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explicit with respect to R and p. Crucial tools in the derivation of such a bound are
a first order Babuska-Aziz inequality based on Bogovskii’s construction of a right-
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Bogovskii operator explicit with respect to R and p.
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1. Introduction

We derive a Necas-Lions inequality with symmetric gradients on star-shaped domains in two and three
dimensions; first order Babuska-Aziz and Necas-Lions inequalities are crucial tools to show an upper bound
on the constant appearing in that inequality, which is explicit with respect to certain geometric quantities of
the domain. As a byproduct, we also derive arbitrary order Babuska-Aziz inequalities in arbitrary dimension
with explicit bounds on the corresponding constant.

Outline of the introduction After introducing the functional setting and the domains of interest, we review
the literature and the main concepts related to the lowest order Babuska-Aziz and Necas-Lions inequalities
in Sections 1.1 and 1.2. In Sections 1.3 and 1.4, we discuss the generalisation of these two results to the
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first order case. The Necas-Lions inequality with symmetric gradients, based on all the foregoing results, is
shown in Section 1.5. Finally, we describe the outline of the remainder of the paper.

Functional spaces and notation In what follows, V, Vx, and V- denote the gradient, curl, and divergence
operators. The operators Vg and Vgg are the symmetric and skew-symmetric parts of V:

V =Vs+ Vgs. (1)

We use standard notation [14] for Sobolev spaces on Lipschitz domains @ with boundary 9. The outward
unit normal vector to 92 is ngo. H*(€2) denotes the Sobolev space of order s > 0, which we equip with inner
product (-,-)s, seminorm |-|, o, and norm ||-||, o,- The case s = 0 corresponds to H°(Q2) = L*(Q). The space
of functions in L?(Q2) with zero average over Q is denoted by LZ(2).

For s positive, we define H§(£2) as the closure of C§°(2) with respect to the H*(€2) norm. In what follows,
we shall particularly use the spaces Hg(2) and HZ(2), which coincide [22] with the spaces of functions with
zero trace, and functions with zero trace and whose gradients have zero trace over 92, respectively.

Negative order Sobolev spaces are defined by duality. We introduce the spaces H~1(Q) := [Hg(Q)]*
and H=2(Q2) := [HZ(2)]* equipped with the norms

._ _1<u,v>1 L _2<u, 11)2
HUH—LQ = oosup e, ||U|LQQ = sup ———=
vEHG(Q) |U|1,Q vEHEZ(S) |’U|27Q

(2)
where _¢(-,-)¢ is the duality pairing between H~*(Q) and H§(9).

The definitions above extend to the case of vector fields and tensors. With an abuse of notation, the
norms on scalar, vector fields, and tensors are denoted with the same symbols.

For positive a and b, by a < b, we shall occasionally mean that there exists a positive constant ¢
independent of relevant geometric parameters such that a < ¢ b. An extra subscript makes it explicit a
hidden dependence on a parameter of interest.

Domains of interest Henceforth, 2 in R™ is a
domain of diameter R that is star-shaped with respect to a ball B, of radius p. (3)
1.1. The lowest order Babuska-Aziz inequality

The standard, lowest order version of the Babuska-Aziz inequality was proven as early as 1961 by Cat-
tabriga [10]. However, the name is associated to the authors of the later work [5] and was assigned by Horgan
and Payne [19]; see also [11].

The inequality reads as follows: there exists a positive constant Cp 4, such that for any f in L3(2) one
can construct u in [H}(Q)]" satisfying

Vou=f, |u|1,Q < CBA,OHfHU,Q' (4)

The subscript in Cpa, relates to Babuska-Aziz. Explicit constructions of a vector field u as in (4) may be
performed in different ways; here, we shall follow the approach by Bogovskil in [6,7], where he showed a
particular construction of the right inverse of the divergence based on integral kernels. Alternative avenues,
which give less information on the constant Cz 4,0 and construct less smooth right-inverses of the divergence,
are based on solving curl-div, diffusion, or Stokes problems; see, e.g., [4] and [9, Lemma 11.2.3]; as such,
higher order estimates based on this approach require extra regularity assumptions on the boundary of the
domain, which are instead not needed following Bogovskii’s approach.
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Minimal literature on the lowest order Babuska-Aziz inequality The literature associated with inequality (4)
is widespread. We refer to [15, pp. 227-228], [18], and [11] for a thorough historical review.

Here, we only mention that the divergence problem in (4) was raised as early as in 1961 by Cattabriga [10];
see also the later works [20,23]. Bogovskil introduced an explicit representation for v solving (4) in [6,
7]. Several references discuss the validity of similar estimates; for instance, implicit constants for general
Lipschitz domains are available in [8, Theorems 2.4 and 2.9]. The case of negative Sobolev norms is described
in [16].

The explicit dependence of the constant Cp 4,9 on geometric parameters of €2 is studied in fewer references;
see [1] for a list. For R and p as in (3), Galdi [15] gives estimates of the form

R n+1
CBA0 Sn (;) . (5)

The main tool in the analysis is the one discussed originally by Bogovskir [6,7], i.e., the Calderén-Zygmund
singular integral operator theory.
Improved estimates of the form

n—2 n
R |Q| 2(n—1) |Q| 2(n—1)
CBa0 Sn — <—> <log— 6
. p \|B,| | B, (©)

were proven by Durén [13] based on the properties of the Fourier transform. In the same reference, it is shown

that the estimates are optimal up to the logarithmic factor for n = 2. More precisely, a 2D counterexample
is exhibited showing that the following holds true:

R
CBA0Z—-
p

For the two dimensional case, Costabel and Dauge [11, Theorem 2.3] proved that the logarithmic factor in
Duran’s estimates can be removed again for n = 2.

