivial unitary for k # k.. if and only if £ lies in
the unitary range, given in the following Table 1.1, along with k = k¢
and k = kg for which dim W™ (g) = 1: In our paper [15], we also studied

Table 1.1.

g unitary range Eerie ko
psl(2(2) —(N+1) 0 -1
spo(2[3) — (N +2) -3 | -3

spo(2lm), m > 4 ~1(N+1) m_o| -1
D(2,1; 2 — =N, m,n € N coprime, (m,n) # (1,1) 0 none
F(4) —2(N+1) 2 -2

G(3) —3(N+1) g 3

unitarity of irreducible highest weight WE. (g)-modules LW (v, £y), where
g is one of the Lie superalgebras from Table 1.1 (with the exception of

spo(2|m), m < 2), and k lies in the unitary range. These modules are

parametrized by pairs v € (b%)* and ¢y € R. We proved that unitarity of
LW (v, £p) holds if and only if the following conditions hold:

(a) the affine levels M;(k) for gh are non-negative integers.
(b) v € P/ ={dominant integral Welghts for g% such that v(6)) < M;(k)}

where 6; are highest roots of gi.

(c) bop > A(k,v), where A(k,v) is defined in [15, formula (8.11)], and
lo = A(k,v) if v is an extremal weight (i.e., v(6)) > M;(k) + x; for
some i, y; being displayed in [15, Table 2]), except that the unitarity
of LW (v, £y) when v is an extremal weight and £y = A(k,v) is still an
open question.

Actually in [15] we studied unitarity of the W*. (g)-modules; however

min

it has been proved in [1, Theorem 5.1] that any unitary W*. (g)-module
descends to the simple WW-algebra WF. (g).

min
The study of unitarity of the Ramond twisted irreducible highest weight
modules over the vertex algebra W¥. (g), where k is in the unitary range,
proceeds along similar lines. The main difference is that in the Ramond
sector one has to consider separately two cases: when %9 is not a root of
g, and when it is a root, where 6 is the highest root of g. In both cases
the necessary conditions of unitarity are similar to the above conditions

(a), (b), (c), except that in condition (c) the constant A(k,v) is replaced
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by the one given by (6.31), which we denote here by A™, and the notion
of an extremal weight needs to be replaced by that of a Ramond extremal
weight, defined by (9.3). See Sect. 6 for details.

As in [15, Section 10], we find sufficient conditions of unitarity of Ra-
mond twisted irreducible highest weight modules over WF. (g) by using
its free field realization, introduced in [19, Theorem 5.2] and the Ramond
twisted version of the Fairlie type modification. As a result, we prove uni-
tarity for ¢y larger than a certain constant B, defined by (7.25), in the

cases when v is not Ramond extremal (see Sect. 7).

It turns out that B = A"™ in the cases when /2 is a root of g (see
Lemma 9.4 (1)), which completes the proof of unitarity when v is not
Ramond extremal.

However, in the case when 6/2 is not a root of g, B = A™ only
for some very special weights v (see Corollary 9.5). Generically one has
that B > A"™, and we need to use Proposition 8.5 on Euler-Poincaré
characters, instead of determinants of ¢-invariant Hermitian forms for
twisted WE. (g)-modules [20], as in [15, Section 11] for the non-twisted
sector. At this point we need to use Conjecture 9.11, which claims that
Arakawa’s results [3] on properties of the quantum Hamiltonian reduction
functor can be extended to the Ramond twisted case. See Sect. 9 for

details.

Note that, due to Corollary 9.10, analogous to that in [1], all unitary
irreducible non-twisted or twisted highest weight modules over WE. (g)
descend to W™ (g).

In Sect. 10 conditions for unitarity of Ramond twisted irreducible high-
est weight modules over WE. (g) are exhibited in all cases, except for the
well known cases of g = sla, spo(2|1), and spo(2|2), corresponding to
Virasoro, Neveu—Schwarz, and N = 2 vertex algebras.

In Sect. 11 we prove unitarity of Ramond extremal modules over the
N = 3 and N = 4 vertex algebras. The analysis of extremal modules for
the big N = 4 superconformal algebra will appear in a forthcoming pub-
lication. For other unitary minimal W-algebras the problem of unitarity
of Ramond extremal modules remains open.

In Sect. 12, we compute the characters of the Ramond twisted irre-
ducible highest weight modules W™ (g), when k is in the unitary range.
As in the non-twisted case [15], there are two cases to consider. In the first
case, called massive, the Ramond twisted W,imn(g)—module is obtained by
twisted quantum Hamiltonian reduction of typical modules over the corre-
sponding affine Lie algebra, and in the second case, called massless, from
the maximally atypical ones. The corresponding character formulas are

obtained by twisted quantum Hamiltonian reduction, using the proper-
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ties conjectured in Conjecture 9.11, and they are given by Theorem 9.13
and Theorem 12.4 respectively.

In Sect. 13, using the character formulas for massless representations
in the case of level ky when dim W,?Olin(g) = 1, we find the denominator

identities for W¥. (g). As a result, we recover the classical identities of
Fuler, Gauss and Ramanujan, and find some new identities.

In the Appendix we discuss a denominator identity for minimal W-
algebras of Deligne series by exploiting a recent result [5] about certain
g-modules of negative integer level.

Throughout the paper the base field is C, and Z, and N stand for the

set of non-negative and positive integers, respectively.

2. Twisted modules

We will denote by p the parity in a vector superspace, and let p(a,b) =
(—1)P(@P®) Let R be a Lie conformal superalgebra over C with infinites-
imal translation operator 1" and A-bracket

(2.1) [axb] = Z ﬁa(j)b.

1l
JELy I
Let o be a diagonalizable automorphism of R. We shall always assume
that all eigenvalues of o have modulus 1. We have:
(2.2) R = @ R",  where R* = {a € R|o(a) = *™*a}.
iER/Z

Here and further iz denotes the coset u+7Z of i € R. Consider the subspace

P (RF @ t*) of R[t?]; it is T ® 1 + 1 ® O-invariant. We associate to the
peER
pair (R, o) the o-twisted Lie superalgebra

(2.3) Lie(R,0) = (@ (RF t“))/[mage(T ®14+1® 0),

pER
endowed with the following (well-defined) bracket, where a,) stands for
the image of a ® t* in Lie(R, 0):

i

(2'4> [a(u)a b(u)] = Z ( ) (a(j)b)(,u—i—u—j)a p,v € R

JELy J
A Lie(R, o)-module M is said to be restricted if, for each m € M,

agym =0 for p > 0.
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Let V(R) be the universal enveloping vertex algebra of R. By the univer-
sality property of V(R), o extends to define an automorphism of V(R).
Since V' (R) is generated by R, it is clear that o is diagonalizable on V' (R)
with modulus one eigenvalues.

If V is a vertex algebra and o is a diagonalizable automorphism of V'
with modulus one eigenvalues, then we write

v= v*
A€R/Z

to be its eigenspace decomposition. Recall that a o-twisted module M
over V is a linear map a — YM(a,2) = a%)z_“_l (a € V) where
HEL

aé‘ﬁ) € End M and for any v € M, a?z)v = 0 if > 0, satisfying
(2.5) 10)(y = O, —11ns,
H M
20 3 (4) @t
JELy

TAY M nyM M
=2 <—1)J< ->(a<u+nj>b<u+j> = (@ D) (= 1B gy B 0

2.7) (Ta)ll = —pall_y,

where a € VE b € VY n € Z. Specializing (2.6) to n = 0 one obtains
(2.4). Tt follows from (2.4) that a o-twisted V(R)-module that satisfies
(2.7) is naturally a restricted Lie(R, o)-module. The construction given in
[22, §3] shows that the converse also holds: if M is a Lie(R, o)-module,
let, for a € R, aé\g) to be the operator on M given by the action of
a(,)- For completeness we give a detailed proof of Li’s result in a slightly
more general setting (since we consider also infinite order automorphisms).
Define the quantum fields

(2.8) a"(z) =YM(a,2) =) alhz*', aeR"
HEH

Proposition 2.1. The assignment a — Y™ (a, z) given by (2.8), extends
to define the structure of a o-twisted V(R)-module on M such that (2.7)
holds for all a € V(R).

Proof. Fix i € R/Z and let

F(M, )
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= {Zaé\ﬁ)z_“_l |aé\g) € End(M), a?ﬁ)m =0forme M, u> O}.
HED

If a € RF, then a™(2) lies in F(M, ji). For a(z) € F(M, ) choose p € ji
and define an n-product by setting

. 21 — Z0\* _p
(2.9) a(2) (mb(2) = Resleeszozzl,ZO(T) X,

where

X = Z 7’2’1 (21— 2)"a(21)b(2)

nez
— (=1)"p(a; b)iz,z (2 — 21)"b(2)a(z1)).

As usual, iy, ,, stands for the expansion in the domain |zp| > |21|. Note
that a(2)(,)b(2) € F(M, i + 7). Similarly to [22, Remark 3.8|, one shows
that this definition does not depend on the choice of p. Recall from
|22, Definition 3.2| the definition of locality for twisted quantum fields and
remark that Dong’s Lemma holds in this setting (cf. 22, Proposition 3.9]).
Hence the maximal local family A containing a™(2),a € R, i € R/Z, is a
vertex algebra and the map on A defined by setting o (a(z)) = 2™V~ 1Aq(z)
for a(z) € F(M, ) N A is an automorphism of A. It is then clear that M
is a o-twisted representation of A.

It is therefore enough to show that A is a quotient of V(R): consider
the special case a(z;) = YM(a,z),b(z) = YM(b,2), a € R*, b € R.
Since M is a twisted representation of A, (2.6) holds. We rewrite it as in
|6, (2.43)] using the twisted delta functions

0n(z —w) = 27" Z (%)M

Using standard properties of formal calculus, we obtain

X = Z z" zz1 2(z1 — 2)"a(z1)b(z) — p(a,b)i, 2 (21 — 2)"b(2)a(z1))

nez
= Z z5" 1( Z YM(a(n+j)b, 2)0905(21 — z)/j!)
neZ JEZy
= Z zg" 1( Z Z YM(a(n+j)b, z)é’gzmzllm/j!>
neL JEZ 4 mEY
= ( Z Z YM<Z zo_”_la(nﬂ)b, z) ﬁgzmzfl_m/j!)
JEZ4 meEY nez

= ( Z z Z YM (a, 20)b, z)aj m+a 24 1_m_%/j!)

JEZ meZ
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=YM(Y(a, 2)b, 2 Z Z Y (z—i—zo)g;ggzg

| 1
mEL jEL+ J:
zZ+ zZp\™ . z+ 20\
= YM(Y(G, ZO)b) Z) Z <1 17’2 120 (—0) 2,20 ( O)
21 z1
meZ
(2.10)
Z1 — 20 Z1 — 20\ e
= YM(Y(CL Zo)b Z -1 Z ZZ1 20 (T) Zzl,zo (T) :
meEZ
Using (2.10) we have
YM(a, z)(j)YM(b, z)
= Res,, Reszyiz, 2 (u) X
z
= ResleeSZOZ8YM(Y CL Z() -1 Z 121,20 (Zl — zO)
meZ
. m
= Res., Resay 2V (Y (0, 20)b, )50 3 g (2
meZ 1

= ResZOzgYM(Y(a, 20)b,2) =Y (agjb, z).

We have proven that the map a +— Y (a, 2) is a Lie conformal superalge-
bra homomorphism R — A. By the universality property of V(R) there is
a vertex algebra homomorphism V(R) — A extending a — Y (a, 2), a €
R. O

FExample 2.2. Let A be a superspace with a non-degenerate skew-supersym-
metric bilinear form (-, ). Let R = (C[T]® A) & CK be the Lie conformal
superalgebra with \-bracket

laxb] = (a,b)K, a,b€ A.

Let V(R) be the universal vertex algebra of R and set F'(A) = V(R)/(K —
|0)). Let o be a linear diagonalizable map on A with modulus one eigen-

values and such that (o(a),c(b)) = (a,b). Write A = @ AF for the
GER/Z
corresponding eigenspace decomposition. In this case

Lie(R,0) = (EB(C[T] © AP @ CK[tﬂ]) /Tmage(T ®1+1® d)
LER

= (@p(cir) @ 47 /Tmage(T @ 1+ 1% 8) & CK.
neER
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From now on we shall drop ® sign. Consider the superspace
A= Are,
neR

and Lie superalgebra

AW = A @ CK,
with bracket

at' + aK,bt" + BK]) = 0,11 _1{a,b)K, a€ A",bc A”, a,B € C.
ptv,

Then the map

r

(2.11) (% ® a)t“ — (=1)" (jf) ath ", K K

extends to a Lie superalgebra isomorphism Lie(R, o) & Atw,
Extend (-,-) to Y. AAtH by
HER

(at”,bt") = 6y p—1(a,b),

and consider the corresponding Clifford algebra CI(A, (:,-)). Choose a
maximal isotropic subspace U of A~1/2 and set

At = Ut e Y AR

p>—

D=

Let
F(A,0) = CU(A,(-,-))/(CI(A, (-, ) AT).

We can extend the natural action of A on F(A, o) to AW by letting K
act by Ip(a,). Under the identification (2.11), Proposition 2.1 gives a
o-twisted representation of V(R) on F(A,0) with K acting by I 4,
hence a o-twisted representation of F'(A).

FEzxample 2.3. Let g be either a simple Lie superalgebra or an (even) abelian
Lie algebra. Assume furthermore that g is equipped with an even super-
symmetric non-degenerate invariant bilinear form (-|-). Fix k& € C and let
R =C[T) ® g ® CK be the Lie conformal algebra with A-bracket

[axb] = [a,b] + \k(a|b) K.

The vertex algebra V(R)/(K — k|0)) is called the universal affine vertex
algebra of level k associated to g and it is denoted by V*(g). Let o be an
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automorphism of g with modulus one eigenvalues such that (o(a)|o(b)) =
(alb), and let

g= @ g”,  where g" = {a € g | 0(a) = ¥}
GER/Z
be its eigenspace decomposition. Let
o= Y
HER

be the corresponding twisted loop algebra, and consider the central ex-
tension

/g\tw’ — ’gvtw fan CK
of g with bracket
(2.12) [at", bt"] = [a, b]t"T + ub, —,(alb)K, a € gl beg”.

As in Example 2.2, we can identify Lie(R, o) with g™ via (2.11).
Let (M, 7)) be a restricted g™ -module such that K acts by kI and
define o-twisted fields

YM(a,z) = Z mu(att)z #71 where a € gH.
LER

Since (2.4) in this case is (2.12), we see, by Proposition 2.1, that M is a
o-twisted module over the vertex algebra V*(g).

3. Minimal W-algebra setup

Let g be a basic simple finite-dimensional Lie superalgebra such that

(3.1) gy =5 g,

Ia)

where s = sly and g% is the centralizer of s in g. This corresponds to
consider g as in Table 2 of [19]. Let {e,z, f} be an slo-triple for s, i.e.,
s = span(e,x, f), and [z,e] = e, [z, f] = —f, [e, f] = x. Let

(3.2) s=EP g

jeiz
be the ad z-eigenspace decomposition of g. Thus

g0=Cf+g_1/2+ 80+ 912+ Ce,
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with
go = Ca @ g".
Note that our assumptions imply that g/, are purely odd.

We will also assume, as in [15], that g? is not abelian; this condition
rules out g = spo(2/m), m = 0,1,2. Since we are interested in unitary
W-algebras, according to [15], we may exclude g = sl(2|m) and osp(4|m)
with m > 2 from consideration. Then

(3.3) ¢=Pd
=1

is the decomposition of g% into the direct sum of simple ideals (where

s < 2).
Recall that g carries an even invariant non-degenerate supersymmetric
bilinear form (-|-) that we normalize by requiring that (z|z) = 3. An

important role is played by the following bilinear forms (-, -)ne on gy /2 and
(-,+) on g_1/2

(3'4) <a7 b>ne = (fHa? b])? <(l, b> = (€|[a7 b])7

which are symmetric and non-degenerate. Denote by A,,. the vector super-
space g_1/o with the bilinear form (,-) and by A.p, the vector superspace
I(g<0+9%,) with the skew-supersymmetric bilinear form given by pairing
(IT is the parity reversing functor).

Let 1Y be the dual Coxeter number of g. Let ¢ (g) be the vertex al-
gebra VF(g) @ F(Aw) ® F(Aye). Let d € €(g) be as in [19, Section 1].
Since [dyd] = 0, d%o) = 0 on % (g). The homology (He(¢(g),d(0)) is the

vertex algebra W!flin(g), called the universal minimal W -algebra of level
k, associated to the pair (g,s) (cf. [19]). If k # —h", this vertex algebra
has a unique simple quotient W (g), since W¥. (g), when k # —h", is
a conformal vertex algebra with conformal vector L, given in [19, (2.2)].
Furthermore, this vertex algebra is strongly and freely generated by L,
primary elements J{%, ¢ € g%, of conformal weight 1, and primary odd
elements G}, u € g_1/2, of conformal weight 3/2 [19, Theorem 5.1].

Fix an automorphism o of g with the following three properties:

3:5)  olx) ==, o(f) = f;
(3.6)  (a(a)lo(b)) = (alb), a,be g;
(3.7) o is diagonalizable and all its eigenvalues have modulus 1.

Then o defines automorphisms of vertex algebras V*(g), F(Au), F(Ane),
hence an automorphism of ¢’(g). Since o(d) = d, o induces an automor-
phism of WF. (g) (and also of Wi (g)).

min
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We want to apply the construction of Example 2.2 to A.;, and A,e.
For this we introduce the following %Z—graded subalgebra of g:

(38) a(0) = €P aj(0), where g;(0) = {a € gjlo(a) = (=1)7a}.
j€LZ

The 1Z-gradation (3.8) looks as follows:
g(0) =Cf +977,,+95 + 9,5+ Ce

Fix a o-stable Cartan subalgebra h? of gf. Then h = h% @ Czx is a o-
stable Cartan subalgebra of g. Define § € b* by 6(h%) = 0 and (z) = 1.
Observe that 6 is the weight of e and (0|6) = 2.

Since gg = (g%)? +Cu, it follows that there exists an element hg € (h7)°
such that

e the eigenvalues of ad hg are real,

e hy is a regular element of (g%,

e the 0-th eigenspace of ad hy on gl_/a2 (respectively g—7 /2) is either O or
Ceyg /o (respectively Ce_g/9). Here eg/o is a root vector of g(o) and 6/2
stands for the restriction of 6/2 to h7.

Let n(o)+ (respectively n(o)_) be the span of all eigenvectors of ad hy
with positive (respectively negative) eigenvalues and the vectors f = e_g
and e_g/o (respectively e = ey and 69/2). Then

(3.9) g(o) =n(o)- & h” &n(o)4.
Set nj(0)+ =n(o)+ N g;(o). Then the following properties hold:

(1) n(o)+ are isotropic with respect to (-|-), and are nilpotent subalgebras
normalized by h?,

(2) fen(o),

(3) nyso(0)+ is a maximal isotropic subspace of g/o(0) with respect to
(-, )ne and ny /(o) is a maximal isotropic subspace of g; /(o) with
respect to (-, ).

(4) nyja(0)- is a direct sum of a maximal isotropic subspace ny /2(0)/_
of g1/2(0) with respect to (-, -)ne and of a subspace 9(1)/2(0) (at most
1-dimensional), normalized by h?.

(5) n_1/2(0)+ is a direct sum of a maximal isotropic subspace n_j o (U)IJr
of g_1/2(0) with respect to (-,-) and of a subspace ggl/z(o) (at most
1-dimensional), normalized by h°.
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We thus have the following decompositions:

(3.10) 91/2(0) = nya(0)4 + 9?/2(0) + n1/2(0),_,

and

(3.11) g-1/2(0) = n71/2(0); + 991/2((7) +n_y/9(0)-.
Set

(3.12) g(o) = dimg(l)/z(a) = dim 991/2(0).

Then (o) =0 or 1 and (o) # 0 if and only if dim g, »(0) (= dimg_;/5(0))
is odd.

Note also that in the decomposition (3.10), ny/s(0)+ (respectively
ny2(0)") is the span of all eigenvectors of ad hg with positive (respec-
tively negative) eigenvalues and e(o) # 0 if and only if 6/2 is a root of g

with respect to h and o(eg/2) = —eg/o.
Following [20], we let F'(Ape, o) be the o-twisted F(A,.)-module con-
structed as in Example 2.2 with U = nyy(0)+ as maximal isotropic

2

subspace of At 2 _ 91_/02' Similarly, we let F'(A.,,0) be the o-twisted

F(Acp)-module constructed using U = ny/5(0)+ @ (ny/2(0)-)" as maxi-

mal isotropic subspace of A;hl/ 2,

Given a o-twisted module M of V*(g), then
C(M)=M®® F(A,0) @ F(Ape,0)

is a o-twisted module over the vertex algebra % (g). It has the charge
decomposition

¢(M) = P 6;(M),
JEZ
defined by
charge M = charge F'(Ape,0) =0

and

charge (ny/2(0)+ ® ny2(0)L) = —charge (ny2(0)% S nya(0)-) = 1.
Let

C(a)= P C(o)”

RER/Z
be the eigenspace decompositions for o, and

erfnn(g) = @ Wr]flin(g)ﬁ
GER/Z
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the corresponding decomposition of its homology.
Since [d)d] = 0, it follows from (2.4) that (dEB")) = 0. Let H(M) =
> Hj(M) be the homology of the complex (€ (M ),d%‘(’)")) with the Z-
JEZ
grading induced by the charge decomposition.
If a € €(g) then

d5)- agn] = ([da)G)-
In particular, if d(o)a = 0 and d(o)m = 0, then d(o)( M m) = 0 and, if
m = d%‘(’)")m then a( = (—1)P (a)d%")( (0 m'). Moreover, if a = d(a,

then a(u)m d%")(( )( ym). Therefore the quantum fields

YHEM) (g, 2) Za(u)z_“_l, ac Wk _(g)",
HER

are well defined and define the structure of a o-twisted W, (g)-module

on H(M). This module is called the quantum Hamiltonian reduction of

the o-twisted V*(g)-module M.
If a € WE. (g)" with conformal weight A, and M is a o-twisted mod-

min
ule, we write the field Y (a, 2) as

With this notation, (2.6) can be rewritten in its graded version:

(3.13) Z <m * A.a a 1) (a(n+j)b)£\n4+k

JELy J

:jezZ;r(_l)j (?)( Cmtn— ka+3 n_p(a7b)(_1)nb/€ —J m‘H)
Wk

where a € WF, (g)*,b € WE. (g)”, m € ji— Ay, n€Z, k €v— Ay Note
that, putting n = 0, (3.13) becomes the (twisted) commutator formula
m+A, —1
CRr I S S (i [OH
JELy J

4. Twisted highest weight modules over minimal W-algebras

Recall from Example 2.3 the Lie superalgebras g and gt"'. Let D = —Lg’tw.
Recall [20] that we have (a € gH):

(D, at*] = p(at"), [D,K]=0.
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As usual, we shall consider the extension
ﬁtw _ ﬁtw/ < CD

of g"'. The decomposition (3.9) induces a triangular decomposition of
the Lie superalgebra g*™:

(4.1) gV =t_ehen.,
where
(4.2) h=14"a CK & CD,
(4.3) =Y (m(o)t 7+ Y ),
JjESZ mER
Jj+u>0
(4.4) A= 3 (milo)t7+ Y g,
JESZ meER
J+u<0

Recall that, given a triangular decomposition (4.1), a highest weight

module over the Lie superalgebra gV with highest weight A € bh* is a

g"-module M which admits a non-zero vector vy with the properties:

(1) hv; = A(h)oz, h € b,
(2) ﬁ_|_’UK = O,
(3) U®R_)v; = M.

Note that a highest weight module M is graded by the eigenspace decom-
position corresponding to the action of D. Since, by (4.4), the eigenvalues
of the action of D have real parts bounded above, it is clear that a highest
weight module M is restricted. Moreover M has level £ if and only if

~

(4.5) A(K) = k.

In particular the highest weight modules of highest weight A such that
(4.5) holds are o-twisted V*(g)-modules.

Let {u;}ics be a basis of g, compatible with the decomposition (3.2),
where S is the index set. For j # 0 let S; denote the subset of indices of
S which corresponds to a basis of g;, and denote by S’ C S the subset of
indices of the part of the basis {u; };cs of g, which is a basis of g mod h7.
Let

. . . N . /
Su; = min{n|u;t" is non-zero and lies in ny } for i € 5,

4.6
(4.6) s, =1 for h € .
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Since, by (3.5), each summand g; of the gradation (3.2) is o-invariant, we
have its o-eigenspace decomposition:

g = @ g?, Whereg? = {a € gjlo(a) = 62mﬁa}_
ER/Z

Hence for a basis element u; € ghi, we can rewrite formula (4.6) for s; = sy,
(1 € §') as follows:

(4.7) 6 — {min{n € fii|n > —my} if u; € n(o)y4,

—m; if u; € n(o)4.
It is easy to see that for a dual basis element u’ € g:’“_,f% we have for
Si = Sy
(4.8) s'=1—s;forallics.

