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Undecidability of the spectral gap in rotationally symmetric Hamiltonians
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The problem of determining the existence of a spectral gap in a lattice quantum spin system was previously
shown to be undecidable for one [Phys. Rev. X 10, 031038 (2020)] or more dimensions [Nature (London) 528,
207 (2015)]. In these works, families of nearest-neighbor interactions are constructed whose spectral gap depends
on the outcome of a Turing machine halting problem, therefore making it impossible for an algorithm to predict
its existence. While these models are translationally invariant, they are not invariant under the other symmetries
of the lattice, a property which is commonly found in physically relevant cases. This poses the question of
whether the spectral gap problem could be decidable for Hamiltonians with stronger symmetry constraints. We
give a negative answer to this question, in the case of models with four-body (plaquette) interactions on the
square lattice satisfying rotation, but not reflection, symmetry: rotational symmetry is not enough to make the
problem decidable.
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I. INTRODUCTION

Many-body quantum systems can present highly complex
behaviors, despite the fact that their defining interactions are
often quite simple. Understanding how to predict properties of
such systems, given a description of their constituent elements
and their interactions, is a crucial task in physics. In recent
years, an increasing number of results have appeared, showing
that there is an intrinsic limitation to what algorithms can
predict about physical models: many relevant properties of
physical systems are undecidable in the sense that there is no
general algorithm capable of predicting, from a finite descrip-
tion of the model, whether the desired property is present or
not. Early results regarding undecidability in physics include
macroscopical distinguishability of states in quantum field
theories [1], solutions to the wave equation given the initial
conditions [2], and evolution of three-dimensional dynamical
systems [3,4] or of elastic collisions between hard balls [5].
Further results exploited connections with the undecidability
of cellular automata [6–8], while others leveraged reductions
to the tiling problem, a notoriously undecidable classical
problem [9–11].

With the appearance of quantum information science,
the connection between computability and quantum physics
has become even stronger, and this renowned interest has
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brought to light many undecidable properties in numer-
ous areas of quantum physics: unitary operators [12,13],
quantum measurements [14], tensor network states [15–18],
measurement-based quantum computation [19], channel ca-
pacities [20], quantum correlations [21,22], quantum control
[23], quantum field theory [24], and quantum randomness
[25]. See Refs. [26,27] for a review of undecidable properties
in classical and quantum physics and their history.

In the setting of quantum spin systems, the main break-
through has been the proof that the spectral gap (the difference
between the two lowest energy levels of a quantum Hamilto-
nian) is an undecidable quantity [26,28,29]. Since the spectral
gap is a crucial quantity in much of the low-energy behavior
of these models, from the decay of correlation to the presence
of a phase transition [30], it is not surprising that many other
results have been obtained in this setting [31–36].

The general strategy employed in most of these results
could be summarized as follows: if we can encode a spe-
cific computational problem, already known to be undecidable
(usually the halting problem for Turing machines), into a fam-
ily of physical models, and if we can do this in such a way that
a given property of interest is controlled by the solution of the
undecidable problem, then the task of predicting this property
will also be undecidable. This procedure results in models
which are often convoluted, and as a consequence they do not
resemble naturally occurring or physically inspired models.
Notwithstanding the tremendous importance of these results
in delimiting the possibility of computational exploration of
the physical world, it is an important open question to under-
stand where exactly the limits of computability lie: do some of
these undecidable properties become computable if we restrict
our task to sufficiently simple or realistic physical models?

As a way to make the constructions arising from unde-
cidability proofs closer to realistic cases, we consider one
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of the core concepts of physical theories, namely, the pres-
ence of certain symmetries of the interactions. We ask the
question of whether the undecidability results hold if we
restrict our problem only to models which respect a cer-
tain symmetry. Previous results show that incorporating a
symmetry to a problem can make it easier to solve. Some
examples include (i) the classical tiling problem, where the
two-dimensional (2D) case with rotation symmetry is known
to be of polynomial complexity, as opposed to the exponential
nondeterministic complexity of the equivalent nonsymmetric
problem [37], (ii) the Heisenberg XXX-XXZ models, where
the presence of symmetries are the key ingredient in order
to proof its integrability [38], (iii) MPS constructions, which
are greatly simplified by the presence of reflection symme-
try [39,40], (iv) classification tasks in one-dimensional (1D)
systems that become tractable under symmetries [41], and (v)
poly time algorithms for ground-state energy of commuting
one-dimensional Hamiltonians [42], even when the general
problem is QMA-complexity class (where QMA stands for
Quantum Merlin Arthur) [43].

Specifically, as we consider spin models on the 2D square
lattice, we focus on the discrete spatial symmetries of the
lattice. We consider the problem of determining whether a
given quantum spin Hamiltonian on a 2D square lattice has
a spectral gap in the sense of whether the difference between
its two smallest energy levels is lower bounded by a strictly
positive constant uniformly in the size of the lattice.

Without taking into account symmetries, this problem is
undecidable, as shown in Ref. [28]. In that work, the au-
thors construct a family, indexed by a parameter n ∈ N, of
one-body h(i)(n) and two-body interactions, hcol(n) for the
vertical direction and hrow(n) for the horizontal direction, in
such a way that the spectral gap problem for the corresponding
family of local translation-invariant Hamiltonians H (n) is un-
decidable. While this construction is, by definition, translation
invariant, it does not respect any of the other discrete symme-
tries of the lattice: specifically, it is not rotation invariant, i.e.,
hcol(n) �= hrow(n).

As it is common in lattice models for the local interac-
tions to respect the discrete symmetries of the underlying
lattice, we ask the question of whether the undecidability
result holds if we impose such symmetries on the local in-
teractions. Specifically, in this work we are interested in the
spectral gap problem for rotationally symmetric Hamiltonians,
i.e., for Hamiltonians whose local interactions are invariant
under π/2, π , and 3π/2 rotations of the square lattice (but
specifically not necessarily invariant under reflection symme-
try across any of the coordinates).

In contrast with the previous example of classical tiling
problems, we show that the spectral gap problem is un-
decidable with a rotational symmetry, at least when we
consider four-body, plaquette Hamiltonians. Informally, our
result could be summarized as follows:

Main result (Theorem 3). Consider a quantum spin system
where the spins are sitting on the midpoints of the edges of
the square lattice (see Fig. 1). For this lattice, there exists a
family, indexed by a parameter n ∈ N, of one-body h(i)(n) and
four-body plaquette interactions h(i, j,k,l )(n), with the property
that every h(i, j,k,l )(n) is invariant under cyclic permutation of
the indices. Then, the spectral gap problem for the family

FIG. 1. Example 2 × 2 lattice system with sites at the edges.

of local translation invariant Hamiltonians H (n) constructed
from such interactions is an undecidable problem.

The relaxation of the problem from two-body to four-body
interactions is crucial for our result, and we leave as an open
question whether the undecidability result still holds for rota-
tionally symmetric two-body interactions.

Our construction relies heavily on the one from Ref. [28],
but we modify it in important and crucial ways in order to
obtain a symmetric model at the end. A summary of the key
points and main differences from the previous construction is
the following:

(1) An encoding of a quantum Turing machine (QTM)
into a 1D spin Hamiltonian, whose ground-state energy on a
finite chain of size L with open boundary conditions depends
on the behavior of the QTM. In particular, if the QTM halts
on space less than O(L) and time less than O(cL ), the ground-
state energy is zero. Otherwise, it has energy larger than c−L.

We modify the construction from Ref. [28] by applying
an idea from Ref. [37] (Sec. 6), in order to make this 1D
Hamiltonian reflection symmetric. As a consequence of this
modification, the ground state subspace is not unique any-
more, but it is degenerate and allows for both a “forward” and
a “backward” representation of the QTM computation.

(2) An encoding of the classical tiling problem into a 2D
Hamiltonian on the square lattice, in such a way that the
ground state of the model gives a description of a classical
tiling.

The Hamiltonian from the previous step has zero energy
in the thermodynamic limit in both cases, but, using a con-
struction based on two-dimensional tilings, one can amplify
the energy of the halting instances, in order to stop it from
vanishing in the limit. The construction from Ref. [28] uses
the aperiodic Robinson tiling [44]: while the tile set is it-
self invariant under rotations, the 2D Hamiltonian defined in
Ref. [28] is crucially not rotationally invariant.

Instead, we define a different encoding of the tiling prob-
lem into a 2D Hamiltonian, which is rotationally invariant as
long as the underlying tiling set is, but with the downside of
having to consider four-body plaquette interactions instead of
nearest-neighbor ones.

(3) Finally, in order to merge the Robinson tiling with the
QTM Hamiltonian, we initialize a 1D computation on each
side of each “red square” of size 4n, where red squares are
features appearing in the Robinson tiling with nonzero density
for each value of the parameter n. We do so by detecting
the corners of such squares, initializing a 1D computation on
each side, and fusing them with two specific Hamiltonians that
guarantee that the final 2D model has a unique ground state in
the gapped case, which is also invariant under rotations (but
not under reflections).

As a consequence of the last point, the spectral gap prob-
lem we consider is the strong version defined in Ref. [28]:
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to distinguish between the case in which H (n) has a unique
ground state with a constant energy gap separating it from any
excited state, or has a dense spectrum in an interval containing
the ground-state energy in the limit of large system size. By
construction the family of models defined only falls in one of
the two cases.

The paper is organized as follows: In Sec. III, we discuss
the encoding of a QTM into a 1D local Hamiltonian with
reflection symmetry. In Sec. IV, we present a four-body tiling
Hamiltonian which encodes a classical tiling problem, and
that is rotationally invariant as long as the underlying tiling
set is as well. In Sec. V, we discuss how to connect these two
pieces together, initializing a 1D computation on each side of
every “red square” of the Robinson tiling. Finally, in Sec. VI
we put all the pieces together to obtain our undecidability
theorem.

II. PRELIMINARIES

A. Notation and definitions

We will be using the standard framework for describing
finite spin chains and lattice models. In a chain of L particles,
we associate with each site i a Hilbert space H(i) � Cd , and
we have the following local interactions:

(1) On-site interactions h(i) ∈ B(H(i) ) for site i in the
chain.

(2) Interactions between nearest-neighbor pairs (i, i + 1),
which are given by h(i,i+1) ∈ B(H(i) ⊗ H(i+1)), for all i ∈
[1, L − 1].

We consider the case in which local interactions are trans-
lations of each other. The resulting Hamiltonian over the
chain is then called translationally invariant. We also recall
the definitions of frustration-free and classical Hamiltonians,
that will be needed when constructing the one-dimensional
Hamiltonian in Sec. III.

Definition 1. Given on-site interactions h(i) and nearest-
neighbor interactions h(i,i+1), we say that the translationally
invariant Hamiltonian

H (L) =
L∑

i=1

h(i) +
L−1∑
i=1

h(i,i+1) (1)

over a one-dimensional chain of size L is
(1) frustration-free if its ground-state energy is zero while

all h(i), h(i,i+1) are positive semidefinite. That is, a ground
state of a frustration-free Hamiltonian minimizes the energy
of each interaction term individually.

(2) classical if its defining interactions h(i), h(i,i+1) are di-
agonal in a given product basis (e.g., the canonical one).

Additionally, this Hamiltonian will be reflection invariant
(Definition 2). This will be later used to enforce the rotational
invariance in the final two-dimensional lattice Hamiltonian.

Definition 2. For a nearest-neighbor interaction h(i,i+1) ∈
B(H(i) ⊗ H(i+1)), we define its reflection h(i+1,i) ∈ B(H(i) ⊗
H(i+i) ) as h(i+1,i) = URh(i,i+1)U †

R , where UR|x〉|y〉 = |y〉|x〉. If
h(i,i+1) = h(i+1,i) for all i ∈ [1, L − 1], the Hamiltonian H (L)
is said to be invariant under reflection.

In the 2D-lattice setting, our sites will be at the edges of the
squares of the Z2 lattice, instead of at the vertices. Denote as
�(L × H ) the set of sites that rest in the middle point of the

edges of a square of length L ∈ N unit cells and width H ∈ N
unit cells, with L, H � 1. The number of sites in this lattice
description is |�(L × H )| = L(H + 1) + H (L + 1). We de-
note the square of size L as �(L) = �(L × L). Four sites
i, j, k, l form a plaquette if they are at the four edges of
the same unit cell in the lattice. We use the convention that
the four sites are ordered in a clockwise fashion, starting from
the top edge, and that the plaquette is denoted by (i, j, k, l ).