Minimal literature on higher order Babuska-Aziz inequalities Higher order Babuska-Aziz inequalities are far
less investigated. They are stated in the original paper by Bogovskil [6] without mention on the behaviour
of the constants. Galdi [15, Remark IIL.3.2] claims that similar bounds to the lowest order case can be
derived; however, no explicit constants are given in that case as well; the analysis hinges upon the Calderén-
Zygmund theory. Costabel and McIntosh prove arbitrary order estimates [12] without explicit dependence
on the geometry on the domain. Guzmén and Salgado [18] prove an explicit first order generalised Poincaré
inequality, which is related to Bogovskii’s operator without imposition of boundary conditions, and give a
road map on how to prove higher order explicit estimates; tools as those in [13] are employed; no estimates
are given for Bogovskii’s operator.

1.2. The lowest order Necas-Lions inequality

The standard, lowest order Necas-Lions inequality is a very well known result in the theory of Sobolev
spaces. It is proven in the book by Necas [23, Lemma 3.7.1]; the connection to the name of Lions is less clear,
and is probably due to [21, Note 27, page 320], where the result is mentioned as a private communication
by Lions himself to Magenes and Stampacchia, yet without an explicit proof.

Given I1° : L1(©2) — R the average operator over (2, the inequality reads as follows: there exists a positive
constant Carz o such that

1f =T |lpq < Cneol V1o vf e L*(Q). (7)
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The subscript in Cyr o relates to Necas-Lions. An equivalent statement for (7) is that the following constants
are bounded from above and below, respectively:

[f =1 ||y IVl 10
Cneoi= SUp —o——, Cripo:= inf
feL2(Q) ”vf”—LQ NLO f€L2 @ [If - Hof”OQ

(8)

The constants Cpa,0 and Cazo in (4) and (7) are related to constants in other relevant inequalities in
Sobolev spaces as well, including the standard inf-sup constant gy defined as

inf sup (V-1 flog =: Bo. (9)

reL3@ uermg @ lallyollfllo.o
Proposition 1.1. Let Ca,0, Carz,0, and Bo be given in (4), (7), and (9). Then, the following holds true:
Cgao > Cneo =5

Proof. For all f in L2(Q), the definition of negative norms in (2) implies

( 7f)OQ _ —1<Vf7 > ”fo—l,Q
sup @ ————— = sup = .
ue[HL ()] ull, Q”f”o Q  ue[H}(Q)]" Hf”o,Q

We take the inf over all possible f in LZ(Q), use (8), and deduce that By = folc o-
On the other hand, for all f in L2(Q), we can consider a specific u satisfying (4), which gives

2
(V-u, flog 1£1lo.0
sup >
weiad@) 1l ollfloe — lulyollfllogo

= CB.A,O'

Taking the inf over all possible f in LZ(Q) and recalling the standard inf-sup condition (9) give 8y > C l;jl,O'
The assertion follows. O

Since an upper bound on Cpa, is available from Lemma (4), which is explicit in terms of n, R, and p
as in (3), then Proposition 1.1 implies an upper bound for Carz ¢ and a lower bound for 8y with the same
explicit dependence. The relation with constants appearing in other inequalities is discussed, amongst others,
n [2,11,19].

1.8. Main result 1: a first order Babuska-Aziz inequality

An important tool in the proof of Theorem 1.4 below is the proof of a Babugka-Aziz inequality, based
on first order estimates for Bogovskii’s construction of the right-inverse of the divergence. More precisely,
there exist positive constants C4 4 ; and CgA,l such that for all f in HJ(£2) N L(2), one can construct u
in [HZ(Q)]" satisfying /

Vou=f, luly o < (10)

We state the result here and postpone its proof to Section 2 below.

Theorem 1.2 (A first order Babuska-Aziz inequality). Let u and f be as in (10), and 2, B,, R, and p be as
in (3). Then, inequality (10) holds true with

n—2 n
R 8] )2<n—1> ( 8] )2<n—1> s _R
1+ log =L : CBi S = 11
(IBI ®1B,| BAL~ ()

A
Chan S p_
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We provide the reader with some comments on the optimality of the constant Cg‘ A1 in (11) in Section 2.5
below.

1.4. Main result 2: a first order Necas-Lions inequality
Introduce the space H~!(Q2)/R, which is the space H () equipped with the norm
||f||H 1Q)/R ‘= mf [f—ell— L9

Recall the negative norms in (2). We discuss a first order Necas-Lions inequality (for vectors): there exists
a positive constant Cyz 1 such that

1l -1 y/r < Cneall V2 vf e H™H(Q)/R. (12)
An equivalent statement for (12) is that the following constants are bounded from above and below, respec-
tively:
f \Y
Cene wp Mmem o Vil i~

m _
rea-1@/r IVFfll_2q rea= @)/R || fllg-1q)r

The constants C’g‘Al and C§, ;, and Cuzy in (10) and (11), and (12) are related to constants in other
relevant inequalities in Sobolev spaces as well, including the first order inf-sup constant §; defined as

inf sup —1(/, Vow, =: 3 (14)
FeH=HQ)/R we[HZ (Q)n £l - 1(Q) /R\ubn

and the positive constant C'p appearing in the Poincaré inequality

1£llo.0 < CrRIfl o VfEH (). (15)

The constant Cp is independent of R and p in (3); see, e.g., [14, Section 3.3].
The following result is the first order version of Proposition 1.1.

