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HIGHER ORDER GRADIENTS OF MONOGENIC FUNCTIONS

LUCA BARACCO AND STEFANO PINTON

ABSTRACT. Given a monogenic function on the quaternionic algebra H, the Clifford algebra R,
or the octonionic algebra O we prove that |V f|% is subharmonic for some o > 0 where V™ f
is the m-th order gradient of f. We find also the optimal value of . This is generalization of a
result of Calderon and Zygmund.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we are interested in the study of some properties of Fueter regular functions of
a quaternionic or octonionic variable and monogenic functions in Clifford algebras. Fueter’s func-
tions and monogenic functions are important examples of the attempt to generalize holomorphic
functions to the more general setting of non commutative algebras. These types of functions are
defined as the solutions of two partial differential equations involving the so called Weyl’s (9) and
Dirac’s (D) operators. The difference between the two is that in d also the derivative with respect
to the real part is taken. Apart from that they are similar and their solutions have properties which
are analogous to those of harmonic functions. In fact since these operators factorize the Laplacian
it turns out that regular and monogenic functions have harmonic components. Often we will refer
to these two classes of functions as monogenic. We are interested in the subharmonicity of the
norm of the generalized gradient of monogenic functions. Subharmonicity is a useful property and
is important for instance when looking for estimates. A classical example of this kind of applica-
tion is in the proof of Hartogs theorem on separate holomorphic functions where subharmonicity
of |0™ f|* is used for every « and all order of derivative n (see [1] and the references therein). Such
property is true only for harmonic functions in two variables and for holomorphic functions. It is
easy to see that this is no longer true already for harmonic functions in more than two variables.
Nonetheless it was proved in [11] that for a harmonic function f in R™ the power of the gradient
|V f|* is subharmonic for o > 2=2_ Later [5] extended this result to higher order gradients proving

that |[V™f|* is subharmonic for o > n]:;iQ and that such lower bound is optimal. For regular

functions in [12] it is proved that |f|* is subharmonic for v > £ and in [10] the same result holds
in the octonions for @ > &. In this note we want to extend the technique of [5] to higher order
gradients of monogenic functions on quaternions, Clifford algebras and octonions. Our results are

the following:
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Theorem 1.1. Let Q C H be an open set and f : Q0 — H be a monogenic function. Then for every
positive integer m we have

V™| is subharmonic for a >

(1.1)

m+ 3
Theorem 1.2. Let Q2 C R" and let f: Q0 — R, be a monogenic function. For all m € N we have
V™ f(x)|* is subharmonic (1.2)
n—2
f07“ a Z n+m—1

Theorem 1.3. Let Q2 C O and let f: Q — O be a monogenic function. For all m € N we have
V™ f(2)|* is subharmonic

for a > 7+m

In Theorems 1.1 and 1.2 we shall use the orthogonal basis of regular/monogenic polynomials
introduced by Sommen (see [6]) while on Theorem 1.3 we adapt this technique to the non associative
algebra O.

2. QUATERNIONS AND FUETER REGULAR FUNCTIONS

We begin by recalling some notations. Let H be the algebra of quaternions. Naturally H is
isomorphic to R* and a quaternion x can either be expressed in terms of coordinates (zg, 1, 2, 73)
or as a sum of numbers multiplied by some imaginary units like zo+x1i+x2j+x3k. In this last case
the computation rules are as follows: iZ =j2=k>=—-1,i-j=—-j-i=k, j-k=-k-j=1i, k-i=
—i-k = j. For this reason z is called the real part and is denoted by (z)o while z1i 4+ 22 + 23k
is called the imaginary part. Similarly for the other components (x); = ;.

We define the usual conjugation * : H — H as

T =x0+ x1i+ x2j + 23k = xg — 11 — x2j — w3k
and employ it to define a real scalar product and a norm on H in the following way
(2.9) = @2)o, |2] = (z,2)*
We introduce the Cauchy-Fueter operators:
0= 0py + 104, + j0p, + kOp, 0= 0y, — 102, — jOr, — KOy,

and the Dirac operator
D =10y, + jOu, + kO,
Let Q be an open subset of H and let f: QO — H be a C! function.

Definition 2.1. We shall say that f is left regular if
Of = Opof +1-00,f +j Ouf +k-00, f =0 (2.1)

Most of the properties of regular functions come from the fact that 0 appears as a factor in the
factorization of the Laplace operator,

A(f) = 00f = 00f (2.2)
in particular regular functions have harmonic components. For a natural number m let § =
(B1y -y Bm) € {0,1,2,3}™ be a multi index and let

O°f =0y, O0uy, [ (2.3)

m is said to be the length of 8 and is denoted by |3|. If f is regular it is easy to see that 9% f is
regular too. We shall indicate with V"™ f the set of all m derivatives of f and set

VTR = Z 07 fI2. (2.4)
|8l=

In order to prove Theorems 1.1 we follow the proof of [5] with some modifications. The key tool is
the following lemma and for the sake of completeness we give a short proof (see [5] pages 212 and
213).



