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ABSTRACT
A supersonic inlet turbine is an attractive solution to extract power from the highly fluc-
tuating and supersonic flow delivered by a rotating detonation combustion chamber. To
avoid unstarting in a supersonic inlet turbine, the best practice recommends maintaining
the maximum contraction ratio above the self-started limit; nonetheless a complex un-
starting mechanism was observed when a collective shock is generated. First, a thorough
explanation is given on how a collective shock is formed ahead of the blade row and why
this leads to the unstarting of a supersonic channel. Then, parametric analyses were car-
ried out to evaluate the effect of Mach number, geometric and incidence angles on the
collective shock unstarting limit. Finally, it is presented a comprehensive overview of all
supersonic inlet turbine design limits, and design guidelines are updated in view of the
further restrictions introduced by this additional constraint.
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NOMENCLATURE
A Area [m2]

Cp Specific heat at constant pressure

[J kg−1 K−1]

g Blade pitch [m]

H Blade height [m]

i Incidence angle [°]

ṁ Mass flow rate [kg s−1]

M Mach number [-]

p Pressure [Pa]

T Temperature [K]

th Leading-edge thickness [m]

U Peripheral velocity [m/s]

V Velocity [m/s]

α Absolute flow angle with respect to ax-

ial direction [°]

αg Profile geometric angle [°]

β Relative flow angle with respect to ax-

ial direction [°]

γ Specfic heat ratio [−]

μ Mach angle [−]

ρ Density [kg m−3]

Subscripts
1,2 Stator inlet and outlet, respectively

3,4 Rotor inlet and outlet, respectively

in Inlet

n Normal

ps Post-shock

t Total quantity

th Throat

W Relative frame of reference

Acronyms
CFD Computational Fluid Dynamics

MOC Method of Characteristics

RDC Rotating Detonation Combustor

RDE Rotating Detonation Engine
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INTRODUCTION
Continuous growth in global energy consumption and climate change demand new solutions

for clean and more efficient propulsion and power production devices. As for the land-based

power systems, a substantial introduction of renewable technologies in the overall energy mix

requires supporting energy systems to compensate for their intrinsic non-schedulability.

In this context, gas turbines still represent a viable option and one of the most promising

solutions is their integration with rotating detonation combustors (RDC). In this technology, a

detonation wave rotates typically in an annular chamber and burns the fresh mixture (Wolański

2013). The pressure gain originated from the detonation wave allows for a decrease in fuel con-

sumption (Jones & Paxson 2013, Wintenberger & Shepherd 2006), an increase in total pressure

(up to 15%) (Frolov et al. 2013), an increase of gas turbine thermal efficiency (Sousa, Paniagua

& Collado Morata 2017, Strakey et al. 2016) and plant efficiency up to 14% over a conventional

turbine (Claflin et al. 2014) for intermediate pressure ratios. Rotating detonation engine (RDE)

are also perfectly compatible with hydrogen, owing to its aptitude to detonation (Anand & Gut-

mark 2019). Anand & Gutmark (2019) and Ma et al. (2020) have presented comprehensive

reviews on the combustion issues.

The transonic/supersonic and highly fluctuating flow delivered by the combustor chamber is

hardly suitable for the design of an efficient turbine. For this reason a diffusing transition duct

for a subsonic turbine or an accelerating one for a supersonic turbine connects the combustion

chamber to the first turbine stage (Braun et al. 2017, 2021). This paper focuses on the design

issues of supersonic inlet turbines.

Supersonic inlet turbines are characterized by large work extraction at the expense of lower

efficiencies compared to subsonic designs. Detailed analysis of the 3D design of supersonic

turbines is carried out by Paniagua (Paniagua et al. 2014) and by Mushtaq et al. (Mushtaq,

Colella & Gaetani 2022, Mushtaq, Persico & Gaetani 2022), where i) mean-line codes, ii)

method of characteristics for the profile design, iii) high-fidelity CFD simulations, iv) shape

optimization applied to endwalls, are combined to get a clear picture of the design complexity.