We extend this definition to F'(Aye,0) and F (A, 0) as follows. Let
us relabel the basis {u;}ies_,,, of Ane =g 1/2 as {®i}ties_, ,, and the pair

of dual bases ({ui}ies o: {U}ieso); of Aeh = 8<0 © 99 as {pi}, {97}
Then
(4.9) so, = 5i (i € S1y2), Sp; = 8i, Spr =1 —8; (i € 54).

It is easy to see that we have

1 1
(4.10) se, = Ty if ®; € nyso(o)t, [se,| < 5 otherwise.

(4.11) Se, + Spi = iy, where (@i, Dj)ne # 0.

For a o-twisted W¥

. (g)-module M, a vector m € M is called cyclic
if polynomials in the operators Jia}’tw, with a € g%, n € Z, G;{{U}’tw, with
VEQG_1/2,nE % +7Z, and LYW with n € Z applied to m span M. A vector

m € M such that there are £y € C and A € ((h*)?)* for which
(4.12) Lg" (va ) = LoV o
(4.13) Jéa}’twv)\750 = )\(a)w\’go if a € (f)h)g,

is called a weight vector and the pair (A, £y) is called the weight of m.
We define a highest weight module for WE. (g) as follows:

min
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Definition 4.1. A o-twisted W¥._(g)-module M is called a highest weight

min

module of highest weight (X, £o) if there exists a cyclic weight vector vy 4, €
M of weight (X, £y) such that

(4.14) I 00 = GLI Wy oo = L0y g, = 0 if m > 0,
(4.15) JE Y6 =0 if a € ng(o)4,
(4.16) Géu}’twv)\’go =01ifuc 11_1/2(0');.

The vector vy g, s called a highest weight vector.

Let V' be a conformal vertex algebra strongly generated by elements
{7} }ier, where JU has conformal weight A(i) € R. Let M be a o-
twisted positive energy module (i.e., the eigenvalues of L§" are bounded

below). Write, for shortness, T3 instead of (JUHM Then, by the com-
mutator formula (3.14), we have:

(417) J{Z} J{]} ZC J{Sl} J{52} . )7

where cf%n € C and for each term of this sum we have:

(4.18) trEZ—A(sT),ZtT:m—i—nandtlgtgg

Denote by o7 the unital associative superalgebra generated by JT{,Z}
(i € I,m € Z — A(i)) inside End(M). Note that, though the sum in the
right hand side of (4.17) may not be finite, by (4.18) and the fact that M
is a positive energy V-module, the right hand side of (4.17) makes sense
as an element of End(M).

Let o, sz%:r and < be the subalgebras of & generated by the Jf,{ni}
with m < 0, m > 0 and m = 0, respectively. It follows from (4.17) and
(4.18) that

(4.19) A = oy .
The previous discussion proves the following result.

Lemma 4.2. Let M be a o-twisted highest weight WE. (g)-module and let

min

v be a highest weight vector for M. Then M 1is spanned by
(4.20)  {PjPj,---Pj,v|j1 <ja2-- <jr <0} with P; € M;, where

'%j _ {(Jj{azl})ml . (Jj{ait})thl‘;guil} . G:]{'U,zt}L‘];,’}’ ij < O,

My = {(Jéail})ml --~(Jéait})thé“i1} . Gé“it} :
ai, € no(0)—, u;, € (n_1/2(0)- @gglﬂ(a))}'
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We say that a highest weight W¥. (g)-module M of highest weight

min
(M £o) is a Verma module (denoted by MW (v, £y)) if the elements in (4.20)
form a basis of M. The following proposition summarizes various results

proven in Proposition 3.1, Theorem 3.1, and Proposition 4.1 of [20].

Proposition 4.3. Let M be a o-twisted highest weight module over V¥ (9)
with highest weight A and highest weight vector vy. Set A = Ajpo and

1 N 1 o
(4.21) Y = ) Z(—l)p( )Sa% T2 = ) Z (—1)p( )SaOé-

CYGS/ OlES]_/Q
Then

(1) df¥(v; ®1®1) =0,

(2) if the homology class [v; ®1®1] is non-zero, then it is a highest weight
vector of the highest weight module Wrﬁin(g)[vx ® 1 ® 1] whose weight
is (X, ), where

— 1 /
(4.22) €—2%+hw«MM 2(AlY)) — A(@) + g5 + Sgn,
with
Sf:___ﬁ__EZFJWMS@ 1), s = S (Cpeg?
g 4(k + hV) e Ty o
aes’ €Sy /o
and
(4.23) A=(A- 71/2)|r,u-

(3) If M(K) is a o-twisted Verma module over VF(g), then HJ(M(K)) =0

for 3 # 0 and HO(M(./A\)) is the o-twisted Verma module over WF. (g)
of highest weight (X, £) given by (4.22), (4.23).

5. The Zhu algebra in the Ramond sector

Let or be the automorphism of g given by ogr(a) = (—1)p(a)a, which
clearly satisfies the properties (3.5), (3.6), (3.7). In this case

oor) =9, ¢ =go=0"®Cr, 07} =0s12 H"=bh=bh"&Cx

The main purpose of this section is to compute the Zhu algebra Zhu,, (WE. (g)),
which will be denoted Zhupg for short, define its Verma and irreducible
highest weight modules, and check the existence of an invariant even Her-
mitian form on Verma modules.
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Note that the grading induced by o is the same as the %Z /Z-grading
induced by Lg as described in Example 2.12 of [6]. It follows that the Zhu
algebra Zhupg is the algebra ZhuLO (WE. (g)) described in [14, Section 7]
which we now recall. Let 7z : WF. (g) — Zhug be the canonical projec-
tion; then the map g? & g-1/2 ® CL — Zhupg defined by a — mz(Jted),
acgl v ng(GWH), v e g_1/2, L+ mz(L) is a linear isomorphism onto
a set of generators.

Moreover the commutation relations among the generators are as fol-

lows (here [+, -] denotes the bracket in g, while [+, ] is the bracket in Zhup.

(1) L is a central element,

2) [a.b] = [a,b, if a,b € g

(3) [a,v] = [a,v]g if a € g and v € g_1 s,
(4) Ifu ,U € g_1/2 then

dim g?
1
o \Y
(5.1) [u, v] ( Z a®*aq —2(k+h")L 2p(k))
dlmgh
+ Z <[aa’u]97 [U7 aﬁ]9>(aa *xag + ag * aa)’
a,B=1

where p(k) is a monic quadratic polynomial defined in [2] and {as}, {a®}
are dual bases of g?. By (2) and (3) above, we can drop the subscript
g from the bracket [-,-]g. Let L' = 2(k + hY)L + $p(k). Then Zhup is
independent of k if k # —h".

Let

my = dimn—l/z(UR)lJra m_ =dimn_y5(or)- +e(or),

n:dimno(aR)_ :dimn0(03)+, r:dimhb.
Choose {v;" | i = 1,...,m4} (respectively {v; | i =1,...,m_}) as a
basis of n_y5(0R), (resp- n_ys(or)- & g% 1/2(03)) Also assume that

v, € ggl/z(UR) when e(or) =1 (see (3.10)). Similarly choose {ai |7 =

1,...,n} bases of ng(og)+ and {h; | i =1,...,7} a basis of h?. If

p:(pl,...,pmi)G{O,l}mi, q:(Q1a'-'aQn)€Zna
k= (ki,....k) €L,
given A € (h%)*, set
af = (a7)" - (am)™, 0] = (0])P - (v, )P,

WS = (b1 = A(ha)™ - (he = A(hy)) "
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Theorem 3.25 of [6] implies that a basis of Zhup is given by
{a% « P~ x h(0)X « P xalt x L*},

where * denotes the product in Zhup [6]. It follows that, for all X € (h?)*
and ¢y € C, the set

(5.2) By, = {aT * 0P~ x h(\)* « P xalt « (L — 0o)k}.

is also a basis of Zhupg.

By a Zhug-module we mean a representation of Zhu g as an associative
superalgebra. A Zhugr-module M is called a highest weight module of
highest weight (X, 4p) if M is generated by a vector vy 4, such that

(5.3) Loxgy = Lova g

(5.4) avy g, = Ma)vyg, if a € bY,
(5.5) avyg, = 01if a € ng(or)+,
(5.6) uvy g =0 ifue ‘ll_l/z(O’R)/_,_.

Remark 5.1. Since the set %) 4, is a basis of Zhupg it is clear that, if M
is a highest weight vector of highest weight (A, £y) and vy ¢, is a highest
weight vector, then M is spanned by

(5.7) {ad™ %P vy g}

Set 591/2 = 0 if e(or) = 0 and 531/2 = {m_} if e(ogr) = 1. Since the
set in (5.7) is a set of linear generators for M, the weight space of M of
weight (A, £o) is

M0 = span(vy gy, v Uy | 7 € 591/2).
Since h? @ CL is even we have
Moy = (Mxgo) © (M g)1-
Decompose v, ¢, accordingly:

Ut = (Ua00)0 T (Ung)1-

Ef vy Uz 0, = 0 then vy 4, is either even or odd. If vy vy ¢, # O then there is
i such that v2 (vy ¢, ); # 0. Then

(5.8) M0, = span((vaey)is Uy (Vr00)7)-

In particular (vyg,); generates M. The outcome is that we can always
assume that the highest weight vector is either even or odd. From now on
this will be always assumed.
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The following two lemmas record easy consequences of Remark 5.1.

Lemma 5.2. If M is a highest weight module over Zhug, then it admits
a unique maximal proper submodule.

Proof. It N is a proper submodule, since v is odd and N is Zs-graded,
by (5.8) we have N N M) g, C Cvojvpg,, 7 € 591/2. This implies that the
sum of all proper submodules is still proper. The statement follows. [

Lemma 5.3. Let M be an irreducible finite-dimensional module over Zhup.
Then M s a highest weight module.

Proof. Since M is irreducible and L is central, L acts by fylas for some
o € C. Since M is finite dimensional and g? is a semisimple Lie algebra,
h? acts semisimply on it. Let My be the eigenspace corresponding to the
maximal eigenvalue for the action of hg. My is clearly hi-stable, hence we
can choose a weight A such that (Mo)xe, # {0}. As in Remark 5.1, we
have ((Mo)as,); # {0} for some 4, so we can choose a non-zero vector
Uz, in it. Clearly (5.5) and (5.6) hold. By construction (5.3) and (5.4)

hold. Since M is irreducible, vy 4, generates M. ]

A Verma module of highest weight (), {p) for Zhupg is a highest weight
module M?Z(\,£y) of highest weight (),£y) such that the set of linear
generators given in (5.7) is a basis of M.

Lemma 5.4. For all pairs (A, {p), a Verma module over Zhug of highest
weight (X, o) exists.

Proof. Given the pair (X, 4p), let Cy 4, be the one dimensional represen-
tation of b @ CL @ ng(o,) given by

(h4+cL+n).1=Xh)+cly, heb’ nenglo),.
Set b% = h? @ ng(or) 4 and
[nd((CA’gO) = Zhup QU (b8)RC[L] Cx -

For simplicity, consider C) 4, as a purely even space. The Zs-gradings
on Cyy, and Zhupr define a Zs-grading on Zhur ® Cy 4, by p(a ® m) =
p(a)+ p(m) and, since U(b%) ® C[L] is even, hence graded, the Zy-grading
pushes down to Ind(C, 4,) making the latter a Zhupr-module.

Since Zhup, is free as a right U (b%) ® C[L]-module, a basis of Ind(C g, )
is given by
(5.9) {ad™ x 0P BT @ 1}.
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Set Vay2pp.00 = vf“ X ook vj{u ® 1. Then

MZ()\ + 2pp, Eo) = Zhug. UX+2pR, 40

is a Verma module. Indeed, since the set (5.9) generates Ind(Cy g, ), the
eigenvalues of hg on Ind(C,,,) are less or equal to (A + 2pg)(ho). It
follows that vxi2,,¢, is a highest weight vector of weight (A + 2pg,{p).
This implies that the set

{a27 A Ut2pp,00 )
generates MZ(\ + 2pr, fo) and, since (5.9) is a basis of Ind(C, ), it is
linearly independent. O

We now show that the modules MZ (), £y) satisfy the usual universal
property for highest weight modules. If m = (mq,...,m;) € Zﬁr, we set

lm[ = 22:1 mg.
Lemma 5.5. The annihilator of vy g, € MZ(\ Ly) in Zhupg is
Iage = span(a™ x vP~ x AN « T xalt (L — 0o)* |
k[ +[a+| + [P+ + &> 0).
In particular Jy g, is a left ideal and
MZ(\, £o) =~ Zhur/ I 4,-

Proof. The set {a?” xv?~ | q_ € Z", p_ € {0,1}™~} completes the set

{a® 0P~ % h(\)X % B % adt « (L — 6o)" | |k| + |at| + [p+| + & > 0}
to the basis A 4, of Zhug. ]

Corollary 5.6. The Verma module M?Z(\,{y) is the universal highest
weight module over Zhupg of highest weight (X, ly). In particular its unique

stmple quotient LZ()\,KO) 1s the unique irreducible highest weight module
of highest weight (X, {p).

Proof. If M is a highest weight module of highest weight (A, £p) and high-
est weight vector vy ¢, then Jy 4, - va g, = {0}. O

Let ¢ be an almost compact conjugate linear involution of g. Recall also
that there is a conjugate linear anti-involution w defined on generators by

w(L) = L, w(a) = —¢(a), a€g’, w(v)=¢(v), vE€g 1/

Fix a pair (A, {y) with A purely imaginary (i.e., A(¢(h)) = —A(h)) and
{o real. We now define an invariant Hermitian form on M?% (), £p).
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Let p? : Zhup — U(g?) ® C[L] be the projection with respect to the
decomposition

Zhug = span(a?™ xvP~ x R(0)* x 0B x a3t « LF| |p_| + |p+| > 0)
@ U(g") ® C[L].
Let p" be the usual Harish-Chandra projection from U(g?) to U(h%). Set

pr=0" e Ic) o .

Consider the pair (A, £p) as an element of (b @ CL)* via (A, £o)(h+ L) =
A(h) 4 €. View U(h*) ® C[L] as the polynomial algebra on (h* @ CL)* and
define a sesquilinear form

H: Zhup x Zhur — C

by setting

H(a,b) = pZ(w(b)a)(\, Lo).
This form is obviously w-invariant:
H(a,bc) = pZ(w(be)a)(\, by) = p? (w(c)w(b)a) (N, by) = H(w(b)a,c).

We now prove that the form H(-,-) can be chosen to be Hermitian: since
the eigenvalues of ad(hg) on g are real we can assume that ¢(hg) = —hyg.
With this assumption we have

¢(no(or)+) =no(or)—,  dn_1y2(0r)+) =n_1/2(0R)",
¢(9g1/2(‘7R)) = 9(11/2(01%)»
hence we can choose the bases {vi} so that w(v;") =

=v_ and,

m_—e(op)+1—i

if e(or) =1, w(v,, ) =wv,, . With this choice of bases it is clear that, if
Y € 591/27

w(ad™ « vP~ % h(0)K « OB xalt x L)
= w(af") * o2t s w(h(0)K) x vf;” * vif s« w(ad) « LF

where if p € {0,1}""* we let p’ = (pm,,...,p1). Since [h,v7] = 0 we
obtain

w(ad™ « vP~ % h(0)K « OB xalt x L)
= w(af") * ’Up * Uﬁ" s« w(h(0)K) vii s w(ad )« LF.
It follows that pf o w = w o pf. Similarly one has w o p"* = ph* o w so

p? ow =wop?,
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We are finally ready to compute
H(b,a) = p?(w(a)b) (A, bo) = p” (w(w(b)a)) (A bo) = w(p? (w(b)a))(A, L),
hence we need only to check that
w(p? (w(b)a)) (A, bo) = p” (w(b)a))(X, bo) = H(a, D).
To check this last equality it is enough to prove that
w(h(0)<LF)(X, Lo) = (h(0)“L*)(X, Lo).
Indeed, since A is purely imaginary and £y is real,
w(h(0)XLF)(X, Lo) = Mw(ha))k - Aw(he))kr €
= A(=p(h1))Fr - A= (hr))Fr £
=) Nl = MR A ()
= ((0)*L*)(A, Lo).

We now show that H(-,-) can be pushed down to define a Hermitian form
on MZ(X,4). We need to check that

H ()49, Zhur) = H(Zhug, Jxrg,) = 0.

Since the form is Hermitian it is enough to show that

H(J,\7go, ZhuR) = 0.

Since Jy g, is a left ideal and H(a,b) = pZ(w(a)b)(X, o), it is enough to
show that, if a € Jy 4, then pZ(a)(A,fg) = 0. This is easily checked: if
la-| +[p-| + la+| + [p+] > O then

pZ (a3 % 0P~ % A(N)K % 0BF % o % (L — £p)F) = 0.
If [g-| = [p-| = [a+| = [p+| = 0, then
pZ (@ %P 1 RO % 0B 50w (L~ £o)F) (N lo) = (VST — Lo)* (N, €o)
=0.

We summarize the above discussion in the following result. Recall that
a Hermitian form H(-,-) on a superspace V' is called even if H(Vj, V7) = 0.

Proposition 5.7. If X is purely imaginary and £y € R, then there is a
unique even Hermitian form Hy 4, (-,-) on MZ(\, £y) such that Hy 1,(Vx 00, Vr00)
=1.

Furthermore, the radical of Hy ¢,(-,-) is the unique mazimal Zy-graded
proper submodule of MZ(\, (o), hence Hy g, (-, ) induces the unique non-
degenerate invariant even Hermitian form on L% (), £y) such that H Mo (U o5 U tg)
=1.



Unitarity of minimal W-algebras and their representations II: Ramond sector

Proof. The invariant Hermitian form H(-,-) defined above has clearly
the property that H(1,1) = 1. Moreover, since p%(a) = 0 if a is odd,
H(-,-) is even. Suppose that H'(-,-) is another even invariant Hermitian
form on MZ (), €y) such that H'(vyg,vre) = 1. Set (H — H')(-,-) =
H(-,-) — H'(,-). Clearly (H — H')(-,-) is an invariant even Hermitian
form. Moreover (H — H')(vx ¢y, Uaz,) = 0 and, since (H — H')(-,-) is even,

(H — H')(vaz0, 05 0r0,) = (H — H,)(U;U)\,go,v)\’go) =0.
o

Observe that w(vy )vyvag € MZ(X, £y)re, and it has the same par-
ity of wyg,. Since MZ()\,&)),\’KO = span(vy vy g, V), it follows that
w(vy )v vx g, = const. vy g,. Thus

(H — H')(vy a0, 5 00 0) = (H — H')(w(v3)vy 000, Ur00)
= const. (H — H')(v55Vr4,) = 0.

The upShOt 1s that (H — Hl)<', ')|MZ()\,£0),\’50XMZ()\,£0) = 0 By invari-

ance, if (\, £o) # (v, £),
(H — H'Y(MZ (X L0)r 0, MZ (N, £o)ug) =0

PWA

so we conclude that (H — H')(MZ (X, £o)x.9, MZ (N, 4o)) = 0. Since MZ(X, £o)x g,
generates MZ(\, £y) we deduce (H — H')(-,-) =0so H'(-,-) = H(-,").

It remains to prove that the radical of the form is the unique maximal
Zy-graded proper submodule of M?Z(\,£y). By invariance of the form,
the radical is a submodule of M?Z(\,£y) and, since H(1,1) = 1, it is
proper. If N is a proper Zs-graded submodule of M?% (), £p), then N N
MZ()\,E()))\’KO C Cujvag,. Since H is even, H(N,vyg,) = 0 and, since
Uz, generates MZ (), lo)xe,, N is in the radical of the form. O

Remark 5.8. Universal minimal W-algebras W, (g) are defined for arbi-
trary simple basic finite-dimensional Lie superalgebras [16], [19], but in
general the grading (3.2) is not compatible with parity. The automorphism

or in general is defined by
or(a) = (=1)%a, if a € g; in (3.2).

Then the Zhu algebra Zhup is still defined by the above commutation
relations [14]. On the other hand, it is isomorphic to the finite W-algebra,
associated to a minimal sls, studied in [24] for simple Lie algebras. Actu-
ally, this result holds for all quantum affine W-algebras |6, Example 2.12].
Since Zhup is independent of k, we obtain from (5.1) that in cases when
g is a simple Lie algebra, Premet’s constant in [24] is ¢ = —3p(—h").
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6. Ramond sector: necessary conditions for unitarity

Let A and AP be the sets of roots of g and g respectively. As in [15, Table
1], we choose a specific set II of simple roots for g. This set II has the
property that, letting I,gq = {a € II | o is odd}, then II% := II \ I,qq
is a set of simple roots for gf. We let At and (A%)* denote the sets of
positive roots in A and A’ corresponding to II and II? respectively. We
also let £ be the highest weight (with respect to Hh) of g1/p as a g?-module.
Since g_1 /7 is isomorphic to g o as a gf-module, we necessarily have that
&= — Qs for all o € 11 ,44.

Let A™ denote the set of roots of §t%; explicitly

—~ 1
Atw:{35+a|a€AuU{9},sEZ}U{s5+a|a€A1/2,s€§+Z}
U{sd | s € £N}.

We also set Al={s6+a|aeAl|scZ}U{sd|se +N}.

We specialize to o = op the triangular decomposition given in (4.1),
(4.3), and (4.4). Let 35;”, Il be the corresponding sets of positive and
simple roots and set ﬁi = AN 35;”

Let A; = {a € A | a(z) =i} and A; = (A)jps- Since ad f is an
isomorphism of gi-modules between g; 2 and g_q o it follows that A /9 =
{:I:%G +nl|ne Zl/g}. Therefore Zl/g = Z—1/2 = —Zl/Q.

The set A, /2 is naturally partially ordered setting § <+ if and only if

v — 3 is a sum of roots in II%.
Recall from Sect. 3 that the triangular decomposition (4.1) depends on
the choice of a regular element hy € h?. We choose hg such that a(hg) >

0 for all & € II¥, so that ﬁi is the set of positive roots in AY whose
corresponding set of simple roots is TI* ;=TI U {6 — 6; | 1 < i < s}.
Set

(6.1) Ay ={ne By, | n(ho) > 0}.

Below we give an explicit description of the set A, /2 in all cases. A direct
check using this data shows that three cases occur:

(1) Case 1: g = psl(2|2). In this case Z1/2 = {£,& — 0, = =&} Tt follows
that ZT/Q = {¢&}. Set Nin = £. It is obvious that 7y, is the unique
minimal element of ZT/Q.

(2) Case 2: 0 € Ayjp. In this case < is a total order. It follows that
ZIL/Q ={n €Ay | n> 0} Set nuin to be its minimum.
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(3) Case 3: g # psl(2[2) and 0 ¢ A /5. In this case the Hasse diagram of
the poset A, /2 is as follows:

If Nmin is a minimal element of ZT/Q, then ZT/Q O {n € Z_;_/Q | n =
Tmin }- Let n1,m2 be the two non-comparable elements in Ay /2 The
map 71 — —n is the unique order reversing involution without fixed

points of the diagram. It follows that 17, = —ng, hence {n1, 72} HZT/Q
has exactly one element. It is then clear that 1y, is the unique element

of {m,n2} ﬂsz (hence Zi/z has a unique minimal element) and that
Z;r/z ={ne Z;r/z | 7 = Nmin }-

The outcome of this discussion is that, if g is of type spo(2|2r), F(4),
D(2,1;a), then there are two choices of AE:V; one for each choice of Nyiy.
In all the other cases there is only one choice for AE:V Remarkably, in all
cases ZT/z has a unique minimal element 7y, .