HIGHER ORDER GRADIENTS OF MONOGENIC FUNCTIONS 3

Lemma 2.2. Let ¢ : R>¢ — R be a C? concave, increasing function and U; : R™ — R be harmonic
functions for j =1,...,1 (herel is an arbitrary positive integer). Let

!
= Z \U;|>  and U the vector valued function U = (Uy,...,U;)T.
=1

We have M := supg, { [Vul } <1 where ¥ :={zx e R": U(z) # 0, V(U) # 0} and moreover if

A(u)
DM (1) + ¢'(1) > 0
then ¢(u) is subharmonic.

Proof. We begin by observing that
A($(u)) = ¢" (u)[Vul® + ¢’ (w) Au).

Since
l n
_QZW |+QZUA )=2) |V(U)P =2 0., U
j=1 i=1

and
2

n l
IVl =43 | > U0, (Uy) | =4>(U,0,,U)°
i=1 \j=1 i=1
we see that whenever U(z) = 0 then A(¢(u(x))) = ¢'(u(z))A(u(z)) > 0 and whenever V(U (z)) = 0
then A(é(u(x))) = 0 (here we denoted by | - |? and (-,-) the modulus and the standard scalar
product in RY). If U(z) # 0 and A(¢p(u(x))) # 0 then
|Vu|? 45" (T, 9y, U)? Cauchy-Schwartz

= <
2ul(u)  4|U)? Z?:l |02, U|? -
this implies that M < 1. Moreover

3

A@() = A0 (20" (g4 6 0)) 2 A (2016 w) + ' (w) 2 0

which implies that ¢(u) is subharmonic. O

Remark 2.3. The previous lemma holds when
2Mte"(t) + ¢'(t) =0
in particular for ¢(t) = Ct' ==,
We will apply the previous lemma for v = [V™ f|2 and ¢(t) = t*~ 2 (note that in our case the

index j of the Lemma 2.2 will take in account the multi index § of the derivatives of order m of

f and the fact that f takes values in H) . Our Theorem 1.1 follows if we prove that M < 2(7:;132)

This is our goal.

Proposition 2.4. Let f: Q — H, where € is an open domain of H, be a Fueter-reqular function
and let m be a natural number. Let u be

u=[V"fP= ) (0°1.0°f) (2.5)
|Bl=m
then, when defined, we have
Va2 _ (m+3)
2ulAu ~ 2(m+2)

(2.6)

The proof needs the following lemmas from [5] adapted to this particular case and it is postponed
at the end of this section. If > 0 by B}’ we mean the ball centered at 0 of radius r in a vector
space of dimension n. When r = 1 we will omit it sometimes and when no confusion arise, we will
also omit the dimension of the ball at the exponent. We will use the same notation for the sphere
denoted by SP—1
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Lemma 2.5. Let U : H — H be a harmonic quaternionic valued function which means that
U = Uy + iUy + jUs + kUs where each U is harmonic. Assume that U is homogeneous of degree
m. Then:

1 there is constant C,, depending only on m such that

> 0 UOF =Co [ VPN

|Bl=m B

2 if V is another harmonic homogeneous quaternionic valued function then
> (0°U(0).0°V(0) = G | W.V)aNs
|Bl=m B

Proof. By Lemma 1 in [5] we have the first identity for all components U; for i = 0, ..., 3. Taking
the sum we have the conclusion. Similarly for the second identity g

Before giving the proof of Proposition 2.4 we need some preliminary considerations. By the
definition of u we have that the terms in the left side of 2.6 are given by

3 3
Vul* =Y (0m)* = (> 20°0:1,0°f))
i=0 i=0 |B|=m
and
3
Au=Y "0} Y @°f0°fH) =2 > (9°0:1,0°0:f) 2.7)
i=0 |8]|=m |8|=m,i=0,..3

where the first identity follows from the fact that each 0°f is regular and hence harmonic. Now
using Lemma 2.5 we want to express the terms in 2.5 and 2.7 as integrals over the unit ball. It is
not restrictive, after a translation, to assume that the point under consideration is 0 and we start
by considering 2.5 and 2.7 at 0. Since only the derivatives of order m and m + 1 of f are needed
we consider the Taylor series at 0 of f which is of the form

f(z) = Z fm (@)

where f,, are homogeneous Fueter-regular polynomials of degree m. We see that 2.5 and 2.7 become
respectively

2
3

VuO) =Y Y 200°0ifmi1,0°fm) | (0)
i=0 \|g]=m (2.8)

= 4072,1; </181 (0i fm+1, fm)(x)d/\4>2

and
3
Au(0) = 22 Z (0°0; frm41,0°0i fin11)(0)
=0 1A= (2.9)
=2Cn [ 10ifms1(2)]PdAs
By
while
W)= 3 |aﬁfm(0)|2:cm/ | fon () 2d0s. (2.10)
|Bl=m B

