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Abstract— This paper proposes a nonlinear model predictive
control (NMPC) approach for incrementally input-to-state stable
gated recurrent units (GRU) neural networks affected by
state and output disturbances. In particular, a Luenberger-
like observer is designed for state and disturbance estimation
with guaranteed convergence properties. This paves the way
for the design of an NMPC regulator capable of rejecting
unknown piecewise-constant disturbances. The method is tested
in simulation on a nonlinear benchmark system, i.e., a chemical
reaction process, showing promising results.

Index Terms— Nonlinear Systems; Recurrent Neural Net-
works; Model Predictive Control; Stability

I. INTRODUCTION

Model Predictive Control (MPC) is a well-established
control strategy that stands out for its capacity to manage
input, state, and output constraints, as well as the conceptually
straightforward extension to nonlinear system models. A key
ingredient to achieve a well-performing MPC regulator is
the accuracy of the dynamical model of the system under
control, not always available in practice. Hence, a system
identification procedure is often needed to retrieve a reliable
dynamical model of the system from data, resulting in the
so-called learning-based MPC [1].

Among the many structures available to learn black-box
models for MPC design, researchers have recently considered
Recurrent Neural Network (RNN) as Gated Recurrent Units
(GRU) and Long Short-Term Memory Networks (LSTM) [2],
as they can approximate any arbitrary dynamical system while
avoiding gradient problems affecting other RNN models [3].

This choice has been shown to effectively combine
the modeling capabilities of RNNs with the flexibility of
Nonlinear MPC (NMPC), leading to control schemes with
suitable performance in many applications [4], [5]. Moreover,
theoretical frameworks based on the idea of training RNN
models with Incremental Input-to-State Stability (δISS) have
been proposed in [6], allowing the design of NMPC strategies
with nominal closed-loop stability guarantees [7], [8].

A limitation of these stabilizing MPC strategies is their
static performances, i.e., their accuracy in regulating the
system’s output to constant setpoints. This accuracy might
indeed be limited by the possible presence of plant-model
mismatch and unknown disturbances affecting the plant,
which calls for the design of offset-free NMPC strategies.
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In the MPC literature, several strategies have been proposed
to achieve offset-free MPC control [9]. One approach relies
on the internal model principle [10], in which an integral
action on the output tracking error is introduced and a
stabilizing control law is designed for the augmented system
given by the model plus the integrator. A second approach
involves augmenting the system model with disturbance
dynamics [11]. This augmented model enables the design of
a state observer that estimates both the system state and the
disturbance, which can be then used to design an NMPC law
that compensates for the disturbance. Crucial to the success
of this approach is the model adopted for the disturbance
and the interaction of the disturbance with the system [12],
as well as the design of an observer capable of actually
estimating the disturbance. Adopting a disturbance model that
only affects the system output transformation, [13] recently
proposed a robust disturbance estimation-based offset-free
NMPC strategy for GRU models.

While focusing solely on output disturbances can achieve
satisfactory control performance, it may overlook state distur-
bances, which often affect real systems. Suitably estimating
state disturbances is crucial not only for effective control but
also for designing monitoring and fault detection algorithms.
Moreover, learning the effect of disturbance on states allows
one to exploit available knowledge about the physical system,
aligning with the principles of physics-informed machine
learning, which has been shown to yield improved models
and faster learning procedures.

In this paper, we propose an offset-free NMPC strategy
based on GRU models in which the disturbance affects
both the states and the outputs. Specifically, we assume
that disturbances are not measurable in closed-loop online
operations. A GRU model that is δISS with respect to
inputs and disturbances is proposed and then augmented
with the disturbance dynamics. We present an observer with
convergence guarantees for the augmented system, enabling
the reconstruction of the model’s state and the disturbance.
Finally, a stabilizing MPC law is adopted for the extended
system, which leads to an offset-free control architecture.

Notation: For vector v ∈ Rn, v(j) denotes its j-th
component, v⊤ its transpose, and ∥v∥p its ℓp-norm. The
element-wise product between vectors u and v is u ◦ v. For
time-dependent vectors, we omit the time index k when
there is no ambiguity, i.e., v = vk and v+ = vk+1. We
denote sequences by vk1:kn = {vk1 , ..., vkn}. The hyperbolic
tangent and sigmoid activation functions are denoted as
ϕ(v) = tanh(v) and σ(v) = 1

1+e−v , respectively. For
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matrix A, ∥A∥p is its induced p-norm and ρ(A) its spectral
radius. I denotes the identity matrix of proper dimensions.
A continuous function α : R≥0 −→ R≥0 is a class K if
α(s) > 0 for all s > 0 and α(0) = 0, and α ∈ K is also
a K∞ function if α(s) −→ ∞ for s −→ ∞. A continuous
function β : R≥0×Z≥0 −→ R≥0 is a class KL if β(s, k) ∈ K
is strictly decreasing in k for s < 0, and β(s, k) −→ 0 as
k −→ ∞ for s > 0.