To each site i ∈ �(L × H ), we associate a Hilbert space
H(i) � Cd , and to any subset S ⊆ �(L × H ) the tensor prod-
uct

⊗
i∈S H(i). We have the following local interactions:

(1) on-site interactions h(i) ∈ B(H(i) ) for a site
i ∈ �(L × H );

(2) plaquette interactions h(i, j,k,l ) ∈ B(H(i) ⊗ · · · ⊗ H(l ) ),
for each plaquette (i, j, k, l ) (where we are ordering the sites
with the convention explained above).

Once again, we consider the translation invariant case, in
which each type of local interaction is invariant under trans-
lations of the lattice. The corresponding translation invariant
Hamiltonian is then given by

H�(L) =
∑

i∈�(L)

h(i) +
∑

(i, j,k,l )∈�(L)

h(i, j,k,l ), (2)

where with a slight abuse of notation we denoted by∑
(i, j,k,l )∈�(L) the sum over all plaquettes (i, j, k, l ) in �(L).
In this work, we first construct a one-dimensional Hamil-

tonian with on-site and two-body terms with the previously
defined properties. This will be latter embedded in plaquette
form (see Sec. V), and will be part of a two-dimensional
Hamiltonian on a square lattice �(L) with on-site and pla-
quette (four-body) interactions. Moreover, the constructed
Hamiltonian H�(L) will be rotationally symmetric, as de-
scribed in Definition 3.

Definition 3. For a plaquette interaction h(i, j,k,l ) ∈
B(H(i) ⊗ · · · ⊗ H(l ) ), we define its π/2 rotation as
Uπ/2h(i, j,k,l )U †

π/2, where

Uπ/2|x〉|y〉|w〉|z〉 = |z〉|x〉|y〉|w〉.

We say that the Hamiltonian H�(L) is invariant under rotation
if h(i, j,k,l ) = Uπ/2h(i, j,k,l )U †

π/2.
Note that Uπ/2 also generates the Uπ = U 2

π/2 and U3π/2 =
U 3

π/2 rotations, so the Hamiltonian is invariant under the Uπ/2

rotation if and only if is invariant under Uθ rotations for θ ∈
{π/2, π, 3π/2}.

The set of eigenvalues of the Hamiltonian H�(L) will be
denoted by specH�(L) := {λ0(H�(L) ), λ1(H�(L) ), . . . } or sim-
ply {λ0, λ1, . . . } if the Hamiltonian is clear from context.
They are always assumed to be listed in nondecreasing order.
The smallest eigenvalue λ0(H�(L) ) is called the ground-state
energy and the corresponding eigenvectors, are called ground
states. One can then define the following concepts related
to the ground-state energy as in Definition 4, where the no-
tions of gap and gapless are the same as those considered in
Ref. [26].

Definition 4. Consider a family of two-dimensional pla-
quette Hamiltonians on a square lattice �(L), for sizes L ∈ N.
We have the following energy definitions:
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(1) The ground-state energy density of Hamiltonian H�(L)

is

Eρ := lim
L→∞

Eρ (L), where Eρ (L) := λ0(H�(L) )

2L(L + 1)
.

(2) The spectral gap of H�(L) is �(H�(L) ) :=
λ1(H�(L) ) − λ0(H�(L) ).

(3) The family {H�(L) : L ∈ N} is gapped, if there is a
constant γ > 0 and a system size L0 such that for all L > L0,
λ0(H�(L) ) is nondegenerate and �(H�(L) ) � γ . In this case,
we say that the spectral gap is at least γ .

(4) The family {H�(L) : L ∈ N} is gapless, if there is a
constant c > 0 such that for all ε > 0 there is an L0 ∈ N so
that for all L > L0, any point in [λ0(H�(L) ), λ0(H�(L) ) + c] is
within distance ε from specH�(L).

We finish this section by giving some examples of gapped
and gapless Hamiltonians having rotational symmetry, which
will also be useful later when construction the final result in
Sec. VI.

Example 1. Let the on-site Hilbert space H(i) � C2 for
every site i ∈ Z2. Consider a single-site interaction h(i)

0 =
(1i − σ (i)

z )/2, where σz is the Pauli-Z matrix. We can define a
plaquette interaction by

h(i, j,k,l )
0 = h(i)

0 ⊗ 1 jkl + h( j)
0 ⊗ 1ikl + h(k)

0 ⊗ 1i jl

+ h(l )
0 ⊗ 1i jk, (3)

where 1 jkl is the identity over the subspace H( j) ⊗ H(k) ⊗
H(l ) (and analogously defined in the other cases). The Hamil-
tonian H�(L)

0 obtained in this way has unique ground state for
every L: |0〉⊗|�(L)|, with a ground-state energy of zero. Any
site in state |1〉 will contribute with energy 2, so it is a gapped
Hamiltonian, with a spectral gap of 2.

Example 2. Let the on-site Hilbert space H(i) � C2 for
every site i ∈ Z2. Consider the spin-1/2 ferromagnetic
Heisenberg model on the square lattice. Its two-body inter-
action is given by

h(i,i+1)
d = − 1

4

(
σ (i)

x ⊗ σ (i+1)
x + σ (i)

y ⊗ σ (i+1)
y + σ (i)

z ⊗ σ (i+1)
z

)
,

(4)

where {σx, σy, σz} are the Pauli matrices. This model presents
spontaneous symmetry breaking [45] of the continuous SU(2)
symmetry, and is therefore gapless due to Goldstone’s the-
orem [46,47]. Its ground-state energy per particle is −1/2,
so we could set its ground-state energy to zero by a simple
energy shift. Based on this two-body interaction, we define
the following plaquette interaction:

h(i, j,k,l )
d =1i jkl + h(i, j)

d ⊗ 1kl + h( j,k)
d ⊗ 1il

+ h(k,l )
d ⊗ 1i j + h(l,i)

d ⊗ 1 jk, (5)

where 1kl is the identity over the subspace Hk ⊗ Hl (and
analogously defined in the other cases). This plaquette term
consists of a h(i,i+1)

d interaction between each pair of sites at
distance 1/

√
2. Following the depiction of Fig. 2, this corre-

sponds to nearest-neighbor sites as connected by the dashed
lines. With this description, the Hamiltonian H�(L)

d defined by
this local plaquette interaction h(i, j,k,l )

d is rotationally invariant
and gapless according to Definition 4.

FIG. 2. Example lattice system, where the sites rest at the middle
point of the squares’ edges that form the lattice. Here, L = 4 and
H = 3, with a total of L(H + 1) + H (L + 1) = 31 sites. The dashed
lines correspond to the edges of a standard lattice description (with
sites at the vertices), so this system can also be seen as a π/4 rotation
of the usual Z2.

B. Turing machines

In 1936, Alan Turing showed that the halting problem is
an undecidable problem [48]. One common strategy to prove
that other problems are also undecidable is to encode the
halting problem in them, and this is precisely what is done
in Ref. [26] and also here. First, we recall the definitions of
both undecidability and the halting problem.

Definition 5. An undecidable problem is a decision prob-
lem (one with a yes-no output) that has been proven to have
no general algorithm for its resolution.

Definition 6. Given an arbitrary pair (P, I ) describing a
program and an input, the halting problem is the problem of
determining if the program P on input I will finish in a finite
amount of steps or will continue to run forever [i.e., P(I ) = 0
or P(I ) = 1].

The standard way of representing computational problems
P is the general model of Turing machines (TMs). This is
not restricted to the classical setting, and therefore one can
find their equivalent for quantum problems: quantum Turing
machines (QTMs). For completeness, we recall below the
definitions1 as well as some of its properties that are needed to
guarantee the final result in Sec. III. Even so, these properties
are not restricting, as they can be found in the general class of
universal QTMs [49].

Definition 7. A (deterministic) Turing machine (TM) is
defined by a triplet (�, Q, δ), where � is a finite alphabet
with an identified blank symbol #, Q is a finite set of states
with an identified initial state q0 and final state q f �= q0, and δ

is a transition function

δ : Q × � → � × Q × {L, R}. (6)

The TM has a two-way infinite tape of cells indexed by Z
and a single read-write tape head that moves along the tape.
A configuration of the TM is a complete description of the
contents of the tape, the location of the tape head, and the state
q ∈ Q of the finite control. At any time, only a finite number
of the tape cells may contain nonblank symbols.

For any configuration c of the TM, the successor configu-
ration c′ is defined by applying the transition function to the

1All the definitions for this section are taken from Ref. [26]
(Sec. 3.1) and [49] (Sec. 3).
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current state and the symbol scanned by the head, replacing
them by those specified in the transition function and moving
the head left (L) or right (R) according to δ.

By convention, the initial configuration satisfies the follow-
ing conditions: the head is in cell 0, called the starting cell, and
the machine is in state q0. We say that an initial configuration
has input x ∈ (� \ #)∗ if x is written on the tape in positions
0, 1, 2, . . . and all other tape cells are blank. The TM halts on
input x if it eventually enters the final state q f . The number of
steps a TM takes to halt on input x is its running time on input
x. If a TM halts, then its output is the string in �∗ consisting of
those tape contents from the leftmost nonblank symbol to the
rightmost nonblank symbol, or the empty string if the entire
tape is blank. A TM is called reversible if each configuration
has at most one predecessor.

Definition 8. A universal Turing machine (UTM) is a Tur-
ing machine capable of simulating any other Turing machine.
That is, UT M(T M, n) = T M(n) for every Turing machine
TM and input n.

Definition 9. Call C̃ to the set of α ∈ C such that there is a
deterministic algorithm that computes the real and imaginary
parts of α to within 2−n in time polynomial in n. A quantum
Turing machine (QTM) is defined by a triplet (�, Q, δ), where
� is a finite alphabet with an identified blank symbol #, Q is
a finite set of states with an identified initial state q0 and final
state q f �= q0, and a quantum transition function

δ : Q × � → C̃�×Q×{L,R}. (7)

The QTM has a two-way infinite tape of cells indexed by
Z and a single read-write tape head that moves along the
tape. We define configurations, initial configurations and final
configurations exactly as for deterministic TMs.

Let S be the inner-product space of finite complex linear
combinations of configurations of the QTM, which we call
M, with the Euclidean norm. We call each element φ ∈ S a
superposition of M. The QTM M defines a linear operator
UM : S → S , called the time evolution operator of M, as
follows: if M starts in configuration c with current state p and
scanned symbol σ , then after one step M will be in superpo-
sition of configurations ψ = ∑

i αici, where each nonzero αi

corresponds to the amplitude δ(p, σ, τ, q, d ) of |τ 〉|q〉|d〉 in
the transition δ(p, σ ) and ci is the new configuration obtained
by writing τ , changing the internal state to q and moving the
head in the direction of d . Extending this map to the entire S
through linearity gives the linear time evolution operator UM .

Definition 10. Equivalently to the classical case, we say
that a universal quantum Turing machine (UQTM) is a quan-
tum Turing machine capable of simulating any other quantum
Turing machine. That is, UQT M(QMT, n) = QT M(n) for
every quantum Turing machine QTM and input n.

Definition 11. We say that a QTM M = (�, Q, δ) is
(1) well-formed2 if its time evolution operator is an isom-

etry; that is, it preserves the Euclidean norm.
(2) in normal form if it is a well-formed QTM (or re-

versible TM) and ∀ σ ∈ �, δ(q f , σ ) = |σ 〉|q0〉|N〉.

2Any reversible TM is also a well-formed QTM where the quantum
transition function δ(p, σ, q, τ, d ) = 1 if δ(p, σ ) = (q, τ, d ) for the
reversible TM and zero otherwise (Ref. [49], Theorem 4.2).

(3) unidirectional if each state can be entered from only
one direction. In other words, if δ(p1, σ1, τ1, q, d1) and
δ(p2, σ2, τ2, q, d2) are both nonzero, then d1 = d2.

Definition 12. A generalized TM or generalized QTM is
defined exactly as a standard TM or QTM, except that the
head can also stay still, as well as move left or right. That is,
the set of head movement directions is {L, R, N} instead of
just {L, R}.