‘ 2

To prove Proposition 2.4 we need to estimate % which is equal to

5o (Jo, @cfner, fr)(@)iAs)

(Jo, m (@27 ) (o S, 100 S ()P ) (21)
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Definition 2.6. For m € N we define the space of H valued homogeneous polynomials of degree
m

P™MH,H) :={f(q) = Z Co (g2t 25?25®) = Z cat®, co €EH a=(ap,..,a3) € N*}

la]=m |la]=m
and the corresponding space of Fueter regular polynomials
M™(H,H) == {f € P"(H,H)|0f = 0}

Clearly we need to compute the supremum of 2.11 for f,,, € M™(H,H) and f,,+1 € M™ T (H, H).
Note that the vector spaces M™ (H, H) are finite dimensional and we put on them the norm induced
by L2 (Bl ) .

Lemma 2.7. If M is the following

Z?:O (f[ggl (aifm-'rla fm)(x)d)\4)2

M= e (2.12)
Oiofiﬁgﬁ:“ (fﬁl |fm(:c)|2d>\4) (Z?:O fmal |3ifm+1($)|2d)\4)
we also have 2
M= g, B {2(m+31)(m+ ) ”fﬁeﬁﬁﬁL } (2.13)
Proof. Starting from equation (2.12) it is not restrictive to assume that
| fm(2)[?dAs = 1 and
) (2.14)

3
> [ 10tmrt)dn =1
i=0 /B1

and so we have
3

2

M= sup Z(/ (aifm+1,fm)(x)d)\4) . (2.15)

Fn €M™ || || =1 =5 \B:
1 €EM™TESTE 0; frmg 1 |IP=1

Since f,,+1 and f,, are in two finite dimensional spaces we first fix f,,,+1 and calculate the maximum
value

2
m = az m yJm
m(fm+1) IIfS;lllpzl i:%,?, (/34( Jm+1, f )d)\4)

The maximum will be attained on an element f,, such that:
for h € M™ with /(fm, h)dAy = 0 we have
B

3 (2.16)

Z (/IB(aiferl, fm)d)\4> /B(aifm+1, h)d\y =0

=0

call this term &;
it follows that
> &0ifmir = Mfm (2.17)
for some A € R. This A is exactly m(f,11). By taking the L2-product of 2.17 with f,,, we have

3
/IB(Z &0 fm+1s fm)dX = 2512 =A=m(fms1)
i=0
and by squaring 2.17

Z §i§j/m(3ifm+173jfm+1)d/\4 =m*(fin+t1)-
3

4,J=0,..,
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Let X = ——_ %" ;§i0;. Clearly X is a unitary derivative and we have that

\V4 m(f7n+1)
/ X frns1|2dha = m(frn41)-
B
It turns out that m(fi,+1) is actually the maximum of the following

max Z ChCk(On frmt1, Ok fmg1) = max A(C, (). (2.18)

0=l k0,8 I¢I=1

where A = (apk)n,k=0,..,3 is the 4 x 4 matrix whose entries are

Qpk :/(ahfm+laakfm+1)d)\4-
B

In fact since A is symmetric the solution of 2.18 is the largest eigenvalue of A, say A’, and it is
attained at the corresponding eigenvector (/. Therefore by choosing f,, = \/% Z?:o (CA")i0i fm+1
we see that it satisfies 2.16, hence A’ = m(fy+1). By choosing a suitable ¢ € H and considering
fm+1(q) := fm+1(cq) we can assume that X = dy. Finally we have

M = max m(fm+1) = max {180 frms111%}- (2.19)
,fm+16Mm+l ,fm+1EMm+1
7o 10 frntalP=1 >3 o 10 fmpal®=1

We note that the condition Z?:o 10; fma1]|? = 1 can be expressed in terms of || fr41||. If v and v
are two homogeneous harmonic polynomials of degree m + 1 we have:

g/ﬁ(@iu,&v)d}q = /Sua,,vdZ =(m+1) /uvdZ = 2(m +1)(m + 3) / W, (2.20)

S B

If we apply 2.20 to the components of f,,+1 we have that

3
> 110 fr |2 = 20m + 1)+ 3)l| fmea | (2.21)
i=0
Therefore by plugging this into formula 2.19 we get our conclusion. ([l

Remark 2.8. The maximum problem

max { 1 ||80fm+1|2}
frpremmr | 2(m +3)(m + 1) || frta|?

is a hard one but it simplifies a lot if we can find an orthogonal decomposition M™ ! (H, H) = ¢,G,,
2

0 g .
1909 ll” is constant

with the property that dy(G,,) are still orthogonal to each other and such that Teud
i

for g, € G, for fixed p. In fact in this way the maximum reduces to

. | 1003,
; {2<m+3><m+1> EAE } (2.22)

