
EXISTENCE OF BULK VORTICES IN SUPERCONDUCTORS WITH

STRONG MAGNETIC FIELDS

MICHELE CORREGGI AND AYMAN KACHMAR

Abstract. We study the vortex formation in extreme type-II superconductors im-
mersed in strong magnetic fields in the framework of the the Ginzburg-Landau theory.
We focus on the regime where superconductivity survives in the bulk of the material
but the magnetic field penetrates the sample, i.e., for applied field much larger than
the first critical one, but below the transition to surface superconductivity. Through a
two-scale vortex construction, we obtain precise estimates for the vortex distribution
and prove the existence of isolated defects with non-trivial winding numbers. In this
respect, our work provides the first rigorous mathematical proof of the existence of
isolated vortices for fields comparable to the second critical one.

1. Introduction

1.1. Superconductivity and Critical Magnetic Fields. Since its discovery at the
beginning of last century, superconductivity has become a widely studied phenomenon
in condensed matter physics with many important practical applications (see, e.g., the
monograph [T] for an extensive discussion). The macroscopic features of superconductiv-
ity, in particular close to the critical temperature of the phase transition, are extremely
efficiently modeled in the framework of the phenomenological Ginzburg-Landau (GL)
theory: the local conducting properties of the material are encoded in an order parameter
Ψ, i.e., a complex-valued function whose modulus varies between 0 and 1. The former
value identifies the normal state, where the material behaves like a normal conductor,
while if |Ψ| = 1 at some point there is perfect superconductivity. At equilibrium, the
order parameter is obtained as the minimizer of a free energy functional – the GL
functional, see next Section 1.2. We note that GL theory can be derived rigorously from
the microscopic BCS theory [DHM1, DHM2, FHSS] for temperatures close to the critical
one for the superconductivity phase transition (see also [CC] and references therein for
a similar but different regime).

In general, the order parameter inside a sample is non-constant, and isolating the
regions of superconductivity loss (if any) is thus quite important. This becomes even
more relevant in the presence of external magnetic fields, which are capable of destroy-
ing the superconductive behavior of the material. The physical phenomenology of
superconductors in magnetic fields is the following (see, e.g., [dG]):

• small magnetic fields do not affect the superconducting behavior, and the field is
repelled by the sample (Meissner effect);

• intermediate fields penetrate the sample at isolated defects, where superconduc-
tivity is lost;

• strong fields eventually destroy superconductivity.
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This phenomenology can be entirely reproduced within the GL theory, at least for
extreme type-II superconductors. The GL energy functional must be modified by adding
another physical parameter – the induced vector potential A –, which provides the
magnetic field curlA inside the sample. The equilibrium configuration is thus a suitable
pair (Ψ∗,A∗) minimizing the modified GL functional. The transitions mentioned above
can actually be proven and one can associate to each one a critical magnetic field marking
the threshold for a macroscopic change of the GL state. The first critical field Hc1 is
determined by the appearance of defects in the order parameter; the second critical
field Hc2 identifies the transition from bulk to boundary behavior; the third critical
field Hc3 marks the disappearance of superconductivity. We refer to [FH, SS5] for a
mathematically rigorous definition of such fields and many other results concerning the
GL theory.

In this paper we focus on the so-called bulk regime, where isolated defects occur
inside the sample of the material but superconductivity is preserved everywhere else.
Similarly, the magnetic field penetrates the sample only in correspondence with such
defects and vanishes elsewhere. Concretely, this is expected to happen whenever the
magnetic field is above Hc1 and much larger than it, but below Hc2: Here we consider
magnetic fields of the same order of Hc2 but strictly below it. In this regime, each
defect is believed to coincide with a vortex of the order parameter, i.e., a zero of Ψ with
nontrivial winding number around it. Such a result is however unproven for such strong
fields (see Section 1.2 below for a more detailed discussion of the literature), and only
the distribution of the energy proved to be accessible so far. Our main contribution is
precisely a proof of the existence of small balls encircling one or more vortices which are
approximately uniformly distributed in the sample and almost cover the region where
the modulus of the order parameter is significantly smaller than 1.

1.2. The Ginzburg-Landau functional. We study a virtually infinite superconducting
wire which is straight along the z−axis and has constant cross section Ω. The external
magnetic field is assumed to be parallel to the wire axis.

Let then Ω ⊂ R2 be a bounded simply connected domain with a smooth boundary
∂Ω, and let ν be the unit normal vector on ∂Ω pointing inward Ω. We introduce the
following minimization domain1

H =
{
(Ψ,A) ∈ H1(Ω;C)×H1(Ω;R2) : divA = 0 in Ω, ν ·A = 0 on ∂Ω

}
, (1.1)

and we denote by F the unique vector field satisfying [FH, Propositions D.2.1 and D.2.2]

curlF = 1, divF = 0 in Ω, ν · F = 0 on ∂Ω. (1.2)

Let us fix b ∈ (0, 1). In appropriate units where the GL parameter reads κ = 1/ε and
the magnetic field intensity is hex = bε−2, with 0 < ε≪ 1, the GL energy functional on
Ω is defined on the space H as

Eb,ε(Ψ,A) =

∫
Ω

(∣∣(∇− ibε−2A
)
Ψ
∣∣2 + 1

2ε2
(1− |Ψ|2)2 + b2

ε4
| curl(A− F)|2

)
dx. (1.3)

We are going to denote by Eb,ε(Ψ,A;D) the restriction of the above energy to a domain
D ⊂ Ω.

1The vanishing of the divergence and the boundary condition can be imposed without loss of
generality: starting with the larger space H1(Ω;C) × H1(Ω;R2) yields the same minimizers up to a
gauge transformation [FH, p. 143, Eq. (10.7)].
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As anticipated, the physical interpretation of (Ψ,A) is that |Ψ|2 and curlA measure
the local density of superconductivity and the induced magnetic field, respectively, and
the supercurrent is given by

j(Ψ,A) = Re
〈
iΨ, (∇− ibε−2A)Ψ

〉
C ,

where ⟨z, z′⟩C = zz′ for two complex numbers z and z′. If we write ρ = |Ψ| and Ψ = ρeiφ,
the supercurrent reads as

j(Ψ,A) = ρ2(∇φ− bε−2A),

making apparent its proportionality to the gradient of the phase of the order parameter
and to the magnetic potential.

A minimizing configuration (Ψ∗,A∗) ∈ H is such that

Eb,ε(Ψ∗,A∗) = inf
(Ψ,A)∈H

Eb,ε(Ψ,A).

If (Ψ∗,A∗) is such a minimizer of Eb,ε, then it is well known that |Ψ∗| ⩽ 1 and the
following system of equations holds

−(∇− ibε−2A∗)
2Ψ∗ = ε−2(1− |Ψ∗|2)Ψ∗, in Ω,

−∇⊥ curlA∗ = b−1ε2j(Ψ∗,A∗), in Ω,

ν · ∇Ψ∗ = 0, on ∂Ω,

curlA∗ = 1, on ∂Ω,

(1.4)

where ∇⊥ = (−∂2, ∂1). To stress the dependence on b and ε, we sometimes use the
notation (Ψ∗,A∗)b,ε for a minimizer of Eb,ε.

In the units we have chosen, the asymptotics of the critical magnetic fields mentioned
in the previous Section are know exactly [SS5, FH]. Specifically, the critical values of
hex are

Hc1 ∼ CΩ| log ε|, Hc2 ∼ ε−2, Hc3 ∼ ε−2/0.59.