III. ENCODING THE HALTING PROBLEM IN A 1D
REFLECTION SYMMETRIC HAMILTONIAN

If one can construct Hamiltonian interactions that result
in different energy behaviors (gapped, gapless) depending on
the output of the halting problem (halts, does not halt), one
concludes that the problem of determining the spectral gap of
such class of Hamiltonians is undecidable because it depends
on the answer to an undecidable problem. But for this, a
way of linking computational problems and Hamiltonians is
needed.

This was first done in Ref. [37], albeit for a different
question (the complexity of the ground-state problem in 1D).
In that work, the authors define local interactions according
to the states and transitions of a universal Turing machine
(UTM), by penalizing the appearance of certain configura-
tions over others. If the UTM runs for K steps, this results
in a single zero energy ground state: the superposition of all
the UTM states over steps [0, K].

This idea of penalizing configurations was adapted in
Ref. [26] for the different goal of spectral gap undecidability,
resulting in a one-dimensional translationally invariant and
nearest-neighbor Hamiltonian, constructed in such a way that
the local Hilbert-space dimension is a function only of the
alphabet size and number of internal states (i.e., finite) of
the UTM. This allows them to encode any universal Turing
machine in a Hamiltonian with fixed local dimension.

Nevertheless, the issue is that the halting problem (Defi-
nition 6) relies on the arbitrariness of the program-input pair
(P, I ). The Turing machine will act in accordance to P, but it
needs to have the input I written on tape (see Definition 7). So,
before diving into the link between computational evolution
and ground states, one needs to face a previous issue: to be
able to deterministically write any possible (binary) input.
This question was solved in Sec. 3 in Ref. [26], and we briefly
discuss it in Sec. III A. Once this preliminary step is done, one
can start to build the desired one-dimensional computational
Hamiltonian.

However, the computational Hamiltonian, as defined in
Sec. 4 of Ref. [26] does not present any symmetric properties.
This will be the goal of this section: modify the computa-
tional Hamiltonian in Ref. [26], and make it invariant under
reflection. Coincidentally, we can do so by fusing with an
idea that traces back again to Ref. [37], Sec. 6, where the
authors present (again, for their purpose of complexity of the
ground state) a key idea involving one-dimensional chains and
reflection symmetry: for any QTM (as described in their work,
and consequently as in the later [26]), one can construct an
associated reflection invariant one-dimensional Hamiltonian
whose ground state still encodes the same evolution of said
QTM.
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We start by addressing the issue of the input problem,
in Sec. III A. After that, in Sec. III B, we present the main
ideas behind the construction that links Hamiltonian ground
states and Turing machines. Then, in Sec. III C, we see how
to modify these ideas in order to incorporate the notion of
symmetry. Finally, in Sec. III D, we study the ground-state
energy behavior of the constructed Hamiltonian.

It is important to remark that due to this symmetry, our
one-dimensional Hamiltonian does not have a unique ground
state anymore, but two different ground states with the same
energy. However, this duplication will not be a further prob-
lem: we still need to add more ingredients to the construction,
and in Sec. VI we see how the desired final Hamiltonian,
which presents undecidable behavior, has a unique ground
state if gapped.

A. QPE-based machine for writing inputs

The problem of generating any desired input to feed a uni-
versal Turing machine (UTM) is solved in Sec. 3 in Ref. [26],
where the authors design a QTM based on the quantum phase
estimation (QPE) algorithm. Their purpose is to guarantee that
for every n ∈ N, its binary representation |n| can be written to
tape and, after that, the machine halts deterministically.

This is detailed in Theorem 10 of Ref. [26] and, as the
authors state, it is the only quantum ingredient in the re-
sult. Some special requirements (well-formed, normal form,
unidirectional QTMs) for the machine are needed, but they
explicitly construct this particular family of QTMs that fulfills
all of them, denoted as Pn. We use this same Pn in our result
without any modifications. As in their work, this will also be
our only quantum gadget.

Afterwards, by concatenating3 Pn and the UTM, one can
obtain a family of (universal) quantum Turing machines
QTM(n) of fixed alphabet size and number of internal states.
This QTM(n) first writes deterministically the binary expan-
sion of n, and then uses it as input for the UTM.

As every input I in Definition 6 can be represented as a
binary string, and the UTM can simulate any possible program
P, the family of machines QTM(n) is indeed a representation
of any possible program-input pair (P, I ). And, as in Ref. [26],
we want to encode in the ground state the halting problem
associated with (P, I ).

B. Encoding QTMs in local Hamiltonians

The key object of encoding quantum computations into
ground states is the computational history state, which en-
codes the entire history of the computation in superposition.
This idea goes back to Feynman [50] and was developed into
its modern form by Kitaev [51]. We recall its definition and its
associated Hamiltonian, as stated in Ref. [26].

Definition 13. A computational history state |ψ〉CQ ∈
HC ⊗ HQ is a state of the form

|ψ〉CQ = 1√
T

T∑
t=0

|t〉|ψt 〉, (8)

3Turing Machines can be concatenated by using the dovetailing
Lemma (Lemma 4.9) from Ref. [49].

where {|t〉} is an orthonormal basis for HC and |ψt 〉 =∏t
i=1 Ui|ψ0〉 for some initial state |ψ0〉 ∈ HQ and set of uni-

taries Ui ∈ B(HQ). HC is called the clock register and HQ is
called the computational register. If Ut is the unitary transfor-
mation corresponding the t th step of a quantum computation,
then |ψt 〉 is the state of the computation after t steps. We
say that the history state |ψ〉 encodes the evolution of this
quantum computation of T steps.

To obtain a Hamiltonian whose ground space is spanned
by the set of computational history states, one first focuses on
the clock register HC and looks for a Hamiltonian that has as
ground state the superposition of all clock time steps:

|ψ〉C = 1√
T

T∑
t=1

|t〉, (9)

which can be enforced by a standard hopping Hamiltonian

HC =
T∑

t=1

(|t〉 − |t − 1〉)(〈t | − 〈t − 1|). (10)

To obtain the history state, one applies the controlled unitary
UCQ = ∑

t |t〉〈t | ⊗ UtUt−1 · · ·U1 on |ψ〉C |ψ0〉Q, which results
in the final Hamiltonian

HCQ =
T∑

t=1

(|t〉〈t | ⊗ 1 + |t − 1〉〈t − 1| ⊗ 1 − |t〉〈t − 1| ⊗ Ut

− |t − 1〉〈t | ⊗ U †
t ). (11)

The difficulty arises when one wants to implement this con-
struction with a Hamiltonian that is local, one-dimensional,
and translational invariant. These issues were addressed con-
secutively in Refs. [37,51,52]. In fact, the purpose of the
construction in Ref. [37] was to show the hardness of finding
the ground-state energy, but the same ideas were later used
as a base to build up the undecidability result in Ref. [26]
(Sec. 6.2).

The hopping terms in the Hamiltonian are called evolu-
tion or transition rule terms, and they enforce the evolution
of the clock. Transition rule terms have the form 1

2 (|ψ〉 −
|ϕ〉)(〈ψ | − 〈ϕ|), where |ψ〉, |ϕ〉 are states on the same pair
of adjacent sites. This forces any zero-energy eigenstate with
amplitude on a configuration containing neighboring states ab
to also have equal amplitude on the configuration in which
those ab is replaced by cd (and therefore also being a zero-
energy state). Following the notation in Ref. [37], we denote
transition rule Hamiltonian terms by their associated transi-
tions ab → cd or, more generally, |ψ〉 → |ϕ〉.

But apart from the transition terms enforcing the evolution
of the clock, one also needs to also include penalty terms that
restrict the type of configurations that can appear in the ground
state, by giving a positive energy to configurations that do not
appear in the clock oscillation cycle.

The type of constraints that can be enforced by penalty
terms is characterized by the notion of regular expressions.4 A
regular expression denotes a (possibly infinite) subset of

4See, for example, Definition 33 of Ref. [26] for a rigorous defini-
tion of the notion of regular expressions.
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TABLE I. Track i- j single-site illegal states, for all pairs i �= j.

finite-length strings over a finite alphabet. Equivalently, it
can be thought of as a pattern that matches all the strings in
the subset and no others. In our case, our alphabets will be
different sets of states, that will be called standard basis states.

Penalty terms have the form |ab〉〈ab| where a, b are stan-
dard basis states. This adds a positive-energy contribution to
any configuration containing a to the left of b. We call ab an
illegal pair and denote a penalty term |ab〉〈ab| in the Hamilto-
nian by its corresponding illegal pair. We call a configuration
of states over the chain legal if it does not contain any illegal
pairs, and illegal otherwise.

As the construction is divided over different subspaces
(called “Tracks” and defined later in Sec. III), we sometimes
also make use of single-site illegal states a, but note that
single-site illegal states are easily implemented in terms of
illegal pairs by adding penalty terms |ax〉〈ax| and |xa〉〈xa| for
all pairs ax and xa in which the single-site state appears.

For example, by using single-site illegal states one can
enforce that, on all legal states, the marker | |©〉 can only ever
appear simultaneously on all tracks. The single-site illegal
states enforcing this are shown in Table I. Illegal pairs are
also used to initialize the tracks in a desired configuration, as
per Lemma 5.2 in Ref. [37], which ensures that penalty terms
can be used in order to restrict to configurations that match a
regular expression.

We will later (in Sec. V) precisely enforce this: the sites at
the two ends will always be in state |© in all tracks. Therefore,
we can restrict our analysis just to the subspace Sbr spanned by
these configurations. These configurations are called “brack-
eted” in Ref. [26] because they use two different boundary
terms represented by the brackets <© and >©. However, for
our purposes, we go back to Sec. 6 of Ref. [37], where the
authors introduce a “A/B labeling” symmetry idea. We use
their description of a system with reflection symmetry, so our
single boundary state is indeed |©. We turn now to explain this
A/B labeling,” and how to merge it with the system already
depicted in Sec. 4 of Ref. [26].

C. Building the system

We use the construction in Sec. 4 of Ref. [26] as a starting
point. The chain is divided into six different tracks (or sub-
spaces). However, we add an additional Track 0, which is the
same from Sec. 6 in Ref. [37] and will have the same purpose:
making the construction invariant under reflections. For that
reason, we also use a single boundary term: |©, as in Ref. [37],
and opposed to Ref. [26].

Tracks 1–6 behave as in Ref. [26], with Tracks 1–3 cor-
responding to the clock register C and Tracks 4–6 to the
computational register Q in the computational history state.
Track 1 acts as the “second hand,” and Track 3 as the “minute
hand,” getting incremented by one for every cycle of Track 1.
Track 2 stores the counter TM head and internal state needed

to implement this incrementing operation. This clock drives
the given QTM M as described later in Tracks 4–6. For a
detailed review of Tracks 1–6, see the Appendix.

The new Track 0 will determine the direction of the com-
putation. In the construction of Ref. [26], what guides the
computation is the “arrow state” in Track 1, which initializes
to the left end of the chain and starts sweeping left to right
(and then back). We call this the canonical orientation. With
Track 0, we allow the system to initialize in the right end, and
then start running in a right to left direction (and back). We
call it the reverse orientation.

In the construction, the different tracks evolve according
to some transition rules.5 We use the same ab → cd notation
as in the previous works. This represents the transition rules
that applies to neighboring sites (i, i + 1). If they are in states
a and b, respectively, they transform to states c and d on the
next time step. This can be interpreted as reading the evolution
from left to right (canonical orientation). In the reverse orien-
tation, a also transforms to c and b, to d . However, sites i and
i + 1 are now interchanged, so the notation is now ba → dc,
or, equivalently, dc ← ba, as if we were reading from right to
left.

Arrow states in Track 0 (called “control particles” in
Ref. [37]) will only appear in the positions where an arrow
state is simultaneously present in Track 1. The basic idea
is to force these arrow states to have a A© on one side and
B© on the other, creating an asymmetry between the two
directions that can be distinguished by looking at the label
pointed by the arrow. We require that our chain has an even
number of particles L, and then construct Track 0 to behave as
follows:

(1) There is only one control particle, located in the same
position of the arrow in Track 1.

(2) The control particle initializes as �A©, with |© at one side
and A© to the other.

(3) The rest of the chain alternates between A© and B©
states.

(4) The control particle is flanked by an A© state on one
side and by an B© state or |© on the other.

(5) When moving, the control particle will change labels,
and the arrow orientation will follow the same principles as in
Track 1 (only switching when reaching boundaries).