Proposition 1.3. Let Cg‘A’1 and C§ 1, Cneas B, and Cp be given in (10) and (11), (12), (14), and (15).
Then, the following holds true:

CharCPR+CE 1 > Cney = B (16)

Proof. For all f in H~1(Q)/R, an integration by parts and the definition of negative Sobolev norms in (2)
imply
—1(f, V-u) —2(Vf,u) VSl

sup = sup =
ue[HZ ()" fHH Q)/R|u|29 ue[HZ ()" f||H*1(Q)/R|u|2,S2 ||fHH Q)/]R

We take the infimum over all such possible f and exploit the identities

-1

) \Y% v :
FRCEI—, VAl 20 _ “up IVl 20 (13) C
feH ’

rer=1@)/R || fllg-1(q)m @ /R 1 l-10)/r

which implies 81 = Cp. ;.-
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On the other hand, (10) guarantees for all f in H () the existence of u in [HZ(€2)]" such that

V=7, < Caa|[ 7], , + CBan| 7]
u=f luly o < Cran||f o’ BA,lfl,Q

This and the Poincaré inequality (15) give

—1{(f,V-u); S —1<f,J?>1
gty 1 o = ey A 5
uelHg ()" H-Y(Q/RIFTI2,Q  feH(Q) ||f||H71(Q)/]R<[CBAJHﬂ’aQ + CB.A,l)ﬂLQ]
> sup 71<f7 I 2 (Cha1CPR+Cha1) "
Ferri) (Ciar CoR+ CE D a-ryml ],

We take the infimum over all f in H~1(Q)/R, recall the first order inf-sup condition (14), and deduce
B1 > (Cia1CrR+ CEy 1)t The assertion follows. O

Since an upper bound on C’g‘ 41 and cg 4.1 is available from Theorem 1.2, which is explicit in terms of n,
R, and p as in (3), then Proposition 1.3 implies an upper bound for Cyz 1 and a lower bound for 8; with the
same explicit dependence. For more general Necas-Lions inequalities, yet with unknown constants, see [3]
and the references therein.

1.5. Main result 3: a Necas-Lions inequality with symmetric gradients

The spaces RM(€2) of rigid body motions in two and three dimensions have cardinality 3 and 6, and are

given by

RM(9) : {{rx +bx2,—z1)Tforanya€R2 bE]R} in 2D

{r(z) = a+w x (x1,22,23)" for any o, w € R¥}  in 3D.
Let IIgp denote the L?(€2) projection onto RM(Q). We further introduce the space of symmetric tensors
Y :={r € HV-,Q) | 7 is symmetric},
which we endow with the norm
I3 = 12 + B2V-7]2 0. (17)

Note that

_1(Vv, 7)1 =_1 (Vgv,T)1 Vv e [L2(Q)?, TeX. (18)
We state a Necas-Lions inequality with symmetric gradients on two and three dimensional domains, which
is explicit in terms of R, p, and n as in (3).

We state the inequality here and postpone its proof to Section 3 below.

Theorem 1.4 (A Necas-Lions inequality with symmetric gradients). There exists a positive constant C’j{/ﬁ,o

depending only on n, R, and p as in (3) through Cyc o in (7), 0184,471 and CgA,l in (10), and Cp in (15),
such that
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|lv — HRMVHO,Q < CX/’L‘,,OHVSVH—LQ

19

Oxeo [ VB (CRCrRt ) Vsl e i@,

Since upper bounds on C”gA)l and CF, , and Cxz o are available from Lemma (10), and Proposition 1.1

and display (6), which are explicit in terms of n, R, and p as in (3), (bounds on Cp are standard) then

Theorem 1.4 implies an upper bound for Cy; . ; and a lower bound for 8; with the same explicit dependence.

Roughly speaking, Theorem 1.4 is a Korn—typ@ version of the standard lowest order Necas-Lions inequality.
Introduce the spaces

S={reX|(rnwon=0 Ywe [H ()"} V= {ve[L*Q)]" | Hrmv = 0}.
A consequence of Theorem 1.4 is an inf-sup condition, which is of great importance in the analysis of the
mixed (Hellinger-Reissner) formulation of linear elasticity problems: there exists a positive constant £ such

that

inf sup 4(V. 7, V)o0

£ = R 20
o S T lglvlon 0 (20

Proposition 1.5. Let C,  and 85 be given in (19) and (20). Then, the inf-sup condition (20) holds true
with

B5 > (Chreo) M1+ C3)72.

Proof. For all tensors 7, let T7g denote its symmetric part. We have

V. Avg
Bs = inf sup 7( 7.V)o0 > inf sup 7( 7. V)oo
veV rexm |T||2||V||O)Q veVv .,.efjm[Hé(Q)]nxn ||T||Z||VHO,Q
_1(V _1(V
IBP inf sup Vv, m)1 (128) inf sup 1(Vsv, )1
VEV reSnHL Q)] HTHE”V”O,Q VEV reSn[HL(Q)nxn HTHz”VHO,Q
(17) YAV,
S sup ; 1( 2sv,27'>1l
veV resnmi@n (ITllo.o + B2TI1 o) 2 Vg
(15) _1(V _1(V
> inf sup 1(Vsv, 7)1 — inf sup 1(Vsv, Ts)1

1 1 :
veV resnmy@p (L+CR)ERIT] olvlg o vev rem@)me (14 CR)2RITs]y ol vilo g

Since |15, o < |T|; o for all tensors 7 and the numerator involves Vgv, we deduce the assertion:

—1(Vsv, ™1

B4 > inf sup T
veV remi@)rn (L+CB)IRIT| ollvloq

Vov B (19) 1
Wsvlva () (14 c3) 4R (Ol

2 2v—1 -1 .
= (14+Cps) 2R inf
vEV ”VHO,Q

—~
—~

Outline of the remainder of the paper In Section 2, we prove Theorem 1.2, whereas in Section 3, we prove
Theorem 1.4. We also prove an arbitrary order version of Theorem 1.2 in Appendix A.
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2. Proof of a first order Babuska-Aziz inequality

In this section, we prove Theorem 1.2 in several steps and further discuss the optimality of the bounds on
the constants therein. To this aim, we follow Bogovskii’s construction [6] of a right-inverse of the divergence
and generalise Durdn’s analysis [13] to the first order case.

