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ABSTRACT. We prove that the singularities of the R-matrix R(k) of the minimal quan-
tization of the adjoint representation of the Yangian Y'(g) of a finite dimensional simple
Lie algebra g are the opposite of the roots of the monic polynomial p(k) entering in the
OPE expansions of quantum fields of conformal weight 3/2 of the universal minimal affine
W-algebra at level k attached to g.

1. INTRODUCTION

Let g be a finite dimensional simple Lie algebra over C, different from si(2). Let Y(g)
be Drinfeld’s Yangian associated to g and W¥(g,6) the universal minimal affine 1W-algebra
at level k. The purpose of this paper is to explain a remarkable coincidence arising when
considering, on the one hand, the minimal quantization to Y (g) of the adjoint representation
of g, and, on the other hand, the OPE expansion for primary fields of W*(g, #) of conformal
weight 3/2. To explain more precisely this coincidence we need some recollections. The
algebra Y (g) is a Hopf algebra deformation of U(g[t]) which has been introduced in the famous
paper [Dr] to construct solutions of the quantum Yang-Baxter equation. Its presentation
involves generators X and J(X), X € g. In [Dr Theorem 8] Drinfeld explains how to quantize
the adjoint representation of g to Y (g): the “minimal” way of getting this quantization is
to consider the space V = g @ C and let the generators X, X € g act in the natural way,
and the generators J(X), X € g act by (24). Formula ([24]) involves a certain constant ¢,
which depends just on the choice of the bilinear invariant form on g. Expanding on Drinfeld’s
work, Chari and Pressley [CP| studied the R-matrix R(k) associated to V', and found that
the blocks of this matrix corresponding the trivial and the adjoint isotypic components have
as singularities 1, h" /2, and the roots r1, 5 of a degree two monic polynomial in k. Here and
further A" is the dual Coxeter number of g. It is implicit in their analysis that § = —%T1T2-
See Remark

Kac, Roan and Wakimoto [KRW] associated a vertex algebra W¥(g, f), called a universal
affine W-algebra, to each triple (g, f, k), where f is a nilpotent element of g viewed up to
conjugation, and k € C, by applying the quantum Hamiltonian reduction functor to the
affine vertex algebra V*(g). In particular, it was shown that, for & # —h", WFk(g, f) has a
set of free generators, including a Virasoro vector w. A more explicit presentation has been
obtained in [KW] when f is an element from the minimal non-zero nilpotent orbit. Since
e_y, a root vector attached to the minimal root —#, is such an element, we will denote this
vertex algebra by W¥(g,#). A further improvement has been obtained in , where it
has been proved that the OPE expansion of quantum fields of conformal weight 3/2 depends
on a canonical monic quadratic polynomial p(k). The surprizing fact is that its roots are —ry
and —7rs.

1


http://arxiv.org/abs/1912.07404v2

2 VICTOR G. KAC, PIERLUIGI MOSENEDER FRAJRIA, PAOLO PAPI

Our approach to the explanation is essentially Lie-theoretic, even if information coming
from the structure of vertex operator algebras generated by fields of low conformal weight
is needed. Our first step is to provide a proof of Theorem 8 in [Dr] convenient for our
goals. This is based on the analysis of certain g-equivariant maps Gy : /\2 g — S3(g*) and
Gs : N*g — S3(g*) (cf. (ZF)), which arise naturally when considering Drinfeld’s formula
[@4). The crucial Lemma has been suggested to us by Corrado De Concini. Along the
way we obtain a uniform formula for ¢, see (£I8]), (£.20]), which easily specialize to Drinfeld’s
expressions for 0 in each type of g. Remark that the handier formula (£I8]) is given in terms
of the grading (B1]) on g associated to an element from the minimal nilpotent orbit.

On the W-algebra side, we consider the grading (3.1]) and investigate the possible vertex
algebras generated by fields L, JV with v € g? (cf. @Z)), G* with u € g_1/2, with the

following A-brackets: L is a Virasoro vector with central charge kk(fglvg — 6k + hY — 4, J¥

are primary of conformal weight 1, GV are primary of conformal weight %, the J" generate
an affine vertex algebra, and no other constraints. The existence of such vertex algebras is
guaranteed by [KW]. The final outcome is that imposing Jacobi identity, up to an overall
multiplicative constant, one obtains precisely the relations given by [KW]|: see Proposition
(.8l Coming back to the explanation of the coincidence, one substitutes auxiliary relations
popping up in the proof of Proposition (cf. 31, (532)) in formula (ZI8) to get the
desired result: see Theorem
As a byproduct of our analysis, we get the following results.

(1) Uniform fomulas for dimg: in Proposition we get uniform formulas expressing
the dimension of g in terms of canonical data associated to the minimal grading (B.1]).

(2) Application to the Deligne exceptional series: in particular, we can view the simple
Lie algebras in the Deligne exceptional series in this framework (cf. Remark [5.0)),
providing a characterization in terms of the minimal grading which yields yet another
uniform derivation of the dimension formulas.

(3) OPE expansions of quantum fields of conformal weight 3/2: in Proposition (.8 we
refine Lemma 3.1] by providing a precise expression for the 0-th product
in the OPE expansions of quantum fields of conformal weight 3/2 in W¥(g, ).

2. YANGIANS

2.1. Setup and basic relations. Let g be a simple Lie algebra different from si(2). Fix a
Cartan subalgebra h of g and a set A of positive roots for the (g, h)-root system A. Let II
be the corresponding set of simple roots. For @ € A we let g, denote the corresponding root
space. Choose a nondegenerate invariant symmetric form (-,-) on g. Denote by a;,w;, 0 the
simple roots, the fundamental weights and the highest root, respectively. Set 6 = ). n;a;.
Let {X)}xea be an orthonormal basis of g.

As noticed in the Introduction, we will focus on the case when g is different from sl(2).
We recall the definition of the Yangian in this case.

Definition 2.1 (|D1]). The Yangian Y (g) is the unital associative C-algebra generated by
the set of elements {X, J(X) : X € g} subject to the defining relations

(2.1) XY ~YX = [X,Y],, J(X.Y])=[J(X)Y],
J(eX +dY)=cJ(X)+dJ(Y),
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(2.3)
[J(X), [J(Y), Z]] = [X,[J(V), J(Z)]| = > (X, Xu],[[Y, Xl [Z, X DX, X, X},
RWIRZIN
for all XY, Z, W € g and ¢,d € C, where {1,292, 23} = ﬁZFE% Tr(1)Tr(2)Tr(3) for all
xr1,T9,T3 € Y(g)

Remark 2.2. When g = si(2) relation ([Z3)) follows from (ZI) and (Z2)), but a further
complicated relation is needed: see [D1], [GRW] Theorem 2.6], [GNW, 3.2] for details.

2.2. Drinfeld’s Theorem on the minimal quantization of the adjoint representa-
tion. In the following we provide a uniform approach to Drinfeld’s description of the minimal
quantization of the adjoint representation of Y (g).

The following statement sums up the content of Theorems 7 and 8 from [Dr].

Theorem 2.1 (Drinfeld). Let g be a simple Lie algebra, different from sl(2). LetV = g®C.
(a). There exists a unique constant § € C such that the natural action of g on V extends
to an action of Y(g) by setting

(2.4) J(2)(y, @) = (b, (z,y)).
(b). If either n; =1 or n; = (0,0)/(q,a;), then the fundamental representation V,, of g
extends to a Y (g)-representation by letting J(x) act as 0.

Remark 2.3. For g = si(2) relation 2.4 holds for any J.
To prove Theorem 2] we need some preliminary work. Consider the maps G5 : /\2 g —
S3(g*) and Gs : A®g — S3(g*) defined by setting
(25) Ga(X AY)(a) = ([X,a],a],[Y,a]), Gs(X ANY A Z)(a) = ([X,al,[Y,d]],[Z,a]).
Let Op(X1 A AXp) = 3 (=)™ X X AXI AL AXG A AX AL X, be the usual

boundary operator for the Lie algebra homology. The next lemma has been suggested to us
by C. De Concini.

Lemma 2.2.