(6) The evolution will consist of the control particle mov-
ing through the chain. Noncontrol states will not change
labels, but will be displaced in relation to the control particle.

For example, in a 6-chain, the initialization of Track
0 could look like |© �A© A© B© A© |© (canonical orientation) or

|© A© B© A© �A© |© (reverse orientation). An example of an iteration
of Track 0 in canonical orientation can be found in Fig. 3.
On the canonical orientation, arrow states always point to
states with the same label as them (or the boundary). In the
reverse orientation, they point to opposite labeled states (or
the boundary).

Track 0 will also allow us to unify the two different end
markers ( <©, >©) used in Ref. [26] as |©. Additionally, as
the size of the chain is even, we can locally distinguish the

5For a detailed explanation of the reasoning behind the construction
of Tracks 1 to 6, see Sec. 4 of Ref. [26].
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FIG. 3. Behavior of Track 0 on canonical orientation. Adapted from Sec. 6.1 of Ref. [37].

direction of the computation on the corners, as explained in
Table II.

In summary, this new track unifies the boundary term, and
is able to determine the direction of the computation in Track
1, via the arrowed states, only by nearest-neighbor interac-
tions. Therefore, two totally reflection-symmetric orientations
of computation should be permitted, so we need to add the
corresponding rules: two new versions of the original ones for
Tracks 1–6, for each of the orientations, that include Track
0. The behavior of Tracks 1–6 is not modified, but they are
now attached to this new “orientation track.” The full set of
modified rules and illegal pairs can be found in the Appendix:
for the canonical orientation, see Tables V–VIII. For the re-
verse orientation, see Tables IX–XII. Each rule and term has
also two versions, one for each label, A and B, except those
involving a single site or the boundary of the chain: as the
number of particles on the chain, L, is even, when the arrow
particle encounters the end of the chain, it will always be in
a B state (which later will switch to A, and change its arrow
orientation too).

Due to the nature of Track 0, we then have the following
result about the evolution of the system as described in this
section, which can be seen as the analogous of Lemma 39
in Ref. [26], but in the reflection-symmetric setting. The im-
portance of this result becomes apparent in Sec. III D: each

TABLE II. Depending on the arrow and the label on the state
encountered next to the boundary, we can locally determine if we
are in the starting or the returning end of the chain, as this depends
on the direction of the computation. “Start” means the starting point
of the ab → cd direction, which is the leftmost particle. “Reverse
return” also refers to the leftmost particle, but seen as the turning
back point from the dc ← ba direction.

Points to |© Does not point to |©

�A© Reverse start Start
�B© Return Reverse return
←
A© Reverse return Return
←
B© Start Reverse start

defined configuration uniquely belongs to one orientation, and
if the two subsets of rules are closed and independent of each
other, the evolution of the system will be fully restricted to
one of the two subspaces.

Lemma 1. The two sets of rules (and illegal pairs) form two
closed subspaces that do not overlap with each other: given
a legal configuration of the chain, only one set of rules will
apply to it and all its transitions. No canonically oriented pair
has a transition to a reversed pair and vice versa. Additionally,
each state has at most one possible transition.

Proof. By Lemma 39 in Ref. [26], canonically oriented
rules for Tracks 1–6 has at most one possible transition. All
these rules are reversed, and added to the existent ones. This
new set of rules could break this property, but Track 0 is
added to make the orientation clear in every neighboring pair
of states that have a possible transition. As a legal configu-
ration must have, particularly a legal configuration on Track
0, the orientation is then fixed. Therefore, this splits the new
rules in two different sets, and each one is analogous to the
canonically oriented rules. �

D. Behavior of the system

If a state does not follow the correct evolution, it picks
up an energy penalty from the transition rule terms. With
penalty terms, we detect some undesired configurations, and
also give them an energy penalty. However, there are other un-
desirable configurations that are not detected by any of those,
as we are only using nearest-neighbor terms. However, these
configurations all evolve under the transition rule terms into
configurations that do pick up an energy penalty. This idea
was introduced in Ref. [52] and was called the Clairvoyance
Lemma.

As the result is dependent on the specific construction, a
version of the Clairvoyance Lemma was proven in Ref. [26]
(in particular, their Lemma 43), which works for any Hamilto-
nian with a specific set of properties (they call them standard
form Hamiltonians, see Definition 14 below). Our Hamilto-
nian is built in the same way as theirs, so we can apply
Lemma 43 from Ref. [26] to check that our construction also
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evolves the remaining undesirable configurations to ones with
an energy penalty.

Definition 14. We say that a Hamiltonian H (L) =
Htrans(L) + Hpen(L) acting on a Hilbert space H = (CC ⊗
CQ)⊗L = (CC )⊗L ⊗ (CQ)⊗L := HC ⊗ HQ is of standard
form if Htrans(L) = ∑L−1

i=1 h(i,i+1)
trans , Hpen(L) = ∑L−1

i=1 h(i,i+1)
pen ,

and h(i,i+1)
trans , h(i,i+1)

pen satisfy the following conditions:

(1) h(i,i+1)
trans ∈ B((CC ⊗ CQ)⊗2) is a sum of transition rule

terms, where all the transition rules act diagonally on CC ⊗
CC in the following sense. Given standard basis states
a, b, c, d ∈ CC , exactly one of the following holds:

(i) There is no transition from ab to cd at all.
(ii) a, b, c, d ∈ CC and there exists a unitary Uabcd

acting on CQ ⊗ CQ together with an orthonormal basis
{|ψ i

abcd〉}i for CQ ⊗ CQ, both depending only on a, b, c, d ,
such that the transition rules from ab to cd appearing in
htrans are exactly |ab〉|ψ i

abcd〉 → |cd〉Uabcd |ψ i
abcd〉 for all i:

h(i,i+1)
trans =

∑
ab→cd

(|ab〉 − |cd〉)(〈ab| − 〈cd|)

⊗ (21 − Uabcd − U †
abcd ). (12)

(2) h(i,i+1)
pen ∈ B((CC ⊗ CQ)⊗2) is a sum of penalty terms

which act nontrivially only on (CC )⊗2 and are diagonal in the
standard basis.

CC corresponds to Tracks 0–3 and CQ to Tracks 4–6. Tran-
sitions from ab to cd will correspond exactly to the transitions
shown for Tracks 0–3 in Tables V and IX. While adding new
transitions involving Tracks 4-6, we need to remove some
of the Track 0–3 transitions (marked with an asterisk in the
tables), but they will be recovered as restrictions of the new
rules to those tracks.

Furthermore, in order to apply this desired version of the
Clairvoyance Lemma, one also needs to guarantee that the
Uabcd appearing in the computational Hamiltonian description
are unitaries, and not only partial isometries. This is, however,
guaranteed by restricting to a special class of QTMs: well-
formed, normal-form and unidirectional, the same properties
needed to construct the family Pn of Sec. III A. However, as
stated in Ref. [49] (Sec. 7), this is not restricting, as is general
enough to admit universal QTMs.

As the same properties as the original construction still
hold, we summarize the behavior of the encoded QTM in an
analogous result to Theorem 32 of Ref. [26], with the addition
of reflection invariance and two different ground states with
the same energy, which encode the very same computation,
only differing on their orientation.

Theorem 1. Let Cd = CC ⊗ CQ be the local Hilbert space
of a one-dimensional chain of length L = 2m for some m ∈
N, with special marker state | |©〉. For any well-formed, uni-
directional quantum Turing machine M = (�, Q, δ) and any
constant6 K > 0, we can construct a two-body interaction
hq0 ∈ B(Cd ⊗ Cd ) such that on a chain of length L � K + 3,
the Hamiltonian Hq0 (L) = ∑L−1

i=1 h(i,i+1) ∈ B(H(L)) has the
following properties:

6K is a constant needed for the QPE machine Pn mentioned in
Sec. III A.

(1) The Hamiltonian is one-dimensional, translationally
invariant, nearest-neighbor and reflection invariant as in Defi-
nition 2.

(2) d depends only on the alphabet size and number of
internal states M.

(3) hq0 � 0 and the overall Hamiltonian H (L) is
frustration-free for all L.

(4) Denote H(L − 2) = (Cd−2)⊗L−2 and define Sbr =
span(| |©〉) ⊗ H(L − 2) ⊗ span(| |©〉) ⊂ H. Then, the two
ground states of Hq0 (L)|Sbr are computational history states
encoding the evolution of M on input corresponding to the
unary representation of the number L − K − 3, running on a
finite tape segment of length L − 3.

If M is proper on input given by L − K − 3 in unary repre-
sentation, then:

(5) The computational history states always encode �(ζ L )
time steps, where ζ = |� × Q|.7 If M halts in fewer than the
number of encoded time steps, two |ψt 〉 states have support
on a state |�〉 that encodes a halting state of the QTM. The
remaining time steps of the evolution encoded in the history
state leave M’s tape unaltered, and have zero overlap with |�〉.

(6) If M runs out of tape within a time T less than the num-
ber of encoded time steps (i.e., in time-step T + 1 it would
move its head before the starting cell or beyond cell L − 3),
the computational history states only encode the evolution of
M up to time T . The remaining steps of the evolution encoded
in the computational history states leave M’s tape unaltered.

Proof. The addition of Track 0 makes the one-dimensional
construction reflection invariant: every transition rules has a
reflected version, locally distinguishable. No energy bonus are
added, only penalties, so hq0 � 0.

By Lemma 1, any well-formed state (i.e., one match-
ing the regular expression defined by the illegal terms from
Table VI) evolves to another well-formed state under the only
set of transition rules it belongs to: canonical or reverse. As
Track 0 of a well-formed state uniquely determines the set
of rules used, our construction restricted to that subspace is
analogous to the one in Sec. 4 of Ref. [26]. Thus, we can use
Lemma 40 of Ref. [26] to guarantee that evolving any clock
state |φt 〉 using the transition rules will never reach an illegal
configuration, but all other well-formed states that do not cor-
respond to valid clock configurations (a correct evolution from
an initial clock state) will evolve to illegal configurations.

With these two properties, the fact that we also have a
standard form Hamiltonian, and the fact that unitarity of the
Ut are guaranteed, we can use the Clairvoyance Lemma 43 of
Ref. [26] to see that there is only a unique ground state per set
of rules (the computational history state of that orientation)
with a ground-state energy of zero. The rest follows from
Theorem 32 of Ref. [26]. �

We denote the Hamiltonian constructed in Theorem 1 by
Hq0 . The subscript q is commonly used in the literature just
to indicate that the Hamiltonian encodes a computational be-
havior: this does not mean that q is any specific state. We use
Hq0 to further imply that this is still not the final step in the

7This choice of ζ guarantees that the QTM M has enough time to
halt (if it is going to halt) within this number of time-steps in the
finite tape segment available.
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one-dimensional construction. The reason is simple: Hq0 has
a ground-state energy of zero, in both halting and nonhalting
instances. To achieve a different behavior between instances,
we introduce an energy penalty in the halting case. In the
following sections, the computational Hamiltonian considered
is Hq, with local interaction

h(i,i+1)
q = h(i,i+1)

q0
+ |�〉〈�|i ⊗ 1i+1 + 1i ⊗ |�〉〈�|i+1. (13)

Let |ψ〉 = 1√
T

∑T
t=1 |φt 〉|ψt 〉 be the normalized computational

history state for the QTM, where, by Theorem 1, is a zero-
energy state of Hq0 (L), and encodes T = �(|� × Q|L ) steps.
At most two states |ψt 〉 can have support on |�〉, so due to
the exponential dependency on L of the number of time steps
encoded, the energy of Hq(L) is positive but bounded by a
constant exponentially small on L, as

〈ψ |Hq(L)|ψ〉 = 〈ψ |
( ∑

i

h(i,i+1)
q0

(L) + |�〉〈�|i ⊗ 1i+1

+ 1i ⊗ |�〉〈�|i+1

)
|ψ〉

=
T∑

t=1

1

T
〈ψt |(|�〉〈�|i ⊗ 1i+1 + 1i

⊗ |�〉〈�|i+1)|ψt 〉 � O

(
1

|� × Q|L
)

. (14)

IV. ENCODING A TILING PROBLEM IN A 2D
ROTATIONALLY SYMMETRIC HAMILTONIAN

We have seen in Sec. III how one can construct a Hamil-
tonian Hq over a chain of size L, in order to make its
ground-state energy dependent of the outcome of the halting
problem:

(1) If the encoded problem does not halt, the ground-state
energy is zero.

