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UNEXPECTED BUT RECURRENT PHENOMENA

FOR QUOT AND HILBERT SCHEMES OF POINTS

Dedicated to the memory of Gianfranco Casnati

Abstract. We investigate some aspects of the geometry of two classical generalisations
of the Hilbert schemes of points. Precisely, we show that parity conjecture for Quotd

r A
3

already fails for d = 8 and r = 2 and that lots of the elementary components of the nested
Hilbert schemes of points on smooth quasi-projective varieties of dimension at least 4
are generically non-reduced. We also deduce that nested Hilbert schemes of points on
smooth surfaces have generically non-reduced components. Finally, we give an infinite
family of elementary components of the classical Hilbert schemes of points.

Introduction

Moduli spaces of sheaves are one of the most investigated objects in algebraic
geometry. In the present note we are mainly interested in Quot-schemes and nested
Hilbert schemes of points.

Given a quasi-projective variety X defined over the field of complex num-
bers and two positive integers r,d > 0, the Quot-scheme Quotd

r X parametrises
isomorphism OX -classes of zero-dimensional quotients O r

X ↠ F such that
dimC H 0(X ,F ) = d . It is a quasi-projective scheme and it was introduced by Alexan-
der Grothendieck in [18].

When r = 1 the points [F ] ∈ Quotd
1 X are understood as structure sheaves of

closed zero-dimensional subschemes of X . In this special case the Quot-scheme
is called Hilbert scheme of d points on X . We denote it by Hilbd X . This notion
generalises to that of nested Hilbert scheme of points as follows. If d ∈Zr is a non-
decreasing sequence of non-negative integers, the nested Hilbert scheme Hilbd X
is the fine moduli space parametrising nestings Z1 ⊂ ·· · ⊂ Zr of zero-dimensional
closed subschemes of X of respective length di , for i = 1, . . . ,r , where d = (d1, . . . ,dr ).
We deal only with the case of a smooth variety X , and since the properties we
address depend only locally on X , there is no harm in considering X =An

C
. In this

setting, the case n = 3 is probably the most fascinating, being squashed between
smooth Hilbert schemes and fairly well-understood Quot-schemes for n É 2 and
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wildly singular Hilbert schemes for n Ê 4, [27, 45]. To give an idea of the lack of
knowledge regarding the three-dimensional case, just think that the exact value of d
for which Hilbd X and Quotd

r X becomes reducible is not known, while this question
has a complete answer in any dimension other than three [8, 10, 13, 20, 24, 25, 33, 44].
For more details, we refer to [28] and therein references. Similar problems are open
for nested Hilbert schemes of points. For instance, when dim X = 2, the nested
Hilbert scheme is irreducible for r É 2 and reducible in general for r Ê 5. The cases
r = 3,4 are not yet understood, [9, 39].

Convention. Whenever not specified, we work over the field of complex numbers
C. For a quasi projective variety X , a fat point Z ⊂ X is a closed zero-dimensional
subscheme with support one point.

Parity conjecture

Motivated by expectations in enumerative geometry, it was proven in [32] that as
soon as [Z ] ∈ Hilbd A3 is a monomial subscheme, the following formula is true

d ≡ dimCT[Z ] Hilbd A3 (mod 2),

where T[Z ] Hilbd A3 denotes the tangent space to Hilbd A3 at [Z ]. This result led
Okounkov and Pandharipande to conjecture in [37] that the same holds true at
any point of the Hilbert scheme of points on a smooth threefold. More recently, a
generalised version of the conjecture was posed by Ramkumar and Sammartano
in [38], where they proved its veridicity for all homogeneous OA3 -modules of finite
length. The conjecture, in its final form, is the following.

CONJECTURE 3 (Parity conjecture). Let r,d ∈N be two positive integers and
let X be an irreducible smooth threefold. Then, for any [F ] ∈ Quotd

r X , one has

dimCT[F ] Quotd
r X ≡ r ·d (mod 2).

Conjecture 3 has been recently disproved by the authors by providing a ten-
dimensional family of zero-dimensional schemes in Hilb12A3 with odd-dimensional
tangent space [14, Corollary 3.2]. This argument provides counterexamples to the
parity conjecture for any (r,d) with r Ê 1 and d Ê 12. In Section 1 we propose a vari-
ant of the counterexamples given in [14] showing that, at the price of increasing the
rank one has counterexamples of smaller length. Our main result in this direction is
the following.

Theorem A (Theorem 2). The parity conjecture (Conjecture 3) is false when (r,d)
runs in the following range:

• r = 1 and d Ê 12,

• r Ê 2 and d Ê 8.
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We remark that the counterexamples given in [14] by the authors prove the
case r = 1 in Theorem A. They are smoothable and the dimension of the tangent
space to the Hilbert scheme at that points differs by 9 from the dimension of the
smoothable component while the gap between the dimension of the principal com-
ponent [30] and the dimension of the tangent space of the first counterexample
in Quot8

2A
3 is 5. In Subsection 1.3 we show that it is possible to construct a coun-

terexample of rank 2 and length 8 starting from a counterexample of rank 1. Recent
results about the singularity of the Hilbert schemes announced at the workshop
“The Geometry of Hilbert schemes of points”4 suggest that there is not much room
for a lower gap between the dimension of the tangent space and its expected one.
On the other hand it is possible a priori to find more singular counterexamples of
possibly smaller length on Hilbd A3.

We also remark that the construction in [14] is valid in any characteristic
other than two, where the problem is still open. Similarly, Theorem A is true for an
algebraically closed field of any characteristic other than two.

We conclude this section mentioning that, building upon the example given
in [14], a counterexample to another longstanding conjecture had been produced
in [29]. This conjecture was about the constancy of the Behrend function, which
is a constructible function attached to any scheme of finite type over the complex
numbers [5, 40]. This function was explicitly computed in very few cases [5, 16, 40]
and no general method for computing its values is currently known. In the last
part of Section 1 we prove that the counterexample given in [29] is smoothable
(Proposition 1) and we give a counterexample of smaller length and higher rank in
Example 2.