We now describe explicitly case by case, for each choice of KEFW, the set
Ay /2, the set Z;rp with its minimal element 7i,, and the set of simple

roots ﬁ

g = psl(2]|2). In this case Zl/g = {¢& ¢} with € = 51562, ZT/Q = {¢},
Nmin = & and

~ 1 1
II = {5 — (61 — 62), —§5+51 —€£9,0 — (51 — (52), —§5+51 — 52}

The set II is actually a set of simple roots for gtV and the two simple
isotropic roots are linearly independent (their restrictions to b are equal).

g =spo(2(3). In this case Ay = {£,0,—£} with { = &1, ZT/Q = {¢&}
Nmin = § and

~ ) ) )
H—{—§+51+51,§—51,§+51—51}.
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g =spo(2|2r),r > 2. Inthiscase Ay jp = {£e; |i=1,...,r} with& =¢1.
There are two choices for ZT/Q: either Zj—/z ={e | i =1,...,r} or

~+ :
A1/2:{€l|121,,7’—1}U{—67«}
For the first choice Ny, = €, and

~ 1

II = {(5—(514—82),61—62, e Ep—2—Ep_1,Er—1—Er, _§5+51+5r7 5—251}.
For the second choice My = —¢, and

~ 1

Il = {(5—(51+52),€1—€2, ce ey Ep2—Ep_1,Ep_1TEp, —5(54—51—6“ 5—251}.

g =spo(2|2r +1),r > 1. In this case Ayjp = {£¢; [ i =1,...,r} U{0},
_+ .
E=c1, Aypp=Hei|i=1,...,7}, Mmin = & and

~ 1 1
II = {5—(61+€2),€1—82, ey Er_2—Ep_1,Er_1—Ep, —§5+51+8r, 55—51}-

g=D(2,1;a). In this case Ay)y = {£ey+e3} with { = e + e3. There
are two choices for ZT/Q: either ZIL/z = {eg + 3,69 — €3} or ZT/Q =
{e2 +e3, —e2 +e3}.
For the first choice nyin = €2 — €3 and
~ 1
II = { — 5(54—81 + €9 —63,283,(5—262,(5—281}.
For the second choice nyin = —e2 + €3 and

~ 1
II = { —554—61—62+83,282,(5—263,5—281}.

g = F(4). In this case Z1/2 = {3(£e1teate3)} with & = L(e1+e2+e3).

There are two choices for ZT/Q: either

— 1 1 1 1
AT/2 = {5(81 +e9+e3), 5(51 +e9—e3), 5(61—824-83), 5(—81 -|—62—|—€3)}

or
. 1 1 1 1
A1/2 =3 s(e1+teates), s(e1+e2—e3), (61 —e2+¢3), s(e1 —e2—¢€3) ¢
2 2 2 2
For the first choice nyiy = %(—51 + &9 + €3) and

~ 1
II = {5— (81 +€2),€1 — €9,E9 —63,—5(5—51 +e1 —¢€9 —63),5—51}.
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For the second choice Myin = %(81 — g9 —¢e3) and
N 1
II = {5 — (81 + 62),62 — €3,€3, —5(5 — 01 —€1+¢e9+ 53),(5 — 51}.

g= G(3) In this case Z1/2 = {:i:El, +eo, :t(éfg + 61)} U {0}, £ =¢e9+ e,

~+
A1/2 = {e1,€2,€2 + €1}, Nmin = €1 and

~ ) )
H:{—§+51+51,§—51782—51,5—81—262}-

Let M be a or-twisted W’“in(g)—module. If v € g_y/9, then

M ~{v} _ {ohtw _—m—1 _ {v},tw —m—3/2
YH(GW, 2) = Z G(m) z —ZGm z :
mE%—l—Z meZ
In this section and the following ones we will write G}{,f}’tw = G}{;:},

Ji%a}’tw = J}{na} for short.
Next, we would like to provide a more precise description of the action

of Gév} on the highest weight vector of a highest weight module M. For
computing it, we use a good choice {X, | a € A} of root vectors as in
[15], and choose as a basis of g_; /5 the vectors

(6.2) Uy = Xo+V—1IN_g0Xo 9, «o€AT, aodd

Here N, g are structure constants with respect to {X,}. We observe that
we can choose u, = X for v € A" so that v = X_,. We now check that
the N, g are the structure constants with respect to {uq}. Compute, for
~ € Al and « odd positive,

[Xva Ua] = [Xw Xo + v _1N—9,aXa—9]
= Nw,aXv—l—a + Vv _1N—0,ozN’y,a—9X’y+a—0-

Since this vector lies in g_y /9, it is a linear combination of the u,’s, and
this forces

(6.3) (X5, Ua] = Nyqlyta-
Substituting u,4q by its expression (6.2), we deduce that
(6.4) N_gaNya—o=N_grsaNya.

Let ¢ be an almost compact conjugate linear involution of g [15, Defi-
nition 1.1].
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Lemma 6.1. For v € A", a odd positive, set ¢y o = Ny _aNa . Then
(6.5) ([uy, o(ua)l; [ua, u]) = (A(ua); Ua)Cy,a-
Proof. To compute (6.5) we use the following formulas

P(ua) = —N_galig—a; (Ua,ug) = —(N_ga + N_g5)00—a,s-

The first one is given in Lemma 5.3 of [15] while the second is (5.12) of
[15]. In particular we have

(66) <¢(uo¢)7 uoc> = _N—G,a <u0—a, ua> = N—G,a(N—G,O—a + N—G,a)-
It follows that
([tys 9(ua)]s [ua, u']) = ([Xy, d(ua)], [ua, X—1])
- <[X’Y7 _N—G,aue—aL [uow X—'y]>
= N—G,aN%H—aN—%a <u'y+9—om u—7+a>

(6-7> = _(N—G,'y—i—H—a + N—H,—fy—i—a)N—H,aN’y,H—aN—%a-
Using (6.4) for v and —v, formula (6.7) becomes
(6.8)  ([uy, d(ua)]; [ua, u']) = — N2y (N_ 09Ny 9-a
- N—G,ozN—H,G—oeny,—aN—’y,a
(6.9) = Nge,ac—'yﬁ—a + N_9,aN_0,6-aCy,a-

We want to prove that N_, 9Ny g_o = Ny, _aN_y . Observe that
[X_g, [Xg, X—a]] =X_a

hence

(X5, [ X0, [Xo, X_o]]] = Ny —aX_a.
On the other hand
[ X5, [Xoy X-all = Nop—a[Xo, X—o]
S0
(X [X6, [Xo, Xooll] = Ny galX g, [Xo, Xoa]] = Ny paX -0

thus
N’Yv_a = N’Yae_a :

Similarly one has
N_’y’a = N_'V,Oé_e'

This implies ¢ g—q = Cy,a; (6.9) now reads
(6.10) ([, $(ua)], [as u"]) = ¢r.a(N2g 4 + NogaN-go—a)-
Substituting (6.6) into (6.10) yields (6.5). O
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Let v be a weight vector of the g’-module g_1/2 of weight 7. Observe
that n = ), with o = %9 + 1, a positive odd root. If v € AY, set
Cymp = Cya-

Lemma 6.2. If n # 0 then

. :{(ﬂn) if (vIn) <0,
R 0 otherwise.

If n =0 then

2

1

e 15 if v is a root from AV of minimal length,

v =
0 otherwise.

Proof. If n # 0 then o = %9 ~+ 17 is an isotropic root so we can use formula
[11, (4.6)]: if @ —  is a root then

v = (aly) = ().

If (a|y) < 0 then o — v is a root so ¢, = (n|y) in this case. If (a]y) =0
and a—~ is a root, then also a4+ is a root and they are both non-isotropic.
This implies & — v = 6/2 = a + v which is absurd. So, if («|y) = 0 then
cyy = (n]y) as well. If (o|y) > 0 then oo — v cannot be isotropic, for, in
such a case,
2(aly) = (vl) <0.

It follows that o — v is not isotropic. Since « + 7 is a root, it must be
isotropic by the argument above. It follows that

2(aly) = =(vv)
and
(@ =7l =) = =2(aly) + (v17) = 2(vly) <0
On the other hand a — vy = 6/2 so

1
(a=rla-7)=5.

The only possibility is that, when («|y) > 0, then o — 7 is not a root
hence ¢, , = 0.

If » =0 then 6/2 is a root, hence g acts on g_1/2 as the little adjoint
representation. If v has weight 0 and « is a root of g% then [X.,v] has

weight v, so, if v is long, N, _g/9 =0 so ¢y = 0. If v is short, then

C’Y’O = NO/Z)_7N77_9/2

and use formula (4.6) from [11] to compute it. Since 7 is short, the 0/2-
strings through 4y are given by +v — /2, v, £y + 0/2, hence Ny /o N, 4 /2
_N0/27N7'y, 0/2 — (9/2|6/2) _1/2
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Lemma 6.3. Let M be a og-twisted highest weight WE. (g)-module with
highest weight (v,%o) and highest weight vector v, g,. Let v € g-1/2 be a

weight vector for ' of weight n. Then

(6.11)

> (e, $)) o, w?IE I e = (0(0),0) ()2 = Y ) o
a,B v<0

(6.12)

> {luas )L o u? DI I gy = (00),0) ()2 + Y (V) v
a,B >0

Proof. Note that v = cu,, for some non-zero constant c. Using Lemma 6.1,
we have

unm(v)] [, 1) I5 I3 vy,

_Z wi, o)1, [v, uj]>J{“ }J{uj}v,,go
+Z Uy, [v u”])J{u }J{u”} A
v<0

v) Z n(u?n(ua)v(ug)v(u')vyg,

Dl @) fo w1 I g P,
= (6(v), v)(nlv) Mﬁg g, ()], [, VIS IS
= (6(v),v)(n]v) Wﬁé ([, ()], [0, DS, T8 g,
= (<¢<v>, o) (l)? — ;}m ()], o, um(uw))vy,zo
= (<¢<v>, o)) — %qw dlcuy)], [eu, w ) () ) on e,
D ((g(0),0 W;} (1)) ern (V1) Y

— (<¢(v), v)(nv)? — Z<¢(U),U>C%77(V|’}/))UV7EO,

<0
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This proves (6.11). For (6.12) we have

Z<[uw¢<v>][ I3 IE 0y,

—Z i, $(0)), [, w]) I TE V0
+ Z Uy, P [v u”])Jéu“’}Jéuv}vy’go
>0
= () (@(0), ) + >l ()]s [0, 0 D E1) )1t
>0

We conclude as above.

Lemma 6.4. With the hypothesis of Lemma 6.3, we have
[Gésb(v)}7 Gév}]vy,go
= (8(0), 0~ 20k + W)l + (vl + 26%) — 5p(k) + 2nlv)?

+ Z Cy(v]y) — Z C%U(VW))UV,EO-

v>0 <0
Proof. Using Borcherds’ commutator formula

Gl G{“}]

_Z( ) (CCIINEON

v 1 v v
_ (G{d’( )}(O)G{ })0 + = (G{(b( )}(1)G{ }) _ g(G{¢( )}(Q)G{ })

and recalling that [2]

(6.13)
[eisNeith
dim g"
= —2(k + hY)(u,v)L + (u,v) Y o JEdglued
a=1

+ 22 (e, u], [v, 0P« JEglush . Lok + 1)(0 + 2)\)J{[[€,U],U]h}

+2>\Z [ther, 1], [0, uP]) T8I 4202 (4 0)p(k)|0),
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we get
G5, 66 Moy
= (u, ) (=2(k + h")lo + (V]v +20%) Jus,g,
—|—2Z [tUa, 1], [V, ub ) : Jiuy ylus} 10 Uu g
u®,u 1
+ Z Ua, U >Jé[ ﬁ]}vl/,éo - §<U,’U>p(k)v,/,go
= (u, U>(— (k+ 1Y)l + (v|v + 2p%)) s,
—I—2Z [ta, 1], [V, u >J{uB}J0ua}vy,gO
_|_Z U, U >(J0u }J{uﬁ} J{“,B}J{U }),UV ‘%
1
— Sl up(R)rig,
_ v N
—%ww(—2%+h)%+%MV+%)—§M@)M%
T Z Uy U >J{UB}J{U } Lo
_|_Z Uy, U >J{u }J{uﬁ} oty
Now apply Lemma 6.3. L]

Let ZT/Q be the set defined in (6.1) and observe that, by construction,
~+ * - :
Ajp={nce (B | 7 is a h¥-weight of n_y/2(0r) }. Set
1 1
(6.14) pr = p(/a(0R)+ ) = 5 > = 5 >
9aCny/2(0R)+ WEZT/2

Applying the formulas of Lemma 6.2 we obtain the following refinement
of Lemma 6.4.

Lemma 6.5. Under the hypothesis of Lemma 6.3, we have
(1) Assume that 0/2 € A and let v € g_y/2 be a vector of weight 0. Then

Gl i

/UVaEO

= 2(6(0), 0} ( 20k + W) + (vl + 206 — p) — 5p(k) vty



Unitarity of minimal W-algebras and their representations II: Ramond sector

(2) Assume that v € g_y is a vector of weight n # 0. Then

[Gé¢(v)}’ G({)”}]vy’g

= (9(0), o) = 20k + 1Y) + (vl + 20%) = Zp() + 2(010)? i,
(X ame - X (e ).
7>0,(v|m) <0 7>0,(vIn)=0

Proof. To prove (1), recall that in this case, as already observed in the
proof of Lemma 6.2, g¥ acts on g_1/2 as the little adjoint representation,

so its non-zero weights are precisely the roots in A? of minimal length.

Since we chose hg so that a(hg) > 0 for a € Ai, it follows immediately
from (6.1) that

(6.15) pR= Y
'yGAi,'yshort

By Lemma 6.4 and Lemma 6.2,
[Géqﬁ(v)}’ Gév}]")u,éo
1
= (¢(0),0) (= 20k + W)+ (v +200) = Sp() = Y- (1) vy

nyAh v short
= (3(0),0) (= 20k + K)o + (v + 25) — Sp(k) — 2lon) vy

Now observe that ¢(v) = hwv, so that [Géd)(v)},G({)v)}] = %h(GéU})Q =
%Gé(b(v)}Gév}_
If v has weight 17 # 0 then, by Lemma 6.2,

S el =Y eav = Y Gl - Y (i)

v>0 <0 ¥>0,(v|n)<0 <0,(v|n)<0
= > (e - D (.

7>0,(vIn)<0 7>0,(vn)=0
Thus (2) follows from Lemma 6.4. O

Let LW (), £) be the irreducible o-twisted positive energy WE. (g)-
module such that LW(X, £y)o = LZ(\, £) (see Theorem 2.30 of [6]). It is
clear that L (), 4y) is a highest weight module of highest weight (), 4p).
Conversely, if M is an irreducible highest weight module of highest weight
(A, £p), then, by Lemma 4.20, the grading given by the action of L defines

the structure of a positive energy module. By Theorem 2.30 of 6], M is
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irreducible. Since clearly Mj is a highest weight module of highest weight
(M 4o), by Corollary 5.6, My = L#(),£g) hence, by [6, Theorem 2.30]
again, M = LW (), £p). This shows that L' (), £) is the unique irreducible
o r-twisted highest weight W (g)-module of highest weight (X, £o).

Consider (v, {y) with v purely imaginary and ¢ real. Combining Propo-

sition 5.7 and [14, Proposition 6.7], we get the existence of a unique even
invariant Hermitian form H (-, -) on L (v, £y) such that H (v, g, v00,) = 1
(vye, is a highest weight vector).

Proposition 6.6. Let LV (v, y) be the irreducible o r-twisted unitary high-
est weight module with highest weight vector v, ¢, and the Hermitian form
H(-,-), and set ||a||* = H(a,a).

(1) Let v € n_y9(0)’y be a vector of hi-weight . Then

Vv, || 2
= (0(0), 0) (— 20k + 1Y)l + (vl +20) — Zp(k) + 2(a]))

(Y Gem - Y Gneh)).

¥>0,([n)<0 v>0,(v[n)>0

(2) Assume that 0/2 € A. Then

|Gy, 12

1

= 2(¢(ugya) ttgy2) (= 20k + 1)l + (vl + 2(5° = pr)) — 5p(R)).

Proof. We have

H(G({)¢(U)}vy O’G{¢( )}’Uu w) =H(G {”}G{¢(U)}UVKO,UV7EO)

(6.16) ) )
H([G{¢( )} G{ }]Uy,éo,”vy,éo)-

Now apply Lemma 6.4 to get (1). As for (2), we have

(6.17) H(GY" v, 40, G 0, 00y = HGE (G Yo, 00 000,
and we can apply (1) in Lemma 6.5. O

If LW (v,4) is as in Proposition 6.6, then, since (¢(v),v) > 0, by (1)
of this proposition we have

(6.18) by > 2—((u|u+2p“) - %p(k) +Fu(77)),
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where

(6.19) F,(m) =20+ > (- D @)

¥>0,(v[n)<0 ¥>0,(v[1n)>0

Similarly, if n = 0 is a weight of g_; o, then, by (2) of Proposition 6.6, we
have

1

(v + 200 = pr)) = 5p(R)).

2 >
(6.20) lo =3 5

1
(k+hY)
Since k + hY < 0, the maximal value of the right hand side of (6.18)

is achieved for n such that F,,(n) is minimal.
Let Pt C (h")* be the set of dominant integral weights for g?. We

compute below the minimal value of F,(n) for v € Pt and n € me via
a case by case inspection. In the cases where 0/2 is an odd root (so that
n = 0 is a weight for g_;/5) we also show that —2(v|pr) < F,(n), hence
(6.20) gives the best bound. We gave above an explicit description of the

set ZT/Q, hence we can compute explicit expressions for pr that we list in
Tables 6.1 and 6.2, along with the values of nyn, ph, and &. In Tables 6.1
and 6.2 we denote by w§- the fundamental weights of the simple ideal gE

of g?. We drop the superscript i if g? is simple.

Table 6.1. Cases with only one choice for Zf/g

g psl(2]2) | spo(2]2r +1),r > 1 G(3)

51 —0
Tmin % Er €1

PR w1 Wy w1

ph —51552 Z:Zl(’l" — 17+ %)61 2e1 + 3e2

51—6
2 €1 €1+ €2

Table 6.2. Cases with two choices for ZT/Q

g spo(2|2r) D2, ;= F(4)
Tmin Er, —Er e2 —e3,—€2+e3 | 2(e1—e2—e3), L(—e1+e2 +e3)
PR Wr, Wr—1 w%,wg w1, ws
P i =), €2+ €3 Sei+ 2en+ Loy

e €2+ €3 3(e1 + &2 +€3)
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psl(2]2). In this case AE_ = {01 — 2} and v = r/2(61 — d2). Then

(6.21) mnin F,(n)=F,(&) = %72 + 7.

spo(2|3). In this case Ai = {e1} and v = Ze1. Then

2
(6.22) min F, () = Fo(€) = ;T =7+ %r(r ~1).

Since in this case n = 0 is a weight of g_; /o, we need also to compute

<

(6.23) —2(vlpr) = T,

which gives the minimal value of F,(n).

spo(2|2r),r > 2. In this case AE_ ={eit¢e;,1 <i<j<r} Since v
is dominant integral, v = ). mye;, m; € % +Z or m; € Z,mq > -+ >
my—1 > |m,|. If n = ¢;, then

m? 1 1
F,(n) = 5 "5 Z (vy) = B Z (v[7)
vyE{es+tesitstU{e;—es,5>1} ~ve{es—e;,8<i}
m% 1
=550 X e+ X wh)
~ve{este;,s<i} ve{eites, s>}
2
mA
_ 7@ + _(Z(ms +my;) + Z(mz + ms))
s<4 §>1
_om? L1 N 1( iym,
=3 5 .ms 5 (= )mi.
s<1

The minimum value for F,(n) is achieved if n = ¢, and it is

(6.24) F,(n) = %<m2 +y m)

s<r

spo(2|2r +1),r > 1. Ai ={e; £e,1 <i<j<riu{g},v=
> myes, mie%—i—ZormiEZ,le---zmrzO. If n = ¢;, then

m? 1 1
F,(n) = 5 "5 Z (vly) = B Z (v]7)
ve{esteiitstU{e;—es,5>i U{e; } ve{es—e;,8<i}
mz2 1
= 7 + Z(Z(ms imi) +m; +Z(mz ims))

s<1 §>1
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1
~ g (e
The minimum is achieved when 7 = r and it is

(6.25) min F,(n) = ;(m —I—st—i— mr)— st—l— mr(mT ;)

n

Since in this case 7 = 0 is a weight of g_; /5, we need also to compute

r

(6.26) ~2(vlon) =~ 3 () = 5 > ma
1=1

s<7”

which gives the minimal value of F,(n).

D(2,1;a). AE_ = {2e9,2e3}, v = mye; + moey, m; € Z,. Then a
computer computation shows that the minimum of F}(n) is attained at
€9 —e3 and at —eg9 + €3 and its value is

_ (m1 — amz)? + 2(m1 + a®mo)
2 F(n) =
(6:27) i £ () 2(1 + a)?

F(4). Ai = {e; £¢;,1 <i < j < 3}U{e}. Since v is dominant
integral, v = Zmiei,mi € %-FZ or mij € Zym; > mg > r3 > 0.
A computer computation shows that the minimum of F,(n) is attained

when 1 = 3(—e1 + &2 + €3) and when n = 3(g1 — €2 — £3). Its value is
2
(6.28) mnin F,(n) = §((—m1 + mag 4+ m3)? + 5my 4+ ma 4+ m3).

G(3) We have AE_ = {81,62 — €1,€2,E2 + €1,9 + 2e1,2e2 + 61}, V=
mie1 +maoea, 2my > mo > my, m; € Z4. A computer computation shows
that the minimum of F}(n) is attained when n = ¢; and

: 1 1
mT}nF,,(n) = §(2m1 —mg)(2m; —mg — 1) + §(m1 + ma).

Since in this case = 0 is a weight of g_; /5, we need also to compute

(6.29) —2Wlpr) = ~(my + m) < min ().

2
Our direct inspection shows the following fact

Proposition 6.7. We have min, F,,(n) = F,(Nmin), and this value is in-
dependent from the choice of the set Z;rp.
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Recall [19, Theorem 2.1|, [15, Section 7| that there is an embedding in
WE. (g) of the universal affine vertex algebra ), VMi(k)(gE), where the
M;(k),i = 1,...,s, are given in Table 6.3, along with other quantities,
explained in [15, § 7.2]. If LW (v, £p) is unitary, then &), VMi(’“)(gE) KN
is a unitary representation of the latter affine vertex algebra, hence v lies
in P,j , where

(6.30) Pl ={ve P |v®)<M(k)foralli=1,...,s},

where Pt is the set of dominant integral weights of g.

Table 6.3. Numerical information

g g" hY hy M; (k) Xi u; = (6:16;)
psl(2]2) slo -2 0 k-1 -1 -2
spo(2]3) sl 1/2 —-1/2 —4k — 2 -2 —-1/2
s”ni(ﬂ’z)’ SOm 2—-m/2 | 1—m/2 —2k —1 —1 —1
D(2,1;a) 8l2 EBSZQ O % _(imlz:l]j _1a_1 %
T 1+fa a T 1+fa
F(4) sor -2 —10/3 —-3k-1 -1 —4/3
G(3) Ga -3/2 -3 -3k -1 -1 -3/2
We summarize our findings in the following statement:
Proposition 6.8. Let v € P,j and o € R. Set
(6.31)
1 1 .
s (42008 = pr) = Sp(R))  if0/2€ A,
Alk. ) — 2(k 4+ hY) 2
v) = = 20%) — Sp(k) + F theruwi
— | (v|v - = ~ otherwise.
sy (A + 260 = 5008 + ol )

If LY (v, 4y) is unitary, then
60 > A(k, V).

Lemma 6.9. If LW (v,4y) is unitary, then £y = A(k,v) in the following
cases:

(1) g # spo(2]3),D(2,1;a): v € P} such that v — pg ¢ PT.

(2) g =spo(2]3): v=0and v = MlT(k)sl.

(3)g=D(2,1;a): v =re3 and v = rea+My(k)es, wherer =0, ..., M (k)
(respectively v = reg and v = My (k)eg + reg, wherer = 0,..., Ma(k))

if pr = wi = g9 (respectively pr = w3 = €3).
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Proof. Assume v—pp ¢ P*. We first discuss the cases when 6/2 is a root,
namely g = sp0(2|27" + 1) and g = G(3). Since pr = wZ-O for some 1o, jo,

then v = j m]w] with mzo = 0. Let @& be the simple root corresponding

to W;g (ie., WJO (@) = daa for all simple roots a of A%). Explicitly @ = &,
for g = spo(2|2r + 1) while @ = ¢ for g = G(3). Then Jéx,a} acts
trivially O Vg5 We note that @ = TImin- If v e g-1/2 has Weight Nmin,
then Gév}v%go = 0. Note that v is a root vector for the root —0/2 + nin,

hence [X_g,v] is a root vector for the root —0/2, thus w = [X_g,v] is a
non-zero multiple of ug 5. Since

0= J(‘){Xfa}G({)U}U,,,go = Gé[Xfa’v]}vy,go = G({)w}v,,’go = const. GéuQ/Q}vy

Lo

{ug 2} 9 .. ) ) -
we deduce that |Gy """ v, 4] = 0 and Proposition 6.6 implies ¢y =
A(k,v).

If g = D(2,1;a) and Nmin = €2 — €3, then pr = wi = e3. Let @ =
2e9. Since v — pr ¢ PT, v = r3e3, 50 X vy, = 0. If v € g_; /9 has
weight 7min, then G({)U}’UM@O = 0. Note that v is a root vector for the root
—e1 + €9 — €3, hence [X_g,v] is a root vector for the root —e; — g9 — €3,

thus w = [X_g,v] # 0. Moreover w € 9-1/2 is a vector of weight —nmin
thus w = const. ¢(v). Therefore

0= JéX*a}GéU}v,,’go = Gé[X*a’v]}v,,,go = Géw}vy’go = const. Géé(v)}vy,go.