(1)
Gz = £Go 0 0s.
(2) The maps Ga,G3 are g-equivariant.
Proof. To prove (1) we start with the Jacobi identity:
[X,Y],al,a] = [[X,a],Y],a] + [[X,[Y,a]],a] = 2[[X,a], [Y,a]] + [X,[[Y,a],a]] - [\, [[X,a],a]],
Goo03(X NY NZ)=6G3(X NY NZ)
+ ([X,[[Y, a],a]) = [Y, [[X, a],a]), [Z, a]) + ([Z,[[X, ], a]] - [X,[[Z,a],al], [V, a])
+ (Y, [[Z, al, a]] = [Z,[[Y, a], a]], [X, a]).
Using the invariance of the form we have
Good3(X AY AZ)—6G5(X AY AZ) = (Z,R(X,Y,a)),
where
R(X,Y,a) = —[[X,[[Y,a],al],a] + [[Y,[[X,a],a]], a] + [[X,a],a],[Y, a]]
+ [a, [a, [X, [V, a]]]] = [a, [a, [Y, [X, a]]]] = [[[Y; ], al, [X, a]]).
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Since
(X [[Yal,a]l, o] = [[X,a],[[Y,a],a]] + [X, [[[Y ], a], a]]
and
[V, [[X, a],a]], a] = [[Y,a],[[X, a], a]] + [V, [[[X, a], a], a]],
we can rewrite R(X,Y,a) as
= [X,[[[Yo ], a], a]] + [V, [[[X, al, a], a]] + [a, [a, [X, [Y, a]]]] = [a, [a, [, [X, a]]]]
= —[X,[[[V,al, a], o] + [\ [[X, a], a], a]] + [a, [a, [X, Y], a]]]].
Thus
Goo03(X ANYNZ)—6G3(XANY NZ)=(Z,R(X,Y,a))
= (Z,-[X,[[[V,al, a], a]] + [\, [[[X, a], a], a]] + [a, [a, [[X, Y], a]]]])
= _([[[Z’ X]va]’a]v [Y’ CL]) - ([[[K Z]va]’a]v [Xv a]) - ([[[Xv Y]va]’a]v [Zv a])
= —G2 083(X/\Y/\Z)
To prove (2) observe that

G2(0(z)(X AY)(a) = ([[x, X], al, a], [Y, a]) + (([X, al, a], [, Y], a])
= ([z, [[X, al, a], [Y, a]) + (([[X, a], a], [, [V, a]])
+ ([[X, [z, a]], a], [Y, a]) + ([X, a], [z, a]], [Y, a]) + ([[X, a], a], [, [z, a]])
= ([X, [z,al],a], [Y,a]) + ([[X, a], [z, a]], [Y, a]) + ([[X, a], a], [Y, [, a]]).
Since 05 is g-equivariant, it follows from (1) that G is g-equivariant. O

t
Identify S3(g*) and S3(g) using the form (-,-). Set

(2.6) ¢; = ado Symmo G : /\g — End(g),

where Symm : S(g) — U(g) is the symmetrization map, ad is the extension to U(g) of the
adjoint representation ad : g — End(g). If X € A’g then, clearly, the map ¢;(X)(U,V) =
(¢:(X)(U), V) is bilinear in U,V so ¢; defines a map g; : \'g — g* ® g*.

*

Lemma 2.3. The maps g; are alternating, thus they define maps g; : N'g — N>g*.

Proof. By Lemma 2.2 in order to prove the first statement, we need only to prove that, if
U,V € g, then

Explicitly
(g2(X A Y =Y. D ([(Xap)ap] [Y.ap]) (laP0, [a7@  [a?>), U]]), V) =
0 P1,P2,P3
o Z Z X apl (Ip2 [Y apS]) (U7 [apa(3)7 [apa(2)7 [apa(l)v V]H)
g P1,P2,P3

Set 7 = 0 0 (13); then
ST N (X ap, ] apy), [Ys apy)) ([P, [aPe@) [aP=@) U], V) =

o P1,p2,P3
- Z Z ([[X, ap, |, ap, ], [Ys apy]) ([aP7 @), [aP7@), [P V]|, U)
T p1,p2,p3
as required. O
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Extend (-,-) to an invariant bilinear form on A*g (by determinants) and identify A%g* with
A?g using this form. In particular we can view the maps g; as maps from A’g to A2g.

Lemma 2.4. The map go is symmetric:
(X AY), UANV)=(XNY,g2(UAV)).
Proof. By unwinding all the identifications we find
(RXAYLUAV) =30 7 (X, ap, ) apl, [Viayy) (faPo, [P, a2, U], V)

0 P1,P2,P3

- Z Z 71(2)’ Po—1(1)’ [apafl(s)’Xm]v Y) ([Uv apl]v am]v [V’ apg]).

o p1,p2,p3
Set 7 = o710 (12); then
(X AU AV) =SS (ap L, [, XY ([0,07], 077V, 0]

T P1,P2,P3

= (X AY,2(UANU)).

Lemma 2.5. There is a unique costant k € C such that
(2.7) gs = kag.

Proof. Since g # sl(2), recall that by [Ko| we have orthogonal decompositions
2

(2.8) Na=dge U,

3
(2.9) Mg =Kerds®Imd = Kerds ®d(Us),

where d is the Chevalley-Eilenberg differential for Lie algebra cohomology, Us is the subspace
of A% g generated by 2-tensors z Ay with [z, y] = 0.

Moreover, again by [Ko|, Homg(g,Uz) = 0 and Us is irreducible for g # sl(n), while, if
g = sl(n), Uy decomposes as Uy = Vi @V, with Vi, Vo inequivalent irreducibles with Vo = V.

Since
2

¢2 = ad o Symm o Gy : /\g — End(g)

is g-equivariant, by the invariance of the form, gs is also equivariant. It follows that go(Us) C
Us. If g # sl(n), then

(2.10) (92)v, = K'I for some k' € C.

Note that (Imds3)t = Kerd. Since H?(g) = 0, Kerd = dg. It follows that Imds3 = Us.
Since g3 = % g2 o 03, formula (7)) is proven in this case by setting

(2.11) k=%,

If g = sl(n), by the same argument, we have that go(V;) C V;, hence there is k such that
(gg)‘vl = kly,. Let z € V3 and y = v; + vy € Uy with v; € V;. Then

(92(z),y) = (g2(x),v1 + v2) = (92(x),v1) = (v, ga(v1)) = k(x,v1) = k(z,y).

Since the form is nondegenerate when restricted to Us, (2.7)) holds in this case too. 0
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2.2.1. Proof of Theorem 2. By (21 we must have
[z, J(y)](u,0) = (0, (y, [z, u])) = (0, ([z,y], w)) = J([z,y])(u,0)

and
[x7 J(y)]((), 1) = (5[%, y]? 0) = J([x7 y])(()? 1),
which holds for all 4. It is clear that both sides of (23] act on (0, 1) trivially.
Define f : g x g x g — End(g) by setting
(LX), (V). Z]] - [X, [T(V), J(Z))(U,0) = (f(X, Y, Z)(U),0).
Then

(f(X, Y, 2)(U), W)

o(([Y; 2, U)X, W) — (X, UN([Y, Z], W) = (Z,U)([X, Y], W)
o((Y, UNX, 2], W) + (2, [ X, UD(Y, W) = (Y, [X, U])(Z, W)

(X, YINZUANW) = (X, ZIANY,UANW)+ (Y, Z] AN X, U ANW))
=0(B(XAYANZ),UANW).

We let the R.H.S. of (23] act on (U, 0):

Z ([Xv X)\]’ [[Y’ X,u]’ [Z7 XV]]){X>U X,u’ XV}(U7 0)
A p,veEN

= (ﬁ Z Z ([X, Xm]’ Y, sz]’ Z, XPSH)[XPGQV |:ch(2)7 [ng(g) ,U],0)

0 P1,P2,P3

= (5503(X ANY A Z)(U),0),

so we must have §(05(X AY A Z),UAW) = (3793(X AY A Z),U AW). Thus, by Lemma
2.5 relation (23]) holds if and only if

(2.12)

_l’_

§=L
=2
This proves claim (a) of the theorem. To prove claim (b), set

(2.13) glj = pjoSymmoG; : /\g = gl(Vi,),

where p; : g — gl(V,,,) is the j-th fundamental representation of g. Then, as shown in the
next table, Uz does not appear in V,,; ® ij_, since its highest weight 20 — @ is not less than
or equal than w; — wp(wj) (here & is a simple root not orthogonal to § and wy is the longest
element in the Weyl group). In the exceptional cases we display the coordinates w.r.t. the
choice of the simple roots from Bourbaki.

Type of g, j 20 — & w; — wo(wj)
Apn, 1<j<[n+1]/2| &1 + €2 — 241,261 — € — €ni1 | Doh_q(€h — €nto_p)

B, j=1 2€1 + €3 + €3 2€1
B,, j=n 261 + €2 + €3 o€

Cpn,1<j<n 261 + € Doti€i
Dy, j=1 2¢1 + €2 + €3 2€1

Dy, j=n—1 (n) 2€1 + €9 + €3 Z?:_ll €

Egs, j=1(6) (2,3,4,6,4,2) (2,2,3,4,3,2)
Er =7 (3,4,6,8,6,4,2) (2,3,4,6,5,4,3)
Fy,j=4 (3,6,8,4) (1,2,3,2)
Gy, j=1 (6,3) (2,1)
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3. MINIMAL %Z-GRADING OF A SIMPLE LIE ALGEBRA

Choose root vectors x1g € gig so that (zg|lz_gp) = % Set © = [xg,z_g|. The eigenspace
decomposition of adx defines the minimal %Z—grading:

(3.1) g=9-1D9-1/2D g0 D g1/2 D 91,
where g4+ = Cx4gy. Furthermore, one has
(3:2) go=g'®Cr, ¢ ={acg|(alx)=0}

Note that g? is the centralizer of the triple {z_g, z, zg}. We can choose h? = {h € b | (h|z) =
0} as a Cartan subalgebra of g?, so that h = h? & Cz. Set, for u,v € 9-1/2

<u7 U> = ($9| [’LL, U])
and note that (-,-) is a g% invariant symplectic form on g_, /2-
We will use the following terminology.

Definition 3.1. We say that an ideal in g? is #rreducible if it is simple or 1-dimensional. We
call such an ideal a component of g'.

