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Abstract:  

Nonlinear light generation is a key phenomenon in many optical systems. Recently, the field of nonlinear optics has 
moved to the miniaturization of the conventional bulky components. Among all the new platforms that have been 
proposed, dielectric nanoscale resonators represent excellent candidates for light generation and manipulation. When 
arranged in periodic arrays, such high refractive index scattering components become an artificial material called 
metasurface. Several approaches for designing platforms with enhanced optical nonlinearities at moderate pump 
intensities have been proposed. In this chapter, we review the most recent results on second and third order nonlinear 
processes in high-index devices. We also present recent achievements for controlling, in a tunable way, the optical 
wavefront of the generated nonlinear field generated by dielectric metasurfaces. 
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1. Introduction 

In the last decades, the field of nonlinear optics has gained a lot of interest in several research communities.  A lot of 
efforts have made possible the comprehension of unusual physical phenomena which allows innovative applications such 
as frequency conversion, high-harmonic generation, amplitude and phase modulation, optical switching, steering and 
transceiving [1, 2, 3]. In bulky crystals, the efficiency of the nonlinear processes is subjected to the fulfillment of the so-
called phase-matching condition, i.e., ensuring a proper phase relationship between the interacting waves travelling in the 
crystal [4]. However, the miniaturization of the optical bulk components (nowadays possible due to notable achievements 
in nanofabrication techniques) has overcame the phase matching limitations [5]. Platforms based on nano-resonators are 
free from phase-matching limitations and have been proposed for efficient generation of harmonics and nonlinear effects 
[6, 7, 8]. The miniaturization process has initially involved metallic structures with surprising results in terms of nonlinear 
properties either in isolated resonators or in metasurface arrangements (two-dimensional plasmonic arrays of nano-
elements with a periodicity smaller or comparable with the incident wavelength) [9, 10, 11]. In metal nano-devices, the 
nonlinear generation efficiency is strongly affected by the electromagnetic field confinement at the fundamental 
wavelength. Moreover, another crucial aspect that can further enhance the efficiency of the nonlinear process is the 
spectral and spatial overlap between the mode at the fundamental and that at the harmonic wavelength [12]. Typically, 
noble-metals, such as gold or silver, are the most common materials for nonlinear plasmonics and several configurations 
have been proposed for different purposes [13]. By properly optimizing the subwavelength meta-atoms, it is possible to 
tune the nonlinear light emission in terms of amplitude, phase and polarization state. In particular, the phase control of 
the nonlinear emitted light has been exploited for achieving nonlinear beam steering, lensing and holography [14, 15, 16, 
17]. These spectacular achievements stem from the interplay of two contributions that affect the nonlinear harmonic 
processes in metal nano-resonators: the bulk and the surface contributions. A useful distinction may be introduced to 
distinguish materials in two classes namely centro- and non-centro symmetric materials [18]. Metals belong to the first 
group, in which even-order nonlinear optical processes are forbidden because the even-order nonlinear susceptibility 
tensors are strictly equal to zero. On the other hand, odd-order nonlinear processes are always permitted. Thus, in 
nonlinear plasmonic metasurfaces, solely the surface contributions are responsible for even-order processes such as 
Second Harmonic Generation (SHG). The latter are indeed allowed due to the symmetry breaking at the interface with 
the embedding medium. Hence, plasmonic metasurfaces enabling SHG have been designed by selecting specific 



configurations of the meta-atoms such as V-shaped antennas or split-ring resonators [19, 12, 20]. Moreover, other second-
order mechanisms like Sum Frequency Generation (SFG) and Difference Frequency Generation (DFG) have been 
successfully obtained in metallic metadevices [21, 22]. Concerning odd-order nonlinear process, Third Harmonic 
Generation (THG) and Four Wave Mixing (FWM) have also been realized using plasmonic nanostructures [23, 24, 25, 
26]. Notably, in [27] it has been demonstrated that, in plasmonic resonators, the SFG process seeded by SHG can provide 
a sizable contribution to the overall THG waves. However, the metallic high dissipative losses and the associated thermal 
heating represent a severe limitation to plasmonics in nonlinear nanophotonic applications [28].  

A valuable alternative is represented by all-dielectric metasurface where the nano-elements are made of high-refractive 
index dielectric meta-atoms. The advantages with respect to the metallic counterpart are twofold: firstly, the field in 
dielectrics can penetrate inside the volume, leading to the excitations of both electric and magnetic resonances supported 
by the resonators. Secondly, the Ohmic losses in the most common high-refractive index semiconductors are negligible 
in the visible and near-infrared part of the spectrum [29, 30, 31, 32, 33, 28]. Thus, a dielectric metasurface can support 
higher pump intensities and as a consequence higher conversion efficiencies can be attained. Indeed, more-efficient SHG 
in individual Aluminum Gallium Arsenide (AlGas) resonators and THG in  Silicon (Si) or Germanium ones have been 
recently demonstrated by several groups, showing a huge enhancement of the conversion efficiency by optical pumping 
the structure in the vicinity of  Mie modes or composite resonances such as anapole or quasi bound state in the continuum 
[34, 35, 36, 37, 38, 39, 40]. These basic-physics achievements have further pushed the research towards more 
sophisticated realization. For instance, in [41] the design of an all-dielectric silicon metasurface is demonstrated, 
achieving wavefront control of the third-harmonic field and the generation of nonlinear vortex beams. The optimized 
metasurface produces phase gradients over the full (0-2π) phase range with a 92% diffraction efficiency. Reconfigurable 
and tunable nonlinear all-dielectric metasurfaces have also been recently reported. In this context, several tuning 
mechanisms have been studied implying the use of liquid crystals, thermo-optic and phase change materials [42, 43, 44, 
45].  New applications would greatly profit from high-speed tunable metadevices. Let us mention that in [46] the ultra-
fast modulation of the SHG from an isolated dielectric nanoantenna has been experimentally demonstrated by the photo-
injection of free carriers into the dielectrics by a control pulse, which induces sizeable permittivity variations at the band 
edge of the semiconductor. These changes finally imply an efficient ultrafast modulation of the SHG light. These works 
clearly point out the huge potential of all-dielectric resonant nanostructured surfaces for nonlinear nanophotonics and 
meta-optics for a broad class of sensing and telecom applications.  

Here, we report recent progress in the field of nonlinear nanophotonics with all-dielectric metadevices, from nonlinear 
harmonic generation and phase control to applications. This Chapter is organized as follows: in Section 2, we present the 
newest results concerning second-order processes. The focus is related to the dynamic SHG phase management in 
dielectric nano-devices with fully-optical control mechanism. This section also reports the study of DFG in AlGaAs 
nanodisk as a building block for the realization of optical-to-THz transceivers. This working-principal demonstration is 
completely transparent with respect to the information modulation. Hence, it represents a great advantage with respect to 
the state-of-art photoconductive antennas which require additional components for encoding/decoding the information. 
Instead, Section 3  is devoted to review the nonlinear effects based on third-order optical nonlinearities and high quality 
factor resonances in Si metasurfaces. A review about high-harmonic generation is presented in Section 4. Finally, in 
Section 5, we provide an outlook on future directions in this field. 
 

