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Abstract— This paper proposes a nonlinear model predictive
control (NMPC) approach for incrementally input-to-state stable
gated recurrent units (GRU) neural networks affected by
state and output disturbances. In particular, a Luenberger-
like observer is designed for state and disturbance estimation
with guaranteed convergence properties. This paves the way
for the design of an NMPC regulator capable of rejecting
unknown piecewise-constant disturbances. The method is tested
in simulation on a nonlinear benchmark system, i.e., a chemical
reaction process, showing promising results.

Index Terms— Nonlinear Systems; Recurrent Neural Net-
works; Model Predictive Control; Stability

I. INTRODUCTION

Model Predictive Control (MPC) is a well-established
control strategy that stands out for its capacity to manage
input, state, and output constraints, as well as the conceptually
straightforward extension to nonlinear system models. A key
ingredient to achieve a well-performing MPC regulator is
the accuracy of the dynamical model of the system under
control, not always available in practice. Hence, a system
identification procedure is often needed to retrieve a reliable
dynamical model of the system from data, resulting in the
so-called learning-based MPC [1].

Among the many structures available to learn black-box
models for MPC design, researchers have recently considered
Recurrent Neural Network (RNN) as Gated Recurrent Units
(GRU) and Long Short-Term Memory Networks (LSTM) [2],
as they can approximate any arbitrary dynamical system while
avoiding gradient problems affecting other RNN models [3].

This choice has been shown to effectively combine
the modeling capabilities of RNNs with the flexibility of
Nonlinear MPC (NMPC), leading to control schemes with
suitable performance in many applications [4], [5]. Moreover,
theoretical frameworks based on the idea of training RNN
models with Incremental Input-to-State Stability (JISS) have
been proposed in [6], allowing the design of NMPC strategies
with nominal closed-loop stability guarantees [7], [8].

A limitation of these stabilizing MPC strategies is their
static performances, i.e., their accuracy in regulating the
system’s output to constant setpoints. This accuracy might
indeed be limited by the possible presence of plant-model
mismatch and unknown disturbances affecting the plant,
which calls for the design of offset-free NMPC strategies.
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In the MPC literature, several strategies have been proposed
to achieve offset-free MPC control [9]. One approach relies
on the internal model principle [10], in which an integral
action on the output tracking error is introduced and a
stabilizing control law is designed for the augmented system
given by the model plus the integrator. A second approach
involves augmenting the system model with disturbance
dynamics [11]. This augmented model enables the design of
a state observer that estimates both the system state and the
disturbance, which can be then used to design an NMPC law
that compensates for the disturbance. Crucial to the success
of this approach is the model adopted for the disturbance
and the interaction of the disturbance with the system [12],
as well as the design of an observer capable of actually
estimating the disturbance. Adopting a disturbance model that
only affects the system output transformation, [13] recently
proposed a robust disturbance estimation-based offset-free
NMPC strategy for GRU models.

While focusing solely on output disturbances can achieve
satisfactory control performance, it may overlook state distur-
bances, which often affect real systems. Suitably estimating
state disturbances is crucial not only for effective control but
also for designing monitoring and fault detection algorithms.
Moreover, learning the effect of disturbance on states allows
one to exploit available knowledge about the physical system,
aligning with the principles of physics-informed machine
learning, which has been shown to yield improved models
and faster learning procedures.

In this paper, we propose an offset-free NMPC strategy
based on GRU models in which the disturbance affects
both the states and the outputs. Specifically, we assume
that disturbances are not measurable in closed-loop online
operations. A GRU model that is JISS with respect to
inputs and disturbances is proposed and then augmented
with the disturbance dynamics. We present an observer with
convergence guarantees for the augmented system, enabling
the reconstruction of the model’s state and the disturbance.
Finally, a stabilizing MPC law is adopted for the extended
system, which leads to an offset-free control architecture.

