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1. Introduction

The problem of unitarity of highest weight representations of infinite-
dimensional Lie algebras and superalgebras has been a hot topic in the
1980s and 1990s in Mathematics and Physics (see e.g. [1] for a list of
references). With the advent of vertex algebra theory it was realized that
all these Lie (super)algebras arise naturally in the context of a special class
of vertex algebras, called the simple quantum affine W -algebras, obtained
by quantum Hamiltonian reduction from affine vertex algebras of level k,
starting from the datum (g, s) where g is a basic Lie superalgebra and s is
an sl2 subalgebra. The most important among these W -algebras are the
minimal ones, denoted by Wmin

k (g), corresponding to the “minimal” choice
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of s. They include all superconformal algebras, which play an important
role in quantum physics.

This paper is a continuation of our paper [15] on classification of
unitary minimal (quantum affine) W -algebras Wmin

k (g) and their (non-
twisted) representations. In that paper we singled out necessary condi-
tions for unitarity and divided the irreducible highest weight representa-
tions satisfying these conditions into extremal and non-extremal ones. We
proved unitarity of non-extremal representations and conjectured that ex-
tremal representations are unitary, completing thereby the classification
of unitary highest weight representations. Support to our conjecture is
given by the cases of N = 3 and N = 4 superconformal algebra.

In the present paper we study Ramond twisted unitary representations
of minimal W -algebras. We introduce (suitably modified) notions of ex-
tremal and non-extremal modules and we prove unitarity of non-extremal
representations, under (for a certain subclass) the conjectural validity of
exactness properties for the twisted quantum Hamiltonian reduction func-
tor. Again we conjecture that extremal representations are unitary, and
again we have unitarity for extremal representations of the N = 3 and
N = 4 superconformal algebra. Another indirect support to the properties
of this functor that we are assuming is given by classical combinatorial
identities derived from character formulas by using this functor.

Let us discuss in more detail the setting and the results of the paper.
Let g be a simple finite-dimensional Lie superalgebra, over C, with a
reductive even part g0̄ and invariant non-degenerate symmetric bilinear
form (·|·), with restriction to g0̄ non-degenerate. Let s = span{e, x, f},
where [e, f ] = x, [x, e] = e, [x, f ] = −f be an sl2 subalgebra of g0̄. To the
datum (g, s, k ∈ C) one associates the universal quantum affine W -algebra
W k(g, s) of level k by the quantum Hamiltonian reduction [16], [19]. If k
is different from the critical level kcrit, the vertex algebra W k(g, s) has
a unique maximal ideal, and the quotient by this ideal is a simple W -
algebra, denoted by Wk(g, s).

The minimal W -algebras correspond to the choice of s, called minimal,
for which the ad x-eigenspace decomposition is of the form

(1.1) g = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1, where g−1 = Cf, g1 = Ce.

We normalize the bilinear form (·|·) by the condition (x|x) = 1
2 . Then

kcrit = −h∨, where h∨ is half of the eigenvalue of the Casimir operator on
g. The decomposition (1.1) and the numbers h∨ are listed in [19, Tables
1-3].

In order to define unitarity of aW -algebra, one needs a conjugate linear
involution φ of g, which fixes the subalgebra s pointwise. Then, provided
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that k ∈ R, φ induces a conjugate linear involution of the vertex algebra
W k(g, s), and it descends to Wk(g, s).

It is proved in [15, Proposition 7.2] that for minimal s ⊂ g and a non-
collapsing level k ∈ R, any conjugate linear involution φ of the vertex
algebra W k(g, s) is necessarily induced by a conjugate linear involution
φ of g fixing s. (Recall that k is called a collapsing level if Wk(g, s) is
isomorphic to its affine part.) Moreover, it is proved in [15, Proposition
8.9] that the vertex algebra Wk(g, s) is unitary only if the centralizer g� of
s in g is a semisimple subalgebra of g0̄, and the conjugate linear involution
φ is almost compact, i.e., it restricts to a compact involution of g�, and it
leaves {e, x, f} fixed. We write g� = ⊕ig

�
i , where g�i are simple components

of g�.
We prove in [15] that an almost compact conjugate linear involution

of g exists if and only if g is from the following lists:

(1.2) psl(2|2), spo(2|m) for m ≥ 0, D(2, 1; a) for a ∈ R, F (4), G(3);

(1.3) sl(2|m) for m ≥ 3, osp(4|m) for m > 2 even,

and it is essentially unique. Moreover, in these cases g admits a unique,
up to conjugation, minimal sl2-subalgebra s. We denote the corresponding
minimal universalW -algebra of level k byW k

min(g), and its simple quotient
by Wmin

k (g). Recall that, for k �= kcrit , the vertex algebra W k
min(g) is

conformal with Virasoro field L =
∑
n∈Z

Lnz
−n−2, and it is strongly and

freely generated by the operators Ln, n ∈ Z, and the Fourier coefficients
of the primary fields J{a}(z) =

∑
n∈Z

J
{a}
n z−n−1, a ∈ g�, of conformal weight

1, and G{u}(z) =
∑

n∈1
2+Z

G
{u}
n z−n−3

2 , u ∈ g−1/2, of conformal weight 3
2

[19, Theorems 4.1 and 5.1].
Note that, as in [15], we exclude the case of g = spo(2|m), m = 0, 1,

and 2, since in these cases the W -algebra W k
min(g) is the universal Vira-

soro, Neveu–Schwarz, and N = 2 vertex algebra, respectively, for which
unitarity of non-twisted and twisted modules is well understood.

A non-degenerate Hermitian form H on a module M with finite-
dimensional L0 eigenspaces over a conformal vertex algebra is called φ-
invariant if it defines an isomorphism of M with its restricted dual. For
W k

min(g) this is equivalent to the following conditions [7], [14]:

L∗
n = L−n, (J{a}

n )∗ = J
{φ(a)}
−n , (G{u}

n )∗ = G
{φ(u)}
−n .

We proved in [15, Proposition 8.19] that, for k �= kcrit , the minimal W -
algebra Wmin

k (g) is not unitary for g from the list (1.3), except when g =
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sl(2|m), m ≥ 3, and the level is the collapsing level k = −1. Furthermore,
we proved in [15, Corollary 11.2] that, for g from the list (1.2), the vertex
algebra Wmin

k (g) is non-trivial unitary for k �= kcrit if and only if k lies in
the unitary range, given in the following Table 1.1, along with k = kcrit
and k = k0 for which dimWmin

k (g) = 1: In our paper [15], we also studied

Table 1.1.

g unitary range kcrit k0

psl(2|2) −(N+ 1) 0 −1

spo(2|3) − 1
4
(N+ 2) − 1

2
− 1

2

spo(2|m), m ≥ 4 − 1
2
(N+ 1) m

2
− 2 − 1

2

D(2, 1; m
n
) − mn

m+n
N, m, n ∈ N coprime, (m,n) �= (1, 1) 0 none

F (4) − 2
3
(N+ 1) 2 − 2

3

G(3) − 3
4
(N+ 1) 3

2
− 3

4

unitarity of irreducible highest weight W k
min(g)-modules LW (ν, �0), where

g is one of the Lie superalgebras from Table 1.1 (with the exception of
spo(2|m), m ≤ 2), and k lies in the unitary range. These modules are
parametrized by pairs ν ∈ (h�R)

∗ and �0 ∈ R. We proved that unitarity of
LW (ν, �0) holds if and only if the following conditions hold:

(a) the affine levels Mi(k) for g�i are non-negative integers.
(b) ν ∈ P+

k ={dominant integral weights for g� such that ν(θ∨i ) ≤Mi(k)}
where θi are highest roots of g�i .

(c) �0 ≥ A(k, ν), where A(k, ν) is defined in [15, formula (8.11)], and
�0 = A(k, ν) if ν is an extremal weight (i.e., ν(θ∨i ) > Mi(k) + χi for
some i, χi being displayed in [15, Table 2]), except that the unitarity
of LW (ν, �0) when ν is an extremal weight and �0 = A(k, ν) is still an
open question.

Actually in [15] we studied unitarity of the W k
min(g)-modules; however

it has been proved in [1, Theorem 5.1] that any unitary W k
min(g)-module

descends to the simple W -algebra W k
min(g).

The study of unitarity of the Ramond twisted irreducible highest weight
modules over the vertex algebra W k

min(g), where k is in the unitary range,
proceeds along similar lines. The main difference is that in the Ramond
sector one has to consider separately two cases: when 1

2θ is not a root of
g, and when it is a root, where θ is the highest root of g. In both cases
the necessary conditions of unitarity are similar to the above conditions
(a), (b), (c), except that in condition (c) the constant A(k, ν) is replaced
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by the one given by (6.31), which we denote here by Atw, and the notion
of an extremal weight needs to be replaced by that of a Ramond extremal
weight, defined by (9.3). See Sect. 6 for details.

As in [15, Section 10], we find sufficient conditions of unitarity of Ra-
mond twisted irreducible highest weight modules over W k

min(g) by using
its free field realization, introduced in [19, Theorem 5.2] and the Ramond
twisted version of the Fairlie type modification. As a result, we prove uni-
tarity for �0 larger than a certain constant B, defined by (7.25), in the
cases when ν is not Ramond extremal (see Sect. 7).

It turns out that B = Atw in the cases when θ/2 is a root of g (see
Lemma 9.4 (1)), which completes the proof of unitarity when ν is not
Ramond extremal.

However, in the case when θ/2 is not a root of g, B = Atw only
for some very special weights ν (see Corollary 9.5). Generically one has
that B > Atw, and we need to use Proposition 8.5 on Euler–Poincaré
characters, instead of determinants of φ-invariant Hermitian forms for
twisted W k

min(g)-modules [20], as in [15, Section 11] for the non-twisted
sector. At this point we need to use Conjecture 9.11, which claims that
Arakawa’s results [3] on properties of the quantum Hamiltonian reduction
functor can be extended to the Ramond twisted case. See Sect. 9 for
details.

Note that, due to Corollary 9.10, analogous to that in [1], all unitary
irreducible non-twisted or twisted highest weight modules over W k

min(g)
descend to Wmin

k (g).
In Sect. 10 conditions for unitarity of Ramond twisted irreducible high-

est weight modules over W k
min(g) are exhibited in all cases, except for the

well known cases of g = sl2, spo(2|1), and spo(2|2), corresponding to
Virasoro, Neveu–Schwarz, and N = 2 vertex algebras.

In Sect. 11 we prove unitarity of Ramond extremal modules over the
N = 3 and N = 4 vertex algebras. The analysis of extremal modules for
the big N = 4 superconformal algebra will appear in a forthcoming pub-
lication. For other unitary minimal W -algebras the problem of unitarity
of Ramond extremal modules remains open.

In Sect. 12, we compute the characters of the Ramond twisted irre-
ducible highest weight modules Wmin

k (g), when k is in the unitary range.
As in the non-twisted case [15], there are two cases to consider. In the first
case, called massive, the Ramond twisted Wmin

k (g)-module is obtained by
twisted quantum Hamiltonian reduction of typical modules over the corre-
sponding affine Lie algebra, and in the second case, called massless, from
the maximally atypical ones. The corresponding character formulas are
obtained by twisted quantum Hamiltonian reduction, using the proper-
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ties conjectured in Conjecture 9.11, and they are given by Theorem 9.13
and Theorem 12.4 respectively.

In Sect. 13, using the character formulas for massless representations
in the case of level k0 when dim Wmin

k0
(g) = 1, we find the denominator

identities for W k
min(g). As a result, we recover the classical identities of

Euler, Gauss and Ramanujan, and find some new identities.
In the Appendix we discuss a denominator identity for minimal W -

algebras of Deligne series by exploiting a recent result [5] about certain
ĝ-modules of negative integer level.

Throughout the paper the base field is C, and Z+ and N stand for the
set of non-negative and positive integers, respectively.

2. Twisted modules

We will denote by p the parity in a vector superspace, and let p(a, b) =
(−1)p(a)p(b). Let R be a Lie conformal superalgebra over C with infinites-
imal translation operator T and λ-bracket

(2.1) [aλb] =
∑
j∈Z+

λj

j!
a(j)b.

Let σ be a diagonalizable automorphism of R. We shall always assume
that all eigenvalues of σ have modulus 1. We have:

(2.2) R =
⊕

μ̄∈R/Z
Rμ̄, where Rμ̄ = {a ∈ R|σ(a) = e2πiμ̄a}.

Here and further μ̄ denotes the coset μ+Z of μ ∈ R. Consider the subspace⊕
μ∈R

(Rμ̄ ⊗ tμ) of R[tR]; it is T ⊗ 1 + 1⊗ ∂t-invariant. We associate to the

pair (R, σ) the σ-twisted Lie superalgebra

(2.3) Lie(R, σ) =
(⊕

μ∈R
(Rμ̄ ⊗ tμ)

)
/Image(T ⊗ 1 + 1⊗ ∂t),

endowed with the following (well-defined) bracket, where a(μ) stands for
the image of a⊗ tμ in Lie(R, σ):

(2.4) [a(μ), b(ν)] =
∑
j∈Z+

(
μ

j

)
(a(j)b)(μ+ν−j), μ, ν ∈ R.

A Lie(R, σ)-module M is said to be restricted if, for each m ∈M ,

a(μ)m = 0 for μ	 0.
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Let V (R) be the universal enveloping vertex algebra of R. By the univer-
sality property of V (R), σ extends to define an automorphism of V (R).
Since V (R) is generated by R, it is clear that σ is diagonalizable on V (R)
with modulus one eigenvalues.

If V is a vertex algebra and σ is a diagonalizable automorphism of V
with modulus one eigenvalues, then we write

V =
⊕

μ̄∈R/Z
V μ̄

to be its eigenspace decomposition. Recall that a σ-twisted module M
over V is a linear map a → YM (a, z) =

∑
μ∈μ̄

aM(μ)z
−μ−1 (a ∈ V μ̄) where

aM(μ) ∈ EndM and for any v ∈M , aM(μ)v = 0 if μ	 0, satisfying

(2.5) |0〉M(μ) = δμ,−1IM ,

∑
j∈Z+

(
μ

j

)
(a(n+j)b)

M
(μ+ν−j)v(2.6)

=
∑
j∈Z+

(−1)j
(
n

j

)
(aM(μ+n−j)b

M
(ν+j) − p(a, b)(−1)nbM(ν+n−j)a

M
(μ+j))v,

(2.7) (Ta)M(μ) = −μaM(μ−1),

where a ∈ V μ̄, b ∈ V ν̄ , n ∈ Z. Specializing (2.6) to n = 0 one obtains
(2.4). It follows from (2.4) that a σ-twisted V (R)-module that satisfies
(2.7) is naturally a restricted Lie(R, σ)-module. The construction given in
[22, §3] shows that the converse also holds: if M is a Lie(R, σ)-module,
let, for a ∈ Rμ̄, aM(μ) to be the operator on M given by the action of
a(μ). For completeness we give a detailed proof of Li’s result in a slightly
more general setting (since we consider also infinite order automorphisms).
Define the quantum fields

(2.8) aM (z) ≡ YM (a, z) =
∑
μ∈μ̄

aM(μ)z
−μ−1, a ∈ Rμ̄.

Proposition 2.1. The assignment a 
→ YM (a, z) given by (2.8), extends
to define the structure of a σ-twisted V (R)-module on M such that (2.7)
holds for all a ∈ V (R).

Proof. Fix μ̄ ∈ R/Z and let

F (M, μ̄)
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=
{∑

μ∈μ̄
aM(μ)z

−μ−1 | aM(μ) ∈ End(M), aM(μ)m = 0 for m ∈M, μ	 0
}
.

If a ∈ Rμ̄, then aM (z) lies in F (M, μ̄). For a(z) ∈ F (M, μ̄) choose μ ∈ μ̄
and define an n-product by setting

(2.9) a(z)(n)b(z) = Resz1Resz0iz1,z0
(z1 − z0

z

)μ
zn0X,

where

X =
∑
n∈Z

z−n−1
0 (iz1,z(z1 − z)na(z1)b(z)

− (−1)np(a, b)iz,z1(z − z1)
nb(z)a(z1)).

As usual, iz0,z1 stands for the expansion in the domain |z0| > |z1|. Note
that a(z)(n)b(z) ∈ F (M, μ̄+ ν̄). Similarly to [22, Remark 3.8], one shows
that this definition does not depend on the choice of μ. Recall from
[22, Definition 3.2] the definition of locality for twisted quantum fields and
remark that Dong’s Lemma holds in this setting (cf. [22, Proposition 3.9]).
Hence the maximal local family A containing aM (z), a ∈ Rμ̄, μ̄ ∈ R/Z, is a
vertex algebra and the map on A defined by setting σ(a(z)) = e2π

√−1μ̄a(z)
for a(z) ∈ F (M, μ̄) ∩A is an automorphism of A. It is then clear that M
is a σ-twisted representation of A.

It is therefore enough to show that A is a quotient of V (R): consider
the special case a(z1) = YM (a, z1), b(z) = YM (b, z), a ∈ Rμ̄, b ∈ R.
Since M is a twisted representation of A, (2.6) holds. We rewrite it as in
[6, (2.43)] using the twisted delta functions

δμ̄(z − w) := z−1
∑
μ∈μ̄

(w
z

)μ
.

Using standard properties of formal calculus, we obtain

X =
∑
n∈Z

z−n−1
0 (iz1,z(z1 − z)na(z1)b(z)− p(a, b)iz,z1(z1 − z)nb(z)a(z1))

=
∑
n∈Z

z−n−1
0

( ∑
j∈Z+

YM (a(n+j)b, z)∂
j
zδμ̄(z1 − z)/j!

)
=

∑
n∈Z

z−n−1
0

( ∑
j∈Z+

∑
m∈γ̄

YM (a(n+j)b, z)∂
j
zz

mz−1−m
1 /j!

)
=

( ∑
j∈Z+

∑
m∈γ̄

YM
(∑

n∈Z
z−n−1
0 a(n+j)b, z

)
∂jzz

mz−1−m
1 /j!

)
=

( ∑
j∈Z+

zj0
∑
m∈Z

YM (Y (a, z0)b, z)∂
j
zz

m+γaz−1−m−γa
1 /j!

)
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= YM (Y (a, z0)b, z)
∑
m∈Z

∑
j∈Z+

1

j!
z−1−m−γa
1 ∂jz0(z + z0)

m+γa
|z0=0 z

j
0

= YM (Y (a, z0)b, z)
∑
m∈Z

z−1
1 iz,z0

(z + z0
z1

)m
iz,z0

(z + z0
z1

)γa

= YM (Y (a, z0)b, z)z
−1

∑
m∈Z

iz1,z0

(z1 − z0
z

)m
iz1,z0

(z1 − z0
z

)−γa
.

(2.10)

Using (2.10) we have

YM (a, z)(j)Y
M (b, z)

= Resz1Resz0iz1,z0
(z1 − z0

z

)γa
zj0X

= Resz1Resz0z
j
0Y

M (Y (a, z0)b, z)z
−1

∑
m∈Z

iz1,z0

(z1 − z0
z

)m

= Resz1Resz0z
j
0Y

M (Y (a, z0)b, z)z
−1
1

∑
m∈Z

iz,z0

(z + z0
z1

)m

= Resz0z
j
0Y

M (Y (a, z0)b, z) = Y (a(j)b, z).

We have proven that the map a 
→ YM (a, z) is a Lie conformal superalge-
bra homomorphism R→ A. By the universality property of V (R) there is
a vertex algebra homomorphism V (R) → A extending a 
→ YM (a, z), a ∈
R.

Example 2.2. Let A be a superspace with a non-degenerate skew-supersym-
metric bilinear form 〈·, ·〉. Let R = (C[T ]⊗A)⊕CK be the Lie conformal
superalgebra with λ-bracket

[aλb] = 〈a, b〉K, a, b ∈ A.

Let V (R) be the universal vertex algebra of R and set F (A) = V (R)/(K−
|0〉). Let σ be a linear diagonalizable map on A with modulus one eigen-
values and such that 〈σ(a), σ(b)〉 = 〈a, b〉. Write A =

⊕
μ̄∈R/Z

Aμ̄ for the

corresponding eigenspace decomposition. In this case

Lie(R, σ) =
(⊕

μ∈R
(C[T ]⊗Aμ̄)tμ ⊕ CK[t±1]

)
/Image(T ⊗ 1 + 1⊗ ∂t)

=
(⊕

μ∈R
(C[T ]⊗Aμ̄)tμ

)
/Image(T ⊗ 1 + 1⊗ ∂t)⊕ CK.
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From now on we shall drop ⊗ sign. Consider the superspace

Ã =
∑
μ∈R

Aμ̄tμ,

and Lie superalgebra
Âtw = Ã⊕ CK,

with bracket

[atμ + αK, btν + βK] = δμ+ν,−1〈a, b〉K, a ∈ Aμ̄, b ∈ Aν̄ , α, β ∈ C.

Then the map

(2.11)
(T r

r!
⊗ a

)
tμ 
−→ (−1)r

(
μ

r

)
atμ−r, K 
−→ K

extends to a Lie superalgebra isomorphism Lie(R, σ) ∼= Âtw.
Extend 〈·, ·〉 to

∑
μ∈R

Aμ̄tμ by

〈atν , btμ〉 = δν+μ,−1〈a, b〉,

and consider the corresponding Clifford algebra Cl(Ã, 〈·, ·〉). Choose a
maximal isotropic subspace U of A−1/2 and set

Ã+ = (Ut−1/2)⊕
∑

μ>−1
2

Aμ̄tμ.

Let
F (A, σ) = Cl(Ã, 〈·, ·〉)/(Cl(Ã, 〈·, ·〉)Ã+).

We can extend the natural action of Ã on F (A, σ) to Âtw by letting K
act by IF (A,σ). Under the identification (2.11), Proposition 2.1 gives a
σ-twisted representation of V (R) on F (A, σ) with K acting by IF (A,σ),
hence a σ-twisted representation of F (A).

Example 2.3. Let g be either a simple Lie superalgebra or an (even) abelian
Lie algebra. Assume furthermore that g is equipped with an even super-
symmetric non-degenerate invariant bilinear form (·|·). Fix k ∈ C and let
R = C[T ]⊗ g⊕ CK be the Lie conformal algebra with λ-bracket

[aλb] = [a, b] + λk(a|b)K.
The vertex algebra V (R)/(K − k|0〉) is called the universal affine vertex
algebra of level k associated to g and it is denoted by V k(g). Let σ be an
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automorphism of g with modulus one eigenvalues such that (σ(a)|σ(b)) =
(a|b), and let

g =
⊕

μ̄∈R/Z
gμ̄, where gμ̄ = {a ∈ g | σ(a) = e2πiμ̄a}

be its eigenspace decomposition. Let

g̃tw =
∑
μ∈R

gμ̄tμ

be the corresponding twisted loop algebra, and consider the central ex-
tension

ĝtw
′
= g̃tw ⊕ CK

of g̃ with bracket

(2.12) [atμ, btν ] = [a, b]tμ+ν + μδμ,−ν(a|b)K, a ∈ gμ̄, b ∈ gν̄ .

As in Example 2.2, we can identify Lie(R, σ) with ĝtw
′ via (2.11).

Let (M,πM ) be a restricted ĝtw
′-module such that K acts by kIM and

define σ-twisted fields

YM (a, z) =
∑
μ∈R

πM (atμ)z−μ−1, where a ∈ gμ̄.

Since (2.4) in this case is (2.12), we see, by Proposition 2.1, that M is a
σ-twisted module over the vertex algebra V k(g).

3. Minimal W -algebra setup

Let g be a basic simple finite-dimensional Lie superalgebra such that

(3.1) g0̄ = s⊕ g�,

where s ∼= sl2 and g� is the centralizer of s in g. This corresponds to
consider g as in Table 2 of [19]. Let {e, x, f} be an sl2-triple for s, i.e.,
s = span(e, x, f), and [x, e] = e, [x, f ] = −f, [e, f ] = x. Let

(3.2) g =
⊕
j∈1

2Z

gj

be the ad x-eigenspace decomposition of g. Thus

g = Cf + g−1/2 + g0 + g1/2 + Ce,
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with
g0 = Cx⊕ g�.

Note that our assumptions imply that g±1/2 are purely odd.
We will also assume, as in [15], that g� is not abelian; this condition

rules out g = spo(2|m), m = 0, 1, 2. Since we are interested in unitary
W -algebras, according to [15], we may exclude g = sl(2|m) and osp(4|m)
with m > 2 from consideration. Then

(3.3) g� =
s⊕

i=1

g�i

is the decomposition of g� into the direct sum of simple ideals (where
s ≤ 2).

Recall that g carries an even invariant non-degenerate supersymmetric
bilinear form (·|·) that we normalize by requiring that (x|x) = 1

2 . An
important role is played by the following bilinear forms 〈·, ·〉ne on g1/2 and
〈·, ·〉 on g−1/2:

(3.4) 〈a, b〉ne = (f |[a, b]), 〈a, b〉 = (e|[a, b]),
which are symmetric and non-degenerate. Denote by Ane the vector super-
space g−1/2 with the bilinear form 〈·, ·〉 and by Ach the vector superspace
Π(g<0+g∗<0) with the skew-supersymmetric bilinear form given by pairing
(Π is the parity reversing functor).

Let h∨ be the dual Coxeter number of g. Let C (g) be the vertex al-
gebra V k(g) ⊗ F (Ach) ⊗ F (Ane). Let d ∈ C (g) be as in [19, Section 1].
Since [dλd] = 0, d2(0) = 0 on C (g). The homology (H•(C (g), d(0)) is the
vertex algebra W k

min(g), called the universal minimal W -algebra of level
k, associated to the pair (g, s) (cf. [19]). If k �= −h∨, this vertex algebra
has a unique simple quotient Wmin

k (g), since W k
min(g), when k �= −h∨, is

a conformal vertex algebra with conformal vector L, given in [19, (2.2)].
Furthermore, this vertex algebra is strongly and freely generated by L,
primary elements J{a}, a ∈ g�, of conformal weight 1, and primary odd
elements G{u}, u ∈ g−1/2, of conformal weight 3/2 [19, Theorem 5.1].

Fix an automorphism σ of g with the following three properties:

σ(x) = x, σ(f) = f ;(3.5)
(σ(a)|σ(b)) = (a|b), a, b ∈ g;(3.6)
σ is diagonalizable and all its eigenvalues have modulus 1.(3.7)

Then σ defines automorphisms of vertex algebras V k(g), F (Ach), F (Ane),
hence an automorphism of C (g). Since σ(d) = d, σ induces an automor-
phism of W k

min(g) (and also of Wmin
k (g)).
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We want to apply the construction of Example 2.2 to Ach and Ane .
For this we introduce the following 1

2Z-graded subalgebra of g:

(3.8) g(σ) =
⊕
j∈ 1

2
Z

gj(σ), where gj(σ) = {a ∈ gj |σ(a) = (−1)2ja}.

The 1
2Z-gradation (3.8) looks as follows:

g(σ) = Cf + g−σ
−1/2 + gσ0 + g−σ

1/2 + Ce.

Fix a σ-stable Cartan subalgebra h� of g�. Then h = h� ⊕ Cx is a σ-
stable Cartan subalgebra of g. Define θ ∈ h∗ by θ(h�) = 0 and θ(x) = 1.
Observe that θ is the weight of e and (θ|θ) = 2.

Since gσ0 = (g�)σ+Cx, it follows that there exists an element h0 ∈ (h�)σ

such that

• the eigenvalues of adh0 are real,
• h0 is a regular element of (g�)σ,
• the 0-th eigenspace of adh0 on g−σ

1/2 (respectively g−σ
−1/2) is either 0 or

Ceθ/2 (respectively Ce−θ/2). Here eθ/2 is a root vector of g(σ) and θ/2
stands for the restriction of θ/2 to hσ.

Let n(σ)+ (respectively n(σ)−) be the span of all eigenvectors of adh0
with positive (respectively negative) eigenvalues and the vectors f = e−θ

and e−θ/2 (respectively e = eθ and eθ/2). Then

(3.9) g(σ) = n(σ)− ⊕ hσ ⊕ n(σ)+.

Set nj(σ)± = n(σ)± ∩ gj(σ). Then the following properties hold:

(1) n(σ)± are isotropic with respect to (·|·), and are nilpotent subalgebras
normalized by hσ,

(2) f ∈ n(σ)+,
(3) n1/2(σ)+ is a maximal isotropic subspace of g1/2(σ) with respect to

〈·, ·〉ne and n1/2(σ)− is a maximal isotropic subspace of g1/2(σ) with
respect to 〈·, ·〉.

(4) n1/2(σ)− is a direct sum of a maximal isotropic subspace n1/2(σ)
′
−

of g1/2(σ) with respect to 〈·, ·〉ne and of a subspace g01/2(σ) (at most
1-dimensional), normalized by hσ.

(5) n−1/2(σ)+ is a direct sum of a maximal isotropic subspace n−1/2(σ)
′
+

of g−1/2(σ) with respect to 〈·, ·〉 and of a subspace g0−1/2(σ) (at most
1-dimensional), normalized by hσ.
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We thus have the following decompositions:

(3.10) g1/2(σ) = n1/2(σ)+ + g01/2(σ) + n1/2(σ)
′
−,

and

(3.11) g−1/2(σ) = n−1/2(σ)
′
+ + g0−1/2(σ) + n−1/2(σ)−.

Set

(3.12) ε(σ) = dim g01/2(σ) = dim g0−1/2(σ).

Then ε(σ) = 0 or 1 and ε(σ) �= 0 if and only if dim g1/2(σ) (= dim g−1/2(σ))
is odd.

Note also that in the decomposition (3.10), n1/2(σ)+ (respectively
n1/2(σ)

′−) is the span of all eigenvectors of adh0 with positive (respec-
tively negative) eigenvalues and ε(σ) �= 0 if and only if θ/2 is a root of g
with respect to h and σ(eθ/2) = −eθ/2.

Following [20], we let F (Ane , σ) be the σ-twisted F (Ane)-module con-
structed as in Example 2.2 with U = n1/2(σ)+ as maximal isotropic
subspace of A−1/2

ne = g−σ
1/2. Similarly, we let F (Ach , σ) be the σ-twisted

F (Ach)-module constructed using U = n1/2(σ)+ ⊕ (n1/2(σ)−)∗ as maxi-
mal isotropic subspace of A−1/2

ch .
Given a σ-twisted module M of V k(g), then

C (M) =M ⊗ F (Ach , σ)⊗ F (Ane , σ)

is a σ-twisted module over the vertex algebra C (g). It has the charge
decomposition

C (M) =
⊕
j∈Z

Cj(M),

defined by
chargeM = chargeF (Ane , σ) = 0

and

charge (n1/2(σ)+ ⊕ n1/2(σ)
∗
−) = −charge (n1/2(σ)∗+ ⊕ n1/2(σ)−) = 1.

Let
C(g) =

⊕
μ̄∈R/Z

C(g)μ̄

be the eigenspace decompositions for σ, and

W k
min(g) =

⊕
μ̄∈R/Z

W k
min(g)

μ̄
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the corresponding decomposition of its homology.
Since [dλd] = 0, it follows from (2.4) that (dtw(0))

2 = 0. Let H(M) =∑
j∈Z

Hj(M) be the homology of the complex (C (M), dtw(0)), with the Z-

grading induced by the charge decomposition.
If a ∈ C (g) then

[dtw(0), a
tw
(μ)] = (d(0)a)

tw
(μ).

In particular, if d(0)a = 0 and dtw(0)m = 0, then dtw(0)(a
tw
(μ)m) = 0 and, if

m = dtw(0)m
′, then atw(μ)m = (−1)p(a)dtw(0)(a

tw
(μ)m

′). Moreover, if a = d(0)a
′,

then atw(μ)m = dtw(0)((a
′)tw(μ)m). Therefore the quantum fields

Y H(M)(a, z) =
∑
μ∈μ̄

atw(μ)z
−μ−1, a ∈W k

min(g)
μ̄,

are well defined and define the structure of a σ-twisted W k
min(g)-module

on H(M). This module is called the quantum Hamiltonian reduction of
the σ-twisted V k(g)-module M .

If a ∈W k
min(g)

μ̄ with conformal weight Δa and M is a σ-twisted mod-
ule, we write the field YM (a, z) as

YM (a, z) =
∑

n∈μ̄−Δa

aMn z
−n−Δa .

