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The non-Hermitian skin effect (NHSE) — the anomalous boundary accumulation of an extensive
number of bulk modes — has emerged as a hallmark of non-Hermitian physics, with broad implica-
tions for transport, sensing, and topological classification. A central open question is how magnetic

or synthetic gauge fields influence this boundary phenomenon.

Here, we develop a theoretical

framework for magnetic control of the NHSE along line boundaries in two-dimensional single-band
lattices. Using a non-Hermitian extension of the anisotropic Harper—Hofstadter model as a rep-
resentative example, we show that magnetic fields suppress the geometric skin effect in reciprocal
models, whereas skin localization can persist in nonreciprocal systems. The analysis disentangles the
interplay of flux, nonreciprocity, and boundary geometry, revealing that magnetic fields mitigate or
suppress the NHSE through distinct physical mechanisms — such as bulk localization via Landau or
Anderson physics, or the restoration of effective reciprocity. In particular, the geometry-dependent
skin effect in reciprocal systems is found to be fragile against even weak magnetic fields.

I. INTRODUCTION

The non-Hermitian skin effect (NHSE) — the accu-
mulation of an extensive number of bulk eigenstates at
system boundaries — has emerged as a defining feature of
non-Hermitian systems' 4, with broad implications for
condensed matter, photonics, acoustics, and engineered
quantum platforms (for reviews, see?327,29:30,33-35,39,44)
The NHSE reflects the breakdown of conventional
bulk-boundary correspondence’3® and underlies un-
conventional transport, enhanced sensing, and novel
topological classifications. It was first identified in one-
dimensional models with nonreciprocal (asymmetric)
hopping! 3°, such as the Hatano-Nelson chain*® 8,
and has since been generalized to higher-dimensional
systems, reciprocal lattices, many-body, incoherent and
nonlinear models (see, e.g.,25:26:36:49°80 and references
therein). Several theoretical frameworks — including
non-Bloch band theory, biorthogonal bulk-boundary
correspondence, and real-space topological invariants
— have provided a unified understanding of the NHSE
by connecting spectral winding, boundary accumu-
lation, and topological protection?324:27,29,30,33-35,48
Experimental demonstrations in photonic, acous-
tic, mechanical, topolectrical, and ultracold atomic
platforms!o-17,21,22,26,28,32,36,37.81-83 haye further estab-
lished its generality and tunability.

Magnetic or synthetic gauge fields offer a natural mech-
anism to control the NHSE®* 95 Their effects, how-
ever, are highly system dependent, particularly in two-
dimensional lattices where distinct types of NHSE and
boundary dependencies arise?®. In nonreciprocal sys-
tems, magnetic fields can mitigate or suppress first-
order NHSE by restoring Landau-level-like bulk states
and shrinking the skin topological area, thereby reduc-
ing boundary accumulation®8%92 Similar suppression
has been observed for pseudomagnetic fields engineered
from spatially inhomogeneous gauge configurations®!.
Conversely, magnetic fields can enhance or induce skin
localization in other regimes: they stabilize second-

order skin modes by protecting line gaps in the com-
plex spectrum®®, or drive field-induced transitions in
spinful non-Hermitian systems®3 2%, Moreover, the sup-
pression of skin modes observed for weak magnetic
fields and low-energy regimes associated with Landau
localization®* can decrease an disappears as the mag-
netic flux is increased®”. These contrasting behaviors il-
lustrate the complex interplay between gauge fields and
non-Hermitian topology, which remains far from fully un-
derstood. In particular, the distinctive role of gauge fields
on skin states in nonreciprocal versus reciprocal models —
the latter exhibiting the so-called geometric NHSE?2%-36:37
— remains poorly characterized.

In this work, we present a theoretical framework
for analyzing the magnetic control of the NHSE in
two-dimensional single-band lattices with strip geome-
tries. Using a non-Hermitian extension of the anisotropic
Harper-Hofstadter model?™9697 ag a representative ex-
ample, we examine the interplay among flux, nonre-
ciprocity, and boundary geometry. The results show
that magnetic fields suppress the geometry-dependent
skin effect in reciprocal systems, rendering it fragile even
under weak flux, while skin localization in nonrecipro-
cal systems is not universally suppressed. In the lat-
ter case, gauge-field-induced mixing of boundary modes
qualitatively modifies the localization pattern and can
mitigate, or in some regimes suppress, skin accumula-
tion through Landau- or Anderson-type bulk localiza-
tion. By contrast, in reciprocal systems the suppression
of the geometry-dependent skin effect arises primarily
from the field-induced restoration of effective reciprocity
rather than bulk localization.

This study provides a coherent interpretation of how
gauge fields influence boundary accumulation in recip-
rocal and nonreciprocal two-dimensional models, high-
lighting the fragility of the geometric NHSE in the pres-
ence of magnetic flux. The analysis builds upon and
connects previous results across condensed-matter, pho-
tonic, and acoustic settings, contributing to the broader
understanding of boundary phenomena in non-Hermitian



physics.