Notation: For vector v € R", v(5) denotes its j-th
component, v its transpose, and ||v||, its ¢,-norm. The
element-wise product between vectors u and v is u o v. For
time-dependent vectors, we omit the time index k when
there is no ambiguity, i.e., v = v, and v* = v 1. We
denote sequences by vg,.x, = {Vk,, .., Uk, }- The hyperbolic
tangent and sigmoid activation functions are denoted as

¢(v) = tanh(v) and o(v) = ﬁ, respectively. For
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matrix A, ||Al|, is its induced p-norm and p(A) its spectral
radius. I denotes the identity matrix of proper dimensions.
A continuous function o : R>9g — Ry is a class K if
a(s) > 0 for all s > 0 and «(0) =0, and o € K is also
a K function if a(s) — oo for s — co. A continuous
function 8 : R>g X Z>o — R is aclass KL if 5(s, k) € K
is strictly decreasing in k for s < 0, and (s, k) — 0 as
k — oo for s > 0.

II. GRU MODEL WITH DISTURBANCES

Let us consider a single-layer GRU model described in
discrete-time state-space form:

(@) : {x+ SR Am e 0

Yy = gz(iﬂ,d; (P) =Vod+ Uy + b,

where © € R"= is the state vector, u € R™ is the input
vector, and y € R™ is the output. The disturbance vector
d € R™ is assumed to be known/measurable at training
stage, but unknown in online operations. The terms z =
z(z,u,d), f = f(z,u,d), and r = r(z,u,d) are the gates
of the network, which are defined as:

z=0c(Wyu+V,d+U,x +1,),
f= O'(qu+Vfd+fo+bf),
r=¢Wu+V.d+U.fox+b,).
The set of learnable parameters of the model (weights) is
¢ = {WZ7 Wf: er VZ7 Vf’ ‘/T" Vov UZ7 va Ur': an bZ7 bf» b7'7 bo}
Assumption 1: The input u of the GRU and the disturbance
d are unity bounded, i.e.,
u el & {u e R™ : ||ul|le < 1},
deD 2 {deR" : ||d|s <1}
Note that Assumption 1 is common when operating with
RNN models, and can be satisfied by normalizing the input
and disturbance data, provided that they are limited [14].

(1b)

A. Stability properties

In this section, we analyze the stability properties of the
GRU model (1). As the properties considered are usually
regional, let us take the following mild assumption and lemma.

Assumption 2: The GRU model (1) is initialized within
an arbitrarily large, but finite, set X defined as

X2 {reR™ :||z)| <2}, with i > 1.
Lemma 1 (Invariant set of GRUs [15]): The set X is an

invariant set for the GRU model (1). That is, r € X —
2t = fs(z,u,d) € X, forany u € U and d € D.

Proof: The proof of [15, Lemma 3.3] can be applied to

(1) by considering the augmented input & = [u',d"]T. =

In light of Assumption 1 and Lemma 1, the following
bounds can be provided on the gates z, f, and 7.

Lemma 2: The gates z, f, and r of the GRU model (1) can

be bounded, for any component j € {1,...,n,}, as follows
0 <l-6, <z, <& <1,

0 <1-9y Sf(j) <d; <1, 2)
-1 <-¢ <rg <o <1,

where the bounds are defined as

Efz :U(”Vi/z Uzi' bZHOO)7
or =o(Wy Ui bllso), 3)
o =o(IW, Upd brlls),

with W, = [W,,,V,] for v € {r, f, z}.
Proof: The proof of [15, Lemma 3.5] can be applied to
(1) by considering the augmented input @ = [u',d"]T. =
At this stage, the following stability property is introduced.

Definition 1 (61SS): The model (1) is said to be regionally
Incrementally Input-to-State Stable (SISS) if there exists
functions 5 € KL and v, 74 € Koo such that, for any pairs of
initial conditions x&, 2} € X, input sequences ul.,,ud., € U,
and disturbance sequences dg.,., dg: & €D, it holds:

lz* = 2®ll2 < B(llz§ — @5]l2, k)

a b a b
. — 4o — d )
(e =) a((max a2~ dlz).