In the setting described here, the first critical field Hc1 and its precise asymptotic
expression are discussed in detail in [Se, SS1, SS4] and [SS5, Chpt. 7] (see also [BJOS,
RSS] for the three-dimensional analogue of the problem): for applied fields below Hc1

the order parameter does not vanish, while it has isolated zeros – vortices – above
Hc1. If the applied field’s intensity stays between Hc2 and Hc3, the order parameter
concentrates on the boundary of Ω and the sample exhibits surface supercondutivity. This
regime was first addressed in [P] and then extensively studied later, e.g., in [FH, Chpt.
14], [AH, CR1, CR2] and references therein (see also the review [C] for a discussion of
domains with corners at the boundary). The transition occurring close to Hc2, as well as
the distribution of superconductivity, was investigated in [Al, AS, FK2, K1]. Eventually,
above Hc3, superconductivity is entirely lost and the minimizer is the normal state (0,F)
(see, e.g., [FH, Chpt. 13] and references therein).

In this paper, the applied magnetic field is

hex =
b

ε2
, 0 < b < 1,

so that we are in the regime below but with a field of the same order as Hc2. Let us
describe the expected behavior of GL minimizers in this regime: as long as hex ∼ | log ε|
vortices do not cover the whole domain but they are confined in a region which can be
determined by solving a suitable free-boundary problem [SS5, Chpt. 7]; however, as soon
as hex ≫ | log ε|, vortices are expected to occupy uniformly the whole domain Ω with a
constant density proportional to hex. They are also believed to arrange themselves in
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a periodic triangular lattice – the famous Abrikosov lattice [Ab] –, whose existence is
observed experimentally but mathematically only conjectured.

Compared to the physical heuristics, the mathematical literature on this regime is
much more scarce. The first work to mention is [SS3], where it is shown that the energy is
uniformly distributed and it is given by an effective model on a cell (see next Section 1.3).
We stress however that such a result holds on a scale ≫ ε, which is the expected sized of
vortex cores but it is also proportional to the mean distance between vortices ∝ 1√

hex
. In

fact, this is the very reason why the regime we are considering is so difficult to address,
because the expected vortex lattice has a spacing of the same order as the vortex core.
Indeed, if | log ε| ≪ hex ≪ ε−2, much more is known, and it was even proven that the
vorticity of the order parameter has uniform distribution hex [SS2].

Two key contributions about the regime under consideration are also the works
[FH, HK], where several fundamental properties of any minimizing configuration are
proven. Despite the progress, however, the features of the vortex structure of the order
parameter as well as the behavior of the magnetic field inside the sample have been
elusive so far. In this paper, we address precisely this question and partially fill the gap
by proving that if b < b0, with b0 independent of ε, the order parameter has vortices in
the bulk of the sample.

1.3. The effective energy. Let us recall an effective energy introduced in [SS3] (see
also [AS, FK1]). Consider the square2 KR = (−R/2, R/2)2 of side length R. For
u ∈ H1(KR;C), we set

Gb,R(u) =

∫
KR

(
b|(∇− iA0)u|2 − |u|2 + 1

2 |u|
4
)
dx

=

∫
KR

(
b|(∇− iA0)u|2 + 1

2(1− |u|2)2 − 1
2

)
dx,

(1.5)

where A0(x) =
1
2(−x2, x1). Then, the limit

g(b) = lim
R→+∞

(
1

|KR|
inf

u∈H1
0 (KR,C)

Gb,R(u)

)
exists and is finite. Moreover, the function g is concave and increasing [FK1, Thm. 2.1],
and as b→ 0+, it satisfies

3 [K2, Thm. 2.4]4

g(b) = −1
2 − b

2 log b+ ob(b log b). (1.6)

As noted in [SS3], the term b
2 log b in (1.6) is a logarithmic correction to g(0) = −1

2 and
signals the presence of vortices. As b→ 1−, the behavior of g(b) involves the Abrikosov
energy, further confirming the vortex structure. This subtle asymptotic behavior was
first identified in [AS] and later revisited in [FK1]. A parallel phenomenon appears in
the context of fast rotating Bose–Einstein condensates in the lowest Landau level regime
[NR, Theorem 3.9], where a correction term in the energy asymptotics likewise marks
the emergence of the Abrikosov lattice of vortices.

2The original effective model was defined in a ball of large radius, but the shape of the boundary is
expected to play no role, provided it grows isotropically (see [AS, FK1]).

3To avoid confusion, we use the following convention: a quantity α = oβ(γ), for β, γ ∈ R+, if
lim supβ→0+

γ−1|α| = 0. An analogous convention will be used for O. If there are other parameters

involved the estimate is supposed to hold for all the values of the parameters in the specified range, but
not necessarily uniformly, unless explicitly stated otherwise.

4In [SS3, K2], the authors work with f(b) = 1
2

(
g(b) + 1

2

)
.
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The concavity of g ensures that g is continuous and that the left- and right-derivatives,
g′(b−) and g

′(b+), exist on (0, 1); moreover, the set

J = {b ∈ (0, 1) : g′(b−) ̸= g′(b+)} (1.7)

is at most countable. Therefore, we know that g is differentiable at every b ∈ (0, 1) \ J ,
and we may consider the function g′ : (0, 1) \ J → R.

The relevance of g(b) is that, for 0 < b < 1, a minimizer (Ψ∗,A∗) of Eb,ε satisfies as
ε→ 0,

Eb,ε(Ψ∗,A∗) =
[
|Ω|
(
g(b) + 1/2

)
+ oε(1)

]
ε−2,

b2
∫
Ω
| curl(A∗ − F)|2dx = oε(ε

2),∫
Ω
|Ψ∗|4dx = −2g(b)|Ω|+ oε(1),

(1.8)

and if b ∈ (0, 1) \ J , ∫
Ω
|Ψ∗|2dx =

(
bg′(b)− 2g(b)

)
|Ω|+ oε(1). (1.9)

The asymptotics in (1.8) were proven in [SS3], while the one in (1.9) was proven in [HK].

In this paper, we prove the following new formula for the derivative of g, consistent
with a formal differentiation of (1.6).

Theorem 1.1 (Derivative of g).
As b→ 0+, we have

g′(b) = −1
2 log b (1 + ob(1)) . (1.10)

As a direct consequence of Theorem 1.1 and (1.8)-(1.9), we get the following

Corollary 1.1. There exists b0 > 0 and a function r : (0, b0] → R+, such that
limb→0+ r(b) = 0, and, for b < b0 and any minimizing configuration (Ψ∗,A∗)b,ε,

lim sup
ε→0+

∫
Ω

(
1− |Ψ∗|2

)2
dx ⩽ b| log b|r(b). (1.11)

Another corollary is that we rule out a limit constant profile of |Ψ∗|.

Corollary 1.2. There exists an infinite subset C ⊂ (0, 1) such that, if b ∈ C and
(Ψ∗,A∗)b,ε is a minimizing configuration, then, |Ψ∗| does not converge pointwise as
ε→ 0 to a constant function, even along a subsequence.

The lack of homogeneity in the profile of |Ψ∗| indicates that the vortex cores, whose
typical size is of order ε, cannot be much smaller than their separation. Indeed, if the
cores were negligible compared to their spacing, the modulus would tend to a constant
away from the cores, contradicting Corollary 1.2. This absence of scale separation is the
main obstacle in detecting vortices in the regime we study.

1.4. Vortex structure. For a given minimizing configuration (Ψ∗,A∗) of the functional
Eb,ε, a vortex is an isolated zero of Ψ∗, which carries a nontrivial winding number around.

In order to isolate such topological defects, the typical mathematical method relies
on the identification of vortex balls, which we define rigorously below. For the first
application of such a strategy we refer to [BBH], while the key contributions for the
techniques we use here are the works [J, Sa] (see also [SS5, Chpt. 4]), where the vortex
ball construction was perfected.
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Definition 1.2 (Vortex balls).
Let (Ψ∗,A∗)b,ε be a minimizing configuration of (1.3). An open ball B(a, ϱ) is called a
vortex ball in Ω with degree d ∈ Z, if

B(a, ϱ) ⊂ Ω, |Ψ∗| ⩾ 1
2 on ∂B(a, ϱ), deg

(
Ψ∗, ∂B(a, ϱ)

)
= d.