II. MODEL AND BASIC EQUATIONS

We consider a single-band two-dimensional lattice with
one atom per unit cell. The wavefunction is denoted by
¥(R), where R labels the lattice sites. The sites are
defined as

R = nax + may = naxux + mayuy, n,méeZ, (1)

where axy = axux and ay = ayuy are the primitive
vectors of the Bravais lattice B, forming an angle o with
each other (Fig.1), and ux y are the associated unit vec-
tors. The system is subject to a uniform magnetic field
B perpendicular to the crystal (X,Y’) plane. We aim to
investigate how the magnetic field controls NHSE local-
ization toward a rather arbitrary edge direction x (first-
order NHSE), forming an angle 6 with the principal di-
rection X. We remark that the direction x does not
necessarily coincide with the X or Y axes of the primi-
tive vectors. To this end, we consider a strip geometry:
the lattice is infinite along the z direction (with periodic
boundary conditions, 2-PBC) and finite along y (with
open boundary conditions, y-OBC). Eventually, y-PBC
condition can be assumed along the gy direction as well
to relate the emergence of the NHSE toward the y edges,
under y—OBC, with the point-gap topology of the re-
duced Hamiltonian, under y-PBC. The z axis is chosen
such that a subset of sites of the Bravais lattice lies along
it, as illustrated schematically in Fig.1. This condition is
met provided that the ratio

ax sin @ p

ay sin(a —0) ¢ @)
is rational, with p, ¢ coprime integer numbers. The y axis
is rotated relative to x by the same angle o between the
primitive vectors.

To describe the effect of the magnetic field on the en-
ergy spectrum and eigenstate localization in the strip ge-
ometry, we adopt the Landau gauge in the (z,y) frame:

A(r) = (Bsinay,0,0), (3)

where the obliquity factor sin a in Eq.(3) accounts for the
non-orthogonality of the x and y directions. The tight-
binding eigenvalue equation reads

Ey(R) = t(8) exp (iprr+s) V(R +8), (4)

é

where § € B, t(d) is the hopping rate between sites R
and R + 4, and

R+6
onms =2 [ dr A (5)

R

is the Peierls’ phase (gauge phase) contribution to the
hopping amplitude arising from the vector potential (we

FIG. 1: (a) Schematic of a 2D crystal with a magnetic field B
applied orthogonal to the crystal plane (X,Y). ax = axux
and ay = ayuy are the primitive vectors of the Bravais lat-
tice B, forming an angle a with each other. We consider a
strip geometry (shaded area) defined along the xz and y di-
rections, where the system is infinite along = (equivalently,
periodic boundary conditions are imposed, z-PBC) and finite
along y with open boundary conditions (y-OBC). The y axis
is rotated relative to x by the same angle o between the prim-
itive vectors, while the x axis is rotated by 6 with respect to
the principal axis X of the crystal. (b) Schematic of the non-
Hermitian anisotropic Harper-Hofstadter model (rectangular
lattice with nearest-neighbor hopping).

assume h = e = 1, i.e. a unit flux quantum). The
integral on the right hand side of Eq.(5) is taken along
the straight line connecting R and R + 8. We indicate
by By € B the subset of vectors of the Bravais lattice B
such that ¢(§) # 0, i.e. for which particle hopping can
arise from site R + § to site R. The lattice is reciprocal
provided that, for any é € By, then also —é € By and

[t(=6)| = [¢(d)]- (6)

If the additional condition ¢(—4§) = t*(d) holds, than the
lattice is also Hermitian.

To solve the eigenvalue equation (4) in the strip geom-
etry, it is worth assuming the variable R = (z,y) as a
continuous one. Owing to the Landau gauge (3), the
Peierls’ phase ¢r .r+s turns out to be a function of y
solely, namely one has

PR R+6 = 2mBysina(d, + 0, cosa) + 05 (7)
where we have set
05 = mBo, sin (0, + J, cos @) (8)

and § = d,u, + d,u,. Here, u,, are the unit vectors of
the rotated directions « and y (Fig.1). Since the Peierls’
phase depends only on y, under xt—PBC we consider
wavefunctions of the form

U@, y) = dly)e™*, (9)

with k, a constant quasi-momentum along the -
direction. Substitution of Eq.(9) into Eq.(4) yields the
following difference equation for ¢(y)

E¢(y) = > 75,)o(y + dy) (10)
61/



where we have set
(11)
x exp {2miBysin a(d, + 0, cos ) + ik, 0, + 05} .