(2) If the encoded problem halts, ground-state energy is
c−L, as seen by Eq. (14).

This behavior has a very obvious limitation: in the ther-
modynamic limit, the energy of both instances converge to
zero. To be able to observe different behaviors in this limit,
we use an additional construction, based on two-dimensional
tilings. This will allow us to amplify the energy of the halting
instances, so it stops vanishing in the limit.

This idea is also used in Ref. [26] (Sec. 5), where the
authors use the rigid geometrical structure of Robinson’s
quasiperiodic tiling [44]. This tiling proves useful for the
following reason: from a finite set of tiles, the arising structure
is a set of interlocking squares of increasing size. By using all
of these sides as chains for our one-dimensional Hamiltonian
Hq, the authors of Ref. [26] construct a final two-dimensional
Hamiltonian that has a clear distinction between halting and
nonhalting instances in the thermodynamic limit: positive in
the first case, negative in the second.

We would like to exploit the same idea. However, in or-
der to do so while ensuring rotation invariance, we need to
modify the construction. To see why, we first turn to a very
simple example (Sec. IV A), while reviewing the basics of

encoding tiling problems in Hamiltonians. Later, in Sec. IV B
we explain the structure of the Robinson tiling, and how the
quasiperiodic structure appears. Finally, in Sec. IV C, we de-
scribe how to transform our tiling problem into a Hamiltonian
ground-state problem.

A. Simple example

The tiling problem asks the following: given a finite set of
tiles and matching rules between them, can we arrange them
properly to cover the plane, or a portion of it? Imagine we
have a set composed of three tiles, labeled as |0〉, |1〉, and |2〉
as in Fig. 4. The matching rule is also simple: matching edges
must have the same color.

Its extension to a Hamiltonian description is also very
natural: a valid tiling is a zero-energy ground state. This is
achieved by just adding an energy penalty to invalid matches.
In this example, those would be tile |1〉 next to |0〉 or |2〉 in
rows, but |2〉 next to |0〉 or |1〉 in columns. Consequently, row
and column terms are not the same, as seen in Fig. 4, meaning
that the tiling Hamiltonian is not rotationally invariant. It is
also worth mentioning that this is happening even when the
tile set itself is closed under rotations, as tile |2〉 is the rotation
of tile |1〉 (and vice versa): a rotationally closed tile set does
not immediately yield a rotationally invariant Hamiltonian.

However, by describing the problem in a different fashion,
we can solve this problem. As seen in Fig. 5, we now label
colors, and say that a tile is a 4-tuple of colors. To describe
a tile, we use the convention of doing it clockwise, starting
from the top side. Now, we can think of the tiling problem as
starting by assigning a color to each edge, and then checking if
the arising four-interaction (usually called a plaquette) forms
a valid tile: that is, one belonging to the tile set. If it is not, it
then adds an energy penalty.

With this description, the interaction represents the prob-
lem of existence of the tile. Therefore, for any rotationally
invariant set, one can use this description to obtain a rotation-
ally invariant tiling Hamiltonian. However, this comes with a
downside, which is having to use four-interactions instead of
two-interactions.

B. The tiles

In this section, we describe the structure of Robinson’s
quasiperiodic tiling, first presented by Robinson in 1971 [44].
In particular, it is a tiling that constructs a family of red
squares of sides 4n for all n ∈ N. This material can be found in
Refs. [44] and [26], but, for a better understanding of the final
picture, we include it to recall how the construction works,
and how the described squares arise.

The set of tiles used is based on the five basic Robinson
tiles shown in Fig. 6, as well as all of their rotations and reflec-
tions. In a valid tiling, arrow heads must meet arrow tails. Tile
(a) is called a cross, and tiles (b)–(e) are arms. In particular,
tiles (b) and (c) will represent segments, as we can see in the
schematics, whereas (d) and (e) represent blank tiles. Arrows
that do not start or end in the midpoint of a square’s side are
called side arrows, in contrast with the central arrows. An arm
is said to point in the direction of its unique complete central
arrow. Lastly, the particular cross depicted in (a) is said to face
up-right.
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row

col

FIG. 4. If the tiles are described as a unit, sites are at the center of the tile, and then hrow �= hcol. (a) The tiles, (b) Example tiling, and (c)
The interactions: matching edges must be of the same color.

We also introduce two possible colors for the side arrows,
red or green, but fulfilling the following restrictions:

(1) Colors must match between adjacent arrows of differ-
ent tiles.

(2) In crosses, the same color must be used in both direc-
tions.

(3) In (b) tiles, one color must be used horizontally and the
other color vertically.

(4) Green crosses must appear in alternate positions in
alternate rows. That is, if there are green crosses at row i
in positions j, j + 2, j + 4 ...(alternate positions) there must
be green crosses in positions j, j + 2, j + 4 ...in row i + 2
(alternate rows).

The last restriction can be achieved by adding extra mark-
ing to the tiles, called the parity marking, shown in Fig. 7.
This four basic tiles already form a closed set under rotation
and reflection and live on a separate “layer”: parity marking
arrows must match only those from parity markings, and
arrows from the basic tiles must match only those from the
basic tiles.

Fusing the five basic colored tiles with this parity layer
gives a set of tiles that covers the plane with a structure of
interlocking squares of increasing size. The fact that green
crosses must appear in alternate rows in alternate positions
means that any given cross completely determines the struc-
ture of the 3 × 3 square constructed in the direction it faces.
By the form of the tiling, the central tile must be a red cross,
with the only freedom being choosing its facing. Once fixed,
the 7 × 7 red square it forms is also determined, with a green
cross in the middle, having again a choice for the direction it
faces. An example of this can be seen in Fig. 8, and continuing
this procedure gives a tiling similar to the one in Fig. 9: a
quasiperiodic structure of red squares with sides of size 4n for
all n ∈ N.

However, with the original Robinson tiles, the character-
istic quasiperiodic pattern of squares does not necessarily

extend throughout the entire plane. As we are sequentially
choosing the orientation of the central crosses, this can cause
a fault line between half planes or quarter-planes (see Fig. 10).
In Sec. 5 of Ref. [26], the original tiles were modified in
order to prevent this, achieving an enforced tiling of the whole
plane. These modified tiles (Fig. 11) still present the original
markings, in addition to some dashed side arrows, those that
force adjacent squares to be aligned, and thus, avoid the ap-
pearance of fault lines.

The tile set used is then based on this new dashed tiles:
(1) We extend them to the full set by rotation and reflec-

tion.
(2) We add the red and green coloring to the solid side

arrows.
(3) We add the additional parity layer.

C. Hamiltonian description

Working with this tile set, the undecidability result from
Ref. [26] (Sec. 6) is achieved by “overlapping” the one-
dimensional computational Hamiltonian on the top edge of
every red square. We will see what this overlapping means in
Sec. V, but for the time being, it is sufficient to imagine that
they mark the top segment in a particular way. However, the
tiling Hamiltonian the authors use to describe the Robinson
tiling is not itself invariant under rotations: the basis of the
local Hilbert space are the tiles, and therefore, the matching
rules are spatial dependent, as we have seen in Sec. IV A
(Fig. 4).

To solve this problem, we turn to the plaquette interaction
setting (as shown in Fig. 5) and use them for describing the
Hamiltonian in this alternative way, where the basis states are
the correct matches between sides of the tiles instead of the
tiles themselves. However, in the Robinson tiling, two sides
can legally be put into contact if their adjacency rules are
compatible according to the description in Sec. IV B, which is

FIG. 5. If we describe white as |0〉 and blue as |1〉, a tile is a four-interaction of sides (with a convention, for example, of starting on the
top and going clockwise). Now sites are at the edges, but h = hrow = hcol. (a) A tile is formed by 4 colors, (b) Example tiling, and (c) The
interaction: arising tiles must belong to our tile set.

013033-11



LAURA CASTILLA-CASTELLANO AND ANGELO LUCIA PHYSICAL REVIEW RESEARCH 8, 013033 (2026)

FIG. 6. The five basic tiles of Robinson’s tiling and their
schematic representation. Image taken from Sec. 5 of Ref. [26].

different from the simpler rule of matching colors and mark-
ings. To understand how to adapt it, we start by studying the
tiles’ edges and notice that, if facing a tile edge from outside,
we can only distinguish several possible cases, depending on

(1) arrow orientation. Each edge has one central arrow and
one side arrow. Both have the same orientation: arrow tails or
arrow heads (2 choices).

(2) location of the side arrow. If facing the edge from
outside, we can see the side arrow either right of the central
one or left of it (2 choices).

(3) style of the side arrow. Side arrows can be solid or
dashed (2 choices).

(4) color, if side arrow is solid. As defined, it could be red
or green (2 choices per solid arrow configuration).

(5) parity layer. We can find central or lateral pairs of
arrows with the same heads or tails configuration (4 choices).

So we have 16 possible configurations for dashed arrows
(heads-tails–right-left, 4 choices of parity) and 32 for the solid
ones (heads-tails–right-left–red-green, 4 choices of parity).
So, a tile edge could in principle have one of this 48 config-
urations. And for the tiling to work, each edge only fits with
exactly another one. However, as not all parities are associated
with all tiles, only k < 48 valid edges occur. We denote by S
this set of possible edges. However, only 12 elements from S
have their valid match in S . We give labels (numbers from 1
to 12) to each of these edges. Their description and matching
can be found in Table III.

Therefore, following a clockwise orientation from topmost
edge to leftmost edge, we can uniquely describe a tile by
an ordered 4-tuple (s1, s2, s3, s4), where all si ∈ S . On the
other hand, each edge is associated with another by a unique
pairing. However, we are not matching edges of the same
type (1 with 1, 2 with 2, etc.), but with a “complementary”
matching instead: 1 to 12, 2 to 11 ....

FIG. 7. Parity tiles. Tile (a) is associated with green crosses,
(b) with any tile presenting a vertical green arrow and (c) with any
tile presenting a horizontal green arrow. Tile (d) is associated with all
tiles. Image taken from Sec. 5 of Ref. [26].

FIG. 8. On the left, a 3 × 3 square of the Robinson tiling, with
the choice of a right-up facing cross in the middle. On the right, a
7 × 7 square of the Robinson tiling, with the choice of a right-down
facing cross in the middle. To avoid confusion, only the colored lines
are drawn in this second figure.

We denote this unique pairing as a function
match(s1, s2) = 1 if the pair is a valid match (those found in
Table III), and zero if not. We use the notation (s1, s2) as in the
usual tile problems, and our convention will also be that the
first element of the pair will be the topmost one (if in a vertical
arrangement) or the leftmost one (if horizontal). Two sides
match if and only if their labels sum to 13, independently of
their position. That is, (12, 1) is a match, but (1, 12) too. For
a visual reference, see Fig. 12.

As these pairings are unique, one could naturally think that
describing the edges (states of the Hilbert space) as a pair is
unnecessarily complicated. Nevertheless, for deciding if the
arising tile exists, it is important to see which part of the
matching is on each side. For example, in Fig. 12, (12, 1)
appears, but (1, 12) is also a valid match with the same sides
involved. However, even though (6, 5, 2, 1) is a tile that exists,
(6, 5, 2, 12) is not.

FIG. 9. A possible Robinson tiling of the plane. Image taken
from Sec. 5 of Ref. [26].
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FIG. 10. An example of a fault line, in which the patterns are shifted (schematic on the right). Image taken from Sec. 5 of Ref. [26].

Then, the local Hilbert space has dimension d = 12 and is
described as

H = Cd = span {(s1, s2) : s1, s2 ∈ S, match(s1, s2) = 1}.
(15)

Tiles are consequently described by a 4-tuple, conventionally
starting from the topmost edge in a clockwise fashion. How-
ever, not all of these 4-tuples represent elements from the set
of valid Robinson tiles

R = {T = (s1, s2, s3, s4) : si ∈ S, T

× is a modified Robinson tile}, (16)

so we penalize those combinations that do not yield a Robin-
son tile as described in the beginning of this section. We do
this by the following plaquette interaction:

hc|P〉 = hc

∣∣((s1
1, s2

1

)
,
(
s1

2, s2
2

)
,
(
s1

3, s2
3

)
,
(
s1

4, s2
4

))〉
=

{
0 if

(
s2

1, s1
2, s1

3, s2
4

) ∈ R
1 otherwise.