2. Second-Order Nonlinear All-Dielectric Nanostructures and Metasurfaces 
 

Among all nonlinear optical phenomena, harmonic generation is one of the most attracting for its promising 
applications in frequency conversion and imaging. In this section, we will focus on second-order nonlinear processes. Let 
us recall that linear optics provides a full picture of light–matter interaction only for the case of sources with weak 
intensity. Indeed, in the linear regime, the optical behavior of a medium is independent by the incident source intensity. 
When more powerful light excitations are adopted, the phenomenology of light–matter interaction becomes more 
complicated and the induced polarization component Pi must be expressed as: 

 
𝑃𝑃𝑖𝑖 = 𝜀𝜀0 ∑ 𝜒𝜒𝑖𝑖𝑖𝑖

(1)
𝑗𝑗 (𝜔𝜔)𝐸𝐸𝑗𝑗(𝜔𝜔) + 𝜀𝜀0 ∑ 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖

(2)
𝑗𝑗𝑗𝑗 (2𝜔𝜔;𝜔𝜔 ,𝜔𝜔)𝐸𝐸𝑗𝑗(𝜔𝜔)𝐸𝐸𝑘𝑘(𝜔𝜔) + 𝜀𝜀0 ∑ 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(3)
𝑗𝑗𝑗𝑗𝑗𝑗 (3𝜔𝜔;  𝜔𝜔,𝜔𝜔,𝜔𝜔)𝐸𝐸𝑗𝑗(𝜔𝜔)𝐸𝐸𝑘𝑘(𝜔𝜔)𝐸𝐸𝑙𝑙(𝜔𝜔) + ⋯                    (1)                                                                                          

 
where the first term in equation (1) represents the linear polarization which is responsible for linear optical phenomena. 
𝜒𝜒𝑖𝑖𝑖𝑖

(1) is the linear optical susceptibility tensor of the medium, 𝜀𝜀0 is the vacuum permittivity while ijk represent the Cartesian 
coordinates. Instead, the other terms refer to the nonlinear part of the polarization and can be represented as a power-
series expansion in the electric field E. The quantities χijk

(2) and χijkl
(3) are called the second- and third-order nonlinear 

optical susceptibility tensor, respectively.  
Concerning SHG, the most common materials used for the fabrication of Second Harmonic (SH) metasurfaces are 

GaAs and AlGaAs mainly because of their high χ(2) [47]. Let us recall here that in dielectric nano-elements the 
electromagnetic radiation can penetrate inside their volume and can therefore excite different types of resonances 
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supported by the dielectric [48]. Indeed, all-dielectric subwavelength structures can resonantly interact with the incident 
radiation through the excitation of both electric and magnetic Mie-type resonances. SHG efficiencies larger than 10−3 
have been theoretically predicted for a free-standing AlGaAs cylindrical resonator [35] if the latter is surrounded by a 
homogeneous background (i.e., assumed to be air) and the excitation wavelength - assumed to be plane wave linearly 
polarized - is in the third communication window. More precisely, for the first time in [35] a theoretical analysis of the 
optical nonlinear response generated from volume χ(2) nonlinearity in AlGaAs nanodisks has been reported. The dielectric 
nanodisk is excited around its magnetic dipolar resonance because it represents the multipolar contribution with the 
strongest scattering efficiency in the considered frequency range being well excited by the source of excitation.  In fact, 
a high scattering efficiency implies a good coupling between the pump beam and the nanodisk mode. This enhances the 
nonlinear optical response achievable from these nanoantennas as demonstrated in [35]. The reported SHG efficiency is 
orders of magnitude higher than in the state-of-art metallic structures for mainly two reasons: i) the nonlinearities are 
related to the bulk and not on the surface as in the plasmonic case; ii) AlGaAs exhibits negligible losses in the near-
infrared, being free from Two-Photons Absorption operation at the pump wavelength.  This pioneering work represents 
one of the first theoretical demonstration of the potential of all-dielectric platforms for achieving record high SHG 
efficiency with respect to the plasmonic counterpart, and it has been followed by numerous experimental validations 
which confirm the goodness of the proposed theoretical framework [49, 50, 51]. Many efforts have been dedicated to 
obtain even higher SH efficiency. For this purpose, different strategies have been proposed. For instance, the excitation 
of the anapole condition at the fundamental wavelength or dimer configuration have been studied [37, 36, 52]. In general, 
the scope of these approaches is to excite a mode that guarantees a larger field enhancement inside the dielectric bulk 
volume in order to finally reach a comparatively high conversion efficiency.  

Indeed, the enhancement of SHG conversion efficiency can be achieved by increasing the coupling between the pump 
beam and the nanoresonator mode and, independently, by increasing the nanodisk quality factor Q at the fundamental 
wavelength [34]. More precisely, it can be shown that the total intensity enhancement inside a nanoparticle is proportional 
to the product of the so-called coupling efficiency and the resonant response of the resonator.  Despite it is hard to couple 
the incident energy into the resonator with high Q factor (the coupling efficiency of the incident energy to the resonator 
is proportional to Q−1), in the SHG process the resonant enhancement dominates (because the resonant response of the 
resonator can be estimated to be proportional to Q2) so that the total intensity enhancement of the field inside the resonator 
grows linearly with the Q factor. Therefore, the larger finite Q factor of the mode at the fundamental frequency, the higher 
values of the SHG efficiency are achieved [34].  On the other hand, when considering structures supporting optical 
resonances at both SH and pump frequencies, spectral and spatial mode overlap play an important role.  While spectral 
overlap can be improved by tuning pump and SH frequencies to coincide with some of nanodisk eigenfrequencies, the 
spatial overlap involves the mode matching of pump and induced SH polarization fields. 

Recently, the concept of Bound state In the Continuum (BIC) has been exploited in dielectric metasurfaces to reach 
extremely high Q-factor of the mode at the pump wavelength and therefore enhance the nonlinear response of dielectric 
metasurface [53, 54, 55]. In general, a BIC refers to physical states with intrinsic zero dissipation losses even if they lay 
in the continuous energy spectrum [56, 57, 58]. An extended discussion concerning BIC and nonlinearity is discussed in 
Section 3 of this Chapter where an example of a Si metasurface based on the BIC concept is suggested for controlling the 
THG circular dichroism.  

Although considerable attention has been dedicated to the maximization of the nonlinear efficiency, at the same time, 
strong efforts have been done concerning nonlinear tunability coming from dielectric metasurfaces [59, 60, 45]. Liquid 
crystal, phase change materials and free electrons effects are only few of the different physical mechanism that can be 
used to obtain a temporal variation of the nonlinear optical response of a nanoresonator or a metasurface [61]. In this 
respect, thermo-optics has also become attractive for the reconfigurable control of the SHG in all-dielectric resonators. In 
[44] a remarkable SH amplitude modulation up to 60% is reached for a moderate temperature increase of about 40 K by 
heating AlGaAs nanopillars with an additional control beam in the dielectric absorption range that changes the refractive 
index of the radiating elements and, as consequence, the SH efficiency. This sizable SH modulation in terms of nonlinear 
harmonic amplitude has further motivated the interest to discover thermo-optical strategies for getting access to the 
nonlinear phase. This is beneficial in view of the realization of SH beam steering metasurfaces that are all-optically 
controlled.  

A possible approach is given in [42] where Al0.18Ga0.82As meta-atoms with the shape of  ‘nano-chairs’ are theoretically 
analyzed. The structure is concurrently excited by a fundamental pump in the NIR and by a control signal, CS, in the 
AlGaAs absorption region. Briefly, when the CS is activated, the permittivity felt by the SHG is modified, resulting, for 
an incident intensity range (75-375 kW/cm2), in a modification of the phase of the SH emission. Fig. 1 reports a sketch 
of the optimized structure. This particular resonator shape is selected because of the SH emission properties when the 
structure is excited with normally incident plane wave. In particular, the nano-chair breaks the field symmetry inside the 
dielectric volume and induces SH nonlinear currents with a symmetry which is compatible with modes radiating along 
the vertical direction [62]. The considered nano-chairs have an elliptical base with semi-axes a = 260 nm, b = 200 nm and 
two-thirds of the total volume with height h (400 nm) and the remaining part with height h/2, see the inset of Fig. 1(a).  

 



 
Figure 1. (a) The scattered and absorbed powers as a function of the incident wavelength for the optimized nano-chair. The red 
highlighted area corresponds to the wavelength of the control signal where a maximum of absorption is achieved. The fundamental 
and second harmonic wavelengths are marked with the green and yellow columns, respectively. The inset represents a sketch of the 
proposed meta-unit. (b) The associated power dissipation per unit volume at 𝜆𝜆 = 550 nm, 𝐼𝐼0 = 200 kW/cm2. (c) Map of the temperature 
increase distribution, Δ𝑇𝑇, for 𝜆𝜆 = 550 nm, 𝐼𝐼0 = 200 kW/cm2. Adapted with permission from [42] © The Optical Society. 
 