Ezxplicit construction of Bogovskii’s right-inverse of the divergence Consider w in C§°(€2) with

/w(x) dx =1, supp(w) C B,.
Q
Given
/ d
G:QxQ—R", G(x,y);z/gw(yjug) t—t (21a)
0
we define
u(e) = [ Glao)f)dy. (211)
Q

2.1. Preliminary results

We recall basic properties of the Fourier transform. Given f in L'(R™), we define its Fourier transform

as
flo) = [ <@ ax. (22)
Rn
If fis in L?(f2), we have the isometry
1 logen = |7 .. (23)

and the following property on the derivatives of the Fourier transform:

By, [(€) = 2mi€; f(£) Vi=1,...,n. (24)
We consider the following splitting of each component k, Kk =1,...,n, of u:

Ug ‘= U1 — Ug2

1 1
T — T — dt T — dt
1//<yk+ ktyk>w(y+ty>f(y)dytn//ykw<y+ty)f(y)dytn.
0 R™ 0 R

In order to take derivatives of uy, it is convenient to take a limit in the sense of distributions [13, Section 2]:
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1
Y Tk — Yk r—y dt
uk,l-;%//(:’ﬂﬂ"‘ n )W<y+ : >f(y)dytn7
e Rn
; d
. xr — t
uk72_hm//ykw(y—|—y>f( )dy —.
e—0 t tm

e R»

By doing that, we can interchange the derivative with the limit ¢ — 0 and then pass with the derivative
under the integral symbol; in fact, the functions under the integral are in L' and admit L' derivatives.

We take the second derivatives of ug 1 and ug o with respect to the j-th and ¢-th directions (without loss
of generality we assume j different from ¢), and get

(02, 2,0) (@) = [Thjea (F)) = Thjea(yef (w))(@). (25)

In (25), given T any of the two operators T’k,jé,l and Tvk)jm, we let

~ T—y dt
T(g —glgg)// e [tp (y+7>}g(y)dyt—n,

e Rn
where, for all j,£=1,...,n, we have set
f(y) lffz Tk7 il,15 ka(x) lffz Tk, i0,1y
9(y) == P p(x) == P (26)
yef(y) if T =Ty 02, w(x) if T'= Ty je,2-

In the forthcoming sections, we shall prove the continuity of the operators in (25). To this aim, we henceforth
fix j and ¢, and consider the decomposition

Tg = Tag + fﬁg, (27)
where
_ —y dt
= lim / o (50 570 o av (28)
e Rn»
and

Tsg(x // x],u{ (y+Ty>}g(@/)dy?—z (29)

1 Rn
The continuity estimates will follow summing over all j and /.
2.2. Continuity of T,

We discuss the continuity of the operator in (28). We proceed in several steps. First, we prove some
properties of the Fourier transform of T,/(g).
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Lemma 2.1. If g in (26) belongs to C5°(R™), then the following identity is valid:

1
2
— — —

Tg(6) = (2ni6y) lim | [ B(t Og(©)de+ [ 0p€)3((1~ 08) dt| = Tung(©) + Tuag(O): (30)

€

Proof. By definition, we write
T, = lim T, .
ag(x) EH% a,ag(x)

For all positive €, we write

o= [ [ o572t

R» € R~

Due to the regularity of g and ¢, the integral exists. Therefore, we can change the order of the integrals, inte-
grate by parts twice, use the change of variable z = y+ (x —y)/t, the definition of the Fourier transform (22)
twice, and (24), recall that the support of ¢ is compact, and arrive at

1

T g - d
e R R»

= rig)(zrigy) [ [ [0 (e 00000 dady

e R™ R»

= (2rigy)(2rige) [ [ (0 e eg(y) dy e = (2mity)(2micy)

e R»

et &gl —1)E)dt

m
[N

= (2mi&;) [ @ (¢ &) [2mi(1 — 1)&dg((1 - 1)E) dt+(27ri£j)/<ﬁ(t §) [2mit&elg((1 —1)§) dt

= (2mig;)

) )
[SIES N

Bt €)Drg((1— 1)€) dt +(2ri€;) / B, p(tE)G((1 — 1)€) dt.

The assertion follows taking the limit ¢ — 0. O
Next, we prove a technical result.

Lemma 2.2. Let ¢ be any of the two options in (26). Then, the two following inequalities hold true:

27r|€;|/|<p 1)t < Cypo = | vi=1,...n, (31a)

2| /

2(,0‘

L1(R")

Vi=1,...,n. (31b)

1290 tf)’ dt < CSOP 1:=p ||8$z@|‘L1(R7l) +p‘ z2 CEgLP‘

L1(R")
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Proof. The proof of (31a) is given in [13, Lemma 2.3] and is therefore omitted here. On the other hand,
inequality (31b) may be shown as an application of (31a) to d¢,o. O

We are now in a position to prove the continuity of the operator Ta.

Proposition 2.3. Let o be any of the two options in (26). Then, for all g in HX(R™), the operator T, defined
in (28) satisfies the following continuity property:

n—1

Tag

If g vanishes outside €, we also have

|

Proof. We only prove the second assertion and focus on functions g in C3°(2); the general statement follows

‘O]R" > {C@,pﬂ”ameg”o,]Rn + C@,p,lng”o,Rn} .

Tag

n—1
‘O 9 <2z [Cw,p,o‘lazegHo,Q + Ccp,pJ”g”o,Q} .

then from a density argument.
We consider splitting (30) and show separate bounds for the two terms on the right-hand side. The first
one can be handled as in [13, Lemma 2.4] and its proof is therefore omitted:

—

Ta,lg

(32)

- _
<2 ( 0‘ a, ‘ .
— PP, ) 0,R"

0,R™

—

Thus, we focus on the second term. By the definition of Tva,gg, the Cauchy-Schwarz inequality implies

1 1

< /227r|§]| meso(t@‘ /27f|§j|

0 0

2

—

Ta,2g(§)

Or i (16 [3((1 =9I at

Using (31b), we deduce

2
< C%p,I

—

Ta,29(§)

2m|&;|

8,,0(t8)|I5((1 - ) at.