With this notation, (2.6) can be rewritten in its graded version:∑
j∈Z+

(
m+Δa − 1

j

)
(a(n+j)b)

M
m+k(3.13)

=
∑
j∈Z+

(−1)j
(
n

j

)
(aMm+n−jb

M
k+j−n − p(a, b)(−1)nbMk−ja

M
m+j),

where a ∈W k
min(g)

μ̄, b ∈W k
min(g)

ν̄ , m ∈ μ̄−Δa, n ∈ Z, k ∈ ν̄ −Δb. Note
that, putting n = 0, (3.13) becomes the (twisted) commutator formula

[aMm , b
M
k ] =

∑
j∈Z+

(
m+Δa − 1

j

)
(a(j)b)

M
m+k.(3.14)

4. Twisted highest weight modules over minimal W -algebras

Recall from Example 2.3 the Lie superalgebras g̃ and ĝtw
′ . LetD = −Lg,tw

0 .
Recall [20] that we have (a ∈ gμ̄):

[D, atμ] = μ(atμ), [D,K] = 0.
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As usual, we shall consider the extension

ĝtw = ĝtw
′
�CD

of ĝtw
′ . The decomposition (3.9) induces a triangular decomposition of

the Lie superalgebra ĝtw:

(4.1) ĝtw = n̂− ⊕ ĥ⊕ n̂+,

where

ĥ = hσ ⊕ CK ⊕ CD,(4.2)

n̂+ =
∑
j∈ 1

2
Z

(
nj(σ)+t

−j +
∑
μ∈R

j+μ>0

gμ̄j t
μ
)
,(4.3)

n̂− =
∑
j∈ 1

2
Z

(
nj(σ)−t−j +

∑
μ∈R

j+μ<0

gμ̄j t
μ
)
.(4.4)

Recall that, given a triangular decomposition (4.1), a highest weight
module over the Lie superalgebra ĝtw with highest weight Λ̂ ∈ ĥ∗ is a
ĝtw-module M which admits a non-zero vector v

Λ̂
with the properties:

(1) hv
Λ̂
= Λ̂(h)v

Λ̂
, h ∈ ĥ,

(2) n̂+vΛ̂ = 0,
(3) U(n̂−)vΛ̂ =M .

Note that a highest weight module M is graded by the eigenspace decom-
position corresponding to the action of D. Since, by (4.4), the eigenvalues
of the action of D have real parts bounded above, it is clear that a highest
weight module M is restricted. Moreover M has level k if and only if

(4.5) Λ̂(K) = k.

In particular the highest weight modules of highest weight Λ̂ such that
(4.5) holds are σ-twisted V k(g)-modules.

Let {ui}i∈S be a basis of g, compatible with the decomposition (3.2),
where S is the index set. For j �= 0 let Sj denote the subset of indices of
S which corresponds to a basis of gj , and denote by S′ ⊂ S the subset of
indices of the part of the basis {ui}i∈S of g, which is a basis of g mod hσ.
Let

(4.6)
sui = min{n|uitn is non-zero and lies in n̂+} for i ∈ S′,
sh = 1 for h ∈ hσ.



V.G. Kac, P. Möseneder Frajria and P. Papi

Since, by (3.5), each summand gj of the gradation (3.2) is σ-invariant, we
have its σ-eigenspace decomposition:

gj =
⊕

μ̄∈R/Z
gμ̄j , where gμ̄j = {a ∈ gj |σ(a) = e2πiμ̄a}.

Hence for a basis element ui ∈ gμ̄i
mi we can rewrite formula (4.6) for si = sui

(i ∈ S′) as follows:

si =

{
min{n ∈ μ̄i|n > −mi} if ui �∈ n(σ)+,

−mi if ui ∈ n(σ)+.
(4.7)

It is easy to see that for a dual basis element ui ∈ g−μ̄
−mi

we have for
si = sui :

(4.8) si = 1− si for all i ∈ S′.

We extend this definition to F (Ane , σ) and F (Ach , σ) as follows. Let
us relabel the basis {ui}i∈S−1/2

of Ane = g−1/2 as {Φi}i∈S−1/2
and the pair

of dual bases ({ui}i∈S<0 , {u∗i }i∈S<0), of Ach = g<0 ⊕ g∗<0 as {ϕi}, {ϕ∗
i }.

Then

(4.9) sΦi = si (i ∈ S1/2), sϕi = si, sϕ∗
i
= 1− si (i ∈ S+).

It is easy to see that we have

(4.10) sΦi = ∓1

2
if Φi ∈ n1/2(σ)±, |sΦi | <

1

2
otherwise.

(4.11) sΦi + sΦi = δi,i0 , where 〈Φi0 ,Φi0〉ne �= 0.

For a σ-twisted W k
min(g)-module M , a vector m ∈ M is called cyclic

if polynomials in the operators J{a},tw
n , with a ∈ g�, n ∈ Z, G

{v},tw
n , with

v ∈ g−1/2, n ∈ 1
2 +Z, and Ltw

n with n ∈ Z applied to m span M . A vector
m ∈M such that there are �0 ∈ C and λ ∈ ((h�)σ)∗ for which

Ltw
0 (vλ,�0) = �0vλ,�0 ,(4.12)

J
{a},tw
0 vλ,�0 = λ(a)vλ,�0 if a ∈ (h�)σ,(4.13)

is called a weight vector and the pair (λ, �0) is called the weight of m.
We define a highest weight module for W k

min(g) as follows:
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Definition 4.1. A σ-twisted W k
min(g)-module M is called a highest weight

module of highest weight (λ, �0) if there exists a cyclic weight vector vλ,�0 ∈
M of weight (λ, �0) such that

J{a},tw
m vλ,�0 = G{v},tw

m vλ,�0 = Ltw
m vλ,�0 = 0 if m > 0,(4.14)

J
{a},tw
0 vλ,�0 = 0 if a ∈ n0(σ)+,(4.15)

G
{u},tw
0 vλ,�0 = 0 if u ∈ n−1/2(σ)

′
+.(4.16)

The vector vλ,�0 is called a highest weight vector.

Let V be a conformal vertex algebra strongly generated by elements
{J{i}}i∈I , where J{i} has conformal weight Δ(i) ∈ R. Let M be a σ-
twisted positive energy module (i.e., the eigenvalues of Ltw

0 are bounded
below). Write, for shortness, J{i}

m instead of (J{i})Mm . Then, by the com-
mutator formula (3.14), we have:

(4.17) [J{i}
m , J{j}

n ] =
∑
�s,�t

cijm,n(�s,�t)(J
{s1}
t1

J
{s2}
t2

· · · ),

where cijm,n ∈ C and for each term of this sum we have:

(4.18) tr ∈ Z−Δ(sr) ,
∑
r

tr = m+ n and t1 ≤ t2 ≤ · · · .

Denote by A the unital associative superalgebra generated by J
{i}
m

(i ∈ I,m ∈ Z −Δ(i)) inside End(M). Note that, though the sum in the
right hand side of (4.17) may not be finite, by (4.18) and the fact that M
is a positive energy V -module, the right hand side of (4.17) makes sense
as an element of End(M).

Let Ã−, Ã+ and Ã0 be the subalgebras of A generated by the J{i}
m

with m < 0, m > 0 and m = 0, respectively. It follows from (4.17) and
(4.18) that

(4.19) A = Ã−Ã0Ã+.

The previous discussion proves the following result.

Lemma 4.2. Let M be a σ-twisted highest weight W k
min(g)-module and let

v be a highest weight vector for M . Then M is spanned by

(4.20) {Pj1Pj2 · · ·Pjtv | j1 < j2 · · · < jt ≤ 0} with Pj ∈ Mj, where

Mj = {(J{ai1}
j )m1 · · · (J{ait}

j )mtG
{ui1

}
j · · ·G{uit}

j Lk
j }, if j < 0,

M0 = {(J{ai1}
0 )m1 · · · (J{ait}

0 )mtG
{ui1

}
0 · · ·G{uit}

0 :

ais ∈ n0(σ)−, uir ∈ (n−1/2(σ)− ⊕ g0−1/2(σ))}.
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We say that a highest weight W k
min(g)-module M of highest weight

(λ, �0) is a Verma module (denoted by MW (ν, �0)) if the elements in (4.20)
form a basis of M . The following proposition summarizes various results
proven in Proposition 3.1, Theorem 3.1, and Proposition 4.1 of [20].

Proposition 4.3. Let M be a σ-twisted highest weight module over V k(g)

with highest weight Λ̂ and highest weight vector v
Λ̂
. Set Λ = Λ̂|hσ and

(4.21) γ′ =
1

2

∑
α∈S′

(−1)p(α)sαα, γ1/2 =
1

2

∑
α∈S1/2

(−1)p(α)sαα.

Then

(1) dtw0 (v
Λ̂
⊗ 1⊗ 1) = 0,

(2) if the homology class [v
Λ̂
⊗1⊗1] is non-zero, then it is a highest weight

vector of the highest weight module W k
min(g)[vΛ̂ ⊗ 1⊗ 1] whose weight

is (λ, �), where

(4.22) � =
1

2(k + h∨)
((Λ|Λ)− 2(Λ|γ′))− Λ(x) + sfg + sgh ,

with

sfg = − k

4(k + h∨)

∑
α∈S′

(−1)p(α)sα(sα − 1), sgh =
1

4

∑
α∈S1/2

(−1)p(α)s2α,

and

(4.23) λ = (Λ− γ1/2)|h� .

(3) If M(Λ̂) is a σ-twisted Verma module over V k(g), then Hj(M(Λ̂)) = 0

for j �= 0 and H0(M(Λ̂)) is the σ-twisted Verma module over W k
min(g)

of highest weight (λ, �) given by (4.22), (4.23).

5. The Zhu algebra in the Ramond sector

Let σR be the automorphism of g given by σR(a) = (−1)p(a)a, which
clearly satisfies the properties (3.5), (3.6), (3.7). In this case

g(σR) = g, gσR = g0̄ = g� ⊕ Cx, g−σR

±1/2 = g±1/2, hσR = h = h� ⊕ Cx.

The main purpose of this section is to compute the Zhu algebra ZhuσR(W
k
min(g)),

which will be denoted ZhuR for short, define its Verma and irreducible
highest weight modules, and check the existence of an invariant even Her-
mitian form on Verma modules.
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Note that the grading induced by σR is the same as the 1
2Z/Z-grading

induced by L0 as described in Example 2.12 of [6]. It follows that the Zhu
algebra ZhuR is the algebra ZhuL0(W

k
min(g)) described in [14, Section 7]

which we now recall. Let πZ : W k
min(g) → ZhuR be the canonical projec-

tion; then the map g� ⊕ g−1/2 ⊕ CL → ZhuR defined by a 
→ πZ(J
{a}),

a ∈ g�, v 
→ πZ(G
{v}), v ∈ g−1/2, L 
→ πZ(L) is a linear isomorphism onto

a set of generators.
Moreover the commutation relations among the generators are as fol-

lows (here [·, ·]g denotes the bracket in g, while [·, ·] is the bracket in ZhuR.

(1) L is a central element,
(2) [a, b] = [a, b]g if a, b ∈ g�,
(3) [a, v] = [a, v]g if a ∈ g� and v ∈ g−1/2,
(4) If u, v ∈ g−1/2 then

[u, v] = 〈u, v〉
( dim g�∑

α=1

aα ∗ aα − 2(k + h∨)L− 1

2
p(k)

)
(5.1)

+

dim g�∑
α,β=1

〈[aα, u]g, [v, aβ ]g〉(aα ∗ aβ + aβ ∗ aα),

where p(k) is a monic quadratic polynomial defined in [2] and {aα}, {aα}
are dual bases of g�. By (2) and (3) above, we can drop the subscript
g from the bracket [·, ·]g. Let L′ = 2(k + h∨)L + 1

2p(k). Then ZhuR is
independent of k if k �= −h∨.

Let

m+ = dim n−1/2(σR)
′
+, m− = dim n−1/2(σR)− + ε(σR),

n = dim n0(σR)− = dim n0(σR)+, r = dim h�.

Choose {v+i | i = 1, . . . ,m+} (respectively {v−i | i = 1, . . . ,m−}) as a
basis of n−1/2(σR)

′
+ (resp- n−1/2(σR)− ⊕ g0−1/2(σR)). Also assume that

v−m− ∈ g0−1/2(σR) when ε(σR) = 1 (see (3.10)). Similarly choose {a±i | i =
1, . . . , n} bases of n0(σR)± and {hi | i = 1, . . . , r} a basis of h�. If

p = (p1, . . . , pm±) ∈ {0, 1}m± , q = (q1, . . . , qn) ∈ Zn
+,

k = (k1, . . . , kr) ∈ Zr
+,

given λ ∈ (h�)∗, set

aq± = (a±1 )
q1 · · · (a±n )qn , vp± = (v±1 )

p1 · · · (v±m±)
pm± ,

h(λ)k = (h1 − λ(h1))
k1 · · · (hr − λ(hr))

kr .



V.G. Kac, P. Möseneder Frajria and P. Papi

Theorem 3.25 of [6] implies that a basis of ZhuR is given by

{aq−
− ∗ vp−

− ∗ h(0)k ∗ vp+
+ ∗ aq+

+ ∗ Lk},
where ∗ denotes the product in ZhuR [6]. It follows that, for all λ ∈ (h�)∗
and �0 ∈ C, the set

(5.2) Bλ,�0 = {aq−
− ∗ vp−

− ∗ h(λ)k ∗ vp+
+ ∗ aq+

+ ∗ (L− �0)
k}.

is also a basis of ZhuR.
By a ZhuR-module we mean a representation of ZhuR as an associative

superalgebra. A ZhuR-module M is called a highest weight module of
highest weight (λ, �0) if M is generated by a vector vλ,�0 such that

Lvλ,�0 = �0vλ,�0 ,(5.3)

avλ,�0 = λ(a)vλ,�0 if a ∈ h�,(5.4)
avλ,�0 = 0 if a ∈ n0(σR)+,(5.5)
uvλ,�0 = 0 if u ∈ n−1/2(σR)

′
+.(5.6)

Remark 5.1. Since the set Bλ,�0 is a basis of ZhuR it is clear that, if M
is a highest weight vector of highest weight (λ, �0) and vλ,�0 is a highest
weight vector, then M is spanned by

(5.7) {aq−
− ∗ vp−

− · vλ,�0}.
Set S0

−1/2 = ∅ if ε(σR) = 0 and S0
−1/2 = {m−} if ε(σR) = 1. Since the

set in (5.7) is a set of linear generators for M , the weight space of M of
weight (λ, �0) is

Mλ,�0 = span(vλ,�0 , v
−
γ vλ,�0 | γ ∈ S0

−1/2).

Since h� ⊕ CL is even we have

Mλ,�0 = (Mλ,�0)0̄ ⊕ (Mλ,�0)1̄.

Decompose vλ,�0 accordingly:

vλ,�0 = (vλ,�0)0̄ + (vλ,�0)1̄.

If v−γ vλ,�0 = 0 then vλ,�0 is either even or odd. If v−γ vλ,�0 �= 0 then there is
ī such that v−γ (vλ,�0 )̄i �= 0. Then

(5.8) Mλ,�0 = span((vλ,�0 )̄i, v
−
γ (vλ,�0 )̄i).

In particular (vλ,�0 )̄i generates M . The outcome is that we can always
assume that the highest weight vector is either even or odd. From now on
this will be always assumed.
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The following two lemmas record easy consequences of Remark 5.1.

Lemma 5.2. If M is a highest weight module over ZhuR, then it admits
a unique maximal proper submodule.

Proof. If N is a proper submodule, since v−γ is odd and N is Z2-graded,
by (5.8) we have N ∩Mλ,�0 ⊂ Cv−γ vλ,�0 , γ ∈ S0

−1/2. This implies that the
sum of all proper submodules is still proper. The statement follows.

Lemma 5.3. Let M be an irreducible finite-dimensional module over ZhuR.
Then M is a highest weight module.

Proof. Since M is irreducible and L is central, L acts by �0IM for some
�0 ∈ C. Since M is finite dimensional and g� is a semisimple Lie algebra,
h� acts semisimply on it. Let M0 be the eigenspace corresponding to the
maximal eigenvalue for the action of h0. M0 is clearly h�-stable, hence we
can choose a weight λ such that (M0)λ,�0 �= {0}. As in Remark 5.1, we
have ((M0)λ,�0 )̄i �= {0} for some ī, so we can choose a non-zero vector
vλ,�0 in it. Clearly (5.5) and (5.6) hold. By construction (5.3) and (5.4)
hold. Since M is irreducible, vλ,�0 generates M .

A Verma module of highest weight (λ, �0) for ZhuR is a highest weight
module MZ(λ, �0) of highest weight (λ, �0) such that the set of linear
generators given in (5.7) is a basis of M .

Lemma 5.4. For all pairs (λ, �0), a Verma module over ZhuR of highest
weight (λ, �0) exists.

Proof. Given the pair (λ, �0), let Cλ,�0 be the one dimensional represen-
tation of h� ⊕ CL⊕ n0(σr)+ given by

(h+ cL+ n). 1 = λ(h) + c�0, h ∈ h�, n ∈ n0(σr)+.

Set b� = h� ⊕ n0(σR)+ and

Ind(Cλ,�0) = ZhuR ⊗U(b�)⊗C[L] Cλ,�0 .

For simplicity, consider Cλ,�0 as a purely even space. The Z2-gradings
on Cλ,�0 and ZhuR define a Z2-grading on ZhuR ⊗ Cλ,�0 by p(a ⊗m) =
p(a)+p(m) and, since U(b�)⊗C[L] is even, hence graded, the Z2-grading
pushes down to Ind(Cλ,�0) making the latter a ZhuR-module.

Since ZhuR is free as a right U(b�)⊗C[L]-module, a basis of Ind(Cλ,�0)
is given by

(5.9) {aq−
− ∗ vp−

− ∗ vp+
+ ⊗ 1}.
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Set vλ+2ρR,�0 = v+1 ∗ · · · ∗ v+m+
⊗ 1. Then

MZ(λ+ 2ρR, �0) = ZhuR. vλ+2ρR,�0

is a Verma module. Indeed, since the set (5.9) generates Ind(Cλ,�0), the
eigenvalues of h0 on Ind(Cλ,�0) are less or equal to (λ + 2ρR)(h0). It
follows that vλ+2ρR,�0 is a highest weight vector of weight (λ + 2ρR, �0).
This implies that the set

{aq−
− ∗ vp−

− · vλ+2ρR,�0}
generates MZ(λ + 2ρR, �0) and, since (5.9) is a basis of Ind(Cλ,�0), it is
linearly independent.

We now show that the modules MZ(λ, �0) satisfy the usual universal
property for highest weight modules. If m = (m1, . . . ,mt) ∈ Zt

+, we set
|m| = ∑t

i=1mi.

Lemma 5.5. The annihilator of vλ,�0 ∈MZ(λ, �0) in ZhuR is

Jλ,�0 = span(a
q−
− ∗ vp−

− ∗ h(λ)k ∗ vp+
+ ∗ aq+

+ ∗ (L− �0)
k |

|k|+ |q+|+ |p+|+ k > 0).

In particular Jλ,�0 is a left ideal and

MZ(λ, �0) � ZhuR/Jλ,�0 .

Proof. The set {aq−
− ∗ vp−

− | q− ∈ Zn
+, p− ∈ {0, 1}m−} completes the set

{aq−
− ∗ vp−

− ∗ h(λ)k ∗ vp+
+ ∗ aq+

+ ∗ (L− �0)
k | |k|+ |q+|+ |p+|+ k > 0}

to the basis Bλ,�0 of ZhuR.

Corollary 5.6. The Verma module MZ(λ, �0) is the universal highest
weight module over ZhuR of highest weight (λ, �0). In particular its unique
simple quotient LZ(λ, �0) is the unique irreducible highest weight module
of highest weight (λ, �0).

Proof. If M is a highest weight module of highest weight (λ, �0) and high-
est weight vector vλ,�0 then Jλ,�0 · vλ,�0 = {0}.

Let φ be an almost compact conjugate linear involution of g. Recall also
that there is a conjugate linear anti-involution ω defined on generators by

ω(L) = L, ω(a) = −φ(a), a ∈ g�, ω(v) = φ(v), v ∈ g−1/2.

Fix a pair (λ, �0) with λ purely imaginary (i.e., λ(φ(h)) = −λ(h)) and
�0 real. We now define an invariant Hermitian form on MZ(λ, �0).



Unitarity of minimal W -algebras and their representations II: Ramond sector

Let p� : ZhuR → U(g�) ⊗ C[L] be the projection with respect to the
decomposition

ZhuR = span(a
q−
− ∗ vp−

− ∗ h(0)k ∗ vp+
+ ∗ aq+

+ ∗ Lk | |p−|+ |p+| > 0)

⊕ U(g�)⊗ C[L].

Let ph� be the usual Harish-Chandra projection from U(g�) to U(h�). Set

pZ = (ph
� ⊗ IC[L]) ◦ p�.

Consider the pair (λ, �0) as an element of (h� ⊕CL)∗ via (λ, �0)(h+L) =
λ(h)+ �0. View U(h�)⊗C[L] as the polynomial algebra on (h�⊕CL)∗ and
define a sesquilinear form

H : ZhuR × ZhuR −→ C

by setting
H(a, b) = pZ(ω(b)a)(λ, �0).

This form is obviously ω-invariant:

H(a, bc) = pZ(ω(bc)a)(λ, �0) = pZ(ω(c)ω(b)a)(λ, �0) = H(ω(b)a, c).

We now prove that the form H(·, ·) can be chosen to be Hermitian: since
the eigenvalues of ad(h0) on g are real we can assume that φ(h0) = −h0.
With this assumption we have

φ(n0(σR)+) = n0(σR)−, φ(n−1/2(σR)+) = n−1/2(σR)
′
−,

φ(g0−1/2(σR)) = g0−1/2(σR),

hence we can choose the bases {v±i } so that ω(v+i ) = v−m−−ε(σR)+1−i and,
if ε(σR) = 1, ω(v−m−) = v−m− . With this choice of bases it is clear that, if
γ ∈ S0

−1/2,

ω(a
q−
− ∗ vp−

− ∗ h(0)k ∗ vp+
+ ∗ aq+

+ ∗ Lk)

= ω(a
q+
+ ) ∗ vp

′
+

− ∗ ω(h(0)k) ∗ vp
−
γ

γ ∗ vp
′
−

+ ∗ ω(aq+) ∗ Lk

where if p ∈ {0, 1}m± we let p′ = (pm+ , . . . , p1). Since [h, v−γ ] = 0 we
obtain

ω(a
q−
− ∗ vp−

− ∗ h(0)k ∗ vp+
+ ∗ aq+

+ ∗ Lk)

= ω(a
q+
+ ) ∗ vp

′
+

− ∗ vp
−
γ

γ ∗ ω(h(0)k) ∗ vp
′
−

+ ∗ ω(aq−
− ) ∗ Lk.

It follows that p� ◦ ω = ω ◦ p�. Similarly one has ω ◦ ph� = ph
� ◦ ω so

pZ ◦ ω = ω ◦ pZ .
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We are finally ready to compute

H(b, a) = pZ(ω(a)b)(λ, �0) = pZ(ω(ω(b)a))(λ, �0) = ω(pZ(ω(b)a))(λ, �0),

hence we need only to check that

ω(pZ(ω(b)a))(λ, �0) = pZ(ω(b)a))(λ, �0) = H(a, b).

To check this last equality it is enough to prove that

ω(h(0)kLk)(λ, L0) = (h(0)kLk)(λ, L0).

Indeed, since λ is purely imaginary and �0 is real,

ω(h(0)kLk)(λ, L0) = λ(ω(h1))k1 · · ·λ(ω(hr))kr�k0
= λ(−φ(h1))k1 · · ·λ(−φ(hr))kr�k0
= λ(h1)

k1 · · ·λ(hr)kr�k0 = λ(h1)
k1 · · ·λ(hr)kr�k0

= (h(0)kLk)(λ, L0).

We now show that H(·, ·) can be pushed down to define a Hermitian form
on MZ(λ, �0). We need to check that

H(Jλ,�0 ,ZhuR) = H(ZhuR, Jλ,�0) = 0.

Since the form is Hermitian it is enough to show that

H(Jλ,�0 ,ZhuR) = 0.

Since Jλ,�0 is a left ideal and H(a, b) = pZ(ω(a)b)(λ, �0), it is enough to
show that, if a ∈ Jλ,�0 , then pZ(a)(λ, �0) = 0. This is easily checked: if
|q−|+ |p−|+ |q+|+ |p+| > 0 then

pZ(a
q−
− ∗ vp−

− ∗ h(λ)k ∗ vp+
+ ∗ aq+

+ ∗ (L− �0)
k) = 0.

If |q−| = |p−| = |q+| = |p+| = 0, then

pZ(a
q−
− ∗ vp−

− ∗ h(λ)k ∗ vp+
+ ∗ aq+

+ ∗ (L− �0)
k)(λ, �0) = h(λ)k(L− �0)

k(λ, �0)

= 0.

We summarize the above discussion in the following result. Recall that
a Hermitian form H(·, ·) on a superspace V is called even if H(V0̄, V1̄) = 0.

Proposition 5.7. If λ is purely imaginary and �0 ∈ R, then there is a
unique even Hermitian form Hλ,�0(·, ·) on MZ(λ, �0) such that Hλ,�0(vλ,�0 , vλ,�0)
= 1.

Furthermore, the radical of Hλ,�0(·, ·) is the unique maximal Z2-graded
proper submodule of MZ(λ, �0), hence Hλ,�0(·, ·) induces the unique non-
degenerate invariant even Hermitian form on LZ(λ, �0) such that Hλ,�0(vλ,�0 , vλ,�0)
= 1.
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Proof. The invariant Hermitian form H(·, ·) defined above has clearly
the property that H(1, 1) = 1. Moreover, since pZ(a) = 0 if a is odd,
H(·, ·) is even. Suppose that H ′(·, ·) is another even invariant Hermitian
form on MZ(λ, �0) such that H ′(vλ,�0 , vλ,�0) = 1. Set (H − H ′)(·, ·) =
H(·, ·) − H ′(·, ·). Clearly (H − H ′)(·, ·) is an invariant even Hermitian
form. Moreover (H−H ′)(vλ,�0 , vλ,�0) = 0 and, since (H−H ′)(·, ·) is even,

(H −H ′)(vλ,�0 , v
−
γ vλ,�0) = (H −H ′)(v−γ vλ,�0 , vλ,�0) = 0.

Observe that ω(v−γ )v−γ vλ,�0 ∈ MZ(λ, �0)λ,�0 and it has the same par-
ity of vλ,�0 . Since MZ(λ, �0)λ,�0 = span(v−γ vλ,�0 , vλ,�0), it follows that
ω(v−γ )v−γ vλ,�0 = const . vλ,�0 . Thus

(H −H ′)(v−γ vλ,�0 , v
−
γ vλ,�0) = (H −H ′)(ω(v−γ )v

−
γ vλ,�0 , vλ,�0)

= const. (H −H ′)(vλ,�0 , vλ,�0) = 0.

The upshot is that (H − H ′)(·, ·)|MZ(λ,�0)λ,�0×MZ(λ,�0)λ,�0
= 0. By invari-

ance, if (λ, �0) �= (ν, �),

(H −H ′)(MZ(λ, �0)λ,�0 ,M
Z(λ, �0)ν,�) = 0

so we conclude that (H −H ′)(MZ(λ, �0)λ,�0 ,M
Z(λ, �0)) = 0. Since MZ(λ, �0)λ,�0

generates MZ(λ, �0) we deduce (H −H ′)(·, ·) = 0 so H ′(·, ·) = H(·, ·).
It remains to prove that the radical of the form is the unique maximal

Z2-graded proper submodule of MZ(λ, �0). By invariance of the form,
the radical is a submodule of MZ(λ, �0) and, since H(1, 1) = 1, it is
proper. If N is a proper Z2-graded submodule of MZ(λ, �0), then N ∩
MZ(λ, �0)λ,�0 ⊂ Cv−γ vλ,�0 . Since H is even, H(N, vλ,�0) = 0 and, since
vλ,�0 generates MZ(λ, �0)λ,�0 , N is in the radical of the form.

Remark 5.8. Universal minimal W -algebras W k
min(g) are defined for arbi-

trary simple basic finite-dimensional Lie superalgebras [16], [19], but in
general the grading (3.2) is not compatible with parity. The automorphism
σR in general is defined by

σR(a) = (−1)2ja, if a ∈ gj in (3.2).

Then the Zhu algebra ZhuR is still defined by the above commutation
relations [14]. On the other hand, it is isomorphic to the finite W -algebra,
associated to a minimal sl2, studied in [24] for simple Lie algebras. Actu-
ally, this result holds for all quantum affine W -algebras [6, Example 2.12].
Since ZhuR is independent of k, we obtain from (5.1) that in cases when
g is a simple Lie algebra, Premet’s constant in [24] is c0 = −1

2p(−h∨).
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6. Ramond sector: necessary conditions for unitarity

Let Δ and Δ� be the sets of roots of g and g� respectively. As in [15, Table
1], we choose a specific set Π of simple roots for g. This set Π has the
property that, letting Πodd = {α ∈ Π | α is odd}, then Π� := Π \ Πodd

is a set of simple roots for g�. We let Δ+ and (Δ�)+ denote the sets of
positive roots in Δ and Δ� corresponding to Π and Π� respectively. We
also let ξ be the highest weight (with respect to Π�) of g1/2 as a g�-module.
Since g−1/2 is isomorphic to g1/2 as a g�-module, we necessarily have that
ξ = −α|h� for all α ∈ Πodd .

Let Δ̂tw denote the set of roots of ĝtw; explicitly

Δ̂tw = {sδ + α | α ∈ Δ� ∪ {θ}, s ∈ Z} ∪
{
sδ + α | α ∈ Δ1/2, s ∈

1

2
+ Z

}
∪ {sδ | s ∈ ±N}.

We also set Δ̂� = {sδ + α | α ∈ Δ� | s ∈ Z} ∪ {sδ | s ∈ ±N}.
We specialize to σ = σR the triangular decomposition given in (4.1),

(4.3), and (4.4). Let Δ̂tw
+ , Π̂ be the corresponding sets of positive and

simple roots and set Δ̂�
+ = Δ̂� ∩ Δ̂tw

+ .
Let Δi = {α ∈ Δ | α(x) = i} and Δi = (Δi)|h� . Since ad f is an

isomorphism of g�-modules between g1/2 and g−1/2 it follows that Δ±1/2 =

{±1
2θ + η | η ∈ Δ1/2}. Therefore Δ1/2 = Δ−1/2 = −Δ1/2.
The set Δ1/2 is naturally partially ordered setting β ≺ γ if and only if

γ − β is a sum of roots in Π�.
Recall from Sect. 3 that the triangular decomposition (4.1) depends on

the choice of a regular element h0 ∈ h�. We choose h0 such that α(h0) >
0 for all α ∈ Π�, so that Δ̂�

+ is the set of positive roots in Δ̂� whose
corresponding set of simple roots is Π̂� := Π� ∪ {δ − θi | 1 ≤ i ≤ s}.

Set

(6.1) Δ
+
1/2 = {η ∈ Δ1/2 | η(h0) > 0}.

Below we give an explicit description of the set Δ1/2 in all cases. A direct
check using this data shows that three cases occur:

(1) Case 1: g = psl(2|2). In this case Δ1/2 = {ξ, ξ − θ1 = −ξ}. It follows
that Δ

+
1/2 = {ξ}. Set ηmin = ξ. It is obvious that ηmin is the unique

minimal element of Δ+
1/2.

(2) Case 2: 0 ∈ Δ1/2. In this case ≺ is a total order. It follows that
Δ

+
1/2 = {η ∈ Δ1/2 | η � 0}. Set ηmin to be its minimum.
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(3) Case 3: g �= psl(2|2) and 0 /∈ Δ1/2. In this case the Hasse diagram of
the poset Δ1/2 is as follows:

If ηmin is a minimal element of Δ+
1/2, then Δ

+
1/2 ⊃ {η ∈ Δ

+
1/2 | η �

ηmin}. Let η1, η2 be the two non-comparable elements in Δ1/2. The
map η 
→ −η is the unique order reversing involution without fixed
points of the diagram. It follows that η1 = −η2, hence {η1, η2}∩Δ

+
1/2

has exactly one element. It is then clear that ηmin is the unique element
of {η1, η2}∩Δ+

1/2 (hence Δ+
1/2 has a unique minimal element) and that

Δ
+
1/2 = {η ∈ Δ

+
1/2 | η � ηmin}.