Turbine interaction with the RDC was investigated numerically by Liu et al. (2019) and Shen

et al. (2022) and experimentally by Bach et al. (2019).

Supersonic turbines for RDE applications have to comply with limitations characteristic of

supersonic flows. Considering the unsteadiness of the incoming flow, the axial Mach number

should be higher than sonic to avoid the unique incidence problem (Starken et al. 1984). Fur-

thermore, the self-starting condition must be always satisfied since the normal shock wave of

an un-started condition is considerably more dissipative than the bow-shock of a started con-

dition. The self-starting condition constrains the maximum contraction ratio in the channel

(Kantrowitz & Donaldson 1945), which in turn restricts the maximum allowable flow turning

(Mushtaq, Colella & Gaetani 2022).

In this paper, unstarting phenomena are studied in detail by both analytical and CFD ap-

proaches. Results show that complex shock waves features at turbine inlet set an additional

unstarting limit for supersonic inlet cascades. First, a detailed explanation is given on the mech-

anism behind this unstarting phenomenon. Then, parametric analyses reveal the effect of Mach

number, geometric and incidence angle on this additional limit. Finally, supersonic inlet tur-

bine constraints are compared in function of relevant design parameters to find the most severe

limit for each configuration. From these analyses, some recommendations are provided for an

efficient design of a supersonic inlet turbine.
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DESCRIPTION OF THE UNSTARTING MECHANISM
The formation of a collective shock induces unstarting in a supersonic turbine. To fully

understand this statement, it is first necessary to introduce the concept of collective shocks

and then provide an explanation of how this phenomenon is responsible for the unstarting of a

supersonic turbine.

Figure 1: Schlieren photographs of the

types of bow shock interference ahead of a

transverse system of spheres (From Boiko

et al. (2004)).

A collective bow shock is formed when the

bow shock waves generated by two close bodies

merge together; it is critical to point that the co-

alescence of the two bow-shock waves happens

only in certain conditions, which will be discussed

in detail in the results section.

For example, Fig. 1 displays the schlieren images

of an experimental campaign performed by Boiko

in a shock tube (Boiko et al. 2004). As the distance

between the two spherical bodies is reduced, three

stages can be recognized: in the first one (a), each

body generates a separate bow shock wave with a

regular shock intersection; in the second stage (b),

a Mach phenomenon is formed in the intersection

point and finally, in the last one (c) the two shocks merge to generate a collective bow shock.

(a) Regular intersection (b) Mach reflection

(c) Lambda shock (d) Collective shock

Figure 2: Sequence of shock structures as the inlet Mach number is progressively reduced:

there are respectively a regular intersection (a), a Mach reflection (b), a lambda shock (c) and

finally a collective shock (d). The figures display in background the Mach field, while in fore-

ground the shock structures are underlined by the density gradient. The inlet flow angle is

aligned to the profile inlet geometric angle.
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Since supersonic turbines generate bow shock waves at their leading edge, they are not ex-

empt from the problem of collective shocks. In analogy to the Boiko campaign, if we progres-

sively reduce the inlet Mach number while fixing the turbine geometry, the bow shock waves

widen manifesting a series of distinct shock structures (Fig. 2): these include a regular inter-

section (a), a Mach reflection (b), a lambda shock (c) and finally a collective shock (d) in order

of appearance at decreasing inlet Mach numbers. Overall, the formation of these structures is

a complex phenomenon, that depends on various factors such as the geometry of the turbine

and the incoming flow. Downstream of a strong collective shock the flow can still become su-

personic in the turbine channel as displayed by case (d), where the area contraction induced by

the leading edge is responsible for the supersonic transition (the post-shock Mach number was

close to unity).

Figure 3: Flow turning induced by the col-

lective shock, which behaves as an oblique

shock wave ahead of the blade row.

However, the collective shock for a supersonic

turbine presents some distinct features. First of

all, due to the periodicity of the turbine, the col-

lective shock is almost a straight shock without

the bowed end in the external region (Fig. 1).