O\MH

Integrating over £ and employing the change of variable n = (1 — t)£ give

tn
/ d§<cw,, // n+1|m| ”“’(1 )
R

If we consider the change of variable s = ¢/(1 — ¢), which entails

—

Ta29(6) g(m)|* dndt

1

n+1
dt = (1 4+ 5)?ds, m = (;) = (145",

then we arrive at

2

—

1
/ Taﬂg(g) ngQn_lcap,p,l/ /27T|773|

R~ Rn 0

Oro(om)| s | [ dn.
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We apply again (31b):

‘ 2
ok /
R

The assertion follows using the Fourier isometry (23) in (32), identity (33), and the properties of w detailed
in Section 2.1. O

2

—

Ta,2g

—

Ta,2g(€)

<22, / GO dn = 21C2, G20 (33)
Rn

2.8. Continuity of f@

We discuss the continuity of the operator in (29). As discussed in [13], a direct application of the Holder
and Cauchy-Schwarz inequalities would end up with suboptimal estimates as those in [15]. Therefore, finer
estimates are in order. To this aim, we extend [13, Section 3] to the first order case.

Proposition 2.4. Let g and fﬁ be as in (26) and (29). Assume that g belongs to L?>(R™) and has support
contained in Q. Given 1 <p <n/(n—1) and p’ the conjugate index of p, the following inequality holds true:

2%
(-5

Proof. The proof follows along the same lines of [13, Lemma 3.2], the only difference being the number of

' 5|la

z]xﬂpH ||gHO,Q'

Le=(Q)

""’J”@‘ L Q)‘

T, H <
H pY 0,Q

derivatives of . O
2.4. Continuity off
We prove the continuity of the operator in (27).

Theorem 2.5. Let g and T be as in (26) and (27). Assume that g belongs to H}(Q). Given1 <p<n/(n—1)
and p’ the conjugate index of p, the following inequality holds true:

HTQHO}Q S _( || :reg”oQ
+2°E ( Haz[goHLl(Q er‘ a3z, ¥ ‘Ll(ﬂ (34)
23 1-2 _r
o [ '
+ (1 —z ) ‘ | zjmeSD L1(Q) iz P LOQ(Q)”g”O’Q

Proof. The assertion follows combining Lemmas 2.3 and 2.4, and the explicit representation of the constants
Cop0 and Cppy in (31). O

Next, we derive explicit constants with respect to R and p for inequality (34), i.e., we are in a position
for proving one of the main results of the manuscript.

Proof of Theorem 1.2. For all j, £ = 1,...,n, we have to bound the two terms on the right-hand side of
splitting (25). We only prove bounds for Tk,jm(ykf(y)), as the bounds for TkJ&l(f(y)) are analogous. For
the term fkng,l(ykf(y)), we have that ¢(z) in (26) is given by w(z), which is supported, with integral 1, in
the ball B, of radius p. Without loss of generality, the ball can be centred at the origin.

We can write

o(x) = p "p(p~ ),
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where 1) has the same smoothness as ¢, is supported in the unitary ball B;(0) with integral 1, and is fixed
once and for all.
The following properties of ¢ and its derivatives are valid:

el Ly mny = 1, [l e mmy = 7"
On, 0(x) = p_n_lawj@(p_lx)v ||az'§0HL1(]R" ~p Har"PHLoo(Rn) ~ph
2 _ —p—2q2 1 -2 " —n—2,
amjzg@(x) =p a:r z;@(p 33) ‘ z]xﬁp‘ L1(R™) ~p ) ‘ IJIK(pHLOO(RW ~p )
3 _ —n-393 -1 . -3 o —n-3
al IZ ( ) = p a.L -Lé (p $)3 ‘ 2 -LZSO‘ 1 Rn ~ p ’ ‘ x2 ‘LZCPHLOQ(]R'IL ~ p ’

The definition of fkng)Q(ykf), the chain rule, the inequality |yz| < R, and the fact that p~! < Rp~2 imply

o S R 4002 flia+ [+ 2] 10

1 23 B, o9\, _p_
+ R+ pp N f g + B———1Q 2 (07 )5 (p ")

(1-5)
2 (35)
(2—)|ﬂ 528 £l
g

1+ (1 - ]%) IQIIQP‘”“‘%)] :

We focus on the last coefficient on the right-hand side. Using that

SR P_1|f‘1,Q + P_2||f||o,Q +

R R
Ao+ 517l

BB 070 21

)

we write

n _% 1—-2 _ _p n _% ‘Q| 1_% 1—-2 _ )
1— — [9) 2 ”(1 2) — (1__) <— 2 "(1 2)
(1-5) wert s) \si) 17
(1 n>_% < [s] )z("n_zl) < 5] >%(L—p)
P’ |Bp| |Bp| -

For |Q|/|B,| sufficiently large (the ball B, is anyhow fixed once and for all in the reference framework), we
choose p such that

(36)

Equivalently, we pick p such that

10 1 I — 0 \ 2 (=)
log _— :> —:e?(nfl p) ﬁ _ :el.
|B,| % (% 7p) 1Byl

We plug the last identity in (36) and deduce
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n B 17% —n(l1-2 n - |Q‘ 2(n 1)
(“E) o2t ”'“”’(“?) (|B|) ¢

Going back to (35), we write
“E (o
n n—1
1+ (1 - —) ( ) .
P’ | Bl

() () - e

|Byl

P P
2 2

(M|

luly o Sn ;|f‘1,9 + F”f”O,Q

We further note that

We combine the two above displays:

n—2 q p

LY (12
() (i
|Bp| 2(n — 1) | p‘

Using p < n/(n — 1), the following quantity is uniformly bounded in n and thus in p:

R
|u‘2,§z Sn ;‘f|19 + ﬁ”f”oﬂ

p
2

_pr
2(n—1)%"

Moreover, we know that p/2 < n/(2(n — 1)). We deduce that

2 >< = ( 2 ><>
1+ ( log | — ,
Byl Byl

|u‘279§n ‘f|1Q+ 2||fHoQ

which is the assertion. 0O

Compared to the lowest order estimate (6), we have an extra term involving the gradient of f and an

1

extra p~ - scaling factor for the term involving f.