,,,,,

where z”, with v € {a, b}, denotes the state of model (1)
initialized in xg and fed with ug.,._, and dg.,._;.

The stability property in Definition 1 entails that the
state trajectories are asymptotically independent of the initial
conditions. Therefore, the following theorem can be stated.

Theorem 1 (0ISS of the GRU model): A sufficient condi-
tion for the JISS of the GRU model (1), in the sense specified
by Definition 1 and with &,5, ngT defined as in Lemma 2,
is the following:

1 1(z -
||Ur‘|oo(1i||UfHoo + 6f> + M|U2|oo —-1<0.
“)
Proof: The proof is reported in Appendix A. [ ]
Along the lines of [6], the devised J§ISS condition (4)
can be enforced during the model’s training procedure, thus
learning a provenly-0ISS GRU model exploting input-output
data. It is worth noting that disturbance historical data are
supposed to be available for the training procedure. In the
remainder of this paper, we assume that the GRU model (1)
has been trained as described, e.g., in [6], and that (4) is
satisfied by the trained weights ®*.
Assumption 3: The model (1) is §ISS with respect to the
sets X', D and U, i.e., condition (4) holds true.

III. CONTROL STRATEGY

For the system learned by the GRU model (1), we propose
a control strategy called State & Output Disturbance (SOD)
that involves to design a state observer that estimates both the
state vector x and the disturbance vector d, which is assumed
to be non measurable online. The resulting estimations (Z, cf)
are later used to initialize the NMPC model, which yields
the optimal input u* that is applied to the plant (see Fig. 1).

A. Observer design

The state observer is designed under the common assump-
tion that the disturbance d is piecewise-constant:

dt =d. 3)
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Fig. 1. Scheme of the proposed NMPC control approach.

For the enlarged model, achieved by augmenting the GRU
model (1) with the disturbance dynamics (5), we propose the
following Luenberger-like state observer:

:f0(£7d7uay;¢o):ZA’Oi“i‘(l—é)of’
O(®,) : { dt = ho(#,d,y; ®,) = saty ((j+ La(y - 9)),
i = go(i, d; Do) = Vod + Uy + bo,

(6a)
where
t=o(Wou+Vd+ Uit + b, + La(y — ),
f:O'(qu+VfCi+Uf§3+bf+Lf(y_y))7 (6b)
(

P =¢(Wou+Ved+ U, fod+b,),
and satp () denotes the element-wise saturation to the box
D as in [16], ensuring that the disturbance estimate remains
consistent to d € D also during transients. The matrices
L,,Ly € R*™*™ and Lq € R™*™ are the gains of
the observer to be designed and, together with the already
trained weights of the model (1), represent the observer
parameters &, = ®* U{L,, Ly, Lq}. The observer requires
a suitable tuning of its gains to compute its future state £+
and disturbance d* estimates at any time instant. The design
must also guarantee the convergence of both estimations with
their true values, as specified in the following definition.
Definition 2: The observer O(®,) is said to be convergent
if, for any initial state ro € X and any disturbance
dy € D, given the applied input sequence wug.; and
measured output sequence yo.x(Zo, do, uo.; P*), the state
estimate & (o, do, Uk, Yo-k; Do) and the disturbance estimate
cZ(ﬁco, do, yo:x; o) converge, respectively, to their true values
for any initial guess £p € X and dy € D. That is, there exists
a function j3,(-, k) € KL such that

a2 0. o
2 2

Theorem 2 (Observer’s exponential convergence): A suf-
ficient condition for the exponential convergence of the
observer (6) is that L., Ly, L, are such that the matrix

A=A(z,L,,Ly,Lg) = {Z; :;ﬂ ’ ®

T — T

T — Zo
d—d

do — do

where, for all z € [1 — 6,,5.],

1
my =2+ (1= 2)(F2107 = LiUolloo +64) Uy 1
1 .
"’Z(j + ¢r)||Uz - LzUoHom
1.
mo = (1= 2) (30 Vs = LVolloo + Vil )
1,
+Z(x =+ ¢r)||vz - LzVo“oov
R21 = HLdUo”om
Ro2 = HI* LdVoHom

is Schur stable, i.e., its spectral radius is p(4) < 1.
Proof: The proof is reported in Appendix B. [ ]

Thus the problem of designing the observer (6) amounts
to finding gains L., Ly, Ly that satisfy Theorem 2. This can
be done by formulating the observer design problem as a
nonlinear optimization problem, as discussed below.