The structures are supposed to be layered over a sapphire substrate, to mimic a realistic fabrication scenario, as the 
one reported in [63]. In the Finite Element Method calculation performed with Comsol Multiphysics, the pump is assumed 
to be a plane wave linearly polarized along the y axis with an intensity equal to 1 GW/cm2 and a wavelength of 1540 nm. 
The CS is also modeled as a plane wave y-polarized with a wavelength of 550 nm, that is in the AlGaAs absorption region. 
Importantly, the geometrical parameters of the nano-chairs are designed to obtain scattering resonances at either the pump 
and SH emission wavelength together with a peak of absorption at 550 nm, as shown in Fig. 1. This guarantee twofold 
advantages: on one side, a spectral overlap between the mode at the fundamental and SH wavelength enhances the total 
SH efficiency; on the other side, the absorption peak at the wavelength of the control pump increases the thermo-optical 
responses by amplifying the temperature reached inside the dielectric and, as a consequence, the permittivity variation at 
the SH. By increasing the CS intensity, the nano-chair dissipates higher power, see Figs. 1(b) and (c). Notably, the power 
dissipation is high in the upper part of the nano-chair because both AlGaAs and sapphire have high thermal conductivities 
(respectively equal to 15 and 30 W/(m·K)) which favor the heat diffusion into the substrate. This implies that the 
maximum temperature occurs in the top portion of the nano-resonator, see Fig. 1(c). For instance, a temperature 
enhancement of about 75° C is reached for a CS intensity equal to 200 kW/cm2. Thermo-optical simulations confirm that 
the steady-state temperature is reached at roughly 100 ns after the CS is switched on and about 100 ns are necessary to 
restore the initial temperature condition, T0, after the CS is turned off. The thermal dependence of the AlGaAs refractive 
index, n, is described by the following equation: 

 
                                                          𝑛𝑛(𝑇𝑇, 𝜆𝜆, 𝑟𝑟) = 𝑛𝑛(𝑇𝑇0) + 𝛼𝛼(𝜆𝜆)[𝑇𝑇(𝑟𝑟) − 𝑇𝑇0]                                                              (2) 

 
where α represents the thermo-optic coefficient while T is the temperature achieved in the AlGaAs volume at the spatial 
position r after the CS is switched on. The estimation of α can be found in [64, 44] and it is important to notice that around 
the SH wavelength (i.e., 770 nm), the value of α is of the order of 4·10−3 [r.i.u./K, whereas at the fundamental one (i.e. 
1540 nm) is about 10−4 r.i.u./K. The latter is a crucial observation which simplifies the proposed model by neglecting the 
refractive index variation at the fundamental frequency. Thus, in the performed nonlinear simulation, the temperature 
increase given by the CS affects only the refractive index at the SH. Different CS intensities are considered from 0 
(absence of control excitation) to 375 kW/cm2. In this range, the emitted SH radiation presents a maximum along the 
vertical direction towards the sapphire substrate and it is mainly y-polarized. Fig. 2(a) elucidates the obtained results in 
terms of SH amplitude and phase. We stress that, for the considered scenario, the emitted SH light presents an amplitude 
field distribution with small amplitude variation but at the same time, an SH phase shift of about 2 rad. Hence, the 
nonlinear SH mode excited in the dielectric is designed to tune the electric field phase in the far-field while maintaining 
a central emission lobe with small amplitude variation, see Figs. 2(b) and (c).  
 



Figure 2. (a) SH Electric field (𝑦𝑦-component) module, |EySHG|, (left axis, black curve) and phase, ∡E𝑦𝑦SHG, (right axis, red curve) as 
functions of the CW irradiance for the optimized nano-chair as a function of the control signal intensity, I0. The fields are calculated 
along the normal direction in the far-field. (b) The normalized radiation diagram of the SH electric field (𝑦𝑦 component) for different 
values of 𝐼𝐼0. The main transmitted lobe is displayed. (c) The 3-dimensional total SH far-field emission for 𝐼𝐼0 = 200 kW/cm2. Adapted 
with permission from [42] © The Optical Society. 
 
 
The reported SH behavior can be used as a look-up table for the realization of a tunable device. Indeed, in the case of 
closely-packed nano-chairs, by using an amplitude mask for the CS, one can calibrate the incident excitation intensity 
delivered to each resonator in order to tune the individual SH phases. When the proper phases are selected, a nonlinear 
beam steering platform is achieved. As a possible example of this concept, let us study the case of 4 identical nano-chairs 
(aligned along the x axis, see Fig. 3) with a distance in between of 0.9 μm to reduce possible inter-coupling effects. Fig. 
3(b) shows a possible solution for the CS intensity, I0, in which the phase shift between the nano-chairs is kept constant, 
and equal to 0.66 rad. In Fig. 3(c) the calculated SH emission pattern is displayed for the designed supercell of 4 nano-
elements for two different CS excitation conditions: the gray curve is the SH emission through the substrate when the CS 
intensity is increased from left to right (that is the SH phase shift between the nano-chair is positive) whereas the magenta 
line corresponds to the nonlinear emission in the case the CS intensity is increased from right to left (i.e. negative SH 
phase shift). For the designed meta-device, an SH steering angle of about 8° with a Full-Width-Half-Maximum of the 
principal lobe of 11° is theoretically demonstrated.  

Figure 3. (a) Sketch of the designed dielectric device; the tunable SH steering mechanism is highlighted. The SH emission can be tilted 
by changing the spatial temperature profile inside each nano-chair that composed the metastructure. (b) The amplitude (left axis, blue 
curve) and phase (right axis, orange curve) of the SH electric field (𝑦𝑦-component) for the selected 4 nano-chairs, as functions of the 
control signal intensity, I0. Top: map of the temperature enhancement in each meta-unit. (c) The radiation diagrams for the SH array 
emission (y-component) transmitted in the substrate. The gray (magenta) curve corresponds to the optimized metasurface with 
I0 increasing from left to right (from right to left). Adapted with permission from [42] © The Optical Society. 
 
 

SHG is not the only second-order phenomenon studied so far in dielectric metasurfaces. Recently, SFG has gained an 
increasing attention [65, 66] and the experimentally demonstration of the nonlinear conversion of an image from the 
infrared to the visible has been successfully proved, by opening new routes for ultra-compact night vision systems [67].  



However, in the following, we focus on another useful χ(2)-mediated nonlinear process, that can be successfully 
exploited in dielectric platforms, which is the DFG [68, 69, 70, 71, 72, 73]. Very recently, vibrant consideration is reserved 
to this harmonic generation process to develop optical-to-THz converters. The ‘terahertz gap’ has a frequency from 0.3 
THz to 30 THz in the electromagnetic spectrum [74, 75]. Importantly, the THz waves are invisible to naked eye but, 
differently from e.g. X-rays, they are intimately safe, non-invasive and non-destructive [76]. Hence, THz technologies 
can find applications in many fields including industrial product inspection, medical imaging diagnostics and materials 
characterization [77, 78, 79]. Nowadays, the most widely employed techniques to generate THz radiation are the 
photoconductive method [80] and the optical rectification (OR) [81] [81, 82]  [83]. Recently, the illumination of plasmonic 
metasurfaces with NIR femtosecond laser pulses has been demonstrated as a promising strategy for generating broadband 
THz pulses with an OR process, the broken symmetry at the metal surface playing a key role in the light conversion 
mechanism [84]. However, despite very precise control of the THz signal spatio-temporal features, the nonlinear 
conversion efficiency of nanoscale metallic metasurfaces is still lower in comparison with photoconductive antennas. In 
[85]  it has been measured a THz conversion efficiency as large as that of 0.1 mm thick zinc telluride crystal for a 40 nm 
thin metasurface based on plasmonic split-ring resonators pumped with femtosecond pump laser. All these reasons have 
further pushed the study of DFG in dielectric devices. In the following, we deeply discuss an example of THz-photonics 
transceivers by all-dielectric nonlinear nanoantennas. In more details, we report a theoretical study in which the 
information-carrying signal at the optical frequencies is down-converted into the THz range by means of a NIR pump 
beam [86]. The peak efficiency of the DFG involved process is 8 orders of magnitude higher than in the state-of-art 
plasmonic counterpart around 10 THz. Additionally, the presented approach is fully transparent with respect to the 
information modulation type. In other words, a NIR pump beam (at ω1) is mixed through DFG process with the 
information signal (at ω2) in order to convert the latter into the THz band (at ω3 = ω2 - ω1). Importantly, by varying the 
pump frequency, it is possible to translate the information in the full THz band by a direct conversion into the generated 
THz wave without any auxiliar components. 

