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Abstract: The automotive industry is experiencing a period of transition from traditional
internal combustion engine (ICE) vehicles to electric vehicles. Although electric machines
have always been used in many applications, they are generally designed neglecting the
sources of uncertainty, even such uncertainty can lead to significant deterioration of the
motor performance. The aim of this paper is to compare the results obtained from the
multi-objective optimization of an interior permanent magnet synchronous motor (IPMSM)
using a robust approach versus a deterministic one. Unlike other studies in the literature,
this research simultaneously considers different sources of uncertainty, such as geometric
parameters, magnet properties, and operating temperature, to assess the variability of
electric motor performance. Different designs of a 48 slot–8 pole motor are simulated with
finite element analysis, then the outputs are used to train artificial neural networks that are
employed to find the optimal design with different approaches. The method incorporates
an innovative use of the neural network-based variance estimation (NNVE) technique to
efficiently calculate the standard deviation of the objective functions. Finally, the results of
the robust optimization are compared with those of the deterministic optimization. Due to
the small margin of improvement in robustness, both methods lead to similar results.

Keywords: multi-objective optimization; robust optimization; electric motor; synchronous
motor; IPMSM

1. Introduction
Nowadays, global warming has become an urgent and undeniable problem. The Eu-

ropean government has set a target of reducing greenhouse gas emissions to 80% of 2008
emissions by 2030 [1]. This drastic change will influence many different aspects of society,
among which is mobility. The transition from traditional internal combustion vehicles
to electric vehicles could be a promising solution to this problem [2]. Electric motors
are a key component of electric vehicles, and among the various motor configurations,
permanent magnet motors show excellent performance characteristics [3]. The design of
these highly efficient traction motors has thus become a hot topic, increasingly driven by
optimization processes.

Optimization is a complex decision-making process where different objectives have to
be taken into account simultaneously. In fact, the goals are often in conflict. The solution
to this type of problem is generally a compromise achieved through a multi-objective
programming method within a deterministic framework [4]. After the definition of design
variables, that uniquely define a design, and of the objective functions, that quantify
the quality of a solution, multi-objective programming allows the designer to select a
compromise among a set of optimal solutions [5].
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The design of electric motors is a well-known application of multi-objective pro-
gramming and many publications about this topic can be found [4,6–12]. For instance,
Gupta et al. [13] applied this method to a conventional induction motor and managed to
simultaneously increase the torque and efficiency and to reduce the mass. With a similar
approach, Ajie et al. [14] succeeded in enhancing the efficiency, torque, and power of
a switched reluctance motor. Sardar et al. [15] optimized five objective functions; they
managed to improve, at the same time, the efficiency, torque, torque ripple, magnet mass,
and power factor of an interior permanent magnet synchronous motor.

Even if deterministic multi-objective programming quickly finds optimal designs,
there could be significant differences between the expected and actual performance due
to a variety of causes, such as manufacturing tolerances, aging, variability of operating
conditions, and material properties. For this reason, optimal engineering design problems
should be solved within a robust design framework to ensure product quality as well as
confidence in product reliability [16]. Today, more and more papers about applications
of this approach in various fields can be found. For instance, Rathod et al. [17] compare
different robust optimization methods used in the context of the structural optimization of
a cantilever beam with uncertain dimensions, material properties, and stresses. Another
common application of robust design is the design of active suspension controls. For ex-
ample, thanks to a controller obtained with this approach, Wang et al. [18] managed to
improve comfort and to mitigate the influence of the variability of tires and suspension
properties on the performance.

1.1. Literature Review

In the literature, many publications concerning the robust optimization of electric mo-
tors can be found [19,20]. However, they generally focus on single-objective optimizations
or they consider only one source of uncertainty. For instance, Lee et al. [21] considered
the impact of the uncertainty of the magnet properties and of the geometric tolerances on
the back-EMF. This allowed researchers to increase the mean and to reduce the standard
deviation of the back-EMF by means of a Taguchi optimization of the dimensions of the
motor. The same sources of uncertainty were also considered by Cheng et al. [22], who,
however, optimized the torque and the losses. In their research, robust optimization was
able to significantly reduce the sensitivity of the performance of the motor to the skew
angle and to the remanence of the permanent magnets. Unlike the majority of studies,
which consider a uniform distribution of uncertainties, Y. Yang et al. investigated the
effect of non-uniform allocation [23]. They show that considering a uniform distribution
of uncertainties leads to an underestimation of the cogging torque, which can be, in the
presence of non-uniform uncertainties, even more than twice as high as estimated in the
uniform case. Taran et al. [24] investigated the influence of the magnet material on the
robustness of the design by comparing the sensitivity of the objective functions to variations
in design variables when two different magnet materials are used. The outcome was a
much lower sensitivity to uncertainties for the designs with a stronger magnet grade. This
is a consequence of the presence of saturated regions in the rotor, whose magnetic flux is
not significantly affected by the rotor dimensions. J. Mun et al. [25] also considered the
uncertainty in the operating temperature, which influences the properties of the materials.
By considering its variability, they managed to decrease by 48% the probability of constraint
violation on the cogging torque. A. Aggarwal et al. [26] also took into account the presence
of eccentricity in the rotor. They demonstrated that variations in the design can significantly
reduce the torque ripple and the vibrations induced by the eccentricity. However, this was
only possible by decreasing the torque.
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1.2. Contribution

This research, unlike others in the literature, studies a complex robust optimization
problem applied to a traction electric motor for automotive applications. Firstly, the prob-
lem has multiple objectives and takes into account multiple sources of uncertainty, such as
geometric parameters, magnet properties, and operating temperatures. Secondly, the pre-
sented method introduces novel and efficient estimations of the standard deviations of
the objective and constraint functions using a neural network-based variance estimation
(NNVE) approach [27]. Thanks to neural networks, the expected value and the standard
deviations of the objective functions are evaluated at the same time. Table 1 highlights the
novelty of this publication, showing how it utilizes at the same time methods and sources
of uncertainty that have never been adopted simultaneously in this context.