The outcome of this discussion is that, if g is of type spo(2|2r), F (4),
D(2, 1; a), then there are two choices of Δ̂tw

+ ; one for each choice of ηmin.
In all the other cases there is only one choice for Δ̂tw

+ . Remarkably, in all
cases Δ

+
1/2 has a unique minimal element ηmin.

We now describe explicitly case by case, for each choice of Δ̂tw
+ , the set

Δ1/2, the set Δ
+
1/2 with its minimal element ηmin, and the set of simple

roots Π̂.

g = psl(2|2). In this case Δ1/2 = {ξ,−ξ} with ξ = δ1−δ2
2 , Δ+

1/2 = {ξ},
ηmin = ξ and

Π̂ =
{
δ − (ε1 − ε2),−1

2
δ + δ1 − ε2, δ − (δ1 − δ2),−1

2
δ + ε1 − δ2

}
.

The set Π̂ is actually a set of simple roots for ĝ tw and the two simple
isotropic roots are linearly independent (their restrictions to ĥ are equal).

g = spo(2|3). In this case Δ1/2 = {ξ, 0,−ξ} with ξ = ε1, Δ
+
1/2 = {ξ},

ηmin = ξ and

Π̂ =
{
− δ

2
+ δ1 + ε1,

δ

2
− δ1,

δ

2
+ δ1 − ε1

}
.
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g = spo(2|2r), r > 2. In this case Δ1/2 = {±εi | i = 1, . . . , r} with ξ = ε1.
There are two choices for Δ

+
1/2: either Δ

+
1/2 = {εi | i = 1, . . . , r} or

Δ
+
1/2 = {εi | i = 1, . . . , r − 1} ∪ {−εr}.
For the first choice ηmin = εr and

Π̂ =
{
δ−(ε1+ε2), ε1−ε2, . . . , εr−2−εr−1, εr−1−εr,−1

2
δ+δ1+εr, δ−2δ1

}
.

For the second choice ηmin = −εr and

Π̂ =
{
δ−(ε1+ε2), ε1−ε2, . . . , εr−2−εr−1, εr−1+εr,−1

2
δ+δ1−εr, δ−2δ1

}
.

g = spo(2|2r+ 1), r > 1. In this case Δ1/2 = {±εi | i = 1, . . . , r} ∪ {0},
ξ = ε1, Δ

+
1/2 = {εi | i = 1, . . . , r}, ηmin = εr and

Π̂ =
{
δ−(ε1+ε2), ε1−ε2, . . . , εr−2−εr−1, εr−1−εr,−1

2
δ+δ1+εr,

1

2
δ−δ1

}
.

g = D(2,1;a). In this case Δ1/2 = {±ε2±ε3} with ξ = ε2 + ε3. There
are two choices for Δ

+
1/2: either Δ

+
1/2 = {ε2 + ε3, ε2 − ε3} or Δ

+
1/2 =

{ε2 + ε3,−ε2 + ε3}.
For the first choice ηmin = ε2 − ε3 and

Π̂ =
{
− 1

2
δ + ε1 + ε2 − ε3, 2ε3, δ − 2ε2, δ − 2ε1

}
.

For the second choice ηmin = −ε2 + ε3 and

Π̂ =
{
− 1

2
δ + ε1 − ε2 + ε3, 2ε2, δ − 2ε3, δ − 2ε1

}
.

g = F(4). In this case Δ1/2 = {1
2(±ε1±ε2±ε3)} with ξ = 1

2(ε1+ε2+ε3).
There are two choices for Δ

+
1/2: either

Δ
+
1/2 =

{1

2
(ε1+ε2+ε3),

1

2
(ε1+ε2−ε3), 1

2
(ε1−ε2+ε3), 1

2
(−ε1+ε2+ε3)

}
or

Δ
+
1/2 =

{1

2
(ε1+ ε2+ ε3),

1

2
(ε1+ ε2− ε3), 1

2
(ε1− ε2+ ε3), 1

2
(ε1− ε2− ε3)

}
.

For the first choice ηmin = 1
2(−ε1 + ε2 + ε3) and

Π̂ =
{
δ − (ε1 + ε2), ε1 − ε2, ε2 − ε3,−1

2
(δ − δ1 + ε1 − ε2 − ε3), δ − δ1

}
.
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For the second choice ηmin = 1
2(ε1 − ε2 − ε3) and

Π̂ =
{
δ − (ε1 + ε2), ε2 − ε3, ε3,−1

2
(δ − δ1 − ε1 + ε2 + ε3), δ − δ1

}
.

g = G(3). In this case Δ1/2 = {±ε1,±ε2,±(ε2 + ε1)} ∪ {0}, ξ = ε2 + ε1,
Δ

+
1/2 = {ε1, ε2, ε2 + ε1}, ηmin = ε1 and

Π̂ =
{
− δ

2
+ δ1 + ε1,

δ

2
− δ1, ε2 − ε1, δ − ε1 − 2ε2

}
.

Let M be a σR-twisted W k
min(g)-module. If v ∈ g−1/2, then

YM (G{v}, z) =
∑

m∈1
2+Z

G
{v},tw
(m) z−m−1 =

∑
m∈Z

G{v},tw
m z−m−3/2.

In this section and the following ones we will write G
{v},tw
m = G

{v}
m ,

J
{a},tw
m = J

{a}
m for short.

Next, we would like to provide a more precise description of the action
of G{v}

0 on the highest weight vector of a highest weight module M . For
computing it, we use a good choice {Xα | α ∈ Δ} of root vectors as in
[15], and choose as a basis of g−1/2 the vectors

(6.2) uα = Xα +
√−1N−θ,αXα−θ, α ∈ Δ+, α odd.

Here Nα,β are structure constants with respect to {Xα}. We observe that
we can choose uγ = Xγ for γ ∈ Δ�, so that uγ = X−γ . We now check that
the Nα,β are the structure constants with respect to {uα}. Compute, for
γ ∈ Δ� and α odd positive,

[Xγ , uα] = [Xγ , Xα +
√−1N−θ,αXα−θ]

= Nγ,αXγ+α +
√−1N−θ,αNγ,α−θXγ+α−θ.

Since this vector lies in g−1/2, it is a linear combination of the uα’s, and
this forces

(6.3) [Xγ , uα] = Nγ,αuγ+α.

Substituting uγ+α by its expression (6.2), we deduce that

(6.4) N−θ,αNγ,α−θ = N−θ,γ+αNγ,α.

Let φ be an almost compact conjugate linear involution of g [15, Defi-
nition 1.1].
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Lemma 6.1. For γ ∈ Δ�, α odd positive, set cγ,α = Nγ,−αNα,−γ. Then

(6.5) 〈[uγ , φ(uα)], [uα, uγ ]〉 = 〈φ(uα), uα〉cγ,α.
Proof. To compute (6.5) we use the following formulas

φ(uα) = −N−θ,αuθ−α, 〈uα, uβ〉 = −(N−θ,α +N−θ,β)δθ−α,β .

The first one is given in Lemma 5.3 of [15] while the second is (5.12) of
[15]. In particular we have

(6.6) 〈φ(uα), uα〉 = −N−θ,α〈uθ−α, uα〉 = N−θ,α(N−θ,θ−α +N−θ,α).

It follows that

〈[uγ , φ(uα)], [uα, uγ ]〉 = 〈[Xγ , φ(uα)], [uα, X−γ ]〉
= 〈[Xγ ,−N−θ,αuθ−α], [uα, X−γ ]〉
= N−θ,αNγ,θ−αN−γ,α〈uγ+θ−α, u−γ+α〉
= −(N−θ,γ+θ−α +N−θ,−γ+α)N−θ,αNγ,θ−αN−γ,α.(6.7)

Using (6.4) for γ and −γ, formula (6.7) becomes

〈[uγ , φ(uα)], [uα, uγ ]〉 = −N2
−θ,αN−γ,α−θNγ,θ−α(6.8)

−N−θ,αN−θ,θ−αNγ,−αN−γ,α

= N2
−θ,αc−γ,θ−α +N−θ,αN−θ,θ−αcγ,α.(6.9)

We want to prove that N−γ,α−θNγ,θ−α = Nγ,−αN−γ,α. Observe that

[X−θ, [Xθ, X−α]] = X−α

hence
[Xγ , [X−θ, [Xθ, X−α]]] = Nγ,−αX−α.

On the other hand

[Xγ , [Xθ, X−α]] = Nγ,θ−α[Xθ, X−α]

so

[Xγ , [X−θ, [Xθ, X−α]]] = Nγ,θ−α[X−θ, [Xθ, X−α]] = Nγ,θ−αX−α

thus
Nγ,−α = Nγ,θ−α.

Similarly one has
N−γ,α = N−γ,α−θ.

This implies c−γ,θ−α = cγ,α; (6.9) now reads

〈[uγ , φ(uα)], [uα, uγ ]〉 = cγ,α(N
2
−θ,α +N−θ,αN−θ,θ−α).(6.10)

Substituting (6.6) into (6.10) yields (6.5).
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Let v be a weight vector of the g�-module g−1/2 of weight η. Observe
that η = α|h� , with α = 1

2θ + η, a positive odd root. If γ ∈ Δ�, set
cγ,η = cγ,α.

Lemma 6.2. If η �= 0 then

cγ,η =

{
(γ|η) if (γ|η) ≤ 0,

0 otherwise.

If η = 0 then

cγ,η =

{
−1

2
if γ is a root from Δ� of minimal length,

0 otherwise.

Proof. If η �= 0 then α = 1
2θ+η is an isotropic root so we can use formula

[11, (4.6)]: if α− γ is a root then

cγ,η = (α|γ) = (η|γ).
If (α|γ) < 0 then α− γ is a root so cγ,η = (η|γ) in this case. If (α|γ) = 0
and α−γ is a root, then also α+γ is a root and they are both non-isotropic.
This implies α − γ = θ/2 = α + γ which is absurd. So, if (α|γ) = 0 then
cγ,η = (η|γ) as well. If (α|γ) > 0 then α − γ cannot be isotropic, for, in
such a case,

2(α|γ) = (γ|γ) < 0.

It follows that α − γ is not isotropic. Since α + γ is a root, it must be
isotropic by the argument above. It follows that

2(α|γ) = −(γ|γ)
and

(α− γ|α− γ) = −2(α|γ) + (γ|γ) = 2(γ|γ) < 0.

On the other hand α− γ = θ/2 so

(α− γ|α− γ) =
1

2
.

The only possibility is that, when (α|γ) > 0, then α − γ is not a root
hence cγ,η = 0.

If η = 0 then θ/2 is a root, hence g� acts on g−1/2 as the little adjoint
representation. If v has weight 0 and γ is a root of g� then [Xγ , v] has
weight γ, so, if γ is long, Nγ,−θ/2 = 0 so cγ,0 = 0. If γ is short, then

cγ,0 = Nθ/2,−γNγ,−θ/2

and use formula (4.6) from [11] to compute it. Since γ is short, the θ/2-
strings through ±γ are given by ±γ − θ/2,±γ,±γ + θ/2, hence Nθ/2,−γNγ,−θ/2

= Nθ/2,γN−γ,−θ/2 = −(θ/2|θ/2) = −1/2.
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Lemma 6.3. Let M be a σR-twisted highest weight W k
min(g)-module with

highest weight (ν, �0) and highest weight vector vν,�0 . Let v ∈ g−1/2 be a
weight vector for h� of weight η. Then

∑
α,β

〈[uα, φ(v)], [v, uβ ]〉J{uα}
0 J

{uβ}
0 vν,�0 = 〈φ(v), v〉

(
(η|ν)2 −

∑
γ<0

cγ,η(ν|γ)
)
vν,�0 ,

(6.11)

∑
α,β

〈[uα, φ(v)], [v, uβ ]〉J{uβ}
0 J

{uα}
0 vν,�0 = 〈φ(v), v〉

(
(η|ν)2 +

∑
γ>0

cγ,η(ν|γ)
)
vν,�0 .

(6.12)

Proof. Note that v = cuη for some non-zero constant c. Using Lemma 6.1,
we have∑

γ,β

〈[uγ , φ(v)], [v, uβ ]〉J{uγ}
0 J

{uβ}
0 vν,�0

=
∑
i,j

〈[ui, φ(v)], [v, uj ]〉J{ui}
0 J

{uj}
0 vν,�0

+
∑
γ<0

〈[uγ , φ(v)], [v, uγ ]〉J{uγ}
0 J

{uγ}
0 vν,�0

=〈φ(v), v〉
∑
i,j

η(uj)η(ui)ν(uj)ν(u
i)vν,�0

+
∑
γ<0

〈[uγ , φ(v)], [v, uγ ]〉J{uγ}
0 J

{uγ}
0 vν,�0

= 〈φ(v), v〉(η|ν)2vν,�0 +
∑
γ<0

〈[uγ , φ(v)], [v, uγ ]〉J{uγ}
0 J

{uγ}
0 vν,�0

= 〈φ(v), v〉(η|ν)2vν,�0 +
∑
γ<0

〈[uγ , φ(v)], [v, uγ ]〉[J{uγ}
0 , J

{uγ}
0 ]vν,�0

=
(
〈φ(v), v〉(η|ν)2 −

∑
γ<0

〈[uγ , φ(v)], [v, uγ ]〉(ν|γ)
)
vν,�0

=
(
〈φ(v), v〉(η|ν)2 −

∑
γ<0

〈[uγ , φ(cuη)], [cuη, uγ ]〉(ν|γ)
)
vν,�0

(6.5)
=

(
〈φ(v), v〉(η|ν)2 − |c|2

∑
γ<0

〈φ(uη), uη〉cγ,η(ν|γ)
)
vν,�0

=
(
〈φ(v), v〉(η|ν)2 −

∑
γ<0

〈φ(v), v〉cγ,η(ν|γ)
)
vν,�0 .



Unitarity of minimal W -algebras and their representations II: Ramond sector

This proves (6.11). For (6.12) we have∑
γ,β

〈[uγ , φ(v)], [v, uβ ]〉J{uβ}
0 J

{uγ}
0 vν,�0

=
∑
i,j

〈[ui, φ(v)], [v, uj ]〉J{uj}
0 J

{ui}
0 vν,�0

+
∑
γ>0

〈[uγ , φ(v)], [v, uγ ]〉J{uγ}
0 J

{uγ}
0 vν,�0

=
(
(η|ν)2〈φ(v), v〉+

∑
γ>0

〈[uγ , φ(v)], [v, uγ ]〉(ν|γ)
)
vν,�0 .

We conclude as above.

Lemma 6.4. With the hypothesis of Lemma 6.3, we have

[G
{φ(v)}
0 , G

{v}
0 ]vν,�0

= 〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k) + 2(η|ν)2

+
∑
γ>0

cγ,η(ν|γ)−
∑
γ<0

cγ,η(ν|γ)
)
vν,�0 .

Proof. Using Borcherds’ commutator formula

[G
{φ(v)}
0 , G

{v}
0 ]

=
∑
j

(1

2
j

)
(G{φ(v)}

(j)G
{v})0

= (G{φ(v)}
(0)G

{v})0 +
1

2
(G{φ(v)}

(1)G
{v})− 1

8
(G{φ(v)}

(2)G
{v})

and recalling that [2]

(6.13)

[G{u}
λG

{v}]

= −2(k + h∨)〈u, v〉L+ 〈u, v〉
dim g�∑
α=1

: J{uα}J{uα} :

+ 2
∑
α,β

〈[uα, u], [v, uβ ]〉 : J{uα}J{uβ} : +2(k + 1)(∂ + 2λ)J{[[e,u],v]�}

+ 2λ
∑
α,β

〈[uα, u], [v, uβ ]〉J{[uα,uβ ]} + 2λ2〈u, v〉p(k)|0〉,
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we get

[G
{u}
0 , G

{v}
0 ]vν,�0

= 〈u, v〉(−2(k + h∨)�0 + (ν|ν + 2ρ�))vν,�0

+ 2
∑
α,β

〈[uα, u], [v, uβ ]〉 : J{uα}J{uβ} :0 vν,�0

+
∑
α,β

〈[uα, u], [v, uβ ]〉J{[uα,uβ ]}
0 vν,�0 −

1

2
〈u, v〉p(k)vν,�0

= 〈u, v〉(−2(k + h∨)�0 + (ν|ν + 2ρ�))vν,�0

+ 2
∑
α,β

〈[uα, u], [v, uβ ]〉J{uβ}
0 J

{uα}
0 vν,�0

+
∑
α,β

〈[uα, u], [v, uβ ]〉(J{uα}
0 J

{uβ}
0 − J

{uβ}
0 J

{uα}
0 )vν,�0

− 1

2
〈u, v〉p(k)vν,�0

= 〈u, v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k)

)
vν,�0

+
∑
α,β

〈[uα, u], [v, uβ ]〉J{uβ}
0 J

{uα}
0 vν,�0

+
∑
α,β

〈[uα, u], [v, uβ ]〉J{uα}
0 J

{uβ}
0 vν,�0 .

Now apply Lemma 6.3.

Let Δ+
1/2 be the set defined in (6.1) and observe that, by construction,

Δ
+
1/2 = {η ∈ (h�)∗ | η is a h�-weight of n−1/2(σR)

′
+}. Set

(6.14) ρR = ρ(n1/2(σR)+)|h� =
1

2

∑
gα⊂n1/2(σR)+

α|h� =
1

2

∑
η∈Δ+

1/2

η.

Applying the formulas of Lemma 6.2 we obtain the following refinement
of Lemma 6.4.

Lemma 6.5. Under the hypothesis of Lemma 6.3, we have

(1) Assume that θ/2 ∈ Δ and let v ∈ g−1/2 be a vector of weight 0. Then

G
{φ(v)}
0 G

{v}
0 vν,�0

= 2〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2(ρ� − ρR))− 1

2
p(k)

)
vν,�0 .
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(2) Assume that v ∈ g−1/2 is a vector of weight η �= 0. Then

[G
{φ(v)}
0 , G

{v}
0 ]vν,�0

= 〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k) + 2(η|ν)2

)
vν,�0

+
( ∑

γ>0,(γ|η)≤0

(γ|η)(ν|γ)−
∑

γ>0,(γ|η)≥0

(γ|η)(ν|γ)
)
vν,�0 .

Proof. To prove (1), recall that in this case, as already observed in the
proof of Lemma 6.2, g� acts on g−1/2 as the little adjoint representation,
so its non-zero weights are precisely the roots in Δ� of minimal length.
Since we chose h0 so that α(h0) > 0 for α ∈ Δ�

+, it follows immediately
from (6.1) that

(6.15) ρR =
∑

γ∈Δ�
+,γ short

γ.

By Lemma 6.4 and Lemma 6.2,

[G
{φ(v)}
0 , G

{v}
0 ]vν,�0

= 〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k)−

∑
γ∈Δ�

+,γ short

(ν|γ)
)
vν,�0

= 〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k)− 2(ν|ρR)

)
vν,�0 .

Now observe that φ(v) = h v, so that [G
{φ(v)}
0 , G

{v)}
0 ] = 1

2h(G
{v}
0 )2 =

1
2G

{φ(v)}
0 G

{v}
0 .

If v has weight η �= 0 then, by Lemma 6.2,∑
γ>0

cγ,η(ν|γ)−
∑
γ<0

cγ,η(ν|γ) =
∑

γ>0,(γ|η)≤0

(γ|η)(ν|γ)−
∑

γ<0,(γ|η)≤0

(γ|η)(ν|γ)

=
∑

γ>0,(γ|η)≤0

(γ|η)(ν|γ)−
∑

γ>0,(γ|η)≥0

(γ|η)(ν|γ).

Thus (2) follows from Lemma 6.4.

Let LW (λ, �0) be the irreducible σR-twisted positive energy W k
min(g)-

module such that LW (λ, �0)0 = LZ(λ, �0) (see Theorem 2.30 of [6]). It is
clear that LW (λ, �0) is a highest weight module of highest weight (λ, �0).
Conversely, if M is an irreducible highest weight module of highest weight
(λ, �0), then, by Lemma 4.20, the grading given by the action of L0 defines
the structure of a positive energy module. By Theorem 2.30 of [6], M0 is
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irreducible. Since clearly M0 is a highest weight module of highest weight
(λ, �0), by Corollary 5.6, M0 = LZ(λ, �0) hence, by [6, Theorem 2.30]
again,M = LW (λ, �0). This shows that LW (λ, �0) is the unique irreducible
σR-twisted highest weight W k

min(g)-module of highest weight (λ, �0).
Consider (ν, �0) with ν purely imaginary and �0 real. Combining Propo-

sition 5.7 and [14, Proposition 6.7], we get the existence of a unique even
invariant Hermitian form H(·, ·) on LW (ν, �0) such that H(vν,�0 , vν,�0) = 1
(vν,�0 is a highest weight vector).

Proposition 6.6. Let LW (ν, �0) be the irreducible σR-twisted unitary high-
est weight module with highest weight vector vν,�0 and the Hermitian form
H(·, ·), and set ‖a‖2 = H(a, a).

(1) Let v ∈ n−1/2(σ)
′
+ be a vector of h�-weight η. Then

‖G{φ(v)}
0 vν,�0‖2

= 〈φ(v), v〉
(
− 2(k + h∨)�0 + (ν|ν + 2ρ�)− 1

2
p(k) + 2(η|ν)2

)
+ 〈φ(v), v〉

( ∑
γ>0,(γ|η)≤0

(γ|η)(ν|γ)−
∑

γ>0,(γ|η)≥0

(γ|η)(ν|γ)
)
.

(2) Assume that θ/2 ∈ Δ. Then

‖G{uθ/2}
0 vν,�0‖2

= 2〈φ(uθ/2), uθ/2〉
(
− 2(k + h∨)�0 + (ν|ν + 2(ρ� − ρR))− 1

2
p(k)

)
.

Proof. We have

(6.16)
H(G

{φ(v)}
0 vν,�0 , G

{φ(v)}
0 vν,�0) = H(G

{v}
0 G

{φ(v)}
0 vν,�0 , vν,�0)

= H([G
{φ(v)}
0 , G

{v}
0 ]vν,�0 , vν,�0).

Now apply Lemma 6.4 to get (1). As for (2), we have

H(G
{uθ/2}
0 vν,�0 , G

{uθ/2}
0 vν,�0) = H(G

{φ(uθ/2)}
0 (G

{uθ/2}
0 )vν,�0 , vν,�0),(6.17)

and we can apply (1) in Lemma 6.5.

If LW (ν, �0) is as in Proposition 6.6, then, since 〈φ(v), v〉 > 0, by (1)
of this proposition we have

(6.18) �0 ≥ 1

2(k + h∨)

(
(ν|ν + 2ρ�)− 1

2
p(k) + Fν(η)

)
,
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where

(6.19) Fν(η) = 2(η|ν)2 +
∑

γ>0,(γ|η)≤0

(γ|η)(ν|γ)−
∑

γ>0,(γ|η)≥0

(γ|η)(ν|γ).

Similarly, if η = 0 is a weight of g−1/2, then, by (2) of Proposition 6.6, we
have

(6.20) �0 ≥ 1

2(k + h∨)

(
(ν|ν + 2(ρ� − ρR))− 1

2
p(k)

)
.

Since k + h∨ < 0, the maximal value of the right hand side of (6.18)
is achieved for η such that Fν(η) is minimal.

Let P+ ⊂ (h�)∗ be the set of dominant integral weights for g�. We
compute below the minimal value of Fν(η) for ν ∈ P+ and η ∈ Δ

+
1/2 via

a case by case inspection. In the cases where θ/2 is an odd root (so that
η = 0 is a weight for g−1/2) we also show that −2(ν|ρR) ≤ Fν(η), hence
(6.20) gives the best bound. We gave above an explicit description of the
set Δ+

1/2, hence we can compute explicit expressions for ρR that we list in
Tables 6.1 and 6.2, along with the values of ηmin, ρ�, and ξ. In Tables 6.1
and 6.2 we denote by ωi

j the fundamental weights of the simple ideal g�i
of g�. We drop the superscript i if g� is simple.

Table 6.1. Cases with only one choice for Δ
+
1/2

g psl(2|2) spo(2|2r + 1), r ≥ 1 G(3)

ηmin
δ1−δ2

2
εr ε1

ρR ω1 ωr ω1

ρ� δ1−δ2
2

∑r
i=1(r − i+ 1

2
)εi 2ε1 + 3ε2

ξ δ1−δ2
2

ε1 ε1 + ε2

Table 6.2. Cases with two choices for Δ
+
1/2

g spo(2|2r) D(2, 1; m
n
) F (4)

ηmin εr,−εr ε2 − ε3,−ε2 + ε3
1
2
(ε1 − ε2 − ε3),

1
2
(−ε1 + ε2 + ε3)

ρR ωr, ωr−1 ω1
1 , ω

2
2 ω1, ω3

ρ�
∑r

i=1(r − i)εi, ε2 + ε3
5
2
ε1 +

3
2
ε2 +

1
2
ε3

ξ ε1 ε2 + ε3
1
2
(ε1 + ε2 + ε3)



V.G. Kac, P. Möseneder Frajria and P. Papi

psl(2|2). In this case Δ�
+ = {δ1 − δ2} and ν = r/2(δ1 − δ2). Then

(6.21) min
η
Fν(η) = Fν(ξ) =

1

2
r2 + r.

spo(2|3). In this case Δ�
+ = {ε1} and ν = r

2ε1. Then

(6.22) min
η
Fν(η) = Fν(ξ) =

r2 + r

8
=
r

4
+

1

8
r(r − 1).

Since in this case η = 0 is a weight of g−1/2, we need also to compute

(6.23) − 2(ν|ρR) = r

4
,

which gives the minimal value of Fν(η).
spo(2|2r), r > 2. In this case Δ�

+ = {εi ± εj , 1 ≤ i < j ≤ r}. Since ν
is dominant integral, ν =

∑
imiεi, mi ∈ 1

2 + Z or mi ∈ Z,m1 ≥ · · · ≥
mr−1 ≥ |mr|. If η = εi, then

Fν(η) =
m2

i

2
− 1

2

∑
γ∈{es+εi,i �=s}∪{εi−εs,s>i}

(ν|γ)− 1

2

∑
γ∈{εs−εi,s<i}

(ν|γ)

=
m2

i

2
− 1

2

( ∑
γ∈{εs±εi,s<i}

(ν|γ) +
∑

γ∈{εi±εs,s>i}
(ν|γ)

)
=
m2

i

2
+

1

4

(∑
s<i

(ms ±mi) +
∑
s>i

(mi ±ms)
)

=
m2

i

2
+

1

2

∑
s<i

ms +
1

2
(r − i)mi.

The minimum value for Fν(η) is achieved if η = ±εr and it is

(6.24) Fν(η) =
1

2

(
m2

r +
∑
s<r

ms

)
.

spo(2|2r+ 1), r > 1. Δ�
+ = {εi ± εj , 1 ≤ i < j ≤ r} ∪ {εi}, ν =∑

miεi, mi ∈ 1
2 + Z or mi ∈ Z,m1 ≥ · · · ≥ mr ≥ 0. If η = εi, then

Fν(η) =
m2

i

2
− 1

2

∑
γ∈{εs+εi,i �=s}∪{εi−εs,s>i}∪{εi}

(ν|γ)− 1

2

∑
γ∈{εs−εi,s<i}

(ν|γ)

=
m2

i

2
+

1

4

(∑
s<i

(ms ±mi) +mi +
∑
s>i

(mi ±ms)
)
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=
m2

i

2
+

1

2

∑
s<i

ms +
1

2

(
r − i+

1

2

)
mi.

The minimum is achieved when i = r and it is

(6.25) min
η
Fν(η) =

1

2

(
m2

r+
∑
s<r

ms+
1

2
mr

)
=

1

2

∑
s≤r

ms+
1

2
mr

(
mr− 1

2

)
.

Since in this case η = 0 is a weight of g−1/2, we need also to compute

(6.26) − 2(ν|ρR) = −
r∑

i=1

(ν|εi) = 1

2

∑
s≤r

ms,

which gives the minimal value of Fν(η).
D(2,1;a). Δ�

+ = {2ε2, 2ε3}, ν = m1ε1 + m2ε2, mi ∈ Z+. Then a
computer computation shows that the minimum of Fν(η) is attained at
ε2 − ε3 and at −ε2 + ε3 and its value is

(6.27) min
η
Fν(η) =

(m1 − am2)
2 + 2(m1 + a2m2)

2(1 + a)2
.

F(4). Δ�
+ = {εi ± εj , 1 ≤ i < j ≤ 3} ∪ {εi}. Since ν is dominant

integral, ν =
∑
miεi, mi ∈ 1

2 + Z or mi ∈ Z,m1 ≥ m2 ≥ r3 ≥ 0.
A computer computation shows that the minimum of Fν(η) is attained
when η = 1

2(−ε1 + ε2 + ε3) and when η = 1
2(ε1 − ε2 − ε3). Its value is

(6.28) min
η
Fν(η) =

2

9
((−m1 +m2 +m3)

2 + 5m1 +m2 +m3).

G(3). We have Δ�
+ = {ε1, ε2 − ε1, ε2, ε2 + ε1, ε2 + 2ε1, 2ε2 + ε1}, ν =

m1ε1+m2ε2, 2m1 ≥ m2 ≥ m1, mi ∈ Z+. A computer computation shows
that the minimum of Fν(η) is attained when η = ε1 and

min
η
Fν(η) =

1

8
(2m1 −m2)(2m1 −m2 − 1) +

1

2
(m1 +m2).

Since in this case η = 0 is a weight of g−1/2, we need also to compute

(6.29) − 2(ν|ρR) = 1

2
(m1 +m2) ≤ min

η
Fν(η).

Our direct inspection shows the following fact

Proposition 6.7. We have minη Fν(η) = Fν(ηmin), and this value is in-
dependent from the choice of the set Δ+

1/2.
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Recall [19, Theorem 2.1], [15, Section 7] that there is an embedding in
W k

min(g) of the universal affine vertex algebra
⊗

i V
Mi(k)(g�i), where the

Mi(k), i = 1, . . . , s, are given in Table 6.3, along with other quantities,
explained in [15, § 7.2]. If LW (ν, �0) is unitary, then

⊗
i V

Mi(k)(g�i) · vν,�0
is a unitary representation of the latter affine vertex algebra, hence ν lies
in P+

k , where

(6.30) P+
k = {ν ∈ P+ | ν(θ∨i ) ≤Mi(k) for all i = 1, . . . , s},

where P+ is the set of dominant integral weights of g�.

Table 6.3. Numerical information

g g� h∨ h̄∨
i Mi(k) χi ui = (θi|θi)

psl(2|2) sl2 −2 0 −k − 1 −1 −2

spo(2|3) sl2 1/2 −1/2 −4k − 2 −2 −1/2

spo(2|m),
m ≥ 4

som 2 − m/2 1 − m/2 −2k − 1 −1 −1

D(2, 1; a) sl2 ⊕ sl2 0
− 2

1+a ,
− 2a

1+a

−(1+a)k−1,
− 1+a

a k − 1 −1,−1
− 2

1+a ,
− 2a

1+a

F (4) so7 −2 −10/3 − 3
2k − 1 −1 −4/3

G(3) G2 −3/2 −3 − 4
3k − 1 −1 −3/2

We summarize our findings in the following statement:

Proposition 6.8. Let ν ∈ P+
k and �0 ∈ R. Set

(6.31)

A(k, ν) =

⎧⎪⎨⎪⎩
1

2(k + h∨)

(
(ν|ν + 2(ρ� − ρR))− 1

2
p(k)

)
if θ/2 ∈ Δ,

1

2(k + h∨)

(
(ν|ν + 2ρ�)− 1

2
p(k) + Fν(ηmin)

)
otherwise.

If LW (ν, �0) is unitary, then

�0 ≥ A(k, ν).

Lemma 6.9. If LW (ν, �0) is unitary, then �0 = A(k, ν) in the following
cases:

(1) g �= spo(2|3), D(2, 1; a): ν ∈ P+
k such that ν − ρR /∈ P+.

(2) g = spo(2|3): ν = 0 and ν = M1(k)
2 ε1.