Let us consider a nanodisk antenna made of AlGaAs in air. The choice of this crystal is mainly dictated by the already 
discussed peculiarities which include low dissipative losses in the optical range, high refractive index, well-known 
fabrication steps and large χ(2). In the numerical simulation performed in Comsol Multiphysics, the dielectric resonator is 
assumed to be placed in a homogenous background (i.e. air) with a radius of 200 nm and height of 400 nm. These 
geometrical dimensions guarantee the excitation of the magnetic dipolar resonance around the third communication 
window. Two plane waves with wavelength λ1 and λ2 excite the nanodisk at normal incidence and with linear polarization  
at 45° with respect to the x and y axes, as sketched in Fig. 4(a). The light at λ1 mimics the pump whereas the incident light 
at λ2 logically represents the information signal to be down converted. In the simulation, λ2 is fixed to 1550 nm, whereas 
the pump wavelength is varying from 1680 nm to 1550 nm. In this way, it is possible to shift the information in the THz 
range via DFG process of the two spectrally closed incident beams. For simplicity, the bandwidth of the information 
around ω2 is neglected. Fig. 4(b) reports the multipolar decomposition of the linear scattering from the AlGaAs 
nanoantenna.  

Figure 4. (a) Sketch of the proposed structure: an AlGaAs nanodisk with radius r = 200 nm, and height h = 400 nm is normally excited 
by two plane waves in the near-infrared region, ω1 and ω2, and it generates through the bulk χ(2) the nonlinear DFG signal at ω3. (b) 
Scattering cross section decomposed in the multipolar contributions: electric (a1), magnetic (b1) dipole and electric (a2), magnetic (b2) 
quadrupole components, respectively. The orange bar highlights the spectral range containing the wavelengths of the input beams: ω1 
and ω2. The inset shows the electric field enhancement inside the nanodisk at the magnetic dipolar resonance. The field is displayed in 
a plane, (zx′ ), forming 45° with respect to the x and y Cartesian axes. The red arrows represent the circulating electric field. Adapted 
from [86]. 

 



The AlGaAs permittivity in the THz is estimated by applying the Forouhi-Bloomer dispersion relation [87] by fitting 
it with the Levenberg-Marquardt method in order to better extrapolate the complex permittivity in the desired THz range 
from the empirical data reported in [88, 89]. 

Figure 5. (a)-(b) AlGaAs complex permittivity in the range 4-14 THz. The plots elucidate the comparison between the experimental 
data (blue line) and the F-B model (red line) implemented in the simulation. (c) Linear extinction cross-section normalized to the 
nanodisk area estimated from quasi-static formulas. The resonance frequencies of the localized phonon-polaritons are marked by 
vertical green dashed lines. (d) AlGaAs second-order susceptibility. The magenta curve represents the χ(2) electronic contribution. 
Adapted from [86]. 

 
Figs. 5(a) and (b) display the obtained complex AlGaAs permittivity from 4 to 14 THz and the goodness of the 

agreement between the proposed theoretical dispersion model and the available experimental data. The permittivity shows 
two main resonances around 8.004 and 10.809 THz that are respectively attributable to the transverse optical phonon 
modes of AlAs and GaAs [90]. Close to these peaks, a negative real part of the permittivity is noticed. The latter is 
responsible of the excitation of localized surface photon-polaritons (SPhP) that are responsible for the resonant behavior 
of the linear extinction efficiency visible in Fig. 5(c), which is numerically computed via quasi-static formulas for 
spherical resonators [91]. The dashed green lines in Fig. 5 indicate the two SPhP extinction peaks which are slightly 
detuned with respect to the transverse optical phonon absorption peaks of AlGaAs, see for comparison Figs. 5(b) and (c). 
The nonlinear susceptibility in the THz region is calculated following the Faust-Henry model [92] and reads as follows: 

 

                                                    𝜒𝜒(2)(𝜔𝜔3;𝜔𝜔2,−𝜔𝜔1) = 𝜒𝜒𝐸𝐸
(2)�𝜔𝜔1,2� + ∑ 𝜔𝜔�𝑝𝑝2𝐶𝐶𝑝𝑝𝜒𝜒𝐸𝐸

(2)(𝜔𝜔1,2)
𝜔𝜔�𝑝𝑝2+𝑖𝑖Г𝑝𝑝𝜔𝜔3−𝜔𝜔3

2
𝑀𝑀
𝑝𝑝=1                                              (3) 

 
where 𝜒𝜒𝐸𝐸

(2)�𝜔𝜔1,2� is the purely electronic contribution at the NIR frequencies, 𝜔𝜔�𝑝𝑝 is the angular frequency of the transverse 
optical phonon resonance, Г𝑝𝑝~0.01𝜔𝜔�𝑝𝑝 is the phenomenological damping factor while 𝐶𝐶𝑝𝑝 represents the dimensionless 
Faust-Henry coefficient. For AlGaAs, M=2 because it has two transverse phonon modes, while the following constants 
have been set: 𝜒𝜒𝐸𝐸

(2)�𝜔𝜔1,2� = 200 pm/V, C1 = −0.59 and C2 = −0.37 (Forouhi-Bloomer (F-B) dispersion relations). The 
module of the obtained 𝜒𝜒(2)is reported in Fig. 5(d) where two transverse optical phononic features can be identified. Once 
all the optical properties of AlGaAs are defined in the optical and THz range, the simulations at ω3 have been performed 
by imposing the nonlinear current Ji as the source for the THz emitted light, with Ji  given by the following expression: 
 
                                              𝐽𝐽𝑖𝑖(𝜔𝜔3) = −i𝜔𝜔32𝜀𝜀0 ∑ 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖

(2)
𝑗𝑗𝑗𝑗 (𝜔𝜔3;𝜔𝜔2,−𝜔𝜔1)(𝐸𝐸𝑗𝑗(𝜔𝜔2)𝐸𝐸𝑘𝑘∗(𝜔𝜔1) + 𝐸𝐸𝑘𝑘(𝜔𝜔2)𝐸𝐸𝑗𝑗∗(𝜔𝜔1))                        (4) 

 
where i ≠ j ≠ k are the Cartesian coordinates and E the electric field at the optical frequency. The efficiency, η, of the DFG 
process is defined as: 
 



                                                                  𝜂𝜂𝐷𝐷𝐷𝐷𝐷𝐷 =
𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟
𝜔𝜔3

𝑃𝑃𝑖𝑖∙𝑃𝑃𝑠𝑠
= ∬ 𝑆𝑆𝐷𝐷𝐷𝐷𝐷𝐷∙𝑛𝑛�⃗ 𝑑𝑑𝑑𝑑𝐵𝐵

(𝐼𝐼0𝜋𝜋𝑟𝑟2)2
                                                                                (5) 

 
 

 
Figure 6. (a) Conversion efficiency for THz light generated light via DFG in the proposed AlGaAs nanodisk, calculated from FEM 
numerical analysis (blue curve), and QST reduced model with (black curve) or without (red curve) the contribution from the transverse 
optical phonon permittivity. The inset displays the DFG far-field emission coming from the AlGaAs nanoantenna at 10.81 THz. (b) 
The negligible spectral distortion introduced by the proposed transceiver in the conversion of a hypothetical optical signal (top panel) 
in the infrared with a bandwidth of 160 GHz into a THz wave (bottom panel). Adapted from [9]. 
 