II. GRU MODEL WITH DISTURBANCES

Let us consider a single-layer GRU model described in
discrete-time state-space form:

Σ(Φ) :

{
x+ = fΣ(x, u, d; Φ) = z ◦ x+ (1− z) ◦ r
y = gΣ(x, d; Φ) = Vod+ Uox+ bo

(1a)

where x ∈ Rnx is the state vector, u ∈ Rnu is the input
vector, and y ∈ Rny is the output. The disturbance vector
d ∈ Rnd is assumed to be known / measurable at training
stage, but unknown in online operations. The terms z =
z(x, u, d), f = f(x, u, d), and r = r(x, u, d) are the gates
of the network, which are defined as:

z = σ(Wzu+ Vzd+ Uzx+ bz),

f = σ(Wfu+ Vfd+ Ufx+ bf ),

r = ϕ(Wru+ Vrd+ Urf ◦ x+ br).

(1b)

The set of learnable parameters of the model (weights) is

Φ =
{
Wz,Wf ,Wr, Vz, Vf , Vr, Vo, Uz, Uf , Ur, Uo, bz, bf , br, bo

}
.

Assumption 1: The input u of the GRU and the disturbance
d are unity bounded, i.e.,

u ∈U ≜ {u ∈ Rnu : ∥u∥∞ ≤ 1},
d ∈D ≜ {d ∈ Rnd : ∥d∥∞ ≤ 1}.

Note that Assumption 1 is common when operating with
RNN models, and can be satisfied by normalizing the input
and disturbance data, provided that they are limited [14].

A. Stability properties
In this section, we analyze the stability properties of the

GRU model (1). As the properties considered are usually
regional, let us take the following mild assumption and lemma.

Assumption 2: The GRU model (1) is initialized within
an arbitrarily large, but finite, set X defined as

X ≜ {x ∈ Rnx : ∥x∥∞ ≤ x̌}, with x̌ ≥ 1.

Lemma 1 (Invariant set of GRUs [15]): The set X is an
invariant set for the GRU model (1). That is, x ∈ X =⇒
x+ = fΣ(x, u, d) ∈ X , for any u ∈ U and d ∈ D.

Proof: The proof of [15, Lemma 3.3] can be applied to
(1) by considering the augmented input ũ = [u⊤, d⊤]⊤.

In light of Assumption 1 and Lemma 1, the following
bounds can be provided on the gates z, f , and r.

Lemma 2: The gates z, f , and r of the GRU model (1) can
be bounded, for any component j ∈ {1, . . . , nx}, as follows

0 < 1− σ̌z ≤ z(j) ≤ σ̌z < 1,
0 < 1− σ̌f ≤ f(j) ≤ σ̌f < 1,

−1 < −ϕ̌r ≤ r(j) ≤ ϕ̌r < 1,
(2)

where the bounds are defined as

σ̌z = σ
(
∥W̃z Uzx̌ bz∥∞

)
,

σ̌f = σ
(
∥W̃f Uf x̌ bf∥∞

)
,

ϕ̌r = ϕ
(
∥W̃r Urx̌ br∥∞

)
,

(3)

with W̃ν = [Wν , Vν ] for ν ∈ {r, f, z}.
Proof: The proof of [15, Lemma 3.5] can be applied to

(1) by considering the augmented input ũ = [u⊤, d⊤]⊤.
At this stage, the following stability property is introduced.
Definition 1 (δISS): The model (1) is said to be regionally

Incrementally Input-to-State Stable (δISS) if there exists
functions β ∈ KL and γu, γd ∈ K∞ such that, for any pairs of
initial conditions xa

0 , x
b
0 ∈ X , input sequences ua

0:k, u
b
0:k ∈ U ,

and disturbance sequences da0:k, d
b
0:k ∈ D, it holds:

∥xa − xb∥2 ≤ β(∥xa
0 − xb

0∥2, k)

+γu

(
max

τ∈{0,...,k−1}
∥ua

τ − ub
τ∥2
)
+ γd

(
max

τ∈{0,...,k−1}
∥daτ − dbτ∥2

)
,

where xν , with ν ∈ {a, b}, denotes the state of model (1)
initialized in xν

0 and fed with uν
0:k−1 and dν0:k−1.

The stability property in Definition 1 entails that the
state trajectories are asymptotically independent of the initial
conditions. Therefore, the following theorem can be stated.

Theorem 1 (δISS of the GRU model): A sufficient condi-
tion for the δISS of the GRU model (1), in the sense specified
by Definition 1 and with σ̌z, σ̌f , ϕ̌r defined as in Lemma 2,
is the following:

∥Ur∥∞
(1
4
x̌∥Uf∥∞ + σ̌f

)
+

1(x̌+ ϕ̌r)

4(1− σ̌z)
∥Uz∥∞ − 1 < 0.