Proposition 1 (Optimal observer design): The gains of
the GRU observer (6) that allow to address Theorem 2 can
be found by solving:

LY L% L= i A 9
wlpLo=arg  min [A]l2 (9a)
s.t. — 1+ Ki1 + Koy < K11Ko2 — K12ka1 < 1 (9b)

with the constraint evaluated in z =, and z =1 — 7,.
Proof: In light of [7, Lemma 1], A is Schur stable if
and only if =1+ K11 + Koo < K11K22 — K12k91 < 1 for all
z € [1 — &,,0,]. Since k11 and k1o are linear with respect
to z, while k21 and k9; are independent of z, it is enough
to impose constraint (9b) for the extreme values z = &, and
z=1—-25,. By [7, Lemma 1], any feasible solution of (9)
satisfies Theorem 2. [ |
Note that since p(A) < || A||2, the minimization of ||A[-
promotes a faster worst-case convergence of the estimates.
The fulfillment of Theorem 2 is guaranteed by constraint (9b),

which is equivalent to p(A) < 1, see [7, Lemma 1].

B. NMPC formulation

A nonlinear MPC law based on the GRU model (1) is
proposed. We denote by ug.ny—1 = {ug,...,un—_1} the
input sequence applied throughout the prediction horizon N,
and by xo.xy = {z0,...,zn} the corresponding predicted
state trajectory, where z,, and u,, are respectively the state
and input predicted at step k£ + n. Moreover, the controller
considers a setpoint ¢ that meets the following assumption.

Assumption 4: For an output setpoint § € ) C R™v and
any disturbance de D, there exists a feasible equilibrium @ €
U and T € X such that = = fE(i:,ﬂ,(Z) and § = gg(f,cf).

At each time step k, the control objective is to minimize:

I = 05 (I = @l + lun — ll3) + V (o, 3, 9),
where Z and u are steady-state values of x and u such that,
for the constant disturbance d = d, the output is equal to
the setpoint §. In J(-,-), the first term is a stage cost with
weighting matrices ) > 0 and R > 0 penalizing, throughout
the prediction horizon, the deviation of the predicted state and
input trajectories from the references  and u. The last term



is a terminal cost commonly designed to ensure closed-loop
stability of the MPC. Following [8], it is defined as

V(xN,f,ﬂ) = Z%:o ”xNer - ;E||237
where =y, with m € {0,...,M} denotes the state
prediction from step /N to N 4+ M under the constant input
u = . For the design of a terminal horizon M and a weight
matrix S achieving closed-loop stability properties, see [8].
The optimal control problem is defined as:

up, N1 =arg uﬁnj\lrfill J(xo:N, Uo:N—1) (10a)
st. xzo=42, dy=d, (10b)
dpy1 = do, (10c)

Tn+1 = fE ($n7 Un, dn); (10d)

U, €U, (10e)

for all n € {0,...,N — 1}. By constraint (10b), the
model is initialized by Z and cf, i.e., the current state
and disturbance estimates given by the observer (6). The
disturbance is considered constant throughout the prediction
horizon by (10c), and the dynamics of the model is imposed
by constraint (10d). The control variable is constrained within
the set U via (10e), see Assumption 1.

At each time step k, the sequence uj.,_; is obtained by
solving problem (10), but only the first input wj is applied to
the plant. Algorithm 1 summarizes the steps of our proposed
NMPC controller based on the SOD model.