Write .
¢ =P
i=1

with g? irreducible. Recall that r = 1,2 or 3. For a simple Lie algebra a we let h! to be its
dual Coxeter number and, if a is abelian, we set hy = 0. Set hY = hy and h; = h:u' Let v;

7

be the ratio of the normalized invariant form of g restricted to gE and the normalized form

on gE. Set finally hY = h) /v;. For reader’s convenience, we display the relevant data in the
following Table (although we proceed uniformly, so we do not need to use them).

g g 91/ R | R
sl(3) C CoCr 3 0
sl(n),n >4 gl(n —2) Cn2eC | n |[0,n—2
so(n),n >6,n #8| sl(2) ® so(n —4) C’e@C"* [n—-2[2,n—6
s0(8) sl(2)@sl(2) dsl(2) | C*eC?xC? 6 2,2,2
sp(2n),n > 2 sp(2n — 2) Ccn—2 n+1 n
Gs sl(2) S3C? 4 4/3
Fy sp(6) g CO 9 4
Fs s1(6) INEe 12 6
E, so(12) spingo 18 10
Eg £y dim = 56 30 18

Consider now the involution o, = e2mV=Tad(@)  Gince ai(z) > 0 for all simple roots «;
and 0(x) = 1, it follows that the set {1 — 0(x)} U {ai(z) | o simple root} is the set of Kac
parameters for the automorphism o,. In particular, since o, is an involution, either there is
a unique simple root o, such that «;,(z) # 0 or there are exactly two simple roots a,, o,
such that ;; () # 0. Let s be the number of simple roots not orthogonal to 6. If s = 1 then

oy (x) = % and n;, = 2. If s = 2, then oy, (2) = oy, () = 5, niy = nyy = 1.
Write g = ¢ @ p for the eigenspace decomposition of o,. We observe that
t = span(zg,v,7_9) B g* = sl(2) x g, p= 91/2 D 9-1/2-



8 VICTOR G. KAC, PIERLUIGI MOSENEDER FRAJRIA, PAOLO PAPI

One can choose the set of positive roots for € so that the corresponding set of simple roots is
{=0}U{aecIl|ax) =0} ={-0tU{acll| (a|d)=0}.

Consider the case s = 1. Then g? is semisimple and the number of simple ideals of g
equals the number of roots attached to c;,. Moreover p is irreducible and its highest weight
as a t-module is —a;,. Since a;,(0") = 1, we see that p = Viyz)(w1) @ Vga(— (g )jpz)- (Here
Va(A) denotes the irreducible finite dimensional a-module of highest weight \). If U is a
ad(z)-stable space we let Uy denote the eigenspace corresponding to the eigenvalue k. Since
Vo) (@1) = Vi) (@i)12 ® Vo) (wi)_1/2 we see that, as g-module,

12 =0-1/2= ng(—(aio)\hh)~
In particular g/, are irreducible as gf-modules.

If s = 2 we have gg = Cw with
(3.3) @ = w — Wy
Moreover p = Vi(—a;,) ® Ve(—a;, ). Arguing as above we obtain that

9172 = 9172 = Var (—(ig)jpe) & Ve (— (i, )jpa)-
Since @ acts on Vi (—(ay;)jye) as —(—1)1 we see that g_; 5 is the sum of two inequivalent

gf-modules.
As shown in [CMPP| Proposition 4.8], Ve(—aj,)* ~ Ve(—au,), hence,

Vigr (= (i )jpa) " = Vg (— (i ) g )-

We now turn to the study of /\29_1/2 as a g-module. Let d,d¢ be coboundary operators
for the Lie algebra cohomology of g, £ respectively and set d; = d — d¢. By [Pl Prop. 4.3],
A?p =dt® V', where

(3.4) V' = span(uAv | u,v € p, [u,v] =0).
We observe that /\29_1/2 = (A%p)_1, so
/\29_1/2 = d1 (E)_l ©® Vil
As £ = span(zg,z,7_g) @ g°, we see that di(¢)_; = Cdy(z_g) ~ Vi (0). Set I = {a € 11 |
(@, ;) # 0} U{-0}, WJ’ ={—a;; — Sai, (a) | @ € II;}, and
W) ifs=1,
W =Wiuw, if s =2 and (o, ;) # 0,
WEUWU{—ai, — ;b if s =2 and (ayy, iy ) = 0.

Recall from that
V' = @rxew V(N
and that, if A\ = —ay; — Sai, (), then the highest weight vector is Tgi, N sy, () Set
ij
explicitly {A1,..., A} = {X € W | A(z) = —1}, so that, the (—1)-eigenspace of ad(x) is

P
V= EB Var (Aijge)-
i=1

Consider the map ® : \? g_1/2 = S2((g%)*) defined by
(3.5) D(u A v)(a) = (u,a], [v,a)).
It is easy to check that the map ® is gi-equivariant.
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Proposition 3.1. Let P : \? 9_1/2 — S2((g")*) be a g°-equivariant map. Then there are
constants f1,..., fp such that

By,ow = fi vo0
for 1 <1 <p.
Proof. By [R] Proposition 2.1], S%(g?) decomposes with multiplicity one. Since the same
happens to V' (cf. (B4)), it suffices to prove that if Py () is nonzero then @y, (5, is
g g
nonzero.

Assume that g’ is semisimple. In this case we prove that Ker® = {0}. It is enough to
check that (IJ(a:_aij ANT_g, (o)) # 0 for all a € II; such that (ay; + Sai, (a))(z) = 1. Since
i

a;;(z) = 1/2 and a(r) = 0, we see that Sai, (a) = a+ ay;. It follows that
(36) (I)(x—aij N x—saij (a))(a) - <[x_06ij ) CL], [x_aij —as a]>

Assume first that there is a unique simple root «;, not orthogonal to 6. If «a, is a short
root then T—6420;, € gh. Since —0 + o, — o, —v, + o are not roots, we obtain, taking
a = x—9+2ai0 + Zq,

<[‘T—ai0 ,al, [‘T—Olio—OH al) = <[x_06i0 ) x—9+2ai0]7 [x—aio —a, Tal) # 0.

We can therefore assume that «;, is a long root. Assume « short. The fact that oy, is long
implies that (o|a;,) = —1, so

0 — a;y — ala) = (—a;, — ala) =1 — (ala) > 0.
Since 0 — o, = 0 — o, — @ + a is a root, it follows that 6 — a;, — 2c is a positive root. Since
0 — iy —20|ay) =1—-2+2=1,
0 — 2, — 20 is a positive root as well. We choose a = z_, + T 6420, 4205 SO
<[x—ai0 ,al, [x—aio—ow al) = <[x_06i0 s T—al; [x—aio —a $—€+2ai0+2a]>
+ ([T—aiy s T-0+2015+20]; [T-aiy—ar T=al)
= <[x—a¢0 ,T—al, [x—aio —as L—0+204, +2a])
{

x—aioy [x—€+2ai0 +2a [x—aio—aa x—a]b

+

= 2<[‘T—O!i0 ) ‘T—O!]a [x—OéiO —Q x—0+2ai0 +2a]>

< —aig [$—ai0—a7 [$—6+2o¢i0+2o¢7 $—a]]>'
If —0 4 20, + o is a root, then

(=0 + 20, + a|agy) = 144 —-1=2,
contradicting the fact that oy, is long. It follows that [33—04-2«11-0 120y T—q] = 0, hence
<[‘T_Oli 70’]7 [‘T_Oli —047a]> = 2<[‘T—04i 7‘7:—04]7 [x—Oéi —ay T—0+20; +2Oé]> # 0.
0 0 0 0 0

We can therefore assume that « is long. Let 3 be the component of the Dynkin diagram
of g containing a.. Let 6y, be its highest root. If o = fy;, then g is not simple, for, otherwise,
g ~ sl(3). Let X’ be the Dynkin diagram of another component of g?. Then o + o, + Oy is
a positive root as well as § — a — «;, — 0. Since «;, is a long root, (fsr|a;,) = —1, hence

(e—a—ai0—92/|ai0):1—1—1—2+1:1,

so that 6 — a — 2a;, — s is a positive root. We choose a = x_g,, + T—0+a-+2aiy+0s -
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Arguing as above, we conclude that
<[$—ai0 ) a]’ [$—ai0—a7 CL]> = 2<[$—C‘li0 ) ‘/E—@E/]’ [$—ai0 —a x—9+a+2ai0+921]> # 0.
We can therefore assume both « and «;, long roots and o # fy. Since (a4, |a) < 0, we
have that «;, + 6y is a root. Since (0|a;, + 0x) = (0]|as,) > 0, we see that 0 — a;, — 0% is a

positive root.
Since o, is long, by Lemma 5.7 of , « has coefficient 1 in fy. We now prove that

(3.7) (O, o) = 0.
Indeed, if ([3.7)) holds, (6 — @, —Os, @) = 150 0 — @, —a — O is a root. Since (0 —a;; — 05 —

a,a;,) =1—-2+1+1=1> 0, we obtain that § — 2a;, — fx, — @ is a positive root. Choosing
a4 = T_gy + Tohta+2a,,+0s and arguing as above, we conclude that

<[$—ai0 . al, [$—ai0 —asa]) = 2<[$—C‘li0 ) 33—02], [$—ai0 —a x_0+a+205i0+62]> # 0.

To prove ([B7) we need to use definitions and results from [CMPP]. If (7)) does not hold,

then o ¢ A(X) (see [CMPP] Definition 4.1] for the definition of A(X)). Then A(Y) =1\
and by [CMPP Proposition 4.2], # — 0y, is supported outside 3 so

0 = Z npn + 2047;0 + 92.
nEEnFag
This contradicts the fact that § — o — «, is a root since a # 6y, and the coefficient of « in
Os is 1.
We are left with the case when g? ha a 1-dimensional center generated by w (cf. B3)). We
can assume that (o, |, ) = 0. If this is not the case, then g = sl(3) and V' = {0}. Suppose o
is a simple roots not orthogonal to a,. Then (—2a;,—0)(w) = —2. In particular Vi ((—2cy, —

0)jpz) does not occur in S%(g%). Tt follows that P\Vgh((—%ﬁo—a)‘hu) = ¢|Vgu((—2aio—0)‘hu) =

Note that the highest weight vector of It remains only to check that (I)\Vu((—aio —aiy) ) is
g

nonzero. Vgu((—aio — ;) is T_a;y N T, - We need to find a such that

<[$_aio val, [$—ai1 ,al) # 0.