Since the vector d € Bpy belongs to the Bravais lat-
tice, there are two integers nx and ny such that § =
nxaxux + nyayuy, so that after some straighforward
algebra one obtains

0 in 6
0, = nxax sm('a—l— ) +nyay s'm (12)
sin o sin o
in6 -0
5y = —nxax S,ln nyay Sln(,a ) (13)
sin sin o
From Eqs.(2) and (13), one can write
6y = a(—nxp+nyq) (14)
with
sin 6
a=ax " .
psin o

This means that the spatial shifts d,, as § varies in By, is
an integer multiple than a, and thus Eq.(10) is formally
analogous to the elgenvalue problem on a 1D lattice with
lattice constant a. After letting y = na and ¢,, = ¢(y =
na), Eq.(10) reads

n)fnyr = (15)

where

(16)
816, =la
X exp{2miBnasin a(d; + lacos a) + ik, 0, + s}

is the effective hopping rates between sites distant la.
Equations (15) and (16) represent an effective 1D lattice
model in the y direction of the slab, described by the
spatial Hamiltonian #, and provide the starting point
to investigate the skin localization of bulk modes toward
the z-edge direction and the role of the magnetic field B
in controlling skin localization.

III. MAGNETIC CONTROL OF
NON-HERMITIAN SKIN EFFECT

Let us first consider the case B = 0, corresponding
to the vanishing of Peierls’ phases. The Bloch energy
spectrum of the 2D lattice, under X-PBC and Y-PBC,
is given by

E=H(k) =Y t@)exp(ik-4).
deBN

(17)

The area covered by H(k) on the complex plane, as
k spans the first Brillouin zone, is called the spectral
area. A general result on the universality of the NHSE,
stated in Ref.2?, is that the skin effect emerges under
open boundary of generic geometry if and only if the
spectral area is nonzero. This universal form of the skin
effect can be partitioned into two classes: the nonrecipro-
cal skin effect and the generalized reciprocal skin effect.
The former arises quite generally in systems with non-
reciprocal hopping and is characterized by nonvanishing
currents, whereas the latter occurs in reciprocal mod-
els, with the geometry-dependent skin effect?® being a
characteristic example. This special type of generalized
reciprocal NHSE exhibits the unique feature that there
always exists at least one boundary geometry for which
the skin effect is completely absent.

In the effective 1D model obtained in the strip ge-
ometry of Fig.1(a), in the absence of the magnetic field
(B = 0) the hopping rates 7;(n) do not depend on n and
the effective 1D lattice defined by Eq.(15) displays dis-
crete spatial invariance along y. The condition for the
appearance of the NHSE under y—OBC, i.e. the local-
ization of a macroscopic number of bulk modes toward
the y edges of the strip, is that the energy spectrum E
of Eq.(15), under y—PBC, shows a point-gap topology,
i.e. it does not describe an open arc in complex energy
plane. After letting ¢, = exp(ikyan), the y-PBC energy
spectrum reads

(18)

= Z 7 exp(ikyal).
1

Therefore the NHSE under y-OBC appears if and only if
the curve H,(k,) describes a closed loop with point gap
topology, i.e. if for some base energy Ep the winding

number2:23,30,33,34,48
1 27 /a d
wBy) = g [ by ow (k) - Es) - (19)

is nonvanishing. According to the general results of
Ref.?®, for generic edge directions y the winding number
is non-vanishing, for both reciprocal and non-reciprocal
non-Hermitian lattices. A special form of reciprocal
NHSE is the geometry-dependent skin effect that arises
in certain reciprocal models: while the winding number w
is non-vanishing for rather arbitrary y direction, and thus
accumulation of skin modes is observed under y—OBC,
for special directions y, corresponding to special symme-
tries of the model (such as mirror symmetries), the wind-
ing number vanishes and the skin effect is not observed?®.

When the magnetic field is turned on (B # 0), Eq. (16)
shows that the hopping amplitudes 7;(n) (for I # 0) and
the on-site energy 79(n) in the effective one-dimensional
Hamiltonian H [Eq. (15)] become spatially inhomoge-
neous. As a result, discrete translational symmetry is
generally broken: the magnetic field effectively intro-
duces an incommensurate disorder into the lattice, which
can strongly affect skin localization of the eigenstates



of H under y-OBC. Owing to the breakdown of trans-
lational invariance, various forms of winding numbers
defined in real space have been proposed to character-
ize the emergence of skin states under y-OBC?2%48:98
For instance, for a given base energy Fp, one may con-
sider the polar decomposition of the shifted Hamiltonian
(H—EpB) = QP, where the unitary factor Q captures the
spectral winding in real space and thus provides a direct
diagnostic of the NHSE. The winding number w(Eg) can
be introduced as?%98

w(Ep) =

where L is the lattice size and X is the position operator.
Such a definition of the winding number w(Epg) reduces
to Eq. (19) in the translationally invariant limit B = 0.
Another way to verify the suppression of the skin effect
via winding numbers is to introduce an additional gauge
phase @ in the y-PBC and evaluate the winding number
w(Ep) as*®

T (212, X)) (20)