Furthermore, collective shock have been primarily

studied for external aerodynamics (Laurence et al.

2007), while in this case the collective shock is

formed inside a supersonic channel, which is al-

ready affected by starting/unstarting issues. Con-

sidering the flow orientation, which is not neces-

sarily aligned to the channel axis, the collective

shock behaves as an oblique shock wave (Fig. 3).

As the flow goes through the oblique collective

shock, the flow is turned in tangential direction by

an angle θ, which can be interpreted as a reduction

of the effective area. The contraction ratio for a

turbine channel is calculated in Eq. 1 and simplified for a constant channel geometry; in addi-

tion, numerical examples are reported in table 1 for the contraction ratios caused by collective

shocks. Unfortunately, a shock wave is unstable in a converging duct: the collective shock

starts moving upstream in search for a stable position leading ultimately to the unstarting of the

supersonic channel.

Aps

A1

=
2πrpsHpscos (αps)

2πr1H1cos (α1)
=

cos (αps)

cos (α1)
(1)

Collective shock unstarting is also characterized by an upper limit, because for certain condi-

tions (high inlet geometric angles and low inlet Mach numbers) the bow shock waves are so

Table 1: Contraction ratios caused by the collective shock (oblique shock).

M1 α1 αps (post shock) Aps/A1

1.4 25° 34.3° 0.911

1.7 40° 51.9° 0.805

2 50° 60.6° 0.763
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wide that there is no intersection between them. This upper limit is estimated in Eq. 2 assuming

that detached waves are asymptotic to the free-stream Mach lines at large distances from the

leading edge (Moeckel 1921). One unexpected outcome is that collective shock unstarting and

unique incidence problem are mutually exclusive, since the first one requires a supersonic axial

Mach number, while the second one a subsonic axial Mach number (Eq. 3).⎧⎨
⎩sinμ =

1

Min

Mach angle

μ > 90◦ − αg Condition for no intersection
(2)

Mincos(αg) = Min−axial < 1 (3)

Collective shock unstarting and the well-known Kantrowitz limit may seem very similar at first

glance, but there are relevant differences between the two phenomena. The Kantrowitz limit

(Kantrowitz & Donaldson 1945) provides the maximum allowable contraction ratio (Eq. 4) for a

diffuser to ingest the normal shock generated during the starting process and obtain a supersonic

flow; once the supersonic diffuser is started, the contraction ratio necessary for the unstarting

is significantly smaller and corresponds to a sonic condition in the throat. The hysteresis of the

Kantrowitz limit is clearly displayed in Fig. 4 by the starting and unstarting arrows.⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ath

Ain

∣∣∣
self−started

>

( γ+1
2

1 + γ−1
2
M2

n

) γ+1
2(γ−1)

M2
n =

(γ − 1)M2
in + 2

2γM2
in − (γ − 1)

(4)

On the contrary, no hysteretic behavior was observed in this novel mechanism for supersonic

turbine unstarting, because the formation of a collective shock depends only on the bow shock

waves; the bow shock shape and their intersection is determined by turbine inlet conditions and

not on the previous states. It is relevant to underline that in this consideration, turbine inlet

conditions are varied slowly enough to establish a quasi-steady flow in the turbine, while the

effect of upstream unsteadiness on collective shock unstarting will be examined in detail in a

subsequent work.

Figure 4: Contraction ratio allowed by the Kantrowitz limit at varying inlet Mach number. The

hysteresis between the starting and unstarting condition is highlighted by upward and downward

arrows, respectively.
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METHODS
Computational flow model
Ansys CFX was selected to perform the quasi 2D blade-to-blade CFD simulations. The

pressure-based implicit coupled solver has been validated for supersonic flows against two test

cases (Fig. 5): the analytical solution of the Sod shock tube (Sod 1977) and the experimental

data on a 2D compression corner (Settles & Dodson 1991). The advection terms were modelled

with high-resolution schemes implemented as a total variation diminishing algorithm (Druguet

& Zeitoun 2003), while the transient terms were discretized with a second order backward

Euler scheme. Viscous calculations are necessary to accurately simulate cases characterized

by boundary layer separation due to large incidence angles; turbulence closure was achieved

through the k-omega SST model and y+ was kept below 1 on all wall surfaces. The working

fluid is air which is assumed to be a perfect gas.

(a) (b)

Figure 5: (a) Comparison between the analytical and Ansys CFX solution at t = 0.001 s for the

Sod shock tube problem. (b) Comparison between the experimental solution and Ansys CFX

for the compression corner problem at 8°and 16°ramp angles.

Pressure, temperature and velocity are all assigned at the supersonic inlet. The blade profile

is an adiabatic and no-slip boundary, while adiabatic and free-slip conditions are prescribed

on the hub and shroud walls. The outlet is supersonic and the lateral boundaries are periodic.

Computations were considered at convergence when at each time step (or at the last step for a

steady-state simulation) all the residuals were below 5 · 106.
Ansys TurboGrid was used to generate a structured mesh with hexahedral cells, high or-

thogonality, and low skewness. The domain was modelled as a periodic annular stream tube

(small thickness in radial direction) placed at a large radius to minimize curvature and radial

equilibrium effects; this strategy was necessary since the meshing software, which produces ex-

cellent quality mesh for turbines, works in cylindrical coordinates and with three-dimensional

domains. The inlet is situated one chord upstream of the leading-edge to capture the collec-

tive shock, while the outlet is located half-chord downstream of the trailing-edge. The mesh

independence analysis was carried out with the grid convergence index method (Celik et al.
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2008). For the blade-to-blade simulations (2 cells in radial direction), 100 k, 200 k, 400 k and

800 k were tested. The 400k satisfied the independence condition: the grid convergence index

from fine to medium mesh calculated on the mixed-out entropy production (Prasad 2004) is

0.59%. Complete details about the case set-up and the solver validation are reported in (Mush-

taq, Colella & Gaetani 2022).

Automated procedure for unstarting limit detection
Parametric analyses are necessary to evaluate the effect of this complex unstarting mecha-

nism on the design space available for a supersonic turbine. Since unsteady simulations have a

prohibitive computational cost for extended parametric analyses, a procedure based on steady-

state simulations was developed to find the unstarting limit curve.

In this procedure, consecutive steady-state simulations are performed where only one pa-

rameter is modified, while all the others are maintained constant. As an example, let’s consider

that, for a given geometry and flow angle, we want to determine the limit Mach number for

un-starting. The initial point is a Mach number sufficiently high that the supersonic profile is in

a started operating mode. After each steady-state simulation, the inlet Mach number is reduced

of ΔM with respect to the previous one, and the solution of the previous simulation is used as

initial condition to further reduce the computational cost. The process continues till a collective

shock is formed ahead of the blade row and starts moving upstream in the time-marching steady

state solver. The procedure is finally repeated for different geometric and incidence angles to

build the parametric unstarting limit curves.

The geometry of the turbine is generated without aiming to the maximum performance, but

to isolate unstarting by collective shock from the other limits of a supersonic turbine; hence, the

outlet flow angle, the leading-edge thickness to pitch ratio and the stream-tube channel height

ratio have been selected to avoid Kantrowitz type unstarting in all cases. The supersonic profiles

are generated with the ”vortex-flow” method, which is an implicit Method Of Characteristics

(MOC) developed by Goldman & Vanco (1971). Since the MOC generated profile has infinites-

imal thickness at the leading and trailing edge, the pressure side and suction side are shifted of

a plausible thickness value and closed by ellipses.

The procedure based on steady-state simulations was validated with an unsteady simula-

tion. In the unsteady simulation, the inlet Mach number was modified in time with a stepwise

trend: the Mach number is reduced in each step by ΔM and then sufficiently time is conceded

to reach a steady solution or to manifest the unstarting phenomenon. The ΔM selected for both

methodologies is equal to 0.025, which is a reasonable compromise between accuracy and com-

putational cost. A value of 25◦ was selected for the inlet flow angle, the outlet flow angle is half

of the inlet flow angle, the stream-tube channel height ratio is 1.2 and the pitch to leading-edge

thickness ratio is 42. Inlet flow direction (25◦), static pressure (1.92 bar) and static temperature

(1300 K) were maintained constant. The starting Mach number obtained with the steady and

unsteady simulations are respectively 1.361 ± 0.025 and 1.375 ± 0.025. Since the two values

are within ΔM, the procedure based on steady-state simulations can be reliably employed to

generate the parametric curves for the unstarting limit.

RESULTS AND DISCUSSION
The effect of Mach number, geometric and incidence angles on the unstarting limit
The effect on the starting limit of the inlet Mach number, the profile inlet geometric angle

αg and the incidence angle i was investigated, since these quantities are extremely relevant both
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Figure 6: Maximum inlet geometric angle for collective shock unstarting at varying inlet Mach

number. Green and red triangles are associated to a started and unstarted turbine operation,

respectively. A, B, C and D are sketches of the bow-shock waves associated to the operation

points circled in the left figure.

for the turbine design and its integration with a rotating detonation combustor. About 200 CFD

simulations were carried out to build the parametric curves displayed in the next pages with

the procedure presented and validated in the methods section. Turbine inlet conditions were

selected considering typical values for RDEs and high-pressure turbines (Schwer & Kailasanath

2010, Paniagua et al. 2014, Paxson & Naples 2017, Rankin et al. 2017, Braun et al. 2021);

notice that the velocity intensity and direction were varied, while the static pressure (1.92 bar)

and static temperature (1300 K) were maintained constant throughout the procedure.

Figure 6 displays the unstarting limit curve that relates the inlet Mach number and the inlet

geometric angle. The points marked with the green and red triangles correspond respectively to

started and un-started blade rows, assessed by means of CFD simulations. This curve reveals

that higher inlet geometric angles demand higher inlet Mach numbers to avoid unstarting by

collective shock.

To understand this trend, it is important to remember that a collective shock is generated by the

coalescence of the bow shock waves, which takes place only in certain conditions. The geomet-

ric angle does not affect the shape of the shock, but it modifies the location of the intersection

point. For higher geometric angles, the intersection point shifts from the center of the channel

towards one of the leading edges and closer to the normal portion of the bow shock wave. Un-

der these conditions, the bow-shock waves undergo partial merging manifesting a characteristic

Mach reflection structure, composed of a normal shock between the two triple points (Délery

& Dussauge 2009). If the inlet geometric angle were to be further increased, it would lead to

a complete merger of the shock waves anticipating the formation of a collective shock. Hence,

high inlet geometric angles require high inlet Mach numbers to reduce the slope of the bow

shock waves leading to more regular intersections. For low geometric angles, the shock inter-

section is closer to the center of the channel, which enables the starting of the turbine even with
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Figure 7: Maximum incidence angle for collective shock unstarting at varying inlet Mach

number and for an inlet geometric angle of 15◦. A, B, C and D are sketches of the bow-shock

waves associated to the operation points circled in the left figure.

wider bow shock waves produced by lower inlet Mach numbers.

Assessing the influence of the incidence angle on the starting limit is valuable considering

typical RDE off-design operations and highly fluctuating flows at turbine inlet (±20◦). By way

of example, the relationship between the Mach number and the incidence angle for a fixed

geometric angle of 15◦ is shown in Fig. 7; in this case, the Mach number was maintained

constant, while the incidence angle was progressively increased until the appearance of the

unstarting phenomenon. When the flow is not aligned with the profile (non-zero incidence

angle), an asymmetrical bow shock wave is generated at the blade leading edge; as the incidence

angle is increased, one of the branches of the shock wave rapidly moves upstream facilitating

the formation of the collective shock. This issue can be mitigated by less inclined bow shock

waves, which explains why higher inlet Mach numbers can accept larger incidence angles.

Furthermore, figure 8 underlines the detrimental effect of the geometric angle αg on the

Mach-incidence relation. As explained earlier, an increase in the geometric angle has no effect

on the bow-shock shape, but it shifts the intersection point towards un unfavorable location

from the starting point of view. It is also relevant to observe that the effect of the geometric

angle is non-linear; the variation in geometric angle between the three curves is the same, but

the shift for the 30◦ geometric angle is considerably larger than the 15◦ one. This characteristic

originates from the Mach - αg relation (Fig. 6): the impact of the geometric angle on the Mach

number is limited below 15◦, which explains the reduced shift between the 0◦ and 15◦ geometric

angle curves.

In conclusion, these parametric curves further demonstrate the pivotal role of the shock

structures in the unstarting by collective shock, where the adverse effects of an increase of

the geometric angle and incidence angle are counterbalanced only by an increase of the Mach

number.
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Figure 8: Influence of the geometric angle on the maximum incidence angle for collective

shock unstarting. A, B, C and D are sketches of the bow-shock waves associated to the operation

points circled in the left figure.

Design limits for supersonic inlet turbines
Once the mechanism behind collective shock unstarting has been understood and the ef-

fect of the inlet quantities investigated, it is appropriate to compare this additional limit with the

known ones and determine if and how guidelines change for the design of a supersonic inlet tur-

bine. First, an overview of all the limits in the design of a supersonic stator-rotor configuration

is presented in Fig. 9.

Three limits constrain stator inlet geometry: 1) the Kantrowitz limit on the area contraction

caused by the leading-edge thickness, 2) the collective shock unstarting and 3) the unique in-

cidence problem. Among these, the restriction on the pitch to leading edge thickness ratio g/th

(Fig. 9b) represents a far limit because the value of this ratio is typically higher than the limit

value to minimize bow-shock losses. The unique incidence problem should also be avoided

since large fluctuations are still expected at stator inlet (± 20◦).
Kantrowitz limit also restricts stator outlet flow angle and the design space can be extended

with a variable stator blade height because the area reduction caused by larger flow angles is

compensated by an increase in blade height at the outlet (Mushtaq, Colella & Gaetani 2022,

Sousa, Paniagua & Saavedra 2017). Notice that the limitation on stator outlet flow angle is

more severe than stator inlet limits and demands for higher inlet Mach numbers; this option

further improves safety margins on stator inlet limits.

On the contrary, rotor inlet constraints are severe and their requirements grave on the turbine

design and performance. These are the same limits described for the stator, just in the relative

frame of reference; the main issue is that a lower rotor inlet Mach number (diffusing stator

channel) minimizes shock losses, but it also increases the severity of rotor inlet limits.

Efficient supersonic inlet turbines are characterized by large stator outlet flow angles with

minimum rotor inlet shock losses (Mushtaq, Persico & Gaetani 2022). Unfortunately, the opti-

mum efficiency direction is moderated by stator outlet and rotor inlet constrains. Therefore, to
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Figure 9: a) Overview of all the constraints in the design of a supersonic inlet turbine. For each

constraint, the main dependencies are listed within the brackets. b) Minimum pitch to leading

edge thickness to avoid unstarting by Kantrowitz at turbine inlet.

find the optimum compromise it is essential to understand the trend of these limits in function

of relevant design parameters.

For this purpose, it was employed an in-house mean-line code specifically developed and

validated for the design of supersonic inlet turbines for RDEs (Mushtaq, Colella & Gaetani

2022, Mushtaq, Persico & Gaetani 2022).

Aerodynamic losses were estimated to correctly predict rotor inlet flow quantities and conse-

quently rotor inlet limits. An accurate evaluation of stator entropy production was achieved

by taking into account: 1) the leading-edge bow shock wave losses, estimated thanks to the

methodology developed by Moeckel to predict bow-shock wave shape for two dimensional

or axial symmetric bodies (Moeckel 1921, Klapproth 1950); 2) boundary and mixing losses

obtained by first calculating the compressible turbulent boundary layer quantities using Strat-

ford and Beavers procedure (Stratford & Beavers 1961) and then the overall loss coefficient is

evaluated by extending Stewart’s method for supersonic axial Mach numbers (Stewart 1955);

3) endwall losses determined by integrating Coull’s equation (Coull 2017) with Truckenbodt’s

correlation (Moore & Moore 1983) for the dissipation coefficient.

The variables selected for the parametric analysis are stator inlet Mach number M1, stator outlet

flow angle α2 and stator outlet/inlet blade height ratio H2/H1. Rotor peripheral velocity was

maintained constant because its effect on collective shock unstarting is negligible; this result

comes from the fact that a reduction in relative flow angle at higher peripheral velocity is bal-

anced by a reduction in relative inlet Mach number. The dimensionless ratios (pitch to leading
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edge thickness ratio, solidity and blade aspect ratio) have been carefully selected considering

the thermal and the mechanical integrity of the profiles (further details are provided in (Mush-

taq, Persico & Gaetani 2022)). Table 2 reports the inlet flow quantities that were kept fixed

during the parametric analysis.

Table 2: Constant input parame-

ters for the parametric analyses.

Mass flow rate [kg/s] 100

Total Pressure [bar] 15

Total Temperature [K] 2150

Peripheral speed [m/s] 400

α1 [deg] 0

The limit value for each constraint was found through

a binary search algorithm (Knuth 1997); for a given couple

(M1, H2/H1), the maximum stator outlet flow angle was de-

termined by progressively halving the search interval, where

the lower and upper limit of the interval does and does not

respect the limit, respectively. The process was considered

at convergence when the interval length was below 0.1◦.
The same procedure was then repeated for each limit and

for various Mach numbers and stator blade height ratios.

At last, there is still one trivial but fundamental condi-

tion to satisfy: mass conservation. In a supersonic turbine,

mass flow rate is assigned by the inlet flow conditions and must be obviously conserved in the

stator and rotor blades.

ṁ = ρ2A2nV2 =
p2t√
Cp T2t

A2n
γ√
γ − 1

(
1 +

γ − 1

2
M2

2

)− γ+1
2(γ−1)

M2 (5)

Figure 10: Mass flow rate at stator outlet

for various total pressures and outlet flow

angles.

Equation 5 clarifies the relation between mass

flow rate, total quantities and Mach number; by

way of example, this relation is displayed in

Fig. 10 for various total pressures and stator out-

let flow angles. It is interesting to observe that

lower total pressures and larger outlet flow angles

shift the curve towards lower values of the mass-

flow rate. This condition arises also for supersonic

turbines when extremely high values of the out-

let flow angles are considered with significant to-

tal pressure losses in the stator blade row. In this

situation, no stator outlet Mach number is able to

transport the mass flow rate assigned at inlet mak-

ing the corresponding geometry inadmissible.

The maximum stator outlet flow angle with a

constant stator blade height accepted by the most

severe stator outlet and rotor inlet constraints is

displayed in Fig. 11a. It is critical to observe how

collective shock unstarting is the prevailing limit

for almost all Mach numbers and neglecting this

additional unstarting mechanism during the design stage may have grave consequences on the

turbine and engine operations. For increasing stator inlet Mach numbers (and hence M3W ),

the Kantrowitz limit on the stator becomes the ruling constraint since collective shock limit

rapidly mitigates for higher values of M3W . The unique incidence limit and the collective

shock one present similar trends because they both depend on the same variables (Fig. 11a) for

12



(a) (b)

Figure 11: Maximum stator outlet flow angle allowed by stator outlet (SOut) and rotor inlet

(RIn) constraints with a stator blade height ratio of 1 (a) and with an inlet Mach number of 2

(b). For both cases, zero incidence angle was considered at rotor inlet. The circled area in (b)

highlights a high flow-turning region which suffers only from the unique incidence problem.

constant values of rotor incidence angle and rotor g/th ratio. Finally, mass conservation typi-

cally provides a far limit, which cannot be reached due to the restrictions imposed by the other

constraints.