 
In the previous equation, 𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟

𝜔𝜔3  is the emitted power in the THz range, while Pi and Ps are the input powers of the 
information and pump beam, respectively. 𝑆𝑆𝐷𝐷𝐷𝐷𝐷𝐷  indicates the DFG Poyting vector, n is the unit vector normal to the 
surface B enclosing the AlGaAs resonator and r is the pillar radius. In the simulation, both the pump and the information 
signal intensities are equal to I0 =1 GW/cm2. The obtained ηDFG is reported in Fig. 6 in the range from 4 to 14 THz by 
fixing ω2 to 2π(193.41 THz) and varying ω1 to achieve ω3 in the selected THz range. It is possible to notice that ηDFG 

follows the dispersion trend of the 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖
(2)(𝜔𝜔3;𝜔𝜔2,−𝜔𝜔1) but additional features are observed. In detail, the conversion 

efficiency presents four peaks: two of them are spectrally located at the transverse optical phonon frequencies while the 
other two are in exact correspondence with the SPhP resonances of the AlGaAs nanodisk (see Fig. 5(c) for comparison). 
To further highlight the role of SPhPs, a quasi-static model of the THz generation process is developed and it relies on 
the presumption that the DFG efficiency is proportional to the Q-factors (Q1 and Q2) of the NIR modes interacting with 
the two incident beams at ω1 and ω2, to the module of the 𝜒𝜒(2) and to the quasi-static linear extinction cross-section σext. 
Following this approach, one can calculate the nonlinear conversion efficiency as: 
 
                                                                     𝜂𝜂𝐷𝐷𝐷𝐷𝐷𝐷

𝑄𝑄𝑄𝑄𝑄𝑄 = 𝐴𝐴𝑄𝑄1𝑄𝑄2𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒(𝜔𝜔3)|𝜒𝜒(2)(𝜔𝜔3)                                                               (6) 
 

In the previous semi-analytical formula, A is a fitting parameter. The frequency dependence of the 𝜂𝜂𝐷𝐷𝐷𝐷𝐷𝐷
𝑄𝑄𝑄𝑄𝑄𝑄  value obtained 

from Eq. (6) by considering Q1 = Q2 ~ 12, σext as in Fig. 5(c) and assuming A = 20 W-1m-2/(pm/V) is compared to the one 
obtained by FEM simulations performed in Comsol in Fig. 6(a) (black and blue curves, respectively). The key role of 
SPhP in the THz generation can be pinpointed by noticing that if, instead of the SPhP extinction spectrum of Fig. 5(c), 
one just takes into accounts only the non-resonant extinction from the Rayleigh background, the maximum DFG 
efficiency drops by two orders of magnitude, as shown by the red curve in Fig. 6(a). 

Importantly, the peak of ηDFG reaches the record value of about 2·10-7 W-1 at 10.81 THz. The nonlinear radiation 
pattern corresponds to the one from an electric point dipole oriented parallel to the nanodisk axis. Moreover, to prove the 
potential of the presented mechanism for efficient information conversion, a more realistic scenario in which the 
information signal has a finite bandwidth B around 1550 nm is considered. For instance, when B = 160 GHz the entire 
input bandwidth is converted with negligible distortion around 11 THz, see Fig. 6(b). 

Finally, let us compare the above results with the state-of-art gold split ring resonator as reported in [85]. For the 
metallic structure we calculate, through the hydrodynamic model [93, 94], a ηDFG  of about 10-15 W-1 around 8 THz. More 
specifically,  for a frequency of the generated signal larger than 4 THz, the ηDFG value for the AlGaAs resonator is between 
two and seven orders of magnitude larger than the one obtained for a split ring. Regarding instead the spectral region 
below 4 THz, the destructive interference between the ionic and electronic contribution to the AlGaAs χ(2)(ω3,ω2,−ω1) 
reduces the DFG efficiency in the crystal nanodisk to values comparable to the metallic split-ring resonator counterpart. 



However, even if the efficiency is similar to the plasmonic case, in such a spectral region, AlGaAs presents a higher 
damage threshold that can be used to achieve more output power, simply by using a more intense pump field. Therefore, 
these numerical results demonstrate that AlGaAs nanoantennas represent a profitable optical nonlinear nanostructure able 
of enriching the terahertz gap of the electromagnetic spectrum with peculiar opportunities for the realization of simple 
and compact dielectric metasurfaces as optical-to-THz transceivers.  

 
3. Third-Order Nonlinear All-Dielectric Nanostructures and Metasurfaces 

 
In this section, we report recent works related to the manipulation of the third harmonic signal coming from silicon 

metasurfaces. In particular, the platforms consist of geometrically optimized Si meta-atoms layered over a SiO2 substrate. 
We consider two different pump beam excitations for the molding of the nonlinear third order wave in the desired manner. 
In the following, circular polarization is used for achieving a near-unity THG circular dichroism in asymmetric silicon 
surfaces while oblique p or s polarization is adopted for controlling the TH diffraction orders. Let us define the optical 
Circular Dichroism (CD) as a quantity used to characterize how a structure interacts in a different way with respect to 
illumination with Left Circularly Polarized (LCP) and Right Circularly Polarized (RCP) light. The concept of CD is very 
relevant in many areas ranging from telecommunications to biochemistry where several optically active chiral molecules 
have been characterized and used for many applications. In general, an object is chiral if it is distinguishable from its 
mirror image, which means that it cannot be superimposed on it. The chirality is thus a necessary condition for achieving 
CD. Importantly, chiral molecules preferentially absorb one direction of the circularly polarized light, achieving 
measurable CD. Recently, this phenomenon has been replicated in artificial materials, and metasurfaces emerged as good 
candidates for obtaining giant CD in their reflectivity or transmittivity spectrum [96, 97, 98]. Rapidly, large CD effects 
have also been observed in the nonlinear optical properties of metal and dielectric metasurfaces by properly selecting 
resonances supported by specific meta-atoms geometries [99].  

Here, we discuss a numerical study in which an all-dielectric metasurface can either achieve an extremely high TH 
conversion efficiency (10-2 W-2) with a very strong dependence on the pump polarization, by exploiting the properties of 
BIC [100]. As described in  [101], the symmetry protected BIC are modes with infinite Q-factors which are preserved by 
the perfect symmetry of a periodic structure; since the radiation channels are not present, ideal BIC cannot couple with 
external radiations, thus limiting their use in practical situations. However, if the metasurface is perturbed by the 
introduction of a symmetry breaking, the ideal symmetry protected BIC evolved into a so-called quasi-BIC; that is a mode 
with very high Q-factor but no more infinite, thus accessible with an external source. Let us consider the metasurface 
depicted in Fig. 7(a), which is characterized by a unit cell composed of two silicon blocks deposited on top of silica 
substrate [100]. P represents the metasurface period (equal to 700 nm), W is the width (214 nm) while H the height (575 
nm) of each Si blocks with a distance in between equal to tgap (116 nm). This parameter choice guarantees the excitation 
of the BIC around the telecom wavelength.  L is the length of the longer block whereas the length of the other one is 
decreased by the factor αL with α being the asymmetry parameter (0 ≤ α ≤ 1). Initially, L is set at 600 nm.  

The calculation of the optical eigenmodes in the structures elucidates how the modes evolve by increasing α between 
0 and 0.35, see Fig. 7(b). In particular, the numerical predictions indicate that for  α = 0, there is a mode with Q-factor 
that diverges towards infinity. The internal electromagnetic field profile, Figs. 7(c) and (d), confirms that it is a symmetry-
protected BIC because each block supports a magnetic dipole mode with reversed momentum which leads in an odd-
symmetric y component of the electric field at the air-metasurface interface. Instead, for higher α value (0 < α ≤ 0.1) the 
ideal BIC moves into a quasi-BIC due to the aperture of a radiation channel to the free-space. Notably, for  α = 0.25, the 
Q-factor undergoes a local maximum: a so called accidental BIC is excited due to a simultaneous destructive interference 
of leakage waves [56, 102].  For α = 0.25 a Q-factor higher than 105 is achieved. Such a high value could be very promising 
for harmonic generation since, as demonstrated from temporal coupled-mode theory, the electric field enhancement inside 
the resonators scales linearly with the Q-factor.  