1 [ d
w(Eg) = d® — Indet(H — Ep),
tJo

27 dd

which is quantized, with w(Ep) = 0 signaling the dis-
appearance of the NHSE due to bulk localization of the
eigenstates. In practice, numerical detection of the NHSE
is often more straightforward by comparing the spectra
under y-OBC and y-PBC. In the absence of the NHSE,
the two spectra coincide in the thermodynamic limit
(L — o), apart from a finite, L-independent set of edge
states under y-OBC. In the Hermitian limit, these bound-
ary states correspond to the familiar chiral edge modes
connecting bands with different Chern numbers. By con-
trast, in the presence of the NHSE, the spectra under
y-OBC and y-PBC are markedly different. In the follow-
ing, the appearance of the NHSE will be probed using
this spectral comparison, together with the mean spatial
distribution of eigenvectors of H under y-OBC.

To summarize, the above analysis indicates that mag-
netic fields can generally control the skin effect, in close
analogy with lattice models subject to incommensurate
disorder®®. This argument, however, does not resolve
the distinct responses of reciprocal and nonreciprocal
models to magnetic fields, nor does it clarify the fate of
the geometry-dependent skin effect in reciprocal lattices.
To disentangle these mechanisms in a controlled setting,
the next section introduces a non-Hermitian extension
of the anisotropic Harper—-Hofstadter model®®?7, which
provides a minimal and paradigmatic framework for ex-
ploring magnetic control of the NHSE in two-dimensional
quantum Hall systems.

IV. MAGNETIC CONTROL OF THE SKIN
EFFECT IN THE NON-HERMITTAN
HARPER-HOFSTADTER MODEL

We consider a non-Hermitian extension of the Harper—
Hofstadter model?"?6:97  a paradigmatic model of two-

4

dimensional quantum Hall physics®®. This framework is
directly relevant to a variety of experimental platforms,
including photonic crystals, topolectric circuits, and ul-
tracold atoms, where synthetic magnetic fields and non-
reciprocal couplings can be engineered. Specifically, we
focus on a rectangular lattice (o« = 7/2) with generally
anisotropic and nonreciprocal nearest-neighbor hopping,
defined by the set By = {81, 82, 83,84}, with

01 =axux, 02 = —01 ,03 =ayuy, 6, =—03 (21)
and

t(61) = k) 1(85) = £\ 1(85) = kP 1(84) = KV

(22)
[see Fig.1(b)]. The rotation angle 6 of the x direction
with respect to the principal crystal axis X is assumed
to satisfy the constraint (2), i.e.

tang = 2 (23)

qax

where p, ¢ are two irreducible (coprime) integers. Af-
ter letting a = (ax/p)sinf = (ay /q) cosé, the effective
one-dimensional eigenvalue equation in the y direction is
obtained by specializing Eqs.(15) and (16) using Eqs.(21)
and (22). One obtains

E¢, = Tp(n)¢n+p+7'q(n>¢n+q+7—p(n)¢n—p+7—q(n)¢(n21;
where we have set

Tp(n) = /@X ) exp (—2miazn +ioy)
T_p(n) = HX exp (2miagn +io_p)
T4(n) = Y exp (2miayn + iog)
T_q(n) = ng,R) exp (—2mioyn + io_g)
and
oy = Baax cosf, o, = Baay sinf (25)
op = —kyax cos — mBaxapcosb (26)
o_p = kyax cosf — mBaxapcosb (27)
0q = kzay sin@ + mBayagsin (28)
0_q = —kgay sinf + mBayagsinf (29)

To illustrate the above framework, two representative
cases are analyzed in detail, after which a general dis-
cussion of the results is presented.

A. Non-reciprocal lattices

The first case corresponds to a nonreciprocal model,
namely a two-dimensional extension of the Hatano-—
Nelson model*>:46:48 obtained by setting

/ig(L) Jx exp(hx), mg?) =
g,L) = Jy exp(hy), Iing) =

Jx exp(—hx), (30)
Jy exp(—hy), (31)
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FIG. 2: Effect of a rational magnetic flux on the energy spectrum and skin localization for the non-reciprocal Harper-Hofstadter
model in a slab geometry [Eq.(32)]. Parameter values are hx = 0, hy = 0.2, Jx = Jy = 1 and magnetic flux ® = a, = 7/2.
Lattice size in the y direction is L = 500. (a,b) Energy spectrum versus quasi-momentum k;ax under y-OBC [panels (a)]
and y-PBC [panels (b)]. Real and imaginary parts of F are shown in the upper and lower panels, respectively. The curves in
the gaps in panel (a) correspond to non-Hermitian extension of usual chiral edge states in the 2D quantum Hall model. (c,d)
Energy spectrum in complex energy plane for kyax = 0 and for y-PBC [panel (c)] and y-OBC [panel (d)]. (e) Mean eigenvector
distribution I,, under y-OBC, clearly showing the persistence of the NHSE. The inset in (e) shows the IPR of the L eigenstates

under y—OBC.
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FIG. 3: Same as Fig.2, but for a weak magnetic flux ® = 7 /50.
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Note that the skin area in panel (c) is reduced as compared to

the case of Fig.2(c), and the corresponding mean eigenvector distribution I, in (e) tends to spread toward the bulk owing to

the competing Landau localization.