Algorithm 1
Input: Setpoint ¥.

1: Estimate the state & and disturbances d via the GRU
observer (6) given the output measurement y.

2: Calculate the equilibrium (Z, ) for the output setpoint
y and the estimated disturbance d subject to the GRU
dynamics such that z = fx(Z, @, d) and § = g (z,d).

3: Solve (10) to obtain the control sequence g, -

4: Apply the first control action uj to the plant.

Remark 1: The stability of the adopted MPC algorithm
is ensured in the presence of constant disturbances. If d is
piecewise-constant, the disturbance estimate d will converge,
see [17], so that the stability is recovered.

Remark 2: To deal with disturbances in the MPC design, it
is common to consider a model where disturbances act linearly
only on the output and are estimated as previously described.
In this approach, henceforth named Output Disturbance (OD)
estimation, the disturbance is intended to include not only the
effect of exogenous signals, but also unmodeled dynamics.
Although the OD approach usually provides suitable control
results, it does not account for previous system information,
e.g., the presence of disturbances acting on the state equation,
as done in physics-based approaches. Moreover, the estimated
disturbance is dissimilar from the real one.

IV. CASE STUDY

The control strategy is evaluated in the pH neutralization
process [18] illustrated in Fig. 2. This system is composed

q2
f

a3 q1e

Tank 1

q4

Fig. 2. Scheme of the pH neutralization system.

of two tanks: the reactor tank #1, which is fed with the flow
rates qi. (acid flow), ¢g» (buffer flow) and ¢3 (alkaline base
flow), and the tank #2, which is fed with the acid flow rate
q1 and provides as output gi.. It is assumed that ¢;. = ¢1
as the hydraulic dynamics of the tank #2 is much faster
than the others involved. The flow rates ¢; and ¢ cannot
be manipulated, whereas g3 can be regulated by a valve and
represents the control action w. In particular, we assume that
d = q is a piecewise-constant disturbance while ¢ is fixed to
the nominal value. The pH is measured from the constant flow
rate g4 at the output of the reactor tank. The system model is
represented by nonlinear third-order dynamics given by the
equations and parameters detailed in [18]. The objective is to
regulate the pH value to a given setpoint 4 = 8 considering
input constraints [u™®, y™aX] = [12.5, 17] mL/s.

To analyze the advantages of the proposed SOD con-
troller (NMPCgop), we compare it with the OD approach
(NMPCgpp) outlined in Remark 2. In both approaches, the
system has been identified with a single-layer GRU model
with n, = 7 units that enjoys the exponential JISS property,
following the procedure detailed in [6]. The datasets to learn
the models are obtained from a plant simulator operated for
approx. 42h with a sampling time T, = 15s. In particular,

e The GRUgpop model (1) is trained using a dataset
of input, output and disturbance trajectories: Tsop =
{uo.r, do.T, Yo7},

e« The GRUop model, which is defined as z+t =
fe(x,u; ®) and y = gs(x; ) + d, is trained with d = 0,
thus the dataset employed is Top = {uo.T, Yo.1}-

Note that these trajectories must be normalized to be used for
the training procedures but, in the figures, they are depicted
in their original scales for the sake of interpretability. The
corresponding datasets are partitioned into a training set
(Ti, = 70%T), a validation set (Tya = 15%T), and an
independent test set (T, = 15% T') to assess the performance
of the learned models. The training procedures are carried out
minimizing, with the RMSProp optimizer [14], the truncated
simulation error of the model, plus a regularization term to
enforce the model JISS [6].