Nested Hilbert scheme

Generalisations of Hilbert schemes, are provided by nested Hilbert schemes and,
more generally by nested Quot-schemes [35,36] or by double nested Hilbert schemes
[34]. In this section, we deal with nested Hilbert schemes of points. Roughly speak-
ing, they are defined as the fine moduli spaces parametrising nestings of zero-
dimensional closed subschemes of a given quasi-projective variety. While dealing
with these objects one suddenly realises that their geometry gets involved quickly.
For instance, nested Hilbert schemes are already reducible when dim X Ê 2, while
double nested Hilbert schemes of points on smooth curves are in general reducible
and have many smoothable components, i.e. components whose generic point cor-
responds to a nesting involving only smooth subschemes [15, 39]. Another typical
question about Hilbert schemes concerns their schematic structure. Precisely, in
many instances it is not known whether they are reduced or, even worse, if they
have generically non-reduced components. Among the wild zoo of irreducible com-
ponents of the Hilbert schemes of points, a special rôle is played by elementary
components, i.e. irreducible components parametrising fat points. These compo-
nents are considered as the building blocks of Hilbert schemes as all components

4The Geometry of Hilbert schemes of points, Levico Terme (TN), Italy, May 6-10, 2024.

https://sites.google.com/view/ghisp2024/home
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are generically étale-locally products of elementary ones [23]. Thanks to [26], we
know that being generically reduced for an elementary component is equivalent
to have the TNT5 property at its general point, i.e. that the negative tangents at its
general point consist of translations only, see Definition 3. As for the irreducibility
problem, the situation becomes more complicated passing from classical Hilbert
schemes to nested ones. Indeed, it is known that the Hilbert scheme of 21 points
on a smooth fourfold admits generically non-reduced components [28] but the
question about reducedness of the Hilbert schemes of points on smooth threefold
is still open. On the other hand, the question about reducedness of the nested
Hilbert schemes was open in the case dim X = 2, cf. [28, 39]. We address this prob-
lem successfully. In this direction we prove first that, when dim X Ê 4 the nested
Hilbert schemes become non-reduced as soon as possible. Then, we deduce that
nested Hilbert schemes on smooth surfaces may have generically non-reduced
components. It is worth mentioning that we still do not know the minimal length
of a nesting producing generically non-reduced components. However, the results
in [39] imply that this phenomenon occurs already for nestings of length six.

We list now our main results on the topic. We adapt first the theory developed
in [26] to the nested setting, then we deal with dim X Ê 4 and finally we consider
the surface case.

Theorem B (Theorem 4). Let d ∈ Zr be any non-decreasing sequence of non-
negative integers and let V ⊂ Hilbd X be an irreducible component. Suppose that V
is generically reduced. Then V is elementary if and only if a general point of V has
trivial negative tangents.

Theorem C (Theorem 5). Let X be a smooth quasi-projective variety and let d Ê 2
be a positive integer. Let V ⊂ Hilbd X be a generically reduced elementary compo-
nent. Then, the nested Hilbert scheme Hilb(1,d) X has a generically non-reduced
elementary component Ṽ such that

Ṽred
∼=Vred.

Theorem D (Theorem 6). Let S be a smooth quasi-projective surface. Then, there
exists a non-decreasing sequence of non-negative integers d ∈Zr such that S[d] has
a generically non-reduced component.

An interesting feature of Theorem C is that this phenomenon arises in many
other contexts. For instance, in [43] some elementary components of the classical
Hilbert scheme of points are compared with irreducible components of the mod-
uli spaces parametrising the corresponding nilpotent algebras. In this setting, it
is proven that the two objects are birational to each other as varieties but not as
schemes. Another instance of the phenomenon in Theorem C occurs in the con-
struction of the isospectral Hilbert scheme where taking reduced structure is crucial
in [19].

5The acronym "TNT" stands for trivial negative tangent.
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Finally, we also present an infinite family of elementary components of
Hilbert schemes of points, including already known examples (cf. [24, 26, 41]), as a
byproduct of the following theorem.

Theorem E (Proposition 7). Let R =C[x1, . . . , xn , y1, . . . , yn], for n Ê 2, be the polyno-
mial ring in 2n variables and complex coefficients. Then, the ideal

I =
n∑

i=1
(xi , yi )2 + (x1 · · ·xn − y1 · · · yn),

has TNT. Therefore, by [26, Theorem 4.5] every component of the Hilbert scheme
Hilb3n−1A2n containing it is elementary.

Organisation of the content

Section 1 concerns the parity conjecture for Quot-schemes. In Subsection 1.1 we
explain our strategy to “explore” the Quot-scheme by deforming monomial sub-
modules. Then, in Subsection 1.2 we prove the main result of this paper about
Quot-schemes, Theorem A (Theorem 2) and in Subsection 1.3 we explain an alter-
native strategy based on the manipulation of the ideals given in [14]. In Subsection
1.4 we prove in Proposition 1 smoothability of the counterexample to the constancy
of the Behrend function given in [29] and we give a new example for Quot13

3 A3. In
Section 2 we deal with nested Hilbert schemes. Precisely, in Subsection 2.1 we recall
the theory of negative tangents by presenting it in the nested setting and we prove
Theorem B (Theorem 4). Then, in Subsection 2.2 we prove Theorem C (Theorem 5),
Theorem D (Theorem 6) and we discuss one example. Finally, in Subsection 2.3 we
give an infinite family of elementary components of the Hilbert schemes of points
by proving Theorem E (Proposition 7).
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1. New counterexamples to the parity conjecture

After having established the most convenient notation for us, in the first part of
this section we explain a possible strategy to produce counterexamples to the party
conjecture. Then, we prove Theorem A of the introduction and we explain a possible
different approach which also produces examples of Quot-schemes on smooth
threefold with non-constant Behrend function. Finally, we show the smoothability
of the ideal given in [29].
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Let r,d ∈Z be two positive integers, and let X be a smooth quasi-projective
variety. Recall that the (r,d)-Quot-functor of X denoted by Quotd

r
X : Schop

C
→ Sets,

is the contravariant functor defined as follows(
Quotd

r
X

)
(S) = {

π∗
X O⊕r

X ↠G
∣∣ G ∈ Coh(X ×S)

}
is S-flat, S-finite, lengthS G = d/ ∼,

where πX : X × S → X denotes the canonical projection, lengthS G denotes the
relative length of G over S, and two surjections are isomorphic if they have the same
kernel. By a celebrated result of Grothendieck, the functor Quotd

r
X is representable

and the fine moduli space Quotd
r X representing it is a quasi-projective scheme

called Quot-scheme [18]. Whenever not needed, we will omit the surjection and we
will denote points of the Quot-scheme by [F ]. In this setting, if

[0 →K →O⊕r
X →F → 0] ∈ Quotd

r X

is any point, there is a natural identification [12, Theorem 6.4.9]

(1.1) T[F ] Quotd
r X ∼= HomOX (K ,F ).

REMARK 1. As already anticipated in the introduction, since our questions
are local in nature, it is fair to put X ∼= A3

C
and hence to work up to étale covers.

We will denote by R =C[x, y, z] the polynomial ring in three variables and complex
coefficients. Recall that given any R-module M , a submodule N ⊂ M , and an ideal
J ⊂ R, the colon module is

(N :M J ) = { m ∈ M | J ·m ⊂ N } .

We omit the subscript M from the notation above whenever no confusion is possi-
ble. If in addition M is finite dimensional over C, the colength of N is the integer
dimC(M/N ) = length(M/N ), see [11] for more details.

The following result was proven in [38]. It gives a positive answer to the Parity
conjecture (Conjecture 3) in the homogeneous setting.

THEOREM 1 ( [38, Theorem 10]). Let k denote an algebraically closed field of
any characteristic and let R = k[x, y, z] be the polynomial ring in three variables. Let
also F be a free graded R-module of rank r and let M = F /K be a graded R-module
of finite length d. Then,

dimk HomR (K , M) ≡ r d (mod 2).