For any vortex ball B(a, ϱ) with non-zero degree, Ψ∗ must vanish at least once inside
B(a, ϱ). Informally, we identify the center a of the ball as the vortex center and its
radius ϱ as the vortex core.

Understanding the vortex ball structure –particularly their distribution– is central
to the analysis of the GL model. While extensively studied, the problem remains open
for fixed b > 0. Using the asymptotic formula (1.6) and a refined version of the bulk
estimate in (1.8), we develop a two-scale vortex construction, which consists of two main
steps:

(1) (localization) we restrict the analysis to a square Qℓ of side length ℓ with ε ≪
ℓ≪ 1;

(2) (rescaling) zooming into the square Qℓ, we construct vortices with core size

b−1/2| log b|−2ε and bounded degree, for small but fixed b.

The second step adapts the framework of [SS5, Chpt. 4 and 6], treating their vortex
construction as a black box.

To state our result, we recall the following standard notion:

– L denotes the Lebesgue measure on Ω;
– δa denotes the Dirac measure centered at a;
– C0,1

0 (Ω) denotes the space of compactly supported Lipschitz continuous functions on
Ω, endowed with the Lipschitz norm

∥f∥Lip = sup
x,y∈Ω
x̸=y

|f(x)− f(y)|
|x− y|

; (1.12)

– C0,1
0 (Ω)

∗
denotes the topological dual of C0,1

0 (Ω), with the standard norm.

Theorem 1.3 (Vortex ball construction).
There exists a function r : (0, b0] → R+, such that limb→0+ r(b) = 0, and, for any given
b1 ∈ (0, b0], there exists a constant ε0 > 0, such that the following holds:

i) if (Ψ∗,A∗)b,ε is a minimizing configuration of (1.3) for b1 < b < b0 and 0 < ε < ε0,
then there exist disjoint vortex balls (B(ai, ϱi))i∈I in Ω with positive degrees di ∈ N0

and radii satisfying |ϱi| ⩽ b−
1
2 | log b|−2ε, for any i ∈ I;

ii) as ε→ 0+, we have∥∥∥∥∥b−1ε2
∑
i∈I

2πdiδai − L

∥∥∥∥∥
C0,1

0 (Ω)∗

⩽ r(b) + oε(1), (1.13)

uniformly with respect to b ∈ [b1, b0].

Remark 1.4 (Occurrence of vortices).
As already anticipated, the above result ensures that any minimizer Ψ∗ contains vortices.
In fact, inside each vortex ball provided by Theorem 1.3 there may be more than one
vortex, but the winding numbers of all the vortices sums up to di ⩾ 1. In addition,
their weighted distribution in Ω is asymptotically uniform for b small. One actually
expects that the winding number of each vortex is exactly 1 and therefore the weight di
in (1.13) should be irrelevant. We also remark that not all the vortices are covered by
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the family of balls (B(ai, ϱi))i∈I , because in the localization step we have to discard a
number of bad cells where we cannot perform the vortex ball construction. Additionally,
we remark that the bound on the vortex ball radii is optimal with respect to ε but likely
not optimal with respect to b. Indeed, some heuristic estimate of a single vortex energy
seems to suggest that the area covered by vortex ball should vanish as b→ 0+.

Remark 1.5 (Vorticity measure & supercurrent).
In the proof of the above result, we actually prove an estimate about the vorticity
measure associated to Ψ∗, i.e., the quantity

µ := curl j(Ψ∗,A∗) + bε−2 curlA∗ (1.14)

which, if Ψ∗ was a map to S1, would be given by the sum of Dirac measures centered
at the vortices weighted with the corresponding winding numbers, i.e., what appears
inside (1.13), up to the rescaling factor b−1ε2. As discussed in [SS5, Chpt. 6], the two
quantities are in fact close as ε → 0, and this is why the estimate (1.13) gives also
information about the supercurrent associated to Ψ∗. In particular, a byproduct of the
proof of Theorem 1.3 obtained by integrating µ over Ω is the following:

1

|Ω|

∫
∂Ω

τ ·
(
j(Ψ∗,A∗) + bε−2A∗

)
=

1

|Ω|

∫
∂Ω

τ · Re ⟨iΨ,∇Ψ⟩C

=
b

ε2
(1 +Ob(r(b)) + oε(1)), (1.15)

i.e., there is a huge current circulating at the boundary of the sample, compensating
the magnetic field inside. More detailed asymptotics for the super-current circulation
are available in two complementary regimes: the surface regime b > 1 and the regime
far below Hc2 where b(ε) ≪ 1. For instance, in the former case it is known (see [CR2,
Theorem 3]) that the order parameter carries a huge phase at boundary whose leading
term is proportional to |Ω|ε−2, or, equivalently the boundary current is 1/ε2 to leading
order. This is in perfect agreement with (1.15) as b→ 1−.

Remark 1.6 (Higher values of b).
Thanks to (1.4), we can express the vorticity measure in terms of the induced magnetic
field h∗ = curlA∗ via

b−1ε2µ = −∆h∗ + h∗,

with h∗ = 1 on ∂Ω. By [FH, Proposition 11.4.4], h∗ is bounded in C2(Ω) and converges
to 1 in C1(Ω), thus

b−1ε2µ −−−→
ε→0

L

in the sense of distributions. Moreover, integrating µ over Ω, we obtain

1

|Ω|

∫
∂Ω

τ ·
(
j(Ψ∗,A∗) + bε−2A∗

)
=

b

ε2
(1 + oε (1)) .

While this holds for all b ∈ (0, 1), the proof of Theorem 1.3 establishes a relation between
the vorticity measure and vortex balls specifically for b ∈ (0, b0).

Remark 1.7 (Error function r(b)).
The expression of the function r(b) is explicitly given as

r(b) = Cr0(b),

where C is a positive constant and

r0(b) = max

{
| log b|−1/2,

∣∣∣∣g(b) + 1
2

b| log b|
− 1

2

∣∣∣∣, log | log b|| log b|

}
. (1.16)
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2. Proof of Theorem 1.1

2.1. Groud states with magnetic periodic conditions. We need to work with a
periodic minimizer of the functional Gb,R. Due to the presence of the magnetic term, we
impose magnetic periodic conditions (see [D, O] and more recently [P, Section II]). The
underlying idea is that, since the magnetic Laplacian −(∇− iA0)

2 does not commute
with ordinary translations, one restricts to an eigenspace of magnetic translations. This
leads to the definition of the space

HR =
{
u ∈ H1

loc(R2;C) : u(x1 +R, x2) = eiRx2/2u(x1, x2),

u(x1, x2 +R) = e−iRx1/2u(x1, x2) a.e. on R2
}
. (2.1)

Heuristically, the idea is that the fine structure of any GL minimizing configuration
(Ψ∗,A∗) is periodic on the cell scale ℓ, and therefore imposing periodic boundary
conditions does not affect the behavior of the effectiveness of the model problem. Note
that Gb,R(u) is well defined on HR and, if u ∈ HR, the physically relevant quantities

|u|, j(u) = Re ⟨iu,∇u⟩C , curlA∗

are periodic over the square lattice generated by KR.
Minimizing Gb,R over HR, we get the existence of a minimizer by the direct method

of the calculus of variations (see [O]). Moreover, it is know [AS, FK1] that

g(b) = lim
R→+∞

(
1

|KR|
inf

u∈HR

Gb,R(u)

)
. (2.2)

In the sequel, we denote by u∗ ∈ HR a minimizer of Gb,R, i.e.

Gb,R(u∗) = inf
u∈HR

Gb,R(u).

