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Anderson localization in dissipative lattices

Stefano Longhi*

Anderson localization predicts that wave spreading in dis-
ordered lattices can come to a complete halt, providing a
universal mechanism for dynamical localization. In the one-
dimensional Hermitian Anderson model with uncorrelated
diagonal disorder, there is a one-to-one correspondence be-
tween dynamical localization and spectral localization, i.e.
the exponential localization of all the Hamiltonian eigenfunc-
tions. This correspondence can be broken when dealing with
disordered dissipative lattices. Recently, it has been shown
that when the system exchanges particles with the surround-
ing environment and random fluctuations of the dissipation
are introduced, spectral localization is observed but without
dynamical localization. Such previous studies considered lat-
tices with mixed conservative (Hamiltonian) and dissipative
dynamics, and were restricted to a semiclassical analysis.
However, Anderson localization in purely dissipative lattices,
displaying an entirely Lindbladian dynamics, remains largely
unexplored. Here we consider the purely-dissipative Ander-
son model in the framework of a Lindblad master equation
and show that, akin to the semiclassical models with conser-
vative hopping and random dissipation, one observes dynami-
cal delocalization in spite of strong spectral localization of all
eigenstates of the Liouvillian superoperator. This result is very
distinct than delocalization observed in the Anderson model
with dephasing effects, where dynamical delocalization arises
from the delocalization of the stationary state of the Liouvillian
superoperator.

1 Introduction

Anderson localization [1] describes the absence of wave
spreading (diffusion) in lattices with on-site uncorrelated
potential disorder, that is observed above a critical disor-
der strength. Such a universal phenomenon occurs both
in quantum and classical systems and is of wide impact
in various fields of physics with major implications in
quantum and condensed-matter physics, Bose-Einstein
condensates, photonic and quantum technologies [2-28].
In his seminal paper [1], Anderson analyzed the problem
of propagation of a single quantum particle in a disor-
dered potential under unitary time evolution, i.e. in the
coherent Hamiltonian limit. In this regime the localiza-
tion phenomenon arises from an intricate interference
effect, where the destructive interference of many ampli-
tudes leads to the exponential localization of the wave
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functions. Nowadays the single-particle dynamics of the
Anderson model is well understood and several rigorous
mathematical results have been established (see e.g. [29]
for a review). In particular, in one-dimensional lattices
suppression of wave spreading, i.e. dynamical localiza-
tion, occurs at any infinitesimally small strength of uncor-
related disorder and it is intimately related to the expo-
nential localization of the Hamiltonian eigenfunctions, i.e.
to exponential spectral localization [29]. Indeed, in con-
servative systems under weak conditions [30], and surely
for the Anderson model [31], exponential spectral local-
ization is a necessary and sufficient condition to suppress
wave spreading in the lattice, i.e. an equivalence can be
established between spectral and dynamical localization.

Such a simple scenario of Anderson localization is
deeply modified when the system interacts with its en-
vironment exchanging energy and/or particles [32-43].
Intuitively, interaction with an environment results in de-
coherence, which washes out interference effects and thus
destroys Anderson localization. Indeed, several works
have shown that inclusion of dephasing or continuous
measurements in the Anderson model gives way to delo-
calization [32-34, 36,42, 43], while special engineering of
system-environment coupling could drive the system to-
ward a localized state with tunable localization [38-40]. In
open systems, the dynamics can be described using a mas-
ter equation in Lindblad form for the reduced density op-
erator or an effective non-Hermitian Hamiltonian, which
neglects quantum jump terms in the master equation (see
for instance [44-46]). The non-Hermitian approach can
be regarded as a semiclassical limit of the full quantum
dynamics [45, 46]; in a quantum-jump approach to dis-
sipative dynamics, it also describes quantum evolution
of open systems under continuous measurements and
post-selection [47,48]. Recently, there has been a renewed
interest on the Anderson localization problem in dissipa-
tive systems using an effective non-Hermitian approach
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[49-55]. In particular it has been theoretically predicted
[49, 53-55] and experimentally demonstrated [54] that
random fluctuations solely in the dissipation, introduced
by uncorrelated on-site imaginary potential disorder in
the effective non-Hermitian Hamiltonian, could exponen-
tially localize all eigenstates (spectral localization), similar
to the original case without dissipation that Anderson con-
sidered. However, rather surprising wave spreading is not
suppressed in spite of spectral localization, and the evolu-
tion of normalized occupation probabilities in the lattice
is characterized by stochastic quantized jumps among
exponentially-localized eigenstates located at distant sites
and displaying increasing lifetimes [53-55], resulting in a
diffusive-like spreading.