As proven by the authors in [14], Theorem 1 does not generalise to the non-
homogeneous setting for d Ê 12. It is remarkable that the counterexamples given
in [14] are valid in characteristic different from two, where the parity conjecture is
still open.
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1.1. The behind-the-scenes at the original counterexample for Hilbert schemes

We start with a brief analysis of the family of counterexamples described in [14].
The general member of this family has the following form

(1.2)
(
x, (y, z)2)2 + (

y3 +b1 y2z +b2 y z2 +b3z3 +b4x y +b5xz
)⊂ R,

for a generic choice of complex parameters bi ∈C, for i = 1, . . . ,5. These ideals are
obtained by deforming the monomial ideal

(1.3) J = (
x, (y, z)2)2 + (

y3)= (
x2, x y2, y3, x y z, xz2, y2z2, y z3, z4) ,

by adding to the generator y3 an element of (J : (x, y, z)), i.e. a polynomial not
contained in J which enters J if multiplied by any variable. More precisely, the
family of ideals in (1.2) shows that there exists a vector subspace V ⊂T[J ] Hilb12A3

of dimension at least 5 of unobstructed first order deformations.

This observation suggests to look for new counterexamples to the parity
conjecture as we explain here. As the Quot-scheme can be covered with charts, each
containing precisely one monomial submodule, we adopt the following strategy:

Step 1 compute all the monomial submodules in R⊕r of given colength d ;

Step 2 for every monomial submodule try to determine a subspace of the tangent
space of unobstructed first order deformations;

Step 3 for every subspace of unobstructed first order deformations consider a ran-
dom vector and check whether the generic fiber of the corresponding A1-
deformation gives a new counterexample.

Step 1 provides one point for each chart and allows to analyse all of them. In
order to speed up the search, one can take into account the action of the projective
linear group by considering only the Borel-fixed submodules [2].6

Step 2 and Step 3 allow to “get far” enough from monomial submodules to
obtain a submodule not homogeneous with respect to any grading, so that it does
not satisfy the necessary conditions for the validity of the parity conjecture given
in [38].

Combining Step 1, 2 and 3 we obtain a computationally efficient procedure
to select random points from the parameter space. This approach worked well for
finding new counterexamples to the parity conjecture but in principle it can be used
to investigate other properties.

EXAMPLE 1. Applying this strategy, one can determine a lot of other coun-
terexamples to the parity conjecture for the Hilbert scheme Hilbd A3. In Tab. 1,
we list pairs of values (d , t ) corresponding to new counterexamples [Z ] ⊂ Hilbd A3

6Borel-fixed submodules can be efficiently computed via Borel-fixed ideals with the M2 package
StronglyStableIdeals described in [1].
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with t = dimCT[Z ] Hilbd A3 ̸≡ d (mod 2) not coming from a counterexample in
Hilbd−1A3.7 Indeed, recall that if [Z ] ∈ Hilbd A3 is a counterexample, then for every
point p ∈A3 not contained in the support of Z , the point [Z ∪p] ∈ Hilbd+1A3 is a
counterexample, as

dimCT[Z∪p] Hilbd+1A3 = dimCT[Z ] Hilbd A3 +dimCT[p] Hilb1A3 =
dimCT[Z ] Hilbd A3 +3.

d

t

É 11 12 13 14 15 16 17 18 19 20 21 22 23 24

+3 +3 +3 +3 +3 +3 +3 +3 +3 +3 +3 +3 +3

none 45 60 55
61

74 75 90 91 98 103
121

Tab. 1: Counterexamples found with the strategy in Subsection 1.1 for Hilbd A3.

1.2. New counterexamples for the Quot scheme

We now introduce some notation and then state a criterion to produce many un-
obstructed first order deformations based only on the combinatorics of monomial
ideals. These preliminary results hold for a polynomial ring with any number of
variables. Thus, we start denoting by R be the polynomial ring C[x1, . . . , xn] in n vari-
ables and complex coefficients and we will restrict to the case n = 3, R =C[x, y, z]
when dealing with the parity conjecture.

Let J ⊂ S be a monomial ideal with finite colength. We denote by BJ ⊂ R the
set of monomial generators of J and by NJ ⊂ R the unique monomial basis of R/J ,
i.e. the unique set of monomials whose image in R/J consists of a basis. We will
often abuse of notation and denote with the same symbol elements in NJ and their
image in R/J .

A monomial submodule U ⊂ R⊕r is a submodule generated by monomial
terms, i.e. elements of the form m ei ∈ R⊕r where m is a monomial in R and ei is
any element of the canonical basis of R⊕r . Hence, every monomial submodule U
can be written as direct sum

⊕r
i=1 Ji ei ⊆⊕r

i=1 Rei = R⊕r where Ji ’s are monomial
ideals in R. We will only consider monomial submodules U = ⊕r

i=1 Ji ei of finite
colength, so that lenght(R⊕r /U ) =∑r

i=1 lenght(R/Ji ).

As monomial ideals, a monomial submodule U ⊂ R⊕r admits a unique mi-
nimal set of monomial generators, which we denote by BU ⊂ R⊕r . Similarly, we
denote by NU ⊂ R⊕r the unique monomial basis of R⊕r /U , i.e. the unique minimal
set of monomial terms whose image in R⊕r /U constitutes a C-basis.

7An explicit example of each case is available in the ancillary Macaulay2 [17] file list-of-
counterexamples-Hilbert-scheme.m2.

www.paololella.it/software/list-of-counterexamples-Hilbert-scheme.m2
www.paololella.it/software/list-of-counterexamples-Hilbert-scheme.m2
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If we denote by d the colength of the submodule U , then we can interpret it
as a point

[0 →U → R⊕r → R⊕r /U → 0] ∈ Quotd
r A

n .

As we have fixed the basis NU for the quotient R⊕r /U , we can explicitly describe a
tangent vector ϕ ∈T[U ] Quotd

r A
n = HomR (U ,R⊕r /U ) by associating to every mono-

mial generator of U a linear combination of the elements in NU , i.e. for every
b ∈BU

(1.4) ϕ(b) = ∑
s∈NU

γb,s s, γb,s ∈C.

We stress that the choice of the coefficients γb,s is not arbitrary and it is
subject to the conditions coming from the syzygies of U . Let Rϵ = C[ϵ][x1, . . . , xn]
and C[ϵ] =C[t ]/(t 2) denotes the ring of dual numbers (ϵ is the equivalence class of
t in C[t ]/(t 2)). Given a tangent vector ϕ ∈T[U ] Quotd

r A
n presented as in (1.4), one

can define a C[ϵ]-family of R-modules via the following submodule(
b −ϵ ·ϕ(b)

∣∣ b ∈BU
)⊂ R⊕r

ϵ .

In what follows we shall need the following definition.

DEFINITION 1. Given a monomial submodule U ⊂ R⊕r of finite colength, the
socle of U is the set of monomial terms

SU =NU ∩ (U :R⊕r (x1, . . . , xn)) .

Considering the decomposition U =⊕r
i=1 Ji ei , we have that SU =⋃r

i=1 S Ji ei

where S Ji =NJi ∩
(

Ji :R (x1, . . . , xn)
)
.