 

 
Figure 7. (a) Sketch of the proposed asymmetrical silicon metasurface indicating the relevant geometrical parameters and of the 
illumination scheme with LCP and RCP light. (b) Q-factor of the quasi-BIC as a function of the asymmetry parameter α. The full light 
blue (dashed purple) curve is derived from the eigenfrequency analysis (from fit of the reflectivity spectra with the Fano formula). (c) 
The normalized electric field magnitude inside the two Si blocks for α = 0. The black arrows represent the electric field vector. (d) 
Cross sectional view (over a plane parallel to the substrate-air interface and passing through the blocks centers) of the normalized 
magnetic field amplitude when α = 0. Reprinted figure with permission from [100]. Copyright 2022 by the American Physical Society. 
 

The quasi-BIC nature is furthermore inspected by numerically solving the linear electromagnetic scattering problem 
with full-vectorial numerical simulations in Comsol Multiphysics. The obtained spectra exhibit a pronounced Fano-like 
resonance close to the quasi-BIC wavelength (not shown here).  Again, the quasi-BIC with the higher Q-factor is reached 
for α ∼ 0.25. Hence, this choice of α guarantees an asymmetric metasurface, attaining a Fano resonance with strong 
electromagnetic field profile inside the dielectric material which represents a promising scenario for obtaining high 
nonlinear CD. 

Let us focus on the THG emission expected when the metasurface is respectively excited by LCP or RCP light for 
different values of the block length L.  In the following, we define CD as [103, 104]: 

 
                                                                            𝐶𝐶𝐶𝐶 = 𝑇𝑇𝐿𝐿𝐿𝐿𝐿𝐿−𝑇𝑇𝑅𝑅𝑅𝑅𝑅𝑅

𝑇𝑇𝐿𝐿𝐿𝐿𝐿𝐿+𝑇𝑇𝑅𝑅𝑅𝑅𝑅𝑅
                                                                                 (7) 

 
In the previous equation the letter T indicates a specific physical quantity depending on the phenomena to be analyzed. 
This definition is also proportional to the so-called dissymmetry factor when the absorption is taken into consideration 
[105]. The average intensity enhancement is instead defined as:  
 

                                                                              〈𝐼𝐼〉 = 1
𝑉𝑉 ∫

𝐼𝐼(𝑟𝑟)
𝐼𝐼0𝑉𝑉 𝑑𝑑𝑑𝑑                                                                             (8)                                 

 
where I(r) and I0 correspond to the local and the incident light intensity, while V represent the volume of the two silicon 
blocks. Since TH emission is proportional to I3, a strong dissymmetry factor related to <I> may translate into a large CD 
of the THG light. Fig. 8(a) displays the obtained CD in terms of <I> and reflectivity, R, as a function of L and wavelength. 
The CD peaks of <I> are associated with the excitation of the quasi-BIC mode in the metasurface and it is possible to 
identity two maxima when L = 540 nm and L = 600 nm, respectively. The numerical simulations indicate that the quasi-
BIC is greatly excited by RCP pump and poorly by the LCP one as is reported by the plots of the electric field enhancement 
inside the Si blocks for the two considered incident polarizations shown in Fig. 8(c). For the sake of completeness, Fig. 
8(b) display the CD for R. Interestingly, for L = 540 nm the reflectivity CD is high as well (~ 0.8), on the other hand for 
the case of L = 600 a very small reflectivity CD is obtained. Thus, the CD of the average intensity enhancement and of 
the reflectivity can be tuned almost independently by varying L. 
 

 



 
Figure 8. (a) Average intensity enhancement CD as a function of block length (vertical axis) and wavelength (horizontal axis). The 
calculated eigenmodes are reported as white lines, whereas the quasi-BIC is indicated by the green curve. Horizontal cyan and magenta 
dashed lines highlight L = 540 nm and L = 600 nm, respectively. (b) Same as (a), but for the reflectivity CD. (c) Intensity enhancement 
in the two Si blocks at the quasi-BIC wavelength for LCP (top row) and RCP (bottom row) pump and for L = 540 nm (left column) 
and L = 600 nm (right column). Reprinted figure with permission from [100]. Copyright 2022 by the American Physical Society. 

 
All these numerical calculations are performed by looking at the linear properties of the proposed metasurfaces. 

Moreover, the full-vectorial simulations are used also to simulate the nonlinear emission in the case of undepleted pump. 
In this scenario, the first parameter to evaluate is the THG efficiency, η, in order to finally achieve a platform with efficient 
nonlinear CD. Here, we define  η = PTHG/P0

3, where PTHG is the total emitted power at 3ω and P0 is the incident pump 
power. The nonlinear predictions, performed as a function of the wavelength for the two selected structures (i.e. L = 540 
nm and L = 600 nm), confirm that η is maximum in proximity to the quasi-BIC wavelength independently from the 
incident light handedness. For the optimized structures, η reaches the value of about 10-2 W-2 which is near to what 
obtained in hybrid and plasmonic nanodevices [106] and higher than the state-of-art observations in full dielectric devices 
[53]. We focused on the TH light radiated into the (0,0) diffraction order, which is normally emitted with respect to the 
metasurface plane. For this diffraction order, it is possible to calculate the TH circularly polarization-dependent efficiency 
as η(0,0)

RCP = P(0,0)
RCP /P0 or η(0,0) LCP = P(0,0) LCP /P0 for right-hand (RCP) or left-hand (LCP) polarized light, respectively. 

P(0,0)
RCP and P(0,0)

LCP represent the emitted power with RCP or LCP polarization. Fig. 9 summarize the obtained results in 
terms of η(0,0)

RCP and η(0,0)
LCP. A huge variation between the nonlinear response, both for η(0,0) RCP and η(0,0) LCP, is observed 

by switching the input polarization from RCP to LCP, leading to a CD of the THG close to -1 (> 99.9%) [100].  
A step forward into the control of the nonlinear wavefront has been recently theoretically and experimentally proved 

by deriving an intuitive framework to predict the polarization of the individual TH diffraction orders from silicon 
metasurfaces [107, 108].  

As an example, let us consider a Si metasurface where the unitary cell is composed by rectangular cuboids with height 
(h) of 125 nm, width (w) equal to 428 nm and length (l) of 942 nm [107]. The fabricated periodicities (Px and Py) are 
poorly different for the two orthogonal repetition directions and are equal to 1065 along the x axis and 1060 nm towards 
the y axis, see Fig. 10. As the previous structure, the substrate is made of SiO2 as highlight in Fig. 10 where a Scanning 
Electron Microscope (SEM) image of the fabricated surface and a sketch of the experiment are reported. The platform is 
fabricated through e-beam lithography process. The theoretical spatial period of the through-notches is designed to fulfill 
the momentum conservation between a normally incident input plane wave and in-plane modes. Inevitable variations 
of the propagation wave vector of the mode due to fabrication tolerance can be matched by changing the wavelength or 
the incident angle of the impinging wave. Here, the input pump is assumed to be an oblique plane wave with  p or s 
polarized light with an angle of incidence, θ, which is varying from 0° to 40° while the pump wavelength is fixed to 1554 
nm. Therefore, it is reported the design of a waveguide-like device with a channel for the light coupling with different 
quality factors as a function on the excitation condition.  

 



 
Figure 9. (a) η(0,0)RCP and (c) ηLCP (left axis, black) as a function of the pump wavelength for LCP (dashed line) and RCP (full line) 
light. The green line (right axis) indicates the nonlinear THG CD. The block length is 540 nm. Panels (b) and (d) are the same as (a) 
and (c), respectively, but with block length L = 600 nm. Reprinted figure with permission from [100]. Copyright 2022 by the American 
Physical Society. 

 
Figs. 10(c) and (d) reports the linear numerical predictions in terms of reflectivity as a function of the θ and wavelength 

for the two considered polarizations as sketched in the insets. For p polarized light, panel (c), a narrow resonance with a 
high Q-factor (equal to 399) is observed. The resonance performs a blue-shift when θ is increased. Differently, when the  
pump is s polarized, panel (d), a low-Q resonance (~ 29) which corresponds to a magnetic dipole mode is excited.   

