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Abstract
The growing interest in cislunar space have heightened the need for advanced Space Situational Awareness
(SSA) and Space Surveillance and Tracking (SST) capabilities. This work explores the cislunar applica-
tion of a novel method for track-to-track correlation using optical data and a minimum-energy optimal
control problem (OCP), a promising approach due to its minimal assumptions on orbital dynamics. The
method involves correlating two optical uncorrelated tracks (UCTs), represented as attributables, which
define the boundary conditions of the OCP. Solved using an indirect approach with single shooting, the
OCP minimizes thrust energy under a reference dynamics model. Uncertainty in boundary conditions
is propagated through the process to evaluate solution distributions, which are used to derive correlation
scores. A cislunar Initial Orbit Determination (IOD) method, extending the Two-Body Integral method
to the Circular Restricted Three-Body Problem (CR3BP), provides initial state estimates. Performance
is assessed through numerical tests employing synthetic ground and space-based optical measurements of
three-body targets, sensor accuracy is also included to model uncertainty. Results demonstrate the potential
of the developed approach for future cislunar SST applications.

1. Introduction

In recent years, the cislunar environment, a relatively unexplored region of space between the Earth and the Moon,
has attracted growing attention from both public and private stakeholders. This interest is motivated by long-term
objectives in deep space exploration, planned lunar infrastructure, and the potential exploitation of in situ resources.
As mission activity in this domain intensifies, there is a pressing need to develop tailored Space Situational Awareness
(SSA) and Space Traffic Management (STM) capabilities to ensure long-term sustainability.
Unlike near-Earth space, the cislunar region presents unique challenges due to its larger spatial scale, more complex
gravitational dynamics, and limited observational infrastructure. In this context, maintaining and updating objects
catalogue, tracking both active and inactive assets, will be key to preventing potential congestion and collision risks in
this newly active orbital domain.6

As part of the cataloguing pipeline, track-to-track correlation or association plays a critical role when a new
Resident Space Object (RSO) is detected and needs to be integrated into the catalogue. At the core of this process
lies the concept of track, which denotes a series of consecutive observations of the same target taken by a single
sensor within a restrained timeframe, usually insufficient to estimate a reliable orbit. When it comes to measurement
processing, an acquired track is typically labelled as an Uncorrelated Track (UCT) until it can be matched with a
catalogued object that is confirmed to have generated it.

In the framework of extending SST techniques to the cislunar environment, numerous developments have emerged
aimed at adapting well-established two-body dynamics approaches to this more complex setting. Among these, the
Admissible Region (AR) concept has seen various potential applications. For instance, Wisnek15 and Bolden2 utilize
different types of constraints to limit the search space, incorporating sensor characteristics and visibility constraints
between the observer and potential targets. Another example is found in Liu7 with the CR3BP-DAIOD method, where
the AR is defined based on threshold values of range, range rate, Jacobi constant, and orbital energy relative to Earth
for each major family of cislunar orbits. Other methods have also been devised as in Liu8 where the number of possible
IOD solutions derived from the perturbed-Laplace (PL) method, conceptually similar to the classical Laplace method
but adapted for three-body dynamics, are assessed. Additionally, Liu7 introduces alternative approaches beyond the
AR, including Earth-centered and Moon-centered Gauss methods, to estimate missing range values. These initial
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guesses are essential when processing three optical observations to solve two third-body-perturbed Lambert problems,
ultimately yielding the CR3BP trajectory that best fits the data.

However, these approaches often rely on multiple assumptions about the observed objects dynamics. To over-
come such limitations, alternative techniques emerge such as the use of Physics-Informed Neural Networks (PINNs) in
Scorsoglio,12 where the orbit determination problem is framed dynamically, aiming to solve the governing differential
equations directly from observational data.
Another promising approach that avoids strong a priori assumptions is based on control distance metrics. This con-
cept was first introduced by Holzinger,5 who developed a technique to estimate the minimum control effort required
to match an observation, using control-based metrics instead of the more conventional Mahalanobis distance. This
foundational idea laid the groundwork for subsequent studies, such as Pastor,10 which extended the approach to im-
pulsive manoeuvre detection and correlation. To narrow the search space during the minimisation of these metrics, the
method is often combined with admissible region constraints, as demonstrated in the works of Serra13 and Siminski.14

Given the flexibility, minimal assumptions, and sensitivity to manoeuvres of this approach, it appears well-suited for
investigation in a cislunar context.

This work extends a methodology, previously introduced for near-Earth applications3 to the cislunar domain, em-
ploying an energy-based optimal control metric shaped by transversality conditions to replace the need for a predefined
admissible region. The approach enables the association of tracks consistent with ballistic motion while remaining
robust to manoeuvres, an essential feature for effective cislunar catalogue maintenance, where dynamic diversity and
sparse observations increase the risk of object duplication.

2. Methodology

This section presents the core methodology and its main components. Beginning with a brief overview of the dynam-
ical model leveraged in the analyses, followed by the formulation of the minimum-energy Optimal Control Problem
(OCP) tailored to the specific application. Finally, the workflow detailing how uncertainty is integrated and propagated
throughout the pipeline is outlined.

2.1 Circular Restricted Three-Body Problem

The Circular Restricted Three-Body Problem (CR3BP) provides a reliable model for cislunar orbital dynamics, partic-
ularly when the Moon’s gravitational influence is too significant to be treated as a mere perturbation to Earth-centered
Keplerian motion. While the two-body problem suffices near a single dominant mass like Earth, in cislunar space the
Moon’s mass and distance necessitate a more accurate model.
The CR3BP considers a third body of negligible mass (e.g., a spacecraft) moving under the gravitational influence of
two massive bodies, Earth (primary) and Moon (secondary) and orbiting their common barycenter in circular, coplanar
orbits. This model assumes the third body does not affect the motion of the primaries. A synodic reference frame,
centered at the barycenter and rotating with the primaries, is typically used to simplify analysis. The x-axis aligns with
the Earth-Moon line, the z-axis is normal to the orbital plane, and the y-axis completes the right-handed system as
illustrated in Fig. 1.

Figure 1: Synodic frame.

In the non-dimensional form of the CR3BP, the total mass of the system, the Earth-Moon distance, and the
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angular velocity of the rotating frame are normalized to 1. Let µ be the mass ratio of the Moon, with the Earth and
Moon positioned at (−µ, 0) and (1 − µ, 0), respectively. The equations of motion in the rotating frame are:

ẍ − 2ẏ =
∂Ω

∂x
, ÿ + 2ẋ =

∂Ω

∂y
, z̈ =

∂Ω

∂z
, (1)

where the pseudo-potential function Ω(x, y, z) is defined as:

Ω(x, y, z) =
1
2

(x2 + y2) +
1 − µ

r1
+
µ

r2
,

and r1 and r2 are the distances from the third body to the Earth and Moon, respectively, given by:

r1 =

√
(x + µ)2 + y2 + z2, r2 =

√
(x − 1 + µ)2 + y2 + z2.

The system admits five equilibrium points, called Lagrange points, where the net acceleration in the rotating
frame is zero. Three of them L1, L2, and L3 lie along the Earth-Moon line and are collinear with the primaries, while
the other two L4 and L5 form equilateral triangles with the primaries. These points are crucial for mission design due
to their dynamic and gravitational properties.

2.2 Minimum-energy Optimal Control Problem framework with Transversality Conditions

The developed technique aims at solving a correlation problem between two optical Uncorrelated Tracks (UCTs),
where the only available information consists of the target’s angular coordinates, Right Ascension (α) and Declination
(δ), contained within the UCT itself. These angular pairs also serve as the boundary conditions (BCs) for the problem.
Optical sensors are chosen over radar due to their higher suitability for future space-based SST applications in the
cislunar domain.
To estimate the target’s state in an Earth-Centered Inertial (ECI) reference frame, the following relationships are gen-
erally employed:

r = Ro + ρs,
v = Vo + ρṡ + ρ̇s,
s = (cosα cos δ, sinα cos δ, sin δ),

(2)

where r and v represent the target’s position and velocity, while Ro and Vo are the observer’s position and velocity,
and s is the line-of-sight unit vector. However, angular information alone is not sufficient for state determination. To
overcome this, a track compression technique is used to extract angular velocity information (α̇, δ̇) through a second-
order regression applied at the midpoint of the UCT. This condenses the track into a single point, resulting in the
so-called attributable vector a = [α, δ, α̇, δ̇].9

To link two attributables, an energy-optimal control problem is formulated, minimizing the total thrust energy:

J =
1
2

∫ t f

t0
u (τ)T u(τ) dτ ,

where u(t) is the acceleration (control) profile, and t0, t f denote the initial and final times. This assumption of minimum-
energy optimality is justified both by the natural objective to minimize fuel and by the fact that true target motion is
typically close to ballistic. The OCP is formulated as follows:

min
u(τ)

J =
∫ t f

t0

1
2

u (τ)T u(τ) dτ s.t.


ẋ = f(t, x(t),u(t))
h(x(t0)) = a0

h(x(tf)) = a f

t0, t f given ,

(3)

where h(x) transforms the synodic state into the attributable vector, and x(t0), x(t f ) correspond to the initial and final
synodic state vectors.

To solve the OCP of Eq. (3), an indirect method based on the Pontryagin Maximum Principle (PMP) is adopted.
This approach transforms the problem into a Two-Point Boundary Value Problem (TPBVP) by augmenting the system
state with the co-state vector λ. From the necessary condition for optimality, the control input is derived by setting the
partial derivative of the Hamiltonian H with respect to the control to zero, resulting in an optimal feedback law. The
full system of equations defining the TPBVP consists of the state and co-state differential equations, along with the
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boundary conditions, as reported in Eq. (4). The latter are enforced through the transformation from the synodic to ECI
frame and then to spherical coordinates to retrieve the attributable vector at the initial and final times.

H =
1
2

uT u + λr · v + λv ·

[
∂Ω

∂x
+ 2ẏ,

∂Ω

∂y
− 2ẋ,

∂Ω

∂z

]
−→


ẋ = Hλ
λ̇ = −Hx

h(x(t0)) = a0

h(x(tf)) = a f .

(4)

Since the BCs only partially constrain the state, range and range rate are unknown from angular data, transver-
sality conditions are leveraged instead of fixing x(t0) or x(t f ) completely. These conditions, derived from PMP, connect
the co-states and the BCs, yielding:

λ0 = −
∂V0

∂x0

T

−
∂g0

∂x0

T

ν0, λ f =
∂V f

∂x f

T

+
∂g f

∂x f

T

ν f ,

where ν0 and ν f are Lagrange multipliers enforcing the constraints, and V0, V f are state cost functions, which in this
case are set to zero. The constraint vectors g(x0, t0), g(xf , t f ) encode the deviation between measured and computed
attributables:

g(x0, t0) = a0(x0) − a0, g(xf , t f ) = a f (x f ) − a f ,

with the overlined terms representing the actual measurement data. This formulation allows one to retrieve analytical
expressions for λ0 and λ f , leaving x0 and the multipliers ν as unknowns. The full problem is solved iteratively via a
single-shooting method, starting from an initial guess for both x0 and [ν0, ν f ]. For this application the x0 used as a
first guess for the iteration is derived from a devised cislunar IOD method, conceptually comparable to the Two-Body
Integral method,4 but revised for CR3BP applications. The detailed formulation of this approach is not included here,
as it lies beyond the scope of the present study. The final nonlinear system comprises 14 equations in 14 unknowns:

λ(t f ) − λ f = 0
g(x0, t0) = 0
g(xf , t f ) = 0 ,

(5)

where x(t f ) and λ(t f ) result from integrating the dynamics:

x(t f ) = ϕx(t f ; x0, λ0, t0), λ(t f ) = ϕλ(t f ; x0, λ0, t0).

This comprehensive approach enables the reconstruction of optimal connecting trajectories and associated energy
expenditures between UCTs using purely optical information.

2.3 Uncertainties and correlation

This section deals with how the uncertainty characterizing the angular measurements involved in the problem translates
into the final results, generating distributions of solutions.

The first step is to derive the covariance relative to the whole attributable a. The sensor accuracy is taken as
standard deviation σ of α and δ measurements, thus describing the corresponding distribution, assumed Gaussian, by
mean value and covariance. To propagate this uncertainty to the angular velocities, the process leverages an UT on the
previously introduced track compression to retrieve mean and covariance of the whole corresponding attributable.

The underlying idea related to uncertainty integration is that of solving the OCP introduced in the previous sec-
tion to obtain the distributions associated with the nominal solution∆Vnom, both in terms of control effort,N(∆V∗,Σ∆V∗ ),
and initial state,N(x0,Σx0 ). Then, the initial state related to the nominal solution is taken as reference x0,re f and propa-
gated using a ballistic dynamical model, free from additional accelerations, from the initial t0 to the final t f time. Once
the two states x0,re f and x f ,re f are retrieved, the corresponding attributables are computed. This information is used
to solve the OCP again on the ballistic trajectory, taking into account the same uncertainty on the BCs as before, to
compute an approximate background expense related only to the uncertain BCs, N0(∆Vb,Σ∆Vb ).

To assess consistency of the ballistic hypothesis between the two UCTs, ∆Vnom,N(x0,Σx0),N(∆V∗,Σ∆V∗ ) and
N0(∆Vb,Σ∆Vb ) are used in a structured three-level screening, process that employs two statistical metrics.
The first metric leverages a figure of merit widely employed in the field of probabilistic data association, the Squared
Mahalanobis Distance (SMD), that is defined as:

SMD(x) = (x − x)T (Σx + Σx)−1(x − x) ∼ χ2(x) , (6)

4
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where x is a reference distribution mean value with associated covariance Σx, x represents a sample distribution mean
value with covariance Σx, and it is assumed that (x − x) ∼ N(0,Σx + Σx). SMD(x) can be directly compared with
a n-variable χ2

n,c distribution quantifying its distance through a predefined confidence level c, related to a 3σ factor
distance from its mean, leading to the definition of the correlation index PS MD = SMD(x)/χ2

n,c.11

This metric is leveraged in the first verification level to test the association between the derived initial state
x0 and the measurements composing the second track, from which the attributable af corresponding to the problem
final BC is obtained. The initial state distribution N(x0,Σx0 ) is propagated ballistically to the epochs of the second
set of observations, projected onto the measurement space, and then compared with the actual measurements. This
test provides an initial indication of consistency, but it is not sufficient on its own to confirm the ballistic hypothesis.
Indeed, the presence of a low-thrust manoeuvre, such as a station-keeping one, may produce deviations that are not
readily distinguishable from pure ballistic propagation, unless a sufficiently long time interval has elapsed to allow the
divergence to become detectable.

The second level of verification instead focuses on assessing whether the nominal expense ∆Vnom can be ex-
plained by the ballistic background distribution. To verify this, one possible approach is considering ∆Vnom as a
deterministic value and test it against N0 through a Z-score metric.
The Z-score is a statistical measure that quantifies the distance between a data point x and the mean of a dataset µ in
terms of standard deviations:

z =
x − µ
σ
. (7)

To determine the probability that x lies within a certain range of the distribution, the cumulative distribution function
(CDF) of the standard normal distribution Z, is used. Therefore the probability that a sample X of the distribution is
going to be higher than the value of x, meaning that x is contained in the distribution itself is computed as:

P (X ≥ x) = 1 − P (X ≤ x) . (8)

To be conservative, the threshold probability to consider the nominal expense ∆Vnom explained by N0 is set to 50%.
To enhance robustness against false positive manoeuvres, a third additional verification step is performed. By

once again leveraging the SMD, it is possible to assess the correlation between the nominal distribution N(∆V∗,Σ∆V∗ )
and the ballistic background distribution N(∆Vb,Σ∆Vb ) of expense introducing a further index referred as PS MD(∆V).
For all the analyses carried out, due to the low orders of magnitude of the involved variable, the logarithm of the
expense is employed to avoid incurring in numerical errors, as suggested in Serra.13

To improve the accuracy of nonlinear uncertainty propagation, a 4th-order Conjugate Unscented Transform
(CUT4) is employed instead of the UT. While the UT captures the first two moments of a Gaussian distribution exactly
and offers third-order accuracy for symmetric functions, it may fail to represent higher-order statistical features when
the system dynamics are highly nonlinear, as is often the case in cislunar orbital mechanics. The CUT4 extends the
accuracy to fourth-order moments, enabling a more faithful approximation of transformed distributions when compared
to Monte Carlo references, especially in terms of shape, tail behavior, and variance structure.1 An initial assessment of
the suitability of the CUT4 approach is performed by directly comparing its results to those obtained through Monte
Carlo simulation. Despite the higher number of sigma points required due to the problem dimensionality, CUT4
remains significantly more computationally efficient than a Monte Carlo approach.

3. Simulations and results

This section presents the results of the conducted simulations. The two scenarios involved are distinguished by the
observer location. In the first case, measurements are acquired from a ground-based sensor, specifically the French
TAROT Calern station. In the second scenario, a space-based sensor positioned in a Halo orbit around the L1 Lagrange
point is considered.

3.1 Ground-based

For the ground-based case, the first step involved acquiring measurements of the target. The analysis considered two
representative orbits belonging to the Lyapunov and Halo families around the L1 point. A visibility analysis, accounting
for the major observational constraints, is performed to derive the corresponding visibility windows and, consequently,
to retrieve the objects observation tracks.

For this analysis, the observation time span is set equal to the orbital period of the relative targets being 14.44 days
for the Lyapunov-L1 and 11.42 days for the Halo-L1. The visibility windows for the two candidate orbits are shown in

5
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Fig. 2 and Fig. 3, respectively. The sensor accuracy is taken as standard deviation of the angular measurements acquired,
traducing in an attributable standard deviation of the order of σa = [1e−06 rad, 1e−06rad, 1e−09 rad/s, 1e−09 rad/s].

Figure 2: L1 Lyapunov orbit visibility. Figure 3: L1 Halo orbit visibility.

Once the measurements are retrieved, optical UCTs are constructed by selecting one measurement set per hour
within the visibility window. For the simulation setup, the attributable a0 corresponding to the first track is computed
and used as the initial BC for the OCP. The final BC is then varied by selecting subsequent tracks. To maintain a
consistent basis for comparison between the two orbital regimes, the maximum time separation ∆tUCTs between the
first and subsequent tracks is set to 5 days for the Lyapunov-L1 case. This choice is motivated by the fact that, in the
Halo-L1 scenario, the maximum available separation is approximately 3 days, thus, setting a similar time frame allows,
for a meaningful comparison of the results in the two different scenarios.

As first assessment, the hypothesis on the normality of the expense distribution is performed. The reference case
considered takes into account the maximum ∆tUCT s between consecutive observations, that is 5 days for the Lyapunov
case. A Kolmogorov-Smirnov test is performed on the expense distribution retrieved from a Monte Carlo simulation,
accounting for 500 samples, to validate the hypothesis of normality at a significance level of 5%. The comparison
between the empirical CDF and the equivalent standard normal is reported in Fig. 4(a), it is evident that the distribution
does not hold the normality hypothesis. Moreover, in Fig. 4(b) the quantiles of the two distributions are reported
to better appreciate the divergence which affects in particular the tails of the Monte Carlo distribution. Nonetheless,
a further test to assess how inaccurate would be to approximate the distribution using only its first two moments is
performed. By comparing the CDFs obtained from the Monte Carlo simulation and the CUT4 method, it is evident
from Fig. 4(c) that, although the Monte Carlo distribution is not strictly Gaussian, the first two moments, mean and
covariance, are nonetheless well captured by the CUT4 model. Hence, this approach serves as a valid and reasonably
representative alternative to characterise the distribution.

(a) (b) (c)

Figure 4: Plot (a) reports the Kolmogorov-Smirnov test performed on the Monte Carlo ∆Vb distribution. Plot (b) shows
the trend of the distribution quantiles with respect to the normal quantiles. Plot (c) includes the comparison between
the CUT4 and the Monte Carlo approach on the ∆Vb distribution. All the graphs are referred to the last Lyapunov-L1
UCT pair (highest ∆tUCT s).

Regarding the results of the three levels of verification applied to the ballistic hypothesis for the two orbital test
cases considered, these are presented in Fig. 5. Specifically, Fig. 5(a) reports the outcomes of the correlation index

6
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(a) (b)

(c)

Figure 5: Plot (a) reports the outcomes of the first step based on PS MD(x). Plot (b) shows the probability Pz linked
to the second Z-score-based step. Plot (c) includes the values of PS MD(∆V) resulting from the third step. The graphs
include both candidates orbits.

PS MD(x), computed over the distribution of the initial state associated with the nominal resolution of the OCP. In all
the analyzed cases, this first level of control yields positive results, immediately ruling out the possibility that the two
tracks are connected by an high-thrust manoeuvre.
After the first verification level is satisfied, the method proceeds to examine whether the ∆Vnom is consistent with the
ballistic distribution, based on a Z-score analysis. The results shown in Fig. 5(b) highlight that, in the majority of cases,
the expense values are inherently consistent with the ballistic distribution, even when adopting a conservative threshold
of 50%. However, it may occur, such as in the first Halo-L1 case, that the probability falls below the threshold.
To verify whether this outcome indeed indicates the presence of a low-thrust manoeuvre, the third level of verification
is introduced. This last check leverages the additional SMD-based index, assessing the correlation between the two
expense distributions, the corresponding PS MD(∆V) values are reported in Fig. 5(c). Although this control is mainly
designed for cases that do not satisfy the Z-score criterion, for completeness and to enable comparison across all cases,
the indices have been computed for every pair of tracks. Notably, the PS MD(∆V) value associated with the previously
highlighted case, remains within the expected bounds and is consistent with the other scenarios analyzed.
Therefore, it can be concluded that in none of the cases considered does the expense distribution resulting from the
OCP resolution appear anomalous compared to a ballistic distribution driven solely by uncertainties in the BCs.

3.2 Space-based

The space-based scenario involves an observer positioned on the same Halo-L1 orbit described in the previous case
and a target located on a reference Distant Retrograde Orbit (DRO).

As in the previous case, a relative visibility analysis between the two objects is conducted, including the addi-
tional observability constraints specific to the space-based configuration.
The temporal span of the analysis is set equal to the longest of the two orbital periods. In this case, it corresponds to
the observer period, since the target one is of approximately 7 days.
For the on-board optical sensor, a reference angular accuracy of 1 arcsecond, in both α and δ, is assumed. This results
in an attributable standard deviation of the order of σa = [1e − 06 rad, 1e − 06rad, 1e − 08 rad/s, 1e − 08 rad/s].
The analysis produced a visibility window, depicted in Fig. 6, of approximately 18 hours between the two objects which
is relatively short compared to the total analysis duration of 14.44 days. As in the ground-based test case, one track
is generated for each hour of visibility, resulting in a total of 18 UCTs. Among these a subset is selected, containing
those tracks having a ∆t = [3, 7, 9, 13, 17] hours approximately, with respect to the first one. Rather than selecting all
samples, which would be closely spaced in time, this subset is chosen to span the full temporal scale between the first
and the last sample. This allows for a more representative analysis of the effect of ∆tUCT s over the entire observation
window. The first UCT within the visibility window is used to extract the attributable a0 corresponding to the initial

7
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BC. This is then tested against each of the subsequent 5 tracks, from which the final attributable BC af is derived, as a
function of time.

Figure 6: Relative visibility between observer (Halo-L1) and target (DRO).

Once again, the fidelity of the CUT4 model in replicating the Monte Carlo distribution is assessed. This verifi-
cation aims to evaluate any discrepancies with respect to the previous case that may arise due to the different sensor
accuracy. Also in this case, the expense distribution does not pass the Kolmogorov-Smirnov test, as it can be graphically
appreciated in Fig. 7(a). From Fig. 7(b) it can be seen the deviation of the quantiles along both tails, less pronounced
than that of the previous test case but still dominant. In the same way as before, the CDFs of the CUT4 approach and
the Monte Carlo are computed and compared in Fig. 7(c). Also in this case the fist two moments of the distribution
coincide, so it is reasonable, for this second test case as well, leveraging the CUT4 approach.

(a) (b) (c)

Figure 7: Plot (a) reports the Kolmogorov-Smirnov test performed on the Monte Carlo ∆Vb distribution. Plot (b) shows
the trend of the distribution quantiles with respect to the normal quantiles. Plot (c) includes the comparison between
the CUT4 and the Monte Carlo approach on the ∆Vb distribution. All the graphs are referred to the last UCT pair
(highest ∆tUCT s).

As in the previous test case, the three-step verification framework is used to evaluate the ballistic hypothesis, and
the outcomes are shown in Fig. 8. The values corresponding to the first verification level on PS MD(x) are reported in
Fig. 8(a). Consistent with earlier findings, this initial check yields positive results across all attributable pairs, ruling
out the possibility of high-thrust manoeuvres as the source of the observed motion.
The second step based on the Z-score is then carried out and the respective results are presented in Fig. 8(b). In most
cases, the nominal expense falls within the expected range, considering the conservative 50% probability threshold.
However, similar to the ground-based case, outliers may emerge and for this test case the computed likelihood dips
below the threshold twice, indicating a potential deviation from pure ballistic dynamics.
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(a) (b)

(c)

Figure 8: Plot (a) reports the outcomes of the first step based on PS MD(x). Plot (b) shows the probability Pz linked to
the second Z-score-based step. Plot (c) includes the values of PS MD(∆V) resulting from the third step. The graphs are
related to the target DRO object.

To further investigate such cases, the third step is triggered to evaluate PS MD(∆V) between the computed expenses,
the resulting values are shown in Fig. 8(c). Also for this case PS MD(∆V) it is computed for all UCT pairs to provide a
complete comparison across the dataset. In the case identified by the Z-score as potentially non-ballistic, the PS MD(∆V)
value nonetheless aligns with those observed in fully consistent cases.

As in the previously analyzed scenario, this reinforces the conclusion that the apparent deviation does not reflect
a genuine manoeuvre but remains statistically compatible with the uncertainty BCs derived background distribution.

4. Conclusions

This work has presented the application of a correlation technique based on the solution of a minimum-energy optimal
control problem between two optical UCTs associated with objects operating in the cislunar regime.

The focus was set on testing the ballistic dynamics hypothesis to correlate two UCTs by comparing the OCP-
derived control expense, both as a deterministic value and as a distribution, with an approximate background distribu-
tion linked to the BCs uncertainty. The use of transversality conditions simplifies the problem by removing the need to
define an admissible region and by relaxing assumptions about the underlying dynamics.

The proposed method was evaluated through test cases involving both ground-based and space-based optical
measurements, covering a representative range of observation scenarios relevant to future operational contexts in cislu-
nar space. The results of the three-step verification framework for assessing the ballistic hypothesis showed consistent
positive outcomes across all of the analysed cases. These findings support the validity of the method in identifying
dynamical consistency between UCT pairs.

Future work will include sensitivity analyses to evaluate the impact of both varying levels of measurement
and initial IOD guess state uncertainty, on the method performance and reliability. Additionally, further studies will
investigate the robustness of the approach with respect to the adopted dynamical model, for instance by using a full
ephemeris model for measurement generation and propagation.
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