Table 1. Comparison of the contents of this paper with other publications in the literature. An ‘X’ is
present in the boxes of the table when the topic is addressed in the cited publication.

Article Electric Motor Manufacturing
Tolerances

Temperature
Variation

Magnetic
Material

Variability

Multi-Objective
Optimization NNVE

[26] X X

[25] X X X X

[24] X X X

[21] X X X

[20] X X X

[22] X X X X

[23] X X
[27] X X

This article X X X X X X

The aim of this study is to explore the advantages of robust optimization for the neural
network-based multi-objective optimization of an interior permanent magnet synchronous
motor (IPMSM) in the presence of different sources of uncertainty.

In Section 2, the proposed method is described. Then, a case study is presented.
In Section 4, the results are shown and discussed. In Section 5, final considerations
are provided.

2. Method
When addressing design optimization, it is essential to account for uncertainties

arising from various sources. In this research, the design of an electric motor was optimized
using a robust method that explicitly considers these uncertainties, as opposed to the
classical deterministic approach, which entirely disregards them. In the robust optimization
framework, uncertainties are embedded within the design variables and subsequently
propagated to the objective and constraint functions. This allows for the identification
of solutions that are less sensitive to variations and ensure reliable performance under
real-world operating conditions.

In this section, the proposed method for conducting robust optimization is presented.
It is based on the following steps:

• Definition of a design of experiments (DoE);
• Thermal and electromagnetic MotorCAD finite element analysis simulations of oper-

ating points ;
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• Selection of a tolerance range for each input, with each assumed to be normally
distributed and independent from the others;

• Estimation of the standard deviation of each input from the tolerance range;
• Feedforward neural network training with the outputs of the simulations;
• Estimation of the expected values, the standard deviation of the objective, and con-

straint functions with the neural network;
• Multi-objective constrained optimizations with a genetic algorithm.

The method is illustrated in Figure 1.

Figure 1. Flow chart of the proposed method.

2.1. DoE

The design of experiments (DoE), S1 in Figure 1, is a method to explore the relationship
between design variables and outputs. The idea is to identify the main sources of variation
and the main interactions among design variables [28]. The one used in this research is a
full-factorial DoE. It is based on the selection of a series of levels for each design variable
and then on the simulation of all the possible combinations of levels. This makes it suitable
for this project as it accurately represents all the interactions between design variables.
The main limitation of this method is the large size of the experiments even if only a few
levels per design variable are considered [28]. The experiment plan is defined in the ANSYS
MotorCAD v 15.1.2 software.

2.2. Simulation

The DoE is simulated using the ANSYS MotorCAD v15.1.2 [29] electromagnetic and
thermal modules; S2 in Figure 1. ANSYS MotorCAD is an integrated multiphysics analysis
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software for electric motor design. The temperature is estimated by means of the MotorCAD
concentrated parameters model [30]. The estimated on-load losses are used to calculate
the thermal performance of the motor. In particular, a convergence analysis between
electromagnetic and thermal solutions is performed. This leads to an improvement in
simulation accuracy as losses are evaluated in steady-state conditions.

2.3. Neural Network

The data obtained with the thermal and electromagnetic simulations are used to train
neural networks, which are able to quickly estimate the expected value and standard
deviations of objective and constraint functions, S3–S5 in Figure 1.

A neural network (NN) is a general purpose non-linear model that can be used when
there is poor knowledge about the relationship between inputs and outputs. Neural
networks are used in several fields, including adaptive control, predictive modeling, and
artificial intelligence [31–33]. They are an abstract simulation of a nervous system, in which
many neurons communicate with each other thanks to a network of connections. Each
neuron receives inputs from other neurons or external sources and computes an output
signal. The way each neuron produces an output is shown in Figure 2. A weighted sum is
calculated from the inputs and then a bias is added. The result of this sum is the input for
the activation function. This expression can be written as

xo = φ((
n

∑
i=1

wio · xi) + bo) (1)

where xo is the output of the neuron, xi is an input, wio is the weight associated with
the input xi, bo is the bias of the neuron, and φ is the transfer function of the neuron.
The weights and biases are computed during the training process in order to fit the data
samples, S3 in Figure 1, while the activation function is defined according to the problem
studied [28].

Figure 2. Structure of a neuron in a neural network.

As shown in Figure 3, a neural network is generally made up of several layers of
neurons, represented by circles. The first layer is the so-called input layer because it receives
the external information directly. The last layer is called the output layer since its output
is the result produced by the whole artificial neural network (ANN). The layers placed
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between the input and output layers are called hidden layers. Each layer receives as input
the output of the previous layer and there are no connections skipping one layer.

The number of layers and the number of neurons belonging to each layer have to
be chosen according to the complexity of the problem. An optimal compromise between
neural network complexity and precision has to be found. In this study, in particular,
a single-hidden-layer structure has been chosen.