Let ¥ be a component of g? attached to Qi,, so that oy, + 0x,0 — oy, — Oy are both roots.
Since (fx|ay,) < 0, hence (0 — a;, — Ox|a;,) > 0 and in turn 6 — a5, — 0y — @, is a positive
root or zero. Choosing a = z_g;, + L0+ +0s+ai, in the first case and a = x_g, + hgy, in
the second we are done. ]

4. CALCULATION OF §

We note that for computing ¢ it is enough to compute
(41) (92(a/\b)76/\d)7 a,b,C,ng,

where [a,b] = [¢,d] =0 and (a Ab,c Ad) # 0.
Indeed, recall from (2I0) that there is a constant &' such that go(a A D) = k'a A b. By
(ZII) and (ZI2) we obtain

/ b) C/\d)
42 s _ (20aNb), :
(42) 2 72(a ANb,c A d)

We first use ([£2)) to determine the dependence of § from the choice of the form (-,-). Let us
write § as 6(+) to emphasize this dependence.
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Lemma 4.1. .
55('7') — §5(7)

Proof. Let us write go as gg") to emphasize the dependence on (-,-). Then,

P an)end) = S s(llaswn ) vl by )s((E2, 292 (220 )], d)

t1,t2,t3,0

hence 1
(9 (@nb).end) = (g5 (@nb).cnd).
It follows that
550+) — 32(9‘;("')(a Ab),cAd) _ 1 (gg")(a Ab),cAd) _ id("')
72s2(a A b,c A\ d) s3 72(aANb,cNd) s3

0

Lemma [£] allows us to choose as invariant form the normalized one, that we denote by
(+]-)- Recall that the normalized invariant form is defined by setting (0|¢) = 2. From now on
by & we mean 61,

Choose a simple root a;, such that (6|a;,) # 0 (e, is unique up to type A). Set v = 0 —ay,,.
Choose root vectors e;,, fi,, in O+a,, such that (€ig] fig) = (aio?aio) and set z, = [z, fi,]
Ly = [x—i‘)veio]'

We compute d by specializing (£2]) to the case where (-,-) = (-|-)anda = x_p,b =2_,,¢c =
zg,d = x so that

5= (g2(w_g N $—7)|$6 A 517~/) . (g2(z_g A x—“/)|5170 A x'y)‘

T2(x_g Nx_y|T9 N ) 36(x—y|z)

(4.3)

We choose a basis {u;} of g_1/5 and let {u'} be its dual basis (i. e. (u;,u/) = 6;;). We
also choose an orthonormal basis {z;} of g?. Then, as basis of g, we can choose

(4.4) {zg} U{[zg,u;]} U{x;} U{x} U{u;} U{z_p}.

The corresponding dual basis (w.r.t. (:-)) is

(4.5) {22 o} U {u'} U {x;} U {22} U {—[xg,u']} U {226}

We choose an orthonormal basis {x] } for each component g% so that we can set {z;} = Up{al}.

Let Cys = Y (2:)? be the Casimir element, of g% and Cy, the Casimir element of go. Since

Cy = Cyy — 22° by Lemma 5.1 of [KW] we have that

g

(4.6) > i, s, v]] = (Y -

Recall also that it follows from Lemma 5.1 of [KW] that
(47) dim g_1/2 = dim 91/2 == 2h\/ — 4.

).

[\SJ[eN]

We extend (-,-) on /\29_1/2 by determinants:
<’LL Nv,w A Z> = <u,w>(v, Z> - <’LL, z)(v,w).

We collect various formulas in the following lemma.
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Lemma 4.2. Ifu,v,w,z € g_1/3 and a € gE«, then

(4.8) > llzp, o), [a )] = 65 (R))[v,al,

(4'9) Z[‘Tfﬂ [Ua [CL, x;)m - _5TS(E>’/)[U7 CL],

(4.10) > ey, [a [o, )] = (h¥ = 3/2 = B))[v,d],
(4.11) [z, ul, [zo, v]] = —(u, v)zy,

(4.12) [u,v] = 2(u,v)z_g,

(4.13) (2o, ul, 0] = > (u, [, z])a + (u, v,

(4'14) [Uv [l‘g, UH = Z([Uv ‘/Ei]’ u>$l + <U7 u)x,

i

(4.15) Z[%%] A v, ;] = —@ ZUT’ A" = JuAw,

Z([u’xl]’ [U’xj]><[w’xi]v [Z’ij - qu’xi]’ [U’xj]><[uv$i]v [Z’ij
(4.16) = (Y = 1){u, w)(v, 2) + HuAw,v A z),

Proof. If r # s, then ([A8) and (@3] are obvious. If r = s then, on one hand,
Y lzp o [aaplll = Y[, (v, (o, 2y )l2)af]] = = D [, [v. (x| [a, @f])})] =

== ZHCL? x;L [U7 x;“ = - Z[[x;, U], [CL, LZ';H

On the other hand
> lap v, la,aplll =D llzp, o], [a, 2pl] + Y [o, [, [a, )]

ZH‘T;? U]v [CL, x;“ - 2(B7Y)[U7 a’] - - Z[[x;n U]? [aa ‘T;Ha
hence
> llap ol a2y ]) = (W)v,al, Y [y v, o, 2]l = = (B))[v.d]
and

D lapla,[o,2p]ll = Y [z, llas o] 2]l + Y [af, [v, [a 2y ]]) = (h¥ = 3/2 = B )[v, a].

p p p

This proves (L8)), (£9), and (£I0). Formulas (£11]), ({12), ([AI3]), (£I4) are straightforward.
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We now prove ([I5). Note that g_1/0 Ag_1/2 = CY_;u; Au' & Va with Vo = span(uAwv |
[u,v] =0). If u,v € g_4 /2, then the corresponding decomposition of u A v is

u A Zul/\u +s, sV

dlm 91/2
If w,z € g_1/2 then
Z[w,xn] Alzyxp] = %(Cgu (wAz)—=CpwAz—wACgz).

Assume now [w, z] = 0 and set Csl(g) = 2(z% + 79z _g + T _gx4) to be the Casimir element

of span(xg, x,x_g) = s1(2). By [P], (Cya) + Cy2)(w A 2) = 2hY (w A z). Since
Cap)(wAz) = C’sl@)w Az +w A Cg o)z + dzw A 1z,

Capyw = %w, and 4rw A rz = w A z, we obtain Cgg)(w A 2) = 4w A 2 so that Cy (w A 2) =
(2hY — 4)w A z. Using (&G, the final outcome is that

Z[w,xn] Alz,an] =1(2hY —4—2(hY = 3/2))(w A 2) = —F(w A 2),

n

By (@), ([A6]), and the above formula applied to s, we find

. '__<’LL,’U>2hV—3 r_ 1 _ <u’v> . 1
Z[u,x,]/\[v,xz]— 5 2hv_42:ur/\u s(uAv 2hV—4ZuZ/\u)

7 r 7
hence (£.15).
Finally, we prove (4.10):

Z<[uawi] Aw, 2], vAz) = —
—(u,w><v,z> — %(U/\w,’u /\z>,

It follows that

Z<[u i, [v, 2] ([w, ], [z, 75]) — Z([w i, [v; i) (fu, il [z, 25])

(u ANw,v A z)

[\)
7
—
<

3
]
~
—
<
N
~
—
IS
<
~
—
£

3

N
~
SN—
l\JI)—l

:—Z w,w)([v, z;], [z, 2;]) 2Z:u/\w v, 5| A [z, 5])

= (hY —3/2){u,w)(v, z) — ; (u AN w, v, zj] A [z, x;])
J
= (hY = 1)(u,w){v,2) + %(u ANw,v A z),
which is precisely (Z16]). O

We choose the basis {a;} for g to be the basis displayed in ([&4]). Then the dual basis {a’}
is the basis given in ([L3]). We start our computation of § by computing

(4.17) Golw_g Nw—y) =Y ([x_p,ai,aj|[x—, ax])a’a a".
irj,k
We have to compute expressions of type ([[x_g,b1],b2]|[x—~,b3]) With b; € gg,. Such an

expression can be non-zero only if d3 — 1/2 =1 —d; —dy i. e. dy +ds + ds = 3/2. The
possibilities are
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di | dy | ds || dy | dy | ds || di | o]y
T2 1 | 1 o [12] 1[0 1|12
121 0o | 1 ||1/2]1/2)1/2]1/2] 1 | 0
1 [-1/2] 1 1|0 [1/2] 1 |1/2] 0
1|1 ]-1)2

For each of the cases above let S(dy, da, d3) be the corresponding summand in the expression
of Go(z_g N x_,) given in ([AI7)). Then direct computations yield

S(_1/27 L, 1) = 42([[‘T—97ui]v‘rGH[x—’Wx@])(_[x@?ui])x2—€ =0,

7

S5(0,1/2,1) = 2Z(uj,x_y>ujm;_g = 220x_~\T_g,
J

S5(0,1,1/2) = QZ(uj,x_wujm:g = 2zx_T_y,
J

S5(1/2,0,1) = Z[mz, T_~)Tix_g + T_\TT_4,
5(1/27 1/27 1/2) = _% Z[uj7 xs]uj [xm $—’Y] - % Z ujuj$—’y,
Js8 J

S(1/2,1,0) = Z[mi,:n_,y]:nix_g — TT_T_g,
i
S(lv _1/27 1) = _2[:1707 x—“{]ipz—ﬁ = —€i0$2_9,
S(1,0,1/2) = 0,
S(1,1/2,0) = Z[xi,l’—y]l’ﬂ—e — TT_T_g,
i
S(1,1,-1/2) = 42(‘17—’77 uj>[$97 uj]$2—6 = —4[zy, ‘/E—’Y]‘/Ez—ﬁ = _261'03:2—9‘
J

Summing up we find

Ga(x_g Nx_y) =3x0_T_9 +3 Z[w,, T_y|zir_g — 3e,~0x2_9

7

— %Z[uj,xs]uj[xs,x_w] — %Zujujx_w.
Jss J

Note that 3 wju! ([zg,u]) = (u,u) =0, so

Ga(x_g Nx_y) =3z0_T_9 +3 Z[$Z’ T )ziw_g — 3ejoxty) — & Z[uj, zpul [z, 2]
7 7,r

We now compute ga(z_g A x—y)|xg A zy) = ((Symm(Ga(x_g N x_y))(xg)|x). We start by

computing >, ((Symm([u;, z.|w’ [z, 2_,])(2g)|z). For this we note that, if u,v,w € g_1/2,

([u, [v, [w, zollllay) = (v, [zo, willl[us 24)) = D (v, [w, zi])u, [fig, zal) + 5 (0, w)(u, fio),

i
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S0, letting 5 denote the eigenvalue of Cgu on g_i/2,

> (llugy 2], W, [, 2y, o]

.J

:Z(uj’[[xTv‘/E—’y]’xi]x[uj’xr [fio,2il) 22 e 2 ) ([ug, 2], fio)
1,5,

= Z([wrv [fis @i, [[Tr, 2], @ +3 Z mrafzo [T, 4 ])

:Z([xiv[xiv[fio’ximv[xrv$—’y - §Z 337*7 xrvfio]v$—’y]>
= (0 =3/2= 1Y) > Alfi 2], (25,2 ]) = 5(hY = 3/2)(fig, 1)

S r

=D (b =3/2 = h))ys{figs 1) = 5(h" = 3/2)(fig, 2—)
= Z(h —2 = 1))ys(fio Toy) = Z(hv —2- ﬁ;/)%(xﬂx_«,).

S S

Similarly
;([[ug—,xr], [lwr, 2], [, zolllly) = Zs:(hv — 1= h)ys(zq o),
i([uﬂ} [[uj, zo], [[@r, 2], zo]]]|2) = Eg:(hv = 2= h)ys(zq o),
é([uﬂ} [z, 23], [[ws; 2], wo]]]|24) = Eg:(hv — 1= hY)ys(zq|o—y)-
Finally

> wr,a—y] 1 (g, 2], zollllay) + D ([len, 21, ([, 2], [0, o]l

r.j r.j
= Z(uj,[[uj,xr],xi ([zr, x—'y [fio> wi]) 22 u] u] r]) x—v]afio>
2,7,7
+ Z([ujv$r]v [ujv$i]><[x7‘v$—’y]v [flov$l]> + %Z<[uj’x7‘]vu]><[$ﬁx—v]v fio>

=2 g ], [l i) (e, 2 [figs i)

1,9,7
Recall from (£I6)) that

Z<[u=l’z’]= [v, 25])([w, i), [z, 25]) — qu’xi]’ (v, 25]) ([u, i, [z, %51)
= (hY — D) {u,w)(v,2) + Hu Aw,v A 2).

ST
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SO

D (llwr, ey ] 1 g, 2, zolllley) + D (lar, 24, [[ug, 0], [, o] 25)

T?j T7]

=2 g, o), [0, 1)) (s 21, [figs i)

27]77”

= —-2(hY —1) Z(uj,:n_,y T fio) — % Z (uj Az, A fig)
J

J

+ 2 ], [0 2} [, us], [fig 24])

0,J,T

- _2(h - 1 ‘T—’yuflo 2 Z U], x—’\mfl() %Z<u]7flo><x—’y7uj>
J

+22<[$—y, zy), [, (@ r?[fiovxi]]b

7,8

= (2(hY = 1) + 5(dim gy — 1)) (@ |z—y) + 22 WY =3/2 =)D (lw—, 2}), [figs 27])

T

=2(hY — 1)+ 1(2nY — 4 — 1)) (2, |2_,) + 22 —3/2 = hY)ys(zq|z_s)

= QZ(hv — 7 )ys(@ylT ).

s

The final outcome is that

> ((Symm([uj, z,)u [er, 2 -)) (o) |2y) = 6 Y (hY =1 = h)ys(y]a—s).

jir
The other terms are easier:
(Symm(zz_a_q) (@o)le,) = ~3/4(xla_,).

(Symm{eiyay)(@a) z:) = 3w a_s),
S (Symm((aj, 2 )22 5) (o) 2) = ~3/2(h" — 3/2)(z o).

J
Summing up

(g2(zg Azy)|z_g A_y) = 32 (hY 4+ 1/2 — hY)ys — 45/4)(z- |z ).

Using ([A3]) we obtain the following result

Proposition 4.3.

1250, (hY +1/2 — hY)ys + 45
144 '

(4.18) 5= —



YANGIANS VS MINIMAL W-ALGEBRAS: A SURPRIZING COINCIDENCE 17

Remark 4.1. Relation (4.18]) easily gives Drinfeld’s formulas for §: if x denotes the Killing
form of g, then

——321112 if g = sl(n),
n—4 :
" T 16(n—2)3 if g = so(n),
(4.19) gr=4 D o
64(n+1)3 g= Sp(2n)7

—m if g is of exceptional type.

Remark 4.2. It is possible to give an alternative formula for § without using the minimal
gradation. We already observed that we are reduced to evaluate ([£1]). We’ll do it by choosing
a=c=ub=d=uvwithu,v €bh. Let {z,} be aset of root vectors with [z, 23] = Ny gTa+s
for o, € A,a# —p and Ny g = —N_, 3. Then

(4.20) (g2(u Av),u Av) =6 Z a(u)(a+ B)()(a(v)s(u) — a(u)ﬂ(v))Niﬁ.

acAt BeA
The computation of ([£I9) starting from (4.20) is possible but quite less handy than using
EIR).

5. MINIMAL W-ALGEBRAS

It is known by [KW] that for k& # —h" there is a vertex algebra W strongly and freely
generated by fields L, JU with v € gf, G* with u € g_, 2 with the following A-brackets: L

is a Virasoro element with central charge kkii;?vg — 6k + hY —4, J* are primary of conformal
weight A =1, GY are primary of conformal weight A = % and

(1) [JPJv] = Jovl 4 26 (k + hv;w)(v\w) for v € g?, w e gg;

(2) [JYG"] = Gl for v e g_1/2, V E a7
(3) [GYGY] = A(u,v, k) + AB(u,v, k) + ’\;C’(u,v, k) for u,v € g_y /5 with C(u,v,k) € C,
and conformal weights of A(B(u,v,k)) =1 and A(A(u,v,k)) = 2.

To simplify notation, we will not record the dependence on k in the functions A, B, C.
We choose the basis {z;} to be the union of orthonormal bases of gE,. Let T'= L_; be the
translation operator of W.

Ifp=a®bec g'®g? write : p :=: J%J" ;. We extend : - : linearly to obtain a map
.- : from g’ ® g' to W. Consider S%(g") = {a @b+ b®a | a,b € g°} C g" ® g°. Since
D JUJY = JUJY . +TJ%Y and since the elements J%, G%, L strongly and freely generate
W, we see that there exist maps

Pigyjpxg ip— S, K.H:g 12xg 1/20—8% Qig_1axg_1p—C
such that A(u,v) can be uniquely written as
A(u,v) =: P(u,v) : +TJE@Y) 1 Q(u,v)L.
and
B(u,v) = JHw),
By skewsymmetry [G{G"] = —[GY,_,G"] so

(1) C(’LL,’U) = _C(’U7u);
(2) H(u,v) = H(v,u);
(3) P(”)”) = _P(U7u)7 K(’LL,’U) = —K(U,’LL) + H(Uvu)7 Q(U,U) = _Q(Uvu)7
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hence C(+,-) and Q(-,-) are symplectic forms on g_; /5, and

2
P /\9—1/2 — $%(g"), H: 52(9—1/2) — g".
By applying the axioms of vertex algebra, (§ 1.5 of [DK]) we find for a € g, v,w € g_1/2:
C([CL, U]? w) = _C(Ua [CL, w])

Since g9, as a g?-module, is either irreducible or a sum U @ U* with U irreducible and U

inequivalent to U*, we see that, up to a constant, there is a unique symplectic gi-invariant
nondegenerate bilinear form on g_; /5. Since

(’LL, U> = (l‘9| [’LL, U])

is such a form, we have that

(5.1) () =Tk, )
for some constant I'(k).
For b € g, let bE denote the orthogonal projection of b onto gE. Write

Plo,w) = Y kS (v,w) (2] ® x)

Z‘,j77‘7s
. TS 7.8,
with &% = k37

5.1. Jacobi identities between two G and one .J.
By Jacobi identity [Jf\” [GfLG“’]] — [GZ[J;G“’]] = [[Jf ”],\JWG“’]. Explicitly

[J¢: P(v,w) o] + [JETJEO)] £ AQ(v, w) I + plJgJH )]
2
—: P(v,[a,w]) : =TT*@D) — Q(v, [0, w]) L — pJ 7Ol — Lc(v, [a, w])
2
—: P([a,v],w) : +TJ5029) 4 Q([a, v], w) L + (A + ) JHewbw) 1 QHOZ ([ o] ).