In all previous studies of Anderson localization the
dynamics is mixed, with characteristics of both Hermi-
tian Hamiltonian (conservative) evolution and dissipa-
tive Lindbladian evolution. However, Anderson localiza-
tion in lattices with purely dissipative couplings [56-58],
thus displaying a purely dissipative Lindbladian dynam-
ics, remains largely unexplored. In this work we introduce
a purely-dissipative Anderson model, where the entire
dynamics is dissipative Lindbladian, and unravel that,
similar to the semiclassical dissipative models display-
ing mixed dynamics [53-55], dynamical delocalization
is observed in spite of the exponential localization of all
eigenstates of the Liouvillian superoperator. We also point
out that the physical origin of delocalization observed in
the purely-dissipative Anderson model arises from the
stochastic quantized jumps of localized states at distant
sites in the lattice, displaying different lifetimes [54, 55],
and it is thus very distinct than delocalization found in the
dephasing Anderson model [41], which originates from
the delocalization of the stationary state of Liouvillian
superoperator.

2 Dissipative Anderson models

Let us start by introducing a rather general class of dis-
sipative Anderson models that will guide us through the
general discussion and illustrate our results. For the sake
of definiteness, let us consider a one-dimensional chain
of (2L + 1) optical cavities or waveguides, described by the
bosonic optical modes 4@;, which can be coupled either
conservatively at a rate J or dissipatively at a rate I' [56—60]
(Fig.1). In all analytical and numerical analysis, we con-
sider a finite linear chain with open boundary conditions.
Dissipative coupling indirectly couples the cavities in the
lattice through an intermediate common reservoir, and
can be experimentally implemented in several photonic
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platforms [57,58]. We indicate by dw; the resonance fre-
quency detuning of the /-th optical cavity mode from a
reference frequency wy, and by y; the cavity mode loss
rate. Stochasticity in the system can be introduced by con-
sidering either uncorrelated disorder for the resonance
frequencies dw; or cavity losses y;. We also include in the
dynamics pure dephasing effects [42,61], which deprive
the system of coherence but leave the energy (photon
number) conserved. Typically, we will consider the ther-
modynamic limit L — oo, such that the notion of spectral
localization used in the theory of Anderson localization
becomes meaningful and edge effects in the spreading
dynamics can be neglected.

The dynamics of the lattice can be described by the gen-
eral Lindblad master equation for the system density op-
erator ¢, which reads [38,45, 46, 57,59, 60]

—p=Lp=—ilHpl+ 0]

The first term on the right hand side of Eq.(1) describes
the Hermitian (unitary) Hamiltonian dynamics due to
conservative couplings between adjacent cavities at a rate
J and governed by the Hamiltonian

H:—];(ajﬁa,m}am)+;5wlaja, (2)

whereas the last terms on the right hand side of Eq.(1) de-
scribe the dissipative part of the Liouvillian superoperator
£ . The dissipative dynamics comprises three terms:

(i) the dissipators

2121p =

aoaat L (ata o anta
z21p%; - 3 (zl z21p+pz, zl) (3)
resulting from the nonlocal jump operators z; = a; + ;41
and describing dissipative coupling between adjacent cav-
ities atarateI;
(ii) the dissipators

A1 AAT_l At A A At a
Plailp =apa, 5 a,aip+pa,a 4)
resulting from the jump operators @; and describing cavity
losses at rates y;
(iii) and the dissipators

a - (ataatap + pala
=5 jarapaip+pa;a

resulting from the jump operators a ;r
local dephasing decay at a rate y .
The Lindblad master equation can be viewed as the time

a; and describing
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Figure 1 Schematic of a one-dimensional tight-binding lattice
of coupled optical cavities. J and I are the conservative and dis-
sipative coupling rates between adjacent cavities, respectively,
Yn is the decay rate of the n-th lossy cavity, and yy, is the
dephasing rate. The cavity resonance frequencies deviate from
the reference value wg by 6w,,. The purely-dissipative Ander-
son model considered in this paper, displaying purely Liouvillian
dynamics, corresponds to J = dw,, = Y ph = 0; the dephasing
Anderson model, displaying mixed Hamiltonian and Liouvil-
lian dynamics, corresponds to y,, =I" = 0; finally the Anderson
model with stochastic dissipation, displaying mixed Hamiltonian
and Liouvillian dynamics, corresponds to I' = 6w, =y, =0

evolution of the system which is continuously monitored
by an environment [45]. This interpretation is at best cap-
tured by rewriting Eq.(1) in the equivalent form

d (B A AR 4+ dr)0(a
%p = —z(Heffp—PHfo)+F;(Cll+al+l)9(aj l+1)
+ Y Yi@upa)+ypn Y. a1apaa) ©)
1 1
where
Hepp = ——FZ(a +al+1)(az+al+1)

