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Abstract

We introduce a new method for constructing solenoidal extensions of fairly general boundary
data in (2d or 3d) cubes that contain an obstacle. This method allows us to provide explicit
bounds for the Dirichlet norm of the extensions. It runs as follows: by inverting the trace
operator, we first determine suitable extensions, not necessarily solenoidal, of the data; then
we analyze the Bogovskii problem with the resulting divergence to obtain a solenoidal exten-
sion; finally, by solving a variational problem involving the infinity-Laplacian and using ad
hoc cutoff functions, we find explicit bounds in terms of the geometric parameters of the
obstacle. The natural applications of our results lie in the analysis of inflow—outflow prob-
lems, in which an explicit bound on the inflow velocity is needed to estimate the threshold for
uniqueness in the stationary Navier—Stokes equations and, in case of symmetry, the stability
of the obstacle immersed in the fluid flow.

Mathematics Subject Classification 35Q35 - 35C05 - 76D05 - 46E35 - 49K20

1 Introduction

Stationary inflow—outflow problems in fluid mechanics are well-modeled by the (steady
state) Navier—Stokes equations describing the motion of the fluid and by nonhomogeneous
boundary conditions prescribing how a given fluid enters or exits the considered bounded
domain  (either in R? or in R3):
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Fig.1 Vortices around a plate
obtained in wind tunnel
experiments at Politecnico di
Milano

—nAu+w-VYu+Vp=0, V-u=0in Q, u=h on Q2. (1.1)

In (1.1), u is the velocity vector field, p is the scalar pressure and n > 0 is the kinematic
viscosity, while the datum % contains both the inflow—outflow conditions and the behavior on
the remaining part of the boundary. The theory developed so far in order to manage Navier—
Stokes equations under nonhomogeneous Dirichlet conditions (see e.g. [17]) suggests to
reduce the problem to homogeneous conditions through a suitable solenoidal extension of
the boundary data. Namely, one needs to find a vector field vy satisfying

V.-vy=0in Q, vo=h on Q. (1.2)

This problem, whose interest and applicability go far beyond fluid mechanics, has a
long history, starting from the pioneering works of Sobolev [34], Cattabriga [7] and
Ladyzhenskaya-Solonnikov [29,30]; see also the book by Galdi [17, Section IIL.3]. If the
boundary conditions are themselves of solenoidal type such as constants, Poiseuille or Cou-
ette flows (see [31] for other models), the extension is found by a fairly standard procedure,
see [26,35,36] for bounded domains and [8,9] for a special class of unbounded domains.
The classical way to solve (1.2) relies in the use of a proper extension of the data & as a
curl, together with a Hopf’s-type cutoff function, see [29, p.130] and also [17, Section IX.4].
However, if the inflow—outflow datum 4 does not have a straightforward solenoidal exten-
sion, the problem becomes significantly more difficult. This is the case, for instance, when
the considered domain contains an obstacle where, due to the effects of viscosity, the flow
satisfies no-slip conditions. Then, even if the inflow—outflow datum has a simple solenoidal
extension, one can still use cutoff functions in order to meet the homogeneous boundary
conditions on the obstacle. Nevertheless, it turns out that, in real life, the obstacle perturbs
the fluid flow, creating some vortices behind itself even for low-Reynolds-numbers. Recent
experimental and numerical evidence [6,37,38] shows that, at a sufficiently large distance
behind the obstacle, the perturbed flow concentrates its turbulent motion mostly in the wake
of the body, see Fig. 1 for a wind tunnel experiment and [6,13] for some experimental data.

It is then clear that different boundary conditions should be imposed on the outlet, see
[22,23,28]. Overall, in presence of an obstacle, the most realistic physical boundary conditions
are different (nonhomogeneous) inflow and outflow conditions, combined with homogenous
conditions on the obstacle. In this situation, the construction of a solenoidal extension appears
possible only in two steps. First, to find an extension, not necessarily solenoidal, of the inflow—
outflow data, thereby “inverting” the trace operator for vector fields; this problem has been
systematically studied since the works of Miranda [32], Prodi [33] and Gagliardo [16], giving
a full characterization of the trace operator and providing an explicit extension for any locally
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Fig.2 The obstacle K in the box Q, in 2d (left) and in 3d (right)

Lipschitz domain and any boundary datum. Second, to solve the Bogovskii problem [3,4]
with the resulting divergence: the celebrated Bogovskii formula, dating back to 1979, yields
a class of solutions by means of the Calder6n—Zygmund theory of singular integrals. Durdn
[14] proposed in 2012 an alternative approach based on the Fourier transform. Incidentally,
let us also mention that the Bogovskii problem is strictly related to several inequalities arising
both in fluid mechanics and elasticity; see [1,2,10,15,24,27].

As a consequence of the vortex shedding, the fluid exerts forces on the obstacle and, if
one is interested in the stability of the obstacle itself, the most relevant one is the lift force.
With the final purpose of analyzing the stability of a suspension bridge under the action of
the wind [18], a simplified geometric framework where to analyze the appearance a of lift
force was first suggested in [21] and subsequently discussed in [5,20,22]. The setting can be
simply described as follows: the container Q is given by an open square in R? or an open
cube in R3, while the obstacle is represented as a compact, connected, and simply connected
domain K with Lipschitz boundary contained into Q, see Fig. 2. In this geometric setting,
the main purpose of this paper is the construction of estimable solenoidal extensions of quite
general boundary data to 2 = Q\ K. Precisely, in dimension d = 2 or d = 3, given a vector
field h satisfying suitable assumptions, we determine a solution vy to the boundary value
problem (1.2), along with some upper bound on the Dirichlet norm of vg in 2. The goal is
not simply to show the existence of some solenoidal extension, but also to obtain an explicit
form of it, in order to derive explicit bounds on its norm. The reason is that we are mainly
interested in applications to fluid mechanics, such as finding bounds on the inflow velocity
guaranteeing the unique solvability of the Navier—Stokes equations (1.1). In turn, in view of
the results contained in [20], in a symmetric framework, unique solvability implies that the
lift applied over K is zero.