(4)
Proof: The proof is reported in Appendix A.

Along the lines of [6], the devised δISS condition (4)
can be enforced during the model’s training procedure, thus
learning a provenly-δISS GRU model exploting input-output
data. It is worth noting that disturbance historical data are
supposed to be available for the training procedure. In the
remainder of this paper, we assume that the GRU model (1)
has been trained as described, e.g., in [6], and that (4) is
satisfied by the trained weights Φ∗.

Assumption 3: The model (1) is δISS with respect to the
sets X , D and U , i.e., condition (4) holds true.

III. CONTROL STRATEGY

For the system learned by the GRU model (1), we propose
a control strategy called State & Output Disturbance (SOD)
that involves to design a state observer that estimates both the
state vector x and the disturbance vector d, which is assumed
to be non measurable online. The resulting estimations (x̂, d̂)
are later used to initialize the NMPC model, which yields
the optimal input u∗ that is applied to the plant (see Fig. 1).

A. Observer design

The state observer is designed under the common assump-
tion that the disturbance d is piecewise-constant:

d+ = d. (5)



Fig. 1. Scheme of the proposed NMPC control approach.

For the enlarged model, achieved by augmenting the GRU
model (1) with the disturbance dynamics (5), we propose the
following Luenberger-like state observer:

O(Φo) :


x̂+ = fo(x̂, d̂, u, y; Φo) = ẑ ◦ x̂+ (1− ẑ) ◦ r̂,
d̂+ = ho(x̂, d̂, y; Φo) = satD

(
d̂+ Ld(y − ŷ)

)
,

ŷ = go(x̂, d̂; Φo) = Vod̂+ Uox̂+ bo,
(6a)

where

ẑ = σ
(
Wzu+ Vz d̂+ Uzx̂+ bz + Lz(y − ŷ)

)
,

f̂ = σ
(
Wfu+ Vf d̂+ Uf x̂+ bf + Lf (y − ŷ)

)
,

r̂ = ϕ
(
Wru+ Vrd̂+ Urf̂ ◦ x̂+ br

)
,

(6b)

and satD(·) denotes the element-wise saturation to the box
D as in [16], ensuring that the disturbance estimate remains
consistent to d̂ ∈ D also during transients. The matrices
Lz, Lf ∈ Rnx×ny and Ld ∈ Rnd×ny are the gains of
the observer to be designed and, together with the already
trained weights of the model (1), represent the observer
parameters Φo = Φ∗ ∪ {Lz, Lf , Ld}. The observer requires
a suitable tuning of its gains to compute its future state x̂+

and disturbance d̂+ estimates at any time instant. The design
must also guarantee the convergence of both estimations with
their true values, as specified in the following definition.

Definition 2: The observer O(Φo) is said to be convergent
if, for any initial state x0 ∈ X and any disturbance
d0 ∈ D, given the applied input sequence u0:k and
measured output sequence y0:k(x0, d0, u0:k; Φ

∗), the state
estimate x̂(x̂0, d̂0, u0:k, y0:k; Φo) and the disturbance estimate
d̂(x̂0, d̂0, y0:k; Φo) converge, respectively, to their true values
for any initial guess x̂0 ∈ X and d̂0 ∈ D. That is, there exists
a function βo(·, k) ∈ KL such that∥∥∥∥x− x̂

d− d̂

∥∥∥∥
2

≤ βo

(∥∥∥∥x0 − x̂0

d0 − d̂0

∥∥∥∥
2

, k

)
. (7)

Theorem 2 (Observer’s exponential convergence): A suf-
ficient condition for the exponential convergence of the
observer (6) is that Lz, Lf , Ld are such that the matrix

Ā = Ā(z, Lz, Lf , Ld) =

[
κ11 κ12

κ21 κ22

]
, (8)

where, for all z ∈ [1− σ̌z, σ̌z],

κ11 = z + (1− z)
(1
4
x̌∥Uf − LfUo∥∞ + σ̌f

)
∥Ur∥∞

+
1

4
(x̌+ ϕ̌r)∥Uz − LzUo∥∞,

κ12 = (1− z)
(1
4
x̌∥Ur∥∞∥Vf − LfVo∥∞ + ∥Vr∥∞

)
+
1

4
(x̌+ ϕ̌r)∥Vz − LzVo∥∞,

κ21 = ∥LdUo∥∞,
κ22 = ∥I − LdVo∥∞,

is Schur stable, i.e., its spectral radius is ρ(Ā) < 1.
Proof: The proof is reported in Appendix B.

Thus the problem of designing the observer (6) amounts
to finding gains Lz, Lf , Ld that satisfy Theorem 2. This can
be done by formulating the observer design problem as a
nonlinear optimization problem, as discussed below.