REMARK 2. For any choice of γb,s ∈C, for b ∈BU and s ∈SU , the submodule(
b −ϵ ∑

s∈SU

γb,s · s

∣∣∣∣∣ b ∈BU

)
⊂ R⊕r

ϵ

defines a first order deformation, i.e. a C[ϵ]-family. This is true because the syzygies
of I do not impose conditions on the socle elements.

Recall that a first order deformation ϕ is unobstructed8 if the submodule
generated by (

b − t
∑

s∈NU

γb,s · s

∣∣∣∣∣ b ∈BU

)
⊂ R⊕r

t

is flat over A1 = SpecC[t ], here Rt denotes the polynomial ring C[t ][x1, . . . , xn].

8Notice that this is not the classical notion of unobstructed tangent vector. However, we adopt this
terminology for the sake of exposition.
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LEMMA 1. Let U ⊆ R⊕r be a monomial submodule of finite colength. Consider
two subsets B ⊆BU and S ⊆SU such that

xℓ · s ∉ B , for all s ∈ S, and ℓ= 1, . . . ,n.

Then, every function φ : BU → SpanC(NU ) of the following form

φ(b) =
0 if b ∉ B ,∑

s∈S
γb,s · s if b ∈ B ,

induces an unobstructed first order deformation in T[U ] Quotd
r (An).

Proof : The map φ defines a first order deformation as per Remark 2. In order to
prove the statement, we show that the submodule M ⊂ R⊕r

t generated by

(BU \ B)∪{
b − tφ(b)

∣∣ b ∈ B
}

defines a flat family over the affine line A1
C
= SpecC[t ]. This is the case if every

relation among the generators of U lifts to a relation among the generators of
M [3, Section 1.3]. Let

(1.5)
∑

b∈BU

Pb ·b = ∑
b∈BU \B

Pb ·b + ∑
b∈B

Pb ·b = 0, Pb ∈ R

be a syzygy among the generators of U . By definition of socle, S and B , if b0 ∈ B
then Pb0 ·φ(b0) belongs to the monomial submodule M ′ ⊂U generated by the terms
in BU \ B , that is

Pb0 ·φ(b0) = ∑
b∈BU \B

Qb0,b ·b, Qb0,b ∈ R, b ∈ B.

As a consequence, we have

∑
c∈B

Pc ·φ(c) = ∑
c∈B

( ∑
b∈BU \B

Qc,b ·b

)
= ∑

b∈BU \B

(∑
c∈B

Qc,b

)
·b.

Then, the syzygy (1.5) lifts to∑
b∈BU \B

P̃b ·b + ∑
b∈B

Pb ·
(
b − tφ(b)

)= 0

where, for b ∈BU \ B , we put

P̃b = Pb + t

(∑
c∈B

Qc,b

)
.

We prove now the main theorem of this section, Theorem A of the intro-
duction. The explicit counterexample given in the proof is obtained following the
strategy just described. In a similar way we found other examples that we briefly
mention in Table 2.
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THEOREM 2. The parity conjecture (Conjecture 3) is false when (r,d) runs in
the following range:

• r = 1 and d Ê 12,

• r Ê 2 and d Ê 8.

Proof : The case r = 1 is the content of [14, Corollary 3.2]. For r Ê 2, the first
counterexample has length 8.

First, we describe how to use the strategy depicted in the previous subsection
to obtain the counterexample. Second, we show how to produce a counterexample
for (r +1,d) and (r,d +1) from a counterexample for (r,d).

Consider the monomial submodule U = J1e1 ⊕ J2e2 ⊆ R⊕2 with

J1 = (x, y2, y z2, z3) and J2 = (x, y2, y z, z2).

We have

BU = {
x e1, y2 e1, y z2 e1, z3 e1

}∪{
x e2, y2 e2, y z e2, z2 e2

}
and

SU = {
y z e1, z2 e1

}∪{
y e2, z e2

}
.

The pair B = {x e2, y2 e2, z2 e2} and S = {y z e1, z2 e1} satisfies the hypothesis of Lemma
1. Consider the function φ : BU → SpanC(NU )

φ(x e1) =φ(y2 e1) =φ(y z2 e1) =φ(z3 e1) =φ(y z e2) = 0,

φ(xe2) =φ(z2e2) = y z + z2, φ(y2e2) = y z − z2

and let Mt ⊂ R⊕r
t be the associated deformation of U generated by

(BU \ B)∪{
x e2 + t (y z + z2)e1, y2 e2 + t (y z − z2)e1, z2 e2 + t (y z + z2)e1

}
.

The generic fiber M defines a point [0 → M → R⊕2 → R⊕2/M → 0] ∈ Quot8
2A

3 with
tangent space of dimension 37 ̸≡ 2 ·8 (mod 2).9

Increase the rank. Let M ⊂ R⊕r be a submodule such that [0 → M → R⊕r →
R⊕r /M → 0] ∈ Quotd

r A
3 is a counterexample to the parity conjecture. The submod-

ule M ⊕R ⊂ R⊕r+1 defines a point

[0 → M ⊕R → R⊕r+1 → R⊕r+1/(M ⊕R) ≃ R⊕r /M → 0] ∈ Quotd
r+1A

3

with tangent space

HomR
(
M ⊕R,R⊕r+1/(M ⊕R)

)≃ HomR (M ⊕R,R⊕r /M)

≃ HomR (M ,R⊕r /M)⊕HomR (R,R⊕r /M) ≃ HomR (M ,R⊕r /M)⊕ (R⊕r /M)

9See the ancillary Macaulay2 [17] file first-counterexample-Quot-scheme.m2 for the computa-
tion of dimCT[M ] Quot8

2A
3.

www.paololella.it/software/first-counterexample-Quot-scheme.m2
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of dimension

dimCT[M⊕R] Quotd
r+1A

3 = dimCT[M ] Quotd
r A

3 +dimC(R⊕r /M) =
= dimCT[M ] Quotd

r A
3 +d .

Then, dimCT[M ] Quotd
r A

3 ̸≡ r d (mod 2) implies dimCT[M ] Quotd
r A

3 +d ̸≡ (r +1)d
(mod 2).

Increase the length. Let M ⊂ R⊕r be a submodule such that [0 → M → R⊕r →
R⊕r /M → 0] ∈ Quotd

r A
3 is a counterexample to the parity conjecture and assume

that the origin does not belong to the support of R⊕r /M . Moreover, consider the
submodule N = (x, y, z)⊕R⊕(r−1) ⊂ R⊕r defining the point [0 → N → R⊕r → R⊕r /N →
0] ∈ Quot1

r A
3. The module R⊕r /N ≃ R/(x, y, z) is supported at the origin so that

Ann(R⊕r /M)+Ann(R⊕r /N ) = R,

where Ann(R⊕r /M) and Ann(R⊕r /N ) denote the annihilator ideals of R⊕r /M and
R⊕r /N . In particular, one can write 1 = m +n ∈ R for some m ∈ Ann(R⊕r /M) and
n ∈ Ann(R⊕r /N ).