Figure 3. Structure of the feedforward artificial neural networks used in this paper. They receive
as input the design variables, the operating conditions, and their standard deviation. The output is
constituted by the average value and standard deviation of objective and constraint functions.

As in other studies [34,35], feedforward neural networks are used to estimate the
performance indexes and constraint functions from the design variables and operating
conditions; S4 in Figure 1. Unlike the previously mentioned papers, in this article, neural
networks were also used to estimate the standard deviation of both objective functions and
constraint functions [27]; S5 in Figure 1. If the uncertainties are assumed to be independent,
normally distributed, non-correlated, and symmetric, for a first-order Taylor series of a
generic function f (x), the variance of the output of f (x) can be computed as

Var( f (x)) =
N

∑
i=1

(
∂ f
∂xi

)2

σ2
i (2)

where Var( f (x)) is the variance of the output of the function f (x) for a given point x, N
is the number of inputs, xi is the ith input, and σ2

i is the variance of the ith input [36,37].
Thus, to estimate the variance of the outputs, both the partial derivatives of the outputs
with respect to the inputs and the variance of the inputs are needed.

The output of a single-layer neural network can be expressed as

y =
m

∑
k=1

wk φk((
n

∑
i=1

wio · xi) + bo) (3)

where y is the output of the neural network, m is the number of neurons, wk is the output
weight of each neuron, φk is the activation function of each neuron, and xi is the ith input.
So, the derivative of the output of a single-layer neural network with respect to each input
xi can be expressed as

∂y
∂xi

=
m

∑
k=1

wk φ′
k((

n

∑
i=1

wio · xi) + bo)wio (4)
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where φ′ is the derivative of the activation function, which has a unique explicit expression.
Since the output and input weights are fixed quantities for a given trained neural network,
it is sufficient to evaluate the partial derivatives of the activation functions φ′

k to estimate
the partial derivatives of the neural network. These partial derivatives are then used in
Equation (2) to estimate the variance of the outputs of the neural network. In addition to the
value of the partial derivatives, to compute the variance of the outputs with Equation (2),
the value of the variance of the inputs is needed [38,39]. In this study, the standard
deviations of the inputs are considered to be equal to a sixth of the extension of the
tolerance range; T1 and T2 in Figure 1.

This approach can be referred as neural network-based variance estimation (NNVE).
The method relies on the following hypothesis: the distributions of the uncertainties are
assumed to be Gaussian and independent. Given these assumptions, NNVE allows for
quick estimates of the variance of all the outputs of the neural network when the function
tends to behave locally in a linear manner and when there are low standard deviations of
the inputs [36]. Since, as shown in paragraph 4.2, these conditions are fulfilled, NNVE is
used to estimate the standard deviation.

2.4. Formulation of the Optimization Problem

When carrying out optimization, one generally focuses more on maximizing perfor-
mance, without taking into account the importance of robustness. This could lead to the
determination of optimal solutions that are excessively sensitive to even slight variations in
design variables or external conditions. Thus, the actual performance can be significantly
worse than expected. Robust optimization is a term used to indicate many optimization
methods able to find solutions that perform well even in presence of uncertainties. The aim
of robust optimization is to find a trade-off between performance and its variability due to
uncertainties [16]. To better explain this concept, let us consider the example in Figure 4.
In this image, it is possible to see that the best solution in terms of f(x) is the green one.
However, if x is even slightly different from the theoretical value, the value of f(x) can
deteriorate significantly. For this reason, if robustness is important, it could be convenient
to opt for the light blue solution to achieve a higher robustness in exchange for a slightly
worse performance.

Figure 4. Example of the optimisation of an objective function f(x). The black line represents a generic
function f(x) to be optimised, the green and blue points are two local maxima and the dashed red
lines are used to highlight the uncertainty interval of the green and blue points.
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In the following part, the optimization methods that are compared to evaluate the
impact of a robust approach are presented.

2.4.1. Multi-Objective Deterministic Optimization

The multi-objective deterministic optimization problem involves solving several objec-
tive functions simultaneously, assuming ideal conditions without taking uncertainties into
account; S6 in Figure 1. It is formulated as

min F(d) =


f1(d)
f2(d)

...
fm(d)



s.t.



g(d) =



g1(d)

g2(d)
...

gn(d)


≤ 0

xl ≤ d ≤ xu

(5)

where d is the vector that contains the expected values of the design variables, F(d) is the
vector that contains the expected value of the objective functions fi(d), g(d) is the vector
that contains the expected value of constraint functions gi(d), xl and xu are, respectively,
the upper and lower bounds of the design variables, m is the number of objective functions,
and n is the number of constraint functions [28].

2.4.2. β-Efficient Formulation

The robust formulation used in this study is the β-efficient problem with a normal
distribution (kα formulation) [40]; S7 in Figure 1. It can be written as

Given the probabilities β1, β2, . . . , βk

min


f1(d) + α f1 σf1(d)
f2(d) + α f2 σf2(d)

...
fm(d) + α fm σfm(d)



s.t.





g1(d) + αg1 σg1(d)

g2(d) + αg2 σg2(d)
...

gn(d) + αgn σgn(d)


≤ 0

xl ≤ d ± αdσd ≤ xu

α fi
= Φ−1(β fi

) for i = 1, 2,. . . ,m

αgi = Φ−1(βgi ) for i = 1, 2,. . . ,n

(6)
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where σfi
is the standard deviation of the function fi, Φ−1(·) is the inverse of the standard

normal distribution, βgi is the probability that the final product violates the constraint gi(d),
and β fi

is the probability that the objective function fi of the final product is worse than
fi(d) + α fi