The difficult part is to find such orthogonal decomposition of M™¥ 1 (H, H). In analogy with
harmonic functions the spirit of the next step is to express the elements in M™*!(H, H) by using
their restriction to the imaginary space (~ R?). This is possible by using the Cauchy-Kowalevski
extension operator (which will be denoted by ~). After that we exploit the Fischer decomposition
of polynomials into monogenic functions. To this end we follow [6] and consider the monogenic
functions which annihilate the Dirac operator D in R3 where we shall identify

R? = {z € H|zo = 0}

and indicate its elements with z = z1i + x2j + z3k.
Definition 2.9. We define
M™(R? H) = {f € P™(R? H) such that Df =0}
We have the following
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Theorem 2.10 (Fischer decomposition).
=P/ M™ (RS H)
§=0

Note that this decomposition is orthogonal with respect to the L?(B?) product in the unit ball
of R3 ( see Proposition 2.11 below and [6] ). We apply this decomposition to the restriction of
fm+1lrs and get foi1(z) Zj "0 27 gm41—j(z). We recall that given a polynomial p(z) on R?
with values in H the Fueter regular extension p to H is given by the Cauchy-Kowalevski operator
exp(—xzoD)p namely

+oo k
- —xoD
p(x) = %P(&)- (2.23)
k=0 '
Since fin41(2) = fmt1|rs(z), we have
m+1
ra(2) = 3 1 (2.24)

which is the decomposition we are looking for. In order to obtain the regular extension of the terms
of type 27 gpm+41—j(x) described in the Fischer decomposition we need to compute the D operator
on terms of the kind z°f(z), f € M¥(R3 H). It is easy to check (see for instance [3]) that

s —sz®~ 1 if s is even
Dx® =
—(s+2)z°" ! if s is odd

therefore if g5 is a homogeneous monogenic polynomial of degree k we have

_ 571 .f .
Dagr(w) =4 0 (@)1 5 e (2.25)
—(s+ 2+ 2k)z* tgr() if s is odd.
Putting equation 2.23 and 2.25 together
— s (xo)j -
zig(z) = ch,k,j oL 7 gr(2). (2.26)

=0

where ¢, ; are real constants. We are now able to prove that the decomposition in (2.24) and its
Op-dervative are indeed orthogonal decompositions

Proposition 2.11. Let f € M*R3 H) and g € M"(R3 H) be two homogeneous monogenic
polynomials of degree h and k. We have

/ gz fdis = 0.

B3

Moreover if h # k
/ (g%)) (17/”-}(/2)) d\y =0 form,neN. (2.27)
B4

Proof. To prove the first part of the proposition we begin by observing that

1
grfdis = —— | gafds. 2.8
/Bsng 3 h+k:+4/gzg£f (2.28)

This last integral, by the divergence formula, is equal to

/IBS (Dgf + gD f)dAs = 0. (2.29)
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For the second part we start decomposing the integral into slices and applying the first part of the
proposition

/IB ) (&"g(g)) (z’”f (z)) dhy = / 11 /]B . (&”g(z)) (&mf (z)) dXs | dxg (2.30)

1
- [ ][, s@enms@i | dm
-1 | /B -
where p is a polynomial, with real coefficients, in z¢ and x obtained after replacing the extensions
~ with their expression as in 2.26. Note that in the inner integral the terms are of type

c(wo) /B ) g(z)z f(z)d)\s

1—z§

If j is even then 27 = (71)% |z|7 and integrating on spherical shells the integral is 0 because f and
g have different degree. If j is odd then on spherical shells the integral is 0 by equations (2.28) and
(2.29). O

Corollary 2.12. Letm, s1, 82 be positive integers such that 0 < s1 < so < m. If f € M™51(R3 H)

and g € M™™52(R3 H) then x5! f(z) and gg;(/g) are orthogonal in L*(B), moreover doxs* f(z)
and Ooz2g(z) are orthogonal in L*(B).

e~

Proof. The orthogonality of % f(x) and x%2¢g(z) follows from Proposition 2.11 by taking the real

part of the integral in equation (2.27), while the orthogonality of dpz*! f(x) and dpxs2g(x) follows
by noticing that

(oh010) ) 0027 2) = st)plan. )12
where p is a polynomial and therefore the same computations as in (2.30) apply. ([l

Remark 2.13. Following the proof of Proposition 2.11 it is possible to prove directly with similar

computations the orthogonality of 2% f(z) and z%2¢(z) i.e.

e~

/ (f?g(g),gsl f(g)) d s =0 for s1,s9 €N
IB4

To compute the maximum in 2.22 we first give the following

Proposition 2.14. Let f € M*(R3,H) be a non zero monogenic polynomial. We have

e~

|90z f(@)[|* _ (2k +5+2)(k+5+2)s

|z* f ()2 kts+l

Proof. We first need a better form for 2.26. To this end we follow [6], we put r? = x3 + |z|* and
note that the term between brackets in 2.26 is a homogeneous polynomial of degree s in zy and
z. The terms with an even power of z can be expressed as polynomial functions of 7% — z3 and
therefore we have that