Let us denote by πM : R⊕r → R⊕r /M and πN : R⊕r → R⊕r /N the projections
to the quotient modules. Then, the following composition

R⊕r R⊕r ⊕R⊕r (R⊕r /M)⊕ (R⊕r /N )

ei (ei ,ei )
(
πM (ei ),πN (ei )

)
∆ (πM ,πN )

is still a surjection. Indeed

(1−m) · (πM ,πN )◦∆(ei ) = (πM (ei ),0) and (1−n) · (πM ,πN )◦∆(ei ) = (0,πN (ei )).

Thus, the kernel K = ker((πM ,πN ) ◦∆) = kerπM ∩ kerπN = M ∩N defines a point
[0 → K → R⊕r → R⊕r /K ≃ (R⊕r /M)⊕ (R⊕r /N ) → 0] ∈ Quotd+1

r A3. The tangent space
is

HomR (K , (R⊕r /M)⊕ (R⊕r /N )) ∼= HomR (K ,R⊕r /M)⊕HomR (K ,R⊕r /N )
∼= HomR (M ,R⊕r /M)⊕HomR (N ,R⊕r /N )

(the second equality can be checked by localising at the points in the support of
R⊕r /M and R⊕r /N ) and its dimension is

dimCT[K ] Quotd+1
r A3 = dimCT[M ] Quotd

r A
3 +dimCT[N ] Quot1

r A
3 =

= dimCT[M ] Quotd
r A

3 + r +2.

Finally, dimCT[M ] Quotd
r A

3 ̸≡ r d (mod 2) implies dimCT[M ] Quotd
r A

3+r +2 ̸≡ r (d+
1) (mod 2).
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Tab. 2 encodes the dimension of the tangent spaces of other counterexamples
to the parity conjecture for rank 1 É r É 4 and degree 8 É d É 14 that are not obtained
from counterexamples of rank r −1 and degree d or rank r and degree d −1 via the
procedure described in the proof of Theorem 2.10

r = 1

r = 2

r = 3

r = 4

d = 8 d = 9 d = 10 d = 11 d = 12 d = 13 d = 14

+8

+8

+8

+9

+9

+9

+10

+10

+10

+11

+11

+11

+12

+12

+12

+13

+13

+13

+14

+14

+14

+3 +3 +3 +3 +3 +3

+4 +4 +4 +4 +4 +4

+5 +5 +5 +5 +5 +5

+6 +6 +6 +6 +6 +6

37,39 47 55 61,65 71,75 77,81,83,87

none none none none 45

71 74,78 85,91,93 92,100 99,107,109

111,115 119,125 129,133,139

Tab. 2: Counterexamples found with the strategy in Subsection 1.1 for Quotd
r A

3.

1.3. An alternative strategy

In this subsection we provide an alternative strategy to construct counterexamples
to the parity conjecture starting from the one given in [14]. Also this strategy con-
siders monomial ideals and produces deformations of monomial submodules, but
it allows to preserve along the process additional properties such as homogeneity
with respect some non-standard grading, symmetries. . .

We illustrate the strategy starting with the deformation

(1.6) I = (
(x)+ (y, z)2)2 + (y3 −xz) ⊂ R.

of the monomial ideal J in (1.3). We can depict the Artinian local algebra R/I as a
plane partition with two socle boxes identified by the binomial generator.

∼

Fig. 1: Pictorial description of the algebra R/I . The socle boxes identified by the
binomial generator in (1.6) are the green ones.

10An explicit example of each case is available in the ancillary Macaulay2 [17] file list-of-
counterexamples-Quot-scheme.m2.

www.paololella.it/software/list-of-counterexamples-Quot-scheme.m2
www.paololella.it/software/list-of-counterexamples-Quot-scheme.m2
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Consider the R-module

M = (x, y)+ I

I

corresponding to the point

[0 → K → R⊕2 → M → 0] ∈ Quot8
2A

3

where

K = (x e1, y2 e1, y z e1, z2 e1, x e2 − y e1, y2 e2 − z e1, y z2 e2, z3 e2) ⊂ R⊕2.

The dimension of the tangent space turns out to be

dimCT[M ] Quot8
2A

3 = 39 ̸≡ 2 ·8 (mod 2).

Notice that K is a deformation of the monomial submodule U = (x, y2, y z, z2)e1 ⊕
(x, y2, y z2, z3)e2 and y e1, z e1 ∈SU .

From a combinatorial viewpoint, the module M is obtained by “removing
the four boxes corresponding to the monomials in NJ ∩N(x,y) from the partition in
Figure 1”. This is explained in Figure 2.

\ = ∼

Fig. 2: Construction of the counterexample in Quot8
2A

3 with tangent space of dimension 39.

We also mention that this procedure produces counterexamples of rank r = 3
and lengths d = 10 and d = 11. In fact, the modules

M1 = (x, y, z2)+ I

I
and M2 = (x, y, z)+ I

I

correspond to points

[0 → K1 → R⊕3 → M1 → 0] ∈ Quot10
3 A3

[0 → K2 → R⊕3 → M2 → 0] ∈ Quot11
3 A3

with

dimCTM1 Quot10
3 A3 = 69 ̸≡ 3 ·10 (mod 2)

dimCTM2 Quot11
3 A3 = 70 ̸≡ 3 ·11 (mod 2).

See Figure 3 for the combinatorial description of these two counterexamples.11

11See the ancillary Macaulay2 [17] file other-counterexamples-Quot-scheme.m2 for the compu-
tation of the tangent space dimensions of these counterexamples.

www.paololella.it/software/other-counterexamples-Quot-scheme.m2
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\ =

M1

\

M2

=

Fig. 3: Combinatorial construction of counterexamples in Quot10
3 A3 and Quot11

3 A3.

1.4. A remark on the Behrend function

The counterexamples given [14] concerns zero-dimensional closed subschemes of
A3 of length 12. This might suggest that the failure of the parity conjecture is related
to the irreducibility of the Hilbert schemes of points on smooth threefold. However,
the two things seem nowadays to be unrelated as remarked by the authors. Similarly,
one can address the same question for the points disproving the constancy of the
Behrend function12 given in [29]. Notice that these points contradict the parity
conjecture as well. Again, the two aspects seem to be unrelated. Indeed, the ideal

J JK S = (
(x2)+ (y, z)2)2 + (y3 −x3z) =

= (
x4, x2 y2, x2 y z, x2z2, y4, y3z, y2z2, y z3, y3 −x3z, z4)

given in [29] is smoothable as we show in the following proposition.

PROPOSITION 1. The ideal J JK S is smoothable.

Proof : The existence of the A1-flat family Z ⊂ A3
x,y,z ×A1

t defined by the ideal
JJK S ⊂C[t ][x, y, z] given by

JJK S =(
x4, x2 y2, x y3, x2 y z, y4, x2z2 + t x2z, y3z + t y3,

y2z2 − t 2 y2, y z3 − t 2 y z, x3z − y3, z4 − t 2z2) ,

certificates the validity of the statement. Indeed, a direct check shows that the
general member Z of Z corresponds to a smooth point of [Z ] ∈ Hilb24A3 and that
it is the disjoint union of three fat points of length 10, 8, and 6, and hence the
smoothability of the scheme defined by the ideal J JK S follows by the irreducibility
of Hilb10A3 and the fact that smoothability is a closed property.