Remark 1. The issue on whether estimates as in Theorem 1.2 can be extended to union of star-shaped
domains was addressed in [18]. Their proof relies on partition of unity techniques; this entails that estimates
have constants that are not fully explicit with respect to the shape of the domain [17]. A simpler open prob-
lem is whether one may be able to prove arbitrary order Babuska-Aziz inequalities with explicit constants
on the union of simpler star-shaped domains, e.g., on simplicial patches.

Remark 2. We have that u in (21) satisfies the boundary conditions, i.e., that u belongs to [HZ(£2)]™; this is
shown for instance in [15, Lemma I11.3.1] for smooth functions; the corresponding result for Sobolev spaces
is achieved via density arguments. As it is of independent interest, we discuss an alternative proof of this
fact in Appendix B, which also holds in the non-Hilbertian setting.

2.5. On the optimality of the estimates in Theorem 1.2 in 2D

We comment on the optimality of the estimates in Theorem 1.2 for planar domains based on a coun-
terexample in [13, Section 3|. Introduce the domain

Qg e :=(—a,a) X (—¢,¢)
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and the function

f(xy,22) = 1.

Let u be the solution to the divergence problem (10). We have

) 1 1
||x1HO,Qa£ = / T Viu=— / u; = —5 x%@i§u1 S 5“33%”079%5

a,e a,e a,e

2
8$2 up H
2 0,94,

We use estimates as in (10) for the last term on the right-hand side: there exist positive constants C; and Cy
depending on R = 2a and p = ¢ such that

2 1
@113, < 5198l . [Chailleillog, . +CEarltlog,,] -

We have

4 2 4
2 2
||m1||01ﬂa,,g = §a357 Hx%HO,Qa£ = 5043‘57 H1||O’Q(lyg = 4a€.

Combining the two displays, we get
a’e < C’g‘A’laQa?’ + C’gAlaaB,

whence

2

2
A —-1.2 B 22 _~A P B
1§CBA,10’ 3 +CB.A,10/ IS NCBA,IE—FCBA,Iﬁ'

This inequality implies that at least one of the following must hold true:

R R?
A B
Cha1 R 2 Csan R ra
Using (11), we deduce

R? B R

) S/ OB.A,l 5 ;a

which cannot be valid in general with hidden constants independent of R and p as in (3). This entails that

~

R
Cg.A,l 2 ?a
i.e., the first bound in (11) is optimal up to a logarithmic factor.
We are not able to infer a clear statement on the optimality of C5 4.1 from the bound above. A heuristic
argument based on scaling techniques, suggests however that bound (11) on Cg 4.1 should be also optimal.

3. Proof of a Necas-Lions inequality with symmetric gradients

We prove Theorem 1.4. To this aim, we first show an auxiliary result.
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Lemma 3.1. Let u be a sufficiently smooth vector field. Then, the following identities hold true:
V(V xu)]’ =V x (Vu+ (Vu)T) =2V x (Vsu), (37)
where, for a given tensor A, V x A denotes the matriz obtained by applying the curl operator row-wise to A.

Proof. Direct computations give

a:cl (8r2 usz — azg u2) 8r1 (81173 u; — 811 113) accl (azl uz — 812 111)
[V(V X u)]T = 8562 (8I2u3 - 813112) 8962 (awg.ul - 8901113) 81?2 (811u2 - aﬂ?zul)
813 (6962 us — 8903 u2) aﬂﬂs (awz u; — 8I1u3) 8:103 (8I1u2 - a362 111)

Similarly, we may show that the above tensor coincides with V x (Vu+(Vu)?), which gives the first identity
in (37); the second identity in (37) is a consequence of the definition of the symmetric gradient. O

We are now in a position to prove Theorem 1.4. For any generic g®™ in the space of rigid body mo-
tions RM(Q2) N [LZ(2)]™ as discussed in Section 1.5, we have

v = Mrmvlloq < [|v—a™ - T°(v —g™)]| Vv € [L3(Q))".
An immediate consequence of the standard, vector version, lowest order Necas-Lions inequality (7) is that
Iv = Maavllgq < Oxeol Vv = a™)|_, Vg™ € RM(Q) N [L3(@)]" (39)

We are left to prove the existence of a positive constant C' with explicit dependence on R and p as in (3),
such that, for a specific choice of ™M, the following inequality is valid:

V(v = a™)| o < CIVsv_,.

Using splitting (1) of the gradient into symmetric and skew-symmetric parts, and the triangle inequality
entails

IV =a™) 1o < [Vs(v=a™I|_; o + [Vss(v = a™]|_, o (39)

Since g™ is a rigid body motion, Vgq®™ is the zero tensor in R™*™: the first term on the right-hand
side is equal to ||[Vgv||_; . As for the second term on the right-hand side, we define A"*" as the space of
(n x n) skew-symmetric matrices, n = 2,3. We take g™ such that

VSS(V*QRM)H = inf ||VSSV*C||—1,Q'

HVSS(ViqRM)HfLQ = inf _LQ CEA"X”

M ERM(QN[LF()] 7

With this at hand, elementary computations give

. 1
HVSS(V — qRM)||71’Q = celg\lfxn ||V,55V — C||717Q < E ce]}Z{Ig;*S ||V XV — C||71’Q. (40)

Note that the last two norms involve tensors and vectors, respectively.
An immediate consequence of the scalar and vector versions of (12), (15), and (16) is that

inf IV xv—cll_q < CneallV(V X V)ll_yq < (Cha1CPR+ CEALIV(V X V)| _p0-

ceR2n—3
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Lemma 3.1 reveals that

e]g%fks'w xv—c|_ o <2Cha1CPR+CELIIV X VsV s )
¢ 41
Q(OgA,lcPR+ CBBA,I)HVSVH—LQ'

Combining (38), (39), (40), and (41) yields the assertion.
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Appendix A. Arbitrary order Babuska-Aziz inequalities on star-shaped domains with explicit constants

In this appendix, we provide a road-map for proving arbitrary order Babuska-Aziz inequalities with
upper bounds on the corresponding constants, which are explicit with respect to R and p in (3), based
on a generalisation of the analysis in Section 2. In particular, we prove the following generalisation of
Theorem 1.2.