We deduce that ||Gé¢(v)}vy,€o||2 = 0 and Proposition 6.6 implies ¢y =
A(k,v) also in this case. The argument for g = D(2,1;a), min = —€2+€3,
and v = roeo is completely analogous using a = 2¢e3.

We now turn to the remaining cases where the argument is similar but
somewhat more complicated: we claim that for v € n_; 5(or)+ of weight
Nmin, We have
(6.32) Gy, = 0.

Indeed, if g = psi(2]2), then v — pgr ¢ PT means that v = 0, thus
Jéa}v(,,,go) = 0 for all @ € g%. We know that G{U}Uygo = 0 for all u €
n_i/9(0R)+. Since [Jéa} G{W}] G{ laul} , then G{[ ]} lo = Jéa}Géu}vo,gO.

Since ad(U(gu))n_l/g(JR) = g_1/2, we see that Gé }U,/’go = 0 for all u €
g_1/2, thus, in particular, (6.32) holds in this case.

We now prove (6.32) in the cases g = spo(2|2r), g = F(4). Since
PR = w;g let @, as above, be the simple root corresponding to wjg Since
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J(;{X*a} acts trivially on v, 4, and G({)U}Uu,eo = 0if v € g_1/2 has weight

Thmin

0= JéX—E}GéU} — G{[X_a’ v}

U,j’go .

Let 8 = —%9 + Mmin- Lhis is the root of 0-1/2 such that 6Ih“ = Mmin- We
check in each case that

Vpoy =

(i) B —ais a root,
(ii) there exists a positive root y € AP such that B—a+vy = —0/2—Nmin-

If (i), (ii) hold, then [X_g&,v] # 0 and both [X,, [X_g,v]] and ¢(v) are in
gp with ' = —%9 — Mmin- Oince all the roots have multiplicity one, this
implies that [ X, [X_g,v]] = const.¢(v). Since v is positive X v, ¢, = 0,
hence

0 — JéX'Y}Jé[X—ag,’U]}Gé/U} . Gé[){%[‘){_a’v]]}

o(v
Vy by = Vy g, = const. G({) ( )}'v,,,go,

so that (6.32) holds.
The following list describes for each case the roots @, 5, 8 — @, and ~.

° Case 1: so(2|2r), r > 2, Mmin = Er, PR = Wr, @ = Ep_1+&p, B = —01+6,,
f—0=—01—¢&_1,7=6E—1— &

° Case 2: 50(22r), 7 > 2, Mmin = —€r, PR = Wr—1, & = Ep_1 — Ep,
6:_61_57"7 B_a—_dl_gr 1, Y =¢€Er—1+¢&r.

e Case 3: F(4), Mmin = %( e1+ea+es), pp=ws, a=c3, f= %(—51 —
51+€2+€3),ﬁ—@:%( 01 —€1+¢ex—€3), 7y =¢€1 — €.

o Case 4: F(4), Nmin = %(81 — €9 — 63), PR = W1, O = €1 — €9, B =
%(—514—61—52—83) b — a:%(—51—€1+€2—€3),’y:€3.

Having established (6.32), by Proposition 6.6, HGéqﬁ(v)}vo,goHQ = 0 implies
by = A(k,0).

It remains only to check the statement for g = spo(2|3) or g = D(2,1;a)
and v = ), 50; with r; = M;(k) for some i. Since

X_ 9.} {Xo, Xoo;} 1 Xq0; 110
150 = s, =)+ 11 2L
010;
OB )+ anmy —o,

we see that

X, X. < Xe Xe
17500, = BTS00 T 0, 0) = T Sy )

J{X_El}Ji)l(sl}

= —const. H( 1 Uy,fo,vu,eo) =0.

By unitarity we deduce

(6.33) Ty, =0
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If g = spo(2|3) then (6.33) implies
0 — Gi¢(U61+El)}J£i(81}/UV7£0 — [Gi¢(u51+61)}’ Jii(!il}] V.l
_ _Gé[Xequ(wﬁal)]}v

V7£0

so, since [X¢,, @(ugs, +¢,)] = const. us,, we obtain

G({)uél }U,,’go = 0.

Again Proposition 6.6 implies that ¢y = A(k, v).

If g = D(2,1;a), then observe that nmin = § — 0;. Let ue € g_1/5 be a
vector of weight —¢. Note that ug is a root vector for the root —6/2 — ¢
Since 6; + (—0/2 — &) = —0/2 — Nin is a root, we see that [Xy,, u¢] is a
non-zero vector in g_j /o of weight —nmin. If v € g_; /o has weight iy, it
follows that [Xp,, u¢] = const. ¢p(v). By (6.33),

U X u X, Xo, ,u
0= G{ 6} { 0; } = [Gi E}jjilel}]vl/,go _ _Gé[ 01 el}

/UVIO

= const. Gé¢( )}’U,/,go.
We can therefore conclude using Proposition 6.6. [l
We can finally state the necessary conditions for unitarity.

Theorem 6.10. Let LW (v, 4y) be a unitary og-twisted WE. (g)-module,
where k is in the unitary range. Then

() vePr,
(2) bp > A(k,v),
(3) If v is as in Lemma 6.9 (1), (2), (3), then by = A(k,v).

7. Ramond sector: sufficient conditions for unitarity

Recall that in Sect. 3 we constructed the twisted F(g;/o)-module F(gy /9, 0R).
Our first task is to show that this module is unitary.

Fix bases {w- }, {w”} of g /5 dual with respect to (-, -)ne, with  ranging
over S 9. Recall that there is an embedding of superspaces u — ®,, of
g1/2 into F(gl/z). Sometimes we write ®, (respectively &%) as a shortcut
for @, (respectively ®ya).

We can assume that Sy = 51/2 U 51/2
ny/2(0)+. We will also need a more refined notation S’

label bases of 91/2(03),n1/2(03)_ (see (3.10)). We

with {wy | v € 51/2} basis of

12 = 51/2 U 51/2
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Lemma 7.1. The map t~/2®, — [®,] extends to an isomorphism be-
tween Cl(gy1/2) and Zhug g (F(g1/2))-

Proof. Recall that * denotes the product in Zhuyp (F(g1/2)). By [6, The-
orem 2.13],

1

()9 = 3 (2) @ (@) = (w0) = [P0t

so the map t~1/2®,, — [®,] extends to a homomorphism from Cl(g1/2) to

Zhug, (F(g1/2))-
We prove by induction on A, that [a] is in the subalgebra of Zhuy,(F(g1/2))

spanned by [®,], u € gy /9, for all a € F(gy/2). If a = |0) the claim holds.
Now assume a =: T*®, b : with Ay < A,. Note that by [6, Theorem 2.13
(b)]

RO, b+ T 10, Th:=T(:TF 1D, b:) = const : T 10, b1,

hence we can assume k& = 0. Since

1 1
@t = 32 (2) @b = duas 3 (2) @iy
we obtain
1
0] = [ @b = @) ¢ [} - 3 (3) (@) 110

JjeN
and the claim follows by induction. It follows that the homomorphism

from CI(g1/2) to Zhuey(F(g1/2)) is surjective.
We now prove that the homomorphism is injective. Set

LZ(A, OR) = @ thgi /0 C L(Gl/Q,UR)-
,uE—%+Z+
Consider Cl(g1 o) as a LZ(A, o) ® CK-module by letting ¢t~1/?gy 5 act

by left multiplication, t#g, /5 act trivially if 4 > 0, and K act by I ¢y, 1)
Let

L(01/2.0m)
(7.1) M = Ind ng(lg/f/Q’iR)(Cl(gl/Q))'
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By Proposition 2.1, M is a or-twisted F'(g;/2)-module. Recall that

1

e — 5 Z (T, :,
04651/2

and that M is spanned by monomials
1
(@) (2 @g) - (1 0y), iy € —(5+Z4).

Since

1
[Lge,tw’tuq)u] — _(M + 5)#’«1)”7
the action of Lg SRS semisimple and the eigenspace decomposition gives

a grading
M =P Ma,
n>0

turning M into a positive energy representation. Since

My = span((t_%q)l)(t_%q)z) e (t_%q)k» = Cl(g1/2)

and (®,)0 = (Pu)(—1/2), the action of (®,)g is given by left multiplication
by t~1/2®,. Since the action of Cl(g1/2) on itself by left multiplication
is faithful and this action factors to Zhuyp(F'(g1/2)) we deduce that the
homomorphism from Cl(g;/2) to Zhus,(F(g1/2)) is injective. O

Lemma 7.2. Consider L™ — 1= dim gy as an operator on F(gy /9, 0R).

Then the action is semisimple with eigenvalues in %ZJr. The corresponding
ergenspace decomposition

(7.2) F(g1/2,0R) = EB F(g1/2,0R)n
1
ne5 2y

gives to F(g1/2,0R) the structure of a opr-twisted positive energy repre-
sentation of F'(g1/2)-

The space F(gl/g, or)o of minimal energy is naturally isomorphic, as
a Zhur(F(g1/2))-module, to the Clifford module

(7.3) CM = Cl(t_1/291/2)/(Cl(t_1/291/2)“1/2(UR)+)-
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Proof. Recall that
S PIRCLE
OZES]_/Q

We claim that
ne,tw 1 .
(74) LO )t . 1 = E dlm 91/2.

To check (7.4), start with (2.6) puttingn = -1,y =v =1/2:
1
(T8 @l 1+ (2) (T8 ) )1
1 .
= Z (5 +])((I)a)(—1/2—j)(q) )(—1/245)) * 1
JEL+
which gives

(T2%) 1y Pa)y - 1+ 5 = 5(Pa)(-1/2) (21 ) - 1

Assume g, C ny/2(0Rr)+. Then

1 N 1 a 1
5(%)(—1/2)@ )12 1= 5[(%)(_1/2), (@) 12 =5

Assume g, C 9(1)/2(03). Then

1 . 1 . 1
5(Pa)1/2) (%) C1y2) 1 = 1 Pa)(-1/2), (2%) (1)) =

Summing up

ne,tw 1 1 . 1 . 1
LO it '1:5(—édlmgl/z-f-z'2'dlmn1/2(0R)++Z€(JR>)
1 .
:Edlmgl/g.

Since F'(g1/2,0R) is generated by monomials

1
(7.5) (#1®) (#2®s) - - - (D), pu; € —(5 +2.)
and 1
(LI 1] = — (u + 5)#%

(7.2) follows readily.
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The space of minimal energy is

F(g1/2:0R)0 = span((1”200)(1735) - (172 y)).
On F(g1/2,0R)0, [Pu] € Zhur(F(g1/2)) acts by the action of (®,)o =
(®u)(—1/2), which is left multiplication by t_%(I)u. O
Let ¢ be an almost compact conjugate linear involution of g. Set

w=clg, gla) =™ BFI@) g (q)

so that
w([Pu]) = —[Py(u)]-

Lemma 7.3. F(g1/2,0R) is a unitary og-twisted F(g; 2)-module.

Proof. To prove the existence of a w-invariant Hermitian form on F(gy /9, 0r),
we use [14, Proposition 6.7]. According to this result, it suffices to show
that there exists an invariant Hermitian form on F'(g; /2, 0r)o, which in
Lemma 7.2 is identified with the Clifford module CM (7.3). We identify
as vector spaces CM and Anyjo(og)— via ug A--- Ay = (t12®,,) - -
t12®,,), u; € ny/2(0r)—. Define an Hermitian form on /A ny/5(cr)- by
determinants:

(Wiy A wiy A ANwgy,, Wiy AWwjy A=+ ANwj,.)
= S (—1)" det({p(wi, ), wj, Yne).

We now check that it is w-invariant. Since ¢ is an almost compact involu-
tion, we have that ¢(ho) = —ho, hence ¢(ny/2(0r)+) = n’1/2(oR)_. Con-

(7.6)

sider uy € ny/9(oR)— (respectively u; € ny/o(or)+); note that t=129,,
t_1/2<1>u2 e t_l/z(I)uk maps, under our identifications, to uj; A -+ A ug (re-
spectively > (—=1) " (ur, up)petis Av -+ Aty A+ Aug). If uy € 1y j9(0R) 4+

(P(ur) ANug Aug A=+ Aug, wy Awg A=+ A wy)
= <_1)k det(<¢(ui)7wj>ne)
= (_1)k Z(_l)r+1<“1a Wy ) ne det (({@(wi), Wr)ne))1r

T

=—(uQ/\U3/\---/\uk,u1-wl/\wg/\---/\wk).

If uy € nyj9(0R)— one argues similarly.

Recall from [15] that (¢(:), )ne is negative definite on gy /o. Let {u1, ..., ug}
be a basis of ny /5(0r) - such that (¢(u;), uj)ne = —dij; then {u; A- - -Auyy, |
i1 < -+ <} is an orthonormal basis of An;/s(or)- for the Hermitian
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form (7.6). We now check that the invariant form H(:,-) on F(gy/2,0R)
which restricts to (7.6) on F'(g1 /2, 0r)o is positive definite. Let {v1,...,vs}
be a basis of g5 such that (¢(v;),vj)ne = —dij; let {wi,...,w} be an
orthonormal basis of F'(g1/2,0r)o. Then the vectors

1 :
(7.7) (tmq)vil)(tmq)%) . (t”’“q)vik)wja Wi € —(5 + N), 1< <¢,

where the pairs (p;,i;) are ordered lexicographically, form a basis of
F(gl/Q, or). We claim that this basis is orthonormal. Indeed, the ®,, are
primary, so H(m, t*®,m') = —H(t7H® 4, ym,m’). It follows that

H((t" Do, ) (42 @UQ) N U Dy, Jwy, (£ Do, ) (872 (bva) S (2 Dy, Jws)

= H((t7"®_p0;,)) - (T2 _gp(0;) ) (T Ry ) (T Py ) (2 Dy, ) - -

(¢ Dy, Jwj, ws)
= H5 i Vi H(sirjréjs'

O

Our second task is to construct unitary op-twisted representations of
WPk (g) using the free field realization introduced in [19, Theorem 5.2];

min

it is the embedding

U Wk (g) — V= VI (Ca) @ VOr(gF) @ F(gy o)

explicitly given on the generators of WF. (g) by
(7.8)
1
b . Ho .
J{}|—>b+§ E O @[wa,b].(bEQt‘),

a€Sy /o
(7.9)
Gl — Z C v, we]PY : —(k + 1) Z (v|we,) TP

OéESl/Q OéESl/Q

1
T3 D @Ryt (U E gora),

a,BES] /2
(7.10)

1 W k+1 1
S : : T — (TPY)D,, : .
04650 Oéesl/g
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Using the normalization

(7.11) a = J—_l\/ﬁm,

we have VET1" (Ca) = M(1). Here M(1) is the Heisenberg vertex algebra
(free boson) generated by the element a with A-bracket

[aya] = A.

Recall that we denoted by ¢ the highest weight of the gi-module g_; /2
Recall from [15] that an element v € P, is called an extremal weight if
v + & does not lie in P; . Let v € P,j be a non-extremal weight. Let
L(v) be the irreducible V' (gf)-module of highest weight v. Fix u € C
and let M (1, ) be the Verma module for M (1) such that ag acts as the
multiplication by . Clearly Id 1) ® Idy oy (gn) ® oR is an automorphism
of 7% and

(7.12) M (1, p) @ L(v) @ F(g1/2,0R)

is a Idp1) ® Idyog (gny @ op-twisted ¥*-module.
Since W o or = (Idp1) ® Idyay gy @ or) o ¥, the restriction to

U(WE. (g)) defines the structure of a oz-twisted Wk

7 *-module in (7.12).
Set

= (k+1)
(7.13) Sk__V/_T:7§ﬁfi7ﬁﬁ.

Proposition 7.4. Fiz y € C and v € (h%)*. Set

(g)-module on the

v(p,v) =1, ®v, ®1,
and
(714) N(:ua V) = W(erflln(g))v(:u7 V) - M(lnu) ® L(V) ® F(gl/Q?O-R)'
If

2 b
+ 2 1
(7.15) bo(u,v) = o — s+ My +27) | 1

2 ok +hV) 16 O

then N (p,v) is a highest weight WE. (g)-module with highest weight vector

v(,v), of highest weight (v + p, Loy, v)).
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Proof. By (2.6) we have

(7.16)
1
By, gy =5 (07, [ B edo
+ 2 (@) (P )1 — (P )5 (2)5),
JELy
(7.17)
TP, :J;, = Z (5 +])((I) )t_l_j(q)a)qtﬂ+j—|—1 + ((I)a);cﬂ—j(q) );
JELy
1
- §5T,07
(7.18)
[0, wa] % Y= Z[U Wa- ‘I’O‘)?—va
JEZL
(7.19)
o W 1 (07 W
: ® (I)ﬂq)[wﬁ’[wa,v” 12 = §<w ;wﬂ>ne(q)[w5,[wa,v]])7tn
1, 4 w
— §<w ) [w57 [wom U]]>ne(q)’8);c~
+ ) (@)™ PPy, ) e
JELy
1 O Dy e i) 5 (BV)F)-

We start by checking (4.14). If r > 0,

1
U (T, 0(u,v) = v, @ bv, © 1+ 5 > v @u®: Dy, i 1
06651/2

1
=5 Y ®u® @) (@)
€Sy /2,JEL

— Uy X vy & ((I)[wa,b])r j(q)a)tw)l

J
— 9 Z U ® Uy @ (L, )" (%) 1
OLES]_/Q

= Z U @ vy @ (BV)5Y (Pl )1 = 0.
OAES]_/Q
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Likewise
UG, 0, v)
= Z[Ua wa]t—“;(vu ®vy) @ (q)a)?ijl

JEZL
—(k+1) Y (Wlwa)v, ® v, ® (T
06651/2

1 « w

+s > ”u®’”v®(<w 07) e (P, e o))

a,BESl/Q
1 B\tw
— L g, 0] e (891

1 W

Y neue (@) ek &

w,@:[waav]] ‘r+j+1
OZ,BGS]_/27jEZ+

+: (I)B(I)[wﬁ,[wa,v]] r—j ((I)a)tw)l

J
1
(k4 1) Y (vfwa) (7‘ n 5)'0” ® v, ® ()1
0651/2
1 W o\ Tw
T3 t@u®: Oy g (B
a,BES /2
1 W o\ tw
= § Z Uy XV, - (I)/B(I)[wg,[wa,v]] :7tq (Q) )g 1
a,BE€S) /2

a?ﬂESI/Q’jEZ+

~ (Rpuy e )1 (27 F) (D)5

1 W W a\tw
=5 D O ® Ry ) ()5 (@)L =0.
a,BeS 2
Finally
U(L), (M, v)
E+1
k—i—hv ; Ao Uﬂ®vy)®1+k+hv(Tx),«vu®vy®1
a€So

by Y nene: (T2 1
06681/2
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k+1

_—(r+1)k hvxrvu®vy®1+— Z Vy QU (TCI)a)@ twl

CMGSl/Q

1 . a W (FHo\tw
— 5 Z (5 +J>vu ®v, @ (P ) ((I) )7”+J‘|'1 + ((I)a)f”—j(q) )3 )1
a651/27j62+

= 0.

This concludes the check that (4.14) holds. Let us now verify (4.15): if
a € g, then
(7.20)
1
(JNgu(p,v) = v, ® agvy, ® 1+ 3 Z Uy @U@ 1 PPy, o) 0V 1.
04631/2

If, in particular, a € ng(or)+ then, since (w®, [wq, al)ne = 0,

U (Jv(u, v)
1 (07 W W a\Tw
=3 > @0 @ (M) (Pl a) 1 — (Pfue,a) (%))
a€Sy/2,J€EL+

Z Vy @ Uy & (q)[wa,a])gw(@a)gwl'
OéESl/Q

If we € ny/9(0R)’, then w® € ny9(or)4 and (®*)§¥1 = 0. Since (w®, [wa, a]) ne
—0,
(Pla.a))0” (29)5"1 = —(2Y)5" (v a) )0 1.

If wy ¢ ‘(11/2(03)/, then [wq,al € Ill/Q(UR)+ SO ((I)[wa,a])gwl =0.
We now turn to checking (4.12): if h € h? then

V(" )ou(p, v)

1
= v, ® hov, ® 1 + 5 Z Vp @0, @ 1 PPy, o1
OZES]_/Q
1 tw o\ tw
= vl @ v, ®1+5 Y alh)(vu @ v ® (2a)5"(2°)51)
OLGS]_/Q

_ i S a) (v @, @1)

OéESl/Q
1
=v(hv,® v, © 1+ Y alh)(vu @ v, © (Ba)f* (2Y)51)

ozESB2
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1
-1 Y aWen @)
OZES]_/Q
= v(h)v, @ ®1+(1 > (Jé(h)—1 > a(h))(v ® v, ®1)
17 v 2 4 12 v ’
aESI"/Q a€Sy /o
hence
(7.21) U0 (. v) = (v + pr) (W) (v, @ v, @ 1),

We now compute ¢y checking (4.13): recall from [15, (9.8)] that

(L) == :aa: +s,Ta+ LY + L,

N[ —

and it is easy to check that % caa o +sp(Ta)ov, = %,uz — sgp. Using
(7.4), one readily obtains

2 b
o viv+2p 1 .
Lo(v, ®v, ®1) = (;—sku+w—|—1—6d1mgl/2)(vu®vy®1).

It remains only to check (4.16): if v € n_y5(0R)+ then

V(G Ho(v, 0 0,0 1)
= Z L [0, wa]PY Y (v, ® v, ®1)

OéESl/Q
—(k+1) > (vwa)v, ® v, @ (TO*)§V1
CtESl/Q
1
DL T ST o
a,BES1 /2
= Y wlu @) ® (@)
a€Sy/2,JEL
k+1
+ g D Wlwa)vy @ v, @ (7)1
04651/2
1
3 DL U ®u®: O P, 0 0

a,BES /2

so that

WG o (v, ® v, © 1)
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= Y owao(va® ) @ (@)1

aesjmus;/g
k+1
P Y Cluau®e, @ (@5
aesj/Qus;/’g
1
+ 3 Z Uy @ U Q® : @aé'g@[wﬁ,[wa,v]] :BW L.
aaﬁesl/Q

Note that hg has positive eigenvalues on v (which we can assume to be a

root vector) and non-negative eigenvalues on w,, o € S;r/z U Sl_/’g . Hence
[v,ws] € ng(or)+, and the first summand vanishes; moreover, for the
same reason, (v|wy) = 0, and the second summand vanishes. We are left

with evaluating the third summand.

(7.22)
> DY, 0 0 1
a,BES] /2
1 o W a w
= 5 Z (<’LU 7wﬁ>ne(q)[w,3,[wa,v]])g - <w 7[w57[waav“>n€(q)5)g )1
Ol,BESl/Q
(7.23)

+ ) D (@) PRy, e

a,BES /2 JEL

+ (I)Bq)[w,g,[wa,v]] t_“; (CI)O‘);-W)L

We evaluate the summands in (7.23). The first is

a\tw . tw _
D (@)t @Dy, o) 1)1 = 0.
JELy

The second is

D 2 Py gl 5 (BT = @Ry s, 6 (D)5
JELy

- (%<wﬂa [wﬁv [wa, V]]) e

+ > (@) (Prus ool T1 — (q’[wﬁ,[wa,v]])t_vﬁ-(@ﬁ)ﬁw))(@O‘)Bwl
JELy

= (G0 T, [ e — (Bl )5 @) (@)L
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Hence (7.22) becomes

DI S IR
a,BES] /2

1 o w o w
=5 E (<w 7w/8>n€(q)[w5,[wa,v]])g - <w 7[w57 [wa’v]bne(@ﬂ)g )1
2 peS
a, 1/2

1 W W a\Tw
+ Y (507 s e v]ne — (P )8 (D)) (@571,
05,5651/2

The first term equals % Za651/2 ((I)[wa,[wa,v]])(t)wlv which vanishes since

[wa’ [womv]] < u1/2(UR)+'
For the second term, note that we may assume (5 € Sfr/z U S?’/;; but then
(w*, [wg, [Wa, V]])ne = 0, since [wg, [wq,v]] cannot have weight «. The
third term is handled in the same way. The last term equals

Z ((I)[wg,[wa,v]])gw(q)ﬁ)gw ((I)a)(t)wl

a,BGSf‘/QUS?’/g,a;A—B

+ Z ((I)[w,a,[wa,v]])gw(q)_a)gw ((I)a)gwl'

aesy ,usy;

(7.24)

The first term in (7.24) vanishes since

(g a6 (D)6 (2M)FL = (D)5 (D) (P e )07 1 = 0.