Proposition 1 (Optimal observer design): The gains of
the GRU observer (6) that allow to address Theorem 2 can
be found by solving:

L∗
z, L

∗
f , L

∗
d = arg min

{Lz,Lf ,Ld}
∥Ā∥2 (9a)

s.t. − 1 + κ11 + κ22 < κ11κ22 − κ12κ21 < 1 (9b)

with the constraint evaluated in z = σ̌z and z = 1− σ̌z .
Proof: In light of [7, Lemma 1], Ā is Schur stable if

and only if −1 + κ11 + κ22 < κ11κ22 − κ12κ21 < 1 for all
z ∈ [1− σ̌z, σz]. Since κ11 and κ12 are linear with respect
to z, while κ21 and κ21 are independent of z, it is enough
to impose constraint (9b) for the extreme values z = σ̌z and
z = 1− σ̌z . By [7, Lemma 1], any feasible solution of (9)
satisfies Theorem 2.

Note that since ρ(Ā) ≤ ∥Ā∥2, the minimization of ∥Ā∥2
promotes a faster worst-case convergence of the estimates.
The fulfillment of Theorem 2 is guaranteed by constraint (9b),
which is equivalent to ρ(Ā) < 1, see [7, Lemma 1].

B. NMPC formulation

A nonlinear MPC law based on the GRU model (1) is
proposed. We denote by u0:N−1 = {u0, . . . , uN−1} the
input sequence applied throughout the prediction horizon N ,
and by x0:N = {x0, . . . , xN} the corresponding predicted
state trajectory, where xn and un are respectively the state
and input predicted at step k + n. Moreover, the controller
considers a setpoint ȳ that meets the following assumption.

Assumption 4: For an output setpoint ȳ ∈ Y ⊆ Rny and
any disturbance d̂ ∈ D, there exists a feasible equilibrium ū ∈
U and x̄ ∈ X such that x̄ = fΣ(x̄, ū, d̂) and ȳ = gΣ(x̄, d̂).

At each time step k, the control objective is to minimize:

J(·, ·) =
∑N−1

n=0

(
∥xn − x̄∥2Q + ∥un − ū∥2R

)
+ V

(
xN , x̄, ū

)
,

where x̄ and ū are steady-state values of x and u such that,
for the constant disturbance d = d̂, the output is equal to
the setpoint ȳ. In J(·, ·), the first term is a stage cost with
weighting matrices Q ≻ 0 and R ≻ 0 penalizing, throughout
the prediction horizon, the deviation of the predicted state and
input trajectories from the references x̄ and ū. The last term



is a terminal cost commonly designed to ensure closed-loop
stability of the MPC. Following [8], it is defined as

V
(
xN , x̄, ū

)
=
∑M

m=0 ∥xN+m − x̄∥2S ,

where xN+m with m ∈ {0, . . . ,M} denotes the state
prediction from step N to N +M under the constant input
u = ū. For the design of a terminal horizon M and a weight
matrix S achieving closed-loop stability properties, see [8].
The optimal control problem is defined as:

u∗
0:N−1 =arg min

u0:N−1

J(x0:N , u0:N−1) (10a)

s.t. x0 = x̂, d0 = d̂, (10b)
dn+1 = d0, (10c)
xn+1 = fΣ(xn, un, dn), (10d)
un ∈ U , (10e)

for all n ∈ {0, . . . , N − 1}. By constraint (10b), the
model is initialized by x̂ and d̂, i.e., the current state
and disturbance estimates given by the observer (6). The
disturbance is considered constant throughout the prediction
horizon by (10c), and the dynamics of the model is imposed
by constraint (10d). The control variable is constrained within
the set U via (10e), see Assumption 1.

At each time step k, the sequence u∗
0:N−1 is obtained by

solving problem (10), but only the first input u∗
0 is applied to

the plant. Algorithm 1 summarizes the steps of our proposed
NMPC controller based on the SOD model.

Algorithm 1
Input: Setpoint ȳ.

1: Estimate the state x̂ and disturbances d̂ via the GRU
observer (6) given the output measurement y.

2: Calculate the equilibrium (x̄, ū) for the output setpoint
ȳ and the estimated disturbance d̂ subject to the GRU
dynamics such that x̄ = fΣ(x̄, ū, d̂) and ȳ = gΣ(x̄, d̂).

3: Solve (10) to obtain the control sequence u∗
0:N .

4: Apply the first control action u∗
0 to the plant.

Remark 1: The stability of the adopted MPC algorithm
is ensured in the presence of constant disturbances. If d is
piecewise-constant, the disturbance estimate d̂ will converge,
see [17], so that the stability is recovered.

Remark 2: To deal with disturbances in the MPC design, it
is common to consider a model where disturbances act linearly
only on the output and are estimated as previously described.
In this approach, henceforth named Output Disturbance (OD)
estimation, the disturbance is intended to include not only the
effect of exogenous signals, but also unmodeled dynamics.
Although the OD approach usually provides suitable control
results, it does not account for previous system information,
e.g., the presence of disturbances acting on the state equation,
as done in physics-based approaches. Moreover, the estimated
disturbance is dissimilar from the real one.