Writing ∫
KR

|(∇− iA0)u∗|2dx =:
(
g′(b) + f1(R, b)

)
|KR|,∫

KR

|u∗|2dx =:
(
bg′(b)− 2g(b) + f2(R, b)

)
|KR|,∫

KR

|u∗|4dx =:
(
− 2g(b) + f3(R, b)

)
|KR|,

(2.3)

we then have by [HK, Prop. 3.1 & Thm. 4.4] that for every b ∈ (0, 1) \ J ,

fi(R, b) −−−−−→
R→+∞

0 (i = 1, 2, 3).

2.2. Optimal upper bounds. It follows from (2.3) that

0 ⩽
1

2

∫
KR

(1− |u∗|2)2dx =
(
1
2 − bg′(b) + g(b)

)
|KR|+ oR(R

2), (2.4)

and thanks to (1.6), we deduce the upper bound g′(b) ⩽ −1
2 log b + ob(log b). In

Theorem 2.1 below, we give a significant improvement of the remainder estimate.

Proposition 2.1. As b→ 0+, we have

g(b) ⩽ −1
2 − b

2 log b+O(b) and g′(b) ⩽ −1
2 log b+O(1). (2.5)
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Remark 2.2 (Upper bound on g(b)).
The upper bound on g(b) was proven already in [SS3, Thm. 1.4] but we revisit the
construction of the trial state to highlight the role of the magnetic periodic boundary
conditions. We construct a trial state in a variant of the space HR, which exploits further
the gauge invariance of the functional. Specifically, for given α, β ∈ R, we introduce

Hα,β
R =

{
v ∈ H1

loc(R2,C) : v(x1 +R, x2) = eiαeiRx2/2v(x1, x2),

v(x1, x2 +R) = eiβe−iRx1/2v(x1, x2) a.e. on R2
}
. (2.6)

This space corresponds to a joint eigenspace of the magnetic translation generators, with

eigenvalues eiα, eiβ respectively. We note that HR = H0,0
R . If v ∈ Hα,β

R , then

u = e−
iαx1
R e−

iβx2
R v ∈ HR (2.7)

and

Gb,R(u) = Gα,β
b,R (v) :=

∫
KR

(
b|(∇− iA0 − iR−1kα,β)v|2 − |v|2 + 1

2 |v|
4
)
dx,

where kα,β = (α, β) is a constant vector.

Proof of Theorem 2.1. Using the definition of Gb,R in (1.5) and the first formula in (2.3),
we write (recall (1.5))

Gb,R(u∗) ⩾
(
bg′(b)− 1

2 + f1(R, b)
)
|KR|. (2.8)

Next, we construct a test configuration u ∈ HR so that

Gb,R(u) ⩽
(

b
2 | log b| −

1
2 +O(b)

)
|KR|+ o(|KR|). (2.9)

Since Gb,R(u∗) ⩽ Gb,R(u), we get g(b) ⩽ −1
2 +

b
2 | log b|+O(b), and it results from (2.8)

and (2.9) that
bg′(b) ⩽ b

2 | log b|+O(b),

which completes the proof of the proposition. Moreover, we obtain an improvement of
(2.4) as follows,

1

2

∫
KR

(1− |u∗|2)2dx ⩽ b
2 | log b|+ bOR(|KR|) + oR(|KR|). (2.10)

It remains to construct u and prove the upper bound (2.9) to conclude the argument.
The construction of the trial state u is inspired by [ASa, Sect. 3]. Let us suppose that
R ∈

√
2πN and set N = R/

√
2π. This would prove the inequality on a subsequence

{RN}N∈N, but the existence of the limit implies that one can restrict to a subsequence.

We decompose the square KR into N2 congruent squares (Qj)1⩽j⩽N2 with pairwise

disjoint interiors. We also denote by (Qj)j∈Z the covering of R2 generated by the square
Q1, and for each j, we denote by aj the center of the square Qj , whose area is 2π.

Let h be the solution to

−∆h = 2πδa1 − 1 on Q1,

with periodic boundary conditions. Note that this is possible because ⟨2πδa1−1, 1⟩S′ = 0.
We extend h by periodicity to R2 and notice that it satisfies

−∆h = 2π
∑

j∈Z δaj − 1

h(x1 +
√
2π, x2) = h(x1, x2), for a.e. x2

h(x1, x2 +
√
2π) = h(x1, x2), for a.e. x2

.
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In particular, h satisfies periodic boundary conditions on the boundary of KR, and

−∆h = 2π
∑

1⩽j⩽N2

δaj − 1 on KR.

Hence, the function w(x) = h(x)− log |x− a1| satisfies −∆w + 1 = 0 on Q1, and it is
smooth on Q1. Knowing that h(x) = log |x− a1|+ w(x) with w a smooth function, we
can then verify that, as b→ 0+, ∫

Q1

|∇h|dx ⩽ Ob(1),∫
Q1\B(a1,

√
b)
|∇h|2dx ⩽ 2π| log

√
b|+Ob(1),∫

B(a1,
√
b)
|x− a1|2|∇h|2dx ⩽ Ob(b),

(2.11)

and, up to a conservative field, −∇⊥h+A0 is given on Q1 by

FAB
a1

(x) =
(x− a1)

⊥

|x− a1|2

i.e., an Aharonov-Bohm vector potential with pole a1 and flux 1.
Since the vector field −∇⊥h+A0 has zero curl on R2 \∪j{aj}, there is a multi-valued

function ϕ defined modulo 2π on R2 \ ∪j{aj} such that

∇ϕ = −∇⊥h+A0.

More precisely, we define ϕ as

ϕ(x) =

∫
γ(x∗,x)

(−∇⊥h+A0) · dx

where x∗ is a fixed point in R2 \ ∪j{aj} and γ(x∗,x) is a path in R2 \ ∪j{aj} joining x∗
and x. If γ′(x∗,x) is another path joining x∗ and x, then∫

ℓ(x∗,x)
(−∇⊥h+A0) · dx−

∫
ℓ′(x∗,x)

(−∇⊥h+A0) · dx ∈ 2πZ,

where γ is the loop defined by γ(x∗,x) ∪ γ′(x∗,x) and oriented counter-clockwise. Con-
sequently, the function eiϕ is single-valued and well defined on R2 \∪j{aj}. Furthermore,
by periodicity of h and linearity of A0, there are real constants α0 and β0 such that,
modulo 2π, ϕ satisfies on R2 \ ∪j{aj},

ϕ(x1 +
√
2π, x2) = ϕ(x1, x2) +

√
2π
2 x2 + α0, ϕ(x1, x2 +

√
2π) = ϕ(x1, x2)−

√
2π
2 x1 + β0.

Iterating this N times and recalling that R =
√
2πN , we get

ϕ(x1 +R, x2) = ϕ(x1, x2) +
1
2Rx2 + α, ϕ(x1, x2 +R) = ϕ(x1, x2)− 1

2Rx1 + β.

with α = 1√
2π
Rα0, β = 1√

2π
Rβ0, and α0, β0 are independent of R.

For x ∈ Q1, we set ρ(x) = min(1, |x− a1|/
√
b) and we extend ρ by periodicity on all

of R2. Then we introduce the function v defined on KR as

v(x) =

{
ρ(x)eiϕ(x), if x ̸∈ ∪j{aj},
0, if x ∈ ∪j{aj},

and we notice that v can be extended naturally to a function in Hα,β
R , thanks to the

periodicity of the functions h and ρ, the linearity of the vector potential A0, and the
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periodic conditions satisfied by ϕ. By Theorem 2.2 and (2.7), we assign to v a function

u ∈ HR with Gb,R(u) = Gα,β
b,R (v).