For the second term

Z ((I)[wa,[wa,v]])gw(q)a)gw (q)a)gwl

aeSj/QuS?’/g
= > (Pue fuwa o0 (@DE)* L+ D (Ppue fura ) )61
QES?}; ozES;r/z
1 tw tw
- 5 Z ((I)[wa7[vav]])0 L+ Z ((I)[’wo‘,[wa,v]])o 1=0.
aESg’/; aESI"/Q

In the last equality we used that ((®*)§")% = 3[(®*)§¥, (%)§V] = O

1
3

Recall [15] that p € P is called extremal if u(6)') < M;(k) + x; for all
i (see Table 6.3).
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Theorem 7.5. Let

(k+1?  (v=prlv—pr+20) 1
4(k + hY) 2(k + hV) 16

(7.25) B(k,v,pr) = — dim g /.

If v —pRr € Plj is non-extremal then, for all £ > B(k,v,pRr), the og-
twisted W, (g)-module LW (v, £y) is unitary. In particular, v € P, .

min
Proof. Fix p € R. By Proposition 7.4, N(u + sk, v — pr) is a highest
weight module with highest weight (v, €o(p + sk, v)) (c¢f. (7.15)) so that,
using (7.13),

2 k+1)2 — —pr+2p%) 1
%_( )* W= prlv—pr P)+_dim91/2_

eO(M + Sk, V) = 4(]€ + h\/) Q(k + h\/) 16

Hence, for all ¢ > B(k,v, pr), choosing u = 2v/ly — B(k,v, pr), N(p +
Sk,V — pr) is a highest weight module with highest weight (v, ¢).

Since M;(k)+x; € Z4 and (v—pgr)(0;") < M;(k)+x; for all i, L(v — pR)
is integrable for V' ** (gh), hence it is an irreducible unitary highest weight
Ve (gh)-module. Let

b
('7')M+5k — Hptsy ® H® ®HF’

where H,, 4, is the invariant Hermitian form on M(1, 1 + s), H® is the
invariant Hermitian form on L(v — pr) and HY is the invariant Hermitian
form on F(gy/2,0r) constructed in Lemma 7.3. By [15, Proposition 9.2],
(*,)pu+sy, is a ¢-invariant form on N(p + sg,v — pr).

Since H,, s, , HY and HF are all positive definite, (-, )+, is positive
definite as well hence, by restriction, N(u + Sk, — pgr) is unitary. In
particular, VA (g%) (v, ®v,_,, ®1) is unitary, hence it has to be integrable,
so that v € P, O

Corollary 7.6. (1) If g # spo(2|3),D(2,1;a) and v € P, v — pr €
P*.¢ > B(k,v,pRr), then the og-twisted WE. (g)-module LW (v, £) is
unitary.

(2) If g = spo(2|3), then for allv € P;Y, v # 0, MlT(k)sl and £ > B(k,v, pr),
there the or-twisted W¥. (g)-module LW (v,€) is unitary.

(3) If g = D(2,1;a), then for allv € P,j which do not lie in {rses, roeg +
Mg(k’)gg} if pr = €2 orin {7“262, Ml(/{?)&‘g + T’3€3} if pr = €3 then, for
¢ > B(k,v, pRr), the og-twisted WE. (g)-module L (v, ) is unitary.

min

Proof. (1). Using Table 6.3, observe that pg(6y) = —x1. Then, if v € P,
we have

(v —pr)(0)) =v(0)) — pr(6Y) < Mi(k) + x1,
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so v — pg is not extremal; being dominant by assumption, it lies in P,:“ )
hence we can apply Theorem 7.5.

(2). We have v = ey, 1 < r < My(k) — 1, so (v — pr)(6)) = “Fre1
belongs to P,j and it is not extremal.

(3) We have v = roeg +raes, ro,r3 € Zg,r2 < Ml(]{:), rg < MQ(I{Z) So
if pr = €9 (respectively pr = €3) v — pr is not dominant precisely when
v = raes (respectively v = rqeg) and it is extremal if v = roeg + My (k)es
(respectively v = M (k)ea + r3€3). O

8. Euler—Poincaré characters

First of all we specialize to the Ramond sector the results of Proposition
4.3. Recall from (3.12) the definition of .

Lemma 8.1. If 0 = oR, then

6 1 0

=2 ~<(0) e(or)
= —_ _ = — — — - o p—
8 PR — P 25 OR 9 71/2 = PR 1E\OR)G

and

L . 1 .
Sfg = S(Thv)(dlmgl/Q — 2€(UR)), Sgh = _E dlmgl/?‘

Proof. Specializing (4.7) to or we find

1 .
Se = 07 Su; = 77355 if u; € Ny Q(UR)+7 Su; = 5
2 /

5 if u; € nl/Q(O'R)_,

Sq; =01t a; € no(oR)+,

and
. 1.
Sq;, = 1if a; € ng(oR)—, Su, = 3 if u; € n_1/2(03)+,
Sug = 5 if uj€n_yp9(or)-, sy=1,
SO
1 1 1 1
/ pR—
Y= > a—7 > ats ZO‘—Z > o«
gaCny/2(0R)+ gaCny/o(oR) - gaCno(oRr)— gaCn_y/2(0R)+
3 1
gaCfL1/2(UR)—
Since:

ga C nyja(or)y if and only if a = 60/2 + n with n € ZT/%



V.G. Kac, P. Moseneder Frajria and P. Papi

ga Cn_y2(or)+ if and only if go C 931/2(03) or a = —0/2 + n with
~+
nelA,,

8o C nya(or)- if and only if go C 99/2(03) or « = 0/2 — n with
N
n € A1/27

8o Cn_y/2(or)- if and only if o = —6/2 —n with n € ZT/Q,
we can write

, 1

0 1 6 1 0
v=1 2 G -1 X (G- glewy
UEZT/Q nezf/z
0 0
R F
aEng(or)+ UGZT/Q
3 0 0
12 (3713

By an obvious calculation we find

1 . 0
’}/: Z 77_5 Z a+(d1mﬂ1/2(0'R)+_1)

2
n€RT aeng(or)+

1, 0
= 2pp — p' + §(d1m91/2 —¢e(oRr) — 2)

2
1 . 6 1 6
=2pg — p* + < -1+ B d1m91/2>§ - 55(01%)5
1 6
=2pr—p — 55(03)5.
Likewise 1 /o specializes to
1 1
wemt Y acly
gaCny/2(oR)+ 9aCny/o(0R) -
1 0 1 0 1 0
=12 (5n)-1 X (G-n)-gowy
USTASYD! UISTANYP
1 0
= pr — 1e(oR)5-

4 2
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Finally
k 3 1
el X 1 X g
gaCny/2(oR)+ gaCny/o(oR)—
1 3
- X it X )
gaCn_y/2(0R)+ gaCn_y/2(0R)-
k ) .
= W(?) dimny j5(or)+ — dimnyjs(or)-)
k .
= W(dlmmM —2¢(oR)),
and

1 1 .
Sgh = —7 Z 33:—1—6d1mgl/2.
06651/2

O

Corollary 8.2. If A € b*, then HJ(M(K)) =0 ifj #0 and Hy(M(A)) =

MY (v, 6(A)) with

> 1 ~ =~ ~ 1 0 ~
t(A) = St hY) ((Amh [Ajps) — 2<A|2PR —p— 55(03)5» — Az + D)
k . 1.
(81) + W(dlmgl/Q — 26(0’3)) — 1_6 dlmgl/g,

and v = Klf)” — PR-

Proof. Using the calculations in Lemma 8.1, specialize to o =

or the

results of Proposition 4.3, which summarizes Proposition 3.1, Theorem

3.1, and Proposition 4.1 of [20].

By [20, Corollary 3.2] and [20, (4.12)], the Weyl vector corresponding

to II is

~ 1 0
(8.2) PV = +hVAg= —2pr+p+ 55(01%)5 + hYAo.

It follows that (8.1) can be rewritten as

A+ 272 = [Ip™)>  ~
— — A D k
20+ ) (x+ D)+ a(k)

_(AA+2Y) <
= S0 A(x + D) + a(k),

((A)
(8.3)

O
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where

k 1

)(dimgl/z —2¢(0R)) — = dimgy .

B4 alb) =g 6

Next, we introduce the framework for computation of characters of
highest weight modules, following [10]. Let % be a basis of C @ (h%)*.

In the set of formal series > bzqe" with b, ) € Q, we con-
(z,1)ECB(HH)*
sider the algebra Z(Z) of finite linear combinations of series of the form
> b(n’qu_”e’\_“. Given a series Y = > bz @€, we
(n,w)EZL A (2,1)ECB(H7)*
define the support of Y as the set Supp Y = {(z, 1) | b, ) # 0}

Let ev: h* — Ca (h?)* be the map defined by
(8.5) ev(A) = —A(x + D) + A

Set 1% = ev(ﬁ). By the explicit description of II given above, it is easy
to check that TIf\ {0} is a basis of C @ (h#)*. The choice of an ordering
of TI*\ {0} defines a lexicographic total order <pr on C @ (h*)*. We use
this total order to topologize Z(I1%) by choosing as a fundamental set of
open neighborhoods of 0 the sets

Vo ={Y € RBMF) | 2+ pu <pr 20 + A for all 2+ p € Supp Y}

If € C® (h9)*, B =2+ \, we write ® for g¢*, so that
(8.6) i
) = g AEED) At — gmm=X@ Mt if R = kAg +mb + A, A € b*.
If 3 € Z, 117 and a € Q\ {0}, we note that (1 — ae™?) are both invertible

in Z(I11) with inverses

(8.7) (1—ae )7t = Za”e‘”ﬁ,

n=0
8.8 | —aeh) 1= _ N g
(8.8) (1 —ae”) ——Tnz:%a e "7,

We would like to extend the map ev to a map from %(ﬁ) to Z(I17) by
(A) ~n(6-0))

~ (0.0

mapping e to e®™ but this is not possible: for example ev(> e
n=0

does not make sense. To make sense of ev, we must restrict to the following

set

(1) i
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—{v € 2(I1) | for all u € SuppY, (1 + Q(6 —6)) N SuppY is finite}.
We will need the following special case of the Lemma in § 2.2.8 of [10]:

Lemma 8.3. Let A € b* and set A = (k + hY)Ao + A. Assume that

2&2;0@ € Z for all real roots in Ab. Let J be a set of linearly independent

1sotropic odd roots in ﬁfﬁv Then the series

cw(A)

= Z det(w)ewA, z det(w (1+ e—w(B))

weEW" weW'" ﬂeJ

are elements of %(ﬁ)ﬁm hence the series

ev(Y1) = Z det(w)eev(w(x)),

weWh
ev(w(K))
e
weWH BeJ

converge and define elements of Z(I17).

Proof. We note that, since k + hY < 0, A satisfies the hypothesis of §
2.2.8 of [10] with W' = /Wh, hence Y7 and Y3 converge and are elements
of 2(11).

We need only to show that, if u € Supp Y;, then the set {i/ € SuppY; |
W—pe @(5 )} is finite. Let A = w(A) be the unique maximal element

in the VVu orbit of A. Since Y; are skew-invariant for the action of Wh and

0 —0 is fixed by I/Vh we can assume that p is in the support of W

BedJ

SO b=\ — Zm% with r; € Z, and v; € +w(J), 7; positive.

Let 1/ € SuppY; be such that p — p' € Q(6 — 0). Then p/ = w(\) —
S w(7y;) with ) € Z and

(8'9) (6 9) Z Ti%i + Z r;w %

It follows that

(8.10) Z rivi(x + D) = ()\ —w(A) + Z riw(%)) (x + D).
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Since A — w(\) is a sum of positive roots in A, we see that
(A —wN)(z + D) = (A —wA)(D) € Z.

If w(v;) is a positive root, then w(vy;)(z + D) > 0 and 7} > 0. If w(y;) is
a negative root, then w(y)(x + D) < 0 and r; < 0. The outcome is that
>-riw(v;)(xz+D) € $Z. Thus there are only finitely many pairs (m, n) €

$Zy x 374 such that m = (A —w(\))(z+ D), n = >_riw(yi)(z+ D) and
m+n =3} rivi(z+ D).

(2
By the combinatorics of reflection groups, for any given m, there are
only finitely many w € W¥ such that m = (A — w(\))(D). It follows that

there is a finite subset X of W¥ such that (8.10) holds if and only if w € X.
Hence (8.9) can be satisfied only if w € X and

(8.11) 0= (A —w(A) — Zﬁ:%‘) " + ngw(%)\hn-

Since {w(~;)} is linearly independent, (8.9) has only finitely many solu-

tions. Ol
Set,
N (1 . qn)dimh Hh (1 . qn—le—a)(l . qnea)
(8.12) S €AY - ,
n=1 ]._.[ (1 + qn_§6 lhh)
aEA_l/g
L= g")dmh Hh (1—¢" e )1 — q"e”)
~ acA
8.13 FR = ha
&1 U oo T aree
UE(ZT/Q/ Uezfp

where (ZT/Q)’ = ZT/Q if 6/2 is not a root and (Zfﬂ)’ = Z1+/2 U {0}
otherwise. Let IIVS = IT U {6 — §}. If IV = ep(IIVS) = ev(IT) U {0},
these infinite products can naturally be seen as invertible elements of
R (1IN, 2(117) respectively.

The character ch M of an non-twisted highest weight W

min (g)_mOdule
M is defined as the trace of g0 Jéh}, h € ¥, and can naturally be seen as

an element of Z(I1V%). Similarly, the character ch M of a Ramond twisted
highest weight W¥. (g)-module M is defined as the trace of g~ Jéh}’tw,

min
h € b, and can naturally be seen as an element of Z(II1%). Note that
FNS and FE are the denominators of the characters of non-twisted (re-

spectively op-twisted) Verma modules over WE. (g). This is easily seen
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by computing the character of MW (0,0) using the basis given in [19,
(6.13)] for the NS sector and in (4.20) in the Ramond sector. The formu-
las in (8.12) and in (8.13) give precisely these characters when expanded
according to (8.7) and (8.8).

Let R (respectively ﬁtw) be the Weyl denominator for g (respectively
g™). The following result is a special case of Theorem 3.1 of [16] and
formula (3.14) of [20]:

Theorem 8.4. (a) If M is a highest weight g-module of highest weight A
and R ch(M) € Z(IIN%) 4, then

. <K|K +27)
> (=17 FNS ch Hy (M) = q 26F07) ev(R ch(M)).
J

18 a highest wewght g -moaule of hig 6stwezgtAcm RtV ¢ €
b) If M s a high ght g™ -module of high jght A and R™ ch(M
K (1) f, then

Z(—l)JFRch H;(M) = e Prq 2(k+h”) ev(R™ ch(M)),

J
where a(k) is given by (8.4).

A weight A of § is called degenerate if A(ao) € Z4. It is shown in [20]
that H(L(A)) — 0 if and only if A is degenerate. Recall that a VE(g)-

module M is called integrable if it is integrable with respect to gE for all
i=1,...,s (see (3.3)).

An easy consequence of Theorem 8.4 is the following Proposition.

Proposition 8.5. Assume that

(8.14) (A + o) # n(oga) foralln € N and o € KE:V \ (A1)
and that L(K) is integrable. Then H(L([A\)) # 0 and
FE Z ) eh Hj(L(A))

(A‘A‘|‘2Atw) ~ ALpt I~
_HRET0 5 gy RA7 DI

weW?



V.G. Kac, P. Moseneder Frajria and P. Papi

Proof. The hypothesis implies in particular that A s non-degenerate,
hence H(L(A)) # 0. Arguing as in Proposition 11.5 of [15], we see that

R™ ch L(A Z det(w)e® AP =Pt
weWwh

By Lemma 8.3, R ch L([A\) € %(ﬁ)ﬁn so, applying Theorem 8.4, we con-
clude. O

A similar result is the following.

Proposition 8.6. Assume that (A + ptv|§ — ) ¢ N and that L(K) is

integrable and maximally atypical. Assume that I contains a maximal set
J of pairwise orthogonal isotropic roots such that (A + p*™|8) = 0 for all

B e J. Then H(L(A)) # 0 and
FRZ ) ch H;(L(A))

(A|A+2Atw)
— g 2R +alk) - pr Z det(w

weWh

(w(K_H/)\tw)_ﬁtw)(x+D)6(w(A+ﬁtW)_ﬁtw)‘hh

[] (1 + g atD)e Py
ped

Proof. The hypothesis implies in particular that A s non-degenerate,
hence H(L(A)) # 0.

It is shown in [10] that the hypothesis imply that

—~ 1 ew(A"‘ﬁtw)_ﬁtw
(8.15) ch L(A) = Biw Z,\ det(w) [1(1+ew®)
weWt geJ

Formula (8.15) is a special case of [10, Formula (14)] if g # D(2, 1; ™)
and of [10, Section 6.1] if g = D(2,1; %) and /A\W — 0 (for other A (8.15)
holds only conjecturally). Here we use that g™ = g [13, Remark 8.5], since
og is an inner automorphism of g in all cases considered. By Lemma 8.3,

R™ ch, L(A) € Z(11) sy, so, applying Theorem 8.4, we conclude. O

Remark 8.7. The equalities in Propositions 8.5 and 8.6 are to be under-
stood as equalities in Z(I1V) or Z(I1%). To be more explicit, observe that
1Y% = {40,791, ...,%,0} with {y;} a basis of C @ (h?)*, 9 = —% + Yo,
Yo € (h)* and v; € (h7)* for i > 0. Then a series

Y = Z bin,a” "N € 2(1TV7)
(n,u)EZ_._HNS
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can be rewritten as

(8.16) Y = Z ang’ T2

with
an = ( Z b(”»Zi ni%)e/\—n%—Zi ni%‘) S %({’71, . ,’yr}),

We refer to the expression in (8.16) as the |¢| < 1 expansion of Y.
The same argument works verbatim for Z(I17%) except that v9 = —1+
o so the |g| < 1 expansion reads

Y = Z ang* ™"
n

with an € <%({'}/17 cee 7’77“})'

9. Unitarity between A(k,v) and B(k,v, pr)

For v € P,j and s € C, set
(9.1) Us = kAo + s0 + v + pr,
and set £(s) = ¢(Vs). An obvious calculation shows that

(v —prlv —pr+20°) _ s(s —k—1+ 3¢(or))

2 l(s) =
(9:2) L) 2(k + hY) " k+ hY
k
h_ (i _9
RAAY (prlP" — pR) + 8(k:+hv)(d1mgl/2 e(or))
I .
— Edlmgl/Q.

Let us call a weight v € P,j Ramond extremal if
(9.3) v—pr ¢ P or v—pp is extremal.

We restrict our attention to the irreducible highest weight modules
LW (v, ) that satisfy the necessary conditions for unitarity proven in Sect.
6, thus v € P]j, ¢ is real with £ > A(k,v), and, if v is Ramond extremal,
(= A(k,v).

We want to calculate the difference

d(s) = £(s) = B(k,v, pr).

We use the following fact, which is verified by case-wise inspection.
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Lemma 9.1.

(9.4) (prlP* — pR) =

Lemma 9.2.

(9.5) d(s) = 4

Proof. By (7.25) and (9.2),

s(s—k—1+ 3e(or)) 2
: (k+1)2
" d _9 BRSO
+ 8(]{3 + h\/)( 1mgl/2 €<UR)) + 4(]6 + h\/)
L.
— gdlmgl/Q.
Using (9.4) and relation dim gy /5 = —2(h" — 2), we find
l(s) — B(k,v,pr)
s(s—k—1+3e(or)) hY —3e(or), .
= d _
k’"‘hv 8(k+hv) ( lmgl/Q €(O'R))
k . (k+1)2 1
S _9 -
+8(k‘—|—hv)(dlmgl/2 S(O-R))+4(l{j—|—hv) 8d1mgl/2
_s(s—k—1+%s(03)) e(oR)? k1 c(on) + (k+1)2
B k+ hY 16(k+hY)  4(k+nrY) T 4k + V)
_ s(s —k—1+ 3e(or)) . (=k — 1+ 3e(oR))?
k+ hY Ak + hY)
(s — (M — =)y’
- k+ hY
O

We now compute the values of s € C such that ¢(s) = A(k, v). For this
we need the following computation.

Lemma 9.3. If /2 is not a root of g, then

(9'6) FV(nmin) = 2(V|nmin)((y|nmin) + Q(ph - pRmmin)) - (V|pR)'
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Proof. We proceed by a case-wise inspection.
g = psl(2|2). We have nuin = pr = p? = $(61—02). If v = L(61 — 02),
then (v|nmin) = (V|pr) = —5, (0" — PRl7Imin) = 0 s0

1
2(V|nmin)2 + 4<V|77min)(ph - pRlnmin) o 2(V|pR) = 57“2 + 7,

which is (6.21).

g = spo(2|2r). We have nyin = *&,, pr = % Yoier i E %er, and in turn
(V|77min> = :F1/2m7“7 (V|pR) = _1/4 Zi<r m; + 1/4m7‘7 (pR|77min) = _1/47
(" — pR|Tmin) = 1/4, so

1 1 1 1
2(V|77min)2 + 4(”’77min)(ph - PR|77min) = §m72“ + imr + 2 gmi + imr
<r
1 1
<r

which is the expression for F},(fmin) given in (6.24).

g = F(4) We have npin = %(_51 + €2 + 53) O TMmin = %(51 — €2 —
e3) and pp = w3 or pg = wj respectively. In the first case (V|Nmin) =
1/3(m1 —mg —mg3), (v|pr) = —1/3(m1 + m2 + m3), (Pr|1min) = —1/6,
(Ph — PR|Mmin) = 1/3, so

2(V|77min)2 + 4(”’77nrlin)(ph - PR|77min) - 2(V|pR)

2 , 4 2
= §(m1 — My — mg) + §(m1 — My — mg) + g(ml + mo —|—m3),

which is (6.28). The same holds in the second case: (V|fmin) = 1/3(—m1 +
my +ms), (V|pr) = —2/3m1, (pR|Nmin) = —1/3, (0* — pRIMmin) = 1/6 so

2(V|"7min)2 + 4(l/|77min)(pu - pR|77min) - 2<V|pR)

— P )+
= 9 ma mo ms 9 mi mo ms 3m1

2
= —((—m1 + meo + m3)2 +5mq + mo + mg).

9
g = D(2,1;a). We have nyi, = €2 — €3, —€2 + €3, pr = wi,w?. In the
first case (V[nmin) = %—ma (vlpr) = 2(_1—%7 (PRIMmin) = 2(1_—_&(1)7 SO

2(V|77min)2 + 4(V|77min)(ph - pR|77min) - 2(V|pR)
B 2(—m1 + am2)2 a(—m1 + ams) —mg

2(1+ a) (1+a)?  (1+4a)

which is (6.27). The other case is similar. O
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Lemma 9.4.

(1) If 0/2 is a root of g, then
A(k,v) = B(k,v, pRr),

so U(s) = A(k,v) if and only if s = %.
(2) If /2 is not a root of g, then

(v — pRr + P*|1min)

so U(s) = A(k,v) if and only if
E+1
(98) §= T + (V — PR+ ph|77min)'

Proof. 1f /2 is a root of g, we have

1 1
- h_ _
Alk,v) = 5oy (00 + 200 = o)) = 5p(8)
while
(k+1)?  (v—prlv—pr+20%) 1
Blk.v.pr) = =qa79y + 2(k + hV) T 7 A g1/
(F+1)? | (wlv+20)  (prl2v — pr+20%)
T4k nY) 20k +hY) 2(k + hY)
1
]_6 dlmgl/2
We need to check that
k) _ (k1) (orl —prt26) 1
Ak+hY)  4k+nY) 2(k + hV) 16 12

This is easily checked case by case:

o spo(2]2r+1),r>1:

SR
(s )
.« G(3):
k2 k—g (k+1) 4—£(k—g)
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If #/2 is not a root of g then

A(]{J, I/) = m ((V|V + QPH) — %p(k) + Fu(ﬁmin))a

so the difference A(k,v) — B(k,v, pr) is

(9.9)
1 1 (k+1)* | (prl2v — pr + 20
| — =zp(k FIJ min
2(k+hv)( Rk + (i ))+4(k+hv) 2k + hY)
6 dlmgl/2
Substituting (9.6) in (9.9) we get
1 1 (k+ 1)
k 2 min 1 min min )
sy 22 + 200 + 4G i) orlwin)) + 30
(orRl —pr+20) 1
— —d
+ Z(k—l—hv) 16 lmgl/27
so we have our claim, provided that
k k+1) —pr+20) 1
p(k) _ (k+1)  (pr[—pr p)__dlmgl/2
A4k +hY)  4(k+hY) 2(k 4+ hY) 16
_ (P* — pRThnin)*
k+ hY
This formula is proved by inspection. L]

An immediate consequence of the computation above is the following
result.

Corollary 9.5. If0/2 is a root of g and v € P,;L 1s not Ramond extremal,
then LW (v, 0) is unitary if and only if £ > A(k,v).