i JEIN A At oA
_527’1“1“ ——yphZaaaa )
]

in the effective non-Hermitian Hamiltonian. The tempo-
ral evolution of density operator, described by Eq.(6), is
basically composed by two terms. The first term on the
right hand side of Eq.(6), involving the non-Hermitian
Hamiltonian H, 7 f» describes a non-unitary dynamics that
accounts for the conservative (Hermitian) dynamics cor-
rected by the continuous losses of energy, information,
and coherence of the system into the environment. The
other terms on the right hand side of Eq.(6) are dubbed
the quantum jump terms as they describe the effect of
the measurement on the state of the system: in a quan-
tum trajectory approach such terms are responsible for
the abrupt stochastic change of the wave function [45].
The evolution of the density operator neglecting the quan-
tum jump terms provides a semiclassical limit of the un-
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derlying dynamics [45]; it also correctly captures the full
quantum evolution of the system under continuous mea-
surements and post-selection [45,47,48].

The master equation (6), along with its semiclassical limit
obtained by neglecting quantum jumps and working with
the effective non-Hermitian Hamiltonian ﬁe ff describes
a variety of dissipative Anderson models, some of which
have been studied in previous works. Clearly, when the
lattice is isolated, i.e. for I' =y; =y, = 0, one obtains the
usual (Hermitian) Anderson model, originally studied by
Anderson [1], which displays both dynamical localization
and exponential spectral localization of the eigenstates for
any strength of uncorrelated disorder of the resonances
dw;. The exponential localization of the wave functions
involves complicated interference effects of waves, which
requires coherence in the system. When considering dis-
sipative terms, Eq.(6) can describe three interesting situa-
tions:

1) The dephasing Anderson model. This model extends
the ordinary Anderson model by considering dephasing
effects, which introduce decoherence in the systems but
do not change the particle number. This model, which is
obtained from Eq.(6) by letting I = y; = 0, has been stud-
ied in previous works (see e.g. [40,42,43]). As expected,
decoherence fully destroys the delicate interference phe-
nomenon at the heart of Anderson localization: dephasing
restores dynamical delocalization and the stationary state
of the density operator corresponds to a maximally mixed
state with delocalized excitation in the lattice. For this
model, the Lindbladian and effective non-Hermitian de-
scriptions yield markedly distinct dynamical behaviors, as
shown in the Appendix A, owing to the fact that the jump
operators describing dephasing effects are quadratic in
the bosonic operators.

2) The Anderson model with stochastic dissipation. This
model was introduced in recent works [49-55] in the
framework of an effective non-Hermitian (semiclassical)
approach and is obtained by letting w; =T =7y,, =0in
Eq.(6). In this model a clean conservative (Hamiltonian)
dynamics is considered, with hopping rate J/ between ad-
jacent sites, while disorder is introduced by uncorrelated
random dissipation y; at various lattice sites; mixed disor-
der in both y; and dw; has been also considered. As shown
in such previous works, exponential spectral localization
of all eigenstates of H, £ is found, like in the original An-
derson model. However, quite surprisingly the system ex-
hibits counterintuitive propagation by quantized jumps
between exponentially-localized states located around
distant sites [53-55], allowing for spatial spreading of ex-
citation along the lattice (dynamical delocalization) in



spite of spectral localization. Such a hopping dynamics
between distant localized states is rooted in the differ-
ent lifetimes of the exponentially-localized eigenstates
of the non-Hermitian Hamiltonian, so as distant eigen-
states with longer lifetimes can dominate the dynamics at
long times [54]. We remark that the wording "quantized
jumps", introduced in Ref. [55] to refer to the stochastic
sequence of dominant eigenstates observed in the dynam-
ical evolution of the non-Hermitian Hamiltonian, should
not be confused with the quantum jumps in the quantum
trajectory approach of the Lindblad master equation.

3) The purely-dissipative Anderson model. The previous
models 1) and 2) of Anderson localization in open systems,
as well as other models studied in previous works and in-
volving different forms of jump operators [38-40], display
a mixed dynamics, with characteristics of both Hermitian
Hamiltonian evolution and dissipative Lindbladian evo-
lution. Here we consider a different situation, the purely-
dissipative Anderson model, which has been overlooked
so far. In the purely dissipative Anderson model there is
not any Hermitian Hamiltonian evolution, i.e. A =0, and
the interaction with the environment is dissipative with-
out dephasing effects (y,, = 0). The purely-dissipative
Anderson model thus displays a purely dissipative Lind-
bladian evolution [57,58], and it is obtained from the gen-
eral model [Egs.(6) and (7)] by letting J = 6w; = Ypn =0.