Next, we proceed in estimating Gα,β
b,R (v). By (2.11) and the fact that R−1|kα,β| = O(1),∫

Q1

(
b|(∇− iA0 − iR−1kα,β)v|2 − |v|2 + 1

2
|v|4
)
dx

=

∫
Q1\B(a1,

√
b)
b|∇h|2dx− 1

2
|Q1|+

1

2

∫
Q1

(1− |v|2)2dx+Ob(b)

= 2πb| log
√
b| − π +Ob(b),

and by periodicity we have

Gα,β
b,R (v) = N2

∫
Q1

(
b|(∇− iA0 − iR−1kα,β)v|2 − |v|2 + 1

2
|v|4
)
dx

=
(
b| log

√
b| − 1

2 +Ob(b)
)
|KR|,

which yields the formula in (2.9), since Gb,R(u) = Gα,β
b,R (v). □

2.3. Lower bound. We prove a lower bound on g′(b) that matches with the upper
bound in Theorem 2.1.

Proposition 2.3. As b→ 0+, we have that

g′(b) ⩾ −1
2 log b+ ob(log b). (2.12)

Proof. Take b ∈ (0, 1) \ J and ε > 0 small enough such that b+ ε ∈ (0, 1). With u∗ any
ground state of Gb,R, we have

0 ⩽
(
g(b+ ε)− g(b)

)
|KR|+ o(|KR|)

⩽ Gb+ε,R(u∗)− Gb,R(u∗) = ε

∫
KR

|(∇− iA0)u∗|2dx.

Using (2.3) and taking R→ +∞ after dividing by |KR| with fixed b and ε, we get

0 ⩽ g(b+ ε)− g(b) ⩽ εg′(b). (2.13)

Thanks to (1.6), we have

ζ(b) :=
g(b) + 1

2 + b
2 log b

b log b
= ob(1).

We choose ε = δb and b ∈ (0, b0), where δ and b0 are chosen in (0, 1), so that (1+δ)b0 < 1.
Writing

g(b+ ε) = −1
2 − (1+δ)b

2 log [(1 + δ)b] +
(
(1 + δ)b log

[
(1 + δ)b

])
ζ ((1 + δ)b) ,

g(b) = −1
2 − b

2 log b+ (b log b)ζ(b),

we get

g(b+ ε)− g(b) = − δb
2 log b− (1+δ)b

2 log(1 + δ) +R(δ, b),

where
R(δ, b) = (1 + δ)b (log b+ log(1 + δ)) ζ(b+ δb)− (b log b)ζ(b),

Thus,

g(b+ ε)− g(b)

ε| log b|
⩾

1

2
− 1 + δ

2δ| log b|
log(1 + δ)− 1 + δ

δ

(
1 +

log(1 + δ)

| log b|

)
ζ(b+ δb) +

1

δ
ζ(b).
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Using (2.13), we get

g′(b)

| log b|
⩾

1

2
− 1 + δ

2δ| log b|
log(1 + δ)− 1 + δ

δ

(
1 +

log(1 + δ)

| log b|

)
ζ(b+ δb) +

1

δ
ζ(b).

Taking b→ 0+ with fixed δ, we get

lim inf
b→0+

g′(b)

| log b|
⩾

1

2
,

which finishes the proof. □

2.4. Consequences on the GL minimization. We provide here the proofs of Corol-
laries 1.1 and 1.2.

Proof of Corollary 1.1. Combining Theorem 1.1, (1.8) and (1.9), it is straightforward
to estimate

1

|Ω|

∫
Ω
(1− |Ψ∗|2)2dx = 1− 2bg′(b) + 2g(b) + oε(1) = ob(b| log b|) + oε(1),

and taking the lim sup as ε→ 0, we get the result. □

Proof of Corollary 1.2. It suffices to prove that for every b∗ ∈ (0, 1), there is b ∈ (0, b∗)
and a minimizing configuration (Ψ∗,A∗)b,ε such that |Ψ∗| does not converge pointwise
as ε→ 0 to a constant function, even along a subsequence.

We argue by contradiction. If there is b∗ ∈ (0, 1) such that for all b ∈ (0, b∗), |Ψ∗|
converges to a constant profile along a subsequence, then thanks to (1.8) and (1.9), we
would get

bg′(b)− 2g(b) =
√
−2g(b) a.e. on (0, b∗).

Solving the above differential equation with the initial condition g(0) = −1
2 , we find

g(b) = −1
2(b− 1)2

which violates (1.6) for b small enough (and Theorem 1.1). □

3. Two scale vortex construction

3.1. Main theorem. Suppose that ℓ = ℓ(ε) is positive and satisfies

lim
ε→0

ε−1ℓ = +∞ and lim
ε→0

ℓ = 0,

which we abbreviate as ε≪ ℓ≪ 1. Later we will make further assumptions on ℓ, which
will restrict the possible choices of the quantity (see next (3.5)). Consider x0 ∈ Ω such
that

Qℓ(x0) = x0 + (−ℓ/2, ℓ/2)2 ⊂ Qℓ(x0) ⊂ Ω. (3.1)

We fix b ∈ (0, 1) and a minimizing configuration (Ψ∗,A∗)b,ε of the GL function Eb,ε. Our
aim is to construct vortex balls in the square Qℓ(x0) and to estimate the sum of their
degrees. In fact, we prove the following

Theorem 3.1. There exist constants b0, ε0 > 0 such that for all 0 < b ⩽ b0 and
0 < ε < ε0, the following holds:

a) (existence) the domain Qℓ(x0) contains disjoint vortex balls (B(ai, ϱi))i∈I with positive
degrees di > 0;
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b) (degrees) let D0 :=
∑

i∈I di and assume that ℓ2 ∈ 2πb−1ε2N, then, as ε→ 0+,∣∣∣∣D0 −
bℓ2

2πε2

∣∣∣∣ = br0(b)Oε

(
ℓ2

ε2

)
+ oε

(
ℓ2

ε2

)
,

where r0(b) is introduced in (1.16), and the estimate holds uniformly in b ∈ [b1, b0],
for all b1 ∈ (0, b0).

Let us highlight that the constants b0 and ε0 are independent of ℓ and x0. The rest of
the section is devoted to the proof of Theorem 3.1.

3.2. Preliminary estimates. As ε→ 0, we have the following asymptotics (see, e.g.,
[At, Prop. 4.2 & 6.2] or [HK, Prop. 3.1])

1

|Qℓ(x0)|

∫
Qℓ(x0)

(
|(∇−ibε−2A∗)Ψ∗|2+

1

2ε2
(1−|Ψ∗|2)2

)
dx =

(
g(b)+ 1

2+r(ε, b)
)
ε−2, (3.2)

where, for any b ∈ (0, 1),

lim
ε→0

r(ε, b) = 0,

and one can provide a quantitative estimate of the remainder r(ε, b) (see [HK, Eq. (3.1)].
Specifically, for a given b1 ∈ (0, 1), we have

r(ε, b) = Oε(ℓ) +Oε(εℓ
−1)

uniformly with respect to b in [b1, 1).
Moreover, by [FH, Prop. 10.3.1 & 11.4.4], we have

∥Ψ∗∥L∞(Ω) ⩽ 1,

∥ curlA∗ − 1∥C1(Ω) = b−1/2Oε(ε),

∥ curlA∗ − 1∥C2(Ω) = Oε(1),

(3.3)

where the last two estimates are uniform with respect to b in any compact subinterval of
(0, 1). In the sequel, we set h∗ := curlA∗.

3.3. Scaling. We set

R = ℓ
√
b ε−1 and KR = (−R/2, R/2)2. (3.4)

Notice that 1 ≪ R≪ ε−1, i.e.

lim
ε→0

R = +∞ and lim
ε→0

εR = 0.

We impose the following quantization condition on R

R2 ∈ 2πN, (3.5)

which can in fact be obtained by carefully choosing ℓ without loss of generality, and we
introduce the integer

N := (2π)−1R2. (3.6)

To work in the square KR, we perform a scaling and a translation by introducing

ψ(x) := Ψ∗
(
x0 + b−

1
2 εx

)
, A(x) := b

1
2 ε−1A∗

(
x0 + b−

1
2 εx

)
, (3.7)

so that x ∈ KR if the argument of the functions belongs to Qℓ(x0).
Then, the asymptotics in (3.2) reads as

1

|KR|

∫
KR

(
|(∇− iA)ψ|2 + 1

2b
(1− |ψ|2)2

)
dx =

(
g(b) + 1

2

)
b−1 + oR(1). (3.8)
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Furthermore, setting

h = curlA, (3.9)

we infer from (3.3) that
∥ψ∥L∞(KR) ⩽ 1,

∥h− 1∥C(KR) = b−1/2Oε(ε),

∥∇h∥C(KR) = b−1Oε(ε
2),

∥∆h∥C(KR) = b−1Oε(ε
2),

(3.10)

and we write the second equation in (1.4) as

−∇⊥h = b−1ε2Re ⟨iψ, (∇− iA)ψ⟩C . (3.11)

3.4. Vortex ball construction. In order to prove Theorem 3.1, it suffices to con-
struct the vortex balls for the configuration (ψ,A) in the square KR and establish the
asymptotics of the sum of their positive degrees.

Let us decompose the squareKR = (−R/2, R/2)2 intoN congruent squares (Qj)0⩽j⩽N ,

such that Qj is congruent to K1 = (−
√
2π/2,

√
2π/2)2. We then define

G(ψ;Qj) =

∫
Qj

(
|(∇− iA)ψ|2 + 1

2b
(1− |ψ|2)2

)
dx,

F (ψ,A;Qj) =

∫
Qj

(
|(∇− iA)ψ|2 + | curlA|2 + 1

2b
(1− |ψ|2)2

)
dx,

F (u;Qj) = F (u, 0;Qj) =

∫
Qj

(
|∇u|2 + 1

2b
(1− |u|2)2

)
dx.

Let C∗ > π be a constant. We will make a definite choice of C∗ later on.
We now divide the squares (Qj)j into two groups, which we name good and bad

squares depending whether a suitable upper bound on the energy holds or not. This
kind of division is reminiscent of arguments used in vortex analysis for Bose–Einstein
condensates and GL theory [CRY, R]. More precisely, Qj is a good square if

G(ψ,Qj) ⩽ C∗| log b|, (3.12)

while it is said to be bad otherwise. Let Ngood be the number of good squares;
consequently, Nbad := N −Ngood is the number of bad squares.

We can find a rough lower bound on Ngood as follows: Given a constant

0 < c < 1− π

C∗ ,

there exists b0 < 1, so that for all b < b0, there exists R0 > 0 such that for R ⩾ R0, we
have

Ngood ⩾ cN = cR2/2π. (3.13)

This is obtained by exploiting the energy lower bound inside bad squares, which yields

C∗| log b|Nbad ⩽
∑

j∈Jbad

G(ψ,Qj) ⩽
∫
KR

(
|(∇− iA)ψ|2 + 1

2b
(1− |ψ|2)2

)
dx,

where Jbad = {j ∈ {1, . . . , N} : Qj is bad}, and by using (3.8) and (1.6).

Proposition 3.2. Let α ∈ (0, 1). There exist b0 = b0(α) ∈ (0, 1) and C0 = C0(α) > 0
such that, for b < b0, we have the following:
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i. if Qj is a good square, and Qb
j := {x ∈ Qj : dist(x, ∂Qj) >

√
b}, then there exists a

finite collection B = (B(ai, ri))i∈I of disks such that{
x ∈ Qb

j :
∣∣ |ψ(x)| − 1

∣∣ ⩾ bα/8
}
⊂ Vj := Qb

j ∩ ∪i∈IB(ai, ri),

and r(B) :=
∑

i∈I ri satisfies r(B) = | log b|−2.
ii. setting Bi = B(ai, ri) for short and

di :=

{
deg(ψ/|ψ|, Bi), if Bi ⊂ Qb

j ,

0, otherwise,
(3.14)

we have,∫
Vj

(
|(∇− iA)ψ|2 + 1

2b
(1− |ψ|2)2 + 1

| log b|4
| curlA|2

)
dx ⩾ 2πD

(
log

r(B)
D
√
b
− C0

)
.

Remark 3.3. We will see in the proof of Theorem 3.2 that b0 depends on α and the
constant C∗ in the definition of the good squares. However, the constant C0 can be
chosen independently of α and C∗.

Proof of Proposition 3.2. With

ϵ =
√
b, (3.15)

we read (3.12) as ∫
Qj

(
|(∇− iA)ψ|2 + 1

2ϵ2
(1− |ψ|2)2

)
dx ⩽ C∗| log ϵ|. (3.16)

We now choose ϵ1 small enough in order that for ϵ < ϵ1 the assumptions of [SS5, Thm. 4.1]
are satisfied: let us then take ϵ1 > 0 so that for ϵ < ϵ1, we have

C∗| log ϵ| < 1
2ϵ

α−1.

Now, by the diamagnetic inequality,∫
Qj

(
|∇|ψ||2 + 1

2ϵ2
(1− |ψ|2)2

)
dx ⩽ ϵα−1.

Hence, we can apply [SS5, Thm. 4.1] and obtain that for any α ∈ (0, 1) there exists
ϵ0(α) > 0 so that the result holds for any ϵ < ϵ0(α) and for any r(B) satisfying

Cϵα/2 < r(B) < 1,

where C is a universal constant. We want now to choose r(B) = (2| log ϵ|)−2 and therefore
we have to require that ϵ is smaller than yet another threshold ϵ2 > 0, satisfying

Cϵ
α/2
2 ⩽

1

4| log ϵ2|2
⩽ 1.

By setting ϵ0 := min {ϵ1, ϵ0(α), ϵ2}, all the conditions are met for ϵ < ϵ0 and therefore
the result holds for any b0 and C0 chosen arbitrarily in (0, ϵ20] and (0, C], respectively. □

Remark 3.4. Fixing b1 in (0, b0), there is a constant ε0 depending on b1 and b0 so that
the estimate in (3.10) yields∫

Qj

| curlA|2 dx ⩽ C∗| log
√
b|, for 0 < ε < ε0 and b1 ⩽ b ⩽ b0.

We then infer the stronger bound∫
Qj

(
|(∇− iA)ψ|2 + | curlA|2 + 1

2ϵ2
(1− |ψ|2)2

)
dx ⩽ 2C∗| log ϵ|.
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Consequently, applying again [SS5, Thm. 4.1, item (4)], we find the upper bound on D

D ⩽ C
2C∗| log ϵ|
α| log ϵ|

=
2C∗C

α
, (3.17)

for a universal constant C. This proves that the degree is bounded, provided that ε is
small enough, or, equivalently, the square KR has sufficiently large area, i.e., R ⩾ R0 for
some R0 = R0(b1, b0). Thanks to Theorem 3.2, we deduce that

G(ψ,Qj) ⩾ πD| log b| − C̃ log | log b| − C̃,

for a positive constant C̃ that depends on α and C∗.

If Jgood is the index set of good square, applying Theorem 3.2 with α = 1/2 to every
Qj , j ∈ Jgood, we get disks(

B
(j)
i = B

(
a
(j)
i , r

(j)
i

))
i∈Ij

, with degrees
(
d
(j)
i

)
i∈Ij

.

Setting

D(j) :=
∑
i∈Ij

∣∣∣d(j)i

∣∣∣ ,
we also know that Dj is bounded and

Vj = Qb
j ∩B

j
i ⊃

{
x ∈ Qb

j : ||ψ(x)| − 1| ⩾ b1/16
}
.

We now prove a lower bound on the total degree of the vortex balls inside a good cell.