(3) g = D(2, 1; a): ν = rε3 and ν = rε2+M2(k)ε3, where r = 0, . . . ,M1(k)
(respectively ν = rε2 and ν =M1(k)ε2+ rε3, where r = 0, . . . ,M2(k))
if ρR = ω1

1 = ε2 (respectively ρR = ω2
1 = ε3).
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Proof. Assume ν−ρR /∈ P+. We first discuss the cases when θ/2 is a root,
namely g = spo(2|2r + 1) and g = G(3). Since ρR = ωi0

j0
for some i0, j0,

then ν =
∑

i,j m
i
jω

i
j with mi0

j0
= 0. Let α be the simple root corresponding

to ωi0
j0

(i.e., ωi0
j0
(α∨) = δα,α for all simple roots α of Δ�). Explicitly α = εr

for g = spo(2|2r + 1) while α = ε1 for g = G(3). Then J
{X−α}
0 acts

trivially on vν,�0 . We note that α = ηmin. If v ∈ g−1/2 has weight ηmin,
then G{v}

0 vν,�0 = 0. Note that v is a root vector for the root −θ/2 + ηmin,
hence [X−α, v] is a root vector for the root −θ/2, thus w = [X−α, v] is a
non-zero multiple of uθ/2. Since

0 = J
{X−α}
0 G

{v}
0 vν,�0 = G

{[X−α,v]}
0 vν,�0 = G

{w}
0 vν,�0 = const . G

{uθ/2}
0 vν,�0 ,

we deduce that ‖G{uθ/2}
0 vν,�0‖2 = 0 and Proposition 6.6 implies �0 =

A(k, ν).
If g = D(2, 1; a) and ηmin = ε2 − ε3, then ρR = ω1

1 = ε2. Let α =
2ε2. Since ν − ρR /∈ P+, ν = r3ε3, so X−αvν,�0 = 0. If v ∈ g−1/2 has
weight ηmin, then G{v}

0 vν,�0 = 0. Note that v is a root vector for the root
−ε1 + ε2 − ε3, hence [X−α, v] is a root vector for the root −ε1 − ε2 − ε3,
thus w = [X−α, v] �= 0. Moreover w ∈ g−1/2 is a vector of weight −ηmin

thus w = const . φ(v). Therefore

0 = J
{X−α}
0 G

{v}
0 vν,�0 = G

{[X−α,v]}
0 vν,�0 = G

{w}
0 vν,�0 = const . G

{φ(v)}
0 vν,�0 .

We deduce that ‖G{φ(v)}
0 vν,�0‖2 = 0 and Proposition 6.6 implies �0 =

A(k, ν) also in this case. The argument for g = D(2, 1; a), ηmin = −ε2+ε3,
and ν = r2ε2 is completely analogous using α = 2ε3.

We now turn to the remaining cases where the argument is similar but
somewhat more complicated: we claim that for v ∈ n−1/2(σR)+ of weight
ηmin, we have

(6.32) G
{φ(v)}
0 vν,�0 = 0.

Indeed, if g = psl(2|2), then ν − ρR /∈ P+ means that ν = 0, thus
J
{a}
0 v(ν,�0) = 0 for all a ∈ g�. We know that G{u}

0 vν,�0 = 0 for all u ∈
n−1/2(σR)+. Since [J

{a}
0 , G

{vu}
0 ] = G

{[a,u]}
0 , then G{[a,u]}

0 v0,�0 = J
{a}
0 G

{u}
0 v0,�0 .

Since ad(U(g�))n−1/2(σR) = g−1/2, we see that G{u}
0 vν,�0 = 0 for all u ∈

g−1/2, thus, in particular, (6.32) holds in this case.
We now prove (6.32) in the cases g = spo(2|2r), g = F (4). Since

ρR = ωi0
j0

let α, as above, be the simple root corresponding to ωi0
j0

. Since
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J
{X−α}
0 acts trivially on vν,�0 and G

{v}
0 vν,�0 = 0 if v ∈ g−1/2 has weight

ηmin,
0 = J

{X−α}
0 G

{v}
0 vν,�0 = G

{[X−α,v]}
0 vν,�0 .

Let β = −1
2θ + ηmin. This is the root of g−1/2 such that β|h� = ηmin. We

check in each case that

(i) β − α is a root,
(ii) there exists a positive root γ ∈ Δ� such that β−α+γ = −θ/2−ηmin.

If (i), (ii) hold, then [X−α, v] �= 0 and both [Xγ , [X−α, v]] and φ(v) are in
gβ′ with β′ = −1

2θ − ηmin. Since all the roots have multiplicity one, this
implies that [Xγ , [X−α, v]] = const .φ(v). Since γ is positive Xγvν,�0 = 0,
hence

0 = J
{Xγ}
0 J

{[X−αī
,v]}

0 G
{v}
0 vν,�0 = G

{[Xγ ,[X−α,v]]}
0 vν,�0 = const . G

{φ(v)}
0 vν,�0 ,

so that (6.32) holds.
The following list describes for each case the roots α, β, β −α, and γ.

• Case 1: so(2|2r), r > 2, ηmin = εr, ρR = ωr, α = εr−1+εr, β = −δ1+εr,
β − α = −δ1 − εr−1, γ = εr−1 − εr.

• Case 2: so(2|2r), r > 2, ηmin = −εr, ρR = ωr−1, α = εr−1 − εr,
β = −δ1 − εr, β − α = −δ1 − εr−1, γ = εr−1 + εr.

• Case 3: F (4), ηmin = 1
2(−ε1 + ε2 + ε3), ρR = ω3, α = ε3, β = 1

2(−δ1 −
ε1 + ε2 + ε3), β − α = 1

2(−δ1 − ε1 + ε2 − ε3), γ = ε1 − ε2.
• Case 4: F (4), ηmin = 1

2(ε1 − ε2 − ε3), ρR = ω1, α = ε1 − ε2, β =
1
2(−δ1 + ε1 − ε2 − ε3), β − α = 1

2(−δ1 − ε1 + ε2 − ε3), γ = ε3.

Having established (6.32), by Proposition 6.6, ‖G{φ(v)}
0 v0,�0‖2 = 0 implies

�0 = A(k, 0).
It remains only to check the statement for g = spo(2|3) or g = D(2, 1; a)

and ν =
∑

i
ri
2 θi with ri =Mi(k) for some i. Since

J
{X−θi

}
1 J

{Xθi
}

−1 vν,�0 = [J
{X−θi

}
1 , J

X{θi}−1 ]vν,�0 = −(ν|θi) +Mi(k)
(θ1|θi)

2

=
(θ1|θi)

2
(−(ν|θ∨i ) +Mi(k)) = 0,

we see that

‖JXθi−1 vν,�0‖2 = H(J
{Xε1}−1 vν,�0 , J

{Xε1}−1 vν,�0) = −H(J
{φ(Xε1 )}
1 J

{Xε1}−1 vν,�0 , vν,�0)

= −const . H(J
{X−ε1}
1 J

{Xε1}−1 vν,�0 , vν,�0) = 0.

By unitarity we deduce

(6.33) J
{Xθi

}
−1 vν,�0 = 0.
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If g = spo(2|3) then (6.33) implies

0 = G
{φ(uδ1+ε1

)}
1 J

{Xε1}−1 vν,�0 = [G
{φ(uδ1+ε1

)}
1 , J

{Xε1}−1 ]vν,�0

= −G{[Xε1 ,φ(uδ1+ε1
)]}

0 vν,�0

so, since [Xε1 , φ(uδ1+ε1)] = const . uδ1 , we obtain

G
{uδ1

}
0 vν,�0 = 0.

Again Proposition 6.6 implies that �0 = A(k, ν).
If g = D(2, 1; a), then observe that ηmin = ξ − θi. Let uξ ∈ g−1/2 be a

vector of weight −ξ. Note that uξ is a root vector for the root −θ/2− ξ.
Since θi + (−θ/2 − ξ) = −θ/2 − ηmin is a root, we see that [Xθi , uξ] is a
non-zero vector in g−1/2 of weight −ηmin. If v ∈ g−1/2 has weight ηmin, it
follows that [Xθi , uξ] = const . φ(v). By (6.33),

0 = G
{uξ}
1 J

{Xθi
}

−1 vν,�0 = [G
{uξ}
1 , J

{Xθi
}

−1 ]vν,�0 = −G{[Xθ1
,uξ]}

0 vν,�0

= const . G
{φ(v)}
0 vν,�0 .

We can therefore conclude using Proposition 6.6.

We can finally state the necessary conditions for unitarity.

Theorem 6.10. Let LW (ν, �0) be a unitary σR-twisted W k
min(g)-module,

where k is in the unitary range. Then

(1) ν ∈ P+
k ,

(2) �0 ≥ A(k, ν),
(3) If ν is as in Lemma 6.9 (1), (2), (3), then �0 = A(k, ν).

7. Ramond sector: sufficient conditions for unitarity

Recall that in Sect. 3 we constructed the twisted F (g1/2)-module F (g1/2, σR).
Our first task is to show that this module is unitary.

Fix bases {wγ}, {wγ} of g1/2 dual with respect to 〈·, ·〉ne, with γ ranging
over S1/2. Recall that there is an embedding of superspaces u 
→ Φu of
g1/2 into F (g1/2). Sometimes we write Φα (respectively Φα) as a shortcut
for Φwα (respectively Φwα).

We can assume that S1/2 = S+
1/2 ∪ S−

1/2 with {wγ | γ ∈ S±
1/2} basis of

n1/2(σ)±. We will also need a more refined notation S−
1/2 = S−,0

1/2 ∪S−,′
1/2 to

label bases of g01/2(σR), n1/2(σR)
′− (see (3.10)). We
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Lemma 7.1. The map t−1/2Φu 
→ [Φu] extends to an isomorphism be-
tween Cl(g1/2) and ZhuσR(F (g1/2)).

Proof. Recall that ∗ denotes the product in ZhuσR(F (g1/2)). By [6, The-
orem 2.13],

[[Φu], [Φu]] =
∑
j

(−1

2
j

)
(Φu)(j)(Φv) = 〈u, v〉 = [t−1/2Φu, t

−1/2Φv],

so the map t−1/2Φu 
→ [Φu] extends to a homomorphism from Cl(g1/2) to
ZhuσR(F (g1/2)).

We prove by induction on Δa that [a] is in the subalgebra of ZhuσR(F (g1/2))
spanned by [Φu], u ∈ g1/2, for all a ∈ F (g1/2). If a = |0〉 the claim holds.
Now assume a =: T kΦu b : with Δb < Δa. Note that by [6, Theorem 2.13
(b)]

: T kΦu b : + : T k−1Φu Tb := T (: T k−1Φu b :) ≡ const : T k−1Φu b :,

hence we can assume k = 0. Since

(Φu)(−1,σR)b =
∑
j∈Z+

(1

2
j

)
(Φu)(−1+j)b =: Φu a : +

∑
j∈N

(1

2
j

)
(Φu)(−1+j)b,

we obtain

[a] = [: Φu b :] = [Φu] ∗ [b]−
∑
j∈N

(1

2
j

)
[(Φu)(−1+j)b],

and the claim follows by induction. It follows that the homomorphism
from Cl(g1/2) to ZhuσR(F (g1/2)) is surjective.

We now prove that the homomorphism is injective. Set

L≥(A, σR) =
⊕

μ∈−1
2+Z+

tμg1/2 ⊂ L(g1/2, σR).

Consider Cl(g1/2) as a L≥(A, σR) ⊕ CK-module by letting t−1/2g1/2 act
by left multiplication, tμg1/2 act trivially if μ > 0, and K act by ICl(g1/2).
Let

(7.1) M = Ind
L̂(g1/2,σR)

L≥(g1/2,σR)
(Cl(g1/2)).
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By Proposition 2.1, M is a σR-twisted F (g1/2)-module. Recall that

Lne =
1

2

∑
α∈S1/2

: (TΦα)Φα :,

and that M is spanned by monomials

(tμ1Φ1)(t
μ2Φ2) · · · (tμkΦk), μi ∈ −

(1
2
+ Z+

)
.

Since
[Lne,tw

0 , tμΦu] = −
(
μ+

1

2

)
tμΦu,

the action of Lne,tw
0 is semisimple and the eigenspace decomposition gives

a grading
M =

⊕
n≥0

Mn,

turning M into a positive energy representation. Since

M0 = span((t−
1
2Φ1)(t

−1
2Φ2) · · · (t−

1
2Φk)) = Cl(g1/2)

and (Φu)0 = (Φu)(−1/2), the action of (Φu)0 is given by left multiplication
by t−1/2Φu. Since the action of Cl(g1/2) on itself by left multiplication
is faithful and this action factors to ZhuσR(F (g1/2)) we deduce that the
homomorphism from Cl(g1/2) to ZhuσR(F (g1/2)) is injective.

Lemma 7.2. Consider Lne,tw
0 − 1

16 dim g1/2 as an operator on F (g1/2, σR).
Then the action is semisimple with eigenvalues in 1

2Z+. The corresponding
eigenspace decomposition

(7.2) F (g1/2, σR) =
⊕

n∈1
2Z+

F (g1/2, σR)n

gives to F (g1/2, σR) the structure of a σR-twisted positive energy repre-
sentation of F (g1/2).

The space F (g1/2, σR)0 of minimal energy is naturally isomorphic, as
a ZhuR(F (g1/2))-module, to the Clifford module

(7.3) CM = Cl(t−1/2g1/2)/(Cl(t
−1/2g1/2)n1/2(σR)+).
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Proof. Recall that

Lne =
1

2

∑
α∈S1/2

: (TΦα)Φα : .

We claim that

(7.4) Lne,tw
0 · 1 =

1

16
dim g1/2.

To check (7.4), start with (2.6) putting n = −1, μ = ν = 1/2:

((TΦα)(−1)Φα)(1) · 1 +
(1

2
2

)
((TΦα)(1)Φα)(−1) · 1

=
∑
j∈Z+

(1
2
+ j

)
(Φα)(−1/2−j)(Φ

α)(−1/2+j)) · 1,

which gives

((TΦα)(−1)Φα)(1) · 1 +
1

8
=

1

2
(Φα)(−1/2)(Φ

α)(−1/2) · 1.

Assume gα ⊂ n1/2(σR)+. Then

1

2
(Φα)(−1/2)(Φ

α)(−1/2) · 1 =
1

2
[(Φα)(−1/2), (Φ

α)(−1/2)] =
1

2
.

Assume gα ⊂ g01/2(σR). Then

1

2
(Φα)(−1/2)(Φ

α)(−1/2) · 1 =
1

4
[(Φα)(−1/2), (Φ

α)(−1/2)] =
1

4
.

Summing up

Lne,tw
0 · 1 =

1

2

(
− 1

8
dim g1/2 +

1

4
· 2 · dim n1/2(σR)+ +

1

4
ε(σR)

)
=

1

16
dim g1/2.

Since F (g1/2, σR) is generated by monomials

(tμ1Φ1)(t
μ2Φ2) · · · (tμkΦk), μi ∈ −

(1
2
+ Z+

)
(7.5)

and
[Lne,tw

0 , tμΦu] = −
(
μ+

1

2

)
tμΦu

(7.2) follows readily.
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The space of minimal energy is

F (g1/2, σR)0 = span((t−
1
2Φ1)(t

−1
2Φ2) · · · (t−

1
2Φk)).

On F (g1/2, σR)0, [Φu] ∈ ZhuR(F (g1/2)) acts by the action of (Φu)0 =

(Φu)(−1/2), which is left multiplication by t−
1
2Φu.

Let φ be an almost compact conjugate linear involution of g. Set

ω = eL1g, g(a) = e−π
√−1(Δa+

1
2p(a))φ(a),

so that
ω([Φu]) = −[Φφ(u)].

Lemma 7.3. F (g1/2, σR) is a unitary σR-twisted F (g1/2)-module.

Proof. To prove the existence of a ω-invariant Hermitian form on F (g1/2, σR),
we use [14, Proposition 6.7]. According to this result, it suffices to show
that there exists an invariant Hermitian form on F (g1/2, σR)0, which in
Lemma 7.2 is identified with the Clifford module CM (7.3). We identify
as vector spaces CM and

∧
n1/2(σR)− via u1 ∧ · · · ∧ uk 
→ (t−1/2Φu1) · · ·

(t−1/2Φuk
), ui ∈ n1/2(σR)−. Define an Hermitian form on

∧
n1/2(σR)− by

determinants:

(7.6)
(wi1 ∧ wi2 ∧ · · · ∧ wih , wj1 ∧ wj2 ∧ · · · ∧ wjk)

= δhk (−1)k det(〈φ(wir), wjs〉ne).
We now check that it is ω-invariant. Since φ is an almost compact involu-
tion, we have that φ(h0) = −h0, hence φ(n1/2(σR)+) = n′1/2(σR)−. Con-
sider u1 ∈ n1/2(σR)− (respectively u1 ∈ n1/2(σR)+); note that t−1/2Φu1 ·
t−1/2Φu2 · · · t−1/2Φuk

maps, under our identifications, to u1 ∧ · · · ∧ uk (re-
spectively

∑
r(−1)r+1〈u1, ur〉neu1 ∧ · · · ∧ ûr ∧ · · · ∧ uk). If u1 ∈ n1/2(σR)+

(φ(u1) ∧ u2 ∧ u3 ∧ · · · ∧ uk, w1 ∧ w2 ∧ · · · ∧ wk)

= (−1)k det(〈φ(ui), wj〉ne)
= (−1)k

∑
r

(−1)r+1〈u1, wr〉ne det((〈φ(ui), wr〉ne))1r

= −(u2 ∧ u3 ∧ · · · ∧ uk, u1 · w1 ∧ w2 ∧ · · · ∧ wk).

If u1 ∈ n1/2(σR)− one argues similarly.
Recall from [15] that 〈φ(·), ·〉ne is negative definite on g1/2. Let {u1, . . . , uk}

be a basis of n1/2(σR)− such that 〈φ(ui), uj〉ne = −δij ; then {ui1∧· · ·∧uik |
i1 < · · · < ik} is an orthonormal basis of

∧
n1/2(σR)− for the Hermitian
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form (7.6). We now check that the invariant form H(·, ·) on F (g1/2, σR)
which restricts to (7.6) on F (g1/2, σR)0 is positive definite. Let {v1, . . . , vs}
be a basis of g1/2 such that 〈φ(vi), vj〉ne = −δij ; let {w1, . . . , wt} be an
orthonormal basis of F (g1/2, σR)0. Then the vectors

(7.7) (tμ1Φvi1
)(tμ2Φvi2

) · · · (tμkΦvik
)wj , μi ∈ −

(1
2
+ N

)
, 1 ≤ j ≤ t,

where the pairs (μj , ij) are ordered lexicographically, form a basis of
F (g1/2, σR). We claim that this basis is orthonormal. Indeed, the Φu are
primary, so H(m, tμΦum

′) = −H(t−μΦφ(u)m,m
′). It follows that

H((tμ1Φvi1
)(tμ2Φvi2

) · · · (tμkΦvik
)wj , (t

ν1Φvj1
)(tν2Φvj2

) · · · (tνkΦvjk
)ws)

= H((t−νkΦ−φ(vjk )
) · · · (t−ν2Φ−φ(vj2 )

)(t−ν1Φ−φ(vj1 )
)(tμ1Φvi1

)(tμ2Φvi2
) · · ·

(tμkΦvik
)wj , ws)

=
∏
i

δμi νi

∏
r

δir jrδj s.

Our second task is to construct unitary σR-twisted representations of
W k

min(g) using the free field realization introduced in [19, Theorem 5.2];
it is the embedding

Ψ :W k
min(g) −→ V k := V k+h∨

(Cx)⊗ V αk(g�)⊗ F (g1/2)

explicitly given on the generators of W k
min(g) by

(7.8)

J{b} 
−→ b+
1

2

∑
α∈S1/2

: ΦαΦ[wα,b] : (b ∈ g�),

G{v} 
−→
∑

α∈S1/2

: [v, wα]Φ
α : −(k + 1)

∑
α∈S1/2

(v|wα)TΦ
α

+
1

3

∑
α,β∈S1/2

: ΦαΦβΦ[wβ ,[wα,v]] : (v ∈ g−1/2),

(7.9)

L 
−→ 1

2(k + h∨)

∑
α∈S0

: aαa
α : +

k + 1

k + h∨
Tx+

1

2

∑
α∈S1/2

: (TΦα)Φα : .

(7.10)
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Using the normalization

(7.11) a =
√−1

√
2√|k + h∨|x,

we have V k+h∨
(Cx) =M(1). Here M(1) is the Heisenberg vertex algebra

(free boson) generated by the element a with λ-bracket

[aλa] = λ.

Recall that we denoted by ξ the highest weight of the g�-module g−1/2.
Recall from [15] that an element ν ∈ P+

k is called an extremal weight if
ν + ξ does not lie in P+

k . Let ν ∈ P+
k be a non-extremal weight. Let

L(ν) be the irreducible V αk(g�)-module of highest weight ν. Fix μ ∈ C

and let M(1, μ) be the Verma module for M(1) such that a0 acts as the
multiplication by μ. Clearly IdM(1) ⊗ IdV αk (g�) ⊗ σR is an automorphism
of V k and

(7.12) M(1, μ)⊗ L(ν)⊗ F (g1/2, σR)

is a IdM(1) ⊗ IdV αk (g�) ⊗ σR-twisted V k-module.
Since Ψ ◦ σR = (IdM(1) ⊗ IdV αk (g�) ⊗ σR) ◦ Ψ, the restriction to

Ψ(W k
min(g)) defines the structure of a σR-twisted W k

min(g)-module on the
V k-module in (7.12).

Set

(7.13) sk =
√−1

(k + 1)√
2|k + h∨| .

Proposition 7.4. Fix μ ∈ C and ν ∈ (h�)∗. Set

v(μ, ν) = vμ ⊗ vν ⊗ 1,

and

(7.14) N(μ, ν) = Ψ(W k
min(g)).v(μ, ν) ⊂M(1, μ)⊗ L(ν)⊗ F (g1/2, σR).

If

(7.15) �0(μ, ν) =
μ2

2
− skμ+

(ν|ν + 2ρ�)

2(k + h∨)
+

1

16
dim g1/2,

then N(μ, ν) is a highest weight W k
min(g)-module with highest weight vector

v(μ, ν), of highest weight (ν + ρR, �0(μ, ν)).
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Proof. By (2.6) we have

: ΦαΦ[wα,b] :
tw
r =

1

2
〈wα, [wα, b]〉neδr,0

(7.16)

+
∑
j∈Z+

((Φα)tw−1−j(Φ[wα,b])
tw
r+j+1 − (Φ[wα,b])

tw
r−j(Φ

α)twj ),

: TΦαΦα :twr =
∑
j∈Z+

(1
2
+ j

)
(Φα)tw−1−j(Φα)

tw
r+j+1 + (Φα)

tw
r−j(Φ

α)twj

(7.17)

− 1

8
δr,0,

(7.18)

: [v, wα]Φ
α :twr =

∑
j∈Z

[v, wα]−j(Φ
α)twr+j ,

(7.19)

: ΦαΦβΦ[wβ ,[wα,v]] :
tw
r =

1

2
〈wα, wβ〉ne(Φ[wβ ,[wα,v]])

tw
r

− 1

2
〈wα, [wβ , [wα, v]]〉ne(Φβ)twr

+
∑
j∈Z+

((Φα)tw−1−j : Φ
βΦ[wβ ,[wα,v]] :

tw
r+j+1

+ : ΦβΦ[wβ ,[wα,v]] :
tw
r−j (Φ

α)twj ).

We start by checking (4.14). If r > 0,

Ψ(J{b})rv(μ, ν) = vμ ⊗ brvν ⊗ 1 +
1

2

∑
α∈S1/2

vμ ⊗ vν⊗ : ΦαΦ[wα,b] :
tw
r 1

=
1

2

∑
α∈S1/2,j∈Z+

(vμ ⊗ vν ⊗ (Φα)tw−j−1(Φ[wα,b])
tw
r+j+1

− vμ ⊗ vν ⊗ (Φ[wα,b])
tw
r−j(Φ

α)twj )1

= −1

2

∑
α∈S1/2

vμ ⊗ vν ⊗ (Φ[wα,b])
tw
r (Φα)tw0 1

=
1

2

∑
α∈S1/2

vμ ⊗ vν ⊗ (Φα)tw0 (Φ[wα,b])
tw
r 1 = 0.
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Likewise

Ψ(G{v})rv(μ, ν)

=
∑
j∈Z

[v, wα]
tw
−j(vμ ⊗ vν)⊗ (Φα)twr+j1

− (k + 1)
∑

α∈S1/2

(v|wα)vμ ⊗ vν ⊗ (TΦα)twr 1

+
1

6

∑
α,β∈S1/2

vμ ⊗ vν ⊗
(
〈wα, wβ〉ne(Φ[wβ ,[wα,v]])

tw
r

− 1

2
〈wα, [wβ , [wα, v]]〉ne(Φβ)twr

)
1

+
1

3

∑
α,β∈S1/2,j∈Z+

vμ ⊗ vν ⊗ ((Φα)tw−1−j : Φ
βΦ[wβ ,[wα,v]] :

tw
r+j+1

+ : ΦβΦ[wβ ,[wα,v]] :
tw
r−j (Φ

α)twj )1

= (k + 1)
∑

α∈S1/2

(v|wα)
(
r +

1

2

)
vμ ⊗ vν ⊗ (Φα)twr 1

+
1

3

∑
α,β∈S1/2

vμ ⊗ vν⊗ : ΦβΦ[wβ ,[wα,v]] :
tw
r (Φα)tw0 1

=
1

3

∑
α,β∈S1/2

vμ ⊗ vν⊗ : ΦβΦ[wβ ,[wα,v]] :
tw
r (Φα)tw0 1

=
1

3

∑
α,β∈S1/2,j∈Z+

vμ ⊗ vν ⊗ ((Φβ)tw−j−1(Φ[wβ ,[wα,v]])
tw
r+j+1

− (Φ[wβ ,[wα,v]])
tw
r−j(Φ

β)twj )(Φα)tw0 1

= −1

3

∑
α,β∈S1/2

vμ ⊗ vν ⊗ (Φ[wβ ,[wα,v]])
tw
r (Φβ)tw0 (Φα)tw0 1 = 0.

Finally

Ψ(L)rv(μ, ν)

=
1

2(k + h∨)

∑
α∈S0

: aαa
α :r (vμ ⊗ vν)⊗ 1 +

k + 1

k + h∨
(Tx)rvμ ⊗ vν ⊗ 1

+
1

2

∑
α∈S1/2

vμ ⊗ vν⊗ : (TΦα)Φα :twr 1
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= −(r + 1)
k + 1

k + h∨
xrvμ ⊗ vν ⊗ 1 +

1

2

∑
α∈S1/2

vμ ⊗ vν⊗ : (TΦα)Φα :twr 1

=
1

2

∑
α∈S1/2,j∈Z+

(1
2
+ j

)
vμ ⊗ vν ⊗ ((Φα)tw−1−j(Φα)

tw
r+j+1 + (Φα)

tw
r−j(Φ

α)twj )1

= 0.

This concludes the check that (4.14) holds. Let us now verify (4.15): if
a ∈ g�, then
(7.20)

Ψ(J{a})0v(μ, ν) = vμ ⊗ a0vν ⊗ 1 +
1

2

∑
α∈S1/2

vμ ⊗ vν⊗ : ΦαΦ[wα,a] :
tw
0 1.

If, in particular, a ∈ n0(σR)+ then, since 〈wα, [wα, a]〉ne = 0,

Ψ(J{a})0v(μ, ν)

=
1

2

∑
α∈S1/2,j∈Z+

vμ ⊗ vν ⊗ ((Φα)tw−j−1(Φ[wα,a])
tw
j+1 − (Φ[wα,a])

tw
−j(Φ

α)twj )1

= −1

2

∑
α∈S1/2

vμ ⊗ vν ⊗ (Φ[wα,a])
tw
0 (Φα)tw0 1.

If wα ∈ n1/2(σR)
′, then wα ∈ n1/2(σR)+ and (Φα)tw0 1 = 0. Since 〈wα, [wα, a]〉ne

= 0,
(Φ[wα,a])

tw
0 (Φα)tw0 1 = −(Φα)tw0 (Φ[wα,a])

tw
0 1.

If wa /∈ n1/2(σR)
′, then [wα, a] ∈ n1/2(σR)+ so (Φ[wα,a])

tw
0 1 = 0.

We now turn to checking (4.12): if h ∈ h� then

Ψ(J{h})0v(μ, ν)

= vμ ⊗ h0vν ⊗ 1 +
1

2

∑
α∈S1/2

vμ ⊗ vν⊗ : ΦαΦ[wα,h] :
tw
0 1

= ν(h)vμ ⊗ vν ⊗ 1 +
1

2

∑
α∈S1/2

α(h)(vμ ⊗ vν ⊗ (Φα)
tw
0 (Φα)tw0 1)

− 1

4

∑
α∈S1/2

α(h)(vμ ⊗ vν ⊗ 1)

= ν(h)vμ ⊗ vν ⊗ 1 +
1

2

∑
α∈S+

1/2

α(h)(vμ ⊗ vν ⊗ (Φα)
tw
0 (Φα)tw0 1)
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− 1

4

∑
α∈S1/2

α(h)(vμ ⊗ vν ⊗ 1)

= ν(h)vμ ⊗ vν ⊗ 1 +
(1
2

∑
α∈S+

1/2

α(h)− 1

4

∑
α∈S1/2

α(h)
)
(vμ ⊗ vν ⊗ 1),

hence

(7.21) Ψ(J{h})0v(μ, ν) = (ν + ρR)(h)(vμ ⊗ vν ⊗ 1).

We now compute �0 checking (4.13): recall from [15, (9.8)] that

Ψ(L) =
1

2
: aa : +skTa+ Lg� + Lne,

and it is easy to check that 1
2 : aa :0 +sk(Ta)0vμ = 1

2μ
2 − skμ. Using

(7.4), one readily obtains

L0(vμ ⊗ vν ⊗ 1) =
(μ2
2

− skμ+
(ν|ν + 2ρ�)

2(k + h∨)
+

1

16
dim g1/2

)
(vμ ⊗ vν ⊗ 1).

It remains only to check (4.16): if v ∈ n−1/2(σR)+ then

Ψ(G{v})0(vμ ⊗ vν ⊗ 1)

=
∑

α∈S1/2

: [v, wα]Φ
α :tw0 (vμ ⊗ vν ⊗ 1)

− (k + 1)
∑

α∈S1/2

(v|wα)vμ ⊗ vν ⊗ (TΦα)tw0 1

+
1

3

∑
α,β∈S1/2

vμ ⊗ vν⊗ : ΦαΦβΦ[wβ ,[wα,v]] :
tw
0 1

=
∑

α∈S1/2,j∈Z
[v, wα]−j(vμ ⊗ vν)⊗ (Φα)twj 1

+
k + 1

2

∑
α∈S1/2

(v|wα)vμ ⊗ vν ⊗ (Φα)tw0 1

+
1

3

∑
α,β∈S1/2

vμ ⊗ vν⊗ : ΦαΦβΦ[wβ ,[wα,v]] :
tw
0 1,

so that

Ψ(G{v})0(vμ ⊗ vν ⊗ 1)
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=
∑

α∈S+
1/2

∪S−,0
1/2

[v, wα]0(vμ ⊗ vν)⊗ (Φα)tw0 1

+
k + 1

2

∑
α∈S+

1/2
∪S−,0

1/2

(v|wα)vμ ⊗ vν ⊗ (Φα)tw0 1

+
1

3

∑
α,β∈S1/2

vμ ⊗ vν⊗ : ΦαΦβΦ[wβ ,[wα,v]] :
tw
0 1.

Note that h0 has positive eigenvalues on v (which we can assume to be a
root vector) and non-negative eigenvalues on wα, α ∈ S+

1/2 ∪ S−,0
1/2 . Hence

[v, wα] ∈ n0(σR)+, and the first summand vanishes; moreover, for the
same reason, (v|wα) = 0, and the second summand vanishes. We are left
with evaluating the third summand.