At the end of the training, the models’ accuracy are
quantified on the independent test sets via the FIT index.
This index is the ratio between the open-loop simulation
error on the test set, after a washout period T3, and the root



TABLE I
FIT INDEX IN THE TEST SETS FOR BOTH MODELS

FIT in Tte,OD FIT in Tte,SOD

96.56 %
96.04 %

77.28 %
95.96 %

GRUop
GRUsop

I
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Fig. 3. Results on implementing NMPCgop and NMPCgop approaches.
mean square value of the output w.r.t its mean Y avg:

Zzsz Hy(IU: dtc,():ka Ute,0:k > q)*) — Yte,k |2>
— 7 .
Zszw Hytc,k - ytc,ang2

The learned §ISS GRUgop model scores a 95.96% FIT
value in the test set Ti. sop compared to the ground truth.
Comparing the FIX index of both models for two test sets
with disturbances Ti sop and without disturbances Tie op
(see Table I), the GRUsop model is more accurate because
it leverages disturbances knowledge during the training stage.

The observer’s gains (6) are computed by solving the
problem (9) but, due to the conservativity of the approach, a
fine tuning has been implemented to improve performance.
Note that the GRUpp model is augmented with a distur-
bance model as (5) and the observer Oop(®,) = {21 =
fo(i'v u, y; (PO)7 dt = ho(i'7 dA? Y; ®0)7 g = go(jja d; (I)o)} is
designed with the gains resulting from solving a problem
analogous to (9) to estimate its states and disturbances.

The simulation length is 2 h. To design the MPC parameters
of both approaches, we consider the prediction horizon N =
20, the terminal horizon M = 20, and the weighting matrices
Q =1, xn, S=2Q, and R =0.25.

Fig. 3 depicts the input, the disturbance, and the output
trajectories by implementing both control approaches. Note
that the output measurements y are corrupted by white noise
(o = 0.02). As shown, both controllers lead the output to the
setpoint while respecting the input constraints. Nonetheless,
there are some differences we would like to remark on. With
NMPCop, the noise from the output measurement is reflected
in the input signal, e.g., the standard deviation of uop,60:200
is 11.37-1073. Conversely, the control action in NMPCsop
is filtered from that noise, as shown in the top graph of
Fig. 3 (the standard deviation of usop,60:200 15 3.28 - 1073) ,
which is beneficial to avoid the wear of the valve controlling

FIT(%) = 100 - (1

¢3. Additionally, NMPCgop provides the convergence of
the disturbance estimate (second plot in Fig. 3), obtaining
a suitable online estimate of this unmeasurable input that
affects the system. In contrast, the disturbance estimated with
NMPCop does not represent a real disturbance as d = ¢,
but rather a measure of uncertainties to regulate the output.

V. CONCLUSIONS

This work investigates online estimation of disturbances
in states and outputs of Gated Recurrent Unit (GRU) neural
networks, which are trained to describe the system dynamics
with input-to-state stability. A Luenberger-like observer with
convergence guarantees is proposed for the estimation of
disturbances and the black-box states of the GRU model.
Finally, we design an offset-free nonlinear MPC for setpoint
tracking and we test it in a nonlinear benchmark. The results
show some improvements over the usual approach in which
disturbances are considered to act linearly only on the output.
Remarkably, our approach provides a reliable disturbance
estimate, crucial for optimizing control and developing robust
monitoring and fault detection protocols.

Future work will aim to develop MPC methods that
avoid recalculating state and input references for each new
disturbance estimate. Additionally, we will also explore
robustness guarantees to handle transient variations between
estimated and actual disturbances.

APPENDIX
A. Proof of Theorem 1

Let x¥ be the state of the GRU model (1), initialized in
zy € X and fed with the input sequence ug,, € U and by
the disturbance dyj,, € D, for both trajectories v € {a,b}.
Consider the augmented input vector @ = [u”',d" "] € U,
where U/ = U x D and let Az = 2% — zb, Az = 2§ — 28,
and A% = @® — @°. Following a procedure similar to [15,
Proof of Theorem 3.8] one can bound Ax as follows

,}"-/ -
S e L
FAT ax || Ady e

1— A5 re{t,... . k—1}

By [15, Lemma 2.1], the system is dISS (in the sense specified
by Definition 1) with functions 3(s,k) = /n; Afs and