IV. CASE STUDY

The control strategy is evaluated in the pH neutralization
process [18] illustrated in Fig. 2. This system is composed
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where

κo(z, Lz, Lf ) =z + (1 − z)
(1
4
x̌∥Uf − LfUo∥∞ + σ̌f

)
∥Ur∥∞

+
1
4
(φ̌r + x̌)∥Uz − LzUo∥∞

(15b)

and σ̌z , σ̌f , and φ̌r defined as in (12), then (13) is weak exponential
observer.

Proof. See Appendix A.3.

Note that, according to (15a), λo provides a bound on the
worst-case convergence rate of the observer.

Unfortunately, while Theorem 2 allows to certify the expo-
nential convergence of the designed observer (given Lz and Lf ),
it does not provide guidelines on how to tune these weights. In
the following we therefore recast the observer design problem
as a convex optimization program, with the aim of computing
the gains that attain the smallest possible worst-case convergence
rate λo.

Proposition 2 (Optimal Observer Tuning). The gains Lz and Lf of the
state observer (13) allowing to fulfill Theorem 2 while ensuring the
fastest worst-case convergence rate λo can be computed by solving
the following convex optimization problem

λo, L⋆
z , L

⋆
f = arg min

λ̃o,Lz ,Lf
λ̃o

s.t. κo(σ̌z, Lz, Lf ) ⩽ λ̃o

κo(1 − σ̌z, Lz, Lf ) ⩽ λ̃o

0 < λ̃o < 1

, (16)

where κo(z, Lz, Lf ) is defined as in (15b).

Proof. See Appendix A.4.

It is worth noticing that the exponential δISS of the GRU model
(7) entails the existence of a feasible solution to the optimiza-
tion problem (16). Indeed, considering the suboptimal open-loop
observer, corresponding to Lz = Lf = 0nx,ny , one has that
κo(z, Lz, Lf ) = κ(z), and hence λo = λ ∈ (0, 1). The open-loop
observer thus represents a feasible solution to (16).

5. Numerical results

The proposed control framework is tested on the pH neu-
tralization process described in Henson and Seborg (1994), and
depicted in Fig. 2. The system is composed of two tanks. Tank
2 is fed by the acid flowrate q1, and its output is the flowrate
q1e. The hydraulic dynamics of Tank 2, being much faster than
the others involved, are neglected, i.e. q1 = q1e. Tank 1 is fed
by three flows, namely the acid flowrate q1e, the buffer flowrate
q2, and the alkaline base flowrate q3. The terms q1 and q2 cannot
be manipulated and represent disturbances. The alkaline flowrate
q3 can be modulated via a controllable valve, and thus represents
the control variable. The output of the reactor tank is the fixed
flowrate q4, from which the pH is measured. The control objective
is to regulate the pH of the output flow to the (piecewise) con-
stant setpoint. The resulting model is a third-order nonlinear SISO
system, whose equations and parameters are reported in Henson
and Seborg (1994).

The system has been identified using a single-layer GRU model
with nx = 7 neurons according to the procedure illustrated
in Bonassi, Farina et al. (2021), where the exponential δISS of
the network is also enforced. The dataset used to carry out the
training procedure consists of approximately 25 h of operation,
collected from a simulator of the system with a sampling time

Fig. 2. Schematic of the pH process benchmark system.

Fig. 3. Open-loop simulation of the trained δISS GRU model (red solid line)
compared to the ground truth (blue dotted line), tested on an independent
validation dataset.

of 15 s. Note that the simulated output measurements have
been corrupted by white noise. The modeling performances of
the trained GRU model have been tested on an independent
validation dataset, showing the remarkable results depicted in
Fig. 3.

Then, a state observer in the form (13) has been designed, by
tuning the weights Lz and Lf as illustrated in Proposition 2. In
particular, the observer synthesis amounts to solving (16), which
has been performed using CVX, yielding λo = 0.93. The NMPC’s
FHOCP (5) has been formulated in accordance with Theorem 1.
The state weight matrix has been selected as Q = Inx,nx , the
input weight matrix as R = 0.25, and the terminal weight as
S = 2Q . Note that the selected weights are positive definite
and satisfy (6a). Considering a prediction horizon N = 20, in
order to choose the simulation horizon M related to the terminal
cost, the criterion (6b) can be adopted, using µ and λ defined
in (10). However, due to their conservativeness (λ = 0.997), an
excessive simulation horizon would be required, i.e., M ⩾ 440.
We thus opted for numerically estimating λ ∈ (0, 1) such that
(2) holds, with µ =

√
7 fixed, for a sufficiently large number of

pairs of state trajectories. Such trajectories have been generated
by simulating the model (7) with random pairs of initial states
within X and random input sequences extracted from U0:T , with T
sufficiently high. Note that this numerical approximation is made
possible by the fact that the existence of such λ is guaranteed
by the model’s exponential δISS. Considering 105 trajectories1 of

1 Note that this approach can be readily extended to MIMO systems, as long
as the number of simulated trajectories is large enough to explore the set U .