The paper is organized as follows. Section 2 serves as a guideline, where the outline of
our strategy is presented, together with our main result (Theorem 2.1) and its application to
Navier—Stokes equations. The steps of this strategy are carried over in the remaining sections
of the article. In Sect. 3 we formulate an extension result, see Theorem 3.1, that not only
allows to invert the trace operator in our geometric framework, but also to study two new
inflow—outflow models that are suggested. Then, in Sect. 4 we explicitly solve a variational
problem involving the infinity-Laplacian, yielding a sharp bound on the W1-_norm of a
class of scalar cutoff functions. Through a delicate combination of the results contained in
[3,4,14,17], an upper bound for the Bogovskii constant of the domain €2 is found in Sect. 5,
see Theorem 5.1; this requires the estimation of the norms of certain mollifiers given in Sect.
6. By using these results we finally give the proof of Theorem 2.1 in Sect. 7.
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2 The paper at a glance
2.1 Assumptions and outline of the strategy

Welet Q = (—L, L) and K € O C R? (d = 2 ord = 3) be as described above, see again
Fig. 2. We fix here the assumptions on the boundary datum / in problem (1.2): we view h
as the compound of four fields 4; defined on the four sides X;’s of Q in dimension 2, and of
six fields h; defined on the six faces X;’s of Q in dimension 3. We denote by 7 the outward
unit normal to (the sides/faces of) Q and by V the family of vertices of Q:

heC@®Q), hieH(%), / h-i=0, hl,=0 if d=3. @2.1)
20

Note that the vanishing condition for % at the vertices of Q is assumed only for d = 3, while
it is not needed for the validity of our results in dimension d = 2. We fix real numbers a, b, ¢
so that

L>a>b>c>0 and KCPCQ,
. [Pz(—a,a)x(—b,b) ifd=2
with

) (2.2)
P =(—a,a) x (=b,b) x (—c,c) ifd=3,

so that the obstacle K is enclosed by the parallelepiped P. Throughout the paper we set
Qo = O\P. (2.3)

Working on the set ©2p allows us to obtain explicit bounds; with our approach, it is clear that
the best possible bounds are found by taking P as the smallest parallelepiped enclosing K.
We shall proceed in four steps:

Step 1 We determine a vector field

AL e H{(Q)NC(Q) with Aj=h on 30,

such that the H'-norm of A; on Q can be explicitly computed in terms of the H'-norms
of the fields 4#; on X;. The expression of this (not necessarily solenoidal) field is given in
Theorem 3.1.

Step 2 We construct a scalar function ¢ € W!*°(Q) such that

¢p=1o0n09d0Q, ¢=0in P,
in such a way that the W!-*°-norm of ¢ in g is explicitly computable and as small as
possible. This function ¢ is defined in Sect. 4, and its minimizing property (which is obtained
by using the variational properties of infinity-harmonic functions) is stated in Theorem 4.1;
incidentally, we point out that this bound is sharp. Then the vector field A, = ¢ A; satisfies

Ay =h on 30, A, =0 in P.

By using the H!-bounds on A, and the W!*°-bounds on ¢, we can control the H'-norm of
Ajon Q.
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Fig.3 The (colored) “doubly-illuminated” region €21 N 5, in 2d (left) and in 3d (right)

Step 3 We construct a vector field
A3 € Hy(Q) satisfying V- A3 =—V -4, in Q,

such that the L2-norm of V A3 is estimated in terms of the L2-norm of V - A. To this aim,
we provide an upper bound for the Bogovskii constant of Qo (and, hence, of 2), defined as

VUl L2

Cp(Rp) = sup inf
gl 220

‘veH&(Qo), V.v=g in QO} . (24
9€L3(Q0)\(0}

where L%(Qo) denotes the subspace of functions in L%(Q0) having zero mean value. This
upper bound is stated Theorem 5.1 and has its own independent interest. The proof is based
on the following idea: first we derive a quantitative version of a result by Durdn [14], allowing
to estimate the Bogovskii constant of a domain which is star-shaped with respect to a ball
(see Proposition 5.1), and then we apply such result after decomposing €2¢ as the union
of two domains 2] and €2, that are star-shaped with respect to a ball placed in a corner:
these sets are the regions “illuminated” by spherical lamps placed in two opposite corners
(namely, each one tangent to the sides of Q intersecting at the corner), see Sect. 5 for the
analytic description. In Fig. 3 we illustrate the intersection 2 N €2, as the colored region
“doubly-illuminated” by both lamps.

Step 4—Conclusion Finally, we observe that the field vy defined by vo = A + A3 in Qo,
and extended by zero on P\ K, is a solution to problem (1.2) in €2; moreover, by making use
of the preceding steps we are in position to find an explicit bound for the L?-norm of Vuy,
see (2.5)—(2.6).

2.2 Main result and applications to the Navier-Stokes equations

Putting together all the previously described steps, we now state our main result.
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Theorem 2.1 Under assumptions (2.1)—(2.2), there exists a vector field vy € HY(Q) satisfy-
ing (1.2) such that

IVvoll 2@ =T (2.5)

where T is a positive constant depending only on L, a, b, ¢ and the norms in H'(;) of
the functions h;. Specifically, the value of T is given by

_1+M

T L-a

where A1 is the extension of h found in Step 1, and M is the upper bound for the Bogovskii
constant of Qq found in Step 3.

r

IA1lIL20) + IVALllL2(0) + M IV - At 20y » (2.6)

Remark 2.1 Concerning the value of the constant I" given in (2.6), we further precise that:

— It is explicitly computable, relying on the explicit expressions of the field A; and of the
constant M; to simplify the presentation, such expressions are postponed to Theorems
3.1 and 5.1.

— It s far from being optimal. In particular, it might be improved by refining the estimates
in Steps 1 and 3 (whereas the estimate for the function ¢ in Step 2 is sharp).

Thanks to Theorem 2.1 we can give necessary conditions for the appearance of lift forces
over an obstacle exerted by Navier—Stokes flows. Let us consider Eq. (1.1) with the boundary
datum £ satisfying (2.1) and a no-slip condition on the obstacle

h=0 on 0K. 2.7

Since h # 0 on dQ, we need to deal with both the Sobolev space HO1 (£2) and the space of
functions vanishing only on d K, which is a proper connected part of 9<2:

H (@) ={veH (Q)|v=0 on 3K}.