2*f(2) = (AT + BED D) @) (2:31)

e~

By imposing the condition dz*f(z) = 0 we find that A and B must have the following form:

s _ sk oy L 2K42 pio o
£ 7@) = dr (CEE) 4 22020 S

where C¥ is the Gegenbauer’s polynomial defined by the relations

“+o0
1

— © n

(1 — 9t +$2)H - ;Cn(t)iﬂ .
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and dj, s are some constants of which we will not keep track because they will cancel in the quotient.
(for the details of the computations we refer to [6] where basically we have the same calculations
done for the Clifford algebra generated by 3 vectors). We have

”z?l;s)” = [ (e e (H 2ot o

— /01 </sd <(Cf+1(zo))2 +(1— xQ)(%Ck+2( ))2> |f(g)|2d2> 25+2k43 g,

1 ' 1 2 9 2k + 2 5 9
- m/_l (/ e ((05* (z0))* + (1 — 23 )(mc’” (z0)) >

x If(z)l2%>dzo
1

T3t ki2) / (1 —ap)t*s (<C§+1<xo>>2 +(1—a2)(

< [ 1r@Pas.

‘We recall that

(2.32)

2k 42

kO

1 1-2

1 2+—=+T 2

J G R G A that L (2.33)
1 vi(v + )T (1)

and the last line of 2.32 becomes

1 272D (s + 2k + 2) 1 )
20s+k+2) (s)0(k+1)2 <(2k+5+2)) /S |f(z)["d%s. (2.34)

2 2
Since 9 (r) = 22 and 9p(%2) = ——=° we have that

aoi%) _s—1 Zo Ck_;’_l ) k+1’ /20 Zo
— = =T (s O () + (G () (- (50)?)
di,s ( r r ( r ) r (2.35)

(5= D2eE2 ) 4 o8 (20 - (299) ) 1@,

r

N z 2k+2
r s+2k+2
Since the Gegenbauer polynomials satisfy the equation
(1 —£2)CH (t) + stCH(t) = (s + 2 — 1)C*_, (t) (2.36)
by plugging into 2.35 we have

doz*f (2) .
d,s (s (7)) flz). (2.37)

Now we repeat the computations that we have done in 2.32 and get

00z £ (@) |2 _ (s + 2k +1) 27T (s + 2k + 1) / F(@) s
Z. 24 k+D) GoDTGEF1) )

ﬂ)+% (2k +2)

s—1 Ay
_ 2% + 1 +
r (5+ + )((Csl(r rs+2k+1

Finally we have that

190z* f () |I2 _ @k+s5+2)(k+s+2)s
lz* ()2 kts+1

Proof of Proposition 2.4. We have

|Vu|2 Lemma 2.7
=1 <

{ 1 ||80fm+1|2}
< max
2uAu fsremnt | 2(m+3)(m+ 1) | fort]l?
s 2 2.38
. . ||aozugm+1_u<x>||} (2.38)

0<p<m+1 {2 m+3)(m+1) ||zhg 2
i1 p EMMTI=H (RS H) ( I ) N2# g1 (@)ll

Remark 2.8
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19027 g 41—, (@I
[T €Ol
that: the last maximum in (2.38) is attained for 4 = m 4 1 and its value is 2(%—132) O

Applying Proposition 2.14 to the ratio where k =m+1 — p and s = u, we have

Proof of Theorem 1.1. The conclusion follows immediately by applying Lemma 2.2 and Proposition
2.4. O

3. SUBHARMONICITY OF HIGHER GRADIENTS OF MONOGENIC FUNCTIONS ON CLIFFORD
ALGEBRAS

In this section we will repeat the same computations for monogenic functions on Clifford alge-
bras. Let R™ be the standard vector space of dimension n and ey, ..., e, be the canonical base. We
shall indicate by R,, the Clifford algebra generated by these vectors. Every element a € R,, can be
written as

where a4 € R and e4 = e;, ---€;, with A = {i; < ... <1} and by convention ey = 1. We call ag
the real part of a. We recall that R,, is endowed with a non degenerate scalar product with respect
to which the powers e4 form an orthonormal system. This scalar product is defined in terms of
an involution which generalizes the conjugation in R, namely we define on the elements of the
canonical base:

&1 = (-1)"e}
where e’ = e;, ---e;, and extend this definition by linearity to the full R,,. The scalar product
between two elements a and b is

(a,b) = (ba)y (3.1)
and moreover |a]? = (a,a) = Y, a%. We identify R” inside R,, by z = (21, ...,xn) = z1€1 + ... +

Tn€n.

Definition 3.1. Let Q be an open subset of R” and let f : Q — R,, be a C! function. We say that
f is monogenic if

Definition 3.2. We define P*(R",R,,) as the space of homogeneous polynomials of degree k with
values in R,,. Similarly we define

MFR™R,) = {f € P*(R",R,)|D,f =0}
Let 8 = (i1, ..., im) be a multi-index, where i; € {1,...,n}Vj, and define 0° f(x) = 9;, --- 0, f(x).