5

Fig. 2. Scheme of the pH neutralization system.

of two tanks: the reactor tank #1, which is fed with the flow
rates q1e (acid flow), q2 (buffer flow) and q3 (alkaline base
flow), and the tank #2, which is fed with the acid flow rate
q1 and provides as output q1e. It is assumed that q1e = q1
as the hydraulic dynamics of the tank #2 is much faster
than the others involved. The flow rates q1 and q2 cannot
be manipulated, whereas q3 can be regulated by a valve and
represents the control action u. In particular, we assume that
d = q1 is a piecewise-constant disturbance while q2 is fixed to
the nominal value. The pH is measured from the constant flow
rate q4 at the output of the reactor tank. The system model is
represented by nonlinear third-order dynamics given by the
equations and parameters detailed in [18]. The objective is to
regulate the pH value to a given setpoint ȳ = 8 considering
input constraints [umin, umax] = [12.5, 17]mL/s.

To analyze the advantages of the proposed SOD con-
troller (NMPCSOD), we compare it with the OD approach
(NMPCOD) outlined in Remark 2. In both approaches, the
system has been identified with a single-layer GRU model
with nx = 7 units that enjoys the exponential δISS property,
following the procedure detailed in [6]. The datasets to learn
the models are obtained from a plant simulator operated for
approx. 42 h with a sampling time Ts = 15 s. In particular,

• The GRUSOD model (1) is trained using a dataset
of input, output and disturbance trajectories: TSOD =
{u0:T , d0:T , y0:T },

• The GRUOD model, which is defined as x+ =
fΣ(x, u; Φ) and y = gΣ(x; Φ) + d, is trained with d = 0,
thus the dataset employed is TOD = {u0:T , y0:T }.

Note that these trajectories must be normalized to be used for
the training procedures but, in the figures, they are depicted
in their original scales for the sake of interpretability. The
corresponding datasets are partitioned into a training set
(Ttr = 70%T ), a validation set (Tval = 15%T ), and an
independent test set (Tte = 15%T ) to assess the performance
of the learned models. The training procedures are carried out
minimizing, with the RMSProp optimizer [14], the truncated
simulation error of the model, plus a regularization term to
enforce the model δISS [6].

At the end of the training, the models’ accuracy are
quantified on the independent test sets via the FIT index.
This index is the ratio between the open-loop simulation
error on the test set, after a washout period Tw, and the root



TABLE I
FIT INDEX IN THE TEST SETS FOR BOTH MODELS

FIT in Tte,OD FIT in Tte,SOD

GRUOD 96.56 % 77.28 %
GRUSOD 96.04 % 95.96 %
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Fig. 3. Results on implementing NMPCSOD and NMPCOD approaches.

mean square value of the output w.r.t its mean yte,avg:

FIT(%) = 100 ·

(
1−

∑Tte

k=Tw
∥y(x0, dte,0:k, ute,0:k; Φ

∗)− yte,k∥2∑Tte

k=Tw
∥yte,k − yte,avg∥2

)
.

The learned δISS GRUSOD model scores a 95.96% FIT
value in the test set Tte,SOD compared to the ground truth.
Comparing the FIX index of both models for two test sets
with disturbances Tte,SOD and without disturbances Tte,OD

(see Table I), the GRUSOD model is more accurate because
it leverages disturbances knowledge during the training stage.

The observer’s gains (6) are computed by solving the
problem (9) but, due to the conservativity of the approach, a
fine tuning has been implemented to improve performance.
Note that the GRUOD model is augmented with a distur-
bance model as (5) and the observer OOD(Φo) ≜ {x̂+ =
fo(x̂, u, y; Φo), d̂

+ = ho(x̂, d̂, y; Φo), ŷ = go(x̂, d̂; Φo)} is
designed with the gains resulting from solving a problem
analogous to (9) to estimate its states and disturbances.

The simulation length is 2 h. To design the MPC parameters
of both approaches, we consider the prediction horizon N =
20, the terminal horizon M = 20, and the weighting matrices
Q = Inx×nx , S = 2Q, and R = 0.25.

Fig. 3 depicts the input, the disturbance, and the output
trajectories by implementing both control approaches. Note
that the output measurements y are corrupted by white noise
(σ = 0.02). As shown, both controllers lead the output to the
setpoint while respecting the input constraints. Nonetheless,
there are some differences we would like to remark on. With
NMPCOD, the noise from the output measurement is reflected
in the input signal, e.g., the standard deviation of uOD,60:200

is 11.37 · 10−3. Conversely, the control action in NMPCSOD

is filtered from that noise, as shown in the top graph of
Fig. 3 (the standard deviation of uSOD,60:200 is 3.28 · 10−3) ,
which is beneficial to avoid the wear of the valve controlling

q3. Additionally, NMPCSOD provides the convergence of
the disturbance estimate (second plot in Fig. 3), obtaining
a suitable online estimate of this unmeasurable input that
affects the system. In contrast, the disturbance estimated with
NMPCOD does not represent a real disturbance as d = q1,
but rather a measure of uncertainties to regulate the output.