This space is the closure of the space C2°(Q\ K ) with respect to the Dirichlet norm. We also
need the two functional spaces of vector fields

Vi@ ={(ve H(Q) |V-v=0inQ} and V() ={ve H}(Q)|V-v=0 inQ}.

Assuming (2.1), we say that a vector field u € V,(R2) is a weak solution of (1.1)—(2.7) if u
verifies the boundary conditions in the trace sense and

r;/(Vu«V(p)dx+/(u~V)u-godx =0 V¢ eV(). (2.8)
Q Q

It is well-known [17, Section IX.4] that a solution always exists and that it is unique
provided that || 2] z71/2(5 o) is sufficiently small, see also [20, Section 3] for the particular case
of a domain with obstacle. The flow of the fluid exerts a force Fx over the obstacle, which
can be computed through the stress tensor T(u, p) of the fluid [31, Chapter 2] and, in a weak
sense, is defined as

Fg(u, p) = —(T(u, p) -7, ok . 2.9

Here (-, -)sx denotes the duality pairing between W_%’% (0K) and W%*3(8 K), while the
minus sign is due to the fact that the outward unit normal 7 to 2 is directed towards the
interior of K. In the case of suspension bridges, the boundary conditions should model an
horizontal inflow on the (2d or 3d) face x = —L of Q, asin conditions (3.2) and (3.4), see also
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[19]. Then, the most relevant component of the force (2.9), leading to structural instability,
is the lift force Lk (4, p) which is oriented vertically and, in our generalized context, can be
computed as

Lg(u,p)=Fxu,p)-v,

where v is the unit vector in the y-direction in the 2d space and in the z-direction of z in the
3d space. The connection between the unique solvability of (1.1), the existence of symmetric
solutions and the appearance of a lift force over K is expressed in the following result:

Proposition 2.1 Assume (2.2). For any h € HY2(32) N C(d Q) satisfying (2.1)~(2.7), there
exists a weak solution of (1.1). Moreover, there exists x > 0 such that, if ||l 1250y < X
then the weak solution is unique. Furthermore, if the obstacle K is symmetric with respect
to the y-direction (2d case) or to the z-direction (3d case) and the boundary datum satisfies
Al g0y < x and

h(x,—y) =h(x,y) (2dcase) or h(x,y,—z) =h(x,y,z) (3dcase) on 3Q,
then the fluid exerts no lift force on the obstacle, that is, Lx (u, p) = 0.

Note that the symmetry assumption on the inflow is satisfied by a Poiseuille flow but not
by a Couette flow, see (3.4) and (3.2) below. Proposition 2.1 is equally valid if we drop the
continuity assumption on /; this assumption is put only for compatibility with the remaining
parts of the paper. From [20] we know that the constant x in Proposition 2.1 depends on:

— the viscosity n, with n — x (1) being increasing;
— the geometric measures L, a, b, that modify the embedding constants for H*] (), HO1 () C
LY(Q);
— the constant I describing the size of the solenoidal extension, see Theorem 2.1.
In [20] the Authors merely considered constant inflows and gave explicit bounds on .

The main novelty of the present paper is that we also handle more general inflow—outflow
problems and still ensure that no lift force is exerted on the obstacle, as in Proposition 2.1.

3 An extension result and two new inflow-outflow models
We decompose 9 Q as the union of its (d — 1)-dimensional faces, that we name in dimension
d =2by
Yi1=00Nn{x=L}, I,=90Nn{y=L}, E3=00N{x=-L},
Y4=00Nn{y=-L},
and in dimension d = 3 by

Y1=00N{x=L}, ¥=00N{y=L}, Z3=00N{x=—L},
S4=90N{y=-L}, S5=00N{z=L}, Te=090N{z=—L).
We point out that, while in the 2d case we numbered the faces of d Q counterclockwise, in
the 3d case we kept this ordering and simply added the two extra faces in the z-direction.

Then, denoting by h; the restriction of /& to X;, the continuity of / at the vertices of Q in
dimension 2 and at the edges of Q in dimension 3 reads

h,‘=hj on %; NXj, vi,jell,...,d}. 3.1
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Aim of this section is to construct a vector field A as in Step 1 of the outline, namely, a vector
field Ay € H'(Q) NC(Q) such that A; lap = h. We point out that, if the boundary datum
is not solenoidal, then the construction of a solenoidal extension to 2o cannot be performed
merely by the use of cutoff functions and it is therefore necessary to extend it first to Q. In
view of the special choice of the geometry, such extension can be explicitly found by taking
the convex combination of the boundary datum on opposite faces of Q.

Theorem 3.1 Let h satisfy assumptions (2.1).

e Ford =2, the function A1 € HY(0)nc(0) defined on Q by

L+ x —X
Al(x,y) = L hi(y) + 7T h3(y)
L+y L+x —Xx
Z o x) — hy(L) — hy(—L
+ L |:2(x) L 2(L) L 2( )]
P e - B ) - o e
o | T oL

is an extension of h to Q, whose H'-norm on Q can be explicitly computed in terms of
the H'-norm of the functions h; on %, fori =1, ..., 4.

e For d = 3, assuming in addition that h vanishes at the vertices of Q, the function
A1 € H'(Q) NC(Q) defined on Q by

A = 000+ a0
+ % [hz(x,z) - L;;%(L,z) - 2_Lxh2(—L,z)]
+2 [hm, 9~ w0 - E T, z)]
+ % [hs(x, M- Lz—;xhs(h »- Lz_Lxhs<—L, »)
_L;zyhs(x, L)— Lz_Lyh5(x, —L)]
Tt [h(,(x, 0= e~ E k(L)
_L;zyhé(x, L)— Lz_Lyhﬁ(x, —L)]

is an extension of h to Q, whose H'-norm on Q can be explicitly computed in terms of
the H'-norm of the functions h; on =, fori =1, ...,6.