(17)

Theorem 2. Given a lattice �(L × H ), where the sites are
located in the middle point of the edges of the unit cells, the
rotationally invariant Hamiltonian Hc given by local interac-
tion hc [Eq. (17)] describes the tiling problem associated with
R, the set of modified Robinson tiles described by its edges
[Eq. (16)]. That is, there exist zero-energy configurations that
encode a valid tiling of the L × H section of the plane.

Proof. The Hamiltonian Hc consists only of positive-
energy penalties. Therefore, the minimal energy occurs when
the number of penalties is also minimized. By Eq. (17), a
positive-energy contribution can only emerge from invalid
tiles. Additionally, as the modified Robinson tiles are designed
to enforce a correct tiling of the whole plane (without fault

lines), then a zero-penalty (with no invalid tiles) configuration
can be achieved, translating into a zero-energy configuration.

An energy penalty is given when a certain tile configuration
does not exist. As all rotations and reflections of the tiles
are considered as part of the tile set, rotating a valid-invalid
tile will still yield a valid-invalid tile, respectively. Therefore,
hc|P〉 = hc(Uπ/2|P〉), and thus Hc is rotationally invariant. �

D. Red segments

If we determine that the square tile size is the unit, all
squares will have side length of 2n. In particular, n odd for
green squares and n even for red ones, so, following Sec. 5 of
Ref. [26], we refer any red edge of a square as a 4n segment.
To form a 4n-segment, 4n − 1 consecutive red segment tiles
and two red corner tiles are needed, giving a chain of an even
number of particles, as needed in Sec. III (see Fig. 13 for an
example).

Accordingly, when we talk about a L × H rectangle, we
mean a section of the plane with a length of L tiles, and
a height of H tiles. To give some energy results, we first
need to lower and upper bound the number of (complete) red
segments appearing in a L × H rectangle.

Lemma 2. The number s of red segments of size 4n con-
tained in a L × H rectangle (width L and height H) tiled using
modified Robinson tiles is lower- and upper-bounded by

4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)
� s,

s � 4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
+ 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)
. (18)

Proof. By Lemma 48 of Ref. [26], we know that the
number sT of top red segments of size 4n in a modi-
fied Robinson tiling of an L × H rectangle is contained

FIG. 11. Basic modified Robinson tiles. Image taken from Sec. 5 of Ref. [26].
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TABLE III. Edge matching of the modified Robinson tiles. Each edge is comprised of a standard layer configuration (e.g., dashed right
read) and a parity layer configuration (e.g., lateral tails). Each row is a match and we have given each edge configuration a distinctive number
tag. The function match can then be defined as match(s1, s2) = 1 ⇐⇒ s1 + s2 = 13. All other existent edges in S can be assigned an arbitrary
label outside [1,12], as no matching is available for them.

1. Dashed right head, lateral tails 12. Dashed left tail, lateral heads
2. Dashed left head, lateral tails 11. Dashed right tail, lateral heads
3. Solid left green head, central heads 10. Solid right green tail, central tails
4. Solid right green head, central heads 9. Solid left green tail, central tails
5. Solid left red head, lateral tails 8. Solid right red tail, lateral heads
6. Solid right red head, lateral tails 7. Solid left red tail, lateral heads

in the interval �H/22n+1�(�L/22n+1� − 1), (�H/22n+1� +
1)�L/22n+1�] for all n. This interval also applies to bottom red
segments sB, as they can be seen as the top ones of a rotation of
the original lattice. On the other hand, right and left segments
sR and sL can be seen as the top ones in a rotation whose height
and width are interchanged. Adding all four inequalities gives
the stated result. �

The following lemma is the key rigidity result needed later.
It shows that a defect in the tiling (i.e., the presence of a
nonvalid tile), does alter the pattern of 4n segments, but not
outside a ball of size 4n+1 centered on the defect.

Lemma 3. In any tiling of an L × H rectangle (width L,
height H) with d defects using modified Robinson tiles, the
total number of red segments of size 4n is at least

4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)
− 8d. (19)

Proof. By Lemma 49 in Ref. [26], we know that the result
for top segments is at least � H

22n+1 �(� L
22n+1 � − 1) − 2d . Their

defects are, however, pairs of nonmatching adjacent pair of
tiles. They achieve the previous bound by dividing the rectan-
gle in blocks of size 2n+1 × 2n+1, and analyzing the remaining
shape after removing any blocks that contain a defect. There-
fore, having a defect in our setting (a nonvalid tile) would
result in the same block removal. Consequently, their bound
applies to our setting too, and as before, we can apply it to
bottom red segments, and also to left and right red segments

FIG. 12. Lattice sites are at the tiles’ edges. Each edge can
only match with its complementary, so each site i is described by
a pairing of sides (s1

i , s2
i ). Following the convention, the plaquette

shown in panel (a) reads as the following 4-tuple of pairs: P =
((s1

1, s2
1 ), (s1

2, s2
2 ), (s1

3, s2
3 ), (s1

4, s2
4 )). As an example, we depict in panel

(c) how the arrangement of tiles in panel (b) would translate to this
setting. For clarity, the parity layer is not drawn in panel (b). The
central plaquette in this case is P = ((7, 6), (5, 8), (2, 1), (12, 1)),
and the tile it fully determines is T = (6, 5, 2, 1).

(interchanging height and width). And adding all these four
inequalities gives the stated bound. �

V. FUSING COMPUTATION AND TILING

The Hamiltonian described in Sec. III relies on the use
of penalty terms to describe a desired evolution, giving a
one-dimensional computational Hamiltonian, which we called
Hq. The Hamiltonian describing the tiling layer will be Hc,
which also uses penalties in order to encode the valid tiling in
a ground state.

We now describe another Hamiltonian Hf , which can be
understood as the merger between Hc and Hq. Given a cer-
tain tiling configuration |ϕC〉, we want the computational 1D
Hamiltonian to only appear at specific regions of the tiling
(on the edges of the red squares), so it adds extra penalties to
undesirable overlappings of Hc and Hq. This can be formalized
as follows:

Lemma 4. Given a certain classical configuration of the
tiling layer |ϕC〉 and a computational Hamiltonian Hq, there
exists a rotationally invariant Hamiltonian Hf whose ground-
state configurations restricted to the subspace S = |ϕC〉 ⊗ CQ

are configurations where every red segment L present on the
tiling layer is also a bracketed subspace Sbr , and such that
Hq(L)|Sbr presents a ground-state configuration (a correct evo-
lution of the computation).

Proof. The first step is to locate the beginnings and ends of
the red segments: the red corners. Each valid tile can be then
described as an ordered group (a, b, c, d ) of four of Table III
numbers. With this depiction of the tiles, we can easily detect
all four possible red corners (bottom left, bottom right, top
left, and top right), as we just need to search for the plaquettes
(1,6,5,2), (2,1,6,5), (5,2,1,6), or (6,5,2,1).

To do so, we denote the set of all computational states
from the one-dimensional construction as R and define the
following tile, that detects the boundaries of the construction,
where ∗ denotes any possible computational state:

(20)

FIG. 13. A 4-segment needs three red segment tiles and two
corner tiles, using a total of six lattice sites.
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We use it to describe the following four-interactions. Note that
hn2 , hn3 , and hn4 are the rotations of hn1 by π/2, π , and 3π/2,
respectively.

(21)

These four interactions are in charge of guaranteeing that
when a corner is detected in the classical tiling layer, the
end of chain markers |© must appear, and that next to them,
the quantum or computational layer, must be not blank. Con-
versely, if end-of-chain markers appear in a region without a
red corner, it will be penalized too.

Second, we would also want to ensure that when a red
segment is encountered, a computation must be taking place.
A red segment can be detected simply with a (x, b, y, a) tile,
where a and b are the labels of the edges with red side arrows
that come from red arm tiles, and x, y are other colors that
complete the tuple to a valid tile. That is, (x, b, y, a) ∈ A :=
{(x, b, y, a) ∈ R | (a, b) = (6, 7), (7, 6), (5, 8), (8, 5)}.

To extend the computational two-body term to a plaquette,
we introduce an additional state in the computational layer
that will represent a blank state (a noncomputational state),
and we use the notation - for it. Additionally, we introduce
a scaling of 1/4 (the reason for this will become apparent in
Sec. VI), so the terms

(22)

penalize a configuration where a vertical or horizontal red segment appears in the classical tiling, but has no computational state
in the quantum layer (and vice versa). Again, hsv

is the π/2 rotation of the hsh term, and ∗ represents any computational state,
acting as an identity over the set of computational states.

So far, we have associated the computational Hamiltonian Hq to the red segments in the tiling. However, in Sec. III, we
modified the original Hq for allowing a reflection symmetry, and therefore, having two different ground states (one corresponding
to each direction of computation). Therefore, when merged to the tiling, if we have k different red segments, we end up having
2k different ground states per choice of tiling. Nevertheless, this is still not the final Hamiltonian to be considered. In Sec. VI,
we see how, by fusing with a trivial Hamiltonian, a unique zero-energy ground state will appear in the gapped case, while lifting
all this exponential degeneracy to a positive energy.

Even so, in order to avoid this exponential dependency, we can fix an orientation for the computation, depending on the
segment it runs on, while also maintaining rotational invariance. This allows the final Hamiltonian to have a single ground state
over tiling configuration |ϕC〉, and not an exponential number of them. For this purpose, we see that certain boundary terms
(summarized in Table II) allow us to detect if we are following a canonical or a reverse orientation. Using this idea, we add
the following family of illegal terms: the terms below (and all their rotations) enforce a desired orientation for the computation
depending on the detected red corner.

(23)

States �A© or
←
B© next to |© mean that we are at the end where the

computation started, whereas
←
A© and �B© indicate its returning

point (see Table II). Using these additional illegal plaquettes,
we ensure that the final computation in the ground state can
only evolve in a clockwise fashion (left to right in the top seg-
ment, top to bottom in the right one, right to left in the bottom,
and bottom to top in the left), as any other combination will
give an additional energy penalty.

Therefore, if hc is the classical tiling local interaction term
and hq, the computational one, the Hamiltonian Hf described
locally by

h f = hc + hq + hsh + hsv
+

4∑
i=1

hni +
4∑

i=1

3∑
r=0

U r
π/2hci

(
U r

π/2

)†

(24)

comprises all of the following energy penalties:
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(1) Those associated with the classical tiling (hc term).
(2) Those associated with the quantum computation (hq

term).
(3) If end markers |© and red corners are not both present

at a site (hni terms).
(4) If a red segment and a computational state are not both

present at a site (hsh and hsv
terms).

(5) If the orientation of the computation is not clockwise
(hci terms and their rotations).

With this description, all the local terms that form Hf have
no energy bonuses, so the only way of minimizing the energy
is reducing the number of penalties. There are no incompati-
bilities between them, so a state where all the restrictions are
met is attainable. Therefore, the only energy present comes
from both Hc and Hq. Additionally, all terms are invariant
under rotations, so Hf is as well. �

VI. UNDECIDABILITY RESULTS

We start by bounding the ground-state energy of Hamilto-
nian Hf .

Lemma 5. Let Hc be the tiling Hamiltonian as described in
Sec. IV with the distinguished state |© and Hq be a computa-
tional Hamiltonian as in Sec. III. Then, there is a Hamiltonian
Hf on a lattice of width L and height H such that the ground-
state energy λ0(H�(L×H )

f ) is lower bounded by

λ0
(
H�(L×H )

f

)
�

�log4 (min {L,H})�∑
n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋

− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)]
λ0(4n) (25)

and upper bounded by

λ0
(
H�(L×H )

f

)
�

�log4 (max {L,H})�∑
n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋

+ 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)]
λ0(4n). (26)

Proof. Construct the Hamiltonian as in Lemma 4. This
implies that the lowest energy configuration for a given tiling
(classical layer) is attained by putting blank states everywhere,
except between the segments marked with a |©, where hq acts
over the chain instead. In the modified Robinson tiling, this
corresponds exactly to all the red edges, of size 4n. There-
fore, we can restrict our analysis to classical configurations of
Robinson tilings (not necessarily valid) with an eigenstate of
Hq along each complete red edge present.