∑
α,β∈S1/2

: ΦαΦβΦ[wβ ,[wα,v]] :
tw
0 1

(7.22)

=
1

2

∑
α,β∈S1/2

(〈wα, wβ〉ne(Φ[wβ ,[wα,v]])
tw
0 − 〈wα, [wβ , [wα, v]]〉ne(Φβ)tw0 )1

+
∑

α,β∈S1/2

∑
j∈Z+

((Φα)tw−1−j : Φ
βΦ[wβ ,[wα,v]] :

tw
j+1

(7.23)

+ : ΦβΦ[wβ ,[wα,v]] :
tw
−j (Φ

α)twj )1.

We evaluate the summands in (7.23). The first is∑
j∈Z+

((Φα)tw−1−j : Φ
βΦ[wβ ,[wα,v]] :

tw
j+1)1 = 0.

The second is∑
j∈Z+

: ΦβΦ[wβ ,[wα,v]] :
tw
−j (Φ

α)twj 1 =: ΦβΦ[wβ ,[wα,v]] :
tw
0 (Φα)tw0 1

=
(1
2
〈wβ , [wβ , [wα, v]]〉ne

+
∑
j∈Z+

((Φβ)tw−1−j(Φ[wβ ,[wα,v]])
tw
j+1 − (Φ[wβ ,[wα,v]])

tw
−j(Φ

β)twj )
)
(Φα)tw0 1

=
(1
2
〈wβ , [wβ , [wα, v]]〉ne − (Φ[wβ ,[wα,v]])

tw
0 (Φβ)tw0

)
(Φα)tw0 1.
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Hence (7.22) becomes∑
α,β∈S1/2

: ΦαΦβΦ[wβ ,[wα,v]] :
tw
0 1

=
1

2

∑
α,β∈S1/2

(〈wα, wβ〉ne(Φ[wβ ,[wα,v]])
tw
0 − 〈wα, [wβ , [wα, v]]〉ne(Φβ)tw0 )1

+
∑

α,β∈S1/2

(1
2
〈wβ, [wβ , [wα, v]]〉ne − (Φ[wβ ,[wα,v]])

tw
0 (Φβ)tw0

)
(Φα)tw0 1.

The first term equals 1
2

∑
α∈S1/2

(Φ[wα,[wα,v]])
tw
0 1, which vanishes since

[wα, [wα, v]] ∈ n1/2(σR)+.

For the second term, note that we may assume β ∈ S+
1/2 ∪ S0,−

1/2 ; but then
〈wα, [wβ , [wα, v]]〉ne = 0, since [wβ , [wα, v]] cannot have weight α. The
third term is handled in the same way. The last term equals

(7.24)

∑
α,β∈S+

1/2
∪S0,−

1/2
,α �=−β

(Φ[wβ ,[wα,v]])
tw
0 (Φβ)tw0 (Φα)tw0 1

+
∑

α∈S+
1/2

∪S0,−
1/2

(Φ[w−α,[wα,v]])
tw
0 (Φ−α)tw0 (Φα)tw0 1.

The first term in (7.24) vanishes since

(Φ[wβ ,[wα,v]])
tw
0 (Φβ)tw0 (Φα)tw0 1 = (Φβ)tw0 (Φα)tw0 (Φ[wβ ,[wα,v]])

tw
0 1 = 0.

For the second term∑
α∈S+

1/2
∪S0,−

1/2

(Φ[wα,[wα,v]])
tw
0 (Φα)

tw
0 (Φα)tw0 1

=
∑

α∈S0,−
1/2

(Φ[wα,[wα,v]])
tw
0 ((Φα)tw0 )21 +

∑
α∈S+

1/2

(Φ[wα,[wα,v]])
tw
0 1

=
1

2

∑
α∈S0,−

1/2

(Φ[wα,[wα,v]])
tw
0 1 +

∑
α∈S+

1/2

(Φ[wα,[wα,v]])
tw
0 1 = 0.

In the last equality we used that ((Φα)tw0 )2 = 1
2 [(Φ

α)tw0 , (Φ
α)tw0 ] = 1

2 .

Recall [15] that μ ∈ P+
k is called extremal if μ(θ∨i ) ≤Mi(k)+χi for all

i (see Table 6.3).



V.G. Kac, P. Möseneder Frajria and P. Papi

Theorem 7.5. Let

(7.25) B(k, ν, ρR) = − (k + 1)2

4(k + h∨)
+

(ν − ρR|ν − ρR + 2ρ�)

2(k + h∨)
+

1

16
dim g1/2.

If ν − ρR ∈ P+
k is non-extremal then, for all � ≥ B(k, ν, ρR), the σR-

twisted W k
min(g)-module LW (ν, �0) is unitary. In particular, ν ∈ P+

k .

Proof. Fix μ ∈ R. By Proposition 7.4, N(μ + sk, ν − ρR) is a highest
weight module with highest weight (ν, �0(μ + sk, ν)) (cf. (7.15)) so that,
using (7.13),

�0(μ+ sk, ν) =
μ2

2
− (k + 1)2

4(k + h∨)
+

(ν − ρR|ν − ρR + 2ρ�)

2(k + h∨)
+

1

16
dim g1/2.

Hence, for all � ≥ B(k, ν, ρR), choosing μ = 2
√
�0 −B(k, ν, ρR), N(μ +

sk, ν − ρr) is a highest weight module with highest weight (ν, �).
SinceMi(k)+χi ∈ Z+ and (ν−ρR)(θ∨i ) ≤Mi(k)+χi for all i, L(ν − ρR)

is integrable for V αk(g�), hence it is an irreducible unitary highest weight
V αk(g�)-module. Let

(·, ·)μ+sk = Hμ+sk ⊗Hg� ⊗HF ,

where Hμ+sk is the invariant Hermitian form on M(1, μ+ sk), Hg� is the
invariant Hermitian form on L(ν − ρR) and HF is the invariant Hermitian
form on F (g1/2, σR) constructed in Lemma 7.3. By [15, Proposition 9.2],
(·, ·)μ+sk is a φ-invariant form on N(μ+ sk, ν − ρR).

Since Hμ+sk , H
g� , and HF are all positive definite, (·, ·)μ+sk is positive

definite as well hence, by restriction, N(μ + sk, ν − ρR) is unitary. In
particular, V βk(g�)(vμ⊗vν−ρR⊗1) is unitary, hence it has to be integrable,
so that ν ∈ P+

k .

Corollary 7.6. (1) If g �= spo(2|3), D(2, 1; a) and ν ∈ P+
k , ν − ρR ∈

P+, � ≥ B(k, ν, ρR), then the σR-twisted W k
min(g)-module LW (ν, �) is

unitary.
(2) If g = spo(2|3), then for all ν ∈ P+

k , ν �= 0, M1(k)
2 ε1 and � ≥ B(k, ν, ρR),

there the σR-twisted W k
min(g)-module LW (ν, �) is unitary.

(3) If g = D(2, 1; a), then for all ν ∈ P+
k which do not lie in {r3ε3, r2ε2 +

M2(k)ε3} if ρR = ε2 or in {r2ε2,M1(k)ε2 + r3ε3} if ρR = ε3 then, for
� ≥ B(k, ν, ρR), the σR-twisted W k

min(g)-module LW (ν, �) is unitary.

Proof. (1). Using Table 6.3, observe that ρR(θ∨1 ) = −χ1. Then, if ν ∈ P+
k ,

we have
(ν − ρR)(θ

∨
i ) = ν(θ∨1 )− ρR(θ

∨
1 ) ≤M1(k) + χ1,
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so ν − ρR is not extremal; being dominant by assumption, it lies in P+
k ,

hence we can apply Theorem 7.5.
(2). We have ν = r

2ε1, 1 ≤ r ≤ M1(k) − 1, so (ν − ρR)(θ
∨
i ) = r−1

2 ε1
belongs to P+

k and it is not extremal.
(3). We have ν = r2ε2+ r3ε3, r2, r3 ∈ Z+, r2 ≤M1(k), r3 ≤M2(k). So

if ρR = ε2 (respectively ρR = ε3) ν − ρR is not dominant precisely when
ν = r3ε3 (respectively ν = r2ε2) and it is extremal if ν = r2ε2 +M2(k)ε3
(respectively ν =M1(k)ε2 + r3ε3).

8. Euler–Poincaré characters

First of all we specialize to the Ramond sector the results of Proposition
4.3. Recall from (3.12) the definition of ε.

Lemma 8.1. If σ = σR, then

γ′ = 2ρR − ρ− 1

2
ε(σR)

θ

2
, γ1/2 = ρR − 1

4
ε(σR)

θ

2

and

sfg =
k

8(k + h∨)
(dim g1/2 − 2ε(σR)) , sgh = − 1

16
dim g1/2.

Proof. Specializing (4.7) to σR we find

se = 0, sui = −1

2
, if ui ∈ n1/2(σR)+, sui =

1

2
if ui ∈ n1/2(σR)−,

sai = 0 if ai ∈ n0(σR)+,

and

sai = 1 if ai ∈ n0(σR)−, sui =
1

2
if ui ∈ n−1/2(σR)+,

sui =
3

2
if ui ∈ n−1/2(σR)−, sf = 1,

so

γ′ =
1

4

∑
gα⊂n1/2(σR)+

α− 1

4

∑
gα⊂n1/2(σR)−

α+
1

2

∑
gα⊂n0(σR)−

α− 1

4

∑
gα⊂n−1/2(σR)+

α

− 3

4

∑
gα⊂n−1/2(σR)−

α− 1

2
θ.

Since:
gα ⊂ n1/2(σR)+ if and only if α = θ/2 + η with η ∈ Δ

+
1/2,
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gα ⊂ n−1/2(σR)+ if and only if gα ⊂ g0−1/2(σR) or α = −θ/2 + η with

η ∈ Δ
+
1/2 ,

gα ⊂ n1/2(σR)− if and only if gα ⊂ g01/2(σR) or α = θ/2 − η with

η ∈ Δ
+
1/2,

gα ⊂ n−1/2(σR)− if and only if α = −θ/2− η with η ∈ Δ
+
1/2,

we can write

γ′ =
1

4

∑
η∈Δ+

1/2

(θ
2
+ η

)
− 1

4

∑
η∈Δ+

1/2

(θ
2
− η

)
− 1

4
ε(σR)

θ

2

− 1

2

∑
α∈n0(σR)+

α− 1

4

∑
η∈Δ+

1/2

(
− θ

2
+ η

)
+

1

4
ε(σR)

θ

2

− 3

4

∑
η∈Δ+

1/2

(
− θ

2
− η

)
− θ

2
.

By an obvious calculation we find

γ′ =
∑

η∈Δ+
1/2

η − 1

2

∑
α∈n0(σR)+

α+ (dim n1/2(σR)+ − 1)
θ

2

= 2ρR − ρ� +
1

2
(dim g1/2 − ε(σR)− 2)

θ

2

= 2ρR − ρ� +
(
− 1 +

1

2
dim g1/2

)θ
2
− 1

2
ε(σR)

θ

2

= 2ρR − ρ− 1

2
ε(σR)

θ

2
.

Likewise γ1/2 specializes to

γ1/2 =
1

4

∑
gα⊂n1/2(σR)+

α− 1

4

∑
gα⊂n1/2(σR)−

α

=
1

4

∑
η∈Δ+

1/2

(θ
2
+ η

)
− 1

4

∑
η∈Δ+

1/2

(θ
2
− η

)
− 1

4
ε(σR)

θ

2

= ρR − 1

4
ε(σR)

θ

2
.
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Finally

sfg =
k

4(k + h∨)

( ∑
gα⊂n1/2(σR)+

3

4
−

∑
gα⊂n1/2(σR)−

1

4

−
∑

gα⊂n−1/2(σR)+

1

4
+

∑
gα⊂n−1/2(σR)−

3

4

)
=

k

8(k + h∨)
(3 dim n1/2(σR)+ − dim n1/2(σR)−)

=
k

8(k + h∨)
(dim g1/2 − 2ε(σR)),

and
sgh = −1

4

∑
α∈S1/2

s2α = − 1

16
dim g1/2.

Corollary 8.2. If Λ̂ ∈ ĥ∗, then Hj(M(Λ̂)) = 0 if j �= 0 and H0(M(Λ̂)) =

MW (ν, �(Λ̂)) with

�(Λ̂) =
1

2(k + h∨)

(
(Λ̂|h� |Λ̂|h�)− 2

(
Λ̂|2ρR − ρ− 1

2
ε(σR)

θ

2

))
− Λ̂(x+D)

+
k

8(k + h∨)
(dim g1/2 − 2ε(σR))− 1

16
dim g1/2,(8.1)

and ν = Λ̂|h� − ρR.

Proof. Using the calculations in Lemma 8.1, specialize to σ = σR the
results of Proposition 4.3, which summarizes Proposition 3.1, Theorem
3.1, and Proposition 4.1 of [20].

By [20, Corollary 3.2] and [20, (4.12)], the Weyl vector corresponding
to Π̂ is

(8.2) ρ̂ tw = −γ′ + h∨Λ0 = −2ρR + ρ+
1

2
ε(σR)

θ

2
+ h∨Λ0.

It follows that (8.1) can be rewritten as

(8.3)
�(Λ̂) =

‖Λ̂ + ρ̂tw‖2 − ‖ρ̂tw‖2
2(k + h∨)

− Λ̂(x+D) + a(k)

=
(Λ̂|Λ̂ + 2ρ̂tw)

2(k + h∨)
− Λ̂(x+D) + a(k),
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where

(8.4) a(k) =
k

8(k + h∨)
(dim g1/2 − 2ε(σR))− 1

16
dim g1/2.

Next, we introduce the framework for computation of characters of
highest weight modules, following [10]. Let B be a basis of C ⊕ (h�)∗.
In the set of formal series

∑
(z,μ)∈C⊕(h�)∗

b(z,μ)q
zeμ with b(z,μ) ∈ Q, we con-

sider the algebra R(B) of finite linear combinations of series of the form∑
(n,μ)∈Z+B

b(n,μ)q
z−neλ−μ. Given a series Y =

∑
(z,μ)∈C⊕(h�)∗

b(z,μ)q
zeμ, we

define the support of Y as the set SuppY = {(z, μ) | b(z,μ) �= 0}.
Let ev : ĥ∗ → C⊕ (h�)∗ be the map defined by

(8.5) ev(Λ̂) = −Λ̂(x+D) + Λ̂|h� .

Set ΠR = ev(Π̂). By the explicit description of Π̂ given above, it is easy
to check that ΠR \ {0} is a basis of C ⊕ (h�)∗. The choice of an ordering
of ΠR \ {0} defines a lexicographic total order ≤ΠR on C⊕ (h�)∗. We use
this total order to topologize R(ΠR) by choosing as a fundamental set of
open neighborhoods of 0 the sets

V(z0,λ) = {Y ∈ R(ΠR) | z + μ ≤ΠR z0 + λ for all z + μ ∈ SuppY }.
If β ∈ C⊕ (h�)∗, β = z + λ, we write eβ for qzeλ, so that

(8.6)

eev(Λ̂) = q−Λ̂(x+D)e
Λ̂|h� = q−m−λ(x)e

λ|h� if Λ̂ = kΛ0 +mδ + λ, λ ∈ h∗.

If β ∈ Z+Π
R and a ∈ Q \ {0}, we note that (1− ae±β) are both invertible

in R(ΠR) with inverses

(1− ae−β)−1 =
∞∑
n=0

ane−nβ ,(8.7)

(1− aeβ)−1 = −e
−β

a

∞∑
n=0

a−ne−nβ .(8.8)

We would like to extend the map ev to a map from R(Π̂) to R(ΠR) by

mapping eΛ̂ to eev(Λ̂), but this is not possible: for example ev(
∞∑
n=0

e−n(δ−θ))

does not make sense. To make sense of ev , we must restrict to the following
set

R(Π̂)fin
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= {Y ∈ R(Π̂) | for all μ ∈ SuppY, (μ+Q(δ − θ)) ∩ SuppY is finite}.

We will need the following special case of the Lemma in § 2.2.8 of [10]:

Lemma 8.3. Let Λ ∈ h∗ and set Λ̂ = (k + h∨)Λ0 + Λ. Assume that
2 (Λ̂|α)
(α|α) ∈ Z for all real roots in Δ̂�. Let J be a set of linearly independent

isotropic odd roots in Δ̂tw
+ . Then the series

Y1 =
∑

w∈Ŵ �

det(w)ew(Λ̂), Y2 =
∑

w∈Ŵ �

det(w)
ew(Λ̂)∏

β∈J
(1 + e−w(β))

are elements of R(Π̂)fin , hence the series

ev(Y1) =
∑

w∈Ŵ �

det(w)eev(w(Λ̂)),

ev(Y2) =
∑

w∈Ŵ �

det(w)
eev(w(Λ̂))∏

β∈J
(1 + e−ev(w(β)))

converge and define elements of R(ΠR).

Proof. We note that, since k + h∨ < 0, Λ̂ satisfies the hypothesis of §
2.2.8 of [10] with W ′ = Ŵ �, hence Y1 and Y2 converge and are elements
of R(Π̂).

We need only to show that, if μ ∈ SuppYi, then the set {μ′ ∈ SuppYi |
μ′−μ ∈ Q(δ− θ)} is finite. Let λ = w̄(Λ̂) be the unique maximal element
in the Ŵ � orbit of Λ̂. Since Yi are skew-invariant for the action of Ŵ � and
δ−θ is fixed by Ŵ �, we can assume that μ is in the support of eλ∏

β∈J
(1+e−w̄(β))

so μ = λ−∑
i
riγi with ri ∈ Z+ and γi ∈ ±w̄(J), γi positive.

Let μ′ ∈ SuppYi be such that μ − μ′ ∈ Q(δ − θ). Then μ′ = w(λ) −∑
i
r′iw(γi) with r′i ∈ Z and

(8.9) a(δ − θ) = λ− w(λ)−
∑
i

riγi +
∑
i

r′iw(γi).

It follows that

(8.10)
∑
i

riγi(x+D) =
(
λ− w(λ) +

∑
i

r′iw(γi)
)
(x+D).
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Since λ− w(λ) is a sum of positive roots in Δ̂�, we see that

(λ− w(λ))(x+D) = (λ− w(λ))(D) ∈ Z+.

If w(γi) is a positive root, then w(γi)(x +D) ≥ 0 and r′i ≥ 0. If w(γi) is
a negative root, then w(γ)(x +D) ≤ 0 and r′i < 0. The outcome is that∑
i
r′iw(γi)(x+D) ∈ 1

2Z+. Thus there are only finitely many pairs (m,n) ∈
1
2Z+× 1

2Z+ such that m = (λ−w(λ))(x+D), n =
∑
i
r′iw(γi)(x+D) and

m+ n =
∑
i
riγi(x+D).

By the combinatorics of reflection groups, for any given m, there are
only finitely many w ∈ Ŵ � such that m = (λ− w(λ))(D). It follows that
there is a finite subset X of Ŵ � such that (8.10) holds if and only if w ∈ X.
Hence (8.9) can be satisfied only if w ∈ X and

(8.11) 0 =
(
λ− w(λ)−

∑
i

riγi

)
|h�

+
∑
i

r′iw(γi)|h� .

Since {w(γi)} is linearly independent, (8.9) has only finitely many solu-
tions.

Set

F̂NS =
∞∏
n=1

(1− qn)dim h
∏

α∈Δ�
+

(1− qn−1e−α)(1− qneα)

∏
α∈Δ−1/2

(1 + qn−
1
2 e

α|h� )
,(8.12)

F̂R =
∞∏
n=1

(1− qn)dim h
∏

α∈Δ�
+

(1− qn−1e−α)(1− qneα)

∏
η∈(Δ+

1/2)
′
(1 + qn−1e−η)

∏
η∈Δ+

1/2

(1 + qneη)
,(8.13)

where (Δ
+
1/2)

′ = Δ
+
1/2 if θ/2 is not a root and (Δ

+
1/2)

′ = Δ
+
1/2 ∪ {0}

otherwise. Let Π̂NS = Π ∪ {δ − θ}. If ΠNS = ev(Π̂NS ) = ev(Π) ∪ {0},
these infinite products can naturally be seen as invertible elements of
R(ΠNS ), R(ΠR) respectively.

The character chM of an non-twisted highest weight W k
min(g)-module

M is defined as the trace of qL0J
{h}
0 , h ∈ h�, and can naturally be seen as

an element of R(ΠNS ). Similarly, the character chM of a Ramond twisted
highest weight W k

min(g)-module M is defined as the trace of qLtw
0 J

{h},tw
0 ,

h ∈ h�, and can naturally be seen as an element of R(ΠR). Note that
F̂NS and F̂R are the denominators of the characters of non-twisted (re-
spectively σR-twisted) Verma modules over W k

min(g). This is easily seen
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by computing the character of MW (0, 0) using the basis given in [19,
(6.13)] for the NS sector and in (4.20) in the Ramond sector. The formu-
las in (8.12) and in (8.13) give precisely these characters when expanded
according to (8.7) and (8.8).

Let R̂ (respectively R̂tw) be the Weyl denominator for ĝ (respectively
ĝ tw). The following result is a special case of Theorem 3.1 of [16] and
formula (3.14) of [20]:

Theorem 8.4. (a) If M is a highest weight ĝ-module of highest weight Λ̂
and R̂ ch(M) ∈ R(Π̂NS )fin then

∑
j

(−1)jF̂NSchHj(M) = q
(Λ̂|Λ̂+2ρ̂)
2(k+h∨) ev(R̂ ch(M)).

(b) If M is a highest weight ĝ tw-module of highest weight Λ̂ and R̂twch(M) ∈
R(Π̂)fin then

∑
j

(−1)jF̂RchHj(M) = e−ρRq
(Λ̂|Λ̂+2ρ̂ tw)
2(k+h∨) +a(k)

ev(R̂ twch(M)),

where a(k) is given by (8.4).

A weight Λ̂ of ĝ is called degenerate if Λ̂(α∨
0 ) ∈ Z+. It is shown in [20]

that H(L(Λ̂)) = 0 if and only if Λ̂ is degenerate. Recall that a V k(g)-
module M is called integrable if it is integrable with respect to ĝ�i for all
i = 1, . . . , s (see (3.3)).

An easy consequence of Theorem 8.4 is the following Proposition.

Proposition 8.5. Assume that

(8.14) (Λ̂ + ρ̂tw|α) �= n
(α|α)
2

for all n ∈ N and α ∈ Δ̂tw
+ \ (Δ̂+)�

and that L(Λ̂) is integrable. Then H(L(Λ̂)) �= 0 and

F̂R
∑
j

(−1)jchHj(L(Λ̂))

= q
(Λ̂|Λ̂+2ρ̂ tw)
2(k+h∨) +a(k)

e−ρR
∑

w∈Ŵ �

det(w)q−(w(Λ̂+ρ̂ tw)−ρ̂ tw)(x+D)e
(w(Λ̂+ρ̂ tw)−ρ̂ tw)|h� .
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Proof. The hypothesis implies in particular that Λ̂ is non-degenerate,
hence H(L(Λ̂)) �= 0. Arguing as in Proposition 11.5 of [15], we see that

Rtwch L(Λ̂) =
∑

w∈Ŵ �

det(w)ew(Λ+ρ̂ tw)−ρ̂ tw
.

By Lemma 8.3, R̂twch L(Λ̂) ∈ R(Π̂)fin so, applying Theorem 8.4, we con-
clude.

A similar result is the following.

Proposition 8.6. Assume that (Λ̂ + ρ̂ tw|δ − θ) /∈ N and that L(Λ̂) is
integrable and maximally atypical. Assume that Π̂ contains a maximal set
J of pairwise orthogonal isotropic roots such that (Λ̂ + ρ̂ tw|β) = 0 for all
β ∈ J . Then H(L(Λ̂)) �= 0 and

F̂R
∑
j

(−1)jchHj(L(Λ̂))

= q
(Λ̂|Λ̂+2ρ̂ tw)
2(k+h∨) +a(k)

e−ρR
∑

w∈Ŵ �

det(w)
q−(w(Λ̂+ρ̂ tw)−ρ̂ tw)(x+D)e

(w(Λ̂+ρ̂ tw)−ρ̂ tw)|h�∏
β∈J

(1 + qw(β)(x+D)e
−w(β)|h� )

.

Proof. The hypothesis implies in particular that Λ̂ is non-degenerate,
hence H(L(Λ̂)) �= 0.

It is shown in [10] that the hypothesis imply that

(8.15) ch L(Λ̂) =
1

R̂tw

∑
w∈Ŵ �

det(w)
ew(Λ+ρ̂ tw)−ρ̂ tw∏

β∈J
(1 + e−w(β))

.

Formula (8.15) is a special case of [10, Formula (14)] if g �= D(2, 1; mn )

and of [10, Section 6.1] if g = D(2, 1; mn ) and Λ̂|h� = 0 (for other Λ̂ (8.15)
holds only conjecturally). Here we use that ĝtw ∼= ĝ [13, Remark 8.5], since
σR is an inner automorphism of g in all cases considered. By Lemma 8.3,
R̂twch L(Λ̂) ∈ R(Π̂)fin so, applying Theorem 8.4, we conclude.

Remark 8.7. The equalities in Propositions 8.5 and 8.6 are to be under-
stood as equalities in R(ΠNS ) or R(ΠR). To be more explicit, observe that
ΠNS = {γ0, γ1, . . . , γr, 0} with {γi} a basis of C ⊕ (h�)∗, γ0 = −1

2 + γ0,
γ0 ∈ (h�)∗ and γi ∈ (h�)∗ for i > 0. Then a series

Y =
∑

(n,μ)∈Z+ΠNS

b(n,μ)q
z−neλ−μ ∈ R(ΠNS )
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can be rewritten as

(8.16) Y =
∑
n∈Z+

anq
z+

n
2

with

an =
( ∑

n1,...,nr

b(n,
∑

i niγi)e
λ−nγ0−

∑
i niγi

)
∈ R({γ1, . . . , γr}).

We refer to the expression in (8.16) as the |q| < 1 expansion of Y .
The same argument works verbatim for R(ΠR) except that γ0 = −1+

γ0 so the |q| < 1 expansion reads

Y =
∑
n

anq
z+n

with an ∈ R({γ1, . . . , γr}).

9. Unitarity between A(k, ν) and B(k, ν, ρR)

For ν ∈ P+
k and s ∈ C, set

(9.1) ν̂s = kΛ0 + sθ + ν + ρR,

and set �(s) = �(ν̂s). An obvious calculation shows that

�(s) =
(ν − ρR|ν − ρR + 2ρ�)

2(k + h∨)
+
s(s− k − 1 + 1

2ε(σR))

k + h∨
(9.2)

+
2

k + h∨
(ρR|ρ� − ρR) +

k

8(k + h∨)
(dim g1/2 − 2ε(σR))

− 1

16
dim g1/2.

Let us call a weight ν ∈ P+
k Ramond extremal if

(9.3) ν − ρR /∈ P+
k or ν − ρR is extremal.

We restrict our attention to the irreducible highest weight modules
LW (ν, �) that satisfy the necessary conditions for unitarity proven in Sect.
6, thus ν ∈ P+

k , � is real with � ≥ A(k, ν), and, if ν is Ramond extremal,
� = A(k, ν).

We want to calculate the difference

d(s) = �(s)−B(k, ν, ρR).

We use the following fact, which is verified by case-wise inspection.
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Lemma 9.1.

(9.4) (ρR|ρ� − ρR) =
h∨ − 1

2ε(σR)

16
(dim g1/2 − ε(σR)).

Lemma 9.2.

(9.5) d(s) =
(s− (k+1

2 − ε(σR)
4 ))2

k + h∨
.

Proof. By (7.25) and (9.2),

�(s)−B(k, ν, ρR) =
s(s− k − 1 + 1

2ε(σR))

k + h∨
+

2

k + h∨
(ρR|ρ� − ρR)

+
k

8(k + h∨)
(dim g1/2 − 2ε(σR)) +

(k + 1)2

4(k + h∨)

− 1

8
dim g1/2.

Using (9.4) and relation dim g1/2 = −2(h∨ − 2), we find

�(s)−B(k, ν, ρR)

=
s(s− k − 1 + 1

2ε(σR))

k + h∨
+
h∨ − 1

2ε(σR)

8(k + h∨)
(dim g1/2 − ε(σR))

+
k

8(k + h∨)
(dim g1/2 − 2ε(σR)) +

(k + 1)2

4(k + h∨)
− 1

8
dim g1/2

=
s(s− k − 1 + 1

2ε(σR))

k + h∨
+

ε(σR)
2

16(k + h∨)
− k + 1

4(k + h∨)
ε(σR) +

(k + 1)2

4(k + h∨)

=
s(s− k − 1 + 1

2ε(σR))

k + h∨
+

(−k − 1 + 1
2ε(σR))

2

4(k + h∨)

=
(s− (k+1

2 − ε(σR)
4 ))2

k + h∨
.

We now compute the values of s ∈ C such that �(s) = A(k, ν). For this
we need the following computation.

Lemma 9.3. If θ/2 is not a root of g, then

(9.6) Fν(ηmin) = 2(ν|ηmin)((ν|ηmin) + 2(ρ� − ρR|ηmin))− (ν|ρR).
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Proof. We proceed by a case-wise inspection.
g = psl(2|2). We have ηmin = ρR = ρ� = 1

2(δ1 − δ2). If ν = r
2(δ1 − δ2),

then (ν|ηmin) = (ν|ρR) = − r
2 , (ρ

� − ρR|ηmin) = 0 so

2(ν|ηmin)
2 + 4(ν|ηmin)(ρ

� − ρR|ηmin)− 2(ν|ρR) = 1

2
r2 + r,

which is (6.21).
g = spo(2|2r). We have ηmin = ±εr, ρR = 1

2

∑
i<r εi± 1

2εr, and in turn
(ν|ηmin) = ∓1/2mr, (ν|ρR) = −1/4

∑
i<rmi ∓ 1/4mr, (ρR|ηmin) = −1/4,

(ρ� − ρR|ηmin) = 1/4, so

2(ν|ηmin)
2 + 4(ν|ηmin)(ρ

� − ρR|ηmin) =
1

2
m2

r ∓
1

2
mr +

1

2

∑
i<r

mi ± 1

2
mr

=
1

2
m2

r +
1

2

∑
i<r

mi,

which is the expression for Fν(ηmin) given in (6.24).
g = F (4). We have ηmin = 1

2(−ε1 + ε2 + ε3) or ηmin = 1
2(ε1 − ε2 −

ε3) and ρR = ω3 or ρR = ω1 respectively. In the first case (ν|ηmin) =
1/3(m1 −m2 −m3), (ν|ρR) = −1/3(m1 +m2 +m3), (ρR|ηmin) = −1/6,
(ρ� − ρR|ηmin) = 1/3, so

2(ν|ηmin)
2 + 4(ν|ηmin)(ρ

� − ρR|ηmin)− 2(ν|ρR)
=

2

9
(m1 −m2 −m3)

2 +
4

9
(m1 −m2 −m3) +

2

3
(m1 +m2 +m3),

which is (6.28). The same holds in the second case: (ν|ηmin) = 1/3(−m1+
m2 +m3), (ν|ρR) = −2/3m1, (ρR|ηmin) = −1/3, (ρ� − ρR|ηmin) = 1/6 so

2(ν|ηmin)
2 + 4(ν|ηmin)(ρ

� − ρR|ηmin)− 2(ν|ρR)
=

4

9
(m1 −m2 −m3)

2 − 2

9
(m1 −m2 −m3) +

4

3
m1

=
2

9
((−m1 +m2 +m3)

2 + 5m1 +m2 +m3).

g = D(2, 1; a). We have ηmin = ε2 − ε3,−ε2 + ε3, ρR = ω1
1, ω

2
1. In the

first case (ν|ηmin) =
−m1+am2
2(1+a) , (ν|ρR) = −m1

2(1+a) , (ρR|ηmin) =
−1

2(1+a) , so

2(ν|ηmin)
2 + 4(ν|ηmin)(ρ

� − ρR|ηmin)− 2(ν|ρR)
= 2

(−m1 + am2

2(1 + a)

)2
+
a(−m1 + am2)

(1 + a)2
− −m1

(1 + a)
,

which is (6.27). The other case is similar.
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Lemma 9.4.

(1) If θ/2 is a root of g, then

A(k, ν) = B(k, ν, ρR),

so �(s) = A(k, ν) if and only if s = 2k+1
4 .

(2) If θ/2 is not a root of g, then

(9.7) A(k, ν) = B(k, ν, ρR) +
(ν − ρR + ρ�|ηmin)

2

k + h∨
,

so �(s) = A(k, ν) if and only if

(9.8) s =
k + 1

2
± (ν − ρR + ρ�|ηmin).