Furthermore, the relation for each limit between the maximum stator outlet flow angle and

stator blade height ratio H2/H1 is presented in Fig. 11b. Kantrowitz limit exhibits a strong

dependency on H2/H1 ratio because, as stated earlier, contraction of the blade-to-blade channel

can be mitigated by expanding the blade height. Additionally, higher values of H2/H1 increases

stator outlet Mach number and hence rotor inlet M3W ; thus, the maximum α2 allowed by the

collective shock unstarting is also larger. It is worth noting that the rate of increase in stator

outlet flow angle is slower for the collective shock compared to the Kantrowitz limit. This

is because the additional blade height ratio cannot be fully converted into flow angle without

risking collective shock unstarting.

Figure 11 a and b provide valuable information for the design of the supersonic turbine and

for the design of the transition duct. At lower stator inlet Mach numbers, flow turning is signif-

icantly limited with reduced work generation; on the contrary, larger flow angles are possible

with higher inlet Mach numbers, but stator shock losses will increase accordingly. Therefore,

the choice of the inlet Mach number is mainly driven by the required work specification.

Variable stator blade height is still a beneficial option to improve turbine efficiency by produc-

ing a large amount of work with limited variation in losses (Mushtaq, Persico & Gaetani 2022).

The main difference is that the maximum stator outlet flow angle is driven by collective shock

unstarting and not by the Kantrowitz limit.

Furthermore, Fig. 11b reveals an alternative solution: at high H2/H1 ratios, there is an area that

suffers from unique incidence problem, but it is below the Kantrowitz limit (collective shock

unstarting is not possible above the unique incidence line). A designer can decide to work in
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this area (circled in Fig. 11b) accepting the unique incidence problem, an approach already

employed in rocket engine turbopumps (Billonnet 1988) and in organic Rankine cycles (Bufi &

Cinnella 2018). However, supersonic inlet turbines have to deal with the complexity of a dif-

fusing stator: large stator outlet flow angles are prone to boundary layer separation, especially

with oblique shock waves reflecting on the suction side; concurrently, flow separation may arise

also on the rapidly extending endwalls. Further investigations are required to assess in detail

benefits and disadvantages of operating in this area also for RDEs applications.

So far, zero incidence angle was considered at rotor inlet. If rotor geometry is conceived

with a positive incidence angle, the maximum stator outlet flow angles allowed by the collective

shock unstarting reduces. This consideration is relevant also for off-design operations and a

designer should account for sufficient safety margins to avoid unstarting in design as well as in

off-design.

Finally, it is of relevance to mention also stator-less configurations for RDEs (Paniagua et al.

2014). The design limits for this architecture are the same ones that were described for the rotor

in a stator-rotor configuration, but the design process is easier from the limits point of view

since it is free from the complex relation between stator outlet and rotor inlet limits.

CONCLUSIONS
The design of supersonic inlet turbines for rotating detonation engines is bounded by super-

sonic flows characteristic limits. This paper introduces a novel unstarting limit, which further

constrains the design process of these machines. This additional unstarting mechanism is based

on the generation of a collective shock from the coalescence of the leading-edge bow shock

waves.

A procedure based on steady-state simulations was developed and validated to perform para-

metric analyses with limited computational cost. The parametric curves demonstrate that higher

values of inlet geometric angles or incidence angles are more vulnerable to collective shock un-

starting, while higher inlet Mach numbers improve safety margins. The shape of the bow shock

waves and their intersection play a pivotal role in defining these trends.

An extensive overview of supersonic inlet turbine limits was provided, and the most severe

limits were compared in function of relevant design parameters. Collective shock unstarting

is the prevailing limit for almost all cases and neglecting this unstarting mechanism during

the design stage may have critical consequences. Variable stator blade height is still a beneficial

option to extend design limits and improve turbine efficiency, while the choice of the inlet Mach

number is mainly driven by the required work specification.
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