where Jyx, Jy, hx, and hy are real parameters describing
the horizontal /vertical hopping amplitudes and the asso-
ciated imaginary gauge fields, respectively. This model
exhibits the NHSE under OBC for essentially arbitrary
boundary orientation x. As a representative example, let
us consider 8 = 0, i.e., a slab geometry with x = X and
y =Y. In this case one has p = 0, ¢ = 1, and Eq. (24)

reduces to

E¢n = JY eXP(hY) ¢n+1 + JY EXP(_hY) ¢n—l
+ 2Jx cos(2man + kyax —ihx) ¢n. (32)
where o, = Baxay = ® is the magnetic flux in each
plaquette of the rectangular lattice. Equation (32) rep-
resents a non-Hermitian extension of the Aubry—André—
Harper model, which has been the subject of extensive
recent investigations?® !, In the absence of a magnetic
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I hopping parameter hx in the X direction. The panels show

the numerically-computed behavior of the mean eigenstate distribution I,, of the Hamiltonian under y—OBC for hy = 0.2,
quasi-momentum kyax = 0, and for a few increasing values of hx: (a) hx =0, (b) hx = hy = 0.2, and (¢) hx = 0.3.

field (B = 0), Eq. (32) reduces to the clean Hatano—
Nelson model, which exhibits the NHSE under y-OBC
for any hy # 0. When a magnetic field is present, one
must distinguish between the cases of rational and irra-
tional magnetic flux ax.

In the rational case, Eq. (32) describes a superlattice
with nonreciprocal hopping. The corresponding energy
spectrum under y-PBC consists of a set of closed loops in
the complex plane, which differs substantially from the
spectrum under y-OBC''2—beyond the usual appear-
ance of chiral edge states. As a result, the NHSE cannot
be completely suppressed by the magnetic field for ratio-
nal flux. An illustrative example is shown in Fig. 2 for
® = 7/2. Figures 2(a) and 2(b) display the numerically
computed energy spectrum (real and imaginary parts in
the upper and lower panels, respectively) as a function of
the quasi-momentum k,ax in a lattice of size L = 500,
for y-OBC [Fig. 2(a)] and y-PBC [Fig. 2(b)] with param-

eter values Jx = Jy = 1, hx = 0, and hy = 0.2. The
spectra in the complex energy plane at kyax = 0 are
shown in Figs. 2(c) and 2(d), corresponding to y-PBC
and y-OBC, respectively. Notably, the y-PBC spectrum
is distinct than the y—OBC spectrum and consists of
closed loops that enclose a finite area, which is a clear
signature of the NHSE. This feature is further confirmed
in Fig. 2(e), where the numerically computed mean eigen-
vector distribution I, is plotted:

L
Z o012,

(33)

h \

with ¢£f) denoting the normalized [-th eigenvector of
Eq. (32) under y—OBC. The inset shows the inverse par-
ticipation ratio (IPR) of the L eigenstates, defined as

IPR; =), |(;5n)|4 For extended states, the IPR takes



small values scaling as ~ 1/L, while for localized states
it remains finite and independent of system size L. As
one can see, the eigenvectors are localized and prefer-
entially accumulate near the left lattice edge, indicating
the persistence of skin localization. However, for small
magnetic flux @, the skin topological area—mnamely, the
area enclosed by the closed spectral loops—shrinks, and
the eigenstates show a tendency toward bulk localization.
This crossover is associated with bulk Landau-type local-
ization in the low-energy regime of the model®?2 which
competes with skin localization, as illustrated in Fig. 3.

In the irrational case, the eigenstates of Eq. (32) under
y-PBC undergo a localization—delocalization transition
at the critical point

‘hy| + In J

Y
Ty lhx|=0 (34)

which has been derived in previous works (see e.g.!7).

In fact, in the Hermitian limit hx = hy = 0 Eq. (32)
reduces to the usual Aubry-André model, which dis-
plays a localization-delocalization transition at |Jx| =
|Jy| with a Lyapunov exponent (inverse of localization
length) given by A = In|Jx/Jy| in the localized phase
|Jx/Jy| > 1. The addition of non-reciprocal hopping
via the imaginary gauge field hy tends to delocalize the
eigenstates, i.e. reduce the Lypaunov exponent, while
the imaginary phase hx in the incommensurate poten-
tial tends to localize the eigenstates, i.e. to increase the
Lyapunov exponent. Overall, the critical point of the
transition, corresponding to vanishing of the Lyapunov
exponent, is provided by Eq.(34). In particular, bulk
Anderson localization occurs whenever