If there are no defects present in the tiling, the minimum
energy is given only by the computational part in each of the
red edges s ∈ S:

∑
s∈E λ0(s). Lemma 20 states the number of

minimum and maximum segments we can have of size 4n, so
we can see that

∑
s∈S λ0(s) is contained in the stated interval

for every L × H lattice with no defects.
On the other hand, each defect present in the classical tile

configuration contributes with energy at least 1 from the hc

term, and causes a decrease in the number of red segments.
Lemma 3 gives us a lower bound for the number of red
segments in this case. If we write λ0(4n) for the energy that
the computational term gives in a red edge of size 4n, we have
that the energy of an eigenstate with d defects is at least:

d +
�log4 (min {L,H})�∑

n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)
− 8d

]
λ0(4n)

= d +
�log4 (min {L,H})�∑

n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)]
λ0(4n) − 8d

�log4 (min {L,H})�∑
n=1

λ0(4n)

� d +
�log4 (min {L,H})�∑

n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)]
λ0(4n) − 8d

1

8

=
�log4 (min {L,H})�∑

n=1

[
4

⌊
H

22n+1

⌋⌊
L

22n+1

⌋
− 2

(⌊
H

22n+1

⌋
+

⌊
L

22n+1

⌋)]
λ0(4n),

where we have used that
∑∞

n=1 λ0(4n) < 1/8. This is true by
Theorem 32 of Ref. [26]: in their construction, the bound for
this sum in their computational Hamiltonian is 1/2. However,
when constructing h f in Sec. V, we have scaled the energy
of computations over red segments by 1/4, while embedding
the two-body computations in plaquette form. Therefore, the
bound from equation (25) still follows.

Note that the summation limits can be refined because we
take the minimum segment size present in both vertical and
horizontal orientations for the lower bound and the maximum
size present in any of both orientations for the upper bound.
However, it is sufficient for our purposes. �

We use this lemma to construct a Hamiltonian Hu with an
undecidable ground-state energy.

Proposition 1. Choose any β ∈ Q+, as small as needed.
There exists a local Hamiltonian Hu and positive uncom-
putable functions δ1(n), δ2(n) such that either

(1) λ0(H�(L)
u ) � − 3βL

4 for all L, or
(2) λ0(H�(L)

u ) � β[L2δ2(n) − Lδ1(n)] for all L � L0(n)
(with L0(n) uncomputable),

but determining which is undecidable.
Proof. Let hq(n) be the local interactions of a com-

putational Hamiltonian, obtained particularly by applying
Theorem 1 with K = 3 to the dovetailing of the QPE-machine
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Pn described in Sec. III A and a UTM. The input parameter
n is what determines the specific Pn used, and thus creating
a dependency of the computational interactions on the input.
Let h f (n) be the local interactions obtained by constructing a
Hamiltonian as described in Sec. V, merging hq(n) with a hc

from a tiling layer. Finally, define the local interaction of Hu

as hu(n) := βh f (n).
Notice that the UTM will start only if the QTM from

Theorem 10 of Ref. [26] has enough tape and time to finish,
therefore correctly initializing n. This happens when the seg-
ment length, r is at least |n| + 6.

First, we consider the case in which the UTM does not
halt. In that case, the only segments with positive energy will
be those not long enough for achieving proper initialization.
Using Lemma 4, we have that

λ0
(
H�(L)

u

)
� β

∑
1�r�|n|+6
r=4m,m∈N

[
4

(
L

2r

)2

+ 4

(
L

2r

)]
λ0(r)

= βL2
∑ λ0(r)

r2
+ βL

∑ 2λ0(r)

r
,

and if we name α2(n) = ∑ λ0(r)
r2 and α1(n) = ∑ 2λ0(r)

r , the
expression reads β[L2α2(n) + Lα1(n)].

We now perform an energy shift in the system: we give
an additional −β/2 energy to each particle. As each pla-

quette has four particles, our system of L × L plaquettes
can be seen as L rows of L + 1 particles and L columns of
L + 1 particles, all different (see Fig. 2). Therefore, we have
2L(L + 1) particles, giving a total energy of −βL(L + 1). We
also have L2 plaquette interactions, and we give an energy
of −β[α2(n) − 1] to each, adding another −L2β[α2(n) − 1].
Then, the previous β[L2α2(n) + Lα1(n)] transforms to

β[L2α2(n) + Lα1(n)] − βL(L + 1) − L2β[α2(n) − 1]

= βL2α2(n) + βLα1(n) − βL − βL2α2(n)

= βLα1(n) − βL = βL[α1(n) − 1] < − 3
4βL,

where the last inequality follows from the fact that∑∞
n=1 λ0(4n) < 1/8, applied to α1(n).
On the other hand, we have the case in which the UTM

halts, and consider r1(n) := min{r = 4m such that segment r
is large enough for UTM to halt on input n}. Therefore, as
entering the halting state produces a c−L > 0 energy penalty
from the one-dimensional computational Hamiltonian (see
end of Sec. III, after Theorem 1), we have that λ0(H�(L)

u ) > 0
for all r � r1(n). After the same energy shift as before, the
ground-state energy can be lower-bounded (again, by Lemma
4) by

λ0
(
H�(L)

u

)
� −βL2α2(n) − βL + β

∑
1�r�|n|+6
r=4m,m∈N

(
L2

r2
− 2L

r

)
λ0(r) + β

∑
r�r1(n)

r=4m,m∈N

(
L2

r2
− 2L

r

)
λ0(r)

= −βL2α2(n) − βL + βL2α2(n) − βLα1(n) + βL2
∑

r�r1(n)
r=4m,m∈N

λ0(r)

r2
− βL

∑
r�r1(n)

r=4m,m∈N

2λ0(r)

r

= −βL − βLα1(n) + βL2
∑

r�r1(n)
r=4m,m∈N

λ0(r)

r2
− βL

∑
r�r1(n)

r=4m,m∈N

2λ0(r)

r

= βL2
∑

r�r1(n)
r=4m,m∈N

λ0(r)

r2
− βL

⎛
⎜⎜⎝1 +

∑
1�r�|n|+6 or r�r1(n)

r=4m,m∈N

2λ0(r)

r

⎞
⎟⎟⎠ := β[L2δ2(n) − Lδ1(n)],

where we have defined

δ2(n) =
∑

r�r1(n)
r=4m,m∈N

λ0(r)

r2
and δ1(n) = 1 +

∑
1�r�|n|+6 or r�r1(n)

r=4m,m∈N

2λ0(r)

r
.

Finally, the proposition follows from the undecidability of the
halting problem. �

Now, by just looking at the definition of energy density, we
can have the following result:

Corollary 1. Determining whether Eρ = 0 or Eρ > 0 is
undecidable.

Proof. Apply the definition of energy density (Definition
4), limL→∞ λ0(H�(L)

u )/[2L(L + 1)], to the results of Propo-
sition 1. In the nonhalting case, Eρ = 0. However, in the

halting case, as λ0(n) > 0 for all r � r1(n), then we also have
δ2(n) > 0. And therefore, Eρ = βδ2(n) > 0. �

The last step is then to prove the main result: the undecid-
ability of the spectral gap problem. The idea behind the proof
is illustrated in Fig. 14, as in Sec. 6 of Ref. [26], but we just
need to use Hamiltonians H0 and Hd that are also rotationally
symmetric.

Theorem 3. For any given universal Turing machine UTM,
we can construct a family of two-dimensional Hamiltonians
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FIG. 14. Image taken from Ref. [26] (Sec. 6). Starting with the Hamiltonian Hu constructed in Proposition 1, we consider two additional
Hamiltonians, Hd and H0, with dense and trivial spectrum, respectively. These are combined into a final Hamiltonian H such that the different
spectra get combined as indicated by the arrows in the figure. This results in an overall Hamiltonian H with gapped or gapless behavior, as
shown in the bottom figure, depending on whether the Turing machine encoded in Hamiltonian Hu halts.

H (n) with four-body plaquette interactions with rotational
symmetry such that

(1) If UTM halts on input n, then the family {H�(L)(n)} is
gapped as in Definition 4.

(2) If UTM does not halt on input n, then the family
{H�(L)(n)} is gapless as in Definition 4.

Proof. Let h(i, j,k,l )
u (n) be the plaquette interactions ob-

tained in Proposition 1 and h(i)
u (n) be the one-body ones. Take

a gapless Hamiltonian Hd , with ground-state energy of zero
and rotationally invariant (as in Definition 3). In particular,
consider the spin-1/2 ferromagnetic Heisenberg model de-
scribed in a plaquette form, as shown in Example 2, with local
Hilbert space Hd .

We now assign a Hilbert space H(i) := |0〉 ⊕ Hu ⊗ Hd to
each site i ∈ �. Define the plaquette and one-body interac-
tions of Hamiltonian H (n) as

h(i, j,k,l )(n) : =
∑

(a,b,c,d )

|0〉〈0|(a) ⊗ �
(b,c,d )
ud +�

(a)
ud ⊗ |0〉〈0|(b,c,d )

(27a)

+1(i, j,k,l )
u ⊗ h(i, j,k,l )

d (27b)

+ h(i, j,k,l )
u (n) ⊗ 1(i, j,k,l )

d , (27c)

h(i)(n) : = −β[1 + α2(n)]�(i)
ud , (27d)

where β and α2(n) are those of Proposition 1, (a, b, c, d ) is
taken over all four cyclic permutations of (i, j, k, l ), and �ud

is the projection of H onto its subspace Hu ⊗ Hd . Decompose
the global Hamiltonian in the square lattice �(L) as H�(L) :=
H̃0 + H̃d + H̃u, taken over (27a), (27b), and (27c) + (27d),
respectively. The three terms commute with each other and

specH̃d = specHd ,

specH̃u = {0} ∪ specHu, specH̃0 ⊂ Z�0.

Let us analyze the spectrum of H�(L) depending on the behav-
ior of the UTM:

(1) In the halting case, take L � L(n) as the minimal L
from Proposition 1, such that L2δ2(n) − Lδ1(n) � 1/β. In that
case, H̃d , H̃u � 0 and hence H�(L) � H̃0. Since |0〉⊗�(L) is the
unique ground state of H̃0, with zero energy and is also a zero-
energy state for H�(L), we have that the spectral gap of H�(L)

is at least as large as the spectral gap of H̃0, which is 1.
(2) In the nonhalting case, we observe the following, given

by the structure of the Hamiltonians:

specH̃u+specH̃d ⊂ specH�(L) ⊂ specH̃u+specH̃d+specH̃0.

As specH̃0 is contained in the set of non-negative integers,
specH̃d ⊂ [0,+∞) and converges in the thermodynamic limit
to [0,+∞), and λ0(H̃u) � 0 for all L, Theorem 3 follows. �

VII. DISCUSSION

We presented a family of 2D four-body Hamiltonians,
which respects the translation and rotational symmetry of the
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square lattice, and whose spectral gap depends on the halting
property of a Turing machine, making it impossible for an
algorithm to predict whether the spectral gap is positive or
vanishes in the thermodynamic limit. The local Hamiltonians
we construct, in the gapped instances, have a unique ground
state, which is then necessarily invariant under the three dis-
crete symmetries considered.

A small remark is that, as explained in Ref. [26] (Sec. 2),
one can fuse a tiling problem and a gapless frustration-free
Hamiltonian, and, due to the result of undecidability of the
tiling problem itself [10], the problem of the spectral gap for
classical Hamiltonians with unconstrained local dimension is
undecidable as well. Our construction uses a tiling and a gap-
less frustration-free Hamiltonian, both of them rotationally
invariant, so the same conclusion can be reached for classical
rotationally invariant Hamiltonians.

We believe that, by incorporating lattice symmetry con-
straints, our construction brings the undecidability of the
spectral gap result a bit closer to more physically realistic
models, although it still suffers from a very large local di-
mension, as well as requiring four-body instead of two-body
interactions as in the previous results. We hope that this is
a step forward in understanding whether symmetries play a
role in undecidability results. While our result is in a sense
negative, given that we show that rotational symmetry is not
an obstacle for undecidability, we think it is an important
question to understand how much can one restrict the problem
until it becomes decidable.

There are many future research directions and open prob-
lems that arise from our work. The first and most immediate is
what happens in the case of 1D systems. Here the only natural
symmetry of the lattice, beyond translations, is the reflection
symmetry. In this work we use the results of Sec. 6 of Ref. [37]
to obtain a family of 1D interactions with reflection symmetry
which encode the behavior of a QTM. To obtain a undecid-
ability result in the 1D case, one could hope to adapt the
construction of Ref. [29] in order to amplify the exponentially
small gap of the history state Hamiltonian to a constant. We
leave this for future work.