If 0/2 is mot a root of g, v € P! is not Ramond extremal, and (v —
PR + P Nmin) = 0, then LW (v, 0) is um'tary if and only if £ > A(k,v).
Proof. In these cases A(k,v) = B(k,v, pr). O

It remains to discuss the cases when A(k,v) < B(k,v, pr). For han-
dling these cases we want to compute characters of H(L(Vs)). A first step

in this direction is given by Propositions 8.5 and 8.6, therefore we check
if U satisfies their hypothesis.

Lemma 9.6. Assume that 0/2 is not a root of g. Assume v € P,;L 15 not
Ramond extremal. If

k41
(9.10) 0<s———< (v = pr + P in)

then (8.14) holds.
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Proof. By |20, Corollary 3.2| and [20, (4.12)], p™ = —4' + hY Ay, so, by
Lemma 8.1, for Uy, given by (9.1), we have

N 1 0
(9.11) Us +p = (k—f—hv)Ao—f—S@—f—I/—pR—f—,O—l—56(03)5.
Note that the elements of ﬁtf \ (3*’)h are precisely

(1) B—73b, gg C nj(or)+,J # 0,
(2) 5+(m_])67 95 ng, m€N7] #O

We check that (s + p™|a) # 0 for all isotropic roots. If « is such a
root, then

1

/ -
(9.12) a=+(-50+5)+m neldipy
1 0 —t
(9.13) a:i(—§5+§)in+n5,nEAl/Q,nEN.
We start considering the roots (9.12). We have two cases.

First case: (v — pr + p|9min) < 0. We compute, using (9.11),

/N

1 0
\/ —_— —_— —_—
(k+h")Ao+ s0 +v pR-|—p|:|:( 2(5+2)+77)

=F5k+h7) + (v = pr+piln) £ + s
k+1

:i(S—T) + (v — pr + £*n)
k+1 ’

::l:(S_T) + (V_pR+p |77min+ E nﬂﬁ)

BeA ng>0

k+1

gi(s—T) —|—(V—,0R—|—,0h|77min) < 0.

The last inequality follows from (9.10).
Second case: (v — pr + ph|77min) > (0. Computing as above

((kz—l—hv)Ao+89—l—1/—pR+p|:|:(—%(5—1—9/2)—1—7})

Zi(s—$)—(v—p3+pul—n)

k+1
A A ST
BeAL ng>0
k+1
gi(s—T)—(y—pR+p“|nmm)<o.
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We now deal with the roots (9.13). The case when o = £(—16 + 6/2) +
n + nd is handled as above, since k + hY < 0. In the remaining case we
use the following relations (see [15, (11.23)] for (9.14) and [15, (11.18),
(11.19)] for (9.15)):

(9.14)
hY 1 n
kt o <=5+ Ev—rpr) = —pr+pmn) nE XA, n# ¢,

2
(9.15)
(€)= 5(h" 1),

Formula (9.14) follows from the non-extremality of v — pg. In the subse-
quent computation we use (9.14) with n = £npin. When g = spo(2|3) or
psl(2]|2) (and only in these cases) it happens that 7., = ££. A direct
check shows that (9.14) still holds. We have

1.6
\/ —_— —_— — [e— —
((k+h)A0+39+V pR+p|i( 25+2) 77+n5)
V1
+ s+ n(k+hY)

1
(k+hY) = (v — pr + p*n) £

S——)—(V—prLphh?)+/<?+hv
\Y

h 1
s————)—w—pR+&my+3v—5+@w—pm

2 2
h\/

s——)—l—(ph|§—?7) (p h|£)+__1_(y_pR+/0|77m1n)

2
(
(
- (v -
gi(s—ﬂ) (f |n)+ﬁ—1—(v— PR + P |Nnin)
( ;
(

s=02) = =+ )

and we can conclude if (v — pr + p|Mmin) > 0. Otherwise, we repeat the
argument with —npyiy.

Finally, we check that (U5 + p™|a) # %(ala) for n € N and o =
mo+6, meZy or a =md— 6, m e N. Observe that

(k+h")Ag+s0+v—pr+pmé—0)<k+h"—2s—h"+1
k41
_ — _—_— <
2(3 5 )_0,

by our initial assumption. Also, by replacing ny,in by its opposite, we can
assume (v — pr + p*|Nmin) > 0. We have, using again (9.14), (9.15)

(k+h")Ag+ 50 + v — pr + plmd + 0)
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m(k+hY) +2s+hY — 1

k41
< 2(5— ?) + k4 hY <2|(v—pr + P Nmin)| + k + A
RV 1
< (v = prl€ = (—Nmin)) + (ph|77min) + o 9

IN

For calculation of characters of H(L(Vs)) we will also need.

Lemma 9.7. Assume that 0/2 is a root of g. Assume v € P is not
Ramond extremal and s = 25, Then (8.14) holds.

Proof. First of all observe that (v — pr + pf|n) < 0 for all n € A“_Ll/2.

This is due to the fact that v is not Ramond extremal so v — pgr + p is
dominant and regular for A?. Moreover 1 is a short positive root of gt
Note also that

o 7
(Us +p™[0 — 0) = ((k+hv)Ao+89+V—pR+p+1’5—9) = 0.

We check that (Us + p™|a) # 0 for all isotropic roots as described in
(9.12) and (9.13).

We start considering the roots (9.12). Since (v — pgr + p*Mmin) < 0,
o tw 1.0 ,
(Vs-i-P \i(—§5+§>+77):(V—PR+P|77)<0-

We now deal with the roots (9.13). The case when a = £(—1546/2)+
n + nd is handled as above, since k + hY < 0. In the remaining case we
argue as in Lemma 9.6 using (9.12) and (9.13): We have

1 0
-~ ~tw = R
(us+,0 |j:< 25+2) 77+n5)
= —(v—pr+pn) +n(k+hr")
< —(w—pr+pn) +k+n

o1
S—(V—PR+ph|77)+7—5+(§’V—PR)+(V—PR+ph!77min)
) 4 o L u
< (') + 5 = 5+ = pr + 7 |Nmin)
: : hY 1 :
Z(P|§—77)—(P|§)+7—§+(V—PR+P|77min)

< (V — PR+ ph‘nmin) < 0.
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Finally, we check that (U5 + p™|a) # %(ala) for n € N and o =
mé+ 60, m € Zy, a =méd —0,m € N, a:m(5+%(5—9/2,mEZ+,
o =mo + %(5 +60/2, m € Z,. Observe that

(Us +p™|md —0) = (m —1)(k+hY) <0,
and
@s +p™md+0) =m(k+h")+k+1+h" —1=(m+1)(k+h") <0.
Likewise
(VS + ™ |md + = ((5 (9)) m(k+h") <0,
and
(Vs-l-ptw|m(5+ (5+0)> m(k+hY) +k+8Y = (m+1)(k+h") <0,
U

We also need to check integrability of L(vs).

Lemma 9.8. If v € P,j is not Ramond extremal then the g*V-module
L(vs) is integrable for all s € C.

Proof. A set of simple roots for ﬁi is TI% = {(6—6;|i=1,...,s} UII.

If 8 is an odd isotropic root we let rg denote the corresponding odd
reflection (see [18] for details on odd reflections). First of all we observe
that, if v is not Ramond extremal, then

(9.16) (D5 + p™|aV) € N for all a € TI%.
Indeed

#2410 -0)") = (k2" 80+ (5+ 7)o (v p) -+ pl(6-00)Y)

and, since v — ppg is non-extremal, as in the proof of Lemma 11.4 of [15],
it follows that

(D5 + p™|(6 — 60;)Y) = M;(k) + xi + 1 — (v — pr|6Y) € N.
If o € IT%, then
(D5 +p™aY) = (v — pr + p¥la’) € N.

Assume first that /2 is not a root of g. Both ap = 6 — 0 and oy =
—%6+0/2+nmin are in Il and ag+a1 = %6—0/2+nmin is an odd isotropic
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root. Set Il = rag+a,7a, 11 and let (7)), (Atw) be the highest weight of
L(7) and the Weyl vector with respect to II'.

We note that IIf ¢ TIU ﬁ’, so, to check that L(7) is integrable, it is
enough to prove for each root in o = IIf N 1II that vs(¥) € Z; and, if
o =IO, that (,) (oY) € Zo. If (Us|an) # 0 and (Ts]ar + ag) # 0 this
check is equivalent to (9.16).

If (Uslay) = 0 and (Us + aq]ag + a1) # 0 then (T5) + (p™) = U5 +
P™ + ay. If (Ug|ar) # 0 and (Us + ai|ag + a1) = 0 then (75) + (pt™V) =
Us+p™+ag+ar. If (Us|ar) = (Us +a1]|ag+ai) = 0 then (75) + (p™) =
Us+p™ +2nmin. In all cases (Us) + (p™)' = U5+ p™ +v with Vot = Plhmin,
p=1lor2 R

If a € TI*NII then, as computed above, (Us4+p*™|a") € N. If a € TI*NIT,
we have to check that

(Ds + 9™ +9laY) €N
If @ € TI* NI, then, one checks that (7min|e) > 0 hence
(s +p™ +la") = (v = pr + p* + Pimin|a’) € N.

Ifa =6—6; € '\II then g = D(2,1;a) and (7(6—6;)") = —p(nmin|0}) =
p hence
(Us + 9™ +71(6 - 6:)Y) € N.

We now discuss the cases g = spo(2|2r +1), 7 > 1 and g = G(3). Set
ay = =25+ 0/2 + in and I = 74, TI. We note that T ¢ TTUT. If
(Us|an) ;é 0, we can conclude using (9.16).

If (Us|ay) = 0, we observe that 7y, is the only element in 11 \ﬁ and

((/V\S)l + (ﬁtW)IMr\gin) (VS + ptw|77m1n) (77min|771¥1m) € N.

It remains to discuss the case g = spo(2|3). In this case II" = {0 -
77m1n, nmln} Set ay = __6+61 +77m1n7 Qg = —5+51 Nmin and H/ = Tall_[
" = fr’azl_[ We note that 11f ¢ TI’ U TI”. If (Vs|az) £ 0 for i = 1,2, then
we can conclude using (9.16). If (s|ay) = 0 then AT = {min} and

((/V\S) + (ﬁtw) |77rnin) (VS + ptw|77m1n) (nminlnmin) € N.
If (s]az) = 0 then I8 NII” = {6 — fmin} and
((’//\S)”+(Atw) |(6— 77m1n) ) = (VS+P |(5_77min)v)_(77min|(5_77min)v) € N.
]

Lemma 9.9. If v € P, is Ramond extremal and s is such that {(s) =
A(k,v), then L(vs) is integrable.
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Proof. We argue as in Lemma 9.8, using the same notation. First we prove
that

(9.17) (@5 + p™]a") € N for all o € IIF N1
If o € TI%, then
Pula¥) = (v + prla’) € 7,
so, if & € II" N ﬁ, then (9.17) holds. Moreover,
(Ds+p™((6-0:)") = Mi(k)+xi+1=(v—prl|0)') = Mi(k)— (|0} )+(prl0).

Note that, if (§ — ;) € II, then (prl6;y) > 0 hence (9.17) holds for all
a € 1" N II. Next, we check that

(9.18) (7)) + (™) |a") € N for all a € [T N1IT'.
Assume /2 is not a root of g. Since ¢(s) = A(k,v), (9.8) holds. More-

over,

(9.19) (ﬁs + Y] & (%5 - 9) + 77min>

2
= <(k; +hY)Ag + (% + (v —pr+ pu|nmin)>9
+v+p—prlt <%5_g> +77min)

2! o k1 SN DAY
= (S k+ 1Y) = = = o+ ) — 5 (0 1))

+ (v = pR + P*[nin)
= (v = pr + P*|uin) = (v — PR + 0% Min)-

The outcome of this computation is that, if (v — pr + ,Oh|77min) # 0 and
s = % + (v —pr+ phmmin)a then

~ N 1 0
(1/5)’ + (ﬁtw)/ = Vs + ;/O\tw + (55 - 5) =+ "Mmin,

while, if (v — pr + p*Nmin) = 0,
(@s)' + (B™) = s + 5™ + 2nmin.
If o € II* N IT, then one checks that (uin|a") > 0 so in all cases
(@) + (™)) = (v = pr + o + Priuin] @)
> (v = pr+ P+ i) = (@ + (™))
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hence ((Us)’ ~|—( ") la¥) = (v + prla’) +1 € N.
If § — 0; € I \ I then g = D(2,1;a) and (nuin|6)) = —1, so

() + (B™)'1(6 = 0:)") = Mi(k) + xi + 1 = (v = pR + Phmin]6})
> M;(k) — (v|07) + (prl6)) + 1 € N.
This completes the proof in the cases when 6/2 is not a root of g.
We now discuss the cases g = spo(2[2r +1), r > 1, and g = G(3). A
in the previous cases we need only to check that ((75)" + (Atw) laV) e
for all & € II* N 1II'. Since {(s) = A(k,v), by Lemma 9.4, s = k“ By
Proposition 12.3 below

(Vs + p™]e) = 0.

It follows that (7s) + (p™) = Us+p™W +ay. If a € 18 \ﬁ, then o = Nin,
SO

(@) + (™) |a") = (v = pr+ p* + Ninlhin) = @s + (P™) 101
= (V+ pRlmin) +1 € N.
We finally discuss the case g = spo(2|3). Since ¢(s) = A(k,v), by
Lemma 9.4, s = Z&E If v = 0, then (U5 + p*|ay) = 0 and

S k+1 1.0
s + 7™ l2) = (U + BV Ao+ “=0+ p = prl 58 + = — i

2
=k+h" #0,
S0
() + (B™) 11hiin) = (hin|Thiin) = 2,
while
()" + (2™)"[(6 = 1huin) ") = ((@s) + (B™)[(6 = 1hmin) )
= Mi(k) = 1+ (PRI Nmin)
— My (k) € N.
If instead v = Mg(k) then (U5 + p™|ay) = 0 and
(s + P |a)
0
((k-l—hv)Ao—i——@—l-V—l—p PR| — —(5—|— 5 —l—nmm)
=k+hY #0,
SO



Unitarity of minimal W-algebras and their representations II: Ramond sector

and

(@) + (P™)"[(8 = nmin)") = () + (B™) + a2|(8 — 7min) )
= (nminmr\{lin) e N.
L]

Corollary 9.10. (a) If v is not Ramond extremal, then H(L(vVs)) is a
Ramond twisted W™ (g)-module for all s € C.

(b) If v is Ramond extremal and ¢(s) = A(k,v), then H(L(Vs)) is a Ra-
mond twisted WM™ (g)-module.

Proof. Combining Lemmas 9.8 and 9.9 with [12, Theorem 5.3.1], we see
that the modules L(7;), described in the statement, are or-twisted Vi (g)-
modules, so their quantum Hamiltonian reduction gives o p-twisted mod-

ules for H (Vi (g)) = Win(g). O

It was conjectured in [16] that, for an admissible (in the sense of [16])
highest weight V*(g)-module L(A), either H(L(A)) is irreducible or 0,
and the latter happens if and only if A is degenerate. This conjecture
was subsequently proved by Arakawa [3]. We used this result in [15] to
compute character formulas for irreducible unitary highest weight modules
over Wk (g).

We would like to use the same approach for Ramond twisted irreducible
highest weight modules but, for that, we need the following Conjecture,
which is a “twisted” analogue of that in [16].

Congecture 9.11.

a) If M is in category & of g™-modules, then H;(M) =0 if j # 0.
b) Assume that U5 is non-degenerate so that H(L(Vs)) is non-zero. Then
e If #/2 is not a root of g, then Hy(L(Vs)) is irreducible.
o If 0/2 is a root of g, then Hy(L(Vs)) is irreducible, or a direct sum
of two irreducible W¥, (g)-modules. In the last case £(s) = A(k,v)
and the second module is isomorphic to the first with the opposite
parity.

Some evidence towards this conjecture is provided in Sect. 13: see Re-
mark 13.2. Consequences of Conjecture 9.11 are the following results.

Proposition 9.12. Assume Conjecture 9.11 and that Us is non-degenerate.

If €(s) # A(k,v), then Ho(L(Vs)) = LW (v, £(s)) and, if {(s) = A(k,v),
then Hy(L(D,)) = LY (v,£(s)) @ e(og)IILY (v, £(s)), where 11 is the rever-
sal of parity functor.



V.G. Kac, P. Moseneder Frajria and P. Papi

Proof. By Conjecture 9.11 a), the functor H is equal to Hp and it is exact.
It follows that H(L(Vs)) is a quotient of H (M (Vs)), hence, by Proposi-
tion 4.3, H(L(¥s)) is a quotient of M (v, £(s)). Since, by hypothesis, s
is non-degenerate, H(L(Vs)) is non-zero. By Conjecture 9.11 b) any di-
rect summand of H(L(Vs)) is a highest weight module of highest weight
(v, £(s)). O

Now we can prove character formulas in the Ramond sector.

Theorem 9.13. Assume Conjecture 9.11. Let k be in the unitary range
and let v € P,j be a weight which is not Ramond extremal. Fiz { > A(k,v)
and, if /2 is not a root of g, assume £ # A(k,v). Choose s such that
¢ =0(s) and, if £ < B(k,v,pRr), assume that s satisfies (9.10). Then, if
(> A(k,v), we have

FEch LV (v, 0)

(9.20)
(s [Ps+25™) byt
_ q—Q(k-I-hv) "’a(k)e—pR Z det(w)q—(w(ﬁs+ﬁtw)—ﬁtw)($+D)e(w('/5+p )P )\hh7
weWt
while, if 0/2 is a root of g and £ = A(k,v), we have
Flen LY (v, 0)

(9.21)
(Vs[Ds+2p™) 54 5twy_5tw
_ %anh%ﬂ(’“)e—PR ™ det(w)g~ (0T +7") P D) w777 )y
weWs
where a(k) is given by (8.4).

Proof. By Lemma 9.8, L(7s) is integrable. We want to apply Proposition
8.5, so we need only to check that (8.14) holds.

We start by checking that (8.14) holds. If £ > B(k, v, pr), then £ = £(s)
with s = % + v/—1tg with tg # 0. It is then obvious that (8.14) holds
since the left hand side of (8.14) is not real. If instead 6/2 is not a root of
g and A(k,v) < { < B(k,v,pr), then (8.14) holds in this case by Lemma
9.6, and, if 8/2 is a root and ¢ = A(k,v), (8.14) holds by Lemma 9.7.

By Proposition 9.12 and Conjecture 9.11, we have that, if £ > A(k,v),

(9.22) Z(—l)jﬂj(L(ﬁs)) = Ho(L(vs)) = L (v, £(s)),
while, if /2 is a root of g and ¢ = A(k,v),

(9.23) Z(—l)jHj(L(ﬁs)) = Ho(L(vs)) = LY (v, £(s)) & L (v, £(5)).
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Applying Proposition 8.5, equalities (9.20) and (9.21) now follow from
(9.22), (9.23). O

We finish this section explaining how Theorem 9.13 implies unitarity
of LW (v, /) for v that is not Ramond extremal and ¢ > A(k,v). For this
we need a free version of the modules N(u,r). This is constructed as
follows. Let y be an indeterminate. Define an action of the abelian Lie
algebra 7 = Ca + CK on Cly] by letting K act as the identity and a
(cf. (7.11)) act by multiplication by y. Extend this action to C[t] ® Ca by
letting at’ act trivially. Let M (y) be the corresponding induced module
to the affine algebra C[t,t™!] ® Ca & CK. This module can be regarded
as a V1(Ca)-module by means of the field Y (a, z) defined by setting, for
m e M(y),

Y(a,z)m = Z(tj ®a)-mz It
JEZ
Set M := M(y) ® L(v) ® F(g1/2,0r) and define

(9.24) N(y,v) = ¥(Wyin(9)) - 1@ Cly] ® v, ® 1) — M.

Since M(y) @ L(v) @ F(g1/2,0R) is free as a Cly]-module, N(y,v) is also
free. If u € C, set also

(9.25) N(p,v) = (Clyl/(y — 1)) ®cpy N(y,v).

By construction N (u,v) is clearly a op-twisted highest weight module
for W¥. (g). Recall from (7.14), (7.15) the definitions of N(u,v) and £o(u, v).

The embedding (9.24) defines a map v : N(u,v) — (Cly]/(y — 1)) ®cpy) M
= M(1,p) ® L(v) ® F(g1/2,0r) whose image is N (u, V).

Proposition 9.14. There is a countable set .# C C such that, for u €
C\ A, the map ¢ defines an isomorphism between N (u,v) and N(u,v).

Proof. Given A(y) € Cly|, set My, = {m € M | Lym = A(y)m} and
My, = Myy(y,v)+n- We observe that

(1) M= @D My;
nG%Z+
(2) My, = Myy(y)+n is @ Cly]-module of finite rank.

Let {mgn), e mE?} be a basis of M, over Cly]. Consider N (y, 1) N My:
it is a free module over Cly]. Fix a basis ¥ = {v1,...,v,}, so that v; =

zn: pij(y)mgn). Then the r x ¢, matrix (p;;(1)) has rank less than r for a
j=1

finite number of values of u: otherwise the matrix with polynomial entries
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(pij(y)) has rank less than r, against the fact that ¥ is a basis. Let E,, be
the set of these values, and define .# = | J E,,. We now show that ¢ is an
n

isomorphism outside .#. Set N(,u V)p ={v € N(u,v) | Lov = (bo(p,v) +

n)v}t. Then N(u,v) = @ N(p,v)n, and the previous argument shows
nE%Z+

that if u ¢ 4, then 1Z)| N (u)m is injective, hence an isomorphism onto its

image. [

Lemma 9.15. Set u(s) = v/— \/Wl Then

bo(p(s),v — pr) = £(s),

where £(s) is defined by (9.2).
In particular, the module LY (v,{(s)) is the irreducible quotient of

N(M(S)a V= pR)
Proof. Tt follows from (7.15) that

2

{olpsv = pi) = Blk.v. ) = - = s + ((]Zilh)v) 3= )’
1l = (k+1) N2
_z(u \% 1——2|k+hv|)'

On the other hand

(s — &H)?
5(8) - B(k:,z/, PR) = k—i——h\/’
so that k:—|-1
1 (k+1) § — =
S = |
V2" 2v/k + hY] |k + hV|
Choosing the plus sign in the previous formula we have the claim. O

We note that
(926) N(Ma V) = @ N(Ma V)(A,Ko(u,y)Jrn)a

AEbH, nE%Z+

where N (4, V) = {m € N(p,v) | hym = A(h)m, h € be, Lom = ¢m}.
From (9.26) we deduce that

ch N(M) V) = Z dim N(:Uﬂ V)(A,K@(ﬂ,l/)—i-n) qéo (/L,V)—l-ne)\.
)\ehh,ne%ZJr
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We have already noticed that N (u,v) is free in the variable pu, i.e.,
dim N (g4, V) (200 (u,v)4n) does not depend on . Then

(9.27) g P eh N(u,v) = > (dim N (11, 0) (0t () ) )4 €
/\ebh,ne%ZJr

does not depend on u.

Proposition 9.16. Assume Conjecture 9.11. Given £ > A(k,v) choose
s € C such that ¢ = £(s) and, if A(k,v) < { < B(k,v,pRr), choose s in the
interval (9.10).

Then

N(uls),v = pr) = LV (v, £(s)).

Proof. Put s¢p = % + v —1tg, to € R. By Proposition 9.14, there exists
to # 0 such that N(u(so),v—pr) = N(u(so), v — pr). Since N (u(sg),v —

pRr) is unitary, it is irreducible. Hence N(u(so),v — pr) = LW (v, £(sp)).
In particular, by Theorem 9.13 (which uses Conjecture 9.11),

FReh N(u(s0),v — pr)

(Psg|Psg +25™)
athy) Tk —pp S det(w)es (W)™,

=dq
weW!
We now prove that
FReh N(u(s),v — pr)

(Ds|Ds+2p™)
(928) _ qw+a(k)€_pR Z det(w)eev(w(ﬁs_‘_ﬁtw)_ﬁtw)

weﬁ\/h

for any s € C.
Since w(x) = x for all w € W¥,

= oot ~t = ~t ~t
eV WPAHF)F) _ s0=s ev(w(Fag+p)—5).

so the right and side of (9.28) is

g 20+h) F *) e=rr Z det(w)
weW?t
_ qﬁ(s)—E(SO)Ch N(,u(so), vV — PR)-

ee0 WPy +7) ™)

FR

So—S

q
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Since, by (9.27), g~ to(tr=rr) ch, N(,u,z/ — pr) does not depend on u, we
obtain that

q" =) eh N (u(s0), v — pr)
— qEO(H(S)aV_pR)q_KO(N(SO)aV_pR) Ch N(M(SO)7 v — pR)
= ch N(u(s),v — pr),

as claimed. Now, if s lies in (9.10), by Theorem 9.13 (here we use Conjec-
ture 9.11 again), we have

(9.29) ch N(u(s),v — pr) = ch L (v, £(s)).