 

 
 

Figure 10. (a) Sketch of the experiments and of the electric field distribution inside the meta-atom for normal incident light showing a 
magnetic quadrupole resonance at the fundamental wavelength. The unitary cell is constituted by a silicon cuboid placed over 
SiO2 substrate. (b) SEM image of the fabricated silicon metasurface. (c) Simulated reflectance for 𝑝𝑝 incident light polarization as a 



function of the wavelength and the incidence angle 𝜗𝜗. The dashed white lines delimit the pump FWHM bandwidth used in the 
experiments (1554±8 nm). (d) Same as (c) for s incident polarization. Adapted with permission from [107] © The Optical Society. 
 

The TH emission is further investigated and compared with  nonlinear simulation. A good agreement can be observed 
in Fig. 11 where the measured intensities from different diffraction orders are compared to the calculated ones for s and 
p incident light as a function of the analyzer angle. The plots refer to the incident angle which leads to the maximum THG 
that is 41° for p-polarized light and 14° for the other polarization. A systematic mismatch regarding these resonant angles 
with respect to the numerical predicted ones is of the order of 10° and it is probably due to geometrical defects of the 
fabricated sample and uncertainty of the experimental incident angle. More interestingly, to reveal the nature of the diverse 
polarization observed for different diffraction orders, a cartesian multipolar decomposition of TH field supported by each 
single meta-atom is performed, see Figs. 12(c) and (d). The harmonic emission is dominated by electric and magnetic 
dipoles (ED, MD) and quadrupoles (EQ, MQ). In details, for p-polarized light, the THG is associated with a MQ for all 
the incident angles while for the other input polarization the MQ contribution is the most excited only for small angle 
and, in correspondence to the peak of THG efficiency, the MD is predominant. This decomposition highlights that, for 
the angle that maximizes the THG intensity, for both incident polarizations considered conditions, the TH field can be 
described in terms of a single cartesian contribution. At this stage, it is trivial to predict the diffraction orders polarization 
since, in the far-field region, the total electromagnetic field emitted by the metasurface, Et

3ω, is proportional to the far-
field scattered by the single meta-atom, Es

3ω. In particular, we can write that: 
 
                                                                       𝐸𝐸�⃗ 𝑡𝑡3𝜔𝜔 =  𝐸𝐸�⃗ 𝑠𝑠3𝜔𝜔𝐴𝐴𝐴𝐴(𝑃𝑃, 3𝜔𝜔)                                                                                  (9) 
 

where AF is the array factor: a geometrical function related to the period P of the metasurface and to the working 
frequency (3ω). This expression can be derived by considering each meta-atoms as a nanoantenna that scatters light 
according to its multipolar decomposition, whereas the spatial distribution of the diffraction orders is determined by the 
AF, see Figs. 11(e) and (f). These results allow one to tune the polarization of the nonlinear diffraction orders in the 
desired way by tailoring the multipolar contributions of the meta-atoms that composed the metasurface. The goodness of 
this framework can be appreciated in Figs. 12(a) and (b) where the measured polarization of the TH diffraction orders 
perfectly matches with the theoretical predictions calculated by applying Eq. (9). Hence, the presented model can be 
applied for all the metasurfaces in which the nonlinear radiated field from the single meta-atom is resolved. 

Figure 11. Simulated (full curve) and experimental (dashed line) polarization-resolved TH power excited at the angle with maximum 
THG for p (a) and s (b) polarization as a function of the polarizer angle ϕ with respect to x-axis. The vertical black arrows indicate the 
incident pump polarization. (c,d) Cartesian multipolar decomposition for incident p and s polarization, respectively as a function of the 
incidence angle. ED: Electric Dipole, MD: Magnetic Dipole, EQ: Electric Quadrupole, MQ: Magnetic Quadrupole. (e) Sketch of the 
electric far field distribution of the magnetic quadrupole contribution for p-polarized pump light. (f) Sketch of the electric far field 
distribution of the magnetic dipolar contribution for s-polarized pump light. Adapted with permission from [107] © The Optical 
Society. 

 
4. High-Order Nonlinear All-Dielectric Nanostructures and Metasurfaces 

Among various high-order nonlinearities, one of the most actively studied effects is high-harmonic generation (HHG), 
which was observed in plasma in 1977 as the generation of optical harmonics up to the 11th order [109]. For a long time, 



the field has been dominated by gas-based systems [110], where tunneling ionization by ultra-strong laser fields exceeds 
the field of electrons binding to the nuclei [111, 112]. Since then, HHG has found applications for sources of soft X-rays 
and extreme UV [113, 114], for generation of attosecond pulses [115] and for all-optical atomic-scale measurements. 
However, high ionization intensity thresholds, inversion symmetry preventing even harmonics generation, and high-cost 
infrastructure requirements imposed by gas chambers present challenges to the development of compact energy-efficient 
sources of broadband HHG, limiting applicability of gas-based approaches. More recently, HHG from solids was 
demonstrated [116], revealing rich new physics [117] and offering much more compact systems, being an attractive 
alternative for tabletop HHG sources [118]. Nevertheless, standard approaches for HHG employing bulk crystals fail to 
simultaneously achieve high conversion efficiencies and broad spectral bandwidth, because of harmful harmonics 
reabsorption and phase mismatch. In dielectrics and semiconductors, the transition to the non-perturbative nonlinear 
response occurs when the momentum gained from the laser electric field over a single period exceeds the size of the 
Brillouin zone of a crystal. This condition is expressed as [117]: 

                                                                                  β = ω𝐵𝐵
2ω

= 𝑎𝑎𝑒𝑒E
2ħω

> 1                                                                        (10) 

where ωB is the Bloch oscillation frequency, e is an elementary charge, a is a crystalline period, ω is the laser 
frequency, ℏ is the reduced Planck’s constant, and E is the optical field. Simultaneously, the injection of free carriers into 
the conduction zone takes place. The rate of free carrier generation is determined by the transition of electrons to the 
conduction band of the material via tunneling or multi-photon absorption processes. It can be evaluated by using the 
quantitative model, originally proposed in [119] and later generalized in [120]. An important parameter for describing the 
strong field ionization is the so-called Keldysh parameter γ, providing the following condition for tunnel regime of 
ionization: 

                                                                             1γ= 𝑒𝑒E

ω �𝑚𝑚/Δ
> 1                                                                  (11) 

where ∆ is the direct band gap, m is the reduced mass of the effective electron and hole masses. As a result, efficient non-
perturbative HHG requires fulfilling the conditions from Eq.(10) and (11), which is the case for high enough intensities 
of mid-IR laser pulses. Moreover, local field intensity can be enhanced dramatically by means of nanophotonics. One of 
the main challenges in realizing functional devices for strong-field photonics is that the nonlinear response for most solids 
is still relatively weak when the excitation photon energy is much smaller than the bandgap, which is the case of HHG 
experiments [121, 122, 123]. On one hand, phase matching is difficult for above-gap harmonics, because the attenuation 
length for high harmonics is typically much shorter than the coherence length, due to strong absorption [121]. On the 
other hand, a promising solution is to enhance the driving electric field with nanostructures on a surface [124, 125, 126, 
127]. Plasmon-enhanced HHG was demonstrated with metallic nanoantennas deposited on silicon [124] and sapphire 
[125]. However, the damage threshold for the plasmonic-based metal structures is extremely sensitive to the fabrication 
quality and the high degree of confinement in the vicinity of sharp features (e.g., around edges or corners) significantly 
limits the performance. In turn, an all-dielectric metasurface that hosts an optical resonance provides a promising solution 
to this issue - see illustration in Fig. 12(a). In the work of Liu et al. [128], Electromagnetically Induced Transparency 
(EIT) in silicon metasurface was employed to greatly enhance nonlinear light–matter interactions in the spectral region 
of the resonance. In their work, they reported enhanced high harmonics from an all-dielectric Si metasurface on a sapphire 
substrate comprising optically resonant dielectric nanostructures similar to the work [126]. They observed that the high 
harmonic emission can be enhanced by more than two orders of magnitude compared to unpatterned samples. Also, the 
enhanced high harmonics are highly anisotropic with respect to the excitation polarization and are selective by the 
excitation wavelength due to its resonant features. Nevertheless, there are several challenges to achieving highly efficient 
HHG in the strong-field regime assisted by spectrally selective metasurfaces, which should be solved at the next steps. 
First, narrow- and moderate-bandgap semiconductors, with bandgap energies Δ that are not much larger than the laser 
photon energy ℏω, are damaged at moderate laser fluences due to multi-photon absorption followed by rapid Free-Carrier 
(FC) generation and recombination. Moreover, the overabundance of FCs can drastically reduce the Q-factor of a resonant 
metasurface, thereby defeating its key purpose: the creation of resonantly driven optical hotspots. Finally, only a subset 
of harmonics (odd) can be produced by centrosymmetric materials. In order to solve the latter challenge, in work [129], 
the authors fabricated an ultrathin (≈0.1λ, where λ = 3.95 μm) resonant metasurface based on a transparent, high-index, 
wide-bandgap semiconductor: gallium phosphide (GaP) [130, 131, 132], as shown in Fig. 12(b). The combination of high 
refractive index (n≈3) and mid-IR transparency enables highly localized hotspots of the electromagnetic field inside GaP-
based metasurfaces. The large electronic bandgap (Δ=2.78eV≫ℏω) of GaP drastically reduces multi-photon absorption 
of mid-IR light and prevents visible HHG reabsorption. Finally, the non-centrosymmetric zincblende crystal structure of 
GaP enables generation of even-order harmonics from the bulk. The key challenge addressed by this work is finding the 