In the following we will mainly focus our attention to the
purely-dissipative Anderson model, unraveling its spec-
tral and dynamical properties. In particular, we will show
that for this model the Lindbladian and effective non-
Hermitian descriptions basically yield the same dynami-
cal behavior, owing to the fact that the jump operators are
linear in the bosonic destruction operators.

3 Purely-dissipative Anderson model:
single-particle subspace dynamics

The master equation of the purely-dissipative Anderson
model reads

4o - _i(f,p-ph! 8
Ep__l( effP—P eff) (8)

+ r;(al +ap)plal+al, )+ ;y,a,ﬁa}

where the effective non-Hermitian Hamiltonian

. i o A i At A
Heff=—Erg(a;+a;ﬂrl)(dl+dl+1)—E;Yld;al €)
is entirely anti-Hermitian. The initial state is rather gener-
ally described by a mixture of pure states |) with proba-
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bilities py, i.e.

p0) =) polye) Wl (10)
g

with )", ps = 1. Owing to the nature of the jump operators,
which are linear functions of the destruction operators d;,
the dynamics of the system for an initial state involving
a number of bosonic particles (photons) < N is entirely
enclosed in the sub-space of Hilbert space spanned by
the Fock states

1 ~Tn ~Tn; ~tn
Nono e al

where n; =0, Y ;n; < N and |vac) is the vacuum state.
To unravel the localization features of the dissipative An-
derson model, let us consider first the dynamics of the
density operator in the single-particle subspace (N < 1);
the most general case will be discussed in the next section.
The single-particle subspace is described by (2L + 2) Fock
states, corresponding to the localization of the photon
in either one of the 2L + 1 cavities of the lattice and to
the vacuum state |vac). We indicate the single-particle
Fock states as |I) = d;l vac) (Il =-L,-L+1,.,0,1,...,L).
The evolution equations for the density matrix elements
Pnm = (nlplm) = Pty,,n, Pnvac = {(nlplvacy = p:ac,n and
Pvac,vac = {vacl|plvac) can be readily obtained from the
master equation (8). Clearly, the diagonal element p; ;(f)
gives the probability to find the photon in the I-th cavity
of the lattice at time ¢, whereas (vacl|p|vac) corresponds
to the probability that the photon has been destructed,
with Tr(p) = Y1 01,1+ Pvac,vac = 1. In particular, it turns out
that the dynamics of the density matrix elements p,, , is
decoupled from the other elements and described by the
set of coupled equations

d r
Epn,m = _E (Pn,m+1 +Pnm-1tPn+1,m+ Pn—l,m) (11)

...lvac),

YntYm _ 1
— (zr + T) Pnm = g( )pn,m
where £ describes the Liouvillian superoperator in the
single-particle subspace. Likewise, the evolution equa-
tions of the density matrix elements p, 4. are decoupled
from other density matrix elements and read

i = —E( + )— (Y—" +1“)
dtpn,vac > Pn+1l,vac T Pn-1,vac ) Pn,vac
= Zf;fn,lpl,vac (12)
1
where
T
%n,l:_5(6n,l+1+6n,l—1)_(% +r)6n,l (13)

are the matrix elements of the Wick-rotated non-Hermitian
effective Hamiltonian, i.e. of the operator # = —iH, sy, in
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the single-particle sector of Fock space. Note that, since
ﬂe £f s anti-Hermitian, the Wick-rotated operator His
Hermitian and, remarkably, it corresponds to the Hermi-
tian Hamiltonian of the ordinary one-dimensional Ander-
son model with uncorrelated diagonal disorder.

Finally, the evolution equation for the density matrix
element p,uc,vac reads

d
Epvac,vac = FZ (an,n +Pnn+1+ Pn+1,n) + ZYnPn,n-
n n

(14)
Note that from Eqgs.(11) and (14) it readily follows

Pvac,vac(t) = l_zpn,n(ﬂ (15)

asitshould be owing to the property Tr(p) = 1. The dynam-
ics of the density matrix elements is in some sense rather
trivial: regardless of the initial excitation of the system,
either in a coherent or mixture superposition of states,
the asymptotic attractor of the dynamics is the station-
ary state P, of the Liouvillian superoperator, £ p, =0,
which is trivially the vacuum state g, = |vac){vac|, i.e.