Proof The proof follows by computing A; on d Q, taking into account conditions (3.1). O

In order to highlight the relevance of Theorem 3.1, we introduce here two new inflow—
outflow models in which the boundary velocity is not solenoidal. In the 2d case we suggest a
model for a turbulent flow, whereas in the 3d case we suggest a model for an “almost laminar”
flow. We emphasize that these models should not be interpreted as a precise description of
turbulent or laminar flows in a channel. They merely serve as possible boundary data to be
prescribed in inflow—outflow problems, showing a new level of complexity that can be treated
by the methods presented in this article.
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Fig.4 Vector plot (left) and stream plot (right) of the field A defined in (3.3)

A 2d-model for a turbulent flow. In the planar domain €2p, we consider an inflow of
Couette type and an outflow of “modified Couette” type. More precisely, for some A > 1
and &, T > 0, we take the boundary datum & : 329 —> R? as

h=0 onX4UdK ; h(x,L):(“OL) Vix| < L;

h(~L,y) = (Mya%)> Viyl < L;
0 if [y| > b
_ (2 + D) = b
h(L,y) = ( 2(y) ) Vly| < L, where g(y)= |y|® sin <\1/Tﬁ> if |y| <b.
(3.2)

Conditions (3.2) aim to model the behavior of the wind on the deck of a bridge, with
no-slip condition on the boundary of the bridge and on the floor, see (3.2);. Indeed, it is
well-known that there is no wind at the ground level (at y = —L) and the velocity of the
wind increases with altitude, reaching a maximum strength at y = L, see (3.2),—(3.2)3.
Moreover, this law is linear and, at high altitude, the wind is very strong (large A). The datum
is assumed to be regular on the inflow edge x = —L, then the flow becomes turbulent after
bypassing the obstacle K (see Fig. 1 for the illustration of an experiment), and it regularizes
only partially on the outflow edge x = L, as in (3.2)4: in the wake of the obstacle, the flow
oscillates as y — 0, more quickly but with decreasing amplitude towards the center of the
outflow edge. The intensity of the turbulent motion is measured by the positive parameter 7.

The boundary datum # defined in (3.2) satisfies the assumptions in (2.1), and hence it
admits a solenoidal extension. The intermediate (non-solenoidal) extension given by Theorem
3.1 reads

Ay +1L)

Al(x,y):<L+x ) Y(x,y) € Q. (3.3)
oL g

The vector and stream plots of the field A; on Q (without the obstacle) are displayed in Fig.
4,forL=1,a=07,b=05,L =3, =0.1and T = 10.
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Fig.5 2d view of the inflow—outflow faces of the cube in the 3d model
A 3d-model for an “almost-laminar” flow. In the 3d domain g, we consider an inflow
of Poiseuille type and an outflow of “modified Poiseuille” type, namely we take the datum
h:dQy — R3as
h=0 on $UX3UXs5UXgUIK;

212 _ yz — 22
h(~L,y,z) = 0 V(y,z) € [-L,L]*;
0
2L2 —y2 -2
Y2 - L@ - L) ,
h(L,y,z) = L4 Y(y,z) € [-L, L] . (3.4)
2(y? = L2 (2 - L%
L4

Condition (3.4); aims at representing a regular inflow, which is expected to slightly modify
after by-passing the obstacle, but then tends to recompose at the outflow face, as in (3.4)3
(see [6] for experimental evidence). In fact, in a wind tunnel, the inflow is generated by a
turbine (see the left picture in Fig. 5), which usually reproduces a Poiseuille flow, which is
faster at the midpoint of the inflow face and vanishes on its edges as modeled by (3.4),.

If the inflow is sufficiently small, the motion of the fluid remains almost laminar. It is then
reasonable to consider an outflow which tends to redistribute regularly also in the wake of
the obstacle: this is the reason why in (3.4)3 the flow is oriented towards the center of the
outlet (see Fig. 5 on the right). The vector field & given by (3.4),—(3.4)3 is also represented
in 3d in the left picture of Fig. 6. Finally, on the four remaining faces of the cube (the wind
tunnel walls) and on the obstacle, the velocity is zero due to the viscosity, as in (3.4);.

The boundary datum /4 defined in (3.4) satisfies the assumptions in (2.1), and hence it
admits a solenoidal extension. Notice also that /# vanishes at the vertices of the cube Q, as
requested in (2.1). The (non-solenoidal) extension (3.4), given by Theorem, 3.1 reads

2L2 _ y2 _ Z2
X+ Ly =LHE =LY _
Ay, = | 3 Iz Vx.y.2) € Q. (3.5)
X+ Lz = L) - L)
2L L4

The vector plot of the field A; on Q is displayed in Fig. 6 right, for L = 1.
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Fig.6 Left: 3d view of the inflow—outflow faces of the cube in the 3d model, for L = 1. Right: vector plot of
the field Ay defined in (3.5) for L = 1

4 A Lipschitz function with gradient of minimal L°°-norm

Aim of this section is to construct a scalar function ¢ as in Step 2 of the outline.
e For d =2, we denote by Q the intersection of Q with the first quadrant. Setting
y(x,y):=(L—a)y+ (b —L)x+La—b) V(x,y) eR?
we decompose Q1 as O+ = Qo U Q1 U Q», where
Q:=0+NP, Q:=(Q4\P)N{y <0}, :=(Q+\P)N{y =0},
see Fig. 7 on the left. Then we define ¢ on Q as the function given on Q4 by

0 if (x,y) € Qo
plx,y) =41 -2 if(x,y) € Q 4.1

—a

=

1— 7= if(x,y) € Q.

and extended by even reflection to the other quadrants. We have

~

1 1 1
oy =1 and |V Lo = [ , }: . @42
o1l L(0) and ||V@| =) = max -2 L—% I 4.2)

e For d = 3, we denote by QO the intersection of Q with the first octant. Setting

(., 2) == (L —c)y+ (b—L)z+ L(c—b),
y(x,z) == (L —a)z+ (c— L)x+ L(a —¢),
y3(x,¥) = (L —b)x+(a—L)y+L(b—a) Y(x,y,2) eR?,

we decompose Q4 as Q4+ = Qo U Q1 U Q, U Q3, where (see Fig. 7 on the right)

Q:=0+NP Q1 :=(Q+\P)N{y2 <0} n{ys >0}
Q= (Q\P)N{y1 =0} n{y3 <0} Q3:=(Q\P)N{y2 =0} n{y <0}.
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93
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Q1 o) Qs

Qo

Fig.7 Decomposition of Q4 into the regions Q;, in 2d (left) and in 3d (right)

Then we define ¢ on Q as the function given on Q4 by

0 if (x,y,2) € Qo
1— =2 if (x, y,2) € Q
o(x,y,2) = [ 4.3)
-7 if(x,y2eD
1— 2= if (x,y,2) € Q3

and extended by even reflection to the other octants. We have

L—a L—b'L—c L—a’
“4.4)

1 1 1 1
||¢||L°°(Q) =1 and ||V¢||L°C(Q) = max{ } =

The next result shows that the norm of the function ¢ in W°(Q)  is minimal in the class
of functions in W!*°(Q) which are equal to 1 on 0 Q and vanish on P.