|hy|—|—1n

J
Y‘ — |hx| <0, (35)
Jx

indicating that in this regime the NHSE is completely
suppressed by the magnetic field and the eigenstates
become localized in the bulk. As a representative ex-
ample, consider reciprocal hopping along the X direc-
tion (hx = 0), where the incommensurate potential in
Eq.(32) is real. In this case, the above condition shows
that magnetic flux can eliminate the NHSE provided
Jx > Jy and the nonreciprocal hopping parameter in
the Y direction satisfies |hy| < In|Jx/Jy|. An illustra-
tive example of magnetic suppression of skin localization
in this regime is presented in Fig. 4, where the magnetic
flux ® = (v/5 — 1)/2 is the inverse golden mean and the
parameter values satisfy Eq. (35). As evidenced by the
behavior of the IPR [inset of Fig. 4(e)], all eigenstates

J

under y-OBC are localized. However, unlike the skin
modes, they are no longer confined to the boundary; in-
stead, they are localized in the bulk at various lattice
sites, yielding an almost uniform mean eigenvector dis-
tribution [Fig. 4(e)].

A special case is provided by the isotropic Harper—
Hofstadter model with Jx = Jy. The preceding analysis
indicates that the NHSE cannot be suppressed by the
magnetic field when hx = 0. Indeed, in the Hermitian
limit (hy = 0), Eq. (32) reduces to the Harper equa-
tion, whose eigenstates are critical, being neither expo-
nentially localized nor fully extended. As soon as a small
nonreciprocity hy # 0 is applied to the vertical hop-
ping rates, all states become skin modes localized at one
edge under y-OBC. However, increasing hy, i.e., intro-
ducing nonreciprocity along the x direction with PBC,
allows condition (35) to be satisfied, and the NHSE can
then be suppressed by the magnetic field. Remarkably,
nonreciprocity along the periodic x direction can inhibit
the emergence of skin localization along the transverse y
direction with OBC. This counterintuitive effect is illus-
trated in Fig. 5.

B. Reciprocal lattices

The second case corresponds to non-Hermitian lat-

ng(L) = Iig?) = Ky

tices with reciprocal hopping,
and /<;§,L ) = Iﬁlg/R) = Ky, which display the geometry-
dependent NHSE?® in the absence of the magnetic field.
In fact, for B = 0 the dispersion curve of the lattice band

reads
E(kx,ky) =2kx cos(kxa) + 2ky cos(kyay)  (36)

which displays in complex F plane a non-vanishing spec-
tral area for generic non-Hermitian (yet reciprocal) hop-
ping amplitudes kx, ky. For an edge along a rather ar-
bitrary y direction, one expects skin localization of bulk
modes toward the edge, with the exception when y is one
of the two principal directions X or Y of the Bravais lat-
tice, i.e. at the cut angles § = 0,7/2. In the following
analysis, we assume a cut angle 0 satisfying Eq.(23) with
p =g =1, i.e. along the main diagonal of the rectangle
forming the primitive cell of the lattice. In this case, the
eigenvalue equation (15) takes the form

Edn =W B¢ + W e,y (37)

where we have set

W = ky exp (—2m'axn — ikyax cos@ — iT® cos? 9) + Ky exp (27Tiayn + ikyay sin 0 + ir® sin? 0) (38)

WE = gy exp (2m’amn + ikyax cosO + in® cos? 9) + Ky exp (—27Tiayn — ikyay sin @ — ir® sin? 6) , (39)
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Parameter values are as Fig.6 except for a magnetic flux ® = 1/5.

and ap = Pcos?b, oy = Psin?0 and & = Baxay.
Therefore, in the effective 1D lattice model [Eq.(37)] the
magnetic field introduces a spatial modulation of the ef-
fective left and right hopping rates, W,EL’R). In the ab-
sence of the magnetic field (B = 0), the lattice is homo-
geneous with hopping rates

w )
W)

kx exp (—ikyax cosf) + Ky exp (ikyay sin f)

kx exp (ikyax cos @) + ky exp (—ikzay sinf).

In a non-Hermitian yet reciprocal lattice, i.e. when
kx # K% and/or Ky # K}, for rather arbitrary quasi-

momentum k, one has [W(F)| £ |[WU)| indicating the
appearance of the NHSE. This is shown, as an example,
in Fig.6. When the magnetic field is turned on, the hop-

ping rates are modulated, with |W7(LL) | > |W7(LR)| in some
sites and |W7(1L)| < |W,§R)| in the other sites. Specifically,
one has

Wi ()P _ |nx|> + oy [ +2)sx] || cos(wn + p)
W(E)2 |ex]? + sy [? 4 2kx]|ky | cos(wn — p)
(40)
where we have set w, = 7®(2n + 1) + kya/(sin 6 cos0)
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and p is the phase of kxkj. This relation indicates
that, while the model (37) is locally non-reciprocal with
unbalanced left/right hopping rates for p # 0,m, i.e.