(Poo)n,m =0, (Poo)n,vac =0, (Do) vac,vac = 1. (16)

However, the transient decay dynamics of the matrix el-
ements p ., (¢) and py,vac(t) toward the stationary state
is nontrivial and displays the phenomenon of spectral
localization without dynamic localization, previously ob-
served in the Anderson model 2) with mixed dynamics
(both Hamiltonian and dissipative) within an effective
non-Hermitian approach [53-55]. In fact, let us calcu-
late the decay behavior of the density matrix elements
Pn,vac(t) and p,,m, (1) by solving Eqgs.(11) and (12). To this
aim, let us indicate by uﬁ“) and A, the eigenvectors and
eigenvalues of the Hermitian Anderson Hamiltonian #
[Eq.(13)], i.e. Zu'® = A u'®, where a is the eigenstate
index. The general results of Anderson localization in the
Hermitian case ensure that all the eigenstates uE“) of A
are exponentially localized, i.e. they decay exponentially
in space as | — +oo, and the corresponding eigenenergies
Aq strictly satisfy the inequality

Aa <0 17)
since y,,I' > 0. The most general solution to Eq.(14) is

given by a superposition of the exponentially-localized

eigenstates ugf'), whose amplitudes decay in time with a

lifetime 1/ A4, i.e.

Pnpac(D) =Y Cou!® exp(Aq ). (18)
a
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The complex constants C, entering in Eq.(18) are deter-
mined by the initial values p,, ,4.(0), namely

C :Zn ugza)pn,vac(o)
T

To calculate the solution to Eq.(11), let us observe that the
eigenstates and corresponding eigenvalues of the Liou-
villian superoperator £V can be readily obtained from
those of A by separation of variables, namely one has

LWy ugf) = Ao+ Ap)u ug). (19)

This yields

Pnm(0) =Y. Captl®u® exp(Agt+Ag0) (20)
ap

with some complex constants C, g, which are determined
by the initial values p,,, (0), namely

T Ul o,y (0)

Y @2 wby2

Ca,p=

Clearly, as anticipated the matrix elements p, ,, () and

Pn,vac(t) vanish as t — 0, while simultaneously p,4¢,pac(f) —

1. However, according to Eqs.(18) and (20) the decay
dynamics is not monotonous and is characterized by
a sequence of "jumps" at around some times #; f, ...,
Ix,.. where the excitation hops from one exponentially-
localized eigenstate with a shorter lifetime to another
one with a longer lifetime, located at some distance d
which can exceed the typical localization length of the
eigenstates. The jump dynamics and the resulting spatial
spreading pattern in the lattice, leading to dynamical delo-
calization, is very similar to the one discussed in details in
previous works [53-55]. Between one jump and the next
one, i.e. in the time interval (4 —#x), the decay dynamics
is approximately exponential with the rate of the instanta-
neously dominant eigenmode. Typically, the time interval
Aty required for the excitation to hope from one localized
eigenstate to the other one at around the time instant #;,
is much shorter than the time interval (3,1 — ;) between
two successive jumps. Also, the time interval (¢, — i)
rapidly increases as k increases, i.e. the jumps become
less and less frequent as time increases. Such a behavior
basically stems from the fact that the difference between
the lifetimes of the occupied eigenstates usually dimin-
ishes as time increases, so that the next dominant eigen-
states take longer and longer times to replace the previous
dominant eigenstates. An example of such a dynamical
behavior will be illustrated in Fig.2 discussed below. The
jump dynamics is determined by the magnitude of the



projection coefficients Cy, C, B of the initial state on the
eigenvectors of ./, and by the decay rate of each eigen-
state [55]. The delocalization phenomenon arising from
the jumps is observable for rather arbitrary (but not all)
initial excitations of the system. For example, if the sys-
tem is initially prepared in a pure state and exactly in an
eigenstate uﬁ,“) (or in a finite superposition of eigenstates),
so as only a finite number of projection coefficients C, g
are non-vanishing, delocalization is clearly not observed.
Conversely, for single-site excitation of the system with
almost sure probability the projection coefficients do not
exactly vanish for quite arbitrary values of a and 3, even
though they can become extremely small when the eigen-
states are localized far apart from the initially excited site:
delocalization via jump dynamics is expected in this case.
It should be nevertheless mentioned that, in presence
of noise in the system, even though the initial prepara-
tion of the system excites a finite number of eigenstates
of /2, excitation of other eigenstates with long lifetimes
can be triggered even by a small noise (perturbation), and
thus noise can restore delocalization via mode jumps. To
sum up, while the dissipative dynamics drives the system
toward the vacuum state, both populations p,,, () and
coherences p ., (2), Pn,vac(t) delocalize in the lattice via
a sequence of jumps, despite all eigenstates of the Liou-
villian superoperator are exponentially localized in space:
in other words, we have coexistence of dynamical delo-
calization and spectral localization. We stress that such
a dynamical delocalization process is very different than
the delocalization observed in the dephasing Anderson
model, where dynamical delocalization and the decay to-
ward the maximally-mixed stationary state corresponds
to spectral delocalization (see Appendix A).