Theorem A.1. Let d in N be larger than or equal to 1, and R and p be as in (3). Assume that f is in H§~*(Q)N
L3(SY). Then, there exists u in [HE(Q)]™ such that V-u = f and

d—1 n—2
R R LR Gerasv]
lul, 0 < —|flpo+ = 1+( ) <lo (42)
- ";pd e pd | Byl [B,

We give some details on how to prove (42). Essentially, we have to prove the continuity of the counterpart
of the operator in (27) involving all the derivatives of order d. More precisely, for each multi-index j =
(J1,- -+, dn) in {1,...,d}", |j| = d, we study the continuity of the operator

Tg:=Tag + T3y, (43)
where

d Ty de
z) = lim / / e [ (y+ ﬂg(y) dy o (44)

e Rn»
and

1

Tsf(x) :Z//afgl _____ win [@ <y+¥>} 9(y) dyf—s. (45)

1 Rn

Above, g and ¢ are precisely as in (26). The general assertion then follows summing over all possible
multi-indices j. In the remainder of the appendix,
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j is fixed, j1 #0. (46)
A.1. Continuity of T,
We discuss here the continuity of the operator in (44). We have the two following technical results.

Lemma A.2. Let j be as in (46). If g in (26) belongs to C3°(R™), then the following identity is valid:

1

Tag(6) = (2nicy) lim > Jol ew0d] L a@a

ez TN Y Tt L
kte{l,....d}" k+l=(j1—1,j2,...da) ¢

Proof. The proof is a modification of that of Lemma 2.1. Since this result contains most of the differences
compared to the first order case, we prove the assertion for the second order case, i.e., we assume that j =
(J1,J2,J3) with ji + jo + j3 = 3. To further simplify the proof, we discuss the case j; = jo» = j3 = 1. The
general assertion is proven analogously.

In analogy to the proof of Lemma 2.1, we write

T og(E) = (27i6))(27iE) (27iEs) / e (

e R» R»

77\'11‘ dt
)g(y) et qx dy =

— (2migy) | [ Bt € [2mi(1 — D& [2mi(1 — DEJF((L — )€ b+ [ B (¢ €) [2mitca][2mi(1 — DEJF((L — £)€) dt

™
N
Ul
N

+ [ @t &) [2mi(1 — 1)&][2mités]g((1 — ¢)€) dt +/<ﬁ(t §) [2mit&s][2mites]g((1 — 1)) db

™
N

1
2

= 2rigy) | [ @O F o106 dv+ [ 050€)09((1 - 0 a

/%so t€) Dg((1 - 1)E dt+/ e P(tE)g((1 —1)€) dt

This yields the assertion for the case d =3, and j1 = jo=j3=1. O

From Lemma A.2, it is apparent that we have to bound the norm of several derivatives of ¢, which is
what we accomplish in the next result.

Lemma A.3. Let ¢ and j be as in (26) and (46). Then, the following inequalities hold true: for all multi-
indices k in {1,...,d}™ such that k| < |j| =d,

27T|§1| / ‘51;|11 kn@(tf)‘ dt < C%Pyk
o seees Ty
0

6\k\+2

—1|| glkl
14 Ha k1—1 ko p k1+1 kz kn P
xq , o T

Lp‘
Sy zkn

L1(R™)
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Proof. The proof is a modification of that of Lemma 2.2. O
The two above technical lemmas give the following result.

Proposition A.4. Let o be any of the two options in (26). Then, for all g in H*(R™), the operator T, defined
in (44) satisfies the following continuity property:

where @ is any of the two options in (26).

Twg

n—1 12|
’ <2z E , [Ccp,p,kHa o fzngu } )
0,Rn ) ) Ty™ ey Ty 0,Rn
kle{l,....d}" k+l=(j1—1,....ja)

Proof. The proof is a modification of that of Proposition 2.3, and further combines Lemmas A.2 and A.3. O
A.2. Continuity of fg

We discuss here the continuity of the operator in (45). We have the following result.

Proposition A.5. Let g, fg, and j be as in (26), (45), and (46). Assume that g belongs to L*(R™) and has
support contained in Q. Given 1 < p <n/(n —1) and p’ the conjugate index of p, the following inequality
holds true:

2% g 1-£

1-Z 1l qd d
7(1 — 1%)% |2 896{‘1_“333‘1”90 ax'{l...xizﬁ(pHLoc(Q)Hg

T, H < .
H 59 0,Q 0,82

5
Ll(Q)‘
Proof. The proof is a modification of that of Proposition 2.4. O
A.3. Continuity off

We discuss here the continuity of the operator in (43). We have the following result.

Theorem A.6. Let g, T, and j be as in (26), (43), and (46). Assume that g belongs to HEHQ). Given
1<p<n/(n—1) and p' the conjugate index of p, the following inequality holds true:

7|
|7l
ot —1|| gkl k|+2 €]
ke{l,....d}y" k+l=(j1—1,...,54) 1 2 T L*(Rn) 1 yT % 5eeny n L1(Rn™) 1Ty 0,R"
2% 1—-2 % 1-3
-5 qd d
T N L P LW
(1 — ﬁ)% | ‘ £?ll7”"£"zL ¢ LI(Q) x‘ilv"'vm%’@ LDO(Q)H ||070

Proof. The assertion follows combining Lemmas A.4 and A.5, and the explicit representation of the constants
Copx in (47). O

Theorem A.1 follows using Theorem A.6, the chain rule, and proceeding as in the proof of Theorem 1.2.

An arbitrary order Necas-Lions, generalising the first order version in (12), may be shown based on
Theorem A.1 following the proof of Proposition 1.3; for d in N, it reads

||f||H—(d—1)(Q)/]P’d_1(Q) < CNﬁ,dHVf”fd,Q vfe Hﬁ(dil)(Q)/Pd—l(Q%
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where H~(4=D(Q)/Py_1(Q) is the space H~ (4= (Q) equipped with the norm

= inf — Q4— .
1l - ca- D(Q)/Py_1(Q) * qdflelP’dfl(Q) f—qa 1||—(d—1),Q
The constant Cz,q depends on the Babuska-Aziz constants of all orders up to d and the Poincaré constant
through [25].