Theorem 4.1 The function ¢ defined for d = 2 by (4.1) and for d = 3 by (4.3) solves the
variational problem

min[||Vu||Loo(QO) cueWwWh® o), u=1o0n 90, u=0 on 3P} .
Proof Let w be the infinity-harmonic potential of P relative to Q, namely the unique viscosity
solution to the boundary value problem

—Asow =0, 1in Qp,
w=1, ondQ, 4.5)
w =0, ondP,

where Ao, denotes the infinity-Laplacian operator, defined for smooth functions u by

AoouiDzu-Vu-Vu.
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The existence and uniqueness of a viscosity solution to problem (4.5) is due to Jensen (see [25,
Section 3]), who also proved that w has the following variational property (usually referred to
as AML, i.e. absolutely minimizing Lipschitz extension): for every open bounded set A C Qo,
and for every function v € C(A) such that v = w on 9 A, it holds || Vw lLoocay < IVV]lLeo(a)
(see also [11]). Then the statement of the theorem is equivalent to assert that

IVwll Lo @q) = VOl Lo9p) - (4.6)

Since ¢ = w on 9L, the inequality [|[Vwllr o, < VP Lx(q,) follows directly from
the AML property of w. To prove the converse inequality, we recall from [12, Proposition
9] that, if ¢ € 3Q and p € 3P are two points such that | — p| = dist(P, 3Q), then w is
affine on the segment [¢, p], and hence it agrees with the function ¢ defined in (4.1)—(4.3).
Therefore,

lw(g) —w(p) =
IVl = SuP{ﬁ L q€dQ. pedP, |qg—pl=dist(P.dQ)
= sup{w 1 q€dQ, pedP, lg—pl =dist<F,aQ>}
q—p
= [|VollL=(gy) -
This shows that ¢ solves the variational problem and completes the proof. O

5 An upper bound for the Bogovskii constant

Aim of this section is to construct a vector field Az as in Step 3 of the outline. To that
purpose, let us recall that the Bogovskii problem in Q( consists in finding a positive constant
C, depending only on €2, such that

Vg e L§(Q0), e Hy(Q) : V-v=gin Q and [Vvl2q, < Cligl2qp -
5.1

The smallest among such positive constants C, that we denote by Cp(2p), is the Bogovskii

constant of Qq, see (2.4). We now provide an explicit upper bound for Cp(£20). Notice that

proving an inequality of the form Cp(29) < M is equivalent to proving that the claim in
(5.1) holds true with C = M. Let us introduce the following notation:

o ford = 2, we set

_ (L —a) 2
02_m[(L+3a)(L+a—2b)—(L—a)\/(L—i-a—Zb) +8a(L+a)]
+3L% — (a + b)L — ab,
_ (L —a) 2
yz_m[(L+3a)(L+a—2b)—(L—a)\/(L+a—2b) +8a(L+a)]

+2L% —2(a+b)L +2ab; (5.2)
e ford = 3, we set
03 = 713 — (a+ b+ c)L2 — (ab +ac + bc)L — abc,
y3 = 6L% —2(a+ b+ c)L* — 2(ab + ac + bc)L + 6abc . (5.3)
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We point out that oy = |Q1] = |Q22] and y; = |21 N Q2|, where 1 and 2, are the two
domains in which we subdivide €2 in order to obtain Theorem 5.1 below, as outlined in Step
3 of Sect. 2.1. Note also that, while (5.3) is symmetric in a, b, c, this is not the case for (5.2):
the reason is the different decomposition we performed in 2d and 3d (see Fig. 3). This will
become fully clear after reading the proof given hereafter.

Theorem 5.1 There holds Cp(20) < M, where the explicit value of the constant M is given
below:

e for d =2, letting o> and y, be defined in (5.2),

8 143.86. /55 45.36
M=22(1+ 22 —ab))|12935 + %2 4 7
»2 L—a (L —a)?

641> 7.28./57\> 7"
2 (1379 4 LEV22 :
+(L—a)2< - L—a”

e ford = 3, letting o3 and y3 be defined in (5.3),

. 16 445.17. /o3 153.8503
M= [12(14+ —(L3 —ab 327.23
/ ( Tt “”)[ T T T —ay

14412 (224 15.79 @)2}”2

C—ar T T

In order to prove Theorem 5.1, we need as a preliminary result the following estimate for
the Bogovskii constant of a domain which is star-shaped with respect to a ball.

Proposition 5.1 Let O C R? be a bounded domain which is star-shaped with respect to a
ball B C O of radius r > 0. Then the following upper bound for the Bogovskii constant
Cp(O) holds:

71. 11.34 5(0)? 64 29172
cB(O)52[129.35+ﬁ\/|0|+—23\0|+2 ©) (13.79—1—&\/\@) ] if d=2,
r r r

r2

157.92 19.23 5(0)2 5.58 29172
cB(O)sJé[327.23+ 37V 10l + —35-101 +3 (2) (22.4+—3/2\/|O|) } if d=3,
r r r r

where |O| and §(O) denote, respectively, the Lebesgue measure and the diameter of O.

Proof After a translation we may assume that the ball B is centered at the origin of RY. Let
wq € C§° (R?) be the standard radial mollifier whose support coincides with B, that is,

& r? ) 2 2
2exp(7> if x“4+y°<r-,

(¥, y) = " x2 4 y2 —r? (5.4)
0 if x* 4+ y% > 72,
and
b r ) e 2,2, .2 2
3 o, 2, 2 9 if x“+ +z7<rs,
w3(x,y,2) =1 r? p<X2+y2+z2—r2 Y (5.5)
0 if 24 y?+27 =%

In (5.4)-(5.5), £4 > O is the normalization constant such that [|wgll 115y = 1; hence,
1 5 -1
b= <2n/ rel/t *”dz) ~ 2.14357,
0
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1 —1
G = <4,,/ ,2el/<12—1>d;> A 2.26712. (5.6)
0

Given g € L%(O), Bogovskii [3] showed that a solution W € HO1 (O) of the problem
V - W = g can be written as

1
w(é)szgt_f wd( I s)g(&)dtdé Ve e R, (5.7)
O 0

Following [14], we differentiate (5.7) under the integral sign, and we interpret the partial
derivatives of the field W = (W!, ..., W%) as operators acting on the function g. In other
words, for k, j € {1,...,d},

awk J
@(S) Tij1(8)(E) — Tij2(8)(§) V& € RY, (5.8)

where, if g is extended by zero outside O,

1
1 0 — &
Tij1(8)(€) = lin})f/t—zg [(sﬁ st : Ek) (s 45 S)]g(s’) dr de',
E—> ]
- s o
Tij 2(0)(6) = lim 2 85 o(&) didg.
J

In view of (5.8), by applying Young’s inequality, we get

d d
VW20 <2 [ Y 1T50@ 020y + X 1T2@ 120y |- 69
kj=1 kj=1

In order to estimate the right hand side of (5.9) we recall from [14, Theorem 3.1] that, for
k,jef{l,..d}

d—1 d ~
1T @20 = (27 A +25 A1) gl 20y,

i . (5.10)
1Tk 2@l 20y = 50) (27" Byj + 23 By /101 gl 20
where the constants Ag;, Xk j» Bxj and Ek ; are explicitly given by
1
1 32 - 2
Ayj = ;IISk wdllpig) +r a—z(é‘k @q) Ay = 35 — Gk wd) 35 — Erwq)
J L(B) J LBy 177 L®(B)
2 ~ dwg 2 dwg 2
Byj = *”U)d”Ll(B) +r|—F Bij = |- Y .
35 L1(B) 35_, LI(B) 3§j L% (B)
(5.11)

At this point we distinguish between the cases d = 2 and d = 3:
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e For d = 2, the constants in (5.11) admit the following upper bounds (see Sect. 6.1):

1.19
A1l = A < 7.29, Ap = Ay < 3.39, A11 = Azz < —,
,
~ 0.66
A = Ay < -
9.75 ~ ~ 1.82
Bii = Bia =By = Bn < ——, 311—312—321—322<7~
By inserting these values into (5.10) we obtain:
2.38
T2 0) = 1T22,1(@) 12 0) = (10 31+ e |O|> lgllz2(0)
2.38
17121 20y = IT21.1(@) | L2¢0) < |48+ Vv 1O1) l1gll 20y (5.12)
5((9) 3.64 ,
1Tkj 220y = —— (13 79+ \/|O|> lgll2) foreveryk, j e {l,2}.

e For d = 3, the constants in (5.11) admit the following upper bounds (see Sect. 6.2):
Al =An =A33 <751, App=Ap3=A3 = A3 =A3 =A3 <35,

~ ~ ~ 1.21 ~ ~ ~ ~ ~ ~ 0.68
A =Ap = A3 < 3 12=A13=A21=A23=A31:A32<m’
11.2
Bi1 = By = B31 = Bio = By = B3y = Bi3 = Bz = B33 < -
1.97

511 = §21 = 531 = §12 = §22 = §32 = §13 = EZS = §33 < rsﬁ

By inserting these values into (5.10) we obtain:
3.43
”Tll,l(g)HLZ(O) = ”T22.l(g)”L2(o) = ”T33.l(g)HL2(O) <|15.14 + 3/2\/ |O| HgHLZ(O)s
1.93 . .
17410 @l20, = (7+ 1375 VIOT) el 2 oy forevery k. € (1,2.3) & £, (5.13)

8((9) 5.58 .
(224+ a2 \/|O|> ”g|IL2(O) forevery k, j € {1, 2, 3}.

| /\

”Tkj,Z(g)”LZ(o)
Finally, the conclusion is obtained by inserting the estimates (5.12)—(5.13) into (5.9). ]
We are now in a position to give the

Proof of Theorem 5.1 We have to show that the claim in (5.1) is fulfilled if one takes C equal
to the constant M defined in the statement. Thus, for a given g € L%(Qo), we are going
to construct a vector field v € HO1 (€20) such that V - v = g in Qo, and [|Vvl12q, =
Mgl 12y For the sake of clearness, we divide the procedure into four steps.

(1) Domain decomposition We write Qo = Q1 U Qj, where Q21 and 2 are star-shaped
with respect to some ball. Essentially, €21 is the region lying above P which is “illuminated”
by a ball placed in an upper corner of Q, while €2 is the region lying below P which is
“illuminated” by a ball placed in the opposite corner. To give a precise analytic description
of these sets, we need to distinguish the cases d = 2 and d = 3, having in mind Fig. 3.

e Ford =2, we denote by T'(Py; Pa; P3) C R2 the triangle with vertices Py, P, and P3.
We set
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> Q) =[(—L, —a)x (=L, L)]JU[(—a, L) x (b, L)]UT ((a, b); (L, b); (L, b—a)). This
domain is star-shaped with respect to the disk (x + %)2 + (- %)2 < (L;")z,
provided the point (L, b — «,) is defined as the intersection between the tangent line to
such a disk through the vertex (a, b) and the line {x = L}. Some lengthy computations
show that

_L—-a

" 8a(L+a)
Note in particular that o, > O since a > b.

> Q=[(a, L)x(—=L, L)IV[(=L, a)x (=L, =D)IUT ((—a, =b); (—L, =b); (—L, ax—D)),
with «, defined as above. The domain €2, is star-shaped with respect to the disk

(v = 554"+ (0 + 5" < (55)”
Some tedious computations give

Q1] =182 =02, [QINQ]=y, (5.14)

Oy

[(L 4 3a)(L+a — 2b)—(L — a)/(L +a — 2b)? + 8a(L + a)] .

with o, and y; defined as in (5.2).
e For d = 3, in order to avoid too lengthy computations, we opt for a simpler decomposi-
tion: we set

> Qp =[(—L,L) x (=L, L) x (¢, L)]U[(a,L) x (=L, L) x (=L, c)]U[(—=L,a) x
(b, L) x (—L, ¢)]. This domain is star-shaped with respect to the ball

L+a 2+ L+b 2+ L+c\> [L—a\?
— - — — < .
T ) ‘T 2
> Qo =[(—L,L)x (=L, L)x (=L, —c)]U[(—=L, —a) x (=L, L) x (—c, L)]U[(—a, L) x
(=L, —b) x (—c, L)]. The domain €2, is star-shaped with respect to the ball

+L+a 2+ +L+b 2+ +L—|—c 2 L—a\>
_— < .
) YT ) 2

In this case, again via direct computations, we obtain

Q1] =[] =03, [QNQ2=y;. (5.15)
with 03 and y3 as in (5.3).

(2) Decomposition of the datum g We argue as in [4], see also [17, Lemma I1I.3.2 and Theorem
II1.3.1], and we decompose g as

g=g1+g in Q. g eLj(Q) st supp(g) C A1, g2€ L§(R) s.t. supp(g2) C .
The functions g1, g2 : 20 —> R are explicitly defined by

x*(&) e
-4 =7 dg' ifEeQ
21(&) = 1 8® 2N ng(é) § if§ e,
0 if& € Q\Qy,
x* (&) N s
1 — y* AN dg' if& € Q,
o) = [1—x*&)1g®) N Joa, g&)dg if& € Q
0 if§ € Q1\Q,

where x* is the characteristic function of the set 2 N ;. We have

llg1 ||L2(QO) =0ag, ||82||L2(g20) =Bg, (5.16)
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where

. 5 1 1/2
a = {ngan(Ql) T (fg g@)ds) [/Q ¢(6)ds — 2/91092 g(é)d%‘“ ,

5y 1/2 (5.17)
o 1 .,
P [”g”“ww e (L €04) ] |
Notice that for every g € L%(Qg), we have
| s@de+ [ swas=o (5.18)
Q) 2\

In view of (5.18), and applying Jensen inequality, we get

2
o+ By = lglagy - (/Q g(é)d§> (/Q\Q g(é)dr§>

2 2
< Ity + (/Q 12 ds)

<(1+ 22 2
= +EI 0| I|g||L2(Qo)’

< (2 (a2 2) < 21 2 Q 5.19
o+ By =\[2 (024 82) = + 121 Il (5.19)

(3) Solving two distinct Bogovskii problems We deal with the Bogovskii problem on each of
the two domains €2 and £25.

so that

e Ford = 2, we have r = L;“ and 8(21) = §(2) = 2J/2L. By Proposition 5.1, there

exist two vector fields v € HO1 (1) and vy € HOI(QQ) verifying, for k = 1, 2,

Vv =gr in ,

143.86, /02 45.3602
IVvell 2 < 2[129.35 + - + (L —a)

6412 728 /55 \>1"*
7(14 — a)2 (1379 + 7]4 s > i| ||gk||L2(Qk) .

e Ford = 3, we have r = L;“ and (1) = () =23 L. By Proposition 5.1, there

exist two vector fields v; € HO1 (1) and vy € HO1 (€2,) verifying, fork = 1, 2,

Veve =g in ,

44517 /63  153.850%
+

(L—a)3? " (L-a)

14412 15.79. /a3 \ 2 7'/?
22.4 ; gl 2 .
(L — a)Z (L — a)3/2 L)

IVuel 2, < «/6[327.23+

(4) Glueing and conclusion After extending both the fields vy and v, defined in Step 3 to
zero, respectively outside €21 and €27, we infer that the vector field vg = v + v, € HO1 (RQ0),
satisfies V - vp = g in ¢, along with the following bounds
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e Ford =2,
143.86,/02  45.3602
\% < 2[129.35
IVvollp2qy =< [ T, T L —a2
64L2 7.28./57\* 1"
— | 1379+ ——— . 5.20
+(L_a)2< + ) } (g +Be).  (5.20)
e Ford =3,
44517, /o3  153.8503
1Vv0ll12(qq) < «@[327.23 + L—a? + L —a7
14412 15.79./53 \21"/?
+(L — 2 (22.4+ L=l _a)3/2> } (ag + Bg)- (5.21)
The conclusion then follows by inserting (5.19) into (5.20) and (5.21). O

6 Estimates for the norms of mollifiers
In this section we provide the computations leading to the estimates of the norms appearing in

(5.11), that we have used in the proof of Proposition 5.1. We observe that the radial mollifier
introduced in (5.4)—(5.5) can be rewritten as

l
wa() = 5 wo (§> Vi € RY,
r r

where £, > 0 is the normalization constant in (5.6), and wg € C3° (R9) is the standard radial
mollifier supported in the unit ball By of R?, namely

1
S if 1,
wo(€) = exP(lsP—l) =
0 if [&]> 1.

Thus, in order to compute all the norms appearing in (5.11), after writing the corresponding
integrals over B(0,r) C RY, via the change of variables ¢ = &/r we reduce ourselves to
integrals over the unit ball By C R?. These integrals are independent of r, and they can be
easily computed numerically, yielding the following bounds.

6.1 2d case
Let w> be the mollifier defined in (5.4), with £, ~ 2.14357.

e Bounds for the norms of zeroth-order derivatives:
||(U2||LI(B) =1 llx wZ”L‘(B) =y U)2||L1(B) =rilx wO”Ll(BO) < 0.31r.
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e Bounds for the norms of first-order derivatives:

dan H dwy Kz dwo 1.91

ax LI(B) LI(B) r 3x LI(B()) r ’
dan H dw) dag 1.72

8x L>®(B) LOO(B) 8x L>°(By) r3 ’

0 d
— () 7( @?) = {3 || — (xwp) < 1.18;
dx v L) ox L' (Bo)

d Ez 0 1.19
—(xwn) *(ywz) = | 7= (xwo) >
ox L:’O(B) L>®(B) dx L (Bg) r

0 d
—(yw2) 7()“02) =L || = (ywo) < 0.64;
dx v ) ox L' (Bo)

d Zz 0.67
——(yw2) 7()“02) = f(ywo) —
ax LC’O(B) L% (B) ax L (Bg) r

e Bounds for the norms of second-order derivatives:
9w B ’ %) 0 [ 9%w 8.75
3x2 LI(B) o 3y2 LI(B) - r 8x2 LI(B()) r2 ’
2 2
b || 0 6.98