We conclude this section with one example that shows that the Behrend
function is not constant on the Quot-schemes as well. This happens, for rank r
greater or equal than three, already for d = 13.

EXAMPLE 2. The Behrend function is not constant on the Quot-schemes of
the affine space A3. This question has been addressed by the third author and A.
T. Ricolfi in [16]. This example is constructed following the strategy explained in
Subsection 1.3.

12The constancy of this function was expected by results in [6].
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Consider the R-module M = J/(J ∩ J JK S ), where J = (y2, xz, y z) ⊂ R . Then, we
identify M with a point

[0 → K → R⊕3 → M → 0] ∈ Quot13
3 A3

with tangent space T[M ] Quot13
3 A3 of dimension 86. This is enough to apply the

arguments in [29] and to conclude non-constancy of the Behrend function on
Quot13

3 A3. Indeed, as proven in [4], Quot-schemes of A3 are critical loci.13

2. Nested Hilbert scheme of points

In this section we mainly study the tangent space to the nested Hilbert scheme.
Precisely, in Subsection 2.1 we review the theory developed in [26] in nested terms,
and we prove Theorem B of the introduction. While, in Subsection 2.2 we give
examples of non-reduced components of the nested Hilbert schemes and we prove
Theorem C. Finally, in Subsection 2.3 we provide new examples of elementary
components of the Hilbert schemes of points by proving Theorem E.

Notation 3. In order to ease the notation, for any vector d ∈ Zr we will denote
by di , for i = 1, . . . ,r , its entries. Moreover, if d ∈Zr is a non-decreasing sequence
of non-negative integers, by d-nesting Z in X we mean that Z = (Zi )r

i=1, where
Z1 ⊂ ·· · ⊂ Zr ⊂ X are closed zero-dimensional subschemes and length Zi = di , for
i = 1, . . . ,r . Finally, the support of the nesting Z is the reduced scheme Supp Z =
Supp Zr .

Let X be a smooth quasi-projective variety and let d ∈Zr be a non-decreasing
sequence of non-negative integers. The d-nested Hilbert functor of X , Hilbd X :
Schop

C
→ Sets, is the contravariant functor defined as follows

(
Hilbd X

)
(S) =

{
(Zi )r

i=1

∣∣∣∣ Zi ⊂ X ×S S-flat and S-finite closed subschemes,
Zi ⊂Zi+1, lengthS Zi = di

}
,

where lengthS denotes the relative length. Analogously to the Quot-functor, Hilbd X
is representable by a quasi-projective scheme, see [42, Theorem 4.5.1] and [31]. We
call it nested Hilbert scheme14 and we denote it by Hilbd X . We will denote points of
the nested Hilbert scheme by [Z ].

2.1. Tangent space and negative tangents

In what follows, we generalise some results from [26] to nested Hilbert schemes.

Let us fix some non-decreasing sequence of non-negative integers d ∈ Zr

and a point [Z ] ∈ Hilbd X . Then, there is a natural identification of the tangent
space T[Z ] Hilbd X with the vector subspace of the direct sum

⊕r
i=1T[Zi ] Hilbdi X

13See the ancillary Macaulay2 [17] file other-counterexamples-Quot-scheme.m2.
14This scheme is sometimes called flag Hilbert scheme.

www.paololella.it/software/other-counterexamples-Quot-scheme.m2
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(see (1.1)) consisting of r -tuples (ϕi )r
i=1 such that all the squares of the following

diagram

(2.1)

I1 I2 I3 Ir−1 Ir

OX /I1 OX /I2 OX /I3 OX /Ir−1 OX /Ir ,

ϕ1 ϕ2 ϕ3 ϕr−1 ϕr

commute [42, Section 4.5].

Let X be a smooth quasi projective scheme and let p ∈ X be a closed point
with maximal ideal sheaf mp ⊂OX . For a fat point Z ⊂ X supported at p we denote
by IZ ⊂OX the ideal sheaf of Z . Moreover, we put

IÊk
Z =IZ ∩mk

p and OÊk
Z = (mk

p +IZ )/IZ ⊂OZ .

DEFINITION 2. Let d ∈Zr be a non-decreasing sequence of non-negative inte-
gers. A fat nesting in X is a nesting Z = (Zi )r

i=1 of fat points in X with same support

p ∈ X , i.e. [Z ] ∈ Hilbd X and
√

IZi =mp , where mp ⊂OX is the maximal ideal sheaf
of p, for all i = 1, . . . ,r .

Moreover, an irreducible component V ⊂ Hilbd X is elementary if it
parametrises just fat nestings, and composite otherwise. Finally, a nesting Z in X
corresponding to a point of a composite component is said to be cleavable (cf. [23,26]).

DEFINITION 3. Let d ∈Zr be a non-decreasing sequence of non-negative inte-
gers and let [Z ] ∈ Hilbd X be a fat nesting. Then, the non-negative part of the tangent
space T[Z ] Hilbd X is the following vector subspace

TÊ0
[Z ] Hilbd X =

{
ϕ ∈T[Z ] Hilbd X

∣∣∣ϕ(IÊk
Zi

) ⊂OÊk
Zi

for all k ∈N and for i = 1, . . . ,r
}

.

While, the negative tangent space at [Z ] ∈ Hilbd X is

T<0
[Z ] Hilbd X = T[Z ] Hilbd X

TÊ0
[Z ] Hilbd X

.

The non-negative part of the tangent space can be interpreted as the tangent
space to the so-called Białynicki-Birula cell, whose definition we recall now. Let Z
be a fat nesting and consider the diagonal action of the torus Gm = SpecC[s, s−1] on
Hilbd X given by homotheties. Given a point p ∈ X , the corresponding Białynicki-
Birula cell is the quasi-projective scheme Hilbd,+

p X representing the following func-
tor (

Hilbd,+
p X

)
(S) =

{
ϕ : Gm ×S → Hilbd X

∣∣∣∣ Supp Z = p, ∀ [Z ] ∈ϕ(Gm ×S),
ϕ is Gm-equivariant

}
where, by convention Gm = SpecC[s−1].
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Set-theoretically it is the subset of the nested Hilbert scheme parametrising
fat nestings supported at p, i.e.

Hilbd
p X =

{
[Z ] ∈ Hilbd X

∣∣∣ Supp(Zi ) = p, for all i = 1, . . . ,r
}

.

The deformation theory of a point [Z ] ∈ Hilbd
p X is described in terms of the tangent

space T[Z ] Hilbd
p X . The following proposition from [26] expresses it in terms of the

non-negative tangent space at [Z ].

PROPOSITION 2 ( [26, Theorem 4.11]). Let [Z ] ∈ Hilbd
p X be a fat nesting. Then,

we have
T[Z ] Hilbd,+

p X =TÊ0
[Z ] Hilbd X .