appropriate photonic platform for entering this new regime without producing large numbers of free carriers that can shift 

and dampen the metasurface resonance. This selection of the laser wavelength and the underlying metasurface material 
allowed to produce high unsaturated conversion efficiencies into high harmonics even in the perturbative regime of 
moderate laser intensity I≈80 GW/cm2 in the multi-photon illumination regime. Typical spectrum of HHG is shown in 
Fig. 12(c). The authors observed a resonance-dependent saturation of the HHG at high estimated values of normalized 
Bloch oscillation frequencies (β≈2). 

Figure 12.  (a) Illustration of the high harmonic generation process from resonant metasurface showing efficient high harmonic 
generation. (b) Fabricated GaP metasurfaces: scanning electron microscope images, revealing the substrate (SiO2), the antenna material 
(GaP), and the lithography mask (hydrogen silsesquioxane, HSQ).  (c) HHG spectra of the resonant sample for laser intensity equal to 
80GW/cm2. (a)-(c) Adapted from [129]. (d) Schematic and SEM image of the unit cell with broken in-plane symmetry and definition 
of the asymmetry parameter α. Characteristic dependence of the total (squares) and radiative (circles) quality factor (Q-factor) of the 
quasi-BIC on the meta-atom asymmetry parameter α. For α = 0, the total Q-factor Q saturates at the value of the nonradiative Q-factor 
Qnr.  (e) Experimentally measured dependence of 5th harmonic generation from the metasurface with α = 0.2 versus pump pulse duration 
and central wavelength. (d)-(e) Adapted with permission from [133]. Copyright 2022 American Chemical Society. (f) Experimentally 
measured signal of harmonics generation versus asymmetry parameter at different pump pulse intensities. 

The above mentioned challenge related to free-carrier generation should be discussed keeping in mind that the processes 
of HHG on the subwavelength scale are tightly linked to previous extensive developments of subwavelength resonators 
for lower-order nonlinearities. However, there exists a fundamental difference between lower- and higher-order nonlinear 
processes. Lower-order nonlinear light-matter interactions can often be considered as small perturbations to the linear 
regime of interactions and their physical origin is the nonlinear polarization current in the ground state of the quantum 
system. In contrast, higher-order nonlinearities are often fundamentally dependent on processes that go beyond the 
perturbative regime, meaning that the formation of an electron-hole plasma can significantly alter the optical properties 
of the material during the interaction. As a result of high carrier density generation in the conduction band, subwavelength 
resonators designed for perturbative nonlinear interactions are expected to become sub-optimal in nonperturbative 
regimes, requiring new design principles for non-perturbative nonlinearities that would take into account the dynamic 
changes in the index of refraction and absorption occurring on ultrafast time scales [134]. In the work [133], the authors 
connect the field of non-perturbative HHG in metasurfaces with the well-understood perturbative nonlinear 
nanophotonics by employing designs based on BIC. They employed the concept of critical coupling determined by the 
balance of radiative and nonradiative losses of the BIC metasurfaces [101]. Generally, the criterion of efficient HHG is 
related to maximization of the electric field inside the metasurface material. Optical response of resonant metasurfaces is 
determined by interplay of various mechanisms of losses, including radiative and non-radiative ones. The radiative losses 
are characterized with the diffraction normal to the surface, while the nonradiative ones include energy loss due to material 
absorption, scattering due to surface roughness, lattice disorder, and the finite extent of the sample [101]. The field 



enhancement reaches its maximal value when the rates of radiative and nonradiative losses are equal and the so-called 
critical coupling condition is fulfilled [135]. For this condition, the total Q-factor Q is a half of the non-radiative Qnr by 
definition. One can employ the unit cell asymmetry to engineer the relative rate of losses for quasi-BICs which allows to 
increase the efficiency of resonant harmonic generation as shown in Fig. 13(d). The radiative Q-factor of quasi-BICs in 
asymmetric metasurfaces follows the typical inverse quadratic dependence on the meta-atom asymmetry parameter, see 
Fig. 12(d). The total Q-factor of the quasi-BIC mode is limited by nonradiative losses which dependence on asymmetry. 
Thus, the critical coupling can be realized for the asymmetry parameter α corresponding to Q(α) = Qnr/2 , for values 
around α ~ 0.19, according to [133]. Based on this approach, the authors reported the enhancement of odd optical 
harmonics (from 3rd to 11th) from a silicon metasurface hosting BIC. This was demonstrated experimentally with a set of 
BIC metasurfaces with variable radiative losses dependent on a single geometric parameter (asymmetry). The study of 
the dependence of the enhancement factor for the optimal metasurface with α ≈ 0.2 on the pulses, keeping their intensity 
in the perturbative range (i.e. 10-4 – 10-3 TW/cm2), revealed the enhancement factor for 5th harmonics around 45 (Fig. 
12(e)). In turn, Fig. 12(e) reveals a considerable decrease of the maximum enhancement factor with shortening the pulse 
duration and, thus, its spectral broadening. Complementary to this experiment, the dependence of the enhancement factor 
on the asymmetry parameter of the BIC metasurfaces was studied, leading to the observation of a dramatic reduction of 
the HHG efficiency for shorter pulses and higher intensities as shown in Fig. 13(f). The observed dependence is the 
manifestation of the critical coupling regime, which is realized at α ≈ 0.2. With these results, one can reach a paradoxical 
conclusion that shorter pulses and higher peak intensities may reduce the efficiency of the HHG in subwavelength 
resonators. For example, the enhancement factor for 5th harmonics drops by more than one order of magnitude at the 
optimal condition (quasi-BIC state) after the pulse compression by 20 times.  

 
 

5. Conclusions and perspectives 

In this Chapter, we have reported recent results concerning harmonic generation in all-dielectric metadevices. After a 
brief introduction of this research area, we focused the discussion on second- and third-order nonlinear effects.  

In particular, in Section 2 we have presented the newest achievements regarding thermo-optical modulation of SHG 
phase in dielectric metadevices. Moreover, we report efficient DFG coming from AlGaAs nanoantennas, by reporting a 
record high value of THz efficiency up to 10-7 W-1, which corresponds to an enhancement of about 8 orders of magnitude 
with respect to the gold nanoresonator structures. This pioneering study may open new routes for designing ultracompact 
THz transmitter/receiver fully transparent to the modulating signal. 

Section 3 is instead devoted to third harmonic generation in silicon metasurfaces. Firstly, we report the newest 
numerical predictions about the excitation of a quasi-BIC in asymmetric Si-on-SiO2 metasurfaces when the pump is 
circularly polarized. Here, the focