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 A B S T R A C T

Extrapolative prediction of complex nonlinear dynamics remains a central challenge in engi-
neering. This study proposes a one-shot learning method to identify global frequency-response 
curves from a single excitation time history by learning governing equations. We introduce 
MEv-SINDy (Multi-frequency Evolutionary Sparse Identification of Nonlinear Dynamics) to infer 
the governing equations of non-autonomous and multi-frequency systems. The methodology 
leverages the Generalized Harmonic Balance (GHB) method to decompose complex forced 
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One-shot learning
 

responses into a set of slow-varying evolution equations. We validated the capabilities of MEv-
SINDy on two critical Micro-Electro-Mechanical Systems (MEMS). These applications include a 
nonlinear beam resonator and a MEMS micromirror. Our results show that the model trained 
on a single point accurately predicts softening/hardening effects and jump phenomena across a 
wide range of excitation levels. This approach significantly reduces the data acquisition burden 
for the characterization and design of nonlinear microsystems.

1. Introduction

The rapid advancement of computational resources has enabled the high-fidelity simulation of complex physical phenomena, 
even within intricate multi-physics and multi-scale frameworks. However, characterizing the complex dynamical behaviors of 
physical systems remains a formidable challenge. In practical engineering applications, such as MEMS resonators and sensors, 
understanding the nonlinear response — including frequency shifts, hardening/softening effects, and jump phenomena — requires 
extensive frequency and amplitude sweeps. When relying on full-order models (FOMs), such as the finite element method (FEM), 
each individual simulation in the time domain or parametric space can be computationally very demanding. Consequently, exploring 
a broad range of initial conditions and parameter combinations becomes a computationally prohibitive task or even unfeasible 
for real-time monitoring and design optimization. Unlike simple output estimation, capturing the evolution of a high-dimensional 
nonlinear field is intrinsically difficult due to its time-dependent nature and the sensitivity of nonlinear regimes. These challenges 
drive the urgent need for efficient yet accurate reduced-order models (ROMs) that can bypass the heavy burden of FOMs while 
preserving the essential physics of the dynamical system.

Efficient ROM construction begins with dimensionality reduction [1]. This process projects high-dimensional FOM states onto a 
low-dimensional manifold from data previously collected from full-order simulations or experiments [2]. Historically, the reduced 
basis method has been the standard for building these reduced spaces [3–5]. It often utilizes Proper Orthogonal Decomposition 
(POD) [6–8] to approximate solutions. However, POD-based techniques are typically intrusive. They require direct access to 
the internal operators of the FOM. This requirement makes it difficult to use them with proprietary or commercial simulation 
software. Machine learning has emerged as a powerful non-intrusive alternative for ROM construction. These methods reduce 
dimensionality directly from data streams. They do not require access to the FOM operators. Dynamic Mode Decomposition 
(DMD) [9,10] is a prominent linear framework in this category. It extracts dominant frequencies and spatial modes from snapshot 
data. However, DMD is limited by its linear assumption. Autoencoder (AE) networks [11–13] provide a nonlinear alternative. They 
are particularly effective at uncovering latent features in complex systems. These networks offer better nonlinear compression than 
linear methods like POD or DMD. Advanced frameworks like deep learning-based ROMs (DL-ROMs) [14,15] and their enhanced 
version through POD (POD-DL-ROMs) [16] have further improved this process. They perform dimensionality reduction and learn 
the parameter-to-solution map at the same time.

Data-driven ROMs face significant challenges when predicting scenarios outside the training set. These methods are essentially 
interpolation tools. They provide high accuracy only within the observed parameter ranges. When these models encounter unseen 
parameter values, their performance often degrades. This lack of generalization limits their use in exploring unknown physical 
regimes. Furthermore, constructing reliable non-intrusive ROMs requires a large volume of training data. Generating these datasets 
through FOM simulations is computationally expensive. This high cost reduces the overall efficiency of the modeling process. There 
is a clear need for a framework that offers better extrapolation. Such a framework should also require less training data to maintain 
physical consistency.

Equation discovery offers a powerful alternative to black-box models. This approach infers governing equations directly from 
data. There are two main methodological paradigms in this field. The first paradigm is symbolic discovery [17,18]. It seeks to recover 
closed-form representations of physical laws. The second paradigm is sparse regression, SINDy [19,20]. This method identifies 
parsimonious models from a predefined library of candidate functions. These techniques were first developed for ordinary differential 
equations. Researchers later extended them to partial differential equations [21,22]. Recent advances in machine learning have 
improved these methods. They are now robust against sparse or noisy data [23–26]. This makes them viable for real-world scientific 
discovery. Equation discovery has catalyzed the field of scientific machine learning. It helps uncover interpretable laws in cyber–
physical systems [27], fluid dynamics [28,29], biological and chemical networks [30,31] and complex networks [32,33]. The main 
appeal of this approach is the generation of an explicit ROM. The resulting model takes the form of a system of ordinary differential 
equations. Sparsity constraints ensure that the latent dynamics remain interpretable. Users can then analyze the identified system 
using standard numerical tools for time integration.

Most physical and engineering systems exhibit weakly nonlinear oscillatory behaviors with weak linear dissipation. These include 
applications in structural engineering and micro-electro-mechanical systems (MEMS). Weak nonlinearities often arise from geometric 
effects and can lead to pronounced impacts on dynamical performance. However, existing methods often overlook these challenges, 
as they focus on extracting only the most dominant terms in governing equations. This process often discards those contributions 
that seem insignificant but are physically important. Recent research has introduced evolutionary-based learning to address this 
issue. A prominent example is EvLOWN [34], which stands for Encoding Cumulation to Learn Perturbative Nonlinear Oscillatory 
Dynamics. This method reformulates optimization objectives using the method of averaging. It bridges the gap between weak 
nonlinearities and slow-varying evolutionary variables by selecting only the terms that are most informative about amplitude and 
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Fig. 1. One-Shot Learning framework of weakly nonlinear forced oscillator: The starting point of our framework is the dynamical response 
at a single excitation configuration, which is also the training data of MEv-SINDy. During the training stage, the multi-frequency dynamics are 
separated into distinct harmonic components. We use the generalized harmonic balance method to reformulate the sparse regression problem 
into an evolution space. A two-stage sparse regression process then discovers the final coefficient vector. The primary output of MEv-SINDy is 
the explicit governing equation of the weakly nonlinear forced oscillator. Finally, we apply a continuation method to the inferred equations to 
compute the global frequency-response curves.

phase evolutions. However, EvLOWN has specific limitations as it can only identify autonomous single-frequency responses but 
cannot handle multi-frequency oscillations or non-autonomous dynamics. In this work, we propose a novel data-driven approach, 
called Multi-frequency Evolutionary Sparse Identification of Nonlinear Dynamical systems (MEv-SINDy), which belongs to the vast 
family of SINDy approaches. This framework is designed to learn the governing equations of multi-frequency forced weakly nonlinear 
oscillators. It extends the advantages of evolutionary learning to more complex forced and multi-frequency regimes.

In addition to leveraging multi-frequency data, the proposed approach supports a one-shot learning paradigm, whereby governing 
equations can be identified from a single training instance [35]. The concept originated in computer vision but remains rare 
in scientific machine learning (SciML) [36–38]. Most data-driven ROMs still require massive datasets to characterize physical 
systems [8,15,39]. However, generating such snapshots for complex nonlinear oscillators is computationally expensive. In our 
framework we extract knowledge of the system from a single excitation configuration. This analytical representation allows the 
model to predict dynamical behaviors under entirely different parameters. Consequently, MEv-SINDy can predict the complete 
frequency-response curve from one observation. This strategy eliminates the need for exhaustive training data. It also provides 
a robust tool for exploring unknown physical regimes with minimal cost. To our knowledge, this is one of the first applications of 
one-shot learning for multi-frequency forced oscillators.

A schematic diagram of this work is shown in Fig.  1. The paper is structured as follows. Section 2 contextualizes the weakly 
nonlinear systems inference problem and mathematically demonstrates why traditional SINDy and SINDy-like approaches fail. 
Section 3 details the methodology of the proposed MEv-SINDy framework. This section introduces the Generalized Harmonic Balance 
(GHB) method as an upgrade to the averaging method. The evolutionary variables are expanded from simple amplitude and phase 
to general harmonic coefficients. Based on GHB, we reformulate the sparse regression optimization targets. We also describe a 
joint sparse regression method designed for multiple equations. Section 4 presents numerical validations using a 1-DOF oscillator 
with quadratic and cubic nonlinearities. These tests validate the effectiveness of each step in the MEv-SINDy process. Section 5 
considers two high-dimensional applications. These include a Beam MEMS resonator and a MEMS micromirror. We demonstrate 
that our approach achieves one-shot learning for the frequency-response curve. To further analyze the robustness of the method, 
we examine the influence of training point selection in Section 6. We describe a multi-point training strategy to improve predictive 
performance. Finally, Section 5 provides concluding remarks and summarizes the findings.

2. Problem statement and theoretical limitations

Data-driven equation discovery methods, spearheaded by the Sparse Identification of Nonlinear Dynamics (SINDy), have 
witnessed remarkable advancements in recent years. Extensive research efforts have been directed toward mitigating the effects 
3 
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of measurement noise through robust optimization algorithms and refined derivative estimation schemes. However, the exact 
identification of weakly nonlinear systems remains a largely unaddressed frontier.

The fundamental difficulty in modeling weakly nonlinear vibrations lies in the massive scale disparity between physical terms. 
The governing equations simultaneously contain 𝑂(1) dominant linear inertial terms and 𝑂(𝜖) microscopic nonlinear terms. Existing 
data-driven inference architectures exhibit structural limitations when attempting to capture these subtle, mixed-scale dynamical 
features. Because algorithms evaluate all terms based on instantaneous high-frequency data, the critical weak nonlinearities are 
easily overshadowed.

To clearly elucidate the theoretical contributions of the proposed MEv-SINDy framework, this section systematically reviews the 
inherent bottlenecks of existing methods and details the evolution of our mathematical strategy. The architecture of this section 
is as follows: Section 2.1 defines the mathematical setup of weakly nonlinear forced oscillators. Section 2.2 briefly reviews the 
standard SINDy framework. Section 2.3 dissects the ‘‘Pareto trap’’, explaining why hyperparameter tuning intrinsically fails to 
capture weak terms. Section 2.4 derives the mathematical identifiability limit, demonstrating how weak nonlinearities are buried 
by observation noise. Section 2.5 introduces EvLOWN, a preceding framework that utilizes classical averaging theory to identify 
autonomous systems. Finally, Section 2.6 synthesizes these discussions and outlines the theoretical advancements of the proposed 
MEv-SINDy methodology.

2.1. Problem setup

Consider the general form of weakly nonlinear oscillators with external forcing:
𝑥̈𝑖(𝑡) + 𝜔2

𝑖 𝑥𝑖(𝑡) + 𝜖𝑓𝑖(𝒙(𝑡), 𝒙̇(𝑡)) = 𝐹𝑖(𝑡), (1)

for 𝑖 = 1,… , 𝑘,where: 𝒙(𝑡) = (𝑥1(𝑡),… , 𝑥𝑘(𝑡)) ∈ R𝑘 is the displacement vector at time 𝑡; 𝜔𝑖 is the frequency of oscillator 𝑖; 𝑓𝑖(𝒙(𝑡), 𝒙̇(𝑡))
is a smooth function of the velocity 𝒙̇ and the displacement 𝒙 representing the weak nonlinearity and weak dissipation, which are 
from geometric, internal, material, contact and coupling nonlinearities; 𝐹𝑖(𝑡) is the external actuation that depends on time 𝑡; 𝜖 is a 
small parameter quantifying the strength of nonlinearity compared to dominating linear spring effects 𝜔2

𝑖 𝑥𝑖. Eq. (1) is well suited 
for modeling various classes of systems, whose dimensionality 𝑘 represents the number of degrees of freedom arising, for example, 
from spatial discretization techniques (e.g. finite elements or finite volumes) applied to a system of partial differential equations 
(PDEs) governing the underlying physical problem.

Due to the weak nonlinearity 𝑓𝑖, the steady-state periodic response of the system governed by Eq. (1) under different harmonic 
actuation 𝐹𝑖 exhibits distinct characteristics in terms of amplitude and phase, collectively referred to as the frequency-response curves 
(FRCs), which characterize the dynamic properties of the system. Typically, the actuation can be parameterized by two features, 
frequency and intensity, both of which strongly affect the steady-state periodic response. The goal of this study is to utilize data 
snapshots from a single time history and a given actuation to accurately predict responses under any other actuation conditions, thus 
reconstructing all the possible FRCs of the system. The proposed methodology employs only few set of time history of displacement 
𝒙 and its time-derivative 𝒙̇. In general, 𝒙̇ can be either computed directly or approximated numerically from 𝒙.

2.2. Sparse identification of nonlinear dynamics: SINDy

To identify the system in Eq. (1), it is possible to rely on a linear combination of a set of predetermined functions collected in a 
library, as done in the SINDy method, [19]. To apply SINDy, snapshots of 𝒙 at different time instants are collected in the following 
matrix: 

𝐗 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑥1(𝑡1) 𝑥2(𝑡1) ⋯ 𝑥𝑛(𝑡1)
𝑥1(𝑡2) 𝑥2(𝑡2) ⋯ 𝑥𝑛(𝑡2)
⋮ ⋮ ⋱ ⋮

𝑥1(𝑡𝑇 ) 𝑥2(𝑡𝑇 ) ⋯ 𝑥𝑛(𝑡𝑇 )

⎤

⎥

⎥

⎥

⎥

⎦

. (2)

where: 𝑥𝑖(𝑡𝑗 ) is the 𝑖th entry of 𝐱 at the 𝑗th time instant; 𝑇  is the number of time instants for each snapshot. Similarly, a matrix 𝐗̇
is constructed by collecting 𝒙̇.

A library 𝜣(𝐱) =
[

𝜃1(𝐱),… , 𝜃𝑝(𝐱)
]

∈ R𝑝 of 𝑝 candidate functions is selected. In Section 3.4, it will be discussed how to retain only 
the most relevant functions among this set of candidates. The matrix 𝜣(𝐗) ∈ R𝑇×𝑝 is thus constructed by applying 𝜣 to the rows of 
𝐗, for example, as in the following: 

𝜣(𝐗) =
⎡

⎢

⎢

⎣

| | | | | |

1 𝐗 𝐗𝑃2 𝐗𝑃3 ⋯ sin(𝐗) cos(𝐗) ⋯
| | | | | |

⎤

⎥

⎥

⎦

. (3)

Any nonlinear function, such as polynomial and trigonometric, can be included in the library.
As mentioned, the model to be identified is a linear combination of the candidate functions, with combination coefficients stored 

in 𝜩 =
[

𝝃1,… , 𝝃𝑘
] with 𝝃𝑘 ∈ R𝑝. Combination coefficients are determined by solving a regression problem with a sparsity promoting 

term, as in the following: 
argmin ‖𝒙̈ −𝜣(𝒙, 𝒙̇, 𝑡)𝜩‖

2 + 𝜆‖𝜩‖1 (4)

𝜩 2
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Fig. 2. Illustration of the Pareto front in sparse equation discovery for strongly versus weakly nonlinear systems. In strongly nonlinear systems 
(where the nonlinearity 𝜖𝑓 is comparable to the linear term 𝜔2𝑥), pruning active nonlinear terms causes a sharp increase in the fitting residual, 
creating a distinct Pareto ‘‘corner’’ that accurately matches the true equation. Conversely, in weakly nonlinear systems (𝜖𝑓 ≪ 𝜔2𝑥), the 
instantaneous signal variance is overwhelmingly dominated by the linear terms.

where ‖ ⋅ ‖22 is the least squares term; ‖ ⋅ ‖1 is the 𝐿1 norm of the coefficient vector 𝜩, which is the sum of absolute values of the 
coefficients; 𝜆 is the regularization parameter that controls the strength of the penalty. In Section 3.4, Eq. (4) will be modified for 
a better coupling with the proposed algorithm.

2.3. Pareto front and adaptive regularization

The fundamental premise of data-driven equation discovery involves reformulating the dynamical inference problem into an 
overdetermined linear regression system, typically expressed as 𝐗̇ = Θ(𝐗)Ξ. Here, 𝐗̇ represents the derivative matrix, Θ(𝐗) is the 
candidate library comprising nonlinear functions of the system states, and Ξ is the unknown sparse coefficient matrix. To prevent 
overfitting and promote physical interpretability, sparse regularization methods are extensively employed. Prominent techniques 
include the Least Absolute Shrinkage and Selection Operator (LASSO) using 𝐿1 regularization [40], the Sequentially Thresholded 
Least-Squares (STLSQ) algorithm utilizing hard thresholding [19], and the unified Sparse Relaxed Regularized Regression (SR3) 
[41].

In these sparse optimization frameworks, identifying the true governing equation transforms into a multi-objective optimization 
problem: balancing model complexity (the number of active terms, ‖Ξ‖0) against data fitting accuracy (the residual error, 
‖𝐗̇ − ΘΞ‖2). The optimal model is conventionally identified at the ‘‘elbow’’ or ‘‘corner’’ of the fitting residual versus complexity 
curve, known as the Pareto front [42,43]. However, to mitigate the noise susceptibility and inherent structural biases of standard 
sparse penalties in locating this optimal corner, advanced adaptive regularization schemes have been developed. Notably, Cortiella 
et al. [44] proposed an iterative reweighted 𝐿1-regularized least squares framework and coupled it with a priori denoising strategies 
[45].

While the strategy of locating the Pareto corner is highly effective for isolating strongly nonlinear dynamics, this paradigm 
inherently fails for weakly nonlinear systems. As conceptually illustrated in Fig.  2, even if the sparse optimization algorithm 
successfully converges to the geometric corner of the Pareto front, the resulting model will strictly retain only the dominant linear 
terms, entirely discarding the critical weakly nonlinear components. The reason is that the contribution of the weak nonlinearity 
(𝑂(𝜖)) to the reduction of the instantaneous fitting residual is so minuscule that its inclusion does not create a mathematically 
distinguishable ‘‘elbow’’ on the Pareto curve. While advanced adaptive methods like the reweighted 𝐿1 scheme [44,45] help the 
optimization algorithm converge to a sharp Pareto corner, they paradoxically accelerate the elimination of weak nonlinearities. 
Because their iterative penalty is inversely proportional to the coefficient magnitude, the inherently small weakly nonlinear terms 
receive massive penalties and are mistakenly discarded as noise.

2.4. Mathematical identifiability limitations of weak nonlinearity under noise

While the previous section established that Pareto optimization naturally discards weakly nonlinear terms due to their negligible 
variance contribution, manual hyperparameter tuning could theoretically recover these subtle effects in a purely deterministic, 
5 
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(a) Theory analyze

  
(b) Benchmark on Van der Pol Oscillator [34]

 

Fig. 3. Mathematical and empirical identifiability limits of weakly nonlinear dynamics under observation noise. 

noise-free setting. However, the introduction of observation noise fundamentally alters this paradigm. When the intensity of the 
weak nonlinearity falls below the noise floor, it becomes practically unidentifiable. This section provides a mathematical derivation 
to establish the identifiability limits of weak nonlinear dynamics under noise.

Mathematically, unidentifiability arises because observation noise introduces spurious correlations within the candidate library. 
According to the Karush–Kuhn–Tucker (KKT) conditions for 𝐿1-regularized regression [46], a coefficient is strictly driven to zero if 
its projection onto the residual vector is less than the regularization penalty parameter 𝜆. Consider an idealized extreme scenario 
where the dominant linear terms are perfectly known and subtracted, leaving exactly one true weak nonlinear term alongside a vast 
library of 𝑝 candidate features composed entirely of Gaussian white noise. To successfully eliminate these 𝑝 irrelevant noise terms, 
the 𝐿1 penalty parameter 𝜆 must satisfy a strict theoretical lower bound, classically known as the universal threshold [47]: 

𝜆 ∝ 𝜎
√

log 𝑝 (5)

where 𝜎 represents the standard deviation of the observational noise. This establishes a definitive information-theoretic boundary. 
If the magnitude of the weak nonlinearity satisfies the following condition: 

𝜖𝑓𝑖(𝒙, 𝒙̇) < 𝜎
√

log 𝑝 (6)

the physical term is mathematically indistinguishable from ambient noise and will be unavoidably thresholded out (Fig.  3a). In 
realistic scenarios, candidate library terms are typically not orthogonal white noise but exhibit collinearity, which further exacerbates 
this masking effect and structurally enforces the elimination of the weak nonlinearity.

These theoretical boundaries are strongly supported by empirical evidence. In previous benchmark studies conducted by the 
authors utilizing the Van der Pol oscillator [34], the algorithmic success rates of eight existing inference methods were systematically 
evaluated across varying noise levels and weak nonlinearity intensities. Fig.  3b presents the identifiability boundaries under different 
noise levels and nonlinearity magnitudes. The boundary is defined as the region in which the success rate of equation identification 
exceeds 50% over 100 independent runs. The combination of solid and dashed lines indicates the boundary, and the dashed segment 
denotes the interior of the identifiable region. As Fig.  3b shown, the empirical results aligned perfectly with the derived mathematical 
limits, confirming that the identifiability of weak nonlinearities is strictly inversely proportional to the observation noise intensity.

2.5. Evolutionary learning oscillator with weak nonlinearity: EvLOWN

Because of the Pareto trap and identifiable limitations, most existing model identification frameworks like SINDy do not target the 
specific difficulties introduced by weak nonlinearities in practical systems. To address this gap, Ma et al. [34] proposed a data-driven 
approach called EvLOWN (Evolutionary Learning Oscillator with Weak Nonlinearity) for discovering weakly nonlinear oscillator. 
EvLOWN reformulates the original system of ODEs into an evolutionary-variable representation via averaging theory, naturally 
separating terms by their order of magnitude. The goal of EvLOWN is to discover the autonomous oscillatory dynamical system: 

𝑥̈𝑖(𝑡) + 𝜔2
𝑖 𝑥𝑖(𝑡) + 𝜖𝑓𝑖(𝒙(𝑡), 𝒙̇(𝑡)) = 0 (7)

by learning the evolution of amplitude and phase, rather than directly learning the state variables 𝒙.
Leveraging averaging theory [48], also known as the Krylov–Bogoliubov–Mitropolsky method [49], we approximate the response 

of the oscillator (7) when the nonlinear effect is weak (i.e., 𝜖 is small) as: 
𝑥𝑖(𝑡) = 𝐴𝑖(𝑡) sin(𝜔̂𝑖𝑡 + 𝜙𝑖(𝑡)) (8)

where: 𝜔̂  is the oscillating frequency; 𝐴  and 𝜙  are the amplitude and phase, respectively.
𝑖 𝑖 𝑖

6 
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In WNOs, the amplitude 𝐴𝑖(𝑡) and phase 𝜙𝑖(𝑡) evolve much more slowly over time compared to the oscillatory term, changing 
little over a single period 2𝜋∕𝜔̂𝑖 [50]. This separation of timescales allows us to average the system dynamics over one oscillation 
cycle, yielding explicit relationships between the weak nonlinearities and the time evolution of the amplitude 𝐴𝑖(𝑡) and phase 𝜙𝑖(𝑡): 

𝐴′
𝑖(𝑡) =

𝐴𝑖(𝑡 + 𝜋∕𝜔̂𝑖) − 𝐴𝑖(𝑡 − 𝜋∕𝜔̂𝑖)
2𝜋∕𝜔̂𝑖

=
𝜖𝑖
2𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

𝑓𝑖(𝒙(𝑠), 𝒙̇(𝑠)) cos(𝜔̂𝑖𝑠 + 𝜙𝑖(𝑠))𝑑𝑠,

𝜙′
𝑖(𝑡) =

𝜙𝑖(𝑡 + 𝜋∕𝜔̂𝑖) − 𝜙𝑖(𝑡 − 𝜋∕𝜔̂𝑖)
2𝜋∕𝜔̂𝑖

= −
𝜖𝑖

2𝐴𝑖(𝑡)𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

𝑓𝑖(𝒙(𝑠), 𝒙̇(𝑠)) sin(𝜔̂𝑖𝑠 + 𝜙𝑖(𝑠))𝑑𝑠,
(9)

where (⋅)′ denotes the rate of change over one period.
To identify the first-order ODEs governing the evolution of amplitude and phase, we integrate the basis terms in the original 

library 𝜣 over a single period, which quantifies their contributions to the averaged dynamics. This transformation results in two 
new libraries: 𝜣𝐴 for amplitude evolution and 𝜣𝜙 for phase evolution. The discovery task now becomes identifying a sparse subset 
of basis terms from these libraries that best approximate 𝐴′

𝑖(𝑡) and 𝜙′
𝑖(𝑡). Critically, this averaging process naturally separates terms 

by order of magnitude, allowing weak nonlinear contributions to be isolated from dominant dynamics.

2.6. Contributions of MEv-SINDy

The core difficulty in discovering weakly nonlinear dynamics fundamentally stems from the coexistence of large dominant linear 
terms and small nonlinear terms within the same differential equation. As demonstrated in Sections 2.3 and 2.4, direct sparse 
regression on the instantaneous derivatives is structurally flawed for these systems. Because the weak terms contribute negligibly 
to the instantaneous variance, they do not form a distinguishable corner on the Pareto front and are easily completely masked by 
the mathematical lower bound of observation noise. Consequently, standard optimization paradigms structurally over-prune these 
vital physical terms.

To circumvent this bottleneck, the EvLOWN framework (Section 2.5) introduced a paradigm shift: rather than optimizing the 
differential equation directly, the regression target is reformulated into the slow-varying evolution of the system. By employing the 
method of averaging, the dominant linear oscillations are mathematically filtered out, projecting the dynamics onto a slow-evolution 
manifold where the weak nonlinearities become the primary driving forces of the amplitude and phase variations. This successfully 
rescues the 𝑂(𝜖) terms from the Pareto trap and noise masking. However, EvLOWN relies on a strict mathematical prior: it assumes 
the system exhibits a quasi-harmonic, single-frequency response. Therefore, it is exclusively applicable to autonomous oscillators. In 
practical engineering and real-world physics, most systems are non-autonomous; they are subjected to complex external forcing and 
exhibit multi-frequency responses containing higher-order harmonics, subharmonics, and strong modal coupling. In such scenarios, 
the classical method of averaging completely fails, rendering single-frequency evolutionary frameworks obsolete.

The primary contribution of the proposed MEv-SINDy (Multi-frequency Evolutionary Sparse Identification of Nonlinear Dy-
namics) framework is upgrading the slow-evolution identification philosophy from single-frequency autonomous vibrations to 
multi-frequency non-autonomous dynamics. To achieve this, MEv-SINDy abandons the classical method of averaging and instead 
embeds the Generalized Harmonic Balance (GHB) method directly into the data-driven optimization objective. By tracking the 
slow-varying evolution of multiple coupled harmonic coefficients simultaneously, MEv-SINDy successfully untangles complex forced 
responses. This theoretical breakthrough not only resolves the multi-scale sparsity conflict under noise but also enables the highly 
accurate one-shot learning of global frequency-response curves (FRCs) from a single transient excitation.

3. Methodology

3.1. Generalized harmonic balance method

As the magnitude of external forcing increases in the forced oscillator Eq. (1), the contribution of nonlinearities in the system, 
such as quadratic and cubic terms, becomes significant. Consequently, the assumption of a single-frequency solution, see Eq. (10) 
becomes inadequate for complex forced dynamics. To address this issue, we employ the generalized harmonic balance method to 
replace the averaging method, thus extending the EvLOWN approach to account for multiple-frequency responses. The solution of 
the weakly nonlinear forcing oscillator can be approximated as follows [51]: 

𝑥∗𝑖 (𝑡) = 𝑎(0)𝑖 (𝑡) +
𝑁
∑

𝑛=1
{𝑏(𝑛)𝑖 (𝑡) cos(𝑛𝜔̂𝑖𝑡) + 𝑐(𝑛)𝑖 (𝑡) sin(𝑛𝜔̂𝑖𝑡)} (10)

where the superscript (⋅)(𝑛) indicates the order of the harmonic frequency, corresponding to the 𝑛-multiple of the fundamental 
frequency 𝜔̂𝑖. The terms 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡) are the slowly varying parameters associated with each harmonic component 𝑛𝜔̂𝑖.

The first- and second-order time derivatives of 𝒙∗(𝑡) are: 

𝑥̇∗𝑖 (𝑡) = 𝑎̇(0)𝑖 (𝑡) +
𝑁
∑

{[𝑏̇(𝑛)𝑖 (𝑡) + 𝑛𝜔̂𝑖𝑐
(𝑛)
𝑖 (𝑡)] cos(𝑛𝜔̂𝑖𝑡) + [𝑐̇(𝑛)𝑖 − 𝑛𝜔̂𝑖𝑏

(𝑛)
𝑖 (𝑡)] sin(𝑛𝜔̂𝑖𝑡)} (11)
𝑛=1

7 
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𝑥̈∗𝑖 (𝑡) = 𝑎̈(0)𝑖 (𝑡) +
𝑁
∑

𝑛=1
{[𝑏̈(𝑛)𝑖 (𝑡) + 2𝑛𝜔̂𝑖 𝑐̇

(𝑛)
𝑖 (𝑡) − (𝑛𝜔̂𝑖)2𝑏

(𝑛)
𝑖 (𝑡)] cos(𝑛𝜔̂𝑖𝑡)

+[𝑐(𝑛)𝑖 (𝑡) − 2𝑛𝜔̂𝑖𝑏̇
(𝑛)
𝑖 (𝑡) − (𝑛𝜔̂𝑖)2𝑐

(𝑛)
𝑖 (𝑡)] sin(𝑛𝜔̂𝑖𝑡)}

(12)

Supposing that 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡) vary slowly with time, we substitute Eqs. (10)–(12) into Eq. (1), and then we average for 
each harmonic terms of cos(𝑛𝜔𝑖𝑡) and sin(𝑛𝜔𝑖𝑡) obtaining for 𝑛 = 1, 2,… , 𝑁 : 

𝑎̈(0)𝑖 (𝑡) + 𝜔2
𝑖 𝑎0(𝑡) = −

𝜔̂𝑖
2𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

[𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑠)]𝑑𝑠

𝑏̈(𝑛)𝑖 (𝑡) + 2𝜔̂𝑖𝑛𝑐̇
(𝑛)
𝑖 (𝑡) − 𝜔̂2

𝑖 (𝑛
2 − 1)𝑏(𝑛)𝑖 (𝑡) = −

𝜔̂𝑖
𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

[𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑠)] cos(𝑛𝜔̂𝑖𝑠)𝑑𝑠

𝑐(𝑛)𝑖 (𝑡) − 2𝜔̂𝑖𝑛𝑏̇
(𝑛)
𝑖 (𝑡) − 𝜔̂2

𝑖 (𝑛
2 − 1)𝑐(𝑛)𝑖 (𝑡) = −

𝜔̂𝑖
𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

[𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑠)] sin(𝑛𝜔̂𝑖𝑠)𝑑𝑠,

(13)

where: 
𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑠) = 𝜖𝑓𝑖(𝒙∗(𝑠), 𝒙̇∗(𝑠)) − 𝐹𝑖(𝒙∗(𝑠), 𝒙̇∗(𝑠), 𝑠) (14)

It is worth stressing that the only assumption is related to the slow temporal variation of 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡), while no 
limitations on the type of response (steady state or transient) is instead required. In the next section, we will show how to exploit 
the evolutionary formulation in Eq. (13) to identify the system described, in its original formulation, by Eq. (1).

3.2. Multiple slow-varying evolutions evaluations

We now describe how to extract the slowly varying evolutionary variables 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡) (𝑛 = 1, 2,…) from the observed 
signal 𝑥(𝑡). These variables are subsequently used to perform sparse regression on the evolutionary formulation reported in Eq. (13) 
in order to identify the unknown components of the governing equations, namely 𝜔𝑖, 𝑓 ∗

𝑖 .
Given an input signal 𝒙(𝑡) = [𝑥1(𝑡),… , 𝑥𝑑 (𝑡)]𝖳, the oscillation frequency in the 𝑖th dimension can be directly computed from the 

Fourier transform  (𝑥𝑖(𝑡)) ∶ R → R, with: 

𝜔̂𝑖 = argmax
𝜔̂𝑖

 (𝑥𝑖(𝑡)) = argmax
𝜔̂𝑖

∫

+∞

−∞
𝑥𝑖(𝑡)𝑒−𝑖𝜔̂𝑖𝑡𝑑𝑡 (15)

It is worth noting that the oscillation circular frequency 𝜔̂𝑖 differs from the natural circular frequency 𝜔𝑖. This deviation arises 
from the presence of weakly nonlinear terms and external forcing. To illustrate this, we consider a simple example of a linearly 
damped oscillator described by 𝑥̈+2𝛽𝑥̇+𝜔2𝑥 = 𝐹 cos(𝛺𝑡). Under the assumption of light damping (𝛽 ≪ 1), the solution of the linear 
damped oscillator is given by:

𝑥(𝑡) = 𝑥0𝑒
−𝛽𝑡 cos(

√

𝜔2 − 𝛽2𝑡 + 𝜙) +
𝑓

√

(𝜔2 −𝛺2)2 + 4𝛽2𝜔2
cos(𝛺𝑡 − 𝜑)

Therefore, the oscillation circular frequency 𝜔̂ obtained from Eq. (15) lies within the range (
√

𝜔2 − 𝛽2, 𝛺), and the value of 𝜔̂
depends on the selected portion of the data 𝑥(𝑡). If the transient response dominates, 𝜔̂ will tend to 

√

𝜔2 − 𝛽2; otherwise, it will be 
close to 𝛺.

To obtain the multiple slow-varying evolutionary variables 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡) (𝑛 = 1, 2,…) from the given time history 𝑥𝑖(𝑡), 
we proposed a novel identification method involving the Hilbert transform. Unlike what was proposed in [34], the Hilbert transform 
cannot be directly applied to extract the slowly varying amplitude and phase, because the dynamic response of a weakly nonlinear 
forced oscillator contains multiple frequency components. To address this, we define 𝑁 frequency bands to address the limitations 
of standard Fourier analysis. In classical spectral analysis, isolated peaks represent constant coefficients. However, our evolutionary 
coefficients depend on time. This time-dependency smears the frequency peaks in the spectrum. In particular, we determine the value 
of 𝑁 depends on the number of distinct frequency peaks observed in the frequency spectrum. When, as in Fig.  4a, 𝑥(𝑡) consists of 
the zero, first and second harmonic components, we set 𝑁 = 3. Each frequency band to be centered at 𝑛𝜔̂ and has a bandwidth of 
𝜔̂∕4 (Fig.  4b). By passing the signal through the corresponding bandpass filter, each harmonic component is isolated, as shown in 
Fig.  4c. In practice, Finite Impulse Response (FIR) filters are designed using the window method. This procedure is implemented in 
readily available packages such as scipy.signal.

After having obtained the slow-varying evolutionary variables 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡), and 𝑐(𝑛)𝑖 (𝑡) through the Hilbert transform, we can 
elaborate Eq. (10) as: 

𝑥𝑖(𝑡) =
𝑁
∑

𝑖=0
𝑥(𝑛)𝑖 (𝑡), (16)

with: 

𝑥(𝑛)𝑖 (𝑡) =

{

𝑎(0)𝑖 (𝑡) 𝑛 = 0
(𝑛) (𝑛) (17)

𝑏𝑖 (𝑡) cos(𝑛𝜔̂𝑡) + 𝑐𝑖 (𝑡) sin(𝑛𝜔̂𝑡) 𝑛 = 1, 2,…

8 
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Fig. 4. Identification process of the slowly varying evolutionary variables 𝑎(0)(𝑡), 𝑏(𝑛)(𝑡), and 𝑐(𝑛)(𝑡) by combining a bandpass filter and the Hilbert 
transform. (a) Input signal 𝑥(𝑡), representing the time-domain response of a weakly nonlinear forced oscillator; (b) 𝑥(𝑡) consists of multiple 
narrowband harmonic components centered at 𝑛𝜔̂, as shown in the frequency domain. Several frequency bands are defined to isolate each 𝑛th 
harmonic component; (c) Time-domain representation and (d) corresponding frequency-domain representation of the filtered narrowband signals; 
(e) Hilbert transform applied to each 𝑛th harmonic component to extract the instantaneous amplitude 𝐴(𝑛)(𝑡) and phase 𝛽(𝑛)(𝑡); (f) The slowly 
varying coefficients 𝑏(𝑛)(𝑡) and 𝑐(𝑛)(𝑡) are calculated from the extracted amplitude and phase, while the zero-order term directly corresponds to 
𝑎(0)(𝑡).

The zero-order harmonic component directly corresponds to 𝑎(0)(𝑡). While for 𝑛 > 0, the slow-varying evolutionary variables are 
calculated from amplitude and phase. The Hilbert transform  is used to compute the analytic signal 𝑥̂(𝑛)𝑖 (𝑡) = 𝑥(𝑛)𝑖 (𝑡)+ 𝑖(𝑥(𝑛)𝑖 (𝑡)). The 
evolutionary variables 𝐴(𝑛)

𝑖 (𝑡) and 𝛽(𝑛)𝑖 (𝑡) of time 𝑡 can be considered as the averaging value of instantaneous evolutionary variables 
in one period: 

𝐴(𝑛)
𝑖 (𝑡) =

∫ 𝑡+𝜋∕𝜔̂𝑖
𝑡−𝜋∕𝜔̂𝑖

|𝑥̂(𝑛)𝑖 (𝑠)|𝑑𝑠

2𝜋∕𝜔̂𝑖

𝛽(𝑛)𝑖 (𝑡) =
∫ 𝑡+𝜋∕𝜔̂𝑖
𝑡−𝜋∕𝜔̂𝑖

Arg(𝑥̂(𝑛)𝑖 (𝑠))𝑑𝑠

2𝜋∕𝜔̂𝑖

(18)

As Fig.  4f shows, the evolutionary variable 𝑏(𝑛)𝑖 (𝑡) and 𝑐(𝑛)𝑖 (𝑡) of higher harmonic components can be calculated as Eq. (19): 

𝑏(𝑛)𝑖 (𝑡) = 𝐴(𝑛)
𝑖 (𝑡) sin(𝛽(𝑛)𝑖 (𝑡))

𝑐(𝑛)𝑖 (𝑡) = 𝐴(𝑛)
𝑖 (𝑡) cos(𝛽(𝑛)𝑖 (𝑡))

(19)

3.3. Reformulation of the regression problem in the evolutionary domain

In order to accurately identify the governing dynamics of weakly nonlinear forced oscillators, it is essential to reformulate the 
regression problem in a form that enhances the visibility of nonlinear effects.
9 
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Sharing the same starting point of EvLOWN, we transform the problem into an evolutionary domain. In the proposed MEv-
SINDy approach, the system behavior is represented by slowly varying evolutionary variables based on generalized harmonic balance 
method. This reformulation allows the nonlinear interactions to be more effectively captured and facilitates the application of sparse 
regression for discovering the underlying equations. We thus exploit SINDy to approximate the evolutionary formulation reported 
in Eq. (13), instead of the original formulation (Eq. (1)). This is equivalent to perform regularized regression reported in Eq. (4), 
but here involving the evolutionary instead of the original variables to identify the weakly nonlinear coefficients.

According to Section 3.2, the slow-varying evolutionary variables 𝑎(0)𝑖 (𝑡), 𝑏(𝑛)𝑖 (𝑡) and 𝑐(𝑛)𝑖 (𝑡) (𝑛 = 1, 2,…), together with the 
oscillation frequency 𝜔̂𝑖, can be computed from the given time history 𝑥𝑖(𝑡). Eq. (13) can then be reorganized such that known 
quantities are collected in the left hand side, while in the terms to be inferred are assembled in the right hand side. 

𝑎̈(0)𝑖 (𝑡) + 𝜔̂2
𝑖 𝑎0(𝑡) = −

𝜔̂𝑖
2𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

𝑓 ∗
𝑖 (𝒙, ̇𝒙, 𝑠)𝑑𝑠

𝑏̈(𝑛)𝑖 (𝑡) + 2𝜔̂𝑖𝑛𝑐̇
(𝑛)
𝑖 (𝑡) − 𝜔̂2

𝑖 (𝑛
2 − 1)𝑏(𝑛)𝑖 (𝑡) = −

𝜔̂𝑖
𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

𝑓 ∗
𝑖 (𝒙, ̇𝒙, 𝑠) cos(𝑛𝜔̂𝑖𝑠)𝑑𝑠

𝑐(𝑛)𝑖 (𝑡) − 2𝜔̂𝑖𝑛𝑏̇
(𝑛)
𝑖 (𝑡) − 𝜔̂2

𝑖 (𝑛
2 − 1)𝑐(𝑛)𝑖 (𝑡) = −

𝜔̂𝑖
𝜋 ∫

𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖

𝑓 ∗
𝑖 (𝒙, ̇𝒙, 𝑠) sin(𝑛𝜔̂𝑖𝑠)𝑑𝑠

𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑠) = (𝜔2

𝑖 − 𝜔̂2
𝑖 )𝑥

∗
𝑖 (𝑠) + 𝜖𝑓𝑖(𝒙∗(𝑠), 𝒙̇∗(𝑠)) − 𝐹𝑖(𝒙∗(𝑠), 𝒙̇∗(𝑠), 𝑠)

𝑛 = 1, 2,… , 𝑁

(20)

where 𝑓 ∗
𝑖 (𝒙, 𝒙̇, 𝑡) = 𝜣∗(𝒙, 𝒙̇, 𝑡)𝜩∗ are unknown functions expressed as a sparse combination of a set of linear and nonlinear candidate 

basis function. Thanks to this rearrangement, the system is expressed in a standard regression form suitable for sparse identification. 
Unlike conventional sparse regression, our objective is to find a sparse coefficient vector 𝜩∗ that simultaneously satisfies all equations 
in Eq. (20), rather than a single one. This gives rise to the concept of joint sparse regression, where the goal is to estimate a shared 
sparse representation across multiple regression targets. Mathematically, given 𝑀 = 2𝑁 + 1 equations reported in the following: 

𝒚𝑖(𝑡) = 𝜣𝑖(𝑡)𝜩∗, (21)

𝒚𝑖(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑦(0)𝑖 (𝑡)
𝑦(1,cos)𝑖 (𝑡)
𝑦(1,sin)𝑖 (𝑡)
𝑦(2,cos)𝑖 (𝑡)
𝑦(2,sin)𝑖 (𝑡)

⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑎̈(0)𝑖 (𝑡) + 𝜔̂2
𝑖 𝑎0(𝑡)

𝑏̈(1)𝑖 (𝑡) + 2𝜔̂𝑖 𝑐̇
(1)
𝑖 (𝑡)

𝑐(1)𝑖 (𝑡) − 2𝜔̂𝑖𝑏̇
(1)
𝑖 (𝑡)

𝑏̈(2)𝑖 (𝑡) + 4𝜔̂𝑖 𝑐̇
(2)
𝑖 (𝑡) − 3𝜔̂2

𝑖 𝑏
(2)
𝑖 (𝑡)

𝑐(2)𝑖 (𝑡) − 4𝜔̂𝑖𝑏̇
(2)
𝑖 (𝑡) − 3𝜔̂2

𝑖 𝑐
(2)
𝑖 (𝑡)

⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (22)

𝜣𝑖(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜣(0)
𝑖 (𝑡)

𝜣(1,cos)
𝑖 (𝑡)

𝜣(1,sin)
𝑖 (𝑡)

𝜣(2,cos)
𝑖 (𝑡)

𝜣(2,sin)
𝑖 (𝑡)
⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

− 𝜔̂𝑖
2𝜋 ∫ 𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖
𝜣∗(𝑠)𝑑𝑠

− 𝜔̂𝑖
𝜋 ∫ 𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖
𝜣∗(𝑠) cos(𝜔̂𝑖𝑠)𝑑𝑠

− 𝜔̂𝑖
𝜋 ∫ 𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖
𝜣∗(𝑠) sin(𝜔̂𝑖𝑠)𝑑𝑠

− 𝜔̂𝑖
𝜋 ∫ 𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖
𝜣∗(𝑠) cos(2𝜔̂𝑖𝑠)𝑑𝑠

− 𝜔̂𝑖
𝜋 ∫ 𝑡+𝜋∕𝜔̂𝑖

𝑡−𝜋∕𝜔̂𝑖
𝜣∗(𝑠) sin(2𝜔̂𝑖𝑠)𝑑𝑠
⋮

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (23)

the objective is to determine a common coefficient vector 𝜩∗ that minimizes the overall residual while maintaining sparsity. Only 
when this condition is met, the reconstructed system can accurately recover the original formulation expressed in Eq. (1). In 
Eqs. (22) and (37), the superscript (⋅)(𝑛,𝑡) identifies the harmonic term in Eq. (20). Specifically, 𝑛 ∈ R+ represents the order of 
the harmonic frequency, corresponding to the 𝑛-fold multiple of the fundamental frequency 𝜔̂𝑖, and {cos, sin} indicates the cosine 
and sine components.

3.4. Joint sparse regression across multiple equations

To infer the sparse coefficient vector 𝜩∗ that best satisfies all evolutionary equations, we propose a joint sparse regression 
method across multiple equations all evolutionary equations Eq. (21), rather than fitting each equation independently. The problem 
is formulated as minimizing the total residual across the 2𝑁+1 evolutionary equations derived from the weakly nonlinear oscillator, 
each corresponding to a harmonic component over 𝑁 + 1 frequencies, with an 𝐿1 regularization term to ensure sparsity.

A key algorithmic choice is setting which harmonics are considered in the evolutionary representation among 𝒚𝑓𝑢𝑙𝑙(𝑡) =
[𝑦(0)(𝑡), 𝑦(1,𝑐𝑜𝑠)(𝑡), 𝑦(1,𝑠𝑖𝑛)(𝑡), 𝑦(2,𝑐𝑜𝑠)(𝑡), 𝑦(2,𝑠𝑖𝑛)(𝑡),…]. Once set, goal of the optimization is to identify a sparse coefficient vector 𝜩∗ that 
simultaneously satisfies all evolutionary equations derived from weakly nonlinear forcing oscillator as shown in the following: 

𝜩∗ = argmin
∗

(

∑

‖𝒚(𝑚) −𝜣(𝑚)𝛯∗
‖

2
2 + 𝜆‖𝜩∗

‖1

)

(24)

𝜩 𝑚∈
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where:  collects all the index of the effective harmonic components (e.g., 0, (1, cos), (1, sin),…); 𝒚(𝑚) and 𝜣(𝑚) denote the response 
and library matrices for the 𝑚th equation; 𝜆 > 0 controls the sparsity level of the solution. We introduce a two-phase sparse regression 
method to solve Eq. (29). The first phase utilizes a convex optimization algorithm to select an initial subset of the library. In this 
work, we employ the CVXOPT solver [52] to handle the 𝐿1 regularization term. This step provides a preliminary sparse structure 
for the coefficient vector. The second phase involves a sparse fine-tuning process that removes terms with negligible contributions, 
thus ensuring a concise and generalized model. We apply an approach inspired by orthogonal matching pursuit to narrow down the 
model space. We select only the most relevant basis functions from the initial subset. The contribution 𝑐𝑖𝑗 of each basis function 𝑗
for the 𝑖th dimension is calculated using Eq. (25): 

𝑐𝑖𝑗 = ∫

𝑇

0

(

∑

𝑚∈

(

𝛩̂𝑚𝑖𝑗 (𝑡)𝛯∗
𝑖𝑗

)2

(

𝑦𝑖𝑚(𝑡)
)2

)

𝑑𝑡 (25)

These values are then normalized to a range between 0 and 1. Finally, we fine-tune the model by applying a cut-off threshold. Any 
basis function with a contribution value lower than this threshold is removed from the library. This two-phase strategy ensures the 
identification of a parsimonious dynamical system. It maintains high predictive accuracy while preventing overfitting to numerical 
noise.

3.5. Parameter continuation method

In nonlinear dynamical systems, periodic solutions often depend on one or more system parameters, such as the excitation fre-
quency and intensity and can be computed using several classical numerical techniques, such as the harmonic balance method [53], 
the shooting method [54], and collocation-based approaches [55]. These methods transform the governing differential equations into 
nonlinear algebraic systems by enforcing periodicity conditions, and the steady-state responses are then obtained through iterative 
solvers such as the Newton–Raphson method [56]. However, these traditional approaches are often computationally expensive 
because they require repeated integrations or nonlinear solves for each excitation parameter. In addition, they usually depend on 
initial guesses that are close to stable solutions, which makes them incapable of accurately tracing unstable branches or capturing 
turning points in the frequency-response curves. As a result, their applicability is limited when a complete description of the system 
dynamics, including both stable and unstable periodic responses, is required.

The continuation method provides a systematic procedure to trace the evolution of these solutions as parameters vary, allowing 
for the identification of critical phenomena such as bifurcations or stability transitions. Consider a general system of nonlinear 
algebraic equations derived from the steady or periodic conditions of a dynamical system: 

G(𝒖, 𝜁 ) = 0 (26)

where 𝒖 denotes the unknown state vector (e.g., displacement and velocity), and 𝜁 represents the control parameter to be varied 
(e.g., frequency and amplitude of external forcing).

A straightforward approach would be to increment 𝜁 in small steps and solve for 𝒖 at each step using the previous solution as the 
initial guess 𝜁𝑘+1 = 𝜁𝑘 + 𝛥𝜁 . However, this simple ‘‘parameter sweep’’ method fails e.g. near turning points or folds in the solution 
curve, where the slope 𝜕𝒖∕𝜕𝜁 becomes infinite and the solution path cannot be followed uniquely.

To overcome this limitation, arc-length continuation (also known as pseudo-arc-length continuation) is commonly employed [57]. 
In this method, the solution path is parameterized by an artificial variables, representing the arc length along the curve in the (𝒖, 𝜁 )
space. The continuation step is then constrained by: 

(𝛥𝒖)𝑇 (𝛥𝒖) + (𝛥𝜁 )2 = (𝛥𝑠)2 (27)

where 𝛥𝑠 is the prescribed step size along the solution trajectory.
By solving the extended system composed of Eq. (26) together with the arc-length constraint, the continuation algorithm can 

robustly track both stable and unstable branches of the solution family, even across fold and bifurcation points. This technique 
provides a powerful and general framework for the numerical exploration of nonlinear response characteristics. These methods are 
implemented in many ready-to-use packages like Auto07p [58], that implements collocation methods in FORTRAN to perform 
numerical continuation and bifurcation analysis; Manlab, a Matlab tool that uses HB methods and Asymptotic Numerical 
Method [59]; Nlvib, that also exploits HB methods [60], and many others among which we mention COCO [61]. The numerical 
examples addressed in this work will be solved using the Matlab MATCONT package [62], that exploits collocation methods to 
perform the continuation of periodic orbits.

3.6. Mean chamfer distance of frequency response curves (MCDRC)

Frequency response curves (FRCs) are the primary goals for one-shot learning and prediction, describing complex dynamic 
behaviors of weakly nonlinear oscillators. FRCs characterize a steady-state output quantity of interest, such as maximum deflection, 
across various load multipliers 𝛽 for all excitation frequency values 𝛺 within a specified range. To quantitatively assess the predictive 
ability, an error metric named Mean Chamfer Distance of frequency response curves (MCDRC) between two FRCs is defined herein.

It is worth mentioning that FRCs are generally not single-valued functions of the excitation frequency. For a given frequency, 
multiple periodic solutions may exist due to nonlinear effects such as jump phenomena, hysteresis, and multi-stability. Furthermore, 
11 
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Fig. 5. Two examples of mean chamfer distance of frequency response functions (MCDRC): FRC1 (blue solid line), whose MCDRC is 0.24, exhibits 
a noticeable deviation from the reference (gray dashed line); FRC2 (red solid line) has a MCDRC of 0.01 shows a much better correlation with 
the reference. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

continuation-based computations generally produce differently spaced samples along solution branches, and distinct response 
branches may be specified using varying frequency grids. These properties violate the assumptions required by most pointwise 
or function-based error measures.

To address this limitation, we represent FRCs as point sets in the frequency-response space. This allows to naturally support 
multi-valued responses, discontinuities, and nonuniform sampling, hence offering a consistent and stable foundation for quantitative 
comparison of nonlinear frequency response curves.

We then exploit the Chamfer distance 𝑑𝑐ℎ( → 𝑟𝑒𝑓 ) [63] to establish a novel metric termed Mean Chamfer Distance of Frequency 
Response Curves (MCDRC). The chamfer distance 𝑑𝑐ℎ( → 𝑟𝑒𝑓 ) is defined as the average distance from each point on the predicted 
curve  = {(𝑥𝑖, 𝑦𝑖)}𝑁𝑖=1 to its nearest neighbor on the reference curve 𝑟𝑒𝑓 = {(𝑥𝑗 , 𝑦𝑗 )}𝑀𝑗=1. It can be computed as: 

𝑑𝑐ℎ( → 𝑟𝑒𝑓 ) =
1
𝑁

∑

𝑝∈
min

𝑞∈𝑟𝑒𝑓
‖𝑝 − 𝑞‖ (28)

By selecting the oscillation amplitude (𝐴) and phase (𝑃 ) as primary steady-state descriptors, the FRC is discretized into two point 
sets: 𝐴 = {(𝛺𝑖, 𝐴𝑖)}𝑁𝑖=1 and 𝑃 = {(𝛺𝑖, 𝑃𝑖)}𝑁𝑖=1. Here, 𝐴 and 𝑃  denote the amplitude and the phase lag relative to the external 
excitation, respectively. The MCDRC is defined as follows: 

MCDRF = 𝑑𝑐ℎ(𝐴 → 𝐶𝐴
𝑟𝑒𝑓 ) + 𝑑𝑐ℎ(𝑃 → 𝑃

𝑟𝑒𝑓 ) (29)

Prior to calculating the distance between points, a max–min scaling normalization pre-processing step is introduced to ensure that 
the scaling disparity between the axes does not spoil the representativeness of MCDRC. Fig.  5 presents an illustrative example of 
MCDRC comparing two predicted FRCs against a reference FRC. The MCDRC for FRC1 is 0.24, indicating poor predictive accuracy, 
whereas the value for FRC2 is 0.01, representing excellent agreement with the reference. This comparison provides an intuitive 
demonstration of how MCDRC quantifies the similarity between FRCs.

4. Numerical validations

To demonstrate the effectiveness of the proposed framework, we first consider a benchmark one-dimensional (1D) forced 
oscillator characterized by linear dissipation, weak quadratic and cubic nonlinearities. This model is widely used in nonlinear 
dynamics to represent various physical systems [64]. The objective is to evaluate the framework capability in formulating the 
governing equations and to numerically verify the equivalence between the original formulation (Eq. (1)) and the generalized 
evolutionary formulation (Eq. (13)). The equation of motion is expressed as: 

𝑥̈ + 𝜔2𝑥 + 𝑐𝑥̇ + 𝛼1𝑥
2 + 𝛼2𝑥

3 = 𝛽 cos(𝛺𝑡) (30)

where 𝑥, 𝑥̇ and ẍ denote the displacement, velocity and acceleration of the oscillator, respectively; 𝜔 is the natural frequency, 
𝛼1, 𝛼2 ∈ R are parameters characterizing the weak nonlinearities, 𝑐 ∈ R is the linear damping coefficient, 𝛽 and 𝛺 are the amplitude 
and frequency of the external forcing. To generate the training trajectory, the oscillator described by Eq. (30) is numerically 
integrated using the following model parameters: 𝑐 = 1×10−2, 𝛼1 = 1×10−2, 𝛼2 = 1×10−4, 𝜔 = 2, 𝛺 = 1.999, 𝛽 = 0.5, with initial states 
𝑥 = [0, 0]. Indeed, the magnitudes of 𝛼 , 𝛼  and 𝑐 are orders of magnitude smaller than 𝜔.
0 1 2
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Fig. 6. Benchmark 1D forced oscillator. Training data of numerical quadratic and cubic nonlinear oscillator in time and frequency domain.

The resulting time-domain and frequency-domain responses are illustrated in Fig.  6. The frequency spectrum clearly indicates 
that the dominant dynamical response occurs near the fundamental frequency of approximately 2. Additionally, two secondary peaks 
are observed at the frequencies 0 and 4, which correspond to the DC component and second-order harmonic, respectively. These 
multi-frequency features underline the necessity of a higher-order analytical treatment. It is worth mentioning that the previously 
proposed EvLOWN approach [34] is unable to handle the presence of higher-order harmonics.

Through this numerical example, we aim to demonstrate the efficacy of the proposed method regarding three key aspects:

• First, to justify the necessity of incorporating multi-frequency responses in forced nonlinear oscillators;
• Second, to validate the evaluation framework for multiple slowly varying evolutionary variables and the generalized harmonic 
balance (GHB) approach;

• Third, to showcase the effectiveness of the method in both governing equation inference and prediction of complex nonlinear 
dynamical behaviors.

4.1. Multi-frequency response under external forcing

The emergence of multi-frequency response stems from the system nonlinearities, specifically where the nonlinear restoring force 
exhibits a nonlinear dependence on the displacement 𝑥. As the amplitude of displacement increases, the contributions of higher-order 
nonlinear terms may grow order of times faster (e.g. 𝑥2 and 𝑥3), leading to the emergence of pronounced harmonic components in the 
response spectrum. For forced system, the external excitation may drive the system into a regime where higher-order nonlinearities 
dominate, resulting in a rich multi-frequency spectrum. Conversely, in the absence of external forcing, a free oscillator typically 
exhibits diminished vibration amplitudes, effectively oscillating at a single frequency (i.e., its natural frequency), as other harmonic 
components are negligible.

To quantitatively illustrate this phenomenon, we perform a numerical test using the nonlinear oscillator ruled by Eq. (30). All 
parameters remain constant except for the amplitude of the external forcing 𝛽, which varies from 0 to 1. The additional harmonic 
components, specifically the DC offset (zero-order) and second-order harmonic responses, are evaluated under different values of 
𝛽. The initial conditions are adjusted to 𝑥0 = [1, 0]. As shown in Fig.  7, when 𝛽 approaches zero, the magnitudes of these extra 
harmonic components vanish, indicating a nearly quasi-linear single-frequency response. However, as 𝛽 increases, these higher-
order harmonics exhibit a steady growth. This trend confirms that intensified external excitation amplifies nonlinear effects, thereby 
underscoring the necessity of incorporating multi-frequency responses when analyzing forced nonlinear oscillators.

4.2. Numerical validation of generalized harmonic balance

We evaluate the theoretical foundation of the proposed method, specifically focusing on the validity of slow-varying evolutionary 
variables and the generalized harmonic balance formulation. The fundamental assumption is that the response 𝑥(𝑡) of a weakly 
nonlinear forced oscillator can be accurately represented as a superposition of multiple harmonic components. Fig.  8(a) presents 
a comparison between the ground-truth response 𝑥(𝑡), obtained via numerical integration, and the approximated response 𝑥∗(𝑡)
reconstructed using Eq. (10). Based on the spectral characteristics identified in Fig.  6, only the zero-order and first-order harmonic 
components are selected for the oscillator in Eq. (30). We neglect the second-order harmonic in this specific case. It is important to 
note that including insignificant harmonic components can degrade the inference results. The slowly varying evolutionary variables 
𝑎(0)(𝑡), 𝑏(1)(𝑡), and 𝑐(1)(𝑡) are extracted following the procedure described in Section 3.2. As illustrated in the zoomed-in view in Fig. 
8(b), the reconstructed signal 𝑥∗(𝑡) exhibits excellent agreement with the reference response 𝑥(𝑡), thereby confirming the robustness 
of the proposed approximation.

Furthermore, the validation of the GHB-based reformulation (Eq. (20)) is presented in Fig.  8(c), comparing the terms derived 
from the evolutionary variables, with those computed by numerically integrating the weak nonlinearities 𝑓 (𝑥, 𝑥̇) over a single period. 
The close match verifies the accuracy of the GHB method and establishes the equivalence between the original physical formulation 
(Eq. (1)) and the transformed evolutionary representation (Eq. (13)).
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Fig. 7. Benchmark 1D forced oscillator. Influence of external forcing amplitude 𝛽 on the intensities of the DC offset (zero-order) and second-order 
harmonic components.

Fig. 8. Benchmark 1D forced oscillator. Numerical validation of the Generalized Harmonic Balance (GHB) method: (a) Comparison between the 
ground-truth displacement 𝑥 (numerical integration) and the reconstructed 𝑥∗ obtained via harmonic superposition, see Eq. (10); (b) zoomed-
in view of the transient response highlighting the reconstruction accuracy; (c) validation of the evolutionary terms, comparing the analytical 
transformations with their numerical counterparts for various harmonic components.

4.3. Inferred equations

The proposed method is applied to the benchmark 1D oscillator to discover the governing equations and reconstruct its complete 
dynamic portrait, including frequency response curves (FRCs). To capture potential nonlinear behaviors, a candidate library Θ is 
constructed, consisting of ten pure polynomial terms up to the fifth order and trigonometric functions (cos(𝛺𝑡) and sin(𝛺𝑡)). Notably, 
cross-coupling terms between displacement and velocity are omitted to maintain model parsimony. The algorithm is implemented 
with the following hyper-parameters: the effective harmonic orders are selected as [0, 1], the residual tolerance is set to 1×10−1, and 
the lowest contribution ratio is 5 × 10−2. A significant advantage of the proposed approach is its data efficiency: the exact equation 
structure is successfully identified using data from only a single excitation case (indicated by the red point in Fig.  9). The estimated 
coefficients, reported in Table  1, exhibit high precision relative to the reference values.

The proposed method successfully identifies the correct equation structure from the library by only one excitation case (red Point 
in Fig.  9). Estimated coefficients are reported in Table  1. These results demonstrate that the proposed approach achieves accurate 
and parsimonious discovery of the weakly nonlinear dynamics.

After the governing equation is identified, the system frequency response function (FRF) can be computed either by time 
integration or by a parameter continuation method. The FRF here describes the stationary oscillation amplitude of the state 𝑥
as a function of the excitation frequency 𝛺. As shown in Fig.  9, the predicted FRF closely matches the ground-truth results for 
various excitation frequencies and amplitudes. It is worth emphasizing, although the governing equation is inferred using only a 
single excitation condition, the entire frequency-response space under arbitrary forcing conditions can subsequently be predicted 
with high accuracy.
14 
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Table 1
Benchmark 1D forced oscillator. The ‘‘Reference’’ columns report the parameters used 
for the training; in ‘‘MEv-SINDy’’ columns, we list the parameter values identified by 
our method.
 Coefficients Relevant term Reference MEv-SINDy  
 𝜔2 𝑥 4.0000 4.0012  
 𝑐 𝑥̇ 1.0000 × 10−2 1.0495 × 10−2 
 𝛼1 𝑥̇2 1.0000 × 10−2 1.0071 × 10−2 
 𝛼2 𝑥3 1.0000 × 10−4 9.6691 × 10−5 
 𝛽 cos(𝛺𝑡) 5.0000 × 10−1 5.0748 × 10−1 

Fig. 9. Benchmark 1D forced oscillator. Comparison between predicted and reference frequency response functions under different excitation 
amplitudes. The proposed method accurately captures the hardening dynamical performance of oscillator.

5. Applications

To highlight the capabilities of the proposed approach, we investigate high-dimensional structural dynamical systems exhibiting 
large-amplitude vibrations and geometric nonlinearities. Micro-Electro-Mechanical Systems (MEMS) are typically actuated near their 
resonance frequencies and consequently undergo substantial deformations. These effects are further intensified by the fact that 
MEMS are monolithic devices often encapsulated in near-vacuum environments, where energy dissipation is minimal. As a result, 
the system dynamics are strongly nonlinear and characterized by complex coupled behaviors, showing highly nonlinear dynamical 
features that are rarely observed at the macro scale. Therefore, MEMS provide a representative and valuable platform for applying 
the proposed approach to evaluate its capability in predicting dynamical performance through the inferred governing equations.

In this section, we demonstrate the application of the proposed method to high-dimensional structural dynamical systems using 
synthetic data. The discussion begins with the formulation of the full-order model (FOM) based on the finite element discretization 
of the governing equations. Subsequently, the system is reduced through the Proper Orthogonal Decomposition (POD) technique to 
obtain a reduced-order representation that retains the dominant dynamical features. To illustrate the procedure and evaluate the 
performance of the method, two case studies are presented: a clamped–clamped beam, and a more complex MEMS micromirror 
device that demonstrates the scalability of the proposed approach.

5.1. Formulation of full-order model

The framework of structures subjected to large displacements and small strains is considered for full-order model simula-
tions [65]. This is the operating range of most microsystems since they are often actuated at resonance and large aspect ratios allow 
reaching displacements within the linear elastic range of the material. In this framework, the Saint Venant–Kirchhoff constitutive 
model is the most appropriate choice, and is given by: 

𝐒 =  ∶ 𝐄, 𝐄 = 1
2
(∇𝐝 + ∇𝑇 𝐝 + ∇𝑇 𝐝 ⋅ ∇𝐝) (31)

where 𝐒 is the second Piola–Kirchhoff strain tensor,  is the fourth-order elasticity tensor and 𝐄 is the Green–Lagrangian Strain 
tensor. Here we denote by 𝐝 the displacement field and by ∇(⋅) the (material) gradient defined with respect to the reference 
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configuration. The weak form of the linear momentum conservation law is: 

∫𝛺0

𝜌0𝐝̈ ⋅ 𝐰𝑑𝛺0 + ∫𝛺0

𝐏[𝐝] ∶ ∇𝑇𝐰𝑑𝛺0 = ∫𝛺0

𝜌0𝐅 ⋅ 𝐰𝑑𝛺0 + ∫𝑆𝑇 0

𝐟 ⋅ 𝐰𝑑𝑆0, ∀𝐰 ∈ 𝐻1
0 (𝛺0) (32)

where the integrals are expressed in the reference configuration 𝛺0. Here, 𝜌0 denotes the material density, 𝐏[𝐝] = (1 +∇𝐝) ⋅ 𝐒 is the 
first Piola–Kirchhoff stress tensor, 𝐅 is the body force per unit mass, 𝐟 is the surface tractions prescribed on the surface 𝑆𝑇 0 and 𝐰
is the test velocity selected in 𝐻1

0 (𝛺0), i.e. the space of functions with finite energy that vanish on the portion 𝑆𝑈 ⊂ 𝜕𝛺0 where 
Dirichlet boundary conditions are prescribed.

By applying spatial discretization to Eq. (32), for instance through the finite element method, and incorporating a Rayleigh 
damping model, the system can be transformed into a set of coupled nonlinear ordinary differential equations of the following 
form: 

𝐌𝐃̈ + 𝐂𝐃̇ +𝐊𝐃 +𝐆(𝐃,𝐃) +𝐇(𝐃,𝐃,𝐃) = 𝐁(𝐃, 𝜷, 𝛺, 𝑡), 𝑡 ∈ (0, 𝑇 ) (33)

where the vector 𝐃 ∈ R𝑘 collects all the unknown displacement nodal values, 𝐌 ∈ R𝑛×𝑛 is the mass matrix, 𝐂 = (𝜔0∕𝑄)𝐌
is the Rayleigh model mass proportional damping matrix, defined with respect to a reference eigenfrequency 𝜔0 and a quality 
factor 𝑄. 𝐁 ∈ R𝑛 is the nodal force vector which depends on the actuation intensity parameters 𝛽, the angular frequency of 
actuation 𝛺 and in general also on 𝐃. The internal force vector has been exactly decomposed in linear, quadratic, and cubic 
power terms of the displacement: 𝐊 ∈ R𝑛×𝑛 is the linear stiffness matrix, while 𝐆 ∈ R𝑛 and 𝐇 ∈ R𝑛 are vectors given by 
monomials of second and third order, respectively. The components of these vectors can be expressed using an indicial notation: 
𝐺𝑖 =

∑𝑛
𝑗,𝑘=1 𝐺𝑖𝑗𝑘𝐷𝑗𝐷𝑘, 𝐻𝑖 =

∑𝑛
𝑗,𝑘,𝑙=1 𝐻𝑖𝑗𝑘𝑙𝐷𝑗𝐷𝑘𝐷𝑙 , 𝑖 = 1,… , 𝑛.

Eq. (33)  represents the high-fidelity full-order model (FOM) which depends on the input parameters 𝛽 and 𝛺. It should be recalled 
that in resonating MEMS FRCs are an important design tool in which a selected quantity, like the midspan deflection of a beam or 
the rotation of a micromirror, is plotted versus 𝛺 for different 𝛽. Indeed, resonators operate close to a reference frequency where the 
behavior should be predictable. However, approximating and reconstructing different FRCs for high dimensional dynamical system 
is computationally demanding, making the use of full-order models for this task largely impractical.

5.2. Proper orthogonal decomposition

To substantially accelerate the computationally expensive simulations and obtain a more interpretable and parsimonious set of 
governing equations, we propose a reduction technique that simultaneously decreases the problem dimensionality and introduces a 
new set of coordinates better adapted to capture the system dynamics within only a few dominant modes. The proposed reduction 
technique is based on Proper Orthogonal Decomposition (POD), a model reduction method that constructs an ordered set of basis 
functions according to their energy content. By projecting the full-order data onto a limited number of dominant high-energy modes, 
a reduced-order representation of the system can be efficiently obtained [66]. The snapshots of the FOM solutions are collected to 
generate a matrix 𝐗 ∈ R𝑝×𝑘, whose 𝑝 denotes the time stamps of solutions.

Next, the Singular Value Decomposition (SVD) of the matrix 𝐗 is computed: 𝐗 = 𝐔𝜮𝐕𝐓, where the columns of the orthonormal 
matrix 𝐔 ∈ R𝑘×𝑘 are left singular vectors, often called Proper Orthogonal Modes (POMs) [67,68] or spatial modes, the columns of 
𝐕 ∈ R𝑝×𝑝 give the temporally evolving coefficients, and Σ ∈ R𝑘×𝑝 is a diagonal matrix representing the singular values of the matrix 
𝐗 ordered from the largest to the smallest conventionally. In particular, the rank of 𝐗 is equal to the number of nonzero singular 
values, and the optimal rank-𝑘̂ approximation 𝐗̂ of 𝐗 is given by the rank-𝑘̂ SVD truncation 𝐗̂ =

∑𝑘̂
𝑖=1 𝜎𝑖𝐔𝑖𝐕𝑇

𝑖 , in which 𝜎𝑖 is the 𝑖th 
singular value contained in the diagonal of Σ, and 𝐔𝑖,𝐕𝑖 are the 𝑖th column of 𝐔 and 𝐕, respectively. In this work, 𝑘̂ = 3, which 
gives a reduced-order model of dimension 3. The reduced order dynamical coordinates Λ𝑖 = 𝜎𝑖𝐕𝑇

𝑖 , 𝑖 = 1, 2, 3.

5.3. High-dimensional case 1: Beam MEMS resonator

The doubly clamped beam is investigated as a representative example of a high-dimensional nonlinear structural system, where 
a straight beam-type MEMS resonator is excited near its resonance frequency. This configuration captures the essential dynamics of 
micro-resonators [69] in which geometric nonlinearities play a significant role in shaping the system’s response.

The doubly clamped beam in this case has length 𝐿 = 1000 μm with rectangular cross-section of dimensions 10 μm × 24 μm, as 
shown in Fig.  10a. The beam is fabricated from isotropic polysilicon [70], with density 𝜌 = 2330 kg/m3, Young modulus 𝐸 = 167GPa 
and Poisson coefficient 𝜈 = 0.22. Dirichlet boundary conditions are enforced on the two opposite sides of the beam. The quality factor 
is assumed equal to 𝑄 = 50. The device is excited by a body load 𝐅 = 𝐌𝝓1𝛽 cos(𝛺𝑡) proportional to the first eigenmode 𝝓1, with 𝐌
mass matrix and 𝛽 load multiplier. The device vibrates according to its first bending mode at 𝜔0 = 0.5475 rad∕μs. In order to keep 
the FOM computational time at a reasonable level, a rather coarse mesh with 2607 nodes has been employed. To effectively infer 
the underlying dynamics of beam MEMS resonator, the POD modes are built retaining in the linear trial space the first three most 
energetic POD modes, depicted in Fig.  10b–d, respectively. This number of POD modes represents the minimum required to achieve 
a good accuracy while maintaining a computationally efficient model [39].

To infer the underlying dynamics of the MEMS resonator, training data are collected from a single simulation case with a load 
multiplier 𝛽 = 0.25 and excitation frequency 𝛺 = 0.551. Fig.  11 illustrates the characteristics of the training set in the frequency, 
time and evolutionary domains. Specifically, Fig.  11a displays the time–history responses of the first three POD modes, while Fig. 
11b shows their corresponding frequency spectra. The red boxes in the spectra highlight the effective harmonic orders, confirming 
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Fig. 10. Schematic representation of the beam MEMS resonator. (a) Geometry and mesh of doubly clamped beam MEMS resonator, (b–d) First 
three most energetic POD modes obtained from SVD.

Fig. 11. Beam MEMS resonator training data in time, frequency and evolutionary domain. The model is trained using a single parameter set 
(𝛽 = 0.25, 𝛺 = 0.551). (a) Time series of the POD modal coordinates; (b) Frequency spectra, where red boxes indicate the identified effective 
harmonic orders; (c) Comparison of slowly varying variables for the first three POD modes, showing excellent agreement between the ground 
truth (solid) and prediction by Eq. (34) (dashed).

that the system response is predominantly composed of multiple discrete frequencies. Using the proposed filtering procedure 
(Section 2.4), the slow varying evolutionary variables for the POD modes are extracted, as shown in Fig.  11c. Building upon these 
extracted variables, our approach successfully identifies a parsimonious set of governing equations that govern the reduced-order 
space from a candidate library Θ consisting of ten pure polynomial terms up to the fifth order and trigonometric functions (cos(𝛺𝑡)
and sin(𝛺𝑡)), as explicitly formulated in Eq. (34). The identified model is capable of accurately reconstructing the slow-varying 
evolutionary variables (Fig.  11c dashed line), confirming that the identified nonlinear terms correctly capture the weakly nonlinear 
effects across different harmonic orders. Specifically, these identified equations capture the linear restorative forces alongside the 
geometric nonlinearities inherent in the large-deflection regime of the MEMS beam. 

⎧

⎪

⎨

⎪

⎩

𝑢̈1+2.998×10−1𝑢1+2.730 × 10−6𝑢31 + 1.100 × 10−2𝑢̇1 = 1.902𝛽 cos(𝛺𝑡)
𝑢̈2+3.006×10−1𝑢2−1.468×10−6𝑢1+5.453×10−9𝑢31+2.450×10

−5𝑢̇1 = 4.202×10−3𝛽 cos(𝛺𝑡)
𝑢̈3+3.006×10−1𝑢3+2.402×10−6𝑢21 − 1.574×10−5𝑢̇21 = 0

(34)

The resulting model provides a compact yet precise representation of the resonator complex dynamics, enabling efficient 
prediction of its complete dynamic portrait while significantly reducing the computational burden compared to the full-order 
finite element model. Specifically, to evaluate the generalization capability of the identified equations, we predict the global 
FRCs of the beam MEMS resonator under various excitation intensities. As illustrated in Fig.  12, the predicted FRCs (dashed line) 
demonstrate remarkable agreement with the reference FOM results (solid line) across entire investigated range of forcing amplitudes 
(𝛽 ∈ [0.125, 0.750] μN), with the left and right panels presenting the amplitude–frequency and frequency–phase curves, respectively. 
In particular, the identified model successfully captures the nonlinear hardening behavior, characterized by the rightward tilting of 
the resonance peaks as the excitation amplitude increases. Notably, while the governing equations were inferred using data from only 
a single training point (the red dot at 𝛽 = 0.25, 𝛺 = 0.551), the model accurately extrapolates the complex bifurcation characteristics 
and phase transitions for forcing levels significantly higher than the training condition. This high-fidelity match underscores the 
physical consistency and robustness of the proposed identification framework for high-dimensional nonlinear structural systems.
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Fig. 12. FRCs of beam MEMS resonator. Comparison between predicted and reference frequency response functions under different excitation 
amplitudes (left: amplitude; right: phase). The proposed method accurately captures the hardening dynamical performance of beam MEMS 
resonator.

Fig. 13. Schematic representation of the MEMS micromirror: (a) Optical picture of the Micromirror; (b) Schematic view of the layout with few 
details on the device components; (c) Third (torsional) eigenmode that is actuated during operations and the boundary conditions used in the 
simulation of half of the device; (d–f) First three most energetic POD modes obtained from SVD.

5.4. High-dimensional case 2: MEMS micromirror

Scanning micromirrors have experienced rapid growth in recent years, driven by their successful implementation in a wide 
range of applications, from pico-projectors for Augmented Reality (AR) displays to three-dimensional (3D) scanning systems for 
Light Detection and Ranging (LiDAR) technologies. Because of the inertial and geometrical effects triggered by large rotations, 
micromirrors are intrinsically nonlinear and the prediction of their dynamic behavior is essential to guarantee a proper design and 
control of the mirror during the online stage. Specifically, maintaining motion stability is critical for line scanning performance, 
making the correct characterization of hardening and softening effects a priority.

The mirror considered, fabricated by STMicroelectronics, is illustrated in Fig.  13. The mirror plate is suspended to a gimbal 
connected with a torsional beam along the rotation axis and two suspension beams on each side. The mirror is assumed to be 
made of isotropic polysilicon [70], with density 𝜌 = 2330 kg∕m3, Young modulus 𝐸 = 167 GPa and Poisson coefficient 𝜈 = 0.22. 
Exploiting structural symmetry, only half of the micromirror is modeled with the FEM and a total of 9723 dofs. The Dirichlet 
boundary conditions are imposed in the substrate (the dark green areas in Fig.  13b) and on the symmetry plane to enforce the 
symmetry conditions. Given the high stiffness of the central mirror plate, its rotation angle is adopted as the primary state variable 
for both the time-domain response and the frequency response function (FRF) analysis.

To characterize the complex nonlinearities of the scanning micromirror, the training set of the MEv-SINDy framework is derived 
from a single simulation trajectory with a load multiplier 𝛽 = 3 and an excitation frequency 𝛺 = 0.183841. Fig.  14 illustrates the 
sampled data across the time, frequency and evolutionary domains. Unlike the beam case, the torsional tilting of the mirror triggers 
a richer multi-harmonic spectrum, as evidenced by the discrete frequency peaks in Fig.  14b. The filtering procedure effectively 
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Fig. 14. MEMS micromirror training data in time, frequency and evolutionary domains: The model is trained using a single parameter set 
(𝛽 = 3, 𝛺 = 0.183841). (a) Time series of the POD modal coordinates; (b) Frequency spectra, where red boxes indicate the identified effective 
harmonic orders; (c) Comparison of slowly varying variables for the first three POD modes, showing excellent agreement between the ground 
truth (solid) and prediction by Eq. (35) (dashed).

Fig. 15. FRCs of MEMS micromirror. Comparison between predicted and reference frequency response functions under different excitation 
amplitudes (left: amplitude; right: phase). The proposed method accurately captures the softening dynamical performance of MEMS micromirror.

isolates the evolutionary variables for the underlying manifold (Fig.  14c), providing a clean foundation for sparse regression. The 
algorithm yields a compact set of reduced-order equations (Eq. (35)) that faithfully reproduce the training signals (see the comparison 
between continuous and dashed lines in Fig.  14c). Notably, the identified model successfully decouples the inertial nonlinearities 
and cross-modal interactions inherent in the gimbal-suspension assembly. 

⎧

⎪

⎨

⎪

⎩

𝑢̈1 + 3.383 × 10−2𝑢1 − 1.180 × 10−11𝑢31 + 1.865 × 10−4𝑢̇1 = 1.076 × 10−1𝛽 cos(𝛺𝑡)

𝑢̈2 + 3.374 × 10−2𝑢2 − 1.103 × 10−7𝑢21 + 3.912 × 10−5𝑢̇21 = 0

𝑢̈3 + 3.374 × 10−2𝑢3 − 9.127 × 10−7𝑢21 + 2.392 × 10−5𝑢̇21 = 0

(35)

The robustness of the identified model is further validated by predicting the global Frequency Response Functions (FRCs). As 
shown in Fig.  15, the MEv-SINDy framework accurately extrapolates the system behavior across a wide range of forcing intensities. 
Of particular interest is the model ability to capture the softening behaviors, which is a critical factor for ensuring scanning stability 
in LiDAR and AR applications. The seamless agreement between the ROM predictions and the FOM ground truth — despite the 
model being trained on a single localized point — underscores the physical consistency of the discovered dynamics.

6. Robustness experiments

To provide a concrete, literature-wide benchmark regarding the data acquisition burden for nonlinear frequency-response curve 
(FRC) prediction in MEMS structures, Table  2 systematically itemizes the required training data volume (expressed as the number 
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Table 2
Quantitative comparison of required training data volume (number of excitation trials) for global frequency-response 
curve (FRC) prediction in MEMS structures.
 Reference/Methodology Target system Training volume (𝑁trial) 
 AE + SINDy [39] MEMS MicroBeam 56  
 SINDy + Kalman Filtering [71] MEMS MicroArch 40  
 Deep Learning (NN-ROM) [15] MEMS MicroBeam 309  
 Proper Orthogonal Decomposition (POD)[8] MEMS Micromirror 50  
 MEv-SINDy Beam/Micromirror 1 (One-Shot)  

of independent parametric excitation trials, 𝑁trial) across several state-of-the-art nonlinear reduced-order modeling (ROM) and 
system identification frameworks. As quantified by the empirical data, existing paradigms — ranging from standard intrusive proper 
orthogonal decomposition (POD) and black-box neural networks (NN) to advanced adaptive SINDy variants — strictly require 
dense parametric sampling (40 ≤ 𝑁trial ≤ 309) across various excitation frequencies and amplitudes to construct a generalizable 
model capable of tracing the global FRC. This heavy data dependency exists because their mathematical formulations operate in the 
instantaneous state space, where the (𝜖) weakly nonlinear signatures are readily discarded as numerical residuals unless mapped 
across extensive boundary configurations. In sharp contrast, by embedding the generalized harmonic balance method to project the 
transient physics onto the slow-varying evolutionary manifold, the proposed MEv-SINDy framework successfully recovers the full 
invariant physical operators using exactly 𝑁trial = 1. This order-of-magnitude reduction in data volume definitively demonstrates that 
the one-shot learning capability represents a fundamental mathematical advancement in sample efficiency rather than an artifact 
of trial-and-error hyperparameter tuning.

While the cross-literature comparison establishes the theoretical advancement of the MEv-SINDy framework, a systematic 
assessment of its robustness under diverse empirical conditions is essential to define its practical operational boundaries. Accordingly, 
this chapter investigates the sensitivity and reliability of the proposed method under varying data constraints, focusing on two 
critical operational aspects. First, we examine the influence of training point selection on global predictive accuracy, specifically 
investigating whether the location or specific regime of the single training sample affects the model’s ability to extrapolate the 
system’s global nonlinear response. Second, we evaluate the scaling of prediction precision with the number of training points. By 
comparing the performance of models trained on sparse versus enriched datasets across a large experimental database, we highlight 
our approach’s primary advantage: the ability to achieve high-dimensional ROM discovery with minimal data requirements, thereby 
significantly reducing the data acquisition and computational overhead inherent in traditional data-driven modeling.

6.1. Influence of training point selection

To provide a comprehensive assessment of MEv-SINDy’s reliability, we conduct extensive testing across two benchmark datasets: 
the beam MEMS resonator (56 distinct operating points, featuring specific forcing frequency and amplitude) and the MEMS 
micromirror (22 distinct operating points). For each individual point in these datasets, the governing equations are first identified 
via the proposed framework. Subsequently, the full-range frequency responses are reconstructed using MATCONT (as detailed in 
Section 3.5), a sophisticated parameter continuation solver. To quantify the fidelity of the identified models, we utilize the Mean 
Chamfer Distance of Frequency Response Curves (MCDRC) as our primary metric (as detailed in Section 3.6). Specifically, a score 
below MCDRC < 0.1 indicates that the identified model has successfully captured the essential nonlinear characteristics across the 
entire dynamical regime.

In particular, the reliability of the MEv-SINDy framework is systematically evaluated by analyzing the influence of training 
point selection on global predictive accuracy. As illustrated in Fig.  13, the framework exhibits remarkable robustness across diverse 
operating regimes. For the beam MEMS resonator, 51 out of 56 candidate training points yield successful global inferences (Fig.  16a), 
while for the MEMS micromirror, the framework achieves a 100% success rate across all 22 tested points (Fig.  16b). Notably, accurate 
global ROMs are identified when the training data is sampled from the strongly nonlinear regimes characterized by significant 
resonance tilting.

This consistency is further quantified in Fig.  17a, where the MCDRC distribution for all successful cases is shown to be highly 
concentrated near zero. The narrow spread of these violin plots underscores that the identification fidelity is largely invariant 
to the specific choice of training conditions. Qualitatively, Figs.  17b–e confirm this high fidelity; the FRC curves reconstructed 
from various localized training points demonstrate a nearly perfect overlap with the ground-truth simulations. The framework 
faithfully reproduces complex nonlinear phenomena, including the softening behavior of the beam and the dual hardening–softening 
transitions in the micromirror. Collectively, these results demonstrate that MEv-SINDy effectively extracts the underlying physical 
operators rather than merely overfitting localized data, enabling reliable global extrapolation from minimal, localized measurements.

To further enhance the reliability of the MEv-SINDy framework within a one-shot learning context, it is imperative to investigate 
the specific conditions under which identification fails. The five failure cases observed in the beam MEMS resonator (Fig.  17a) can 
be categorized into two distinct modes:

1. Limited nonlinear effects: Several failed points are located at frequencies far from the system natural frequency. In these 
near-linear regimes, the nonlinear contributions to the dynamical response are extremely small. Consequently, the sparse 
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Fig. 16. Robustness evaluation of proposed approach across various training conditions. The predictive performance is assessed by identifying 
the model using a single training point and evaluating its global extrapolation capability. Blue circles indicate a successful inference (MCDRF 
< 0.1), while red crosses denote a failed inference. (a) Beam MEMS resonator: results for 56 different training points, covering two excitation 
amplitudes 𝛽 ∈ {0.125, 0.250} and 28 frequencies 𝛺 ranging from 0.526 to 0.564 rad/μs. A total of 51 training points yield successful global 
predictions. (b) MEMS micromirror: results for 22 distinct training points, covering two excitation amplitudes 𝛽 ∈ {0.5, 3.0} and 11 frequencies 
𝛺 ranging from 0.1837 to 0.1841 rad/μs. All 22 training points achieve successful inference.

Fig. 17. Quantitative and qualitative error analysis of FRF predictions. (a) MCDRF distribution across all successful inferences; violin plots show 
high error concentration near zero for both devices. (b–c) Qualitative comparison between Ground Truth (dashed) and predictions (solid) for 
the beam resonator, and (d–e) for the micromirror. The consistent overlap across various training conditions highlights the framework’s minimal 
sensitivity to training data selection.

regression algorithm only discovers the linear damping for the first POD mode. While the resulting model can predict a precise 
dynamical response within the local linear regime, it lacks the cubic stiffness nonlinearity required for global extrapolation. 
This underscores that for robust one-shot learning, the training point must be selected from a region where nonlinear effects 
are sufficiently prominent to be accounted by the sparse identification process.

2. Incorrect identified dynamics: Occasionally, identification failure occurs because the discovered model converges to an 
incorrect dynamical equation, leading to an erroneous global FRF prediction. Fortunately, such discrepancies are readily 
detectable during the validation phase; by comparing the model’s predicted time–history against the original sampled 
trajectory, one can easily identify mismatches in time domain. To rectify this, two primary strategies can be employed: 
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fine-tuning the hyperparameters (such as the sparsity threshold) to re-infer the true underlying dynamics or re-selecting a 
more informative training point that better characterizes the system’s nonlinear landscape.

Standard regression methods fail with a single trial because their instantaneous formulation discards the (𝜖) weak nonlinear 
features as numerical residuals. By mapping the dynamics onto the slow-varying evolutionary manifold, MEv-SINDy isolates the 
weak nonlinear effects, allowing the invariant physical coefficients to be fully extracted from the informational content of a single 
transient curve. This uniform statistical distribution definitively demonstrates that the one-shot predictive capability is an inherent, 
generalized mathematical attribute of the MEv-SINDy algorithm, rather than a fluke resulting from a trial-and-error data selection 
process. Moreover, the very few failures are generally limited to very low amplitudes where nonlinearities are not activate and 
hence non-identifiable.

6.2. Multi-point training and frequency normalization

While the MEv-SINDy framework demonstrates high reliability in one-shot learning, incorporating data from multiple excitation 
conditions can further stabilize the identification process. However, a fundamental mathematical discrepancy arises when attempting 
to directly merge datasets from different operating points. In the physical domain, the underlying system parameters (Eq. (1)) are 
intrinsic constants across different excitation cases. The linear frequency term requires special consideration. Its physical coefficient 
𝜔2
0 is split into two distinct parts. The first part is the observed frequency 𝜔̂ obtained via FFT (Eq. (15)). The second part is a 
small fine-tuning coefficient identified through the regression process (Eq. (21)). So the governing equations in our identification 
framework (Eq. (21)) are constructed based on the observed response frequency 𝜔̂, which is determined via FFT for each specific 
excitation case. Because 𝜔̂ varies across different forcing conditions, the mathematical representation of the linear frequency in 𝜣(𝑡)
becomes coupled with the local operating point. Consequently, Eq. (21) yields inconsistent coefficients for the linear frequency term 
across datasets, preventing a straightforward least-squares concatenation.

To resolve this, we introduce a frequency-normalization step after reformulate the evolutionary library. By selecting a reference 
frequency 𝜔̄ (e.g., the mean of all 𝜔̂), we apply a compensation term to the target vector 𝒚(𝑡). This ensures the linear frequency term 
is mapped to a consistent basis, effectively decoupling the physical parameters from the local observation frequency. The corrected 
target vector 𝒚𝑐𝑜𝑟𝑟(𝑡) replaces the original vector 𝒚 in Eq. (21). This substitution ensures that the regression targets are consistent 
across all training sets. 

𝒚𝑐𝑜𝑟𝑟(𝑡) = 𝒚(𝑡) − (𝜔̂2 − 𝜔̄2)𝜣𝑥(𝑡) (36)

where 𝜣𝑥 stands for the candidate function 𝑥 in the evolutionary library: 
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The efficacy of this multi-point approach is demonstrated in Fig.  18. A comparison of the single-point training results reveals a 
trade-off in predictive performance: the model trained on Point 1 provides a better fit for low-amplitude excitation cases, whereas 
the model trained on Point 2 exhibits higher fidelity for high-amplitude regimes. This suggests that localized data, while accurate 
within its own regime, may not fully capture the system sensitivity across the entire forcing range. By implementing the frequency-
normalization terms defined in Eq. (36), we can combine the complementary advantages of both points. The composite model 
(Training on Points 1 and 2) effectively fuses the ‘‘low-amplitude’’ and ‘‘high-amplitude’’ information into a single, unified ROM. As 
a result, the identified model achieves a superior and more consistent match with the ground-truth FRC under all tested conditions. 
This shows that our framework can successfully integrate disparate datasets to overcome the limitations of localized sampling, 
ensuring stable and high-fidelity global predictions.

7. Conclusion

Learning the complete dynamic portrait of weakly forced oscillators typically requires large training datasets. This is true 
especially when increasing popular deep learning are applied. In this study, we proposed a one-shot method to learn frequency-
response curves from a single excitation configuration or, in other words, from a single training point. To infer weakly nonlinear 
effects, we modified the Sparse Identification of Nonlinear Dynamic (SINDy) algorithm accounting for an evolution-based learning 
framework (MEv-SINDy). We shifted the focus from autonomous single-frequency dynamics to non-autonomous multi-frequency 
dynamics. This advancement was achieved through the Generalized Harmonic Balance (GHB) method. The core of our approach 
is the identification of explicit governing equations. Once these equations are learned, they provide strong physical extrapolation 
capabilities. This analytical representation allows the model to predict complex nonlinear responses far beyond the training point. 
We can then use standard numerical tools to perform rapid parametric sweeps. This strategy effectively bridges the gap between 
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Fig. 18. Comparison of Frequency Response Curves (FRCs) identified from different training sets. (left) Amplitude–frequency response; the forcing 
amplitudes increase from bottom to top. (right) Phase–frequency response; the forcing amplitudes decrease from bottom to top.

limited data observations and global nonlinear response prediction, addressing the major challenge of data acquisition in real-world 
MEMS applications.

We applied the proposed MEv-SINDy framework considering two high-dimensional MEMS applications. These cases included a 
beam resonator and a MEMS micromirror. In both examples, our method achieved highly accurate one-shot learning by predicting 
complex nonlinear responses from only a single training point. To ensure the reliability of the approach, we performed extensive 
robustness tests. We investigated the influence of training point selection on the identification accuracy. This analysis helped us 
define effective strategies for choosing optimal data points. Furthermore, we extended the framework to include multi-point training 
thanks to a frequency normalization preprocessing. The results demonstrate the use of multiple training points can refine the MEv-
SINDy outcomes across different excitation levels and frequency ranges. These findings confirm the practical utility of our method 
for real-world engineering design. The framework significantly reduces the computational burden while preserving the complex 
physics of forced oscillators.
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