Notice that non-negative tangent vectors can be understood as concatenation
of commutative diagrams of the form (2.1) where ϕi ∈ T≥0

[Zi ] Hilbdi X , for all i =
1, . . . ,r .

REMARK 3. As shown in [26], when [Z ] ∈ Hilbd X is a fat point the tangent
space of X at Supp Z maps to the tangent space to Hilbd X at [Z ]. Similarly this
happens for fat nestings and we give now some details. First we can suppose
that X = An and Supp Z = { 0 }, see Remark 1. We denote by R = C[x1, . . . , xn] the
polynomial ring in n variables. Then, one can identify partial derivatives ∂

∂xi
, for

i = 1, . . . ,n, with a basis of the tangent space T0A
n . This naturally induces a map

T0A
n T[Z ] HilbdAn ,θ̃

associating tangent vectors to An at the origin to deformations consisting of transla-
tions. More precisely, the partial derivative ∂

∂x j
, for j = 1, . . . ,n, maps to translations

of all the schemes Zi , for i = 1, . . . ,r , along the j -th coordinate axis preserving the
nesting conditions.

We denote by θ the map θ :T0A
n →T<0

[Z ] HilbdAn defined as the composition

of θ̃ with the projection defining the negative tangent space, see Definition 3.

DEFINITION 4. Let [Z ] ∈ Hilbd X be a fat nesting. Then, [Z ] has TNT (Trivial
Negative Tangents) if the map

TSupp Z X T<0
[Z ] Hilbd Xθ

is surjective.

We move now to the proof of Theorem B of the introduction which is a
generalisation of [26, Theorem 4.9].

THEOREM 4. Let d ∈Zr be any non-decreasing sequence of non-negative inte-
gers and let V ⊂ Hilbd X be an irreducible component. Suppose that V is generically
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reduced. Then V is elementary if and only if a general point of V has trivial negative
tangents.

Proof : Let V ⊂ Hilbd X be a generically reduced irreducible component and let
[Z ] ∈ V be a point having TNT. Notice that Z must be a fat nesting by definition
of TNT. Moreover, V is elementary because the only negative tangents are the
translations (see Remark 2).

Viceversa, fix a generically reduced elementary component V ⊂ Hilbd X .
Then, étale locally around a general point [Z ] ∈ V the nested Hilbert scheme is
isomorphic to Hilbd

Supp Z X ×X via the association that forgets about the limit and
translates the support. This can be understood at the tangent space level. Precisely,
the natural map

T[Z ] Hilbd
Supp Z X ⊕TSupp Z X T[Z ] Hilbd X

is generically injective on V by [26, Corollary 4.7] and it is surjective because V and
Hilbd

Supp Z X ×X have the same dimension and are generically reduced and hence
smooth. As a consequence, the generic point of V has TNT as the generic point of
Hilbd

Supp Z X ×X has.

Thanks to Theorem 4, in the next subsection we exhibit some generically
non-reduced components of the nested Hilbert scheme of points.

2.2. Some elementary generically non-reduced components

We prove now Theorem C and Theorem D of the introduction.

THEOREM 5. Let X be a smooth quasi-projective variety and let d Ê 2 be a
positive integer. Let V ⊂ Hilbd X be a generically reduced elementary component.
Then, the nested Hilbert scheme Hilb(1,d) X has a generically non-reduced elementary
component Ṽ such that

Ṽred
∼=Vred.

Proof :

Set theoretically, we have

(2.2) Ṽ =
{

[(Supp Z , Z )] ∈ Hilb(1,d) X
∣∣∣ [Z ] ∈V

}
,

which clearly defines an elementary component since cleavability of the fat nesting
would imply cleavability of Z . We show that the general point [(p, Z )] ∈ Ṽ has not
TNT. This is enough to conclude thanks to Theorem 4. Notice that, for [(p, Z )] ∈ Ṽ
general in Hilb(1,d) X , the point [Z ] ∈ V has TNT because V is elementary and
generically reduced ( [26, Theorem 4.9]). Notice also that [p] ∈ Hilb1 X has TNT
because X is smooth and hence reduced.

We argue as in Remark 1 and we put X =An and p = 0 ∈An . Let us denote
by I the ideal of the subscheme Z and by m= (x1, . . . , xn) the (maximal) ideal of the
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origin. In particular, we have m=p
I . Let us also denote by ι : I →m the inclusion

and, by π : R/I → R/m the canonical projection induced by ι. Now we focus on
the negative tangents. Under our assumption, a negative tangent vector to Ṽ is a
diagram of the following form

I R/I

m R/m,

∂
∂xi

ι π

∂
∂x j

for some i , j ∈ { 1, . . . ,n }. Now, if Z has embedding dimension n each of the genera-
tors of I have zero linear part. As a consequence the diagram commutes because
both the compositions ∂

∂x j
◦ ι and π◦ ∂

∂xi
are zero. When Z has embedding dimen-

sion m ≤ n, up to étale cover, one can suppose that the ideal I is generated by n−m
linear forms and generators having zero linear part. To conclude, in both cases the
map θ cannot be surjective, as we have exhibited more than n linearly independent
negative tangent vectors.

COROLLARY 1. Let X be a smooth quasi projective variety. Then, for d Ê 2 all
the elementary components of Hilb(1,d) X are generically non-reduced.

REMARK 4. The statements of Theorem 5 and Corollary 1 are trivial in the
following cases:

• dim X É 2,

• dim X = 3 and d É 11,

• dim X Ê 4 and d É 7.

This is true because in the above mentioned cases the Hilbert scheme of points is
irreducible.

EXAMPLE 3. It is well known that the Hilbert scheme of eight points in A4 is
reducible and it consists of two components

Hilb8A4 = H ∪V.

Since Hilb7A4 is irreducible, one among H and V must be elementary. Here we
denote by H the smoothable component and by V the elementary one. An example
of non-smoothable point is provided by the ideal [I ] ∈V defined by

I = (x, y)2 + (y, z)2 + (xz − y w) ⊆C[x, y, z, w],

see [8]. The component V is known to be generically reduced. Precisely, we have V ∼=
Gr(7,10)×A4. Hence, the tangent space at the generic point of V is 25-dimensional.
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Consider now the elementary component Ṽ ⊂ Hilb(1,8)A4 defined as in (2.2).
Let us denote by m⊂C[x, y, z, w] the maximal ideal of the origin 0 ∈A4. Then, we
have [m⊃ I ] ∈ Ṽ . And a direct computation shows that

dimC T[m⊃I ]Ṽ = dimC T[m⊃I ] Hilb(1,8)A4 = 29.

Although we are able to determine when the first generically non-reduced
component of X [d] arises only for dim X ≥ 4, we can still say something about the
lower dimension cases. Indeed, Theorem 6 answers negatively to the open question
regarding the reducedness of the nested Hilbert scheme of points on surfaces. It is
though worth mentioning that, because of its applications the reducedness problem
concerns only nestings of length one in its original formulation, see [28, Problem
X]. Here, we prove the existence of generically non-reduced components. The
problem of determining an explicit component and the minimal length of a nesting
producing generically non-reduced components remains open.