Proposition 3.5. There exists b2 ∈ (0, 1), so that, for every b1 ∈ (0, b2), there exist

positive constants C and Ĉ independent of C∗ in (3.12) such that, if b ∈ (b1, b2), we
have ∑

j∈Jgood

D(j) ⩾ Ngood − C| log b|−1/2Ngood − ĈNbad + ob(Ngood). (3.18)

Proof. Let us consider the vorticity measure (defined in (1.14) modulo scaling), i.e.,

µ = curl(iψ, (∇− iA)ψ) + curlA

and notice that by (3.11)

µ = −bε−2∆h+ h.

With ϵ =
√
b, M = F (ψ,A;Qj) and r = r(B(j)) = | log b|−2, we have by [SS5, Thm. 6.1]:∥∥∥∥∥µ− 2π

∑
i

d
(j)
i δ

a
(j)
i

∥∥∥∥∥
C0,1

0 (Qj)
∗
⩽ Cmax(r, ϵ)(M + 1), (3.19)

where C is a universal constant, Qj is a good square, and recall that we set dji = 0 if

Bj
i ̸⊂ Qj . The space C0,1

0 (Qj) consists of the Lipschitz functions on Qj with compact
support, endowed with the Lipschitz norm (1.12).

By (3.3) and (3.16), we have

M = Oϵ(| log ϵ|) = Ob(| log b|−1).

Consequently ∥∥∥∥∥µ− 2π
∑
i

d
(j)
i δ

a
(j)
i

∥∥∥∥∥
C0,1

0 (Qj)
∗
= Ob(| log b|−1). (3.20)



BULK VORTICES IN STRONG MAGNETIC FIELDS 17

Choose a function χ ∈ C∞
c

(
(−
√
π/2,

√
π/2 )2;R

)
such that

∥χ∥∞ ⩽ 1 and χ = 1 on
(
−
√

π
2 + δ,

√
π
2 − δ

)2
,

with δ fixed such that 0 < δ ≪ 1. Notice that

∥∇χ∥∞ ⩽ Cδ−1, ∥χ∥Lip = Cδ−1.

We introduce the function φj ∈ C∞
c (Qj) defined as

φj(x) = χ(x− qj)

where qj denotes the center of the square Qj . Notice that φj = 1 on

Q̂j := qj +
(
−
√
π/2 + δ,

√
π/2− δ

)2
.

Finally, we introduce the function φ defined on KR as

φ(x) =

{
φj(x), if x ∈ Qj and Qj is a good square,

0, otherwise.
(3.21)

We have ∫
KR

µφdx = −bε−2

∫
KR

∆hφdx+

∫
KR

hφdx. (3.22)

By (3.10), we write∫
KR

hφdx = 2πNgood +NgoodO(δ) + b−1/2|KR|Oε(ε). (3.23)

In next Theorem 3.6, we prove that∣∣∣∣∫
KR

∆hφdx

∣∣∣∣ ⩽ Ĉb−1ε2(Ngoodδ +Nbad +R)

where Ĉ is a constant, independent of b, ε, R, d and also of the constant C∗ introduced
in (3.12). Inserting the estimates (3.23) and (3.26) into (3.22), we get∣∣∣∣∫

KR

µφdx− 2πNgood

∣∣∣∣ ⩽ NgoodO(δ) + b−1/2|KR|Oε(ε) +Oε(R) + ĈNbad

and, combining it with (3.20), we find∣∣∣∣∣∣
∫
KR

µφdx− 2π
∑
i,j

d
(j)
i φ

(
a
(j)
i

)∣∣∣∣∣∣ = Ngoodδ
−1Ob

(
| log b|−1

)
.

Consequently,∣∣∣∣∣∣
∑
i,j

d
(j)
i φ

(
a
(j)
i

)
−Ngood

∣∣∣∣∣∣ ⩽ CδNgood + |KR|Oε(ε) +Oε(R)

+ δ−1NgoodOb

(
| log b|−1

)
+ ĈNbad,
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uniformly with respect to δ ≪ 1 and b ∈ (b1, b2). We choose now δ = | log b|−1/2 and b2
sufficiently small so that, for5 b ∈ (b1, b2), the above estimate becomes∣∣∣∣∣∣

∑
i,j

d
(j)
i φ

(
a
(j)
i

)
−Ngood

∣∣∣∣∣∣ = NgoodOb

(
| log b|−1/2

)
+ |KR|Oε(ε) +Oε(R). (3.24)

By (3.13), Ngood grows at least like R2. Recalling that D(j) =
∑

i |d
(j)
i | and

d
(j)
i φ

(
a
(j)
i

)
⩽ max

(
d
(j)
i , 0

)
,

we eventually obtain the desired lower bound,∑
j

Dj ⩾
∑
i,j

max
(
d
(j)
i , 0

)
⩾
(
1 +Ob

(
| log b|−1/2

)
− Ĉ + oε(1)

)
Ngood. (3.25)

□

Lemma 3.6. Let h and φ be defined in (3.11) and (3.21), respectively. Then, there

exists a constant Ĉ independent of b, ε, R, δ and C∗ introduced in (3.12), such that∣∣∣∣∫
KR

∆hφdx

∣∣∣∣ ⩽ Ĉb−1ε2(Ngoodδ +Nbad +R) (3.26)

Proof. Since φ = 0 over bad squares, we have∫
KR

∆hφdx =
∑

j∈Jgood

∫
Qj

∆hφdx.

The decomposition φ = 1 + (φ− 1) yields, for every good square Qj ,∫
Qj

∆hφdx =

∫
Qj

∆h dx+

∫
Qj

∆h (φ− 1)dx.

Note that the estimates below do not use the condition (3.12) defining good squares;
they rely only on the properties of h and the Lipschitz regularity of φ. Hence the

constants can be chosen independent of C∗, including the constant Ĉ.

Let x∗ ∈ Q̂j be the nearest point to x ∈ Qj \ Q̂j ; for instance, |x− x∗| = O(δ) and

φ(x∗) = 1 if Qj is a good square. Knowing that φ = φj on Qj and that φj = 1 on Q̂j ,
we write∫

Qj

∆h (φ− 1)dx ⩽ ∥∆h∥∞
∫
Qj\Q̂j

∥φj∥Lip(Qj)|x− x∗| dx ⩽ Cb−1δε2,

where we used (3.10) to estimate ∥∆h∥∞, combined with the following properties

∥φ∥Lip(Qj) = O(δ−1), |Qj \ Q̂j | = O(δ), |x− x∗| = O(δ) for x ∈ Qj \ Q̂j .

Summing over the good squares, we get∑
j∈Jgood

∫
Qj

∆h (φ− 1)dx = b−1NgoodδOε(ε
2).

Estimating the sum of the integral of ∆h over the good squares is more subtle. It is
based on the integration by parts formula∫

Qj

∆h dx =

∫
∂Qj

∂h

∂νj
ds(x),

5Once we choose b2, we pick any b1 ∈ (0, b2) and fix it afterwards.
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where νj is the normal on the smooth parts of ∂Qj . We then observe that ∂Qj consists
of four edges, and if an edge Γ is also an edge of a good square Qj′ , then∫

Γ

∂h

∂νj
ds(x) +

∫
Γ

∂h

∂νj′
ds(x) = 0.

If ∂Qj has an edge Γ adjacent to a bad square or it lies on an edge of KR, we use (3.10)
and write ∫

Γ

∂h

∂νj
ds(x) = b−1Oε(ε

2).

Since the number of bad squares is Nbad, and the number of squares with some edge
lying on ∂KR is Oε(R), we conclude that∣∣∣∣∣∣

∑
j∈Jgood

∆h dx

∣∣∣∣∣∣ = b−1NbadOε(ε
2) + b−1Oε(ε

2R).

□

If we introduce the index sets

J +
good =

{
(i, j) : j ∈ Jgood, d

(j)
i ⩾ 1

}
,

J 0
good =

{
(i, j) : j ∈ Jgood, d

(j)
i = 0

}
,

J −
good =

{
(i, j) : j ∈ Jgood, d

(j)
i ⩽ −1

}
.