Definition 3.3. Let f as before and m a positive integer. We define the m-th gradient V'™ f as
the set of all derivatives 0° f(x) for all 8 with lenght m and set

u=|V"f*= Z 0 |7
|8]=

We want to find precisely for which o we have that u% is subharmonic. We follow the same
proof of the preceding section. In particular if f,,, fi,+1 are monogenic homogeneous polynomials
of degree m and m + 1 we look for the maximum M :

S (Jo O, Fn) @hina)

M := A . (3.2)
fmf:;EMm+l(]R”Di ) (f[a;l |fm |2d)\4) (Zi:l fIBl |aifm+1(.r)|2d)\4)
It is similar, as in the previous paragraph, to see that such maximum is equivalent to
M = max Z Chli(On fmt1, Ok fmy1) o - (3.3)

2?71 szl
=16~ hk=1,..,n
fm+1 EM(]R Rn)

S N0 fngallP=1
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For every fixed fp,4+1 in (3.3) the maximum is reached for some ¢ € R™. Up to the choice of an

s € Spin(n) we can assume, by considering sf,,+1(s 1zs) that ¢ = (0,...,1) or, in other words,
that O; = Op (see [6] section 1.12.2). As was shown in (2.21) we have that

Z||a fII? = (m+1)@2m +n +2)| f]?

and

M =

1 ||81fm+1|2}_ (3.4)

max
fmt1€EM™HL(R™ R,,) { Cm+n+2)(m+1) ||fmtll?

In order to compute M we need to find an orthogonal decomposition of M™+!(R" R,,) similar to
that in Remark 2.8 (see (3.5)). To this end we exploit again the Fischer decomposition theorem.
We consider the splitting R* = R*~! @ Re,, and identify in this manner R”~! inside R™. With this
identification we take M¥*(R"~1 R,,) to be the space of monogenic homogeneous polynomials in
Z1,....,Tn—1 of degree k with values in R,,. Moreover we shall indicate with © = z1e; + ... + z,€,
a vector in R™ and with z = z1e1 + ... + ,_1€,_1 a vector in R~ 1,

Theorem 3.4 (Fischer decomposition in R™, [6] ). We have the following decomposition
k
’Pk(Rn_l,R @E Mk j Rn 1 R )
j=0

We note that this decomposition is orthogonal also in L?(B,_1). As we did in the previ-
ous section starting from f,, 41 € M™THR™ R,,) and using the Fischer decomposition to its
restriction f,41|gn-1, we can first decompose fp,11(z) = Z’S"JB L5gm+1—s(z) where gpmi1-s €
MmHL=s(Rn=1 R, ) and then we can regain f,,+1(z) considering its monogenic extension using

the Cauchy-Kowalevski operator exp(z,e,D,—1):

m—+1

fm+1 Z T5Gmt1— s (35)

where z°¢m4+1-s(x) = exp(znen,Dp—1)(z°g(z)).

Proof of Theorem 1.2. The proof goes as the one of Theorem 1.1, we only need to adapt Proposition
2.14. We consider elements of the type z°f(x) where f is a monogenic homogeneous polynomial
of degree k in R"~! (as in the decomposition (3.5)). It follows that

S

2 f(z) = > (csimriz'el) f(z)
=0 (3.6)

ol (A(2) + B e, ) 1@

|| || ||

where c; ; ,, are some convenient real constants. We look for an explicit formula for A and B and
since D,z*f(z) = 0, following [6], we have that

T, n+2k—2 %Jrk(:cn x

)+n+2kz+s—2 >|;_|e">f@)

where d,, ks is a constant which depends only on n,k and s (see also [9]). We compute next

lz* £ (z)||2 and we have

2 @) = dupslal* <02*’“ (o

|| ]
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e~

IIff@)IIQ/ 25 (a3 th=1,Tnyo |zl n+2k—2 ik T
d%7k75 Bnr (CS (|.’L'|)) +(|x|n+2k+s—20571 (|.’L'|))
x |f(@)]*dAn

n+2%+s—2 71

= [ (@ e - o ) 1w

% rn+2s+2k71 dT

1 ' 24k—1 9 9 n—+2k—2 n g 5
= s n 1-— e e O "
n+2s+ 2k /4 </ 1—a3Sn—2 ((C (@n))” +( x")(n+2k+s — 20‘S 1 (@n))

dXi,—
X |f(£)|217—a202> dzy,

n

1 ! n4p_3 L4k-1
e AU L] (AN (R

<[P,

by 2.33 we have

—_~—

Pl SR NS IR S
= o .
" s\n+2k+5—2)(n+ 2k +25)0(2 + k — 1)2 Ju—o f(@)dSn 2 (3.8)

n,k,s

Similarly for 9,2° f(z):