As an illustrative example, let us consider the evolution
dynamics of the density matrix elements for the initial
state p(0) corresponding to the mixture of the two pure
states

1
ly1) = 7 (lvac)+1-1)), ly2) =13) 21)

72
with equal probabilities p; = pp = 1/2. The pure state |y;)
corresponds to the coherent superposition of states de-
scribing one photon at site / = —1 and no photon in the
lattice, whereas the state |y,) corresponds to one photon
localized at site [ = 3 in the lattice. The nonvanishing ele-
ments of the density matrix at initial time ¢ = 0 are thus
Pvac,vac = 114, pvac,—1 = P-1,vac = 1/4, p-1,-1 = 1/4 and
p3,3 = 1/2. The time evolution of the density matrix has
been obtained by numerical integration of Egs.(11) and
(12) using an accurate variable-step fourth-order Runge-
Kutta method assuming a dissipative coupling rate I' = 2
and uncorrelated stochastic cavity losses y; taken from a
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uniform distribution in the interval (0, 6). The lattice size
has been assumed wide enough (L = 100) so as to avoid
edge effects over the largest propagation time ¢ = 250.
The main results are depicted in Fig.2. Since the den-
sity matrix elements, with the exception of pyac,vac(t),
rapidly decay toward zero, to highlight the jump dynam-
ics in the figure the temporal behavior of normalized
photon number p;, ,(t) = pp,n(£)/ Y., pn,n(t) and coher-

ences Py, pac(t) = Pn,vac(t)/\:g Xn |pn,vuc(t)|2 are plotted
[Figs.2(a) and (b)], along with the temporal evolution of
Puac,vac(t) [Fig.2(c)]. The plots clearly show that, while
the density matrix rapidly converges toward the stationary
state, corresponding to the vacuum state, delocalization
of both population (photon number) and coherences is

observed in the form of quantized jumps between local-
ized eigenstates of the Anderson Hamiltonian /.

4 Localization in the purely-dissipative
Anderson model: general analysis

The coexistence of spectral localization of the Liouvillian
superoperator £V and dynamical delocalization for the
density matrix elements in the single-particle subspace,
shown in the previous section, is a general property that is
valid beyond the single-particle limit. In fact, for open sys-
tems described by an Hamiltonian quadratic in bosonic
operators and with jump operators linear in bosonic op-
erators -like in the purely-dissipative Anderson model-
the Lindblad master equation is exactly solvable and the
Liouvillian £ can be cast in a normal form [61]. To high-
light the localization features of the model in the general
case, for our purposes it is convenient to see the dynam-
ics of the system monitoring the evolution of the mean
values of first and second moments of the operators, i.e.
a,(t) = {4y) and correlations B, (t) = <a,1am>, which
are expressed by a set of linear differential equations (see
for example [61-63]); technical details are given in the
Appendix B. The evolution equations read

da r

dtn = _E (pt1+ap-1)— (r"' 7/2_71) ap = ;an,lal (22)
and
dPn,m _ YntYm

ai = e b

r
- E(,Bn+l,m+ﬁn—l,m,5n,m—l +,Bn,m+l) (23)

— g(l)ﬁn,m-

Interestingly, the evolution of the mean «,, is governed
by the Anderson Hamiltonian .77, with the dynamics Wik-
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Figure 2 Dynamical evolution in the purely-dissipative Anderson model for a dissipative coupling I' = 2 and uncorrelated
stochastic losses vy, taken from a uniform distribution in the range (0,6). The system is initially prepared in the mixed state
defined by Eq.(21) in the main text. Panel (a) shows, on a pseudocolor map, the temporal evolution of the normalized diagonal
matrix elements p, , (photon number) at various lattice sites, whereas panel (b) depicts the temporal evolution of the modulus of
normalized coherences p,,y4c. Note the appearance of jumps between localized states located far apart one another. Panel (c)
shows the evolution of the density matrix element p,4¢,vac(f), clearly indicating the fast convergence of the density operator
toward the stationary state po, = |[vac){(vac|, corresponding to the vacuum state.

rotated in time like for single-particle case discussed in
the previous section. Likewise, the evolution dynamics
of the correlations f,,,,(f) is governed by the Liouvillian
£ found in the single-particle sector discussed in the
previous section. Therefore, following the the same line
of discussion presented in the previous section, we can
conclude that the purely-dissipative Anderson model dis-
plays dynamical delocalization for a rather arbitrary initial
condition of the system, despite both . and £ display
exponential spectral localization. For example, let us as-
sume that at initial time we have a mean of N photons
in the lattice site n = 0 with some arbitrary photon statis-
tics, while the other cavities are in the vacuum state, i.e.
Bn,m(0) = NO,, ;. Then the dynamics of the normalized
second-order moment

Znnzﬁn.n(t)
My (t) = ———,
2= B0

measuring the spreading of photons along the lattice, is
unbounded as ¢ — oco. Following the general analysis de-
veloped in Ref. [54], the spreading dynamics at t — oo can
be well approximated by the law M, (¢) ~ t°, where the
overline denotes statistical average over the distribution
of cavity losses y,,. The value of the spreading coefficient
s=dlog(M,(1))/dlogt depends on the probability distri-
bution density of the random variable y,; in particular,
for a strong disorder with a uniform density distribution,
one obtains diffusive spreading corresponding to s = 1
[54]. This behavior is illustrated, as an example, in Fig.3.
The figure depicts the numerically computed behavior of

(24)
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log,,M.,(t)

time log, t

Figure 3 Numerically-computed behavior of m versus time
t, on a double log scale, in the purely-dissipative Anderson
model for the same parameter values as in Fig.2. The behav-
ior of the spreading law M, () is obtained from Eq.(24) after
averaging over 500 different realizations of disorder in the de-
cay rates y,. The red dashed line corresponds to diffusive
spreading with exponent s = 1.

M, (¢) versus time ¢, on a double log scale, averaged over
500 different stochastic realizations of disorder with a uni-
form distribution and for the same parameter values as in
Fig.2. As one can clearly see, after an initial transient the
spreading of log M, (1) versus log ¢ is well approximated
by a line with slope s close to one (dashed red curve in




Fig.3). We remark that such a result holds regardless of
the initial statistical distribution of photons in the system,
i.e. it is valid for both classical and non-classical states
of light, thus extending to the full quantum regime the
stochastic jump dynamics of classical light, leading to
diffusive-like transport, considered in previous studies
within a semiclassical analysis [53-55].

5 Conclusions

Anderson localization, i.e. the suppression of wave spread-
ing in disordered lattices, is a rather universal mechanism
of dynamical localization observed both in disordered
quantum and classical systems. In conservative systems,
this phenomenon arises from the delicate destructive in-
terference among multiply scattered waves, which local-
izes all wave functions (exponential spectral localization).
However, when the system is open, i.e. when it exchanges
energy and/or particles with the environment, the fate
of Anderson localization can be deeply modified. For ex-
ample, dephasing effects or measurements on the system
restore delocalization [32, 33, 35, 42], whereas disorder
in dissipation can result in the coexistence of dynamical
delocalization and spectral localization [53-55]. Previous
Anderson models in open systems always involve mixed
Hamiltonian (conservative) and Lindbladian (dissipative)
dynamics, transport along the lattice being realized by
conservative hopping. Here we have introduced a purely-
dissipative Anderson model, displaying an entirely Lind-
bladian dynamics [57], and have shown that, while the
system irreversibly decays toward the vacuum state — the
stationary state of the Liouvillian superoperator- the tran-
sient dynamics displays diffusive-like behavior of both
particle number and coherences along the lattice, in spite
of the exponential spectral localization of the Liouvillian
superoperator. The present results provide new insights
into Anderson localization in dissipative systems and ex-
tend to the full quantum regime the intriguing possibility
of coexistence of dynamical delocalization and spectral
localization, recently predicted and observed in the frame-
work of semiclassical models [53-55]. Finally, we mention
that our analysis could be extended to investigate further
intriguing dynamical effects that could arise in purely dis-
sipative models with disorder. For example, one could
consider the purely dissipative Anderson model in three
dimensions on a cubic lattice, where the Hamiltonian
displays mobility edges with extended eigenstates near
the band center and localized eigenstates near the band
edges. This means that some eigenfunctions uﬁ,“) entering
in Eq.(20) are extended, whereas some others are local-
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ized. Since the localized wave functions near one of the
band edge have a longer lifetime (i.e. a smaller decay rate
|1¢!) than extended wave functions, one can envisage two
competing types of delocalization: the "static" delocal-
ization (spreading) phase at early times, originating from
the extended nature of the Hamiltonian eigenstates near
the band center, and the non-Hermitian-driven jump dy-
namical delocalization phase (like in the one-dimensional
model) at longer times, originating from the hopping dy-
namics among localized eigenstates with longer lifetimes.
Such an intriguing dynamical scenario could be observ-
able also in one-dimensional models with disorder dis-
playing mobility edges, such as in the extended Aubry-
Andre models [65-67].
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A The dephasing Anderson model