|W,(LR)/ W,(IL)| # 1, the modulation induced by the mag-
netic field tends to restore global reciprocity*?''3 favor-
ing the mitigation or even the suppression of the NHSE.
For example, if the magnetic flux in each plaquette
® = Baxay is chosen such that ® = 7/2, then w, mod
27 takes only two opposite values and thus the ratio in
Eq.(40) alternates between two values A and 1/, indicat-
ing perfect balance between left and right hopping on av-
erage and suggesting full suppression of the NHSE. More
generally, as demonstrated in the Appendix A a small
magnetic flux, or an irrational magnetic flux, can sup-
press the skin effect. An illustrative example of magnetic
suppression of geometry-dependent skin effect for a weak
magnetic flux is shown in Fig.7.

C. Discussion

It should be emphasized that the present analysis has
been carried out in a strip geometry invariant along the
x direction [Fig. 1(a)] and in Landau gauge, where pe-
riodic boundary conditions allow for an analytic reduc-
tion to an effective one-dimensional model. This frame-
work provides clear insight into the distinct mechanisms
by which magnetic fields control skin localization. Nev-
ertheless, introducing boundaries along the z direction,
or more generally considering polygonal geometries, can
modify the routes to boundary localization, potentially
giving rise to edge- or corner-localized modes controlled
by flux. As an illustrative example, consider the recipro-
cal model of Sec. IV.B with a square lattice (ax = ay,
6 = 7/2) terminated by a triangular boundary, as shown
in Fig. 8(a). The numerically computed mean eigenvector
distribution I'x y and the corresponding energy spectrum

for increasing values of the magnetic lux ® = Baxay
are displayed in Figs. 8(b-f). For vanishing flux, skin
localization is observed along the diagonal edge of the
triangle, a manifestation of the geometry-dependent skin
effect? [Fig. 8(b)]. For a weak magnetic flux, the bound-
ary accumulation is mitigated and replaced by a tendency
toward bulk and corner localization [Figs. 8(c-d)]. As
the magnetic flux is increased, according to the anal-
ysis of Sec. IV.B and Appendix A, the suppression of
the skin effect depends sensitively on the value of the
magnetic flux ®, since global reciprocity is only partially
restored. For instance, at ® = 7/3 the suppression re-
mains incomplete [Fig. 8(d)], while at ® = 7/2 the NHSE
is fully suppressed [Fig. 8(f)]. These results exemplify
how boundary geometry and magnetic fields can coop-
erate to reshape localization patterns beyond the strip
geometry. While a general universal theory for arbi-
trary polygonal boundaries remains an open challenge,
the triangular-lattice example highlights the versatility
of magnetic fields as a means of tailoring boundary phe-
nomena in non-Hermitian systems. It also provides a
natural bridge to the broader implications and perspec-
tives discussed in the Conclusions.

V. CONCLUSIONS

In this work, we have presented a theoretical analysis
of magnetic control of the non-Hermitian skin effect in
two-dimensional single-band lattices with strip geome-
tries. By examining a non-Hermitian extension of the
anisotropic Harper—Hofstadter model, we clarified the
respective roles of flux, nonreciprocity, and boundary
geometry. Our results show that magnetic fields sup-
press the geometry-dependent NHSE in reciprocal sys-
tems, rendering it fragile even under weak flux, whereas
skin localization in nonreciprocal systems is more robust



but can nevertheless be mitigated or suppressed through
gauge-field-induced bulk localization mechanisms. Two
distinct routes by which magnetic fields influence bound-
ary accumulation have been identified: restoration of ef-
fective reciprocity in reciprocal models and Landau- or
Anderson-type localization in nonreciprocal ones.

These findings shed light on the mechanisms underly-
ing the interplay between gauge fields and non-Hermitian
topology, helping to clarify how magnetic flux affects
boundary accumulation in different regimes. While our
analysis focuses on a representative single-band model,
the general trends identified here may be relevant to a
broader class of non-Hermitian systems. Several direc-
tions for further study emerge. Extensions to multiband
systems, higher-order skin effects, or models with spin—
orbit coupling may reveal additional mechanisms of mag-
netic control. The interplay between gauge fields and
many-body or nonlinear non-Hermitian systems repre-
sents another timely challenge, with potential to uncover
new forms of collective localization.

Appendix A: Magnetic suppression of
geometry-dependent skin effect

In this Appendix it is shown that application of a
weak magnetic field, or more generally of an irrational
magnetic flux, to the reciprocal non-Hermitian model of
Sec.IV.B suppresses the geometry-dependent skin effect.
To this aim, let us consider the eigenvalue equation (37),
given in the main text

Edp =W ¢y + W6, 4

(A1)
and assume OBC, i.e. ¢g = ¢py1 = 0, where L is the
lattice size. As discussed in the main text, an exten-
sive NHSE arises in the absence of the magnetic flux for
a rather generic value of the quasi-momentum k., i.e.
there is a macroscopic piling of the eigenstates ¢,, to one
boundary. To prove that a non-vanishing magnetic field
can suppresses the NHSE, let us first introduce the gauge
transformation

bn = En explimagn® + ioyn — imagn) (A2)
where we have set 0, = kyax cos@ + 7® cos? . Then,
using Eqgs.(38) and (39), the eigenvalue equation (Al)
takes the form

Bty =W B¢ + W e (A3)

with the OBC &y = €141 = 0, where we have set

W = kx + Ky exp(iw,) , W = kx + ky exp(—iwy)
(A4)

and

wn = 7D(2n 4 1) 4 —24 (A5)

sinfcos @’
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Let us assume that the magnetic flux in each plaque-
tte, ® = Baxay, is weak or close to an irrational num-
ber, such that there exists a large integer g such that

W,Si’qR )~ W BB Let us then write Eq.(A3) in transfer-

matrix form

§n+1 _ gn
(%) =mam () (A6)
with transfer matrix
E W?S,}j)l
Mo (B) = ( o T ) (A7)
1 0
Over Ngq sites one has
ENg+1 \ _ oN &
(o )-sw(s) o9
where we have set
S(E) = My (EYMy_1(E)..M:1(E). (A9)

Under OBC in a lattice comprising L = Ngq sites, § =
&ng+1 = 0 and thus from Eq.(A) one obtains

(S¥(B),, =0 (A10)

and
Eng = (SN(E))QJ &1

The first condition, Eq.(A10), determines the set of Ng¢
allowed energies F (energy spectrum), whereas Eq.(A11)
indicates that the ratio |¢nq/P1] = |Eng/E1] scales with

N as ‘(SN(E))2 1‘. The NHSE arises whenever for al-

most all energies E' in the spectrum (SN (E))2 , diverges
or vanishes exponentially as N — oo. Indicating by
A1,2(E) the two eigenvalues of the matrix S(E) and by
T the matrix of eigenvectors, taking into account that

M(E) 0 1
0 AQ’(E))T

the condition (A10) implies that, when E is in the spec-
trum, then |A1(E)| = |A2(E)| for almost any energy E,
whereas Eq.(A11) shows that the NHSE arises whenever
at least one of the two eigenvalues has modulus differ-
ent than one for almost any energy FE in the spectrum.
As we prove below, for any E one has |detS(E)| =
A1 (E)A2(E)| = 1, and since |A1(E)| = |A2(E)| for almost
any energy in the spectrum, one concludes |A(E)| =
[A2(E)| = 1 for almost any energy in the spectrum and
thus the NHSE effect is absent.

We now prove that |det S(E)| = 1. To this aim, let us
notice that

|det S(E)|> = |det M,|?|det My_1|?...| det My |> =
b W ()P
e W2 ()2
WA ()2
s WP E)P

(A11)

SNE)=T ( (A12)

(A13)




where we used the cyclic property WT(LL’R)(E) =

W,gf_’qR )(E) Physically, the condition | det S(E)| = 1 cor-

responds to global reciprocity of the system. From the
explicit form of Wik (E) given by Eq.(A4), one obtains

n=t x|? + 5y |* + 2]k x||Ky | cos(wn + p)

|det S(E)|? =

(A14)
where p is the phase of kxk3. From Eq.(A14) one ob-
tains

In|det S(E)* =

q
> I {|mx]? + |ry [* + 2lkx||ry | cos(wn + p) }

n=1

q
- Zln {lkx® + |ky |* + 2|k x||ky]| cos(wn, — p) } .(A15)

n=1

In the large ¢ limit, as n varies from 1 to ¢ the phase w,
mod 27 uniformly fills the interval (0,27), so that one
can write

a
Zln{\nX\Q + |ky|? + 2|k ||ky | cos(wy, £ p)} =~
n=1

27
q
%/ dwln {|kx|* + [ky > + 2|k x]||ky | cos(w £ p) }
0

(A16)

n=1 [5x|? + kv > + 2|k x| fy | cos(wn — p)
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Clearly, the integral on the right hand side of Eq.(A16)
is independent of p, and thus the two sums on the
right hand side of Eq.(A15) are the same, yielding
In|detS(E)]? =0, ie. |detS(E)| = 1.

Finally, we mention that for rational flux ® = p/q with
relatively small ¢ the condition |det S(E)| = 1 cannot be
rather generally strictly satisfied, i.e. global reciprocity
restoration is imperfect, and the skin effect is only partly
mitigated. On the other hand, in some special condi-
tions one exactly has |det S(E)| = 1 even for small g,
for example for a flux ® = p/q = 1/2, one has exactly
|det S(E)| = 1, leading to perfect washing out of the
NHSE.
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