Since LW (v, £(s)) is a quotient of N (u(s), v —pg), (9.29) implies that they
are isomorphic. ]

The same proof of Theorem 11.1 of [15] provides the following extension
of Corollary 9.5:

Theorem 9.17. Assume Conjecture 9.11. If £ > A(k,v), k is in the uni-
tary range, and v € P,j is not Ramond extremal, then LW (v,0) is a uni-

tary or-twisted WE. (g)-module.

Proof. We can assume that 6/2 is not a root of g. For each weight (A, m),
fix a basis of N(u, V — pR)(n,m) independent from p. Define det(y (1) to
be the determinant of the matrix of the Hermitian invariant form H in
this basis. We have seen in the proof of Proposition 9.16 that there is ug
with £o(po) > A(k,v) such that N(uo, v — pr) is unitary. By Proposition
9.16, which uses Conjecture 9.11, N(u, v — pr) = LW (Lo(p), v) if Lo(n) >
A(k,v), hence det(y ,y(p) # 0 if o(u) > A(k,v), thus the Hermitian
invariant form H remains positive definite for fo(u) > A(k,v) and it is
positive semidefinite if ¢y(u) = A(k,v). O

10. Explicit conditions for unitarity for Ramond twisted
modules LW (v, £)

In Sect. 6 we found necessary conditions of unitarity of op-twisted Wflin(g)—
modules LW (v, £), where k is in the unitarity range, see Theorem 6.10.
We conjecture that all these modules are unitary. There are three types

of these modules satisfying the necessary conditions of unitarity:

(1) the modules LY (v,¢) with v € P not Ramond extremal and ¢ >
B(k,v, pr); we proved in Sect. 7 that these modules are indeed uni-
tary;
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(2) if 0/2 is not a root of g, the modules LW (v,¢) with v € P not
Ramond extremal and A(k,v) < ¢ < B(k,v, pr); we proved in Sect.
9 that these modules are unitary assuming Conjecture 9.11;

(3) the modules L' (v, ¢) with the weight v € P, Ramond extremal in
which case ¢ = A(k,v) (by Lemma 6.9); we do not know how to
establish unitarity in this case.

Below, for each g from Table 6.3, we make explicit the necessary con-
ditions of Theorem 6.10 and the sufficient conditions of Sect. 9.

10.1. g = psl(2]2)
In this case
g = sl(2), Mi(k) = —k—1, PF ={v=r61/2|r €Z;, 0<7r < M(k)}.

e The weight v = 0 is the only Ramond extremal weight. The necessary
conditions for unitarity for L (0, ¢) are My(k) € Z and ¢ = —E+L,

e If v is not Ramond extremal then v = 6, 1 < r < M;(k) and the
necessary conditions for unitarity are M; (k) € Z4 and

k+1
(10.1) (>_EE
4
The sufficient conditions for unitarity are M (k) € Z, and
2 2
’> _ Ee+k+r '
- 4k
Condition (10.1) is also sufficient assuming Conjecture 9.11.

My (k)
4

The inequality ¢ > is precisely the bound stated in [9].

10.2. g = spo(2]3)
In this case
g =sl(2), My(k) = —4k -2, PF ={v=r01/2|r €Zy, 0<r < Mi(k)}.

The Ramond extremal weights are v =0 and v = MlT(k)Ql.

e The necessary conditions for unitarity for LYW (v, £) with v = r6;/2
Ramond extremal weight are M (k) € Z, and

8k2 + 10k +2r2 + 3

t= 32k + 16
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e If v is not Ramond extremal, then v = 5601, 1 < r < M;(k) and the
necessary and sufficient conditions for unitarity are M;(k) € N and
) B+ 10k 4217 43
- 32k + 16 '
In terms of Mj(k), the inequality reads
(Mi(k) = 1) r?
16 4M4 (k)
which is precisely the bound stated in |23, 2.3.11].

(10.2) 0>

10.3. g = spo(2|2r), r > 2
In this case
g = s0(2r), My(k) = —2k — 1,

1
P;:{V:Zmisi, m¢€§+Zormi€Z, my > > mp—1 > |my,

7

my + mg < M1(k‘)},

and
—4(ri1(2(7“ — i) — )m; +m?) —4k* +2(r —4)k +r —3
i=1
Alk,v) = 16(k+2—r)
(7?2::11(2(7“ — i) — )ym; +m?) + p(k)
N 4(k + hV)

If Nmin = €,, the Ramond extremal weights are the weights v such that
my = —Myp_—1.
e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).
e If v is not Ramond extremal, the necessary condition for unitarity are
M (k) € Z4 and
(10.3) (> A(k,v).
The sufficient conditions are M;(k) € Z4+ and

(Zr:(g(r — 1) — 1)m; + 77%2) + p(k)
0> B(k,v,pr) = ——= 4(k+ hV)

The conditions (10.3) are also sufficient assuming Conjecture 9.11.
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If Dmin = —&r, the Ramond extremal weights are the weights v such

that m, = m,_1.

e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).

e If v is not Ramond extremal, the necessary conditions for unitarity are
Ml(k?) € Z+ and

(10.4) 0> Ak, v).

The sufficient conditions are

T

(Z(|2(T — i) — 1)ym; + m?) + p(k)
0> B(k,v,pp) = ——— 4k + hV)

The conditions (10.4) are also sufficient assuming Conjecture 9.11.

10.4. g =spo(2]2r +1),r > 1
In this case
g = so(2r +1), My(k) = —2k — 1,

1
P]j:{y:g mi&:i,mi€§+Zormi€Z, mip > >mp_1 >my >0,
i

my +ma < Ml(k:)},
and

—8(

A(k,v) = :

(2(r —i)m; + m?)) — 8k? + (4r — 14)k +2r — 5
=1

32(k +3/2 —r)

;(2(7“ —i)m; +m?2) + p(k)
4k + 1Y)

The Ramond extremal weights are the weights v such that m, = 0.

e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).

e If v is not Ramond extremal, the necessary and sufficient conditions
for unitarity are M;(k) € Z4 and ¢ > A(k,v).
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10.5. g = D(2,1;*), m,n € N, m,n coprime

In this case

m+n m+n
o = g @ gb, of = sl(2), Mi(k) = ————k 1, My(k) = ———k - L,
™ 9
P]j = {V = 591 + 592 ri € Ly, < Ml(k)},
and
Ak, v) = _(% + 1)2]{3(1{7 +1)+ %((Tl +ro + 1)2)
’ 4(% +1)%k
itz ((r1 4 12)? +2(r1 + 72)) + p(k)
o 4(k + hV) ‘

If Dmin = €2 — €3, the Ramond extremal weights are the weights v such
that 71 = 0 or 7o = Ms(k).
e If v is Ramond extremal, the necessary conditions for unitarity are
(My(k), My(k)) € Zy X Zy and £ = A(k,v).
e If v is not Ramond extremal, the necessary conditions for unitarity are
(M1(k), My(k)) € Z4 X Zy
and
(10.5) 0> Ak, v).

The sufficient conditions are
E+1  m(ro+1)% 4+ nri

¢ > B(k,v, =—
The conditions (10.5) are also sufficient assuming Conjecture 9.11.
If Ymin = —e2 + €3, the Ramond extremal weights are the weights v

such that r = M;(k) or r2 = 0.
e If v is Ramond extremal, the necessary conditions for unitarity are

(My(k), Ma(k)) € Zy x Z4 and £ = A(k,v).
e If v is not Ramond extremal, the necessary conditions for unitarity are
(My(k), My(k)) € Z4 X Zy
and
(10.6) (> A(k,v).
The sufficient conditions are
E+1  mr2+n(r; +1)3
4 4(m+n)k

The conditions (10.6) are also sufficient assuming Conjecture 9.11.

¢> B(k,v;pr) = —
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10.6. g = F(4)

In this case

ﬁzsdﬂyMﬂM:—;k—L

1
PJ:{V:7"1€1+7“2€2+7”3€37 ry =19 >13 >0, 7“i€§+Z0“"i€Za

r1+ 1o < Ml(k)};

and
A(k,v)
B _9kz2 +87% + 8r1(ro + 13 +5) + 83 — 8rors + 32r9 + 87“% +8r3 —4
B 36(k — 2)
_ _%(7“%+7"1(7“2—|—r3—|—5)—|—7“%—7°27"3+4r2—|—r§+r3)+p(k:)
4(k+hV) '

If Nin = %(—51 + e9 4+ €3), the Ramond extremal weights are the weights
v such that r3 = 0.

e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).

e If v is not Ramond extremal, the necessary conditions for unitarity are
M (k) € Z4 and
(10.7) (> Ak, v).
The sufficient conditions are
3k? + 4 (r? +4ry + 13 + 2r9 +13)

12(k — 2)

The conditions (10.7) are also sufficient assuming Conjecture 9.11.

EZB([@,V,,OR):

If Npin = %(61 —e9 —e€3), the Ramond extremal weights are the weights
v such that vy = ro.

e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).

e If v is not Ramond extremal, the necessary conditions for unitarity are
M (k) € Z4 and
(10.8) (> A(k,v).
The sufficient conditions are

3k% + 4r? + 121 + 413 + 12r9 + 4r3 + 4rg — 1

12(k — 2) '

The conditions (10.8) are also sufficient assuming Conjecture 9.11.

¢> B(k,v,pr) = —
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10.7. g = G(3)

In this case

4
o' =Gy, My(k) = —gk—1,

P]:_ = {V =1ri€1 + 71282, 2r1 > 19 > 11, 1 € Ly, T1 + 12 < Ml(k)}>

and
k2 + 2k 2 _ 2 4+ 2479 —
Ak, v) = 8k* + 2k + 81 8i1r2+87"2 + 24ry — 3
48 — 32k
B _7“% —7rire + 7‘% + 3ry + p(k)
4(k 4+ hV)

The Ramond extremal are the weights v such that 2r; = rs.

e If v is Ramond extremal, the necessary conditions for unitarity are
Mi(k) € Z4 and ¢ = A(k,v).

e If v is not Ramond extremal, the necessary and sufficient conditions
for unitarity are M;(k) € Z4 and £ > A(k,v).

11. Unitarity for Ramond extremal modules of the N = 3 and
N = 4 superconformal algebras

11.1. N =3

Let R be the Lie conformal superalgebra with basis
{L,G* G° J* J° & K}

and commutation relations given in [19, §8.5]. The N = 3 superconformal
vertex algebra is

1
Vs =VR)/ (K = (k+5)10)).
Recall that there is a conformal vertex algebra isomorphism
(11.1) Wy — Wi (spo(2[3)) @ Fa,

where Fg is the fermionic vertex algebra F(C®) constructed in Example
2.2.

By Lemma 7.3, Fp admits a Ramond twisted unitary module Ff%
generated by 1.

It follows that, if M is Ramond twisted module for Wk, (spo(2|3))
then M ® Ff" admits a W¥, (spo(2|3)) ® Fe-invariant form. Since the

min
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isomorphism in (11.1) is conformal, a Hermitian form that is invariant for
WE. (spo(2]3)) ® Fg is also invariant for #3_,.

As explained in Sect. 2, the Ramond twisted modules for V(R) are
the same as the restricted Lie(R,ogr)-modules, hence a Ramond twisted
W]\"}Zg—module M is the same as a restricted Lie(R, or)-modules such that
K acts by (k + %)I A+ In particular, if M (respectively M') are Ramond
twisted modules for #%_, (respectively 7//\7;3) then M ® M’ is a Ramond

twisted WN+§ *3 2_module. Clearly, if both M, M’ are unitary, then M @ M’

is unitary.

Proposition 11.1. Let M; = —4k — 2 € N. Then the Ramond extremal
Wk, (spo(2]3))-modules LV (0, M=1) LW (Mg, M-l o My g poth
unaitary.

Proof. To make the argument more transparent we make explicit the
dependence on k, so we write L(k,v,£) for the WE. (spo(2|3))-module
LW(V, fo)

We proceed by induction on M;. The base case M; = 1 corresponds

to the collapsing level £k = —3/4, when Wm§74(sp0(2|3)) = Vi(sl2). Re-

call that Vj(sl) has only two irreducible modules N; and Na, which are
both unitary and have highest weights v = 0 and v = 971. The neces-
sary condition for unitarity (given exphcltly in Subsect. 10.2) imply that

Ny = L(—3/4,0,0) and No = L(—3/4,%,1/4).

Assume now M; > 1, k = M14+2, and set ky = M14+1. Assume by
induction that L(ki,0, M{G_Z) and L(kq, Ml Lo, Mi6 2 4 M14_1) are uni-

tary. Then M = L(k,0, Mi—gz) ® F¥ is umtary for W]@l:?) and M' =
L(-3/4,0,0) ® F£Y is unitary for 7/_2/4 Therefore M ® M’ is unitary

ko _ 3,1 _ _M+1 _ 3 _M 1
for Wyg ko = k1 — 5+ 5 = 7} -1-2— 1 5 = k, hence

M ® M’ is a unitary Ramond twisted Wk (spo(2]3))-module. In partic-

min

ular, the W¥. (spo(2|3))-module generated by VM2 @1 ®vpo®1is

min
» 16

a unitary highest weight module L(k, v, /). Clearly v = 0 and, by the
necessary conditions of Subsect. 10.2, o = =Hz= Mi—L " ag required.

Repeating the same argument with M = L(ky, M1 Lo, M16 +M1 D

F{¥ and M' = L(—3/4, 921, 1) ® F{™ we prove the umtamty of L(k, ]\g 01,
M;—1 My
6 T T)- 0

Our results match [23, (2.3.ii)].

11.2. N =4

In this subsection we recover results of Eguchi-Taormina (cf. [9, (5),
(6)]) using their free field realization. The N = 4 superconformal alge-
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bra is WE. (psl(2]2)). We choose strong generators J°, J*, G, G*, L for
WE. (psl(2|2)) as in [19, §8.4]. The A\-brackets among these generators are
linear. It is therefore enough to prove unitarity of the Ramond extremal
module L (0,1/4) at level k = —2 (see Subsect. 10.1). Arguing as in the
N = 3 case, the Ramond extremal modules at level k£ < —2 are obtained
by iterated tensor product of L (0,1/4).

The unitarity of L (0,1/4) is proved by constructing this module as
a submodule of a manifestly unitary module. This is achieved by using
the free field realization FFR : W_2(psl(2]2)) — .Z, given in [8] (see
also §13.2 of [15]), where .# = V!(C*) ® F(C?). Here C* is viewed as
the four-dimensional abelian Lie algebra and (C‘—lL is the four-dimensional
totally odd space.

According to [14, § 5.2] and Lemma 7.3 above, .# ™V = V(C%) ®
F(C{,oR) is a unitary Ramond twisted .#-module. Since FFR is con-
formal and preserves the Zs-gradation, .# 'V is also a unitary Ramond
twisted module for WE. (psi(2]2)). It is clear that the W, (psl(2]2))-
submodule of .Z ™ generated by |0) ® 1 is a unitary highest weight rep-
resentation L' (0,4) of W2 (psi(2|2)). By the necessary conditions for
unitarity o = }l and we are done.

12. The characters of massless Ramond twisted modules for
minimal W-algebras

Definition 12.1. We say that a og-twisted irreducible highest weight
WE. (g)-module LY (v,£) is massless if there exists s € C such that
¢ = {(s) with L(Ds) an atypical representation of gV, where Uy is defined
by (9.1).

It can be easily proved that this definition yields the representations
called massless in [9] and [23] for psi(2]|2) and spo(2|3), respectively.

Remark 12.2. Recall that, by Lemma 9.2, £(s) = £(s') if and only if 5" =
k+1+e(or)— s. Using this relation, it is easy to check that, if n € Ay o,
we have

p+2 0 )

- 0 o~
(7o 7150+ 5 +0) = (B +2™1 = =0+ 5 =

In particular v is atypical if and only if vy is atypical.
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Define

1. 46
{ =50+ 5+ in ) if g # spo(2]3), psi(2]2),
{-2454a) if g = spo(2/3) and v = 0,

I = < {g+51_51} if g = spo(2|3) and
_ Mi(k)_
9 1,

J J :

\{—§+51—€2,—§+51_52} 1fg_p5l(2|2)

Tote that if g # spo(2]3), then II¥ is the set of odd isotropic simple roots
in ﬁtw

If 0/2 is not a root of g, set sg = w — (v — pr+ P Nmin)- If 0/2 is a
root of g, set sop = 2"7:1. In all cases 6(50) = A(k,v).

Proposition 12.3. 1) If LW (v, () is massless, then £ = A(k,v). If 0/2 is
not a root of g, then the converse holds.

2) If 0/2 is a root of g, then LW (v,€) is massless if and only if £ =
A(k,v) and v is Ramond extremal.

8) In all cases 11 is the set of simple isotropic roots orthogonal to
Usy + .

Proof. If ¢ > A(k,v), then ¢ = {(s) with either s = i )—I—\/_t te
R, or s € R. In the former case, the claim is obvious if 7& 0. If t =0 and
e(og) =1 ore(og) =0and (v —pg+ p*|Nmin) = 0, then £(s) = A(k,v). It
remains only to check the case where s € R, e(og) = 0, (v—pr~+p?min) 7
0, and

)3— —‘ < (v = pr + P*|7min)|-

By Remark 12.2, we can assume that s belongs to (9.10). With this as-
sumption, we have shown already in Lemma 9.6 that (75 + p™|«) # 0 for
all odd isotropic roots a.

Assume now that 6/2 is not a root and ¢ = A(k,v) = {(sp). In this
case

(12.1) (ﬁso + Y] — %6 + g + nmm)
= ((kj + hv)Ao + (% —(v—pr+p |77m1n))9

0
+V+P—PR|—§5+§+77min)
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1 E+1 1
—5(k+ )+ == = (v = pr + P [min) + 5 (R 1)
2 2 2
+(V_pR+p |77rnin)
=0.

Hence LY (v, ) is massless. This proves 1) and the fact that the simple
isotropic root orthogonal to Us,+p '™ is precisely the root in II¥. Statement
2) is proved via a case-wise analysis. Consider the case g = G(3). The set
of positive odd isotropic roots of gtV is

{7p)|1<i<9,podd,p>—1fori=1,2,3, p>1 otherwise},

where ;(p) are displayed in Table 12.1.
We prove that if there exist p and i such that (Dogi1 + p™|vi(p)
4

) =0,
then v — pgr ¢ Pt. Recall that v = aey + beg with a,b € Z4,2a > b >
a,b < m := M; (k). The condition on a,b implied by (1/SO +p™ |y (p)) =0
is listed in Table 12.1.

Table 12.1. G(3)

i (p) (Dso + 2™ [7i(p)) = 0

1 Eo+ 0141 —4a+2b=334+m)(1+p)

2 Bo+01+e2 2a —4b=9+3(3+m)(1+p)

3| 580+0i+eite 2a4+2b=9+33+m)(1+p)

4 Bo—d1 41 4a —2b =33+ m)(—1+p)

5 B6—01+e2 20 -4b=6+33+m)(p—1)

6| 26—di+e1+er | 2a+2b=—-6—3(p—1)(m+3)
7 Bo+01—e1 da —2b=3(3+m)(1+p)

8 o+ 61—eo —2a+4b=—-6+3B3+m)(p+1)
9| B6+01—e1—e2 | 2a+2b=—-6+33+m)(p+1)

Case 1. Since —4a + 2b < 0, and the right hand side is non-negative,
the only possibility is p = —1, which forces b = 2a and the only simple
isotropic root orthogonal to s + p™ is precisely the root in IIY. In this
case v — pp = (a — 1)e1 + (2a — 1)eg ¢ PT.

Cases 2, 5. Since 2a — 4b < 0, equality cannot hold.

Case 3. If p > 1, then equality cannot occur since 2a + 2b < 4m. If
p = —1, the equality becomes 2a + 2b = 9, which is impossible.
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Case 4. If p = 1 we are back to Case 1. If p > 3, equality cannot occur
since 4a — 2b < 4m wheres the r.h.s is greater than 6m.

Case 6. The left hand side is non-negative and right hand side is neg-
ative.

Case 7. Similar to Case 4.

Cases 8,9. In both cases the left hand side is less or equal than 4m,
whereas —6 + 3(3 +m)(p + 1) > 6m + 3, hence equality cannot hold.

Let now g = spo(2]2r + 1). The set of odd isotropic roots of g is
{pd/2+te +£6 | 1 < i < r poddinteger}. Set m := Mi(k). Recall

T

that v = > a;e; with a; > a2 > -+ > a, > 0 and a; € Z, for all i or
j=1

a; € 1+Z, for all 4, and finally a1 +as < m. Relation (Ts, +p™|7:(p)) = 0

implies

+1
pT(—m+2—2r) = +(a; +r — i),
which in turn implies
+1
(12.2) ‘pT‘(m—H“—Fr—Z):(ai%—r—i)§m+r—1.

If r > 1, (12.2) implies p = +1, ¢ = r and a, = 0 and the only simple
isotropic root orthogonal to Ds, + p*™ is precisely the root in IT%.

Finally consider the case r = 1, i.e., g = spo(2|3). Then, if v = Jey,
we have

~ W 1
(12.3) (uso SV ey £+ g(s) = S(F20+m(¥1-p)).

If (12.3) vanishes, then m divides a, and since 0 < a < m, we have either
a =0 or a = m. In the former case the v — pg ¢ PT, in the latter v — pg
is extremal. In both cases the only simple isotropic root orthogonal to
Us, + p'" is precisely the root in I1%. O

Theorem 12.4. Assume Conjecture 9.11. Let k be in the unitary range,
v € P, and assume that Uy, is non-degenerate. Then

(12.4) (1 +e(op)Fleh LY (v, A(k,v))
(Dsg g +27™)
_ 2 )
q(w(ﬁso+ﬁtw)_ﬁtw)(w“‘D)e(w(as()_‘_ﬁtw)_b\tw)wh

Y

T (14 quid@+D)e= Bz
BeITY

where a(k) is given by (8.4).
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Proof. Combining Lemmas 9.8 and 9.9 with Proposition 12.3, we have
proved that the hypothesis of Proposition 8.6 are satisfied. Formula (12.4)
follows form Proposition 8.6 using Conjectures 9.11 in the same way as in
the proof of Theorem 9.13. O

Remark 12.5. In the NS sector a formula similar to (12.4) holds. More
precisely

(12.5)  FNSch LV (v, A(k,v))

(’//\to |/V\t0 +2b\)

2(k+hV) q(w(ﬁto +5)—ﬁ)(x+D)e(w(ut0 +9)=P)

—1 H (]_ -+ qw(ﬂ)(m‘i‘D)e_w(B)\bu)
Belly

where tg is either (v|€) or k + 1 — (v|§) (we have shown in [15] that at
least one of the two values yields a non-degenerate v4,). This is essentially
formula (14.6) from [15]. Note that if v = 0 then (kAo + p|0 — 0) = k + 1,
which is never a positive integer, hence we can choose ty = 0.

13. Denominator identities

Let ko be non-critical and such that W»"(g) = C|0). Since, as shown in
[2], this happens if and only if M;(kg) = 0 for all ¢, it follows from Table
6.3 that this happens in the following cases, where v = u; from Table 6.3.

Table 13.1.
g psi(22) | spo(2lm), m #3 | F(4) | G(3)
ko -1 -3 3| 3
u -2 -1 -3 -3
hY 0 P -2 | -3
hY —2 1-z - -3
b= hith 1 m— 3 4 3

Recall from [13, §6| the decomposition

(13.1) Wh=whx 7%,

where T% = {t, | a € M®}, M? is the Z-span of the long roots of g, and

1

(13.2) ta(\) = A+ %)\(K)a . %((Ma) + ;(a|a)>\(K)>5
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(cf. [13, (6.5.3)], where this formula is given using the normalized invariant
bilinear form).

Let b = @ (see Table 13.1 for its values).

Theorem 13.1. We have for all g listed in Table 13.1, except for g =
spo(2|N), 0 < N < 3:

(13.3)
W (pP+bar) b
AN —ph det e (a|a) (ph|a)
wezwh anMh 1—|—6_w(ﬁ|h“) —f(a|5)+1)q
561’[1
If Conjecture 9.11 holds, then
(13.4)
~p ePR—P"
" 1+¢e(oR)
w(pt— ba
Z Zdet e % (ala)+2 (" —prla)
ECT T
WEW! aeM? [T (1+e w) g )

BeIly

Proof. We apply Remark 12.5 to the (untwisted) g-module L(koAg) =~
Vko (g) and tg = 0. Since H()(L(/{Z()Ao)) Wmm( ) (C|O>, we obtain

(w(koAo+p)—p)(x+D) o (W (ko Ao+0)—P) g

(13.5) FNS = 3" det(w)

v [T (1+quEtDe D)

BElly

To compute the right hand side of (13.5), write w = wt,, given by the
decomposition (13.1) and formula (13.2), to obtain

w(koAo + p) — p = wta((ko +h*)Ao +p) — P
2
= koMo + w(p) —p + —(k‘o + hv)w(a)
2
~ 2(alp+ (ko +h")a)
_ _ 2 b

= koMo +@(p) — p + bi(a) — > (alp + 50)5,

so that, since (a|p) = (a|p?), we have

q(w(k0A0+ﬁ)—ﬁ)(m+D)e(’LU(kvo—i-ﬁ)—ﬁ)'bh _ e@(ph—i—ba)—ph (]% (oz|ph+ga) .