The dephasing Anderson model is obtained from Egs.(6) and
(7) by letting I' = y; = 0,and it is thus described by the effec-
tive non-Hermitian Hamiltonian
I:IeffZIA{——thZﬁ;rdld}L(fll (A.1)
l

where the Hermitian Hamiltonian H is given by Eq.(2). Con-
trary to the purely-dissipative Anderson model considered in
Sec.2, the dephasing Anderson model conserves the number
N of particles (photons). To highlight the main features of
this model, let us consider the dynamics in the single-particle
sector of Fock space, so that the evolution of the system is
described by the temporal evolution of the density matrix
elements p,, (1) = (nlp(f)|m), where |n) = a,l|vac) is the
single-particle Fock state that localizes one photon at the
lattice site n. Using the commutation relations of bosonic
operators, [dn,dfn] =0p,mand [y, am] = [ai,,ain] =0, one
readily obtains the following evolution equations

d

%Pn,m = —iJ(Pnm+1+Pn,m-1—Pn+1,m — Pn-1,m)

+

i(éwm_éwn)pn,m_thpn,m(l_(sn,m) (A.2)

2(1) Pnm

where 8, ,, is the Kronecker delta function. It can be read-
ily shown that the steady-state solution p to Eq.(A.2), cor-
responding to an extended eigenvector of the one-particle
Liouvillian superoperator £V with zero eigenvalue, is the
maximally-mixed state

N
Poo = —ZLH;Il)(lI, (A.3)
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i.e.(0oo)n,m = On,m/ 2L+ 1), whatever is the Hermitian hop-
ping amplitude J and the cavity resonance detunings dw,,.
This corresponds to a full and uniform delocalization of the
photon along the lattice in a maximally mixed state, indicat-
ing that the pure dephasing terms fully destroy Anderson lo-
calization and drives the system toward the maximally-mixed
state. The dynamical delocalization is here clearly associated
to the existence of the extended state, i.e. breakdown of spec-
tral localization, of the Liouvillian superoperator £,
Finally, we mention that the semiclassical limit of the dephas-
ing Anderson model, obtained by neglecting the quantum
jump terms in the master equation and thus described by the
evolution dynamics of the effective non-Hermitian Hamil-
tonian (A1) solely, does not destroy Anderson localization
since the dephasing terms in the non-Hermitian hamiltonian
just introduce a spatially-uniform decay rate of excitation
at the various lattice sites. This is in contrast with the pure-
dissipative Anderson model discussed in the main text, where
the main features of Anderson localization are the same in
the Lindbladian and effective non-Hermitian descriptions.

B Evolution equations for the first and
second moments

In this Appendix we derive the evolution equations for the
first and second moments of bosonic operators, a, () = (a,)
and B, (2) = (dfl am), given by Egs.(22) and (23) in the main
text. To this aim, let us observe that, since the system is purely
dissipative, i.e. H = 0, for any time-independent operator A
one has

d . dap - . .
EM) = Tr(—pA) =) I'Tr(2121pA) + )y Tr(21a1pA)
1 I

dt

(B.1)
where
Zr=ap +ay (B.2)
and
P[6lp = apa*—%(ﬁ*apma*a) (B.3)
Using Eq.(B.3), it can be readily shown that
Tr (2[01pA) = %Tr(f)[ A*a,A]) +Tr (ﬁa*[A, a]) (B.4)

so that the determination of the evolution equation of the
mean value (A) entails to calculate the commutators [6'6, A]
and [A, 6] for the two jump operators 0 = 2; = a; + 4;;1 and
o0=a.

Let us first assume A = d,,, and let us set @, () = (d,). Taking
into account that

(2]21, an) = —(n + @ns1)8 1 — (@n + An-1)0n 141 (B.5)
[a]ay, an) = —andp,) (B.6)
G, 21) = L, @y) =0 (B.7)

Copyright line will be provided by the publisher

from Egs.(B.1-B.7) one readily obtains

da,

T (B.8)

T Yn
=——(ap1tan- —(1"+—)a

2 (an+1 n-1) 2 n
which is Eq.(22) given in the main text.
To calculate the temporal evolution of the second moments,
let us assume A = dil am and let us set B, = <d; Q). Taking
into account that

(2721, aam) = O1n—O1me1 + 0101~ Opm)aham  (BY)
+ 810 Am+ 01 p1d)_ am
— 81 m a1 =1 Gl Ay
[a] ay, @}, am] = (01,0 —81,m) ) am (B.10)
(@G, 21] = =810 +01,n-1) am (B.11)
[a},am, @1) = =51, ném (B.12)
from Eqgs.(B.1-B.4) and (B.9-B.12) one obtains
dBn,m +
Zt = —(er+ 212,
L (B.13)

- E(,Bn+l,m + Bn-1,mPn,m-1+ Bn,m+1)

which is Eq.(23) given in the main text.

Key words. Anderson localization, open quantum systems,
non-Hermitian physics
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