σfi
(d). The solutions to these problems are a compromise between performance

and robustness. The higher α, the more the trade-off sacrifices performance to maximize the
robustness. In the objective function, the sign of the standard deviation is chosen so that a
higher standard deviation value leads to a worsening of the objective function. For instance,
in the case of a maximization problem of a function fmax, its β-efficient formulation can be
written as

min(− fmax(d) + α fmax σfmax(d))

α fmax = Φ−1(β fmax).
(7)

It should be noted that the standard deviation is not only present inside the objective
functions but also inside the constraint functions. Thus, a higher margin of safety is kept
with respect to the violation of the constraints. In this paper, the same value of α, which
is in one case equal to 2 (β = 95.45%) and in the other to 3 (β = 99.73%), is used for each
objective and constraint function.

2.4.3. Multi-Objective Minimization of the Standard Deviation (MOMSD)

In addition to the optimizations presented in the previous paragraphs, a multi-
objective minimization of the standard deviation (MOMSD) of the objective functions
with deterministic constraints is conducted; S8 in Figure 1. It is formulated as

min


σf1(d)
σf2(d)

...
σfm(d)



s.t.





g1(d)

g2(d)
...

gn(d)


≤ 0

xl ≤ d ≤ xu.

(8)

By comparing the results of the MOMSD to the deterministic ones, it is possible to
estimate the margin of improvement in robustness of the deterministic solutions.

2.5. Determination of the Optimal Solutions

The optimization problem is solved using a non-dominated sorting genetic algorithm [41,42],
S9 in Figure 1, specifically designed and implemented by the authors for this research. The genetic
algorithm was chosen for its proven efficiency and effectiveness in solving multi-objective
optimization problems [7,42]. Its standout features include computational speed, achieved
through an improved sorting mechanism, and its ability to compute a set of non-dominated
solutions. In the optimization algorithm, the designs are represented by individuals which
belong to a population, which is constituted by a group of designs. Individuals can
reproduce with each other by generating a child, which is a design obtained by combining
the parents’ designs. Then, each child could be subject to mutation, which is represented
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by a random change in the design. The fitness is assigned according to the dominance
depth. The number of individuals is set equal to 104; 10 bits per design variable and a
mutation probability of 0.5% are used. The algorithm is stopped when all the individuals
are non-dominated or after 1000 generations. This configuration of parameters represents
an effective balance between the quality of the results and the computation time.

The steps that constitute the developed non-dominated sorting genetic algorithm are
reported in Algorithm 1.

Algorithm 1 Non-dominated sorting genetic algorithm

Step 1: Initialize Population
Generate a random population of N individuals i, each represented by a set of decision

variables.
Step 2: Evaluate Objective Functions

For each individual i, evaluate all objective functions f1(i), f2(i), f3(i), . . . , fM(i),
where M is the number of objectives.
Step 3: Assign Fitness (Dominance Depth)

Non-dominated Sorting:
- Divide the population into fronts based on dominance relationships.
- Individuals in the first front have a dominance depth of 1 (non-dominated by any

others), those in the second front have a dominance depth of 2, and so on.
- Fitness = 1

DominanceDepth
if Constraints are not satisfied for an individual i then

Penalize the fitness of i (set Fitness = 10−6).
end if
while Stopping criteria not satisfied (max generations reached or all individuals have a
fitness equal to 1) do

Step 4: Select Parents
Select the parents according to their fitness

Step 5: Recombine Genes (Crossover)
Apply crossover operations, where parents are paired to produce offspring using

the roulette wheel selection technique. This step allows exploration of new regions in the
design variable space.

Step 6: Mutation
Apply mutation operations to the offspring to introduce small random changes.

This allows to maintain genetic diversity.
Step 7: Evaluate New Candidates

Evaluate the objective functions for each offspring individual.
Step 8: Select the Next Generation

Perform non-dominated sorting on the combined population (current population
+ offspring).

Assign Fitness as in step 3
Select the best N individuals for the next generation according to their fitness

end while

3. Case Study
The described method is applied in the context of the optimization of an electric

motor design obtained from 2010 Toyota Prius motor characteristics with the approach
described in [43]. It is a V-shaped IPMSM; its cross-section is shown in Figure 5. This motor
features 48 slots and 8 poles. Its magnets are sintered neodymium–iron–boron (NdFeB)
magnets made of N48SH, while the material of the stator and rotor laminations is M235-35A
electrical steel. The slots are parallel and with distributed winding. Motor performances
are evaluated at 2900 rpm, with a current of 134 Arms and a phase advance angle of 38.4°.
The DC bus voltage is set to 650 V. The cooling system is based on a housing with a spiral
water jacket. The motor is assumed to be mounted in the horizontal direction and to have
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no endcap cooling. The flow of the coolant goes from the front to the rear in a single flow
path. The volumetric flow rate of the fluid is 7 L/min and its inlet temperature is set to
65 ◦C. The selected coolant is water. The initial design of this motor has a rated power, a
torque, an efficiency, and a torque ripple which are, respectively, equal to 60 kW, 205 Nm,
96.2%, and 59 Nm.

Figure 5. Cross-section of the motor used in the case study. White, green, red, yellow, grey and
light blue are respectively the colors associated with air, magnets, stator material, slots, shaft and
rotor material.