Similarly )
w() = wta() = w(5) - = (Bla)s,
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so that, since w(8)(D + x) = w(B8)(z) = B(z) = %,
B a+D) By _ ~0Bs) ~ 2 (Bla)tg

Substituting, we find (13.3).
Now we prove (13.4). Recall that

ko + 1
0; + (pr — P*|Nmin)  if 6/2 is not a root of g,
S0 =
2ko +1
04+ if /2 is a root of g.

By Lemma 9.4, ¢(sg) = A(ko,0). Recall the polynomial p(k), mentioned
at the beginning of Sect. 5. Recall |2, Theorem 3.3] that p(kp) = 0. Com-
bining this observation with (6.31) and (6.19), we find that A(kp,0) = 0,
so {(sg) = 0. If v =0, then (see (9.1)) U5, = koMo + sob + pr. Since

2(pr — P*|Nmin)  if #/2 is not a root of g,

As +/\tw5_9 —
(Vso + 0| ) {0 if /2 is a root of g,

we see by a case-wise inspection that Vs, is non-degenerate. Assuming
Conjecture 9.11, by Proposition 9.12 and the fact that v = 0 and £(sg) = 0,
we have

Ho(L(7s,)) = (1+e(or))L" (0,0).
Since Wéﬁin(g) = C|0) and the maximal proper ideal of Wllfﬁn(g) is op-

stable, C|0) is a one-dimensional opr-twisted representation of Wrﬁ?n(g),
hence LW (0,0) = C|0). Apply now Theorem 12.4 to L' (0,0). As above,
we compute:

w(koMo + so + pr +p™) — p™
= ’lDta((ko + hv)Ao + 500 — pr + ,0) - ﬁtw

2 b
= koMo + sob + w(p — pr) + 2pr — p + bw(a) + ~ (Oé|p — PR+ —a)é,

2
SO
eev(w(koNo+s00+pr+p"")—p™) _ ew(Ph —pR+ba)e2pR—Phq—Soq%(a|Ph—PR+%a)_
Similarly
_ _ 2
w(f) = wta(f) = o(B) — ~(Ble)d,

so that, since w(B)(D + x) = (D + x) =0,

e—ev(w(B)) _ e—w(ﬂ‘f,u)q—%(ﬁla)_
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Substituting in (12.4) we find (13.4), since so = Vs, (x + D) and

(D5 [ Vs +20™)
2(k + hV)

+a(k) — Usy(x + D) = l(sg) = 0.

O

In the subsequent subsections we write down the denominator identi-
ties (13.3) and (13.4) explicitly. To simplify notation we set

do(z) = [[(1 = 2¢/ M) (1 — 27 '¢),

(13.6) = N
O(w) = do(~ag2) = [[(1+ 2g )1 427 ™2)
o) =[[0 -, er(e) = [+ 2),

(13.7) = a

If g = spo(2|2r), g = D(2,1;a), or g = F'(4), the denominator formulas in
the Ramond sector depend on the choice of the set II of simple roots for
9"V, which ultimately depends on the choice of ny,i,. We now explain how
to obtain one formula from the other one. Choose 1y, and write F2 (1)
for the corresponding denominator and pg(7min) for the corresponding
pr. We observe that F®(—nui) = e ™in FR(n1,) and that pr(—nmi) =
PR(Mmin) — Mmin- 1t follows that the denominator formula for —nyi, is
obtained from the formula for 7y, by multiplying both sides by e™"min,
In these cases we make only one choice for nyi, and write down only the
corresponding formula.

18.1. g = spo(2|N), N =0,1,2, kg = —1%

These cases are not covered by (13.3) and (13.4).
If N =0, WE. (g) is the universal Virasoro vertex algebra of central

charge c(k) = %—6%—2, so, since ¢(ko) = 0, W™in(g) = Ho(L(—3M0)) =

C. Next note that —% is an admissible level so, by [17, Theorem 1 and

Example 1],

N 1 o
(13.8) RchL(—EAO): Y det(w)er 300D,

we Wmt
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where Wmt is the Weyl group of the set of roots corresponding to the set
of simple roots Il;,; = {6,25 — 0}. Applying the functor H, it follows, by
Arakawa theorem, that

(13.9) [Ta-a= Y det(w g~ (@(=380+P)=P) 2+ D).

’I’l>1 wEWmt

We argue as in Theorem 13.1: write w € /Wmt as Wtpg with w € {1,sp}
and

tao(A) = A + 2nA(K)0 — dn(nA(K) + A(z))6.

In our special case we obtain
1 1
tng( — 5ho+ ﬁ) — 7= —5R0 +3n0 — 2n(1 + 3n)?,
while
1 N\ 1
Sgtmg( — §A0 + ,0) —p= —§A0 — (3n + 1)9 — 2n(1 + 371)5

o (13.9) becomes

3m2+m

H(l i qn) _ Z(q6n2—n . q6n2+5n—|—1) _ Z(_l)qu?

n>1 nez meZ

which is the Euler identity for the classical partition function.
Next we discuss N = 1. In the NS sector we have C|0) = Wmf72(sp0(2|1))

= H(L(—1Ap)). It follows from [17, Example 2 and Theorem 1], that

— Ao is an admissible weight for spo(2|1)", hence (13.8) holds with Wint
the Weyl group of the root subsystem generated by the set of simple roots

T = {g,a— Q}.

2
Applying the functor H and using Arakawa theorem, we obtain
(13.10) 1L 1-4¢" = Y det(w)g @ EA0+H-AD)
7'L>1 1 + q weW'Lnt

Note that the group Wmt is the same as in the N = 0 case. In our special
case we obtain

1 1
tng( — 5/\0 + f)\) —p= —51\0 —2n0 — n(1 + 4n)o,
while

Sgtng( _ %Ao v ﬁ) 5= ——AO - (2n + %)9 — (1 + 4n)s,
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o (13.10) becomes

1—q" 9 2 1
H — _ Z(qéln n _ q4n +3n+2)

1 lt+ad 2z

S 4n?— An?+3n+ = = An2+ An?—3n4+1
:Z(qn n_q 2)+Z(qn n_q 2)
=0

n= n=1
_ Z q4m(m+1) Z qim(m—l—l)_*_ Z q%m(m—i—l)
medzZ—1 me4Z+1 me4N
Z g1 m(m+1)
mec4N—-2
e 1
_ Z 5 m(m—l—l)/Q.
m:

Replacing ¢ by ¢ and then changing the sign of ¢, we obtain the Gauss
identity for the generating series of triangular numbers:

1 — > n(ntl)
H 1 — qgn—H Z q % -

n>1

In the Ramond sector, using Conjecture 9.11, we have
1
(13.11) H(L( - 5AO)> = LW(0,0) @ LV (0,0) = C2.

The character of the g*™-module L(—3Ay) is given by

e(= 3 R0 +7™) ™

chL( — %Ao) = Z det(w) S

so, applying the twisted quantum Hamiltonian reduction functor, the iden-
tity becomes

(13.12)
o =T = 3 dettuyy (e e
Lgt L+qn =
nzl nzl wEWint

The Weyl group Wmt is again the same as in the NV = 0 case. We obtain
1 1
tng( — 5ho+ ﬁtW) = 7™ = =3 Ao + 206 — 2n(1 + 2n)?,
while

1 1
Sotn9< — oMo+ ﬁtw> — ™ = —5 80— (2n + 1)8 — 2n(1 + 2n)$4,
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so (13.12) becomes

[] 5 = o = gy = S ey,

n>1 nez neZ

which is Gauss identity for the generating series of square numbers.

Remark 13.2. This gives some evidence for Conjecture 9.11, which has
been used in a crucial way in (13.11).

In the N = 2 case we have Wfllh/lz(spo(2|2)) = C. By [10, Corol-
lary 11.2.4] and the remark thereafter, we can apply formula (35) of [10].
Following [10], we choose the set of simple roots for g = spo(2|2) to be
IT = {a1, as} with both simple roots isotropic so that we can compute the
character of L(—3A¢) explicitly, using [10, (14)]. By applying the quan-
tum Hamiltonian reduction functor as in Proposition 8.6, we derive the
character formula of H(L(—3Ao)):

an(s(- )

1 q

wEWint

~(w(~FAo+p)~P)(w+ D) , (w(= 5 A0+D) =)

Bq[ (1 + qwB)(@+D)e ™ Fjpa)
elly

In this case I = {ay } and Wmt is, once again, the group as in the N =0
case.
Arguing as in the proof of Theorem 13.1, we find

1_n2
H (1Q)

n>1 (1 6_(a1)'“hqn_§)(1 + e_(O‘Q)lhﬂq"_%)

— (w(= 320 47) -+ D) ,(w(=FA0+7) D),

(1313) = 3 det(w)?

— 1 + glwar)(@+D) e~ wl)p:

More explicitly, write a; = 1 + €1, so that as = 01 — €1, and set
z = €. Since p = Ag in this case, we have

1 R R 1
tna( — 51\0 + /0) —p= —51\0 +nf — 2n°5, th(on) = —2nd + ax,
while

1 2 - 1
SthG( - §A0 + ,0) —p= —§A0 —nb — 2026, sotpg(a1) = —2nd — awo,
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so (13.13) becomes

2 2n2—n 2n2+n
(13.14) ,990((331) = q I— : )
1 nez 14 271¢72" 2 14 2-1¢g7%"2

Here and further this is viewed as an identity of formal power series in ¢
with functions in z as coefficients, using the |¢| < 1 expansion of the two
series (see Remark 8.7).

In the Ramond sector choose 7min = €1, so that sp = 0 and pr = 1/2.
Using Conjecture 9.11 b), we have

1, 1 w
H(L( —5Ao+ §gl)> — LY(0,0) = C.

As in the NS sector, we apply formula (35) of [10], using (14) of [10] to
compute its right hand side, and then apply the quantum Hamiltonian
reduction functor. This gives the character formula:

chH(L( — %Ao + %81))

- e_pR q
= Fr Z det(w)

1y (1 gy~ 1y 1 ey —tw
—(w(=3Ao+5e14+p™)=p"™)(2+D) ,(W(=F Aot 5e1+P™)=P™) s

)

[T (1 + qwB)a+D)e ™ Fiys)

WEWint Bell
1

where H = {f} with 8 = —%5+a1 and /Wmt is the group as in the N =0

1
case. The denominator identity becomes

(1—q")?
11 (14 271" ) (1 + 2¢")

n>1
(13.15)
X q—(w(—%A0+€1/2+ﬁtw)—ﬁtw)(£ﬂ+D)e(w(_%A0+51/2‘|’ﬁtw)—ﬁtw)|hu
=z 2 det(w
;VAV: ) 1+ qwB)(@+D) (0P
w int

In this case, we have

1 € 1 €
' (——A c “W)—AtW:——A S nb— 202
wol = gho+ 5 +p™) 7 SA0+ 5 4 nb — 205,

tno(B) = —(% + 2n)5 + oy,

while

1 AN 1 3
Sgtng( — §A0 +p) —p= _EAO + 3 —nf — 2n29,
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Sotng(B) = —(% + 2n>5 — Qo,

o (13.15) becomes
(13.16)

2 2n2—n 2n2+n r(r+1)

©(q ( q q ) . q 2
_r\q4) _ _ S L
190(—2;_1) 7% 1 + Z—lq—2n 1 + Z—lq—Qn—l TGZZ( ) 1 + Z—qu

This last identity is proven in [18] by specializing a denominator identity
for si(2]1)" (see [18], formula (4.8)), which is the celebrated Ramanujan
identity:

(13.17) acy

(5 Sy

m,n=0 m,n=—1

therefore (13.16) can be seen as another piece of evidence for Conjecture

9.11. Actually (13.17) follows from (13.14) by replacing z by zq%. This is
not surprising due to the spectral flow.

13.2. g = psl(2|2), ko = —1

In the NS sector, (13.3) gives, letting €% = z and €% = y, we obtain

(13.18)
e(q)?9o(z 1y )
01(x)01(y)
Z ( x"y" B x_”_ly_"_l )qn2+n
- 1 1 :
SN+ ag™ ) (1 +yg" ) (Ll (1 4+ y 1)

In the Ramond sector, recalling that IT¥ = {—%5—!—51 — &9, —%5—1—51 —d2},
(13.4) gives, letting €' = 2 and e™% =y,
(13.19)

p(q)*Po(z"'y ™)

do(—z~H)do(—y~)

-—-n,,—n

=3 (; / -GG
S\t lg) Uty ) (L+ag™)(L+yg ™)/

Note that this identity follows from (13.17) by replacing = with 2~! and
y by y~ .
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18.5. g = spo(2|3), ko = —3

In the N = 3 case kg is critical for g, hence our previous approach does
not apply. Nevertheless we are able to prove a denominator formula by
replacing in (13.17) ¢ by ¢ and then setting = ¢z, y = q. We obtain

H (1 _ q2n)2(1 _ Z—qun—Q)(l _ Zan)
(

1+ @ 1)2(1 4 227 1) (1 + 2 1g2n1)

n>1

( Z Z ) m+n mq2mn+m—|—n’

m,n=0 m,n=—1

or, after replacing ¢ by q% and z by 271,

219 —m _mn m-+n
@(?1(;)( - ( Z Z ) [yt —mgmnt§ (metn)

m,n=0 m,n=-—1

which, setting z = e~ = ¢™'Iv*  is the denominator identity for W, (spo(2[3))
in NS sector.
In the Ramond sector we rewrite (13.17) as

1 (1—¢")?*(1— 2y tg" 1) (1 — zyq™)
(I +z7tg" )1+ zg") (1 +y~tg" 1) (1 + yq")

oo

= (S ey )

n=1

(3-8 Yoy

m,n=1 mn=-1
which, in Z(I1%), is equivalent to

1 (1-¢")?(1 -z 'y '¢" (1 — zyq")
(L2l (A +2q) (1 +y g (1 +yq”)

(13.20) =1+ (i(—l)"(l + w)y‘”)

n=1

1—|—£C ( Z Z ) m+n —my—nqmn.

m,n=1 m,n=—1

We note that we can specialize x = 1 in both sides so we obtain the
identity (setting z =y~ 1)

©(q)*Vo(z)
©2(q)Vo(—2)
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& 9]

q>(1+2n§<_ SFETE S S [ )

mn=1 mmn=—1

In the NS sector, (13.3) gives, letting = = e/1/2, y = ef2/2:

©(q)*Do(x72)00(y?)

V1 (zy)v1 (wy~1)
x2m 2n x—2m—2 2n me—2n—2

y y
e <1 Faoyg™te 1o lygm TR Lyttt

—2m—-2, —2n—2
* y ) m24n2+m+n

1+ x—ly—lqm—l-n—i-

+

In the Ramond sector, we have two choices for Ny, = +£(01/2 — 02/2).

Choosing the + sign, (13.4) gives, letting ¢1/2 = x, %2/2 = 4.
p(@)* 0o ()00 (y~?)
Do(—y~tz=1)do(—z~1y)
B Z ( .I‘_me2n x?my2n $—2my—2n—2
o —1g,nt+m ntm —1,—1,n+m
mmez LT TTYa 1+ zyq L+z=y=q
x2my—2n—2 > m2n?4n
1 4 zy=—tgntm '

13.5. g = spo(2|2r), r > 2, ko = _%

Set y; = €, i = 1,...,r. Recall that in this case W1 is the subgroup of
{£1}" x &, consisting of elements (i1,...,%,)o with an even number of
—1in (i1,...,14,). Moreover,

T 'S
M = {Zmi6i|m,~ €Z,1<i<ry m eQZ}.
j— =1

The denominator identity (13.3) is

p(@) TT Doly 'yi)do(y; ;)
1<i<y<r

[T 91(yi)

1<i<r
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— y;—r det(l[)) = 1 q
i=1 L+ @(y1)g™*2

weWh mi,...,my

(r=3) S m24+ Y (r—i)m;

Choosing nmin = &, the denominator identity (13.4) is

o 2@ T Doly; ')y y; )
H 1<i<g<r
[T Yo(—y; b

n=1 :
1<i<r

r (2r—3)mi+r—i—%)

1 L, ) w(gyz
B N BN AT

weWht mi,...,my

(r—3) S m2 4+ (r—i—3)m;
. q 1 2 .

N[

13.6. g =spo(2]2r+1), r>2, kg = —

Set y; = e, i = 1,...,7. Recall that in this case W =2 {£1}" x &,; if
the isomorphism is w <+ (i1,. .., )0, i; € {£1}, the action of o on the y;
is just the permutation action, whereas (i1,...,i,)(y;) = y;.j. The lattice
M?" is the same as in the even case. The denominator identity (13.3) is

e(@)™  TT doly; 'y)oly; 'y; ) T1 Yoly; )
1<i<y<r 1<:<r

v1(q) T Y1(wi)

1<i<r

r 2(r—1)mi—l—w

T aise w(]T y; )
:Hy N Y det(w) 2211+w

weWht mi,...,my

1
m1+§

(y1)q
(r=1) Zmi+3 S (r—i)m;
The denominator identity (13.4) is

e(@™ TT Yoy 'y)doly; 'y ") T doy; )
1<i<g<r 1<i<r

w2(q) TI Yo(—y")

1<i<r
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U}( H y?(r—l)mi—l—r—i)

=Hy;%'—" STY det(w)—=

— _1 _
weWhl mi,...,mp 1+ w(yr )q My

(r=1)3 m?—i—Z(T—i—l—%)mi
. q 7 (2 .

13.7. g =F(4), ko = —

Wl

Set y; = €%/, i = 1,2, 3. Since g = 50(7) we identify W with {+1}%x &3
as in the spo(2[2r 4+ 1) case.
In the NS sector, (13.3) reads

o TT doly;®) TI oy ?y;®) T doly; *?)
1<i<3 1<i<j<3 1<i<j<3

D1 (y1y2y3)01 (Y123 )01 (v1ys y3) 91 (vr ' y2ys)
8m+5 8r+3 8t+1

5 -3 1 2m242r2 42424 Smt3rtt - UJ(y Yo Y3 )
=Y Yy Y3 E q 2 E det(w) —p—2—=3 ,
1+¢° w(Yy1y2y3)
m,r,tEZ weW

m-+t+r=0 mod 2

where by, ¢+ = (m+t+r+1)/2. In the Ramond sector, we choose npin =
2(—e1 + &2+ €3). Then (13.4) becomes

o@)* TI Yoy, ?) TI doly;?y;?) T1 Poly; *vd)

1<¢<3 1<i<j<3 1<i<j<3

Doy yz L yz D% (—yr s tys) 9o (—yr yeys Do (—yiys tys )
8m—+4 8T+2y )
1

4 2 2 _ o
=y y222 q2m 427242t —|—2m—|—7’( Z det(w) E)yl Y = ))

I+q ™t w(y1y,
m,r,teZ weWH
m+t+r=0 mod 2

where by, ¢ = (m —1r —t)/2.

13.8. g =G(3), kg = —

N[OV

Set y; = €%, i = 1,2. Since g? = Go, W is the dihedral group of order 12
with Coxeter generators si, se acting as

s1(y1) = yl_l, s2(y1) = y2, 51(y2) = y1y2, s2(y2) = 1.
In the NS sector, (13.3) becomes

o(q)*%0(y; )0 (yz NP (yryz DVo(yr vy )Yo(yi *ya )o(yi ' yz?)
©1(q)91(y1)01(y )?91(3/1112)
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3m+2, 3n+3
-2 -3 m24n24 mesmnydn 3m"+4"( (yl Yo ) )
=Y Yy g q det(w
ot 2 )T g )
m+n=0 mod 3
where @, , = 24 + %. In the Ramond sector, (13.4) becomes

e(q)* 9o (y; )90 (yz Vo (yryz DVo(yr vy )Po(yr *ya )o(yr 'z ?)
w2(q)Vo(—y _1)190(— _1)190(— T

3m+1 3m+2)

=1 -2 Yo m24+n2+m—mn
=it 3 (X detlo) R ) ’

m,neZ weEW?
m+n=0 mod 3

where @y, ,, = %

14. Appendix. Denominator identity for minimal W-algebras
of Deligne series

Let g be the simple Lie algebra D4, Fg, E7, or Eg, and let a = % + 1.

Then, for any integer j such that 0 < j < a, there exist unique simple
—1

roots ay,...,a; such that 6 — Z «; is a root. Set = 6 — Z «;. Then
=1 =1

(pla) = hY — a. Let kg = —a, then (kgAg + pla) = ko +hY =b = W
(in our cases b = 4,9,14,24 respectively). By [4, Theorem 7.2] or |2,
Proposition 3.4], dim W,g)lin(g) = 1. A character formula, for certain g-
modules L(A) of negative integer level k > kg, has been conjectured in
|21, (3.1)] and proved in [5], formulas (5) and (6). A special case of this
formula is

(14.1)  Rch L(koAo) = Z det(w) 3 ((v]a) + 1)ewtskodot?)=7,
wEW vEQ

where (@) is the root lattice of g and W is its Weyl group. Let

()
F\NS _ H(l _ qn)dimb H (1 _ qn—le—a)(l _qnea) H (1 q2+n ’B\bh)
n=1 oA, pea,

be the denominator for the W-algebra W, (g).

Recall that any element w € W can be uniquely written as w = ww,
where w! € W and @ is a right coset representative of W% in W of
minimal length, and that p — w(p) = >, 0, where N(w) = {n € AT |

neN (o)
—w~t(n) € AT} If w1() € AT then (n]|f) = 1 for each n € N(w), so
(p — w(p)|#) = £(w). Observe that the map w — w~1(#) is a bijection
between WH\W and A. Let n +— @, be its inverse.
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Theorem 14.1.

(14.2)
~ =/ _ b(y|7)+h¥—1
BV = €7 S det(mput) (ya)e e o+ T
neAt
vEQ
wieWwt
Syim _&m
(g2 +q 2),

where ¢y = b(7y|n) — €(wy) +hY —
Proof. Since Ho(L(koMo)) = Wmm( ) = C|0), from (14.1) we obtain
~ 1 o
NS _ ev(wt (koAo+p)—
(14.3) PN = 2 %7 det(w) Y ((1]a) + 1)es ot 7).
weW vEQ

Note that the coefficient (|a) 4+ 1 can be replaced by (v|«) since the term
corresponding to 1 in the right hand side of (14.1), multiplied by 2e”, is
S det(w)e®korotP) which is 0 since kgAg + p is orthogonal to § — a.

weW
By the definition (8.5) of ev we have
ev(wty (koMo + p) — p)

(14.4) = ((wty (koMo + p) — p)(—z — D), (wt (koMo + p) — ) jgs)-

To compute the right hand side of (14.4), use formula (13.2), noting that
u; = 2 for simply laced Lie algebras:

wit (koo + P) — p = koMo + w(by + p) — ((ph) N b(vlv))&

o (14.3) becomes

~ 1 ) | )

FNS _ 5 Z det(w) Z 7\04) w(by+p)— f’>|hh (ply)+b q(w(bv—l—p)—p)(—m—D)'
weW vEQ

To compute

(w(by + p) — p)(—z — D) = (w(by + p) — p)(—x),

observe that w_, and sgw, are in the same right coset mod W, so the
set {w, | n € AT}U{spw, | n € AT} is a set of right coset representatives
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for WA\W. If w = whw,, n € AT, then
(14.5)

(w(by +p) = p)(—x) = (w(bv +p) =l = g) = (wn(bv +p) =l = g)
= —b(mn13) + (o~ my(0)15)
= 2Ol 0)) + 50—y (0)]6).
On the other hand, if w = w’sgw,, then

(14.6)
0

(w(by+p) — p)(—z) = (w(lw +p)—p|— 5) = (U_Jn(bV +p) +P|g)
— b(wmg) + (p|0) + (w,,(p) - p|g)
= 2001, O) + (010) — 50— By (0)10).

Since w?sgwy (by + )y = swwy (by + Py = Wi, (by + P)jps» Plugging
(14.5) and (14.6) into (14.3), by the discussion preceding the statement
of the theorem, we obtain

~ 1 wiw —
FNS — 3 Zdet(wn)Z(’ﬂa) Zdet(wh)e “n (07+0) 15 =

neAt veQ wheW!
— e T
.q(plv)er(VIV 1) +4(n)
1 bep _
+5 Zdet(wn)Z(ﬂa) Zdet(wh)ew @ (B7H0) s =Py
neAT 7EQ wheW?
ooyttt
which, observing that pjp: = o7, is (14.2). O
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