V. CONCLUSIONS

This work investigates online estimation of disturbances
in states and outputs of Gated Recurrent Unit (GRU) neural
networks, which are trained to describe the system dynamics
with input-to-state stability. A Luenberger-like observer with
convergence guarantees is proposed for the estimation of
disturbances and the black-box states of the GRU model.
Finally, we design an offset-free nonlinear MPC for setpoint
tracking and we test it in a nonlinear benchmark. The results
show some improvements over the usual approach in which
disturbances are considered to act linearly only on the output.
Remarkably, our approach provides a reliable disturbance
estimate, crucial for optimizing control and developing robust
monitoring and fault detection protocols.

Future work will aim to develop MPC methods that
avoid recalculating state and input references for each new
disturbance estimate. Additionally, we will also explore
robustness guarantees to handle transient variations between
estimated and actual disturbances.

APPENDIX

A. Proof of Theorem 1
Let xν be the state of the GRU model (1), initialized in

xν
0 ∈ X and fed with the input sequence uν

0:k ∈ U and by
the disturbance dν0:k ∈ D, for both trajectories ν ∈ {a, b}.
Consider the augmented input vector ũν = [uν⊤, dν⊤]⊤ ∈ Ũ ,
where Ũ = U × D and let ∆x = xa − xb, ∆x0 = xa

0 − xb
0,

and ∆ũ = ũa − ũb. Following a procedure similar to [15,
Proof of Theorem 3.8] one can bound ∆x as follows∥∥∆x

∥∥
∞ ≤ λk

δ

∥∥∆x0

∥∥
∞ +

κ̌∆ũ

1− λδ
max

τ∈{1,...,k−1}
∥∆uτ∥∞

+
κ̌∆ũ

1− λδ
max

τ∈{1,...,k−1}
∥∆dτ∥∞.

By [15, Lemma 2.1], the system is δISS (in the sense specified
by Definition 1) with functions β(s, k) =

√
nx λ

k
δs and

γu(s) = γd(s) =
√
nx κ̌∆ũ

1−λδ
s. ■

B. Proof of Theorem 2
Consider the GRU initialized at x0 ∈ X , fed with

(constant) disturbance d0 ∈ D and input u0:k. Let denote
the resulting (unknown) state at k as x = x(x0, d0, u0:k; Φ

∗)
and the measured output as y = y(x0, d0, u0:k; Φ

∗). Let x̂ =
x̂(x̂0, d̂0, u0:k, y0:k; Φo) and d̂ = d̂(x̂0, d̂0, u0:k, y0:k; Φo) be
the state and disturbance estimates, respectively, yielded by
observer (6) with initial guess x̂0 ∈ X and d̂0 ∈ D, and fed
by u0:k ∈ U0:k and y0:k. First, consider the j-th component
of the state error x+ − x̂+. From (6) and (1), it follows
x+
(j) − x̂+

(j) = z(j)x(j) + (1− z(j))r(j) − ẑ(j)x̂(j) − (1− ẑ(j))r̂(j)
= z(j)(x(j) − x̂(j)) + (z(j) − ẑ(j))x̂(j)

+(1− z(j))(r(j) − r̂(j)) + (z(j) − ẑ(j))r̂(j).



Then, take the absolute value and recall z(j), ẑ(j) ∈ (0, 1)

|x+
(j) − x̂+

(j)| ≤ z(j)|x(j) − x̂(j)|+ |z(j) − ẑ(j)||x̂(j)|
+(1− z(j))|r(j) − r̂(j)|+ |z(j) − ẑ(j)||r̂(j)|.

(11)

Since d̂ ∈ D, X is also an invariant set for x̂, implying that

|x̂(j)| ≤ ∥x̂∥∞ ≤ x̌, (12)

and, as in Lemma 2, the term r̂(j) can be bounded over X as

|r̂(j)| ≤ ∥r̂∥∞ ≤ ϕ̌r.

Recalling the linearity of the output transformation and
that σ(·) is a 1

4 -Lipschitz function, we have

|z(j) − ẑ(j)| ≤ ∥z − ẑ∥∞

≤ 1

4
∥Uz − LzUo∥∞∥x− x̂∥∞ +

1

4
∥Vz − LzVo∥∞∥d− d̂∥∞

and, similarly,

|f(j) − f̂(j)| ≤ ∥f − f̂∥∞

≤ 1

4
∥Uf − LfUo∥∞∥x− x̂∥∞ +

1

4
∥Vf − LfVo∥∞∥d− d̂∥∞.