3.1. Design Variables

The design variables are mainly geometric dimensions, as highlighted in Figure 6.
Additional design variables are the number of turns and strands in hand. The nominal
value, the tolerance range (T1 in Figure 1), and the maximum and minimum tested values
of all these quantities are collected in Table 2. As can be seen from the table, the range of
values tested is larger than the range of uncertainty as it is necessary to simulate the entire
design domain with MotorCAD in order to represent it correctly with the neural networks.

Figure 6. Radial section of the motor in which the following design variables are highlighted: (a) slot
opening, (b) magnet thickness, (c) web thickness, (d) tooth width, (e) magnet width, (f) pole V angle,
(g) airgap, (h) bridge thickness. White, green, red, yellow, light blue and grey are respectively the
colors associated with air, magnets, stator material, slots, rotor material and slot opening.
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Table 2. Design variables: Reference value, tolerance, and minimum and maximum values. The
symbol “/” is used to indicate the absence of a tolerance range for the number of turns and strands
in hand.

Design Variable Reference Tolerance Min Max

Airgap 1 mm ±0.025 mm 0.7 mm 1.3 mm

Slot opening 2 mm ±0.06 mm 1.4 mm 2.6 mm

Magnet thickness 4 mm ±0.1 mm 2.8 mm 5.2 mm

Magnet width 23 mm ±0.1 mm 16.1 mm 23 mm

Tooth width 6.76 mm ±0.1 mm 4.73 mm 8.79 mm

Bridge thickness 0.5 mm ±0.025 mm 0.35 mm 0.65 mm

Web thickness 9 mm ±0.1 mm 6.3 mm 11.7 mm

Pole V angle 158° ±0.05° 130° 160°

Number of turns 29 / 20 36

Number of strands in hand 9 / 5 13

3.2. Additional Sources of Uncertainty

In this research, it is not only the uncertainties caused by the manufacturing and geo-
metric tolerances that are considered. During operation, the electric motor can experience
different thermal conditions that can affect performance. Therefore, the variability in the
operating temperature and magnet properties are also taken into account; T1 and T2 in
Figure 1. These quantities are out of the control of the designer and they only contribute
to the total uncertainty of the objective and constraint functions. Their nominal value,
confidence range, and maximum and minimum values are shown in Table 3. These quan-
tities are tested only inside their range of uncertainty because they do not vary inside a
design domain. The confidence range for the residual flux density Br is similar to [21].
On the other hand, as far as the temperature is concerned, the majority of publications
focus on small fluctuations around the steady-state point [25,44]. However, the goal of this
research is to investigate a much larger range of temperatures in order to consider both
cold starts and prolonged full-load runs. In particular, the extension of the tolerance range
is chosen since in many studies [45,46] comparable ranges of temperature are obtained
during thermal transients. In the electromagnetic simulations, the magnet temperature
Tmagnets and winding temperature Twindings are assumed to be equal to reduce the number
of variables and the computational effort.

Table 3. Reference values, and maximum and minimum values tested of the additional sources
of uncertainty.

Dimension Reference Variation Range Min Max

Tmagnets 120 ◦C ±30 ◦C 90 ◦C 150 ◦C

Twindings 120 ◦C ±30 ◦C 90 ◦C 150 ◦C

Br 1.37 T ±0.01 T 1.36 T 1.38 T

3.3. Constraints

Almost every design variable can vary between 70% and 130% of its nominal value.
The only exceptions are the width of the magnet and the pole V angle, since wider intervals
of variability would lead to unfeasible or poorly performing designs. This is why reduced
intervals are employed for these design variables. The number of turns and strands in hand
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can freely vary in the design domain between 20 and 36 and between 5 and 13, respectively.
Even in this design domain, many configurations are unfeasible and therefore the feasibility
of the design is checked before the optimization. Additional constraints concern the voltage,
which is limited by the battery, and the maximum operating temperatures of magnets and
windings. The limit values for all these quantities are listed in Table 4.

Table 4. Constraints’ limit values.

Parameter Limit Value

Tmagnets,max 150 ◦C

Twindings,max 180 ◦C

Vmax 650 V

3.4. Performance Indexes

The ideal electric motor should feature the lowest mass, the highest efficiency, and the
highest output torque without too-wide oscillations. In this research, the mass is neglected
while the average torque and the efficiency have been chosen as objective functions and
have to be maximized. The third objective function is the torque ripple, which is defined
as the difference between maximum torque and minimum torque during a complete
revolution of the motor. Torque ripple is a consequence of cogging torque, non-ideal
back-EMF, and saturation phenomena. It has to be reduced in order to decrease the
vibrations, to improve the mechanical reliability and comfort, in particular in standing-start
conditions [47,48].

3.5. Neural Networks

The performance indexes and some constraint functions are estimated by means of
two neural networks obtained with the Matlab Deep Learning Toolbox [49]. The structures
of the two neural networks were chosen after a sensitivity analysis of the number of
neurons and of the number of hidden layers. Configurations with up to three layers
and a maximum number of neurons per layer of 80 were tested. Specifically, the aim
of the sensitivity analysis was to find an optimal balance between the accuracy and the
complexity of the neural network. Moreover, other activation functions, such as ReLU,
Tanh, and softplus, were tested but did not allow the distribution of performance indexes
to be correctly represented, leading to non-physical values such as efficiencies above 100%.

The first neural network is trained with the data coming from the electromagnetic
MotorCAD simulations and it is used to estimate the performance indexes and the voltage;
S2–S4 in Figure 1. It is trained with a full-factorial design with five levels per variable; S1
in Figure 1. This is a very high number of samples but is necessary to correctly represent
the behavior of the torque ripple, which varies significantly even for small variations in
design variables.