Using Wick formula ((1.37) [DK]) and sesquilinearity we compute explicitly [J{ : P(v,w) ]
and [JfTJK(”’“’)]. Then, equating the coefficients in A, p, we find

Proposition 5.1.

(5.2) H(v,w) = Z%[[xg,v],w]ﬂ.

2k +hY —h)
(5.3) K(v,w) = 1H(v w).
(6.4)  Q(la,v],w) = =Q(v, [a, w]).
(5.5) P([a,v],w) = =P(v,[a,w]) + ad(a)P(v,w).
(5.6)  H([a,v],w) = Qv,w)a + [a, K(v,w)]
+ Z k‘m (v,w)(2k +hY — l_zy)(a|:nf):nj + Z k;’;(v,w)[[a,xﬂ,xj].
(5.7) Z k7% (v,w) (2K + BY = 1)) + Q(v, w)(kk TIZ\? — 6k + hY —4) = 30 (k) (v, w).
J,r

In particular, Q is an invariant symplectic form on g_y 5, hence

(5.8) Q(u,v) = D(k){u,v).
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5.2. Jacobi identities between three G.
We need auxiliary formulas. By Wick formula [DK| (1.37)]

[GY(: JYJ? )] = GIU¥l g7« 4 gyGlel . g pGllwvll
= Gyl gz . 1. glwAl gy . frglvlwadl | )\G[[u,y],z]’

moreover, by sesquilinearity,

[GYTJ] = T[GLT%) + \[GLJTY

= TG 4 \Glwal,
By Jacobi identity [G}[G},G"]] —

(GLIGRGY]] = [[GYGY]A4,G*™]. We compute each term.
[GXG A4 G

[(: P(u,v) : —i—lTJH(u’”) + Q(u,v)L + AJHwY) 4 ’\;C(u,fu))M_qu] =
)

SN+ )GV + AGH ()]
+5(A+©)GY)

] = 3 A+ G 4 Qu,0) (TG +
— )G 4 Q(u, v) (TG

Iy w) : +%TJH(”’UJ) + Qv,w)L + ,uJH(U’w) + %zc(v,w))]
= [GY%: P(v,w) ] + %Tg[uvH(vvw)] + %)\G{u,H(v,w)}

+ %Q(v, w)TG" + %Q(% WINGY + MG[u,H(v,w)]

(GLIGNG"]] =[G}, : P(u,w) 1]

LpglvHwwl ¢ 1y Gl 10w, w)TGY + 3Q(u, w)uG¥ + AGPH w0,
Equating the coefficients of A, u and the constant term we find
Proposition 5.2.

(5.9) 1G[H(uv wl g 2Q(u v)GY + Z k;"s (u U)g[[wx Ja3]
= LGHOR) 4 303y, w)Go j:sz K L w)Glwehas] _ gl H(ww)
(5.10) — 1G] L 800, 0)GY + ik] (u, v) Gl #i]3]
— Gt w)] _ %G[v,H(u W 363 ’“us w) Z k: v,af],3]
(5.11) Q(u,v)TG" + 2 Z i j (u, v)TGllwwides] = i\j,r,s
lrGleHEw)] 4 %Zg(v,w)TG“ — Z k;;(v,w)TG““’xﬂ’m?}

igirs

— 1Q(u,w)TG" + Z k2 (u ,w) TGl

1,5,1,8

v, H (u,w)
_ %TG[ (

19
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(5.12) = > kS (uw) s G g
7]T8
= Z k;’;(v,w) . Glwl gos . Z k: Gl g
%,7,7,8 i,4,r,8

Recall from Section Blthat g_; A g_y /2= C@® V', where V' is the g*-module generated by
bivectors uAv with [u,v] = 0, and that V'’ decomposes with multiplicity one and no component
is trivial. By Proposition Bl Py, () = fu(k )<I>|V (A for some costant fy,(k) € C. Thus, if

g

uAv € Vg(An),
kij (u,0) = fu(k)([[w, 271, [v, 2510) + {[[w, 23], [0, 27]))-

If [v,w] =0, (B.6) becomes

(k)

H(la,v],w) = [avz m[[@mhtu]i]
+ 5T w) 2k + B — R (ale)as + S kS, w)lla,at, o).
1,J,758 1,J,7,8
Now compute
(H ([z7, 0], )st-)
= ([2], $H (v, w)] Z k:r " (0, w) (2k + hY — BX,)(a;ﬂxZL/)(mi;\mj)
+ Z k:T " (v, w) ([} ,:E:L,],:Ef,;ﬂxj)
= ([ Z, éH(v w)]lz3) + k77 (v, w) (2K +hY = h) 40 ) ko (v, w) (a7, a7 ], 25, 125).

n,m

Since [a, H(v,w)] = H([a,v],w) + H (v, [a, w]) we can rewrite the above relations as
(H ([7, v], w)|2F) — (H (v, [27, w])]F)
= 2 (k) ([0, 2], [w, 25]]) + ([[v, 2]], [w, 27]])) (2k + B — b))
+0rs Y 2fu (k) (o, @], [w, aa)) + ([0, 23], [w, 2 D) (] 2], 23] |25)-

More precisely

I (k) )
~ g vy (et b 23] + (23], 271)
(5.13) — FulR) ([T, 3], T, 3]]) + (o, 23], fw, 1)) 2k + B — BY)

+0rs D Sulk) ([0 2], [w,23,]) + ([o, 25,], [w, @) ([[eF , 2], 25,]|5).

If there are at least two simple components in g, we have

- r'(k)
(5.14) Ik) = = G TR ) 2k T A YY)
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which is in particular independent from h. So we are reduced to determine f;,(k) when g°
is simple or one-dimensional. Recall from the explicit description of the decomposition of
g_1/2 A\ §—1/2 given in Section [3 that in this case V' is simple. We can therefore drop the
superscript from 7, k: ; and we denote fj, simply by f. Choosing in (&.I3]) v, w, 1, j such that
([v, @3], [w, z;]) + ([v, 2], [w, 2;]) # 0 we can write

_ I'(k)
Fk) = (€k +n)(2k + hY — RY)

with £ # 0. In particular
— &k +n)({[v, zil, [w, 25]) + ([v, 23], [w, zi]))
= (([v, 2], [w, 25]) + (v, 5], [w, %:])) (2k + B — hY)
+ 3 (v, zal, [w, 2m)) + (v, 2], [w, 20])) ([0, 20], 0] 25),

so & = —2 and
— (n+ (B = ) (v, @], [w, 25]) + (v, 2], [w, 4]))
=Y ([v,za], [w, zm]) + ([0, @], [w, za])) ([, Ta], 2] |75)

To compute 1 we first observe that

Z(([%an [w7xm]> + <[U7wm]7 [w7xn]>)([[xi7‘rn]7wm”xj)

n,m

== Z(([%an [w7xm]> + <[U7wm]7 [w7xn]>)([[xlv‘rn]7w]”xm)
= Z(([U7$n], [w’ [[x27$n]7$JH> + <[’U’ [[l‘i,l‘n],l‘j“, [w,xn]>),

which implies, for any a,b € g°
(n+ (B = 1)) ({[v, a], [w, 8]) + ([v, 8], [w. a]))
= (v, za), [w, [[a, 2], 0]]) + ([0, [[@, za), 9], [w, 24])).

Next we need some formulas: let Cy; = .22 be the Casimir element of g% and Cy,
the Casimir element of go. Since Cy = Cq, — 227, by Lemma 5.1 of [KW] we have that
Silzi, [wi,0]] = (B — 2)v. Now a lengthy computation yields

> (@olllv, zal, [w, [[a, @a], Bl]] + [[o, [[a, @a], B]], [w, 24]])

n

= (" = 3/2 = 20y )({[v, 0], [w, a]) + {[v, a], [w,]))
+ 3 (b [, zal), [, [w, @a]]) + ([a, [0, @0])s b, [w, ]])).

Consider the map W : /\29_1/2 — S?(g")* defined by polarizing (B.5):
(v Aw)(a,b) = ([v,a], [w,b]) +([v, 0], [w,al),
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and note that

> (s v, zalls o, [w, za]]) + {la, [0, 2all, b, [0, 2a]])) = €Y [0, 2a] A [, @0]) (a,b).

n n

By Lemma [4.2] (4.15]), we have
> (b, oyl o, [w, za]]) + (la, [0, 2al], [b, [w, @a]])) = =5 (b, 0], [a,w]) + ([a, ], [b,w])).

n

The outcome is that

> (o), [w, [[a, 2], BI]) + ([v [la, 2], 0], [w, 2]))

= (h" =2 =2h))([v, 8], [w, a]) + {[v,a], [w, }])).
Thus n = —2 — hy. In particular
T(k‘)
4( )(k: + 1 + 1)
This ends the computation of the proportionahty factor fp (k).

(5.15) Flk) = -

It remains to compute Q(v,w) and P(v,w) with [v,w] # 0. To this end introduce
= Zk’” v, W)
Relation (5.6]) gives

(H ([ o] w)lat) = Qv w) + K (v, w)(2k +hY — hy)
+ > k(v w) ([, @), 2, ]|,

So
> (H([af, 0], w)l2f) = dim g2 Q(v, w) + TR.(v,w)(2k + h¥ — Ry)

# 30 K 0 )T ) o).

Using the relation Y [27, [27,a]] = 2(h))a for a € g% we obtain
> (H([a}, o], w)lzf) = dim giQ(v, w) + TR, (v, w)(2k + h¥ + k).

Since
> (H (e, vl w)lef) = g 5y (v, w),
we have, recalling that Q(v,w) = D(k)(v, w),
1

5.16 TR (vw) = —
(5.16) ©w) = iy

( dim g® D (k) + %) (v, w).

Relation (5.7) becomes
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k dimg
k+ hV

ZZkJrhV—l_z)f
— 2k + hY + hy

Solving for D(k) we find that

(— dim gD (k) + 52825 ) + D(k)(

— 6k + hY —4) = 3T(k).
D(k) = T'(k)E(k),

where E(k) is a complicated but explicit rational function in k,hY,hY,~,,dim g, dim gr In
turn, substituting in (5I6), TR, can be expressed as

(5.17) TR, (v,w) =T(k)E.(k){v,w).

Let {u;}, {u'} be dual bases of g_15: (u;,u?) = &; ;. We have to compute P}, u; A u').
If u,v € g_y /9, then
(u, v)

uNv = Zui/\ui—i-s, s € Vs.

dim 91/2
By covariance of P, we have P()_, u; A uZ) =>, oz @y, thus

Z kin (ug, u')zy, @ 7, Zarx ® x,

©,7,8,M,N

hence Y, kp)n(wi, u ) = 6y 50m nar In particular dim grozr Do y k:;;(ul, u') hence

dimgla, = > TRy (us,u') = T(k)Ep(k) > (ui,u') = T(k)E, (k) dim g_ .
Since @ is equivariant we have likewise
o s ah] [ws 25)) + (uiy ), Wy ap ey, @ @y = > fraf @ af,

hence
Z«[ul’x:n]’ [uﬂxi]) + <[ul’x ] [u T, ]>) = 5r,35m,n6r
and Z
dimgiﬁr = Z(([u“xm] [u , ]> + <[ul7x:n]7 [U’Z?x:n]» = _2Z<[xrm7 [xrmvul]]vul>
= =2 Z<uza > = —2y,dimg_ 1/2-
Since P(s) = f(k)®(s),
Z SR (w27, )s [, 23]) 4 ([w, 23], [v, 27,])) (2, @ 273)

n,m,r,s

dlmgl/2 f(k) Z [u;, z;,] u vy ]) + ([ug, x5, [u at ) (ah @ad) =
S SOl o33 + {230, o 1)) 05 5) —

i,m,n,r,s
E Br( =
m,n,r,s

ST FR) (), fo, b)) + (w2 [, 2l ) (@), © 25) + (w,0) f(k) 3 djz;a (af, ® 7).

dlm 91/2

m,n,r,s
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The outcome is that

L(k)Er (k) + 27, f (k)

(5.18) P(unv) = (u,v) Y g (a7 @ ")
+ Y fR)(uap,) o, 2p)) + (u, 23], [v,27,))) (2, © 25).

m,n,r,s

Observe from (B.I4]) that f does not depend on the choice of 7, s, hence {h)} has at most
two elements, and if there are more than two components, {hY} is a singleton.

We now deal with the case in which g has three components. Suppose that g’ has a
nontrivial center. Then hY = 0, also hy,hy vanish and g? is 3-dimensional abelian. This
is not possible, hence g? is semisimple, o, is long and is a node of degree 3 in the Dynkin
diagram of g. Therefore one of the components, say gi, has to be sl(2). In particular
hy = hY = 2. By the above remark, we have hy = hy = 2 and indeed v, = v3 = 1. Hence all
components are isomorphic to sl(2) and this forces g to be of type Dy.

Set

(k+ hvgw)(k + hvgﬁg) if g% has two components,

p(k) = h\/_ﬁ\/ }_L\/
(k+—52L)(k+ =5 +1) otherwise.

Observe that, combining (5.14]) and (5.15)), we have f(k) = —%{% in all cases. We summarize
our findings in the following proposition.

Proposition 5.3. There are explicitly computable rational functions a,(k), b(k), c(k), d,(k)
such that, up to a constant C,

[G*\G"] =

C | (v,w) Z ar(k) : JHT54b(k) Y (o, f], [w, 25]) + (o, 25], [w, 2f])) : J5J% - | +

Z7J7T

C (c(k‘)(v, w)L + Y dr(k) (%T,JH@‘M“”5 + AJHWW) + 2 (v, w)) .

More precisely

Y ( V_pVD?
4 h _h'r
p(k) k+
while a,(k) and c(k) are certain rational functions of degree respectively —2 and —1.

If we set p(u,v)(w,2) =3, ;. ¢ k:;(u,v)([[w,x{],xj], z) then ¢ is alternating in w, z so it
defines a map ¢ : /\2 g-1/2 = /\2 g1/2 and it is gP-equivariant, since ¢ = 7o Symm o ® where

7 is the action of g on 9-1/2-
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Relations (5.9), (5.10), (5.11I) then become

(5.19) L([H (u,v),w], 2) + 2Q(u,v){w, z) + (u,v)(w, 2)

= 5([u, H(v,w)], 2) + 5Q(v,w)(u, z) + (v, w)(u, z) — ([v, H (u,w)], ),
(5.20) — H{[H(u,v),w], 2) + 3Q(u,v){w, z) + (u,v)(w, 2)

= ([u, H(v,w)], 2) — 3{[v, H(u,w)], z) = 5Q(u, w){v,2) — p(u,w)(v,2),
(5.21) Q(u, v)(w, z) + 2¢(u,v)(w, z) =

Lemma 5.4. Assume C' #£ 0 for almost all k and set

dr (&) || (he; )2 N2 4+3c(k)+2 5>, ar(k)yr
- Ly szJ(rk)C( et if g° has two components,

R(k) =

_3/2dy (k>+3c(2kb>(;)(2hv —3)ai (k) otherwise.

Then R(k) does not depend on k. More precisely

3-4hY+2 50, BY [ (hay, )32

3 if g% has two components,
R(k) = i
w otherwise.
Proof. Choose v = u in (5.19). Then we obtain
(5:22)  L((H w0 + o, Hw,w)],2) — 3Q(u, w)(u, 2) = ¢lu,w)(u, 2).

Using the explicit formulas

H(v,w) =CY _ dp(k)[[zg,v],w]’,  Q(v,w) = Ce(k) (v, w)

and (£I6) we find
G de(k) Y ({us fu 2, wl, 2) + (u, [w, 2f])([u, 2], 2)) — 3F e(k) (u, w) (u, 2) =

p(u, w)(u, z).
We first evaluate the right hand side of (522): recall that

k;nj(uv U) = Cb(k)(<[u7 33:]: [U7 x;]> + <[u7 x;]v [Uv ‘Tz]>) + C(Si,jér,sar(k) <u7 U>7

(5:23)  pluw)(u,2) =Y Cbk)({[u,af], [w,a3]) + ([u, 5], [w,af])([[u, 7], 23], 2)
%,7,1,8
+ CZ ar (k) ([[u, x7], 7], 2) (u, w)
= > Co(k)([w, 2], [w, 25]) + ([u, 23], [w, 27]))([[u, 27], 23], 2)
1,J,7,8

+C Z ar (k) (u, z){u, w).

25
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Take u = fiy,w = z = [v_g,€;,]. Passing to dual bases {27}, {zl} of g% and using B23),
relation (£.22)) becomes

(5.24)
Czd flov flo’ 7,]><[ [x—eveio]]’[$—9’eio]> <flo’[[x 97610]7 z]><[flo’ r] [‘/E 9’620]»

- %C( )<fi07 [x—9’6i0]>2 =
Z Cb(k) (<[fiovxﬂ7[[x—GveioLx;D+<[fi07x§] H‘T 97610] ]>) <Hflo7 2]7 y] [LZ' 97620]>

%,7,7,8

+Czar ’YT’ f’l()7 xr_ 97620]>2'

We now evaluate the left hand side of (5.24]). Assume first that g° has two components,
then —6 + 2a;, is not a root. By weight considerations, (fi,, [fi,,}]) can be non zero only if

x; has weight —0 + 2a;,. Arguing in the same way, we also conclude that in the second sum
x! should belong to b, so that the left hand side of (5.24]) simplifies to

Zd Z flo’ [l‘ 9’620]7hz]>a20(h ) 36( )(fio’[$—976i0]>)<fi0’[$—976i0]>7

where {h]} is an orthonormal basis of f)E,. The above formula can be further reduced to

(5.25) -3 Zd hai JEIP 4 3¢(k))) (fio [0, €io])*.

Assume now that g’ has only one component (i.e., it is simple or 1-dimensional). Then, if
u,v € g_1/2,

[[zo, ul, v] = [[wg, u], v]* + (u,v).

In this case (5.22) becomes

%(dl(k)“mx@v u]? u]“? w] + [u7 [[1’9, u]? w]UL Z>) - %Q(uv w)<u7 Z> - (P(uv w)(u7 Z)'
Since

[[[zo, ul, ul’, w] + [u, [z, u), w]] = [[[zg, u], u], w] + [u, [[zg, u], w]] = (u, w)[u, 2]
and [u, [[xg, u], w]] = —[[[ze, u], u], w] + [[ze, u], [u, w]], we see that

[era u]? u]“? w] + [u7 H‘T97 u]? w]ﬂ] = H‘T97 u]? [u7 w“ - %(uv w>u

= 2(u, w)[[zg, u], x_g] — 3 {u, wyu = —3 (u, w)u.
The upshot is that
—S(3dy (k) + 3c(k)) (u,w)(u, z) = @(u, w)(u, 2).

Substituting v = f;, and w = z = [z_g, €;,] the left hand side of (5.24]) becomes
(5.26) — G(3du(k) +3c(k)){fig, [r—0, €io])*.
Finally, if g? has three components, since dj (k) = do(k) = d3(k), formula (5.23) becomes

~ S (@ (]I (P I + Be(k)) fio, [0 €i0])?
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which is indeed (5.26]). To evaluate the right hand side of (5.23)) in the current case, notice
that 7, does not depend on r (see also (5.27]) below). From this and relation (5.1I8]) we deduce
that a, (k) does not depend on r. It follows, using (5.28)) below, that

Czar ’Yr fzoa T 97620]>2 = %al(k)@hv - 3)<fio7 [x—eveiobzv

as in the case when g% has only one component.

The final outcome is that
> Ulfiora7) (-0, i), 250) + ([fior 251, [0 €so)s 2l ) [Lfior 271, 25, [0, €30)
©,7,7,8
= R(k)(fiy» [2—0, €))7,
where

dr(K) || (hay )2 +3c(k)+2 3, ar(k)yr .
_ 2 Bl ) ||2bJ(rk)C( S22, ar (k)7 if g% has two components,

R(k) =

_3/2dy <k>+3c<§b>(;§2hV—3>a1<k> otherwise.

It follows that R(k) does not depend on k, hence it equals the value of its limit for k — co.
This limit is
3—4hY+2 32, Y| (hay )7 17

5 if g has two components,

lim R(k) =
k=00 3—4hY+3RY

5 otherwise.

O

There are several relations among the values ~;, dim gz, dim g, EV and hY. Indeed, if 91 is

abelian, then 92 Cw with @ as in ([B3). As noted in Section 8, @ acts on g_; /5 as +1, so

On the other hand (w|w) = tr(a;;gv) ) — 2dlzlhgv 2

the eigenvalue of C’gg = is

= S =

i gl
so we conclude that ~; = %. Since hY = 0, this formula can be written as

dim gi(h¥ — hY)

2(hY —2)
By [Pl (2.2)], the index ind_ (91/2 ®g_1/2) is (¥ —hy)/hy. The same index can be computed
as md (91/2) +md (g 1/2) = 2md (g 1/2) and this last quantity is computed by [Pl (1.3)]

to be %& Slnce dimg_;/, = 2(h 2), it follows that (5.27]) holds in these cases too.

By (I6),
(5.28) > e =hY =32

(5.27) Vi =

so, if g? has two components one can solve for dim gg and obtain that

dim g} — dlmgl(hv hY) + 27(hv)2 —ThY + 6'
8 hY — hy

Moreover, by (1),
(5.29) dim g = 4h" — 5 + dim g".
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Our analysis provides more refined relations.

Proposition 5.5. If g% has two components, then

(hY +1) (2(Y)? + hY(RY — 2) — by (hY +2))
(hY +2)(hY = hY) ’

(5.30) dimg = h +hy =h" —2.

Otherwise
2(5(h)2=h"—=6) -, 2(hY —3)
31 1 = hv A S
(5.31) dim g W6 , Ry 3
or
5.32 dimg=2(hY")?> —3hY +1, AY =hY—1.
(5.32) g=2( ,

Moreover, (532 occurs if and only if g is simple and o, 15 short.

Proof. Write explicitly the rational function R(k) — limg_,oo R(k) as P/Q with P, Q@ poly-
nomials in k,hY,h) and dimg. Since P is identically zero, by equating its coefficients to
zero and solving the system of equations with respect to dimg and h;/v; we get the above
formulas.

To finish the proof we show that hY = kY —1 if and only if g is simple and o, is short. Let X
be the set of simple roots of gtl and Oy, its highest root. Write # = Zaen meaa, Oy = Zaez N
and note that n, < m, for all a € . If hY, since 11 = 2/(0x|0s), we have

R = 5((0sl6e) + ) _(ala)na =5 Y (ala)ma = (aiglai)) + 3 Y (ala)ma,

aEX acll a€Y]

hence

(O5105) — 2aiglaiy) = Y (ala)(ma —na) = 0.

aEX

It follows that oy, is short. Then 6 — 2qy, is a root of g” and this forces g? to be simple,
otherwise the support of § — 2a;, would be disconnected.

Assume now that g? is simple and «;, is short. Then 6 — 2a;, is a root of g°. This forces
Oz = 6 — 2a;, and (f|ay)) = 2, so that (a;|as,) = 1. We have

ala ala 0|0 ala
B —1= Z (a]a) ‘2 )ma = Z (a]a) ‘2 )na + () = ( Eé =) Z ((Szl‘@;)na + (g | iy )
aEA a€Y] aEeXr

=Ry — 2+ (g loig) = B,

since (Ox]0x) = (0 — 204,10 — 2a,) = 2 — 4(0|ay) + 4 = 2. O

Remark 5.6. A brief inspection of the Dynkin diagrams shows that g* does not have ezactly
two irreducible ideals precisely when g belongs to the Deligne’s series As C Go C Dy C Fy C
Eg¢ C Er C Eg or it is of type C,,. The first case occurs exactly when there is a long simple
root mot orthogonal to the highest root.

Remark 5.7. It is worthwhile to recall that dimg = r(h + 1), where r is the rank of g and
h is the Coxeter number of g.
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Proposition 5.8. Let {x;} be an orthonormal basis of g°. Then
[GUAGY] =
C (b w0y D 1 5% = s S (v i) [, ) + (o), fw, ) = 55T - | +
i .3

\ wib wih
C’( k+h UUL-l—Z hv hv TJHQJ’ g A gllre ety 4 >‘22(uv>>

Proof. Substitute the values (53]]), (E32), (530) in the explicit expressions for a(k),b(k),
c(k), d(k). 0

Remark 5.1. Choosing C' = 4p(k) one obtains a refinement of the formula (1.1) of [AKMPP]
which is in turn an improvement of the original formula of Kac and Wakimoto [KW].

Indeed, recall that (zg|[u,, u®]) = 0r5. As in [KW], we let (-,-)ne be the invariant form on
912 defined by setting (v, w)ne = (z_g|[v,w]). Note that

([ro, ur], [1g, u*])ne = _%5r,s-
In fact,

([zo, ur], [20, u])ne = (2—g[lz0, ur], [, w’)]) = 5(ur|[we, u’]) = —5(wol[ur, u’])
It follows that {[xe,u"]} gives a basis of g/, and that {2[zg,us]} is its dual basis.
If u € g_y/p then

[, [wo, us)l* = Y ([u, [wo, uslllzi)zs = = Y (wolllwi, us], u])ai,

o, )0l = 3o, ), ) = Y (eolll ), i,
2 e = 2 5l ol 1) 7
- ‘QZmHur, i) ol o [o, 251 5 747

S el

Theorem 5.9. If g has one or three components, then

1 (hY —hY\ [(hY
=5 () (5 1),

while if g° has two components, then

L (WY (YR
2 2 2

and Elv + 715 = hY — 2. In particular, in both cases,
BV
(5.33) p(k) = k* + (7 + 1) k — 26.
Proof. Just substitute (5.27)), (5.31)), (5.32)), and ([E.30) in formula {Ig]). O
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Remark 5.2. Let V be a finite dimensional Y (g)-module. Using the (Hopf algebra) auto-
morphism 7, u € C defined by 7,(z) = z, 7,(J(x)) = J(x) + ux, x € g, the representation
V' can be pulled back to give a one-parameter family of representations V' (u).

Recall now that the R-matrix associated to Y'(g)-modules V, W is of the form Ry (u) =
Ivw(u)o, where o is the switch automorphism and Iy w(u) : V@ W(u) = W(u) ® V is
the unique intertwining operator which preserves the tensor product of the highest weight
vectors in V, W. Since Iy (u) is a g-module map, it must preserve the isotypic components
in V@ W. Denote by (V& W(u))g, (W(u) ® V), the isotypic components corresponding
to the adjoint representation and by (V ® W(u))o, (W (u) ® V) the isotypic components
corresponding to the trivial representation. Set also

Py =Ivw(u)veww), Fo=TIvww)veww)-

Assume g is not sl(n). In the special case when V =W =V = g@ C, the adjoint representa-
tion occurs in V ® V with multiplicity three and the trivial representation with multiplicity
two.

As in Section 5.4 of [CP|, choose the following bases for the g-highest weight spaces of
Y ® V of weight 6 and 0:

{x9®1+1®x9,5[x9®1,09],x9®1— 1®xzp}, {1®1,1®1—(5Cg}.

One the main results of [CP] is the explicit computation of the matrices of Py and Fy in the

bases given above. The final outcome, as far as we are concerned, is that the entries of these

matrices are rational functions of u whose denominator is either g(u) = u? — (% +1)u—20 =

p(—u) (using (5.33), or u — 1, or (h"/2 —u)g(u).
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