A second open problem is to consider the reflection sym-
metry on the 2D lattice. Our construction is in a sense chiral,
as our Hamiltonian description relies on the fact that the
tiles have a sense of “inner orientation.” While we have no
fundamental reason to believe that reflection symmetry would
be incompatible with undecidability of the spectral gap, our
construction depends heavily on the lack of this particular
symmetry. In both the 1D and 2D cases with reflection sym-
metry, a nontrivial problem is to guarantee a unique gapped
ground state while at the same time respecting the symmetry
constraint.

The third open problem is whether the restriction on four-
body interactions is really required. This is again, on the
one hand, an artifact of the proof, due to the necessity of
encoding an invariant tiling problem into an invariant local
Hamiltonian. If one could perform this step with a smaller
interaction length, then most probably the rest of the proof
could be adapted.

Finally, there is the question of what happens if we con-
sider other symmetries that do not arise from the lattice,
e.g., invariance under a global symmetry of the action of a
Lie group, such as SU(2)-invariant models in the theory of
quantum magnetism. Imposing a nontrivial symmetry of this
kind breaks all of the constructions of history states and tiling
Hamiltonians, so a very different approach would be needed
to encode undecidable problems in this class of models. Simi-
larly to the case of reflection symmetry, one would need to find
a mechanism to guarantee a unique (and therefore invariant
under the symmetry) ground state for the gapped instances,
since otherwise the breaking of the continuous symmetry
would immediately imply a gapless system [46,47].
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APPENDIX: TABLES

The one-dimensional chain is divided into seven tracks, as shown in Table IV.

TABLE IV. Description of the tracks.

|© · · · Track 0: Reflection track · · · |©
|© · · · Track 1: Clock oscillator · · · |©
|© · · · Track 2: Counter TM head and state · · · |©
|© · · · Track 3: Counter TM tape · · · |©
|© · · · Track 4: QTM head and state · · · |©
|© · · · Track 5: QTM tape · · · |©
|© · · · Track 6: Time-wasting tape · · · |©

And their local Hilbert spaces are

H0 := span , , , , , ⊕ | ,

H1 := span |s ⊕ |
s ∈ { , , , , , , } for i ∈ {1, . . . ,K},

H2 := span |p ⊕ |
p ∈ P ∪ { , } where P := PL ∪ PN ∪ PR and P := P ∪ PR,

H3 := span |τ ⊕ |
τ ∈ Ξ where Ξ := , #, 0, . . . , ζ − 1} with ζ = |Σ × Q|,

H4 := span |q ⊕ |
q ∈ Q ∪ P ∪ PL ∪ {rx} ∪ { , } where Q := QL ∪ QN ∪ QR, Q := Q ∪ QL

and x ∈ Q,

H5 := span |σ ⊕ |
σ ∈ Σ,

H6 := span |γ ⊕ |
γ ∈ Ξ ∪ { q} where q ∈ Q .

(A1)

K is a constant that is fixed later. � is the tape alphabet of the given QTM M. � is the alphabet of the counter TM that will
drive the clock. PL, PN , PR are the sets of internal states of the counter TM that can be entered by the TM head moving left, not
moving, or moving right, respectively. The states p′ ∈ P′

R duplicate the states p ∈ PR, and p′ ∈ P′
L duplicate those in PL. Similarly

for the internal states QL, QN , QR of the QTM, with q′ ∈ Q′
L duplicating the states q ∈ QL.

The © and ©© symbols for Tracks 2 and 4 are used for cells that do not currently hold the head.8 The general marker state
| |©〉 that extends to all tracks, as in Theorem 1, is just the state | |©〉 = ⊗6

i=0 | |©〉track i. This set of states defines a standard basis
for the single-site Hilbert space H. The product states over this single-site basis then give a basis over Hilbert space H⊗L of the
chain. See Tables V–XII below for the full description of the chain rules and illegal pairs, as described in Sec. III.

8There are two blank symbols because different symbols are needed to the left and right of the head in order to enforce the constraint that
there is only one head on the track.
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TABLE V. Clock rules for the canonical orientation. Rules marked with a ∗ are modified in Table VII.

1. −→ 4. −→ 8. −→

Tracks
0, 1

2. −→ 5. −→ 9. −→

3. −→ 6. −→ 10. ∗−→

7. −→ 11. ∗−→

12.
pα

−→
pα

15. −→ 17. −→

Tracks
0, 1, 2

13.
¬pα

∗−→
¬pα

16. −→ 18. −→

14. ∗−→

19.
p

· σ

−→
pL

· τ

23.
p

σ ·

−→
pR

τ ·

27.
p

σ

∗−→
pN

τ

Tracks
0, 1,
2, 3

20.
p

· σ

−→
pL

· τ

24.
p

σ ·

−→
pR

τ ·

28.
pR

·

∗−→
pR

·

21.
p

σ ·

−→
pN

τ ·

25.
pR

· ·

−→
pR

· ·

22.
p

σ ·

−→
pN

τ ·

26.
pR

· ·

−→
pR

· ·
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TABLE VI. Canonical clock illegal pairs. x, y denotes any canonically oriented pair of Track 0.

Tracks 0, 1, 2 1. ¬
¬

2.
¬pα

3.
pα

4.
·

¬
pR

Tracks 0, 1, 3 5. ¬
¬#

Tracks 0, 2 6. ¬
pα

7. ¬
pα

Tracks 0, 2, 3 8.
x y

pα ·
· ¬#

9.
x y

p

# #

Tracks 0, 3 10.
x y

0 #
11.

x

0

Tracks 0, 2, 3 for undefined transitions
in Base-ζ Counter ([26], (69))

12.
·
p

τ

13.
x y

pR

τ ·
14.

x y

pL

· τ

15.
x y

pN

τ ·

Tracks 1, 2, 3 if δ(p, σ) = (pL, τ, L) 16. p

σ

Tracks 0, 1, 4 17. ¬
¬

18.
¬q0

Tracks 1, 5 19. ¬1
20. ¬#

Tracks 0, 1, 6 21. ¬
¬#

22.
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TABLE VII. Quantum rules for the canonical orientation.

Tracks 0,
1, 4

1. −→ 3. −→ 5.
rq

−→
rq

7.
p

−→
p

2. −→ 4. −→ 6.
rq

−→
rq

8.
p

−→
p

9.
p

σ ·

−→
τ,qR

δ(p, σ, τ, qR, R)
qR

τ ·

+
τ,qN

δ(p, σ, τ, qN , N)
qN

τ ·

+
τ,qL

δ(p, σ, τ, qL, L)
qL

τ ·

Tracks 0,
1, 4, 5

10.
p

σ ·

−→
τ,qR

δ(p, σ, τ, qR, R)
qR

τ ·

+
τ,qN

δ(p, σ, τ, qN , N)
qN

τ ·

+
τ,qL

δ(p, σ, τ, qL, L)
qL

τ ·

11.
qL

· ·

−→
qL

· ·

12.
qL

· ·

−→
qL

· ·

13.
qf

·

−→
pα

qf
·

15.
p

σ ·

−→
pR

τ ·

17.
p

σ ·

−→
pN

τ ·

19.
p

· σ

−→
pL

· τ

Tracks 0,
1, 4, 6

14.
qf

·

−→
pα

qf
·

16.
p

σ ·

−→
pR

τ ·

18.
p

σ ·

−→
pN

τ ·

20.
p

· σ

−→
pL

· τ

21.
pL

· ·

−→
pL

· ·

22.
pL

· ·

−→
pL

· ·

Tracks 0,
1, 2, 4

23.

q

−→

rq

Tracks 0,
1, 2, 4, 6

24. ¬pα

qL

−→ ¬pα

pα

qL

25. ¬pα

rq

−→ ¬pα

pα

q

Tracks 0,
1, 2, 3, 4

26. p

σ

q

−→ pN

τ

rq

27. pR

·
q

−→ pR

·
rq
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TABLE VIII. Illegal pairs for the quantum Tracks in canonical orientation.

Tracks 0, 1, 4 1. ¬
¬

2.
¬q0

Tracks 1, 5 3. ¬1
4. ¬#

Tracks 0, 1, 6 5. ¬
¬#

6.
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TABLE IX. Clock rules for the reverse orientation. Rules marked with a ∗ are modified in Table XI.

1. −→ 4. −→ 8. −→

Tracks
0, 1

2. −→ 5. −→ 9. −→

3. −→ 6. −→ 10. ∗−→

7. −→ 11. ∗−→

12.
pα

−→
pα

15. −→ 17. −→

Tracks
0, 1, 2

13.
¬pα

∗−→
¬pα

16. −→ 18. −→

14. ∗−→

19.
p

σ ·

−→
pL

τ ·

23.
p

· σ

−→
pR

· τ

27.
p

σ

∗−→
pN

τ

Tracks
0, 1,
2, 3

20.
p

σ ·

−→
pL

τ ·

24.
p

· σ

−→
pR

· τ

28.
pR

·

∗−→
pR

·

21.
p

· σ

−→
pN

· τ

25.
pR

· ·

−→
pR

· ·

22.
p

· σ

−→
pN

· τ

26.
pR

· ·

−→
pR

· ·
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TABLE X. Reverse clock illegal pairs. y, x denotes any reversibly oriented pair of track 0.

Tracks 0, 1, 2 1. ¬
¬

2.
¬pα

3.
pα

4.
·

¬
pR

Tracks 0, 1, 3 5. ¬
¬#

Tracks 0, 2 6. ¬
pα

7. ¬
pα

Tracks 0, 2, 3 8.
y x

· pα

¬# ·
9.

y x

p

# #

Tracks 0, 3 10.
y x

# 0
11.

y

0

Tracks 0, 2, 3 for undefined transitions
in Base-ζ Counter ([26], 69)

12.
·
p

τ

13.
y x

pR

· τ

14.
y x

pL

τ ·
15.

y x

pN

· τ

Tracks 1, 2, 3 if δ(p, σ) = (pL, τ, L) 16. p

σ

Tracks 0, 1, 4 17. ¬
¬

18.
¬q0

Tracks 1, 5 19. ¬1
20. ¬#

Tracks 0, 1, 6 21. ¬
¬#

22.
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TABLE XI. Quantum rules for the reverse orientation.

Tracks 0,
1, 4

1. −→ 3. −→ 5.
rq

−→
rq

7.
p

−→
p

2. −→ 4. −→ 6.
rq

−→
rq

8.
p

−→
p

9.
p

· σ

−→
τ,qR

δ(p, σ, τ, qR, R)
qR

· τ

+
τ,qN

δ(p, σ, τ, qN , N)
qN

· τ

+
τ,qL

δ(p, σ, τ, qL, L)
qL

· τ

Tracks 0,
1, 4, 5

10.
p

· σ

−→
τ,qR

δ(p, σ, τ, qR, R)
qR

· τ

+
τ,qN

δ(p, σ, τ, qN , N)
qN

· τ

+
τ,qL

δ(p, σ, τ, qL, L)
qL

· τ

11.
qL

· ·

−→
qL

· ·

12.
qL

· ·

−→
qL

· ·

13.
qf

·

−→
pα

· qf

15.
p

· σ

−→
pR

· τ

17.
p

· σ

−→
pN

· τ

19.
p

σ ·

−→
pL

τ ·

Tracks 0,
1, 4, 6

14.
qf

·

−→
pα

· qf

16.
p

· σ

−→
pR

· τ

18.
p

· σ

−→
pN

· τ

20.
p

σ ·

−→
pL

τ ·

21.
pL

· ·

−→
pL

· ·

22.
pL

· ·

−→
pL

· ·

Tracks 0,
1, 2, 4

23.

q

−→

rq

Tracks 0,
1, 2, 4, 6

24. ¬pα

qL

−→ ¬pα

pα

qL

25. ¬pα

rq

−→ ¬pα

pα

q

Tracks 0,
1, 2, 3, 4

26. p

σ

q

−→ pN

τ

rq

27. pR

·
q

−→ pR

·
rq
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TABLE XII. Illegal pairs for the quantum tracks in reverse orientation.

Tracks 0, 1, 4 1. ¬
¬

2.
¬q0

Tracks 1, 5 3. ¬1
4. ¬#

Tracks 0, 1, 6 5. ¬
¬#
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