Since ϕ(·) is a 1-Lipschitz, |r(j) − r̂(j)| can be bounded as

|r(j) − r̂(j)| ≤ ∥r − r̂∥∞
≤ 1∥Ur[(f − f̂)x̂+ f(x− x̂)] + Vr(d− d̂)∥∞
(2),(12)
≤ ∥Ur∥∞

[
x̌∥f − f̂∥∞ + σ̌f∥x− x̂∥∞

]
+∥Vr∥∞∥d− d̂∥∞,

then considering the bound of |f(j) − f̂(j)| and reordering:

|r(j) − r̂(j)| ≤ ∥Ur∥∞
(1
4
x̌∥Uf − LfUo∥∞ + σ̌f

)
∥x− x̂∥∞

+
(1
4
x̌∥Ur∥∞∥Vf − LfVo∥∞ + ∥Vr∥∞

)
∥d− d̂∥∞.

In light of previous bounds, the inequality (11) is bounded as

|x+
(j) − x̂+

(j)| ≤ κ11∥x− x̂∥∞ + κ12∥d− d̂∥∞,where

κ11 = z(j) + (1− z(j))∥Ur∥∞
(1
4
x̌∥Uf − LfUo∥∞ + σ̌f

)
+
1

4
(x̌+ ϕ̌r)∥Uz − LzUo∥∞,

κ12 = (1− z(j))
(1
4
x̌∥Ur∥∞∥Vf − LfVo∥∞ + ∥Vr∥∞

)
+
1

4
(x̌+ ϕ̌r)∥Vz − LzVo∥∞.

Concerning the disturbance observation error, consider the
j-th component of the difference between (1) and (6):

d+(j) − d̂+(j) = d(j) − satD
(
d̂(j) + Ldj(y(j) − ŷ(j))

)
d∈D
= satD(d(j))− satD

(
d̂(j) + Ldj(y(j) − ŷ(j))

)
,

where Ldj denotes the j-th row of Ld. Then we take the
absolute value, recalling that the satD(·) is 1-Lipschitz and
that, by definition, |d(j)|≤ ∥d∥∞, which yields

|d+(j) − d̂+(j)| ≤
∣∣∣satD(d(j))− satD

(
d̂(j) + Ldj(y(j) − ŷ(j))

)∣∣∣
≤
∥∥∥d− d̂− Ld(y − ŷ)

∥∥∥
∞

≤ ∥LdUo∥∞︸ ︷︷ ︸
κ21

∥x− x̂∥∞ + ∥I − LdVo∥∞︸ ︷︷ ︸
κ22

∥d− d̂∥∞.

Finally, combining state and disturbances bounds, it follows[
|x+

(j) − x̂+
(j)|

|d+(j) − d̂+(j)|

]
≤ Ā

[
∥x− x̂∥∞
∥d− d̂∥∞

]
, (13)

where Ā is defined as in (8). The Schur stability of Ā thus
implies the existence of µ0 > 0 and λo ∈ (0, 1) such that∥∥∥∥[∥x− x̂∥∞

∥d− d̂∥∞

]∥∥∥∥
2

≤ µoλ
k
o

∥∥∥∥[∥x0 − x̂0∥∞
∥d0 − d̂0∥∞

]∥∥∥∥
2

, (14)

therefore, (14) implies∥∥∥∥x− x̂

d− d̂

∥∥∥∥
2

≤
√
nx + nd µoλ

k
o

∥∥∥∥x0 − x̂0

d0 − d̂0

∥∥∥∥
2

. (15)

The observer is therefore exponentially convergent with
function βo(s, k) =

√
nx + nd µoλ

k
o s. ■
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[12] P. Tatjewski and M. Ławryńczuk, “Algorithms with state estimation in
linear and nonlinear model predictive control,” Computers & Chemical
Engineering, vol. 143, p. 107065, 2020.

[13] I. Schimperna and L. Magni, “Robust constrained nonlinear model
predictive control with gated recurrent unit model,” Automatica,
vol. 161, p. 111472, 2024.

[14] I. Goodfellow, Y. Bengio, and A. Courville, Deep learning. MIT press,
2016.

[15] F. Bonassi, Reconciling deep learning and control theory: recurrent
neural networks for model-based control design. PhD thesis, 2023.

[16] I. Schimperna and L. Magni, “Robust offset-free constrained model
predictive control with long short-term memory networks–Extended
version,” ArXiv preprint arXiv:2303.17304, 2023.

[17] P. O. Scokaert, J. B. Rawlings, and E. S. Meadows, “Discrete-time
stability with perturbations: Application to model predictive control,”
Automatica, vol. 33, no. 3, pp. 463–470, 1997.

[18] M. A. Henson and D. E. Seborg, “Adaptive nonlinear control of a
pH neutralization process,” IEEE Transactions on Control Systems
Technology, vol. 2, no. 3, pp. 169–182, 1994.