7 (xan) H “SGw)| =2 | ) 2=
8x LI(B) LI(B) r 8x LI(B()) r

32 2 6 | 82 3.08
—— (yw2) —— (xw2) =— |73 0wo) <—
ax Ll(B) ay LI(B) r ox LI(B()) r

6.2 3d case

Let w3 be the mollifier defined in (5.5), with £3 ~ 2.26712.

e Bounds for the norms of zeroth-order derivatives:

||0)3||L1(B)=1§ lx w3l iy = Iy w3llis)

e Bounds for the norms of first-order derivatives:

w3 H dws3 H w3 Z3 dwy 2.12
<=
Bx LI(B) LI(B) LI(B) r 8)6 LI(B()) r
w3 H dws H dws Z3 dwg 1.82
<=
3x L®(B) LOO(B) L®(B) r 8X L>°(By) 1"4
a a a
—(xw3) —(ya)z) = | - (zw3) =43 | 7 (xwo)
ox LI(B) LI(B) aZ LI(B) 0x
< 1 16;
] 0 {3
——(xw3) f(yws) = | 77 ws) == |77 Gwo)
ax LOO(B) LOC(B) aZ L>®(B) r- ax
1.26_
P37
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a d a
—(yw3) = ‘ ——(zw3) H*(MB) =
0x LI(B) 0x LI(B) LI(B) dx LI(B())
< 0.64;
ad d d
——(zw3) = || o2 (cw3) *(yw3) =
By L(B) 0z LI(B) 90z LY(B) 0x L (By)
< 0.64;
a a 3| a
—(w3) = || 7= w3) *(xw3) = — (ywo)
0x L>®(B) 0x LOO(B) L>®(B) r dx L% (Bg)
0.71
< 5
73
a {3 | o
*(sz) —(xw3) —(ng) = 3 |57 Owo)
LOO(B) 0z L”O(B) 9z L®(B) r 0x L% (Bg)
0.71
< —=
73
e Bounds for the norms of second-order derivatives:
9%ws _ ‘ 92w _ 9%as _ 23 | 92wo
3x2 LI(B) 3y2 L](B) 822 LY(B) r 8x2 L' (By)
10.22
< N
r2
2 82 82 53 82
72()(0)3) = 72(}’603) = 72(20)3) = - 72()50)0)
dx L@ 19y L 19z L T I9x L1(Bo)
7.29
<=
r
9? 9? 9? & | 92
—— (yw3) = || 57 w3) = || 73 (xw3) = — |73 Owo)
0x LY(B) 0x LY(B) 8_)7 LY(B) r 0x L (By)
3.22
< ==
r
2 2 2 2
a Z a
” -5 (w3) ‘7()@3) ‘ 5 (yw3) = 3 (o)
By LY(B) BZ LY(B) 82 LY(B) r 0x L' (By)
3.22
< —.
r
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7 Proof of Theorem 2.1

We proceed as outlined in Sect. 2.1. Firstly we denote by A; € H'(Q) NC(Q) the extension
of h to Q given by Theorem 3.1, so that the norm of A1 in H'(Q) can be explicitly computed
in terms of the restrictions of £ to the (d — 1)-dimensional faces of Q. Secondly, we take the
function ¢ € W!>°(Q) defined as in Sect. 4 (by (4.1)—(4.3)), which satisfies in particular
¢ =10ndQ and ¢ = 01in P. Recall from (4.2) and (4.4) that, both for d = 2 and d = 3,

1
I¢l> =1 and [[VollL~g) = T— (7.1)

The vector field Ay = ¢ Ay, satisfies A» = h on dQ and A>» = 0 in P. Moreover, V - Ay €
L%(Qo), since (2.1) implies

/V-A2:/ Az-fz:/ hoi=0.
Qo Q0 0

Thirdly, let A3 € Hol (£20) be the solution to Bogovskii’s problem with right-hand side given
by —V - Aj:

V-A3=-V-Ay and |[VA3l2q,) S M IV - Azl (7.2)
where M is given by Proposition 5.1. Since
VA =V-(9A1) =¢(V-A1)+ Vo A in Qo,
we have
IV - Asll2iqp) S 19V - ADl 20y + IV - Alll 120
< l1@llze@o) IV - Atll2g) + IV@llL=(o) A1l L2(0) (7.3)
by 010 = IV - Atz + 7 IAill 20y

We point out that the function ¢ in (4.1) or (4.3) minimizes the second line in (7.3) and, in
this respect, the choice of ¢ is optimal thanks to Theorem 4.1. By construction, the function
vg = Ay + Aj satisfies

vo=h ondQ, v=0ondP, V-vy=0 inQ,
Vg =Vop R A +dpVA + VA3 in Q.

From (7.2) and (7.3) we derive the estimate

A

IVvoll2ce) < IVO ® Alllp2(qp) + 10V ALL2(0p) + IVA3I L2

1
e 1ALl 220y + IIVALlIL2¢0) (7.4)

1
+ (17 Al ) + 7 lAtll2))
—a
After extending it to zero to P\ K, vy becomes a solution to problem (1.2). Indeed, it is clear
that it matches the boundary condition vy = & on 9€2, and that it is divergence free separately

in Q\ P and in P\K. It is also readily checked that the equation V - vg = 0 is satisfied in
distributional sense in €2 since, for every test function ¢ € CgO(SZ), we have
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/vo-vw—/ vo-vw+/ w vy =[ w-vy
Q Q\P P\K O\P

- w<V~v0>+/ Y(vg-A) =0.
O\P 9(Q\P)

Finally, we observe that the inequality (7.4) can be re-written as:

1+M
IVvollz2@) = IVvoll L2y = T4 IA1lz20) + IVALllL20) + M IV - Atll12¢0)-
(7.5)
By inserting (4.2)—(4.4) into (7.5), Theorem 2.1 is proved. m]
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