Yu(8) = va(s) = \/Ei:?“s [ |

B. Proof of Theorem 2

Consider the GRU initialized at xg € X, fed with
(constant) disturbance dy € D and input ug.x. Let denote
the resulting (unknown) state at k as x = z(xo, do, ug.k; *)
and the measured output as y = y(g:o7 do, uo:k; ®*). Let & =
(2o, do, Uo:k, Yo:k; o) and d = d(Zo, do, uo:k, Yo:: Po) be
the state and disturbance estimates, respectively, yielded by
observer (6) with initial guess o € X and cio € D, and fed
by ug.x € Up.r, and yo.x. First, consider the j-th component
of the state error 7 — 7. From (6) and (1), it follows

7

D EG = 2eEa) T (= 2)re) — 2 Eg) — (1= 2))F()

= 2 (@) = 2(5) + () = 23))25)

+(1 = z2)(rG) — o)) + (2G) — 265))P6)-



Then, take the absolute value and recall z;), 2(;) € (0,1)

[z — 25| < zglzg) — 2| +12G) — 2p)l|12)]
+(1 = z)Iry — Pl + 12¢) = 2 1P Gy |-

1D
Since d € D, X is also an invariant set for &, implying that
[E)] < l12lloo < 2, (12)

and, as in Lemma 2, the term f(j) can be bounded over X as
7] < 1o < b

Recalling the linearity of the output transformation and
that o(-) is a +-Lipschitz function, we have

l2) = 2| < 12 = Zlloo

< 110 = LUyllcllz = #loe + 71V = LeVolloolld — dil
and, similarly,

[y = Tl S I1F = Flloo

< 1105 ~ LU0 lscllz = &llos + 11V7 = Ly Vi loclld — dloc

Since ¢(+) is a 1-Lipschitz,

7(;) — 7(;)| can be bounded as
<r =l

<1UYU[(f - Hi+ f(z—2)] + Vi(d — )|

@,(12) 3 . } .
1Unloo [#1f = Flloo + 6112 = &1oc]
+||VTHOOHd_dHOC»

Ir(iy — Py

then considering the bound of | f(;) — f(j)\ and reordering:

. 1. . .
Irgy =7l < ||Ur||oo<1=’f||Uf = LUl + Uf) [z — [l
1. R
(0 lVE = LgValloo + IVl ) 1 = dlloc

In light of previous bounds, the inequality (11) is bounded as

|xa‘) - ja)‘ < kuflr = 2o + K12ld - CiHoo, where

wi =2+ (1= 20l (32007 — LiUolle + 57
TGRS A A

w2 = (1= 20) (FEIV N V) = LyVillo + Vi e

1+ BIV: — LVille.

Concerning the disturbance observation error, consider the
7-th component of the difference between (1) and (6):

dfy —dfy = diy —sato (dgy + Laj(y) — 90)))

deD 5 .

=" sato(d(y)) — sato (d) + Lai(94) = 97));
where Lg; denotes the j-th row of Ly. Then we take the
absolute value, recalling that the sat,(-) is 1-Lipschitz and
that, by definition, |d(;)|< [|d||oc, Which yields

jdfy —df)| < ‘Satn(dm) — sato (d(j) + La; (yy) — Z?m))’
<|a-d-Law-9)

‘ oo

< |LaUslloc Nl = &lloo + I = LaVol|os lld = dll -
——— —_—

K21 K22

Finally, combining state and disturbances bounds, it follows

‘JT(J) —xA(j)| — ||$—QATHOO
~ <A 5 1
€)) (9)

where A is defined as in (8). The Schur stability of A thus
implies the existence of po > 0 and A, € (0, 1) such that

ISE—:%IIOO} k [Ilwo—fﬂoloo}
5 < oo 5 ) (14)
[d—dlloo 2 lldo = dolloc ] |,
therefore, (14) implies
T < Vg Frapot |0 T (15)
d—d||, do — dol|,
The observer is therefore expomentially convergent with
function 3, (s, k) = \/nz + 1g poAl s. [ |
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