Appendix B. An alternative proof of the zero boundary conditions

We present here an alternative proof of the properties discussed in Remark 2, as it is based on some
technical results that are stated in the literature, the proof of which we were not able to find. Such results
may be useful in the derivation of explicit estimates for the right-inverse of the divergence in W*? spaces;
see Remark 3 below for additional comments on this point.

We begin by providing the reader with a detailed proof of an alternative expression for the first derivatives
of u, which has been stated in [15, Remark I11.3.2], and then proceed along the same lines as in [1, Chapter 2].

We start by showing a preliminary result, which requires the definition of an operator éj OxQ—=R
given by

1

~ T — T — dt .

Gj(z,y) ::/ ty &ij( ty>t_” Vi=1,...,n. (48)
0

Lemma B.1. Let G and éj, j =1,...,n, be defined as in (21a) and (48). Then, for all positive ¢, the
following identity holds true:

02,G(z,y) = —8,,G(z,y) + G (z,y) Vjz —y| > e. (49)

Proof. We fix two indices j,k = 1,...,n and show the assertion on the k-th components of G and G. The
fact that w belongs to C3°(B,) and direct computations reveal

1
— T — T — dt
02,Gr(z,y) = /{5@ < ty>+( ty)k &ij(y-i- ty)] o
0

and

(%J.Gk(x,y):/l[(zkj w<y+xty> N (I*ty)k 5, ( +_y) <1_%>]?_§
0

/[5 < y) RCESTP <y+x;y>] A @)
g

A combination of the two previous displays gives the assertion. O

Next, we prove an identity involving the first derivatives of u.

Proposition B.2 (Galdi’s formula). Let G and éj, j=1,...,n, be defined as in (21a) and (48). Given f
in H}(Q), consider u as in (21). Then, the following identity holds true:
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0., u(r) = [ Ga) 0, 0) dy+ [ Gyw) f) Ay Vi=Loom (50)
Q

Proof. Without loss of generality, we assume that f belongs to C§°(€2); the general assertion follows from a
density argument. Moreover, we prove the assertion on the k-th components of u, G, and G.

For any ¢ in C3°(Q2) and j,k = 1,...,n, proceeding as in [1, Lemma 2.3], we have
- [w@) 8,00 //Gk v.0)f(y) 8, 0(x) da dy
Q

[rw m | [ G 0,00 do | dy

e—0
Q y—z|>e
_ —&
= [ im | [ s o ar— [ Gulen) o0 = ae | ay
o y—rl>e ly—€l=c
Using (49) and switching the order of integration lead us to
- / wy(2) D, 6() do = — lim / 6@ | [ 0,Guwy) f) dy | da
y—z|>e
. -
~1
// (4) 6la) da dy gl/l 4 Gel6on) 0(6) Fl) = d dy
y—E&|=¢

=11 +1s +1s.

Integrating by parts with respect to the y variable and recalling that f belongs to C5°(2), we obtain

zj — G
|z — ¢

Li—tm [o@) | [ Gilen) 0,50 - [ G0 £O) d¢ | da
Q

z—y|>e |z—(|=¢

://Gk(ac,y) By, 1 () $(x) dy dx+gi£%/ / Gi(2,0) £(0) dlx) L= dz d

G — le
Q O Q |¢c—z|=c

_ / / Gr(z,y) By, f(y) &(x) dy dz — T,
Q Q

Combining the two above displays, we infer

_ / wi(z) 0y, b(z) da = / ( / Gl ) 0y, F(y) dy + / (@) () dy) o(x) da.,

Q Q Q

which gives (50) for any f in C5°(2). O
We are in a position to prove that u satisfies homogeneous boundary conditions.

Corollary B.3. Given f in H}(Q) N L3(2), consider u as in (21). Then, u belongs to [H3()]".
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Proof. Step 1: a decomposition of V u. Proposition B.2 allows us to express the first derivatives of u as a
sum of two contributions. The first correspond to Bogovskii’s constructions applied to the first derivatives
of f; the second are equivalent to (21b) with w in (21a) replaced by its first derivatives, which still belongs
to C§° ().

In other words, we write Vu = 7 + 1, where the j-th columns, j =1,...,n, of 7 and n are given by

mw:/c@w@ﬁw@u mm:/@@Mﬂw@.
Q Q

Step 2: treating 7. Let j = 1,...,n be fixed. Consider a sequence g,,, in L>°(€2) such that g,, — d,, f in
L?(Q) as m — oco. We consider a sequence of tensors 7,, whose j-th columns are given by

(nmwz/emw%MMy
Q

Applying [1, Proposition 2.1], it follows that (7,,); is continuous and vanishes on 92; Aa a result of [24], we
obtain that (,,); belongs to [Wy > (€)]". Using [18, Corollary 19, part (iii)] ! applied to Oy, f—gm € L*(Q),
we get (T,); — 7 in [H(Q)]". Since (T,,); is in [Wy™°(Q)]" for all m, we deduce that 7, belongs to
[Hg ()]

Step 3: treating 1) and conclusion. The proof that n; belongs to [H{ (£2)]™ essentially boils down to the proof
that u in (4) vanishes on the boundary of ; the only difference resides in the presence of G in lieu of G,
which solely impacts the constant in (4). We conclude that V u belongs to [H(€)]"*™. In other words, u
belongs to [HZ(Q)]™, since (4) already gives that u is in [H}(Q)]". O

Remark 3. Identity (50) may allow us to prove a first order Babuska-Aziz inequality also in a non-Hilbertian
setting, namely we may substitute H*-type spaces by W*P-type spaces, p # 2. However, this would come
at the price of suboptimal estimates as those in (5). The reason for this is the use of the Calderén-Zygmund
theory instead of the Fourier transform approach by Durdn while handling the term Ta in Section 2.2.
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