We can rewrite (3.25) as∑
(i,j)∈J+

good

d
(j)
i ⩾ Ngood

(
1 +Ob

(
| log b|−1/2

)
+ oε(1)

)
− ĈNbad.

Let N+
good, N

0
good and N−

good be the cardinality of J +
good, J

0
good and J −

good, respectively.

By Theorem 3.4, |d(j)i | is bounded uniformly with respect to (i, j), hence there is a

constant C̃ ⩾ 1 such that

N+
good ⩽

∑
(i,j)∈J+

good

d
(j)
i ⩽ C̃N+

good, N−
good ⩽

∑
(i,j)∈J−

good

∣∣∣d(j)i

∣∣∣ ⩽ C̃N−
good.

Consequently,∑
j∈Jgood

D(j) =
∑

(i,j)∈J+
good

d
(j)
i +

∑
(i,j)∈J−

good

∣∣∣d(j)i

∣∣∣ ⩾ ∑
(i,j)∈J+

good

d
(j)
i +N−

good. (3.27)

Now we prove that the number of good squares is dominant.

Proposition 3.7. If C∗ in (3.12) is chosen large enough, then the good squares cover
almost all the square KR, i.e., there exists a constant C > 0 independent of b ∈ [b1, b2]
and R such that, as R→ +∞ (or equivalently as ε→ 0),

(1− Cr0(b) + oε(1)) |KR|/2π ⩽ Ngood ⩽ |KR|/2π, (3.28)

where r0(b) is introduced in (1.16).
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Proof. It is obvious that Ngood ⩽ N = |KR|/2π, so we just need to prove the lower
bound. With (3.18) in hand, we get from Theorem 3.2 and Theorem 3.4 that∑

j∈Jgood

G(ψ;Qj) ⩾ (π| log b|+Ob(r0(b)) + oε(1))Ngood − ĈNbad, (3.29)

where r0(b) is introduced in (1.16). Then, we deduce from (3.8) and the definition of
bad squares that

(π| log b|+Ob(r0(b)))Ngood +
(
C∗ − Ĉ

)
| log b|Nbad ⩽

(
g(b) + 1

2

)
b−1|KR|+ oε(|KR|),

where we used that |KR| = 2πN and that Ngood grows like R2. Choosing C∗ > Ĉ, we
get in view of (1.6) that

| log b|Nbad ⩽ (Ob(r0(b)) + oε(1))N ,

which eventually yields that

Ngood ⩾ (1 +Ob(r0(b)) + oε(1))N.

□

In the sequel, we fix the choice of C∗ so that Theorem 3.7 holds. We prove next that
the lower bound in Theorem 3.5 is optimal, in the sense that a matching upper bound
holds.

Proposition 3.8. There exists a constant C > 0 such that, for b ∈ [b1, b2], we have, as
R→ +∞,

(1− Cr0(b) + oε(1))Ngood ⩽
∑

j∈Jgood

D(j) ⩽ (1 + Cr0(b) + oε(1))Ngood, (3.30)

where r0(b) is introduced in (1.16).

Proof. In view of Theorems 3.5 and 3.7, we only need to prove the upper bound. Firstly,
we have by Theorem 3.2 and Theorem 3.4, that∑

j∈Jgood

G(ψ;Qj) ⩾ (π| log b|+Ob(r0(b)))
∑

j∈Jgood

D(j).

Secondly, we have by (3.8) and (1.6),∑
j∈Jgood

G(ψ;Qj) ⩽ G(ψ;KR) ⩽ π| log b|N +R2Ob(r0(b)) + oε(R
2).

It remains to apply Proposition 3.7 to conclude. □

It follows from Theorem 3.7 and Eq. (3.27) that almost all the degrees are positive.
Specifically, ∣∣∣∣∣∣∣

∑
(i,j)∈J+

good

d
(j)
i −Ngood

∣∣∣∣∣∣∣ ⩽ (Ob(r0(b)) + oε(1))Ngood,

∑
(i,j)∈J−

good

∣∣∣d(j)i

∣∣∣ = (Ob(r0(b)) + oε(1))Ngood,

and the number N+
good of balls with positive degree satisfies

C̃ (1−Ob(r0(b))− oε(1))Ngood ⩽ N+
good ⩽ (1 +Ob(r0(b)) + oε(1))Ngood,
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whereas the number N−
good of balls with negative degree satisfies

N−
good ⩽ (Ob(r0(b)) + oε(1))N+

good.

4. Vortex Balls and Proof of Theorem 1.3

In view of the two-scale vortex construction we did in Section 3, we are ready now to
give the proof of Theorem 1.3. Consider a function K(ε) such that

lim
ε→0+

K(ε) = +∞, lim
ε→0+

ε2K(ε) = 0.

Let us introduce the integer N(ε) = ⌊K(ε)⌋ and the parameters

ℓ = ε

√
2π

b
N(ε), R = ℓ

√
bε−1 =

√
2πN(ε).

Then ℓ satisfies the hypothesis in Section 3.2, and the quantization condition in (3.6)
holds.

Consider a lattice of squares (Qℓ(xj)) in R2, with fundamental cell as in (3.1). We
introduce the index set

I = {j : Qℓ(xj) ⊂ Ω}
and notice that the cardinality of I is equal to |Ω|ℓ−2+Oε(ℓ

−1). In the square Qℓ(xj) ⊂ Ω,
we apply Theorem 3.1 and obtain a class Bj of vortex balls in Qℓ(xj) ⊂ Ω with positive

degrees. We denote by D(j) the sum of these degrees. Then, by Theorem 3.1, we
know that D(j) is equal to (2π)−1R2 = (2π)−1ℓ2bε−2, up to (Ob(r0(b)) + oε(1))R

2 errors.
Specifically, ∣∣∣D(j) − (2π)−1ℓ2bε−2

∣∣∣ ⩽ (Ob(r0(b)) + oε(1)) ℓ
2bε−2.

Let us denote by (B(ai, ϱi))i∈I the union of all the vortex balls in Bj over j with j ∈ I.
The sum of their degrees, di := deg(Ψ∗, ∂B(ai, ϱi), is

D :=
∑
i∈I

di =
∑
j∈I

D(j).

Then, to leading order, D is equal to (2π)−1bε−2, up to (Ob(r0(b)) + oε(1))ε
−2 errors.

For a given j ∈ I, we introduce the index set

Ij = {i ∈ I : B(ai, ϱi) ⊂ Qℓ(xj)} .
In view of this notation, ∑

i∈Ij

di = D(j).

Consider φ ∈ C0,1
0 (Ω) with Lipschitz norm

∥φ∥
C0,1

0 (Ω)
= 1.

In Qℓ(xj), we can approximate φ by φ(xj) +Oε(ℓ). Thus,∫
Ω
φ(x)dx =

∑
j∈I

∫
Qj(xj)

φ(x)dx+Oε(ℓ)

= ℓ2
∑
j∈I

φ(xj) +Oε(ℓ),

and ∑
i∈Ij

diφ(ai) = ((φ(xj) +Oε(ℓ))D
(j).



22 M. CORREGGI AND A. KACHMAR

Consequently,∣∣∣∣∣b−1ε2
∑
i∈I

2πdiφ(ai)−
∫
Ω
φ(x)dx

∣∣∣∣∣ ⩽∑
j∈I

∣∣∣2πb−1ε2D(j) − ℓ2
∣∣∣+Oε(ℓ)

= Ob(r0(b)) + oε(1).

Since the Lipschitz norm of φ is equal to 1, we obtain∥∥∥∥∥b−1ε2
∑
i∈I

2πdiδai − L

∥∥∥∥∥
C0,1

0 (Ω)
∗
= Ob(r0(b)) + oε(1),

which finishes the proof of Theorem 1.3.
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[ASa] H. Aydi, E. Sandier. Vortex analysis of the periodic Ginzburg-Landau model. Ann. Inst. H.
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