Proof. If θ/2 is a root of g, we have

A(k, ν) =
1

2(k + h∨)

(
(ν|ν + 2(ρ� − ρR))− 1

2
p(k)

)
,

while

B(k, ν, ρR) = − (k + 1)2

4(k + h∨)
+

(ν − ρR|ν − ρR + 2ρ�)

2(k + h∨)
+

1

16
dim g1/2

= − (k + 1)2

4(k + h∨)
+

(ν|ν + 2ρ�)

2(k + h∨)
− (ρR|2ν − ρR + 2ρ�)

2(k + h∨)

+
1

16
dim g1/2.

We need to check that

p(k)

4(k + h∨)
=

(k + 1)2

4(k + h∨)
+

(ρR| − ρR + 2ρ�)

2(k + h∨)
− 1

16
dim g1/2.

This is easily checked case by case:

• spo(2|2r + 1), r ≥ 1:

k2 +
(7
4
− r

2

)
k +

5

8
− r

4
= (k + 1)2 − r2

2
+
r

4

−
(r
2
+

1

4

)(
k +

3

2
− r

)
.

• G(3):

k2 +
1

4
k − 3

8
= (k + 1)2 − 4− 7

4

(
k − 3

2

)
.
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If θ/2 is not a root of g then

A(k, ν) =
1

2(k + h∨)

(
(ν|ν + 2ρ�)− 1

2
p(k) + Fν(ηmin)

)
,

so the difference A(k, ν)−B(k, ν, ρR) is
(9.9)

1

2(k + h∨)

(
− 1

2
p(k) + Fν(ηmin)

)
+

(k + 1)2

4(k + h∨)
+

(ρR|2ν − ρR + 2ρ�)

2(k + h∨)

− 1

16
dim g1/2.

Substituting (9.6) in (9.9) we get

1

2(k + h∨)

(
− 1

2
p(k) + 2(ν|ηmin)

2 + 4(ν|ηmin)(ρR|ηmin)
)
+

(k + 1)2

4(k + h∨)

+
(ρR| − ρR + 2ρ�)

2(k + h∨)
− 1

16
dim g1/2,

so we have our claim, provided that

p(k)

4(k + h∨)
=

(k + 1)2

4(k + h∨)
+

(ρR| − ρR + 2ρ�)

2(k + h∨)
− 1

16
dim g1/2

− (ρ� − ρR|ηmin)
2

k + h∨
.

This formula is proved by inspection.

An immediate consequence of the computation above is the following
result.

Corollary 9.5. If θ/2 is a root of g and ν ∈ P+
k is not Ramond extremal,

then LW (ν, �) is unitary if and only if � ≥ A(k, ν).
If θ/2 is not a root of g, ν ∈ P+

k is not Ramond extremal, and (ν −
ρR + ρ�|ηmin) = 0, then LW (ν, �) is unitary if and only if � ≥ A(k, ν).

Proof. In these cases A(k, ν) = B(k, ν, ρR).

It remains to discuss the cases when A(k, ν) < B(k, ν, ρR). For han-
dling these cases we want to compute characters of H(L(ν̂s)). A first step
in this direction is given by Propositions 8.5 and 8.6, therefore we check
if ν̂s satisfies their hypothesis.

Lemma 9.6. Assume that θ/2 is not a root of g. Assume ν ∈ P+
k is not

Ramond extremal. If

(9.10) 0 ≤ s− k + 1

2
< |(ν − ρR + ρ�|ηmin)|,

then (8.14) holds.
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Proof. By [20, Corollary 3.2] and [20, (4.12)], ρ̂tw = −γ′ + h∨Λ0, so, by
Lemma 8.1, for ν̂s, given by (9.1), we have

(9.11) ν̂s + ρ̂tw = (k + h∨)Λ0 + sθ + ν − ρR + ρ+
1

2
ε(σR)

θ

2
.

Note that the elements of Δ̂tw
+ \ (Δ̂+)� are precisely

(1) β − jδ, gβ ⊂ nj(σR)+, j �= 0,
(2) β + (m− j)δ, gβ ⊂ gj , m ∈ N, j �= 0.

We check that (ν̂s + ρ̂tw|α) �= 0 for all isotropic roots. If α is such a
root, then

α = ±
(
− 1

2
δ +

θ

2

)
+ η, η ∈ Δ

+
1/2,(9.12)

α = ±
(
− 1

2
δ +

θ

2

)
± η + nδ, η ∈ Δ

+
1/2, n ∈ N.(9.13)

We start considering the roots (9.12). We have two cases.
First case: (ν − ρR + ρ�|ηmin) < 0. We compute, using (9.11),(

(k + h∨)Λ0 + sθ + ν − ρR + ρ| ±
(
− 1

2
δ +

θ

2

)
+ η

)
= ∓1

2
(k + h∨) + (ν − ρR + ρ�|η)± h∨ − 1

2
± s

= ±
(
s− k + 1

2

)
+ (ν − ρR + ρ�|η)

= ±
(
s− k + 1

2

)
+
(
ν − ρR + ρ�|ηmin +

∑
β∈Δ�

+, nβ≥0

nββ
)

≤ ±
(
s− k + 1

2

)
+ (ν − ρR + ρ�|ηmin) < 0.

The last inequality follows from (9.10).
Second case: (ν − ρR + ρ�|ηmin) > 0. Computing as above(

(k + h∨)Λ0 + sθ + ν − ρR + ρ| ±
(
− 1

2
δ + θ/2

)
+ η

)
= ±

(
s− k + 1

2

)
− (ν − ρR + ρ�| − η)

= ±
(
s− k + 1

2

)
−
(
ν − ρR + ρ�|ηmin −

∑
β∈Δ�

+, nβ≥0

nββ
)

≤ ±
(
s− k + 1

2

)
− (ν − ρR + ρ�|ηmin) < 0.
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We now deal with the roots (9.13). The case when α = ±(−1
2δ + θ/2) +

η + nδ is handled as above, since k + h∨ < 0. In the remaining case we
use the following relations (see [15, (11.23)] for (9.14) and [15, (11.18),
(11.19)] for (9.15)):

k +
h∨

2
≤ −1

2
+ (ξ|ν − ρR)− (ν − ρR + ρ�|η), η ∈ ±Δ+

1/2, η �= −ξ,
(9.14)

(ρ�|ξ) = 1

2
(h∨ − 1).

(9.15)

Formula (9.14) follows from the non-extremality of ν − ρR. In the subse-
quent computation we use (9.14) with η = ±ηmin. When g = spo(2|3) or
psl(2|2) (and only in these cases) it happens that ηmin = ±ξ. A direct
check shows that (9.14) still holds. We have(

(k + h∨)Λ0 + sθ + ν − ρR + ρ| ±
(
− 1

2
δ +

θ

2

)
− η + nδ

)
= ∓1

2
(k + h∨)− (ν − ρR + ρ�|η)± h∨ − 1

2
± s+ n(k + h∨)

< ±
(
s− k + 1

2

)
− (ν − ρR + ρ�|η) + k + h∨

≤ ±
(
s− k + 1

2

)
− (ν − ρR + ρ�|η) + h∨

2
− 1

2
+ (ξ|ν − ρR)

− (ν − ρR + ρ�|ηmin)

≤ ±
(
s− k + 1

2

)
− (ρ�|η) + h∨

2
− 1

2
− (ν − ρR + ρ�|ηmin)

= ±
(
s− k + 1

2

)
+ (ρ�|ξ − η)− (ρ�|ξ) + h∨

2
− 1

2
− (ν − ρR + ρ�|ηmin)

≤ ±
(
s− k + 1

2

)
− (ν − ρR + ρ�|ηmin)

and we can conclude if (ν − ρR + ρ�|ηmin) > 0. Otherwise, we repeat the
argument with −ηmin.

Finally, we check that (ν̂s + ρ̂tw|α) �= n
2 (α|α) for n ∈ N and α =

mδ + θ, m ∈ Z+ or α = mδ − θ, m ∈ N. Observe that

((k + h∨)Λ0 + sθ + ν − ρR + ρ|mδ − θ) ≤ k + h∨ − 2s− h∨ + 1

= −2
(
s− k + 1

2

)
≤ 0,

by our initial assumption. Also, by replacing ηmin by its opposite, we can
assume (ν − ρR + ρ�|ηmin) ≥ 0. We have, using again (9.14), (9.15)

((k + h∨)Λ0 + sθ + ν − ρR + ρ|mδ + θ)
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= m(k + h∨) + 2s+ h∨ − 1

≤ 2
(
s− k + 1

2

)
+ k + h∨ ≤ 2|(ν − ρR + ρ�|ηmin)|+ k + h∨

≤ (ν − ρR|ξ − (−ηmin)) + (ρ�|ηmin) +
h∨

2
− 1

2

≤ (ρ�|ηmin + ξ) ≤ 0.

For calculation of characters of H(L(ν̂s)) we will also need.

Lemma 9.7. Assume that θ/2 is a root of g. Assume ν ∈ P+
k is not

Ramond extremal and s = 2k+1
4 . Then (8.14) holds.

Proof. First of all observe that (ν − ρR + ρ�|η) < 0 for all η ∈ Δ+
−1/2.

This is due to the fact that ν is not Ramond extremal so ν − ρR + ρ� is
dominant and regular for Δ�. Moreover η is a short positive root of g�.
Note also that

(ν̂s + ρ̂ tw|δ − θ) =
(
(k + h∨)Λ0 + sθ + ν − ρR + ρ+

θ

4
|δ − θ

)
= 0.

We check that (ν̂s + ρ̂tw|α) �= 0 for all isotropic roots as described in
(9.12) and (9.13).

We start considering the roots (9.12). Since (ν − ρR + ρ�|ηmin) < 0,(
ν̂s + ρ̂ tw| ±

(
− 1

2
δ +

θ

2

)
+ η

)
= (ν − ρR + ρ�|η) < 0.

We now deal with the roots (9.13). The case when α = ±(−1
2δ+θ/2)+

η + nδ is handled as above, since k + h∨ < 0. In the remaining case we
argue as in Lemma 9.6 using (9.12) and (9.13): We have(

ν̂s + ρ̂ tw| ±
(
− 1

2
δ +

θ

2

)
− η + nδ

)
= −(ν − ρR + ρ�|η) + n(k + h∨)

≤ −(ν − ρR + ρ�|η) + k + h∨

≤ −(ν − ρR + ρ�|η) + h∨

2
− 1

2
+ (ξ|ν − ρR) + (ν − ρR + ρ�|ηmin)

≤ −(ρ�|η) + h∨

2
− 1

2
+ (ν − ρR + ρ�|ηmin)

= (ρ�|ξ − η)− (ρ�|ξ) + h∨

2
− 1

2
+ (ν − ρR + ρ�|ηmin)

≤ (ν − ρR + ρ�|ηmin) < 0.
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Finally, we check that (ν̂s + ρ̂tw|α) �= n
2 (α|α) for n ∈ N and α =

mδ + θ, m ∈ Z+, α = mδ − θ, m ∈ N, α = mδ + 1
2δ − θ/2, m ∈ Z+,

α = mδ + 1
2δ + θ/2, m ∈ Z+. Observe that

(ν̂s + ρ̂ tw|mδ − θ) = (m− 1)(k + h∨) ≤ 0,

and

(ν̂s + ρ̂ tw|mδ + θ) = m(k + h∨) + k + 1 + h∨ − 1 = (m+ 1)(k + h∨) < 0.

Likewise (
ν̂s + ρ̂ tw|mδ + 1

2
(δ − θ)

)
= m(k + h∨) ≤ 0,

and(
ν̂s + ρ̂ tw|mδ + 1

2
(δ + θ)

)
= m(k + h∨) + k + h∨ = (m+ 1)(k + h∨) < 0.

We also need to check integrability of L(ν̂s).

Lemma 9.8. If ν ∈ P+
k is not Ramond extremal then the ĝ tw-module

L(ν̂s) is integrable for all s ∈ C.

Proof. A set of simple roots for Δ̂�
+ is Π̂� = {δ − θi | i = 1, . . . , s} ∪Π�.

If β is an odd isotropic root we let rβ denote the corresponding odd
reflection (see [18] for details on odd reflections). First of all we observe
that, if ν is not Ramond extremal, then

(9.16) (ν̂s + ρ̂ tw|α∨) ∈ N for all α ∈ Π̂�.

Indeed

(ν̂s+ ρ̂
tw|(δ−θi)∨) =

(
(k+h∨)Λ0+

(
s+

ε(σR)

4

)
θ+(ν−ρR)+ρ|(δ−θi)∨

)
and, since ν − ρR is non-extremal, as in the proof of Lemma 11.4 of [15],
it follows that

(ν̂s + ρ̂ tw|(δ − θi)
∨) =Mi(k) + χi + 1− (ν − ρR|θ∨i ) ∈ N.

If α ∈ Π�, then

(ν̂s + ρ̂ tw|α∨) = (ν − ρR + ρ�|α∨) ∈ N.

Assume first that θ/2 is not a root of g. Both α0 = δ − θ and α1 =

−1
2δ+θ/2+ηmin are in Π̂ and α0+α1 =

1
2δ−θ/2+ηmin is an odd isotropic
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root. Set Π̂′ = rα0+α1rα1Π̂ and let (ν̂s)
′, (ρ̂ tw)′ be the highest weight of

L(ν̂s) and the Weyl vector with respect to Π̂′.
We note that Π̂� ⊂ Π̂ ∪ Π̂′, so, to check that L(ν̂s) is integrable, it is

enough to prove for each root in α = Π̂� ∩ Π̂ that ν̂s(α∨) ∈ Z+ and, if
α = Π̂�∩ Π̂′, that (ν̂s)′(α∨) ∈ Z+. If (ν̂s|α1) �= 0 and (ν̂s|α1+α0) �= 0 this
check is equivalent to (9.16).

If (ν̂s|α1) = 0 and (ν̂s + α1|α0 + α1) �= 0 then (ν̂s)
′ + (ρ̂ tw)′ = ν̂s +

ρ̂ tw + α1. If (ν̂s|α1) �= 0 and (ν̂s + α1|α0 + α1) = 0 then (ν̂s)
′ + (ρ̂ tw)′ =

ν̂s+ ρ̂
tw+α0+α1. If (ν̂s|α1) = (ν̂s+α1|α0+α1) = 0 then (ν̂s)

′+(ρ̂ tw)′ =
ν̂s+ ρ̂

tw+2ηmin. In all cases (ν̂s)′+(ρ̂ tw)′ = ν̂s+ ρ̂
tw+γ with γ|h� = pηmin,

p = 1 or 2.
If α ∈ Π̂�∩Π̂ then, as computed above, (ν̂s+ρ̂ tw|α∨) ∈ N. If α ∈ Π̂�∩Π̂′,

we have to check that

(ν̂s + ρ̂ tw + γ|α∨) ∈ N.

If α ∈ Π� ∩Π′, then, one checks that (ηmin|α∨) ≥ 0 hence

(ν̂s + ρ̂ tw + γ|α∨) = (ν − ρR + ρ� + pηmin|α∨) ∈ N.

If α = δ−θi ∈ Π̂′\Π̂ then g = D(2, 1; a) and (γ|(δ−θi)∨) = −p(ηmin|θ∨i ) =
p hence

(ν̂s + ρ̂ tw + γ|(δ − θi)
∨) ∈ N.

We now discuss the cases g = spo(2|2r + 1), r > 1 and g = G(3). Set
α1 = −1

2δ + θ/2 + ηmin and Π̂′ = rα1Π̂. We note that Π̂� ⊂ Π̂ ∪ Π̂′. If
(ν̂s|α1) �= 0, we can conclude using (9.16).

If (ν̂s|α1) = 0, we observe that ηmin is the only element in Π̂� \ Π̂ and

((ν̂s)
′ + (ρ̂ tw)′|η∨min) = (ν̂s + ρ̂ tw|η∨min) + (ηmin|η∨min) ∈ N.

It remains to discuss the case g = spo(2|3). In this case Π̂� = {δ −
ηmin, ηmin}. Set α1 = −1

2δ+δ1+ηmin, α2 =
1
2δ+δ1−ηmin and Π̂′ = rα1Π̂,

Π̂′′ = rα2Π̂. We note that Π̂� ⊂ Π̂′ ∪ Π̂′′. If (ν̂s|αi) �= 0 for i = 1, 2, then
we can conclude using (9.16). If (ν̂s|α1) = 0 then Π̂� ∩ Π̂′ = {ηmin} and

((ν̂s)
′ + (ρ̂ tw)′|η∨min) = (ν̂s + ρ̂ tw|η∨min) + (ηmin|η∨min) ∈ N.

If (ν̂s|α2) = 0 then Π̂� ∩ Π̂′′ = {δ − ηmin} and

((ν̂s)
′′+(ρ̂ tw)′′|(δ−ηmin)

∨) = (ν̂s+ρ̂
tw|(δ−ηmin)

∨)−(ηmin|(δ−ηmin)
∨) ∈ N.

Lemma 9.9. If ν ∈ P+
k is Ramond extremal and s is such that �(s) =

A(k, ν), then L(ν̂s) is integrable.
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Proof. We argue as in Lemma 9.8, using the same notation. First we prove
that

(9.17) (ν̂s + ρ̂ tw|α∨) ∈ N for all α ∈ Π̂� ∩ Π̂.

If α ∈ Π�, then

(ν̂s|α∨) = (ν + ρR|α∨) ∈ Z+,

so, if α ∈ Π� ∩ Π̂, then (9.17) holds. Moreover,

(ν̂s+ρ̂
tw|(δ−θi)∨) =Mi(k)+χi+1−(ν−ρR|θ∨i ) =Mi(k)−(ν|θ∨i )+(ρR|θ∨i ).

Note that, if (δ − θi) ∈ Π̂, then (ρR|θ∨i ) > 0 hence (9.17) holds for all
α ∈ Π̂� ∩ Π̂. Next, we check that

(9.18) ((ν̂s)
′ + (ρ̂ tw)′|α∨) ∈ N for all α ∈ Π̂� ∩ Π̂′.

Assume θ/2 is not a root of g. Since �(s) = A(k, ν), (9.8) holds. More-
over, (

ν̂s + ρ̂tw| ±
(1
2
δ − θ

2

)
+ ηmin

)
(9.19)

=
(
(k + h∨)Λ0 +

(k + 1

2
± (ν − ρR + ρ�|ηmin)

)
θ

+ ν + ρ− ρR| ±
(1
2
δ − θ

2

)
+ ηmin

)
= ±

(1
2
(k + h∨)− k + 1

2
± (ν − ρR + ρ�|ηmin)− 1

2
(h∨ − 1)

)
+ (ν − ρR + ρ�|ηmin)

= (ν − ρR + ρ�|ηmin)± (ν − ρR + ρ�|ηmin).

The outcome of this computation is that, if (ν − ρR + ρ�|ηmin) �= 0 and
s = k+1

2 ± (ν − ρR + ρ�|ηmin), then

(ν̂s)
′ + (ρ̂tw)′ = ν̂s + ρ̂tw ±

(1
2
δ − θ

2

)
+ ηmin,

while, if (ν − ρR + ρ�|ηmin) = 0,

(ν̂s)
′ + (ρ̂tw)′ = ν̂s + ρ̂tw + 2ηmin.

If α ∈ Π� ∩Π′, then one checks that (ηmin|α∨) ≥ 0 so in all cases

((ν̂s)
′ + (ρ̂tw)′|α∨) = (ν − ρR + ρ� + pηmin|α∨)

≥ (ν − ρR + ρ� + ηmin|α∨) = (ν̂s + (ρ̂tw)′|α∨)
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hence ((ν̂s)
′ + (ρ̂tw)′|α∨) ≥ (ν + ρR|α∨) + 1 ∈ N.

If δ − θi ∈ Π̂′ \ Π̂ then g = D(2, 1; a) and (ηmin|θ∨i ) = −1, so

((ν̂s)
′ + (ρ̂tw)′|(δ − θi)

∨) =Mi(k) + χi + 1− (ν − ρR + pηmin|θ∨i )
≥Mi(k)− (ν|θ∨i ) + (ρR|θ∨i ) + 1 ∈ N.

This completes the proof in the cases when θ/2 is not a root of g.
We now discuss the cases g = spo(2|2r + 1), r > 1, and g = G(3). As

in the previous cases we need only to check that ((ν̂s)
′ + (ρ̂ tw)′|α∨) ∈ N

for all α ∈ Π̂� ∩ Π̂′. Since �(s) = A(k, ν), by Lemma 9.4, s = 2k+1
4 . By

Proposition 12.3 below

(ν̂s + ρ̂ tw|α1) = 0.

It follows that (ν̂s)′+(ρ̂ tw)′ = ν̂s+ ρ̂
tw+α1. If α ∈ Π̂� \ Π̂, then α = ηmin,

so

((ν̂s)
′ + (ρ̂tw)′|α∨) = (ν − ρR + ρ� + ηmin|η∨min) = (ν̂s + (ρ̂tw)′|η∨min)

= (ν + ρR|η∨min) + 1 ∈ N.

We finally discuss the case g = spo(2|3). Since �(s) = A(k, ν), by
Lemma 9.4, s = 2k+1

4 . If ν = 0, then (ν̂s + ρ̂ tw|α1) = 0 and

(ν̂s + ρ̂tw|α2) =
(
(k + h∨)Λ0 +

k + 1

2
θ + ρ− ρR|1

2
δ +

θ

2
− ηmin

)
= k + h∨ �= 0,

so
((ν̂s)

′ + (ρ̂tw)′|η∨min) = (ηmin|η∨min) = 2,

while

((ν̂s)
′′ + (ρ̂tw)′′|(δ − ηmin)

∨) = ((ν̂s) + (ρ̂tw)|(δ − ηmin)
∨)

=M1(k)− 1 + (ρR|η∨min)

=M1(k) ∈ N.

If instead ν = M1(k)
2 ηmin, then (ν̂s + ρ̂ tw|α1) = 0 and

(ν̂s + ρ̂tw|α1)

=
(
(k + h∨)Λ0 +

k + 1

2
θ + ν + ρ− ρR| − 1

2
δ +

θ

2
+ ηmin

)
= k + h∨ �= 0,

so
((ν̂s)

′ + (ρ̂tw)′|η∨min) = ((ν̂s) + (ρ̂tw)|η∨min) =M1(k) ∈ N,
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and

((ν̂s)
′′ + (ρ̂tw)′′|(δ − ηmin)

∨) = ((ν̂s) + (ρ̂tw) + α2|(δ − ηmin)
∨)

= (ηmin|η∨min) ∈ N.

Corollary 9.10. (a) If ν is not Ramond extremal, then H(L(ν̂s)) is a
Ramond twisted Wmin

k (g)-module for all s ∈ C.
(b) If ν is Ramond extremal and �(s) = A(k, ν), then H(L(ν̂s)) is a Ra-
mond twisted Wmin

k (g)-module.

Proof. Combining Lemmas 9.8 and 9.9 with [12, Theorem 5.3.1], we see
that the modules L(ν̂s), described in the statement, are σR-twisted Vk(g)-
modules, so their quantum Hamiltonian reduction gives σR-twisted mod-
ules for H(Vk(g)) =Wmin

k (g).

It was conjectured in [16] that, for an admissible (in the sense of [16])
highest weight V k(g)-module L(Λ̂), either H(L(Λ̂)) is irreducible or 0,
and the latter happens if and only if Λ̂ is degenerate. This conjecture
was subsequently proved by Arakawa [3]. We used this result in [15] to
compute character formulas for irreducible unitary highest weight modules
over W k

min(g).
We would like to use the same approach for Ramond twisted irreducible

highest weight modules but, for that, we need the following Conjecture,
which is a “twisted” analogue of that in [16].

Conjecture 9.11.

a) If M is in category O of ĝtw-modules, then Hj(M) = 0 if j �= 0.
b) Assume that ν̂s is non-degenerate so that H(L(ν̂s)) is non-zero. Then

• If θ/2 is not a root of g, then H0(L(ν̂s)) is irreducible.
• If θ/2 is a root of g, then H0(L(ν̂s)) is irreducible, or a direct sum

of two irreducible W k
min(g)-modules. In the last case �(s) = A(k, ν)

and the second module is isomorphic to the first with the opposite
parity.

Some evidence towards this conjecture is provided in Sect. 13: see Re-
mark 13.2. Consequences of Conjecture 9.11 are the following results.

Proposition 9.12. Assume Conjecture 9.11 and that ν̂s is non-degenerate.
If �(s) �= A(k, ν), then H0(L(ν̂s)) = LW (ν, �(s)) and, if �(s) = A(k, ν),

then H0(L(ν̂s)) = LW (ν, �(s))⊕ ε(σR)ΠLW (ν, �(s)), where Π is the rever-
sal of parity functor.
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Proof. By Conjecture 9.11 a), the functor H is equal to H0 and it is exact.
It follows that H(L(ν̂s)) is a quotient of H(M(ν̂s)), hence, by Proposi-
tion 4.3, H(L(ν̂s)) is a quotient of MW (ν, �(s)). Since, by hypothesis, ν̂s
is non-degenerate, H(L(ν̂s)) is non-zero. By Conjecture 9.11 b) any di-
rect summand of H(L(ν̂s)) is a highest weight module of highest weight
(ν, �(s)).

Now we can prove character formulas in the Ramond sector.

Theorem 9.13. Assume Conjecture 9.11. Let k be in the unitary range
and let ν ∈ P+

k be a weight which is not Ramond extremal. Fix � ≥ A(k, ν)
and, if θ/2 is not a root of g, assume � �= A(k, ν). Choose s such that
� = �(s) and, if � < B(k, ν, ρR), assume that s satisfies (9.10). Then, if
� > A(k, ν), we have

F̂Rch LW (ν, �)

= q
(ν̂s|ν̂s+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)q−(w(ν̂s+ρ̂ tw)−ρ̂ tw)(x+D)e
(w(ν̂s+ρ̂ tw)−ρ̂ tw)|h� ,

(9.20)

while, if θ/2 is a root of g and � = A(k, ν), we have

F̂Rch LW (ν, �)

=
1

2
q
(ν̂s|ν̂s+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)q−(w(ν̂s+ρ̂ tw)−ρ̂ tw)(x+D)e
(w(ν̂s+ρ̂ tw)−ρ̂ tw)|h� .

(9.21)

where a(k) is given by (8.4).

Proof. By Lemma 9.8, L(ν̂s) is integrable. We want to apply Proposition
8.5, so we need only to check that (8.14) holds.

We start by checking that (8.14) holds. If � > B(k, ν, ρR), then � = �(s)
with s = k+1

2 +
√−1t0 with t0 �= 0. It is then obvious that (8.14) holds

since the left hand side of (8.14) is not real. If instead θ/2 is not a root of
g and A(k, ν) < � ≤ B(k, ν, ρR), then (8.14) holds in this case by Lemma
9.6, and, if θ/2 is a root and � = A(k, ν), (8.14) holds by Lemma 9.7.

By Proposition 9.12 and Conjecture 9.11, we have that, if � > A(k, ν),

(9.22)
∑
j

(−1)jHj(L(ν̂s)) = H0(L(ν̂s)) = LW (ν, �(s)),

while, if θ/2 is a root of g and � = A(k, ν),

(9.23)
∑
j

(−1)jHj(L(ν̂s)) = H0(L(ν̂s)) = LW (ν, �(s))⊕ LW (ν, �(s)).
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Applying Proposition 8.5, equalities (9.20) and (9.21) now follow from
(9.22), (9.23).

We finish this section explaining how Theorem 9.13 implies unitarity
of LW (ν, �) for ν that is not Ramond extremal and � ≥ A(k, ν). For this
we need a free version of the modules N(μ, ν). This is constructed as
follows. Let y be an indeterminate. Define an action of the abelian Lie
algebra H0 = Ca + CK on C[y] by letting K act as the identity and a
(cf. (7.11)) act by multiplication by y. Extend this action to C[t]⊗Ca by
letting atj act trivially. Let M(y) be the corresponding induced module
to the affine algebra C[t, t−1] ⊗ Ca ⊕ CK. This module can be regarded
as a V 1(Ca)-module by means of the field Y (a, z) defined by setting, for
m ∈M(y),

Y (a, z)m =
∑
j∈Z

(tj ⊗ a) ·mz−j−1.

Set M :=M(y)⊗ L(ν)⊗ F (g1/2, σR) and define

(9.24) Ñ(y, ν) = Ψ(W k
min(g)) · (1⊗ C[y]⊗ vν ⊗ 1) ↪−→M.

Since M(y)⊗ L(ν)⊗ F (g1/2, σR) is free as a C[y]-module, Ñ(y, ν) is also
free. If μ ∈ C, set also

(9.25) Ñ(μ, ν) = (C[y]/(y − μ))⊗C[y] Ñ(y, ν).

By construction Ñ(μ, ν) is clearly a σR-twisted highest weight module
for W k

min(g). Recall from (7.14), (7.15) the definitions of N(μ, ν) and �0(μ, ν).
The embedding (9.24) defines a map ψ : Ñ(μ, ν) → (C[y]/(y − μ))⊗C[y] M
=M(1, μ)⊗ L(ν)⊗ F (g1/2, σR) whose image is N(μ, ν).

Proposition 9.14. There is a countable set M ⊂ C such that, for μ ∈
C \M , the map ψ defines an isomorphism between Ñ(μ, ν) and N(μ, ν).

Proof. Given λ(y) ∈ C[y], set Mλ(y) = {m ∈ M | L0m = λ(y)m} and
Mn =M�0(y,ν)+n. We observe that

(1) M =
⊕

n∈1
2Z+

Mn;

(2) Mn =M�0(y,ν)+n is a C[y]-module of finite rank.

Let {m(n)
1 , . . . ,m

(n)
in

} be a basis of Mn over C[y]. Consider Ñ(y, μ) ∩Mn:
it is a free module over C[y]. Fix a basis V = {v1, . . . , vr}, so that vi =
in∑
j=1

pij(y)m
(n)
j . Then the r × in matrix (pij(μ)) has rank less than r for a

finite number of values of μ: otherwise the matrix with polynomial entries
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(pij(y)) has rank less than r, against the fact that V is a basis. Let En be
the set of these values, and define M =

⋃
n
En. We now show that ψ is an

isomorphism outside M . Set Ñ(μ, ν)n = {v ∈ N(μ, ν) | L0v = (�0(μ, ν)+

n)v}. Then Ñ(μ, ν) =
⊕

n∈1
2Z+

Ñ(μ, ν)n, and the previous argument shows

that if μ /∈ M , then ψ|Ñ(μ,ν)n
is injective, hence an isomorphism onto its

image.

Lemma 9.15. Set μ(s) =
√−1

√
2s√

|k+h∨| . Then

�0(μ(s), ν − ρR) = �(s),

where �(s) is defined by (9.2).
In particular, the module LW (ν, �(s)) is the irreducible quotient of

N(μ(s), ν − ρR).

Proof. It follows from (7.15) that

�0(μ, ν − ρR)−B(k, ν, ρR) =
μ2

2
− skμ+

(k + 1)2

4(k + h∨)
=

1

2
(μ− sk)

2

=
1

2

(
μ−√−1

(k + 1)√
2|k + h∨|

)2
.

On the other hand

�(s)−B(k, ν, ρR) =
(s− k+1

2 )2

k + h∨
,

so that
1√
2
μ =

√−1
(k + 1)

2
√|k + h∨| ±

(√−1
s− k+1

2√|k + h∨|
)
.

Choosing the plus sign in the previous formula we have the claim.

We note that

(9.26) Ñ(μ, ν) =
⊕

λ∈h�, n∈1
2Z+

Ñ(μ, ν)(λ,�0(μ,ν)+n),

where Ñ(μ, ν)(λ,�) = {m ∈ Ñ(μ, ν) | h(0)m = λ(h)m, h ∈ h�, L0m = �m}.
From (9.26) we deduce that

ch Ñ(μ, ν) =
∑

λ∈h�,n∈1
2Z+

dim Ñ(μ, ν)(λ,�0(μ,ν)+n)q
�0(μ,ν)+neλ.
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We have already noticed that Ñ(μ, ν) is free in the variable μ, i.e.,
dim Ñ(μ, ν)(λ,�0(μ,ν)+n) does not depend on μ. Then

q−�0(μ,ν)ch Ñ(μ, ν) =
∑

λ∈h�,n∈1
2Z+

(dim Ñ(μ, ν)(λ,�0(μ,ν)+n))q
neλ(9.27)

does not depend on μ.

Proposition 9.16. Assume Conjecture 9.11. Given � > A(k, ν) choose
s ∈ C such that � = �(s) and, if A(k, ν) < � ≤ B(k, ν, ρR), choose s in the
interval (9.10).

Then
Ñ(μ(s), ν − ρR) = LW (ν, �(s)).

Proof. Put s0 = k+1
2 +

√−1t0, t0 ∈ R. By Proposition 9.14, there exists
t0 �= 0 such that N(μ(s0), ν− ρR) = Ñ(μ(s0), ν− ρR). Since N(μ(s0), ν−
ρR) is unitary, it is irreducible. Hence Ñ(μ(s0), ν − ρR) = LW (ν, �(s0)).
In particular, by Theorem 9.13 (which uses Conjecture 9.11),

F̂Rch Ñ(μ(s0), ν − ρR)

= q
(ν̂s0 |ν̂s0+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)eev(w(ν̂s0+ρ̂ tw)−ρ̂ tw).

We now prove that

(9.28)

F̂Rch Ñ(μ(s), ν − ρR)

= q
(ν̂s|ν̂s+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)eev(w(ν̂s+ρ̂ tw)−ρ̂ tw)

for any s ∈ C.
Since w(x) = x for all w ∈ Ŵ �,

eev(w(ν̂s+ρ̂ tw)−ρ̂ tw) = qs0−seev(w(ν̂s0+ρ̂ tw)−ρ̂ tw),

so the right and side of (9.28) is

qs0−sq
(ν̂s|ν̂s+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)
eev(w(ν̂s0+ρ̂ tw)−ρ̂ tw)

F̂R

= q�(s)−�(s0)ch Ñ(μ(s0), ν − ρR).
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Since, by (9.27), q−�0(μ,ν−ρR)ch Ñ(μ, ν − ρR) does not depend on μ, we
obtain that

q�(s)−�(s0)ch Ñ(μ(s0), ν − ρR)

= q�0(μ(s),ν−ρR)q−�0(μ(s0),ν−ρR)ch Ñ(μ(s0), ν − ρR)

= ch Ñ(μ(s), ν − ρR),

as claimed. Now, if s lies in (9.10), by Theorem 9.13 (here we use Conjec-
ture 9.11 again), we have

(9.29) ch Ñ(μ(s), ν − ρR) = ch LW (ν, �(s)).

Since LW (ν, �(s)) is a quotient of Ñ(μ(s), ν−ρR), (9.29) implies that they
are isomorphic.

The same proof of Theorem 11.1 of [15] provides the following extension
of Corollary 9.5:

Theorem 9.17. Assume Conjecture 9.11. If � ≥ A(k, ν), k is in the uni-
tary range, and ν ∈ P+

k is not Ramond extremal, then LW (ν, �) is a uni-
tary σR-twisted W k

min(g)-module.

Proof. We can assume that θ/2 is not a root of g. For each weight (λ,m),
fix a basis of Ñ(μ, ν− ρR)(λ,m) independent from μ. Define det(λ,m)(μ) to
be the determinant of the matrix of the Hermitian invariant form H in
this basis. We have seen in the proof of Proposition 9.16 that there is μ0
with �0(μ0) > A(k, ν) such that Ñ(μ0, ν − ρR) is unitary. By Proposition
9.16, which uses Conjecture 9.11, Ñ(μ, ν − ρR) = LW (�0(μ), ν) if �0(μ) >
A(k, ν), hence det(λ,m)(μ) �= 0 if �0(μ) > A(k, ν), thus the Hermitian
invariant form H remains positive definite for �0(μ) > A(k, ν) and it is
positive semidefinite if �0(μ) = A(k, ν).

10. Explicit conditions for unitarity for Ramond twisted
modules LW (ν, �)

In Sect. 6 we found necessary conditions of unitarity of σR-twisted W k
min(g)-

modules LW (ν, �), where k is in the unitarity range, see Theorem 6.10.
We conjecture that all these modules are unitary. There are three types

of these modules satisfying the necessary conditions of unitarity:

(1) the modules LW (ν, �) with ν ∈ P+
k not Ramond extremal and � ≥

B(k, ν, ρR); we proved in Sect. 7 that these modules are indeed uni-
tary;



Unitarity of minimal W -algebras and their representations II: Ramond sector

(2) if θ/2 is not a root of g, the modules LW (ν, �) with ν ∈ P+
k not

Ramond extremal and A(k, ν) ≤ � < B(k, ν, ρR); we proved in Sect.
9 that these modules are unitary assuming Conjecture 9.11;

(3) the modules LW (ν, �) with the weight ν ∈ P+
k Ramond extremal in

which case � = A(k, ν) (by Lemma 6.9); we do not know how to
establish unitarity in this case.

Below, for each g from Table 6.3, we make explicit the necessary con-
ditions of Theorem 6.10 and the sufficient conditions of Sect. 9.

10.1. g = psl(2|2)

In this case

g� = sl(2), M1(k) = −k−1, P+
k = {ν = rθ1/2 | r ∈ Z+, 0 ≤ r ≤M1(k)}.

• The weight ν = 0 is the only Ramond extremal weight. The necessary
conditions for unitarity for LW (0, �) are M1(k) ∈ Z+ and � = −k+1

4 .
• If ν is not Ramond extremal then ν = r

2θ1, 1 ≤ r ≤ M1(k) and the
necessary conditions for unitarity are M1(k) ∈ Z+ and

(10.1) � ≥ −k + 1

4
.

The sufficient conditions for unitarity are M1(k) ∈ Z+ and

� ≥ −k
2 + k + r2

4k
.

Condition (10.1) is also sufficient assuming Conjecture 9.11.

The inequality � ≥ M1(k)
4 is precisely the bound stated in [9].

10.2. g = spo(2|3)

In this case

g� = sl(2), M1(k) = −4k − 2, P+
k = {ν = rθ1/2 | r ∈ Z+, 0 ≤ r ≤M1(k)}.

The Ramond extremal weights are ν = 0 and ν = M1(k)
2 θ1.

• The necessary conditions for unitarity for LW (ν, �) with ν = rθ1/2
Ramond extremal weight are M1(k) ∈ Z+ and

� = −8k2 + 10k + 2r2 + 3

32k + 16
.
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• If ν is not Ramond extremal, then ν = r
2θ1, 1 ≤ r < M1(k) and the

necessary and sufficient conditions for unitarity are M1(k) ∈ N and

� ≥ −8k2 + 10k + 2r2 + 3

32k + 16
.

In terms of M1(k), the inequality reads

(10.2) � ≥ (M1(k)− 1)

16
+

r2

4M1(k)
,

which is precisely the bound stated in [23, 2.3.11].

10.3. g = spo(2|2r), r > 2

In this case

g� = so(2r), M1(k) = −2k − 1,

P+
k =

{
ν =

∑
i

miεi, mi ∈ 1

2
+ Z or mi ∈ Z, m1 ≥ · · · ≥ mr−1 ≥ |mr|,

m1 +m2 ≤M1(k)
}
,

and

A(k, ν) =

−4(
r−1∑
i=1

(2(r − i)− 1)mi +m2
i )− 4k2 + 2(r − 4)k + r − 3

16(k + 2− r)

= −
(
r−1∑
i=1

(2(r − i)− 1)mi +m2
i ) + p(k)

4(k + h∨)
.

If ηmin = εr, the Ramond extremal weights are the weights ν such that
mr = −mr−1.
• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary condition for unitarity are
M1(k) ∈ Z+ and

(10.3) � ≥ A(k, ν).

The sufficient conditions are M1(k) ∈ Z+ and

� ≥ B(k, ν, ρR) = −
(

r∑
i=1

(2(r − i)− 1)mi +m2
i ) + p(k)

4(k + h∨)
.

The conditions (10.3) are also sufficient assuming Conjecture 9.11.
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If ηmin = −εr, the Ramond extremal weights are the weights ν such
that mr = mr−1.

• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and

(10.4) � ≥ A(k, ν).

The sufficient conditions are

� ≥ B(k, ν, ρR) = −
(

r∑
i=1

(|2(r − i)− 1|)mi +m2
i ) + p(k)

4(k + h∨)
.

The conditions (10.4) are also sufficient assuming Conjecture 9.11.

10.4. g = spo(2|2r + 1), r > 1

In this case

g� = so(2r + 1), M1(k) = −2k − 1,

P+
k =

{
ν =

∑
i

miεi, mi ∈ 1

2
+ Z or mi ∈ Z, m1 ≥ · · · ≥ mr−1 ≥ mr ≥ 0,

m1 +m2 ≤M1(k)
}
,

and

A(k, ν) =

−8(
r∑

i=1
(2(r − i)mi +m2

i ))− 8k2 + (4r − 14)k + 2r − 5

32(k + 3/2− r)

= −

r∑
i=1

(2(r − i)mi +m2
i ) + p(k)

4(k + h∨)
.

The Ramond extremal weights are the weights ν such that mr = 0.

• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary and sufficient conditions
for unitarity are M1(k) ∈ Z+ and � ≥ A(k, ν).
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10.5. g = D(2, 1; mn ), m,n ∈ N, m,n coprime

In this case

g� = g�1 ⊕ g�2, g
�
i � sl(2), M1(k) = −m+ n

n
k − 1, M2(k) = −m+ n

m
k − 1,

P+
k =

{
ν =

r1
2
θ1 +

r2
2
θ2

∣∣∣ ri ∈ Z+, ri ≤Mi(k)
}
,

and

A(k, ν) = −(mn + 1)2k(k + 1) + m
n ((r1 + r2 + 1)2)

4(mn + 1)2k

= −
mn

(m+n)2
((r1 + r2)

2 + 2(r1 + r2)) + p(k)

4(k + h∨)
.

If ηmin = ε2 − ε3, the Ramond extremal weights are the weights ν such
that r1 = 0 or r2 =M2(k).
• If ν is Ramond extremal, the necessary conditions for unitarity are

(M1(k),M2(k)) ∈ Z+ × Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary conditions for unitarity are

(M1(k),M2(k)) ∈ Z+ × Z+

and

� ≥ A(k, ν).(10.5)

The sufficient conditions are

� ≥ B(k, ν, ρR) = −k + 1

4
+
m(r2 + 1)2 + nr21

4(m+ n)k
.

The conditions (10.5) are also sufficient assuming Conjecture 9.11.
If ηmin = −ε2 + ε3, the Ramond extremal weights are the weights ν

such that r1 =M1(k) or r2 = 0.
• If ν is Ramond extremal, the necessary conditions for unitarity are

(M1(k),M2(k)) ∈ Z+ × Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary conditions for unitarity are

(M1(k),M2(k)) ∈ Z+ × Z+

and

� ≥ A(k, ν).(10.6)

The sufficient conditions are

� ≥ B(k, ν; ρR) = −k + 1

4
+
mr22 + n(r1 + 1)2

4(m+ n)k
.

The conditions (10.6) are also sufficient assuming Conjecture 9.11.
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10.6. g = F (4)

In this case

g� = so(7), M1(k) = −3

2
k − 1,

P+
k =

{
ν = r1ε1 + r2ε2 + r3ε3, r1 ≥ r2 ≥ r3 ≥ 0, ri ∈ 1

2
+ Z or ri ∈ Z,

r1 + r2 ≤M1(k)
}
,

and

A(k, ν)

= −9k2 + 8r21 + 8r1(r2 + r3 + 5) + 8r22 − 8r2r3 + 32r2 + 8r23 + 8r3 − 4

36(k − 2)

= −
8
9 (r

2
1 + r1(r2 + r3 + 5) + r22 − r2r3 + 4r2 + r23 + r3) + p(k)

4(k + h∨)
.

If ηmin = 1
2(−ε1 + ε2 + ε3), the Ramond extremal weights are the weights

ν such that r3 = 0.
• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and

� ≥ A(k, ν).(10.7)

The sufficient conditions are

� ≥ B(k, ν, ρR) = −3k2 + 4 (r21 + 4r1 + r22 + 2r2 + r23)

12(k − 2)
.

The conditions (10.7) are also sufficient assuming Conjecture 9.11.
If ηmin = 1

2(ε1−ε2−ε3), the Ramond extremal weights are the weights
ν such that r1 = r2.
• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and

� ≥ A(k, ν).(10.8)

The sufficient conditions are

� ≥ B(k, ν, ρR) = −3k2 + 4r21 + 12r1 + 4r22 + 12r2 + 4r23 + 4r3 − 1

12(k − 2)
.

The conditions (10.8) are also sufficient assuming Conjecture 9.11.
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10.7. g = G(3)

In this case

g� = G2, M1(k) = −4

3
k − 1,

P+
k = {ν = r1ε1 + r2ε2, 2r1 ≥ r2 ≥ r1, ri ∈ Z+, r1 + r2 ≤M1(k)},

and

A(k, ν) =
8k2 + 2k + 8r21 − 8r1r2 + 8r22 + 24r2 − 3

48− 32k

= −r
2
1 − r1r2 + r22 + 3r2 + p(k)

4(k + h∨)
.

The Ramond extremal are the weights ν such that 2r1 = r2.

• If ν is Ramond extremal, the necessary conditions for unitarity are
M1(k) ∈ Z+ and � = A(k, ν).

• If ν is not Ramond extremal, the necessary and sufficient conditions
for unitarity are M1(k) ∈ Z+ and � ≥ A(k, ν).

11. Unitarity for Ramond extremal modules of the N = 3 and
N = 4 superconformal algebras

11.1. N = 3

Let R be the Lie conformal superalgebra with basis

{L̃, G̃±, G̃0, J±, J0,Φ,K}
and commutation relations given in [19, §8.5]. The N = 3 superconformal
vertex algebra is

W k
N=3 = V (R)/

(
K −

(
k +

1

2

)
|0〉

)
.

Recall that there is a conformal vertex algebra isomorphism

(11.1) W k
N=3 −→W k

min(spo(2|3))⊗ FΦ,

where FΦ is the fermionic vertex algebra F (CΦ) constructed in Example
2.2.

By Lemma 7.3, FΦ admits a Ramond twisted unitary module F tw
Φ

generated by 1.
It follows that, if M is Ramond twisted module for W k

min(spo(2|3))
then M ⊗ F tw

Φ admits a W k
min(spo(2|3)) ⊗ FΦ-invariant form. Since the
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isomorphism in (11.1) is conformal, a Hermitian form that is invariant for
W k

min(spo(2|3))⊗ FΦ is also invariant for W k
N=3.

As explained in Sect. 2, the Ramond twisted modules for V (R) are
the same as the restricted Lie(R, σR)-modules, hence a Ramond twisted
W k

N=3-module M is the same as a restricted Lie(R, σR)-modules such that
K acts by (k + 1

2)IM . In particular, if M (respectively M ′) are Ramond
twisted modules for W k

N=3 (respectively W k′
N=3), then M⊗M ′ is a Ramond

twisted W
k+k′+ 1

2
N=3 -module. Clearly, if bothM,M ′ are unitary, thenM⊗M ′

is unitary.
Proposition 11.1. Let M1 = −4k − 2 ∈ N. Then the Ramond extremal
W k

min(spo(2|3))-modules LW (0, M1−1
16 ), LW (M1

2 θ1,
M1−1
16 + M1

4 ) are both
unitary.

Proof. To make the argument more transparent we make explicit the
dependence on k, so we write L(k, ν, �0) for the W k

min(spo(2|3))-module
LW (ν, �0).

We proceed by induction on M1. The base case M1 = 1 corresponds
to the collapsing level k = −3/4, when Wmin

−3/4(spo(2|3)) = V1(sl2). Re-
call that V1(sl2) has only two irreducible modules N1 and N2, which are
both unitary and have highest weights ν = 0 and ν = θ1

2 . The neces-
sary condition for unitarity (given explicitly in Subsect. 10.2) imply that
N1 = L(−3/4, 0, 0) and N2 = L(−3/4, θ12 , 1/4).

Assume now M1 > 1, k = −M1+2
4 , and set k1 = −M1+1

4 . Assume by
induction that L(k1, 0, M1−2

16 ) and L(k1,
M1−1

2 θ1,
M1−2
16 + M1−1

4 ) are uni-
tary. Then M = L(k1, 0,

M1−2
16 ) ⊗ F tw

Φ is unitary for W k1
N=3 and M ′ =

L(−3/4, 0, 0) ⊗ F tw
Φ is unitary for W

−3/4
N=3 . Therefore M ⊗M ′ is unitary

for W k2
N=3, k2 = k1 − 3

4 + 1
2 = −M1+1

4 − 3
4 + 1

2 = −M1
4 − 1

2 = k, hence
M ⊗M ′ is a unitary Ramond twisted W k

min(spo(2|3))-module. In partic-
ular, the W k

min(spo(2|3))-module generated by v
0,
M1−2
16

⊗ 1 ⊗ v0,0 ⊗ 1 is

a unitary highest weight module L(k, ν, �0). Clearly ν = 0 and, by the
necessary conditions of Subsect. 10.2, �0 = M1−1

16 , as required.
Repeating the same argument withM = L(k1,

M1−1
2 θ1,

M1−2
16 +M1−1

4 )⊗
F tw
Φ and M ′ = L(−3/4, θ12 ,

1
4)⊗F tw

Φ we prove the unitarity of L(k, M1
2 θ1,

M1−1
16 + M1

4 ).
Our results match [23, (2.3.ii)].

11.2. N = 4

In this subsection we recover results of Eguchi–Taormina (cf. [9, (5),
(6)]) using their free field realization. The N = 4 superconformal alge-
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bra is W k
min(psl(2|2)). We choose strong generators J0, J±, G±, Ḡ±, L for

W k
min(psl(2|2)) as in [19, §8.4]. The λ-brackets among these generators are

linear. It is therefore enough to prove unitarity of the Ramond extremal
module LW (0, 1/4) at level k = −2 (see Subsect. 10.1). Arguing as in the
N = 3 case, the Ramond extremal modules at level k < −2 are obtained
by iterated tensor product of LW (0, 1/4).

The unitarity of LW (0, 1/4) is proved by constructing this module as
a submodule of a manifestly unitary module. This is achieved by using
the free field realization FFR : W−2

min(psl(2|2)) → F , given in [8] (see
also § 13.2 of [15]), where F = V 1(C4) ⊗ F (C4

1̄
). Here C4 is viewed as

the four-dimensional abelian Lie algebra and C4
1̄

is the four-dimensional
totally odd space.

According to [14, § 5.2] and Lemma 7.3 above, F tw = V 1(C4) ⊗
F (C4

1̄
, σR) is a unitary Ramond twisted F -module. Since FFR is con-

formal and preserves the Z2-gradation, F tw is also a unitary Ramond
twisted module for W k

min(psl(2|2)). It is clear that the W k
min(psl(2|2))-

submodule of F tw generated by |0〉 ⊗ 1 is a unitary highest weight rep-
resentation LW (0, �0) of W−2

min(psl(2|2)). By the necessary conditions for
unitarity �0 = 1

4 and we are done.

12. The characters of massless Ramond twisted modules for
minimal W -algebras

Definition 12.1. We say that a σR-twisted irreducible highest weight
W k

min(g)-module LW (ν, �) is massless if there exists s ∈ C such that
� = �(s) with L(ν̂s) an atypical representation of ĝtw, where ν̂s is defined
by (9.1).

It can be easily proved that this definition yields the representations
called massless in [9] and [23] for psl(2|2) and spo(2|3), respectively.

Remark 12.2. Recall that, by Lemma 9.2, �(s) = �(s′) if and only if s′ =
k+1+ ε(σR)− s. Using this relation, it is easy to check that, if η ∈ Δ1/2,
we have(

ν̂s + ρ̂ tw|p
2
δ +

θ

2
+ η

)
=

(
ν̂s′ + ρ̂ tw| − p+ 2

2
δ +

θ

2
− η

)
.

In particular ν̂s is atypical if and only if ν̂s′ is atypical.
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Define

Πν
1̄ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
− 1

2
δ +

θ

2
+ ηmin

}
if g �= spo(2|3), psl(2|2),{

− δ

2
+ δ1 + ε1

}
if g = spo(2|3) and ν = 0,{δ

2
+ δ1 − ε1

}
if g = spo(2|3) and

ν =
M1(k)

2
ε1,{

− δ

2
+ δ1 − ε2,−δ

2
+ ε1 − δ2

}
if g = psl(2|2).

Tote that if g �= spo(2|3), then Πν
1̄

is the set of odd isotropic simple roots
in Δ̂tw

+ .
If θ/2 is not a root of g, set s0 = k+1

2 − (ν − ρR + ρ�|ηmin). If θ/2 is a
root of g, set s0 = 2k+1

4 . In all cases �(s0) = A(k, ν).

Proposition 12.3. 1) If LW (ν, �) is massless, then � = A(k, ν). If θ/2 is
not a root of g, then the converse holds.

2) If θ/2 is a root of g, then LW (ν, �) is massless if and only if � =
A(k, ν) and ν is Ramond extremal.

3) In all cases Πν
1̄

is the set of simple isotropic roots orthogonal to
ν̂s0 + ρ̂ tw.

Proof. If � > A(k, ν), then � = �(s) with either s = k+1
2 + ε(σR)

4 +
√−1t, t ∈

R, or s ∈ R. In the former case, the claim is obvious if t �= 0. If t = 0 and
ε(σR) = 1 or ε(σR) = 0 and (ν−ρR+ρ�|ηmin) = 0, then �(s) = A(k, ν). It
remains only to check the case where s ∈ R, ε(σR) = 0, (ν−ρR+ρ�|ηmin) �=
0, and ∣∣∣s− k + 1

2

∣∣∣ < |(ν − ρR + ρ�|ηmin)|.
By Remark 12.2, we can assume that s belongs to (9.10). With this as-
sumption, we have shown already in Lemma 9.6 that (ν̂s + ρ̂tw|α) �= 0 for
all odd isotropic roots α.

Assume now that θ/2 is not a root and � = A(k, ν) = �(s0). In this
case (

ν̂s0 + ρ̂tw| − 1

2
δ +

θ

2
+ ηmin

)
(12.1)

=
(
(k + h∨)Λ0 +

(k + 1

2
− (ν − ρR + ρ�|ηmin)

)
θ

+ ν + ρ− ρR| − 1

2
δ +

θ

2
+ ηmin

)
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= −1

2
(k + h∨) +

k + 1

2
− (ν − ρR + ρ�|ηmin) +

1

2
(h∨ − 1)

+ (ν − ρR + ρ�|ηmin)

= 0.

Hence LW (ν, �) is massless. This proves 1) and the fact that the simple
isotropic root orthogonal to ν̂s0+ρ tw is precisely the root in Πν

1̄
. Statement

2) is proved via a case-wise analysis. Consider the case g = G(3). The set
of positive odd isotropic roots of ĝtw is

{γi(p) | 1 ≤ i ≤ 9, p odd, p ≥ −1 for i = 1, 2, 3, p ≥ 1 otherwise},
where γi(p) are displayed in Table 12.1.
We prove that if there exist p and i such that (ν̂2k+1

4
+ ρ̂tw|γi(p)) = 0,

then ν − ρR /∈ P+. Recall that ν = aε1 + bε2 with a, b ∈ Z+, 2a ≥ b ≥
a, b ≤ m :=M1(k). The condition on a, b implied by (ν̂s0 + ρ̂tw|γi(p)) = 0
is listed in Table 12.1.

Table 12.1. G(3)

γi(p) (ν̂s0 + ρ̂tw|γi(p)) = 0

1 p
2
δ + δ1 + ε1 −4a+ 2b = 3(3 +m)(1 + p)

2 p
2
δ + δ1 + ε2 2a− 4b = 9 + 3(3 +m)(1 + p)

3 p
2
δ + δ1 + ε1 + ε2 2a+ 2b = 9 + 3(3 +m)(1 + p)

4 p
2
δ − δ1 + ε1 4a− 2b = 3(3 +m)(−1 + p)

5 p
2
δ − δ1 + ε2 2a− 4b = 6 + 3(3 +m)(p− 1)

6 p
2
δ − δ1 + ε1 + ε2 2a+ 2b = −6− 3(p− 1)(m+ 3)

7 p
2
δ + δ1 − ε1 4a− 2b = 3(3 +m)(1 + p)

8 p
2
δ + δ1 − ε2 −2a+ 4b = −6 + 3(3 +m)(p+ 1)

9 p
2
δ + δ1 − ε1 − ε2 2a+ 2b = −6 + 3(3 +m)(p+ 1)

Case 1. Since −4a + 2b ≤ 0, and the right hand side is non-negative,
the only possibility is p = −1, which forces b = 2a and the only simple
isotropic root orthogonal to ν̂s + ρ̂ tw is precisely the root in Πν

1̄
. In this

case ν − ρR = (a− 1)ε1 + (2a− 1)ε2 /∈ P+.
Cases 2, 5. Since 2a− 4b ≤ 0, equality cannot hold.
Case 3. If p ≥ 1, then equality cannot occur since 2a + 2b ≤ 4m. If

p = −1, the equality becomes 2a+ 2b = 9, which is impossible.
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Case 4. If p = 1 we are back to Case 1. If p ≥ 3, equality cannot occur
since 4a− 2b ≤ 4m wheres the r.h.s is greater than 6m.

Case 6. The left hand side is non-negative and right hand side is neg-
ative.

Case 7. Similar to Case 4.
Cases 8, 9. In both cases the left hand side is less or equal than 4m,

whereas −6 + 3(3 +m)(p+ 1) ≥ 6m+ 3, hence equality cannot hold.
Let now g = spo(2|2r + 1). The set of odd isotropic roots of ĝtw is

{pδ/2 ± ε1 ± δ1 | 1 ≤ i ≤ r, p odd integer}. Set m := M1(k). Recall

that ν =
r∑

j=1
aiεi with a1 ≥ a2 ≥ · · · ≥ ar ≥ 0 and ai ∈ Z+ for all i or

ai ∈ 1
2+Z+ for all i, and finally a1+a2 ≤ m. Relation (ν̂s0+ρ̂

tw|γi(p)) = 0
implies

p± 1

2
(−m+ 2− 2r) = ±(ai + r − i),

which in turn implies

(12.2)
∣∣∣p± 1

2

∣∣∣ (m+ r + r − 2) = (ai + r − i) ≤ m+ r − 1.

If r > 1, (12.2) implies p = ±1, i = r and ar = 0 and the only simple
isotropic root orthogonal to ν̂s0 + ρ̂ tw is precisely the root in Πν

1̄
.

Finally consider the case r = 1, i.e., g = spo(2|3). Then, if ν = a
2ε1,

we have

(12.3)
(
ν̂s0 + ρ̂tw| ± ε1 ± δ1 +

p

2
δ
)
=

1

8
(∓2a+m(∓1− p)).

If (12.3) vanishes, then m divides a, and since 0 ≤ a ≤ m, we have either
a = 0 or a = m. In the former case the ν − ρR /∈ P+, in the latter ν − ρR
is extremal. In both cases the only simple isotropic root orthogonal to
ν̂s0 + ρ̂ tw is precisely the root in Πν

1̄
.

Theorem 12.4. Assume Conjecture 9.11. Let k be in the unitary range,
ν ∈ P+

k , and assume that ν̂s0 is non-degenerate. Then

(1 + ε(σR))F̂
RchLW (ν,A(k, ν))(12.4)

= q
(ν̂s0 |ν̂s0+2ρ̂ tw)

2(k+h∨) +a(k)
e−ρR

∑
w∈Ŵ �

det(w)
q(w(ν̂s0+ρ̂ tw)−ρ̂ tw)(x+D)e

(w(ν̂s0+ρ̂ tw)−ρ̂ tw)|h�∏
β∈Πν

1̄

(1 + qw(β)(x+D)e
−w(β)|h� )

,

where a(k) is given by (8.4).
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Proof. Combining Lemmas 9.8 and 9.9 with Proposition 12.3, we have
proved that the hypothesis of Proposition 8.6 are satisfied. Formula (12.4)
follows form Proposition 8.6 using Conjectures 9.11 in the same way as in
the proof of Theorem 9.13.

Remark 12.5. In the NS sector a formula similar to (12.4) holds. More
precisely

F̂NSch LW (ν,A(k, ν))(12.5)

= q
(ν̂t0 |ν̂t0+2ρ̂)

2(k+h∨)
∑

w∈Ŵ �

det(w)
q(w(ν̂t0+ρ̂)−ρ̂)(x+D)e

(w(ν̂t0+ρ̂)−ρ̂)|h�∏
β∈Π1̄

(1 + qw(β)(x+D)e
−w(β)|h� )

,

where t0 is either (ν|ξ) or k + 1 − (ν|ξ) (we have shown in [15] that at
least one of the two values yields a non-degenerate νt0). This is essentially
formula (14.6) from [15]. Note that if ν = 0 then (kΛ0 + ρ̂|δ− θ) = k+1,
which is never a positive integer, hence we can choose t0 = 0.

13. Denominator identities

Let k0 be non-critical and such that Wmin
k0

(g) = C|0〉. Since, as shown in
[2], this happens if and only if Mi(k0) = 0 for all i, it follows from Table
6.3 that this happens in the following cases, where v = ui from Table 6.3.

Table 13.1.

g psl(2|2) spo(2|m), m �= 3 F (4) G(3)

k0 −1 − 1
2

− 2
3

− 3
4

u −2 −1 − 4
3

− 3
2

h∨ 0 2− m
2

−2 − 3
2

h̄∨ −2 1− m
2

− 10
3

−3

b = h∨+h̄∨
u

1 m− 3 4 3

Recall from [13, § 6] the decomposition

(13.1) Ŵ � =W � � T �,

where T � = {tα | α ∈M �}, M � is the Z-span of the long roots of g�, and

(13.2) tα(λ) = λ+
2

v
λ(K)α− 2

v

(
(λ|α) + 1

v
(α|α)λ(K)

)
δ
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(cf. [13, (6.5.3)], where this formula is given using the normalized invariant
bilinear form).

Let b = h∨+h̄∨
u (see Table 13.1 for its values).

Theorem 13.1. We have for all g listed in Table 13.1, except for g =
spo(2|N), 0 ≤ N ≤ 3:
(13.3)

F̂NS = e−ρ�
∑

w̄∈W �

∑
α∈M�

det(w̄)
ew̄(ρ�+bα)∏

β∈Π1̄

(1 + e
−w̄(β|h� )q−

2
u
(α|β)+ 1

2 )
q
b
v (α|α)+

2
v (ρ

�|α).

If Conjecture 9.11 holds, then
(13.4)

F̂R =
eρR−ρ�

1 + ε(σR)∑
w̄∈W �

∑
α∈M�

det(w̄)
ew̄(ρ�−ρR+bα)∏

β∈Πν
1̄

(1 + e
−w̄(β|h� )q−

2
u
(α|β))

q
b
v (α|α)+

2
v (ρ

�−ρR|α).

Proof. We apply Remark 12.5 to the (untwisted) ĝ-module L(k0Λ0) �
Vk0(g) and t0 = 0. Since H0(L(k0Λ0)) =Wmin

k0
(g) = C|0〉, we obtain

(13.5) F̂NS =
∑

w∈Ŵ �

det(w)
q(w(k0Λ0+ρ̂)−ρ̂)(x+D)e

(w(k0Λ0+ρ̂)−ρ̂)|h�∏
β∈Π1̄

(1 + qw(β)(x+D)e
−w(β)|h� )

.

To compute the right hand side of (13.5), write w = w̄tα, given by the
decomposition (13.1) and formula (13.2), to obtain

w(k0Λ0 + ρ̂)− ρ̂ = w̄tα((k0 + h∨)Λ0 + ρ)− ρ̂

= k0Λ0 + w̄(ρ)− ρ+
2

v
(k0 + h∨)w̄(α)

− 2

v

(
α|ρ+ 1

v
(k0 + h∨)α

)
= k0Λ0 + w̄(ρ)− ρ+ bw̄(α)− 2

v

(
α|ρ+ b

2
α
)
δ,

so that, since (α|ρ) = (α|ρ�), we have

q(w(k0Λ0+ρ̂)−ρ̂)(x+D)e
(w(k0Λ0+ρ̂)−ρ̂)|h� = ew̄(ρ�+bα)−ρ�q

2
v (α|ρ�+

b
2α).

Similarly

w(β) = w̄tα(β) = w̄(β)− 2

v
(β|α)δ,
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so that, since w̄(β)(D + x) = w̄(β)(x) = β(x) = 1
2 ,

qw(β)(x+D)e
−w(β)|h� = e

−w̄(β|h� )q−
2
v (β|α)+

1
2 .

Substituting, we find (13.3).
Now we prove (13.4). Recall that

s0 =

⎧⎨⎩
k0 + 1

2
+ (ρR − ρ�|ηmin) if θ/2 is not a root of g,

2k0 + 1

4
if θ/2 is a root of g.

By Lemma 9.4, �(s0) = A(k0, 0). Recall the polynomial p(k), mentioned
at the beginning of Sect. 5. Recall [2, Theorem 3.3] that p(k0) = 0. Com-
bining this observation with (6.31) and (6.19), we find that A(k0, 0) = 0,
so �(s0) = 0. If ν = 0, then (see (9.1)) ν̂s0 = k0Λ0 + s0θ + ρR. Since

(ν̂s0 + ρ̂tw|δ − θ) =

{
2(ρR − ρ�|ηmin) if θ/2 is not a root of g,
0 if θ/2 is a root of g,

we see by a case-wise inspection that ν̂s0 is non-degenerate. Assuming
Conjecture 9.11, by Proposition 9.12 and the fact that ν = 0 and �(s0) = 0,
we have

H0(L(ν̂s0)) = (1 + ε(σR))L
W (0, 0).

Since Wmin
k0

(g) = C|0〉 and the maximal proper ideal of W k0
min(g) is σR-

stable, C|0〉 is a one-dimensional σR-twisted representation of W k0
min(g),

hence LW (0, 0) = C|0〉. Apply now Theorem 12.4 to LW (0, 0). As above,
we compute:

w(k0Λ0 + s0θ + ρR + ρ̂tw)− ρ̂tw

= w̄tα((k0 + h∨)Λ0 + s0θ − ρR + ρ)− ρ̂tw

= k0Λ0 + s0θ + w̄(ρ− ρR) + 2ρR − ρ+ bw̄(α) +
2

v

(
α|ρ− ρR +

b

2
α
)
δ,

so

eev(w(k0Λ0+s0θ+ρR+ρ̂tw)−ρ̂tw) = ew̄(ρ�−ρR+bα)e2ρR−ρ�q−s0q
2
v (α|ρ�−ρR+

b
2α).

Similarly

w(β) = w̄tα(β) = w̄(β)− 2

v
(β|α)δ,

so that, since w̄(β)(D + x) = β(D + x) = 0,

e−ev(w(β)) = e
−w̄(β|h�)q−

2
v (β|α).
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Substituting in (12.4) we find (13.4), since s0 = ν̂s0(x+D) and

(ν̂s0 |ν̂s0 + 2ρ̂ tw)

2(k + h∨)
+ a(k)− ν̂s0(x+D) = �(s0) = 0.

In the subsequent subsections we write down the denominator identi-
ties (13.3) and (13.4) explicitly. To simplify notation we set

ϑ0(x) =
∞∏
j=1

(1− xqj−1)(1− x−1qj),

ϑ1(x) = ϑ0(−xq 1
2 ) =

∞∏
j=1

(1 + xqj−
1
2 )(1 + x−1qj−

1
2 ),

(13.6)

ϕ(q) =
∞∏
j=1

(1− qj), ϕ1(q) =
∞∏
j=1

(1 + qj−
1
2 ),

ϕ2(q) =
ϕ(q2)

ϕ(q)
=

∞∏
j=1

(1 + qj).

(13.7)

If g = spo(2|2r), g = D(2, 1; a), or g = F (4), the denominator formulas in
the Ramond sector depend on the choice of the set Π̂ of simple roots for
ĝ tw, which ultimately depends on the choice of ηmin. We now explain how
to obtain one formula from the other one. Choose ηmin and write FR(ηmin)
for the corresponding denominator and ρR(ηmin) for the corresponding
ρR. We observe that FR(−ηmin) = e−ηminFR(ηmin) and that ρR(−ηmin) =
ρR(ηmin) − ηmin. It follows that the denominator formula for −ηmin is
obtained from the formula for ηmin by multiplying both sides by e−ηmin .
In these cases we make only one choice for ηmin and write down only the
corresponding formula.

13.1. g = spo(2|N), N = 0, 1, 2, k0 = −1
2

These cases are not covered by (13.3) and (13.4).
If N = 0, W k

min(g) is the universal Virasoro vertex algebra of central
charge c(k) = 3k

k+2−6k−2, so, since c(k0) = 0,Wmin
k (g) = H0(L(−1

2Λ0)) =

C. Next note that −1
2 is an admissible level so, by [17, Theorem 1 and

Example 1],

(13.8) R̂ ch L
(
− 1

2
Λ0

)
=

∑
w∈Ŵint

det(w)ew(− 1
2
Λ0+ρ̂)−ρ̂,
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where Ŵint is the Weyl group of the set of roots corresponding to the set
of simple roots Π̂int = {θ, 2δ − θ}. Applying the functor H, it follows, by
Arakawa theorem, that

(13.9)
∏
n≥1

(1− qn) =
∑

w∈Ŵint

det(w)q−(w(− 1
2
Λ0+ρ̂)−ρ̂)(x+D).

We argue as in Theorem 13.1: write w ∈ Ŵint as w̄tnθ with w̄ ∈ {1, sθ}
and

tnθ(Λ̂) = Λ̂ + 2nΛ̂(K)θ − 4n(nΛ̂(K) + Λ̂(x))δ.

In our special case we obtain

tnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 + 3nθ − 2n(1 + 3n)δ,

while

sθtnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 − (3n+ 1)θ − 2n(1 + 3n)δ

so (13.9) becomes∏
n≥1

(1− qn) =
∑
n∈Z

(q6n
2−n − q6n

2+5n+1) =
∑
m∈Z

(−1)mq
3m2+m

2 ,

which is the Euler identity for the classical partition function.
Next we discuss N = 1. In the NS sector we have C|0〉 =Wmin

−1/2(spo(2|1))
= H(L(−1

2Λ0)). It follows from [17, Example 2 and Theorem 1], that
−1

2Λ0 is an admissible weight for spo(2|1)∧, hence (13.8) holds with Ŵint

the Weyl group of the root subsystem generated by the set of simple roots

Πint =
{θ
2
, δ − θ

2

}
.

Applying the functor H and using Arakawa theorem, we obtain

(13.10)
∏
n≥1

1− qn

1 + qn−
1
2

=
∑

w∈Ŵint

det(w)q−(w(− 1
2
Λ0+ρ̂)−ρ̂)(x+D).

Note that the group Ŵint is the same as in the N = 0 case. In our special
case we obtain

tnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 − 2nθ − n(1 + 4n)δ,

while

sθtnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 −

(
2n+

1

2

)
θ − n(1 + 4n)δ,
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so (13.10) becomes∏
n≥1

1− qn

1 + qn−
1
2

=
∑
n∈Z

(q4n
2−n − q4n

2+3n+
1
2 )

=
∞∑
n=0

(q4n
2−n − q4n

2+3n+
1
2 ) +

∞∑
n=1

(q4n
2+n − q4n

2−3n+
1
2 )

=
∑

m∈4Z+−1

q
1
4
m(m+1) −

∑
m∈4Z++1

q
1
4
m(m+1) +

∑
m∈4N

q
1
4
m(m+1)

−
∑

m∈4N−2

q
1
4
m(m+1)

=
∞∑

m=0

(−q 12 )m(m+1)/2.

Replacing q by q2 and then changing the sign of q, we obtain the Gauss
identity for the generating series of triangular numbers:∏

n≥1

1− q2n

1− q2n+1
=

∞∑
n=0

q
n(n+1)

2 .

In the Ramond sector, using Conjecture 9.11, we have

(13.11) H
(
L
(
− 1

2
Λ0

))
= LW (0, 0)⊕ LW (0, 0) = C2.

The character of the ĝ tw-module L(−1
2Λ0) is given by

ch L
(
− 1

2
Λ0

)
=

∑
w∈Ŵint

det(w)
ew(− 1

2
Λ0+ρ̂ tw)−ρ̂ tw

R̂ tw

so, applying the twisted quantum Hamiltonian reduction functor, the iden-
tity becomes
(13.12)

2
∏
n≥1

1− qn

1 + qn−1
=

∏
n≥1

1− qn

1 + qn
=

∑
w∈Ŵint

det(w)q−(w(− 1
2
Λ0+ρ̂ tw)−ρ̂,tw)(x+D).

The Weyl group Ŵint is again the same as in the N = 0 case. We obtain

tnθ

(
− 1

2
Λ0 + ρ̂tw

)
− ρ̂tw = −1

2
Λ0 + 2nθ − 2n(1 + 2n)δ,

while

sθtnθ

(
− 1

2
Λ0 + ρ̂tw

)
− ρ̂tw = −1

2
Λ0 − (2n+ 1)θ − 2n(1 + 2n)δ,
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so (13.12) becomes∏
n≥1

1− qn

1 + qn
=

∑
n∈Z

(q(2n)
2 − q(2n+1)2) =

∑
n∈Z

(−1)nqn
2
,

which is Gauss identity for the generating series of square numbers.

Remark 13.2. This gives some evidence for Conjecture 9.11, which has
been used in a crucial way in (13.11).

In the N = 2 case we have Wmin
−1/2(spo(2|2)) = C. By [10, Corol-

lary 11.2.4] and the remark thereafter, we can apply formula (35) of [10].
Following [10], we choose the set of simple roots for g = spo(2|2) to be
Π = {α1, α2} with both simple roots isotropic so that we can compute the
character of L(−1

2Λ0) explicitly, using [10, (14)]. By applying the quan-
tum Hamiltonian reduction functor as in Proposition 8.6, we derive the
character formula of H(L(−1

2Λ0)):

chH
(
L
(
− 1

2
Λ0

))
=

1

F̂NS

∑
w∈Ŵint

det(w)
q−(w(−1

2Λ0+ρ̂)−ρ̂)(x+D)e
(w(−1

2Λ0+ρ̂)−ρ̂)|h�∏
β∈Π1̄

(1 + q(wβ)(x+D)e
−w(β)|h� )

.

In this case Π1̄ = {α1} and Ŵint is, once again, the group as in the N = 0
case.

Arguing as in the proof of Theorem 13.1, we find∏
n≥1

(1− qn)2

(1 + e
−(α1)|h� qn−

1
2 )(1 + e

−(α2)|h� qn−
1
2 )

=
∑

w∈Ŵint

det(w)
q−(w(−1

2Λ0+ρ̂)−ρ̂)(x+D)e
(w(−1

2Λ0+ρ̂)−ρ̂)|h�

1 + q(wα1)(x+D)e
−w(α1)|h�

.(13.13)

More explicitly, write α1 = δ1 + ε1, so that α2 = δ1 − ε1, and set
z = eε1 . Since ρ̂ = Λ0 in this case, we have

tnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 + nθ − 2n2δ, tnθ(α1) = −2nδ + α1,

while

sθtnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 − nθ − 2n2δ, sθtnθ(α1) = −2nδ − α2,
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so (13.13) becomes

(13.14)
ϕ(q)2

ϑ1(z−1)
=

∑
n∈Z

( q2n
2−n

1 + z−1q−2n+
1
2

− q2n
2+n

1 + z−1q−2n−1
2

)
.

Here and further this is viewed as an identity of formal power series in q
with functions in z as coefficients, using the |q| < 1 expansion of the two
series (see Remark 8.7).

In the Ramond sector choose ηmin = ε1, so that s0 = 0 and ρR = ε1/2.
Using Conjecture 9.11 b), we have

H
(
L
(
− 1

2
Λ0 +

1

2
ε1

))
= LW (0, 0) = C.

As in the NS sector, we apply formula (35) of [10], using (14) of [10] to
compute its right hand side, and then apply the quantum Hamiltonian
reduction functor. This gives the character formula:

chH
(
L
(
− 1

2
Λ0 +

1

2
ε1

))
=
e−ρR

F̂R

∑
w∈Ŵint

det(w)
q−(w(−1

2Λ0+
1
2 ε1+ρ̂ tw)−ρ̂ tw)(x+D)e

(w(−1
2Λ0+

1
2 ε1+ρ̂ tw)−ρ̂ tw)|h�∏

β∈Π1̄

(1 + q(wβ)(x+D)e
−w(β)|h� )

,

where
∏̄
1

= {β} with β = −1
2δ+α1 and Ŵint is the group as in the N = 0

case. The denominator identity becomes∏
n≥1

(1− qn)2

(1 + z−1qn−1)(1 + zqn)

= z−
1
2

∑
w∈Ŵint

det(w)
q−(w(−1

2Λ0+ε1/2+ρ̂tw)−ρ̂tw)(x+D)e
(w(−1

2Λ0+ε1/2+ρ̂tw)−ρ̂tw)|h�

1 + q(wβ)(x+D)e
−(wβ)|h�

.

(13.15)

In this case, we have

tnθ

(
− 1

2
Λ0 +

ε

2
+ ρ̂tw

)
− ρ̂tw = −1

2
Λ0 +

ε

2
+ nθ − 2n2δ,

tnθ(β) = −
(1
2
+ 2n

)
δ + α1,

while

sθtnθ

(
− 1

2
Λ0 + ρ̂

)
− ρ̂ = −1

2
Λ0 +

ε

2
− nθ − 2n2δ,
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sθtnθ(β) = −
(1
2
+ 2n

)
δ − α2,

so (13.15) becomes

ϕ(q)2

ϑ0(−z−1)
=

∑
n∈Z

( q2n
2−n

1 + z−1q−2n
− q2n

2+n

1 + z−1q−2n−1

)
=

∑
r∈Z

(−1)r
q

r(r+1)
2

1 + z−1qr
.

(13.16)

This last identity is proven in [18] by specializing a denominator identity
for sl(2|1)∧ (see [18], formula (4.8)), which is the celebrated Ramanujan
identity:

(13.17)
ϕ(q)2ϑ0(xy)

ϑ0(−x)ϑ0(−y) =
( ∞∑

m,n=0

−
−∞∑

m,n=−1

)
(−1)m+nxmynqmn,

therefore (13.16) can be seen as another piece of evidence for Conjecture
9.11. Actually (13.17) follows from (13.14) by replacing z by zq

1
2 . This is

not surprising due to the spectral flow.

13.2. g = psl(2|2), k0 = −1

In the NS sector, (13.3) gives, letting eδ1 = x and e−δ2 = y, we obtain
(13.18)
ϕ(q)2ϑ0(x

−1y−1)

θ1(x)θ1(y)

=
∑
n∈Z

( xnyn

(1 + xqn+
1
2 )(1 + yqn+

1
2 )

− x−n−1y−n−1

(1 + x−1qn+
1
2 )(1 + y−1qn+

1
2 )

)
qn

2+n.

In the Ramond sector, recalling that Πν
1̄
= {−1

2δ+δ1−ε2,−1
2δ+ε1−δ2},

(13.4) gives, letting eδ1 = x and e−δ2 = y,
(13.19)

ϕ(q)2ϑ0(x
−1y−1)

ϑ0(−x−1)ϑ0(−y−1)

=
∑
n∈Z

( xnyn

(1 + x−1q−n)(1 + y−1q−n)
− x−ny−n

(1 + xq−n)(1 + yq−n)

)
qn

2
.

Note that this identity follows from (13.17) by replacing x with x−1 and
y by y−1.
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13.3. g = spo(2|3), k0 = −1
2

In the N = 3 case k0 is critical for g, hence our previous approach does
not apply. Nevertheless we are able to prove a denominator formula by
replacing in (13.17) q by q2 and then setting x = qz, y = q. We obtain∏

n≥1

(1− q2n)2(1− z−1q2n−2)(1− zq2n)

(1 + q2n−1)2(1 + zq2n−1)(1 + z−1q2n−1)

=
( ∞∑

m,n=0

−
−∞∑

m,n=−1

)
(−1)m+nzmq2mn+m+n,

or, after replacing q by q
1
2 and z by z−1,

ϕ(q)2ϑ0(z)

ϑ1(z)
= ϕ1(q)

( ∞∑
m,n=0

−
−∞∑

m,n=−1

)
(−1)m+nz−mqmn+ 1

2
(m+n),

which, setting z = e−ε1 = e
α1|h� , is the denominator identity for W k

min(spo(2|3))
in NS sector.

In the Ramond sector we rewrite (13.17) as∏
n≥1

(1− qn)2(1− x−1y−1qn−1)(1− xyqn)

(1 + x−1qn−1)(1 + xqn)(1 + y−1qn−1)(1 + yqn)

=
( ∞∑

n=1

(−1)ny−n +

∞∑
m=0

(−1)mx−m
)

+
( ∞∑

m,n=1

−
−∞∑

m,n=−1

)
(−1)m+nx−my−nqmn

which, in R(ΠR), is equivalent to

(13.20)

∏
n≥1

(1− qn)2(1− x−1y−1qn−1)(1− xyqn)

(1 + x−1qn)(1 + xqn)(1 + y−1qn−1)(1 + yqn)

= 1 +
( ∞∑

n=1

(−1)n(1 + x)y−n
)

+ (1 + x−1)
( ∞∑

m,n=1

−
−∞∑

m,n=−1

)
(−1)m+nx−my−nqmn.

We note that we can specialize x = 1 in both sides so we obtain the
identity (setting z = y−1)

ϕ(q)2ϑ0(z)

ϕ2(q)ϑ0(−z)
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= ϕ2(q)
(
1 + 2

∞∑
n=1

(−1)nzn + 2
( ∞∑

m,n=1

−
−∞∑

m,n=−1

)
(−1)m+nznqmn

)
.

13.4. g = D(2, 1; 1) = spo(2|4), k0 = −1
2

In the NS sector, (13.3) gives, letting x = eθ1/2, y = eθ2/2:

ϕ(q)3ϑ0(x
−2)ϑ0(y

−2)

ϑ1(xy)ϑ1(xy−1)

=
∑

m,n∈Z

( x2my2n

1 + xyqm+n+ 1
2

− x−2m−2y2n

1 + x−1yqm+n+ 1
2

− x2my−2n−2

1 + xy−1qm+n+ 1
2

+
x−2m−2y−2n−2

1 + x−1y−1qm+n+ 1
2

)
qm

2+n2+m+n.

In the Ramond sector, we have two choices for ηmin = ±(θ1/2− θ2/2).
Choosing the + sign, (13.4) gives, letting eθ1/2 = x, eθ2/2 = y:

ϕ(q)3ϑ0(x
−2)ϑ0(y

−2)

ϑ0(−y−1x−1)ϑ0(−x−1y)

=
∑

m,n∈Z

( x−2my2n

1 + x−1yqn+m
− x2my2n

1 + xyqn+m
− x−2my−2n−2

1 + x−1y−1qn+m

+
x2my−2n−2

1 + xy−1qn+m

)
qm

2+n2+n.

13.5. g = spo(2|2r), r > 2, k0 = −1
2

Set yi = eεi , i = 1, . . . , r. Recall that in this case W � is the subgroup of
{±1}r � Sr consisting of elements (i1, . . . , ir)σ with an even number of
−1 in (i1, . . . , ir). Moreover,

M � =
{ r∑

i=1

miεi | mi ∈ Z, 1 ≤ i ≤ r,
r∑

i=1

mi ∈ 2Z
}
.

The denominator identity (13.3) is

ϕ(q)r+1
∏

1≤i<j≤r
ϑ0(y

−1
i yj)ϑ0(y

−1
i y−1

j )∏
1≤i≤r

ϑ1(yi)
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=
r∏

i=1

yi−r
i

∑
w̄∈W �

∑
m1,...,mr

det(w̄)

w̄(
r∏

i=1
y
(2r−3)mi+r−i
i )

1 + w̄(y1)q
m1+

1
2

q
(r−3

2 )
∑
i
m2

i+
∑
i
(r−i)mi

.

Choosing ηmin = εr, the denominator identity (13.4) is

∞∏
n=1

ϕ(q)r+1
∏

1≤i<j≤r
ϑ0(y

−1
i yj)ϑ0(y

−1
i y−1

j )∏
1≤i≤r

ϑ0(−y−1
i )

=
1

2

r∏
i=1

y
1
2+i−r

i

∑
w̄∈W �

∑
m1,...,mr

det(w̄)

w̄(
r∏

i=1
y
(2r−3)mi+r−i−1

2
i )

1 + w̄(y−1
r )q−mr

· q(r−
3
2 )

∑
i
m2

i+
∑
i
(r−i−1

2 )mi

.

13.6. g = spo(2|2r + 1), r ≥ 2, k0 = −1
2

Set yi = eεi , i = 1, . . . , r. Recall that in this case W � ∼= {±1}r � Sr; if
the isomorphism is w̄ ↔ (i1, . . . , ir)σ, ij ∈ {±1}, the action of σ on the yi
is just the permutation action, whereas (i1, . . . , in)(yj) = y

ij
j . The lattice

M � is the same as in the even case. The denominator identity (13.3) is

ϕ(q)r+1
∏

1≤i<j≤r
ϑ0(y

−1
i yj)ϑ0(y

−1
i y−1

j )
∏

1≤i≤r
ϑ0(y

−1
i )

ϕ1(q)
∏

1≤i≤r
ϑ1(yi)

=
r∏

i=1

y
2i−2r−1

2
i

∑
w̄∈W �

∑
m1,...,mr

det(w̄)

w̄(
r∏

i=1
y
2(r−1)mi+

2r+1−2i
2

i )

1 + w̄(y1)q
m1+

1
2

· q(r−1)
∑
i
m2

i+
∑
i
(r−i)mi

.

The denominator identity (13.4) is

ϕ(q)r+1
∏

1≤i<j≤r
ϑ0(y

−1
i yj)ϑ0(y

−1
i y−1

j )
∏

1≤i≤r
ϑ0(y

−1
i )

ϕ2(q)
∏

1≤i≤r
ϑ0(−y−1

1 )
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=
r∏

i=1

yi−r
i

∑
w̄∈W �

∑
m1,...,mr

det(w̄)

w̄(
r∏

i=1
y
2(r−1)mi+r−i
i )

1 + w̄(y−1
r )q−mr

· q(r−1)
∑
i
m2

i+
∑
i
(r−i+

1
2)mi

.

13.7. g = F (4), k0 = −2
3

Set yi = eεi/2, i = 1, 2, 3. Since g� = so(7) we identify W � with {±1}3�S3

as in the spo(2|2r + 1) case.
In the NS sector, (13.3) reads

ϕ(q)4
∏

1≤i≤3
ϑ0(y

−2
i )

∏
1≤i≤j≤3

ϑ0(y
−2
i y−2

j )
∏

1≤i≤j≤3
ϑ0(y

−2
i y2j )

ϑ1(y1y2y3)ϑ1(y1y2y
−1
3 )ϑ1(y1y

−1
2 y3)ϑ1(y

−1
1 y2y3)

= y−5
1 y−3

2 y−1
3

∑
m,r,t∈Z

m+t+r≡0 mod 2

q2m
2+2r2+2t2+ 5m+3r+t

2

( ∑
w̄∈W �

det(w̄)
w̄(y8m+5

1 y8r+3
2 y8t+1

3 )

1+qbm,r,t w̄(y1y2y3)

)
,

where bm,r,t = (m+ t+ r+1)/2. In the Ramond sector, we choose ηmin =
1
2(−ε1 + ε2 + ε3). Then (13.4) becomes

ϕ(q)4
∏

1≤i≤3
ϑ0(y

−2
i )

∏
1≤i≤j≤3

ϑ0(y
−2
i y−2

j )
∏

1≤i≤j≤3
ϑ0(y

−2
i y2j )

ϑ0(−y−1
1 y−1

2 y−1
3 )ϑ0(−y−1

1 y−1
2 y3)ϑ0(−y−1

1 y2y
−1
3 )ϑ0(−y1y−1

2 y−1
3 )

= y−4
1 y−2

2

∑
m,r,t∈Z

m+t+r≡0 mod 2

q2m
2+2r2+2t2+2m+r

( ∑
w̄∈W �

det(w̄)
w̄(y8m+4

1 y8r+2
2 y8t3 )

1+qb̄m,r,t w̄(y1y
−1
2 y−1

3 )

)
,

where b̄m,r,t = (m− r − t)/2.

13.8. g = G(3), k0 = −3
4

Set yi = eεi , i = 1, 2. Since g� = G2, W � is the dihedral group of order 12
with Coxeter generators s1, s2 acting as

s1(y1) = y−1
1 , s2(y1) = y2, s1(y2) = y1y2, s2(y2) = y1.

In the NS sector, (13.3) becomes

ϕ(q)3ϑ0(y
−1
1 )ϑ0(y

−1
2 )ϑ0(y1y

−1
2 )ϑ0(y

−1
1 y−1

2 )ϑ0(y
−2
1 y−1

2 )ϑ0(y
−1
1 y−2

2 )

ϕ1(q)ϑ1(y1)ϑ1(y2)ϑ1(y1y2)
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= y−2
1 y−3

2

∑
m,n∈Z

m+n≡0 mod 3

qm
2+n2+m−3mn+4n

3

( ∑
w̄∈W �

det(w̄)
w̄(y3m+2

1 y3n+3
2 )

1 + w̄(y1y2)qam,n

)
,

where am,n = m+n
3 + 1

2 . In the Ramond sector, (13.4) becomes

ϕ(q)3ϑ0(y
−1
1 )ϑ0(y

−1
2 )ϑ0(y1y

−1
2 )ϑ0(y

−1
1 y−1

2 )ϑ0(y
−2
1 y−1

2 )ϑ0(y
−1
1 y−2

2 )

ϕ2(q)ϑ0(−y−1
1 )ϑ0(−y−1

2 )ϑ0(−y−1
1 y−1

2 )

= y−1
1 y−2

2

∑
m,n∈Z

m+n≡0 mod 3

( ∑
w̄∈W �

det(w̄)
w̄(y3m+1

1 y3m+2
2 )

1+w̄((y1y2)−1)qām,n

)
qm

2+n2+m−mn,

where ām,n = n−2m
3 .

14. Appendix. Denominator identity for minimal W -algebras
of Deligne series

Let g be the simple Lie algebra D4, E6, E7, or E8, and let a = h∨
6 + 1.

Then, for any integer j such that 0 < j < a, there exist unique simple

roots α1, . . . , αj such that θ −
j∑

i=1
αi is a root. Set α = θ −

a−1∑
i=1

αi. Then

(ρ|α) = h∨ − a. Let k0 = −a, then (k0Λ0 + ρ̂|α) = k0 + h∨ = b = h∨+h̄∨
2

(in our cases b = 4, 9, 14, 24 respectively). By [4, Theorem 7.2] or [2,
Proposition 3.4], dimWmin

k0
(g) = 1. A character formula, for certain g-

modules L(Λ) of negative integer level k ≥ k0, has been conjectured in
[21, (3.1)] and proved in [5], formulas (5) and (6). A special case of this
formula is

(14.1) R̂ ch L(k0Λ0) =
1

2

∑
w∈W

det(w)
∑
γ∈Q

((γ|α) + 1)ewtγ(k0Λ0+ρ̂)−ρ̂,

where Q is the root lattice of g and W is its Weyl group. Let

F̂NS =
∞∏
n=1

(1− qn)dim h
∏

α∈Δ�
+

(1− qn−1e−α)(1− qneα)
∏

β∈Δ 1
2

(1− q
1
2
+ne

β|h� )

be the denominator for the W -algebra W k
min(g).

Recall that any element w ∈ W can be uniquely written as w = w�w̄,
where w� ∈ W � and w̄ is a right coset representative of W � in W of
minimal length, and that ρ− w̄(ρ) =

∑
η∈N(w̄)

η, where N(w̄) = {η ∈ Δ+ |

−w̄−1(η) ∈ Δ+}. If w̄−1(θ) ∈ Δ+ then (η|θ) = 1 for each η ∈ N(w̄), so
(ρ − w̄(ρ)|θ) = �(w̄). Observe that the map w̄ 
→ w̄−1(θ) is a bijection
between W �\W and Δ. Let η 
→ w̄η be its inverse.
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Theorem 14.1.

F̂NS =
e−ρ�

2

∑
η∈Δ+

γ∈Q
w�∈W �

det(w̄ηw
�)(γ|α)ew�w̄η(bγ+ρ)|h� q(ρ|γ)+

b(γ|γ)+h∨−1
2

(14.2)

· (q
cγ,η
2 + q−

cγ,η
2 ),

where cγ,η = b(γ|η)− �(w̄η) + h∨ − 1.

Proof. Since H0(L(k0Λ0)) =Wmin
k0

(g) = C|0〉, from (14.1) we obtain

(14.3) F̂NS =
1

2

∑
w∈W

det(w)
∑
γ∈Q

((γ|α) + 1)eev(wtγ(k0Λ0+ρ̂)−ρ̂).

Note that the coefficient (γ|α)+1 can be replaced by (γ|α) since the term
corresponding to 1 in the right hand side of (14.1), multiplied by 2eρ̂, is∑
w∈Ŵ

det(w)ew(k0Λ0+ρ̂), which is 0 since k0Λ0 + ρ̂ is orthogonal to δ − α.

By the definition (8.5) of ev we have

(14.4)
ev(wtγ(k0Λ0 + ρ̂)− ρ̂)

= ((wtγ(k0Λ0 + ρ̂)− ρ̂)(−x−D), (wtγ(k0Λ0 + ρ̂)− ρ̂)|h�).

To compute the right hand side of (14.4), use formula (13.2), noting that
ui = 2 for simply laced Lie algebras:

wtγ(k0Λ0 + ρ̂)− ρ̂ = k0Λ0 + w(bγ + ρ)− ρ−
(
(ρ|γ) + b

(γ|γ)
2

)
δ,

so (14.3) becomes

F̂NS =
1

2

∑
w∈W

det(w)
∑
γ∈Q

(γ|α)e(w(bγ+ρ)−ρ)|h� q(ρ|γ)+b
(γ|γ)
2 q(w(bγ+ρ)−ρ)(−x−D).

To compute

(w(bγ + ρ)− ρ)(−x−D) = (w(bγ + ρ)− ρ)(−x),

observe that w̄−η and sθw̄η are in the same right coset mod W �, so the
set {w̄η | η ∈ Δ+}∪{sθw̄η | η ∈ Δ+} is a set of right coset representatives
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for W �\W . If w = w�w̄η, η ∈ Δ+, then
(14.5)

(w(bγ + ρ)− ρ)(−x) =
(
w(bγ + ρ)− ρ| − θ

2

)
=

(
w̄η(bγ + ρ)− ρ| − θ

2

)
= −b

(
w̄ηγ|θ

2

)
+

(
ρ− w̄η(ρ)|θ

2

)
= − b

2
(γ|w̄−1

η (θ)) +
1

2
(ρ− w̄η(ρ)|θ).

On the other hand, if w = w�sθw̄η, then
(14.6)

(w(bγ + ρ)− ρ)(−x) =
(
w(bγ + ρ)− ρ| − θ

2

)
=

(
w̄η(bγ + ρ) + ρ|θ

2

)
= b

(
w̄ηγ|θ

2

)
+ (ρ|θ) +

(
w̄η(ρ)− ρ|θ

2

)
=
b

2
(γ|w̄−1

η (θ)) + (ρ|θ)− 1

2
(ρ− w̄η(ρ)|θ).

Since w�sθw̄η(bγ + ρ)|h� = sθw
�w̄η(bγ + ρ)|h� = w�w̄η(bγ + ρ)|h� , plugging

(14.5) and (14.6) into (14.3), by the discussion preceding the statement
of the theorem, we obtain

F̂NS =
1

2

∑
η∈Δ+

det(w̄η)
∑
γ∈Q

(γ|α)
∑

w�∈W �

det(w�)e
w�w̄η(bγ+ρ)|h�−ρ|h�

· q(ρ|γ)+
b(γ|γ−η)+�(w̄η)

2

+
1

2

∑
η∈Δ+

det(w̄η)
∑
γ∈Q

(γ|α)
∑

w�∈W �

det(w�)e
w�w̄η(bγ+ρ)|h�−ρ|h�

· q(ρ|γ+θ)+
b(γ|γ+η)−�(w̄η)

2 .

which, observing that ρ|h� = ρ�, is (14.2).
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