The structure of this neural network is shown in Figure 7. It is based on a single hidden
layer with 34 neurons, whose activation function is the log-sigmoid [50], which is given by

logsig(xh) =
1

1 + e−xh
. (9)

Its derivative, which is used in Equation (10), is equal to

d logsig(xh)

dxh
= logsig(xh)(1 − logsig(xh)). (10)



World Electr. Veh. J. 2025, 16, 79 14 of 27

The inputs are the 10 design variables listed in Table 2, the operating temperature
and the residual magnetic flux. Whereas the outputs are torque, torque ripple, efficiency,
and voltage.

A second neural network is trained with the simulations of the thermal module and is
used to estimate the maximum operating temperatures of the magnets and of the windings;
S4 in Figure 1. The motors whose temperature prediction exceeds the limit values are
assigned a penalty during the optimization process with the genetic algorithm, so that the
probability of survival is very low. The training set is given by a four-level full-factorial
DoE; S1–S3 in Figure 1. A lower number of samples is used with respect to the other
neural network because the thermal simulations perform a convergence analysis, which
is highly time consuming. The ANN structure is shown in Figure 8. As can be noted,
the framework is very similar to the previous neural network. However, after a sensitivity
analysis, a number of hidden neurons equal to 65 was chosen. Moreover, the number
of inputs is 10 since the temperature is no more an input and the impact of the residual
flux density is neglected. The outputs are the peak temperature of the magnets and of
the windings.

Figure 7. Structure of the neural network used to evaluate the performance indexes and
the peak voltage.

Figure 8. Structure of the neural network used to evaluate the peak temperatures of magnets
and windings.

4. Results
In this section, the results for both deterministic and robust approaches are presented.

Specifically, the parameters related to the neural network architecture and the genetic
algorithm used to obtain these results are detailed in Table 5.
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Table 5. Tunable parameters of the proposed method.

Parameter Value Parameter Value

Number of levels per variable 5 Number of levels per variable 4(DoE electromagnetic) (DoE thermal)

Number of hidden layers 1 Number of hidden layers 1(ANN electromagnetic) (ANN thermal)

Number of neurons per hidden 34 Number of neurons per hidden 65layer (ANN electromagnetic) layer (ANN thermal)

Activation function Log- Activation function Log-
(ANN electromagnetic) sigmoid layer (ANN thermal) sigmoid

Population size
104 Bits per design 10(Genetic algorithm) variable (Genetic algorithm)

Mutation probability 0.5% Max number of generations 1000(Genetic algorithm) (Genetic algorithm)

4.1. Accuracy of the Estimates of the Expected Values of Objective and Constraint Functions

To evaluate the accuracy of the neural networks, the correlation plots, that are repre-
sented in Figures 9 and 10, are implied. In these graphs, the outputs of the neural networks
are compared to the ones of the simulations when the same input is used. The ideal behav-
ior is a straight line with a slope equal to 1, since it would mean that the two outputs are
exactly the same. In this case, both neural networks are quite close to the ideal response
and the Pearson coefficient assumes values which are considered adequate for many appli-
cations [51,52]. For these reasons, the level of accuracy is assumed to be sufficient for this
case study.

Figure 9. Correlation plot of the neural network trained with the mechanical simulations.
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Figure 10. Correlation plot of the neural network trained with the thermal simulations.

4.2. Accuracy of the Estimates of the Standard Deviation of Objective and Constraint Functions

In this section, the output of NNVE, S5 in Figure 1, is compared to that of a Monte
Carlo method, described in [53], to verify the accuracy and robustness of NNVE in this
context. This comparison is essential because, as presented in Section 2.3, NNVE relies on
several assumptions. To apply the Monte Carlo method in this study, the next steps are
followed. Each source of uncertainty is assumed to have a Gaussian distribution with a
standard deviation reported in Section 3. Then, 106 possible combinations of uncertainties
are found from these distributions. After that, the design is tested with the neural network
in the presence of each combination of uncertainties. Finally, the standard deviations of the
objective and constraint functions are estimated from the distributions of the output.

The average absolute differences between the outcomes of the Monte Carlo method
and of NNVE are computed as

Di f fi =
1
N

N

∑
i=1

|σMCi − σNNVEi|
σRe f

(11)

where σMCi and σNNVEi are the standard deviations estimated, respectively, with the Monte
Carlo and NNVE methods and σRe f is the standard deviation of the reference design.
The average absolute differences obtained simulating 10 different Monte Carlo experiment
plans are collected in Table 6. NNVE gives almost the same results but with great savings
in computational time. Actually, the comparison between the two methods was carried out
considering different initial populations, as shown in Figure 11. The elapsed time for NNVE
remains unchanged by increasing the number of combinations of uncertainties because it
needs to evaluate only the partial derivatives of the expected values of the design variables.
On the other hand, it increases for the Monte Carlo method because the neural network
has to simulate more and more experiments, and the computational time to determine the
standard deviation of the output also increases.
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Table 6. Average absolute differences between Monte Carlo method and neural network-
based method.

Average absolute differences between Monte Carlo method and NNVE

DiffTorque 0.02% DiffRipple 0.08%

DiffE f f iciency 0.7% DiffVoltage 1%

DiffTmag 0.04% DiffTwin 0.06%

Figure 11. Comparison of the computational effort of the Monte Carlo method and the proposed approach.