THEOREM 6. Let S be a smooth quasi-projective surface. Then, there exists a
non-decreasing sequence of non-negative integers d ∈Zr such that S[d] has a generi-
cally non-reduced component.

Proof : By the results in [39], we know that the nested Hilbert scheme of points on
surfaces is in general reducible.15 Hence, there exists a non-decreasing sequence
of non-negative integers d ∈ Zr such that S[d] has an elementary non-standard
component V ⊂ S[d].

Without loss of generality, we can suppose d1 > 1. Indeed, if d1 = 1 then also
S[(d2,...,dr )] has an elementary component.

Suppose that V is generically reduced and let us now consider the non-

decreasing vector d̃ = (1,d1, . . . ,dr ) ∈Zr+1. Define Ṽ ⊂ S[d̃] to be the locus

Ṽ =
{

[Z0 ⊂ ·· · ⊂ Zr ] ∈ S[d̃]
∣∣∣ [Z1 ⊂ ·· · ⊂ Zr ] ∈V

}
.

Then, Ṽ is an elementary and generically non-reduced irreducible component, as
follows by the proof of Theorem 5.

2.3. Elementary components of classical Hilbert schemes of points

The component V in Example 3 was introduced in [24] and then generalised firstly
in [26] and secondly in [41]. Other examples of elementary components of Hilbert
schemes of points can be found in [21, 22, 43]. We conclude this paper by proposing
an alternative generalisation which gives a new class of elementary components of
the Hilbert schemes of points.

15Although, by [39, Proposition 3.7] we know that S[d] is reducible for d = (380,420,462,506,552) ∈Z5,
it is not known an explicit vector in Z5 for which the corresponding nested Hilbert scheme on S admits
an elementary component. However, such a d exists for every r ≥ 5.
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THEOREM 7. Let R =C[x1, . . . , xn , y1, . . . , yn], for n Ê 2, be the polynomial ring
in 2n variables and complex coefficients. Then, the ideal

(2.3) I =
n∑

i=1
(xi , yi )2 + (x1 · · ·xn − y1 · · · yn),

has TNT. Therefore, by [26, Theorem 4.5] every component of the Hilbert scheme
Hilb3n−1A2n containing it is elementary.

Proof : In the proof we will denote by f ∈ I the generator f = x1 · · ·xn − y1 · · · yn .
Moreover, we denote by xî the product

xî =
∏
j ̸=i

x j = ∂ f

∂xi
, y î =

∏
j ̸=i

y j = ∂ f

∂yi
.

First notice that the ideal
∑n

i=1(xi , yi )2 has colength 3n because it cuts out
the product of n zero-dimensional schemes of length 3. As a consequence, we have
[I ] ∈ Hilb3n−1A2n .

Now observe that the socle of I is concentrated in degree n. Indeed, a
monomial basis N for the quotient R/I is given by

(2.4) N =
{ ∏

j∈A
x j ·

∏
j∈B

y j

∣∣∣∣∣ A,B ⊂ { 1, . . . ,n } and A∩B =;,

}

and a monomial belongs to the socle if and only if all the indices i = 1, . . . ,n appear
in (2.4), i.e. if and only if A∪B = { 1, . . . ,n }. As a consequence a monomial in N is a
socle element if and only if it has degree n.

The ideal I has 4n syzygies. They are of two kinds:

1. yi ·
(
x2−k

i yk
i

)−xi ·
(
x1−k

i yk+1
i

)
, for i = 1, . . . ,n and k = 0,1,

2. x1−k
i yk

i · f −xî ·
(
x2−k

i yk
i

)+ y î ·
(
x1−k

i yk+1
i

)
, for i = 1, . . . ,n and k = 0,1.

The ideal I is homogeneous, hence Gm-invariant, see Subsection 2.1. In this
setting, the Gm-action lifts to the tangent space at [I ]. This induces a decomposition
of T[I ] Hilb3n−1A2n as a direct sum

(2.5) T[I ] Hilb3n−1A2n = ⊕
k∈Z

T=k
[I ] Hilb3n−1A2n ,

where Gm acts on T=k
[I ] Hilb3n−1A2n with weight k. Now, the negative tangent space

naturally identifies with the direct sum of the negative parts in (2.5), i.e.

T<0
[I ] Hilb3n−1A2n = ⊕

k<0
T=k

[I ] Hilb3n−1A2n ,

see [26, Section 2]. In order to prove the statement we first show that⊕
k<−1

T=k
[I ] Hilb3n−1A2n = 0,
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and then we show that

dimCT
=−1
[I ] Hilb3n−1A2n = 2n.

This is enough to conclude thanks to [26, Corollary 4.7]. Let b ∈ I be a generator
of degree two and let ϕ ∈ ⊕

k<−1T
=k
[I ] Hilb3n−1A2n be a tangent vector. Then, the

syzygies in (1) implies that ϕ(b) = 0 and this, together with syzygies (2), implies that
ϕ( f ) belongs to the socle of I . As we already explained the socle is concentrated in
degree n and the degree of ϕ implies ϕ( f ) = 0. As a consequence ϕ≡ 0.

Let us now consider some tangent vector ϕ ∈T=−1
[I ] Hilb3n−1A2n of weight −1.

The syzygies (1) and (2) imply that

(i) ϕ(xi yi ) ∈ SpanC(xi , yi ), for i = 1, . . . ,n,

(ii) ϕ(x2
i ) ∈ SpanC(xi ), for i = 1, . . . ,n,

(iii) ϕ(y2
i ) ∈ SpanC(yi ), for i = 1, . . . ,n,

(iv) ϕ( f ) ∈ SpanC
(
∂ f
∂xi

, ∂ f
∂yi

∣∣∣ i = 1, . . . ,n
)
.

Let now WI ⊂ R be the finite-dimensional complex vector subspace generated
by the minimal set of generators of I given in (2.3). Let us denote by HI the following
vector subspace

HI =
{
ϕ ∈ HomC(WI ,R/I )

∣∣ (2.3), . . . , (2.3)
}⊂ HomC(WI ,R/I ).

Then, we have a natural inclusion

HomR (I ,R/I ) ⊂ HI ,

coming from a forgetful functor and dimC HI = 6n. To conclude, notice that each
syzygies of the same type (1) or (2) impose independent conditions on independent
generators. Therefore, each set of syzygies imposes 2n conditions. It remains to
observe that there is no relation between type (1) and (2). This is true for degree
reasons, indeed the ideal I is homogeneous and hence its syzygies are homogeneous
as well and, having different degrees they are independent.

As a consequence, the vector subspace HomR (I ,R/I ) ⊂ HI has complex di-
mension 6n −4n = 2n.

REMARK 5. Proposition 7, together with the techniques in [41], suggests
a possible way to find elementary components of the Hilbert schemes of points.
Precisely, first one can construct an elementary component V ⊂ Hilbd An for some
n,d ≥ 1 using Proposition 7 and then by arguing as in [41] add socle elements to
the ideals in V in order to get elementary components for smaller d . Moreover,
looking at obstruction spaces one can also study the smoothness of the point [I ] of
the Hilbert scheme. We leave this analysis for future research.
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