Onz*f(z) _ s_1< F+h=1(Tn Tn | 13kl Tny g (T
s S LT E L
2k —2 n n
gy e - e ) (39)
$0kr Ty ) (T £
+CEME0 - (P R ) 1@

and by equation 2.36 we have

Onz? f ()
dn,k,s

Tn n+2k—2 ok

nik—1
)+n+2k+s—3 52

=<n+2k:+s—3>|x|“( B

Tp, T

( >|;—|en) f(@). (3.10)

|| ||

It follows by applying the same computation as in 3.8 with s — 1 in place of s that

||8ngjﬂ£)||2 (2T (n 4 2k 4 s — 3)(n+ 2k + s — 3)
2 B (s — 1) (n+2k+2s—2)I(% +k—1)2

n,k,s (311)
< [ @Pdz..
§n—2

Taking the quotient between 3.8 and 3.11 we have

|0nzs f(z)]|?  s(n+2s+2k)(n+ 2k +s—2) (3.12)
Hx%)HQ n+ 2k +2s — 2 ' '
Since k + s = m + 1, the maximum M is reached for s = m + 1 and by plugging into 3.4 we have
n+m-—1

M=—:. 3.13
n+2m ( )

2M—1 __ n—2 D

Finally we have that [V™ f|* is subharmonic for a > 5= = ==
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4. MONOGENIC FUNCTIONS ON THE OCTONIONS

We consider the case of the octonions Q. This algebra is built by the well known Cayley-Dickson
construction. Starting from H we consider on H? the following binary operation - : H? x H? — H?

(a,b) - (c,d) = (ac — db,cb + ad) (4.1)

We define O to be H? equipped with the usual sum and with the product - defined in (4.1). It
turns out that @ with the norm inherited from H? is a composition algebra which means

[(@,) - (e, d)* = |(a,0)*|(c, d)*.
The dimension over R of @ is 8 and a basis is given by ey = (1,0),e; = (i,0),...,e7 = (0,k). We
note that e? = —1for j >0,el =1 and e;je; = —eje; for i # j, i > 0 and j > 0. Clearly ey is
the unity of @ and for this reason it is also denoted by 1. We have that O splits naturally in two
subspaces called the real and the imaginary part (here identified with R7)
O ~ReyDRe; @ ... D Rey.
—_——
~R7

For every x € O we write
7

T = o€ + inei =0+ (2)
i=1
xo is called the real part of x and z the imaginary part of z. We define the conjugate of an octonion
x as T = xo — x. It is easy to check that Ty = §& and that the bilinear map (x,y) := (gx)o defines
a real scalar product on O and such that (x,z) = |z|>. We define the Weyl operator

and the Dirac operator

Remark 4.1. The product defined in 4.1 is not associative but the following hold:
z(az) = (za)z, (zx)a = z(za),Vz,a € O (4.2)
z(za) = |z)%a (4.3)

in particular it makes sense to consider the powers in Q. Moreover the subalgebra generated by
two octonions is associative. (see [4] page 76)

We have
20 =00 =A

and
D?=—A4.

Y LT
Definition 4.2. A C! function f: Q — O, where ) is an open subset of Q (or R”) is monogenic
if
0f =0 (resp. Df =0)

We introduce for a positive integer k the space of homogeneous polynomials of degree k on O (or
R7) P*(0,0) (resp. P*(R7,0)) and the corresponding space of monogenic polynomials M*(Q, Q)
(resp. M(R7,0)). Similarly for a multi-index 8 € {0, ...,7}" we introduce 9° f = 9p,...9, f and
define |[V* f(z)]* := 33 524 [0° f(x)[>. In order to prove that [V™f|* is subharmonic we exploit
again Lemma 2.2 and the following

Proposition 4.3. Let f : Q@ — O be a monogenic function and let u(zx) = szm |0 f(x)|?. Then

we have
|Vul? < m-+7
2ulAu ~ 2(m+4)

(4.4)

Before getting to the proof of Proposition 4.3 we need some preliminaries:
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Theorem 4.4. The following decompositions hold:

k
P*(0,0) = Pz M*(0,0)
§=0

and stmilarly
k

@]Mk‘]R7 )

7=0

Proof. We introduce on P*(0, Q) a scalar product. For R;(z) = > lal=k al,x® for i = 1,2 (here
a = (ag,...,ar) € N® is a multiindex, |a| = ag + ... + @7 and z* = z{°...257) we define

(Ry(z), Ry(z)) :== > a0 > ala® (4.5)

0

0
Since (a(bc)), = ((ab)c), for all a,b, c € O we have that for Ry € P*~1(0,0)

(TR (x), Rz (x)) = (Ri(2), IR2(x))
from which follows M*(0,0) c {zP*~1(0O, @)}L. For the opposite inclusion suppose that Ry # 0

and choose Ry = ORy. Then clearly (ZR;, Ro) = <R1, 5R2> # 0 hence R, ¢ {:f?’k’l(@, @)}J_. We
have the splitting

= MF @ zph! (4.7)
and by repeating the same argument on PF=1 we have the conclusion. The proof of the second
decomposition is similar, with 0 replaced by D 0

As we did in the first and second section we need to find an orthogonal decomposition of
M™ (0, 0) similar to that described in Remark 2.8. Starting from a polynomial f € P*(R7, Q)
the monogenic extension to O is given by the Cauchy-Kowalevski extension operator :

~ > . :Ci .
f@) =Y (12D f(a).
i=0 ’
Combining the Fischer decomposition and the Cauchy-Kowalevski extension we can decompose
any fm+1 € M™(0,0) in the same way as we did in the previous sections
m—+1

fm+1 Z -T gm—i-l s

We observe that the orthogonality of this decomposmon and of its O0,,-derivative can be proved
as we did in the Proposition 2.11 and Corollary 2.12 with foresight to use the real scalar product
instead of the hermitian one (see Remark 2.13). This is because we need the associativity when we

compute explicitly
| @@ v
B

We need to compute D(z°f(z)) with f € M¥(R”, Q). For this we need the following lemmas
Lemma 4.5. Let f € M*(R7, Q) then
D(zf(z)) = -2k +7)f(2).
Proof. We have

7
= Zeiai(if) —7f(z) + Zez (20 f(z
=1

For evaluating the last term on the right side we observe that for t € O we have

(ei(z0:f(z)),t) = (20 f(z), —eit) = =2 (z, ;) (0:f (z),1) + (xt, €:0; f (z))
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by the braid and exchange properties (see [4]). Taking the sum for i = 1,...,7 we have

7 7
<;ei(y9if@)),t> = <2;ziaif,t> + <£1€,D{i§)>

=kf(z)

and since it holds for all ¢ we have
7
> ei(@dif(z) = —2kf(2)
i=1

and this yields the conclusion. O

Lemma 4.6. Let f € M*(R",Q) and s a positive integer. The following holds

s —sx57 L f(x) if s is even
D f () = @ e e (4.
—(s+6+2k)z* 1 f(z) if s is odd
Proof. We begin with the case when s = 2n + 1. Thanks to Remark 4.1 we have that
D(&™ f(z)) =(-1)"D(|z"z.f (2))
7
=(=1)"nlz" P2’ f(2) + (1) 2" Y eieif (2)
i=1
7
+ (=12 ei(2d;f ()
i=0
=—(s+6+2k)z" " f(z)
where the last line follows from Lemma 4.5. The case s even is similar.
O

We can now proceed as in the other cases

Proof of Proposition 4.3. By a similar argument we see that at a point, say 0, we have that

Vul® oy S (e 9 fmer. fn] (2)ds)”

208 (fos (@A) (ST fis [9ifmss (@) s )

where f,, and f,,4+1 are the terms of degree m and m + 1 in the Taylor expansion of f at 0.

The proof reduces to prove that M = 2("7}1176) where

S0 (Js [0ifms fru] (2)dNs)”

max .
m 7
\ ST QO)  (fos | Frn(@)2AAs) (ST S |0 frnsa () s

M =

By repeating the same argument as in section 2, and using the fact that f(uz) is monogenic for
all u € O, we have

M =

1 |60fm+1||2} ) (49)

max
1 €EM™HL(0,0) { 2m+5)(m+1) | fmsll?

At this point we only need to find an orthogonal decomposition of M™*1(0Q, Q) of the type
described in Remark 2.8. We start by finding the monogenic extension to O of z7f(z) where
f € M*R",0). By Lemma 4.6 we have

ai f(z) =Y (erjaroa’ ") f(z)

=0
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e~

for some real coefficients ¢, j,; which do not depend on f. Let r* = |2|? and set 27 f (z) = r/ (A(%2)+

e~

B(%2)%) f(z) and by imposing dz7 f(z) = 0 we found that the extension is given by

- , 2k +6 To., T
7 =d |zl ]?+3ﬂ _ AT k20N = .
D7) = duslet (O + 2ot 2 jw

||
The computations are exactly like the ones in section 3 with n = 8. In the end we have M = 2(%—%
which finishes the proof. O
Proof of Theorem 1.3. Follows from Proposition 4.3 and Lemma 2.2. O

Remark 4.7. In Theorems 1.1, 1.2 and 1.3 we saw that, according to the dimension n of the alge-

bra where f takes its values, |[V™ f|*0mn is subharmonic for ag m,n = H"—;f_l As observed in [5]

Theorem 2, this is the best possibile choice for the exponent ag ., indeed if ¢(|V™ f]) is subhar-
monic for any monogenic or regular functions f and ¢ is continuous then ¢(t) = w(t®0-mn) where
w : R>¢p — R is a convex increasing function. The proof of this fact follows without substantial
modification the proof in [5].
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