4.3. Optimization

In this section, the results of the optimizations described in Section 3 are shown and
discussed. As shown in Figure 12, the genetic algorithm, S9 in Figure 1, converges after
a few generations in approximately one minute when a population of 104 individuals
is considered.

Figure 12. Average fitness of the population during the optimization using non-dominated sorting
genetic algorithm with a population of 104 individuals.

In the following subsection, the outcome of the deterministic approach is compared
with that of MOMSD; S6 and S8, respectively, in Figure 1. Then, the β-optimal designs (both
β = 95% and β = 99%), S7 in Figure 1, are shown and compared to the deterministic ones.

4.3.1. Comparison Between MOMSD Solutions and Deterministic Optimal Solutions

To compare MOMSD and the deterministic results, at the end of the two optimizations,
the standard deviations of the deterministic optimal designs are computed with NNVE
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and the expected values of the MOMSD optimal designs are computed with the neural
networks. The results of MOMSD are shown and compared to those of the deterministic
approach in Figure 13. As can be seen, the performance indexes are all conflicting and
the expected value of torque of the MOMSD optimal solutions tends to be much lower
compared with the deterministic solutions. This is obvious since the expected values of the
performance indexes are neglected during the optimization process, while their standard
deviations are minimized. At the same time, as can be seen from the sizes of the crosses
in the figures, the margin of improvement of the standard deviations of the performance
indexes of the deterministic solutions is not very high if compared to those of MOMSD
in terms of the expected value. Deterministic optimization therefore leads to quite low
standard deviations, even though it does not consider any uncertainty.

To quantify these differences, the average values of the performance indexes of the
optimal deterministic and MOMSD designs are collected in Figure 14. As can be seen,
the deterministic optimal solutions are obviously better in terms of expected value. How-
ever, on average, MOMSD’s optimal solutions are not so far away in terms of expected
values of torque ripple and efficiency. Even if these differences are quite low, those in terms
of standard deviations are even lower. This can be seen in the standard deviation of the
efficiency, which is almost the same for the two approaches. On the other hand, the average
standard deviations of torque ripple and torque differ by tenths of an Nm, which is much
lower than the difference in their expected values.

In Figures 15 and 16, the utopia and nadir points [28] of the deterministic and MOMSD
optimal designs are represented. As can be seen, the differences between the utopia and
the nadir points of the MOMSD are lower. This means that the range of the performance
indexes obtained with MOMSD is shorter. Even in this case, there are important differences
between the expected values of torque and torque ripple for the two utopia points while
their standard deviations are much closer. It is noteworthy that the ranges of the expected
value and standard deviation of efficiency are very similar for both approaches.

Figure 13. Comparison of the deterministic and MOMSD optimal solutions in terms of expected
values. Red and black lines represent the uncertainty range for deterministic and MOMSD solutions,
respectively. These lines are centered on three distinct points, each representing the best performance
for torque, torque ripple, or efficiency, with an extension of 6σ in each direction.
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Figure 14. Average performance of the optimal deterministic and MOMSD designs.

Figure 15. Utopia points of the deterministic and MOMSD optimal solutions.

4.3.2. Comparison Between β-Efficient Approach and Deterministic Optimal Solutions

To compare the results of the different formulations of the optimization problem,
the expected value and the standard deviation of each objective and constraint function
for each optimal design are implied. These values are computed by means of the neural
networks and NNVE at the end of each optimization.

The results of the β-efficient approach are shown and compared to the deterministic
optimal solutions in Figures 17 and 18. In these images, the results are almost overlapped.
The deterministic method can therefore already be considered robust in this case study.
For this reason, the β-efficient method tends to behave almost as a deterministic approach.
In fact, this robust optimization approach takes into account the expected value of the
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performance. The results are so close that, given a point from the deterministic solutions,
on average, there exists a point belonging to the β-efficient optimal designs, whose values
of the performance indexes differ by less than 1% from the values of the deterministic point.
This gap is even slightly lower for the Pareto obtained with β = 95%.

Figure 16. Nadir points of the deterministic and MOMSD optimal solutions.

Figure 17. Comparison between the expected values of the objective functions obtained with the
deterministic approach and with the β-efficient approach (β = 95% and β = 99%).

This can also be seen in Figure 19, where the average performance of the deterministic
and β-efficient optimal designs is shown. As can be seen, all the performance indexes are
very close. The only one in which there are evident differences is the torque, which differs
by roughly 2 Nm.
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Figure 18. Comparison between the standard deviations of the objective functions obtained with the
deterministic approach and with the β-efficient approach (β = 95% and β = 99%).

Figure 19. Average performance of the optimal deterministic and β-efficient designs.

Although all these distributions of optimal solutions are very similar, the deterministic
designs do not consider robustness and so feature slightly better in terms of expected value.

As shown in Figures 20 and 21, the values of the nadir and utopia points for the
three approaches are quite close, too. This means that the ranges of the results of the three
approaches are also very similar. The only objective function that assumes slightly different
values at the nadir and utopia points obtained with the different approaches is the torque
ripple, which can differ by slightly more than 1 Nm.

A well-known advantage of β-efficient optimization is that it allows for greater safety
margins against constraint violation [25]. This aspect is confirmed by the maximum voltages
of all the optimal designs obtained with the proposed approaches, which are, respectively,
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649.9 V for the deterministic approach, 646.6 V for the β-efficient approach with β = 95%,
and 645.6 V for the β-efficient approach with β = 99%. When the β-efficient formulation is
employed, the neural networks are asked to output the standard deviation of the objective
and constraint functions in addition to the expected value, but the network evaluation
number remains the same. Therefore, there is no significant difference in the speed of
the method.

In order to describe the differences between the approaches more precisely, Table 7
shows the design variables, the performance indices, and the constraint functions for
designs whose performance is close to the average of the results obtained with each
approach. Obviously, the similar performance of deterministic and β-efficient approaches
is due to very similar designs. On the contrary, as can be seen from variables such as the
airgap or the number of turns, the MOMSD finds optimal designs in completely different
regions of the design domain. As far as performance is concerned, Table 7 repeats the
trends seen above with β-efficient beta solutions close to the deterministic and the MOMSD
designs far from the deterministic solutions in terms of expected value and closer in terms
of standard deviation.

Figure 20. Utopia points of the deterministic and β-efficient (β = 95% and β = 99%) optimal solutions.

Figure 21. Nadir points of the deterministic and β-efficient (β = 95% and β = 99%) optimal solutions.
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Table 7. Design variables, performance indices, and constraint functions for designs whose perfor-
mance is close to average for those found with each approach.

Deterministic β-E f f (95%) β-E f f (99%) MOMSD

Airgap 0.716 mm 0.717 mm 0.75 mm 1.23 mm

Slot opening 1.84 mm 1.56 mm 1.44 mm 1.45 mm

Magnet thickness 5.2 mm 5.11 mm 5.09 mm 5.17 mm

Magnet width 21.52 mm 21.63 mm 21.84 mm 19.4 mm

Tooth width 6.51 mm 6.45 mm 6.18 mm 7.73 mm

Bridge thickness 0.46 mm 0.46 mm 0.61 mm 0.57 mm

Web thickness 11.66 mm 11.55 mm 11.55 mm 7.52 mm

Pole V angle 153.4◦ 148.6◦ 150.1◦ 130.6◦

Number of turns 27 27 28 20

Number of strands 12 12 12 13in hand

TRipple 25.1 Nm 25.5 Nm 24.5 Nm 27.15 Nm

Eff 97.1% 97.1% 97% 97%

T 205 Nm 205 Nm 205 Nm 142 Nm

Vmax 507 V 512 V 526 V 349.8 V

Tmag,max 139 ◦C 137 ◦C 144 ◦C 99 ◦C

Twin,max 153 ◦C 152 ◦C 159 ◦C 105 ◦C

σRipple 0.55 Nm 0.51 Nm 0.57 Nm 0.19 Nm

σEff 0.008% 0.008% 0.008% 0.007%

σT 1.32 Nm 1.33 Nm 1.37 Nm 0.93 Nm

5. Conclusions
In this work, a robust multi-objective optimization method, based on different sources

of uncertainty, is presented and compared to a deterministic one, in the context of the
optimization of an IPMSM. At the beginning, a surrogate model of the motor, based on
two feedforward neural networks trained with data coming from MotorCAD simulations,
is realized. These neural networks are used, at the same time, to estimate the expected
values and the standard deviation, which is used to quantify the variability of the objective
functions and constraints. Then, the model is optimized by different methods: a determin-
istic approach, a multi-objective minimization of the standard deviation (MOMSD), and
a β-efficient formulation with two levels of β (95% and 99%). Torque, torque ripple, and
efficiency are chosen as performance indexes, while the design parameters are relevant
geometric dimensions of the electric motor and parameters concerning the winding config-
uration. In particular, the uncertainties in the magnet properties, operating temperature,
manufacturing tolerances, and geometric dimensions are considered when calculating the
standard deviation. Constraints concerning the value of the dimensions, the feasibility of
the geometry, the operating voltage, and the peak operating temperature of the magnets
and windings are also taken into account. The proposed robust optimizations leverage
an innovative use of neural network-based variance evaluation to efficiently calculate
the standard deviations of the objective and constraint functions. All the optimization
problems are solved by means of the non-dominated sorting genetic algorithm developed.
The method is based on three key assumptions: the local linearity of the objective functions,
the Gaussian distribution of uncertainties, and the independence of uncertainties. As a
result, it can be generalized and applied to any type of electric motor. Once the uncertainty
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tolerance range and design constraints are defined, and an electromagnetic model of the
motor is available, the method can be implemented. This generalization is facilitated by
the versatility of neural networks, the NNVE approach, the β-efficient method, and the
non-dominated sorting genetic algorithm.

The results show that the usage of a deterministic formulation leads to designs which
are already close to the optimal robustness. On the other hand, when the robustness
is maximized, the expected value of the performance indexes worsens. Finally, the use
of a β-efficient formulation leads to solutions close to the deterministic ones. In fact,
they represent good compromises between performance and robustness. However, at the
same time, these results are achieved with a higher margin of safety with respect to the
constraints. As far as computational time is concerned, there is practically no difference
between the deterministic and the robust method because the number of evaluations of
the neural networks remains the same. The only difference is that in one case the neural
networks are only asked to calculate the expected value and in the other also to calculate
the standard deviation.

In the end, it is also important to consider that these results are obtained for a specific
motor, which could have a lower sensitivity to uncertainties with respect to other ones.
Future work could involve applying this method to a broader range of motor types to
study the sensitivity to uncertainties in different motor architectures. Furthermore, this
research utilized β-efficient and deterministic formulation of the optimization problem. It
would be interesting to compare these results with those obtained using other formulations
(e.g., worst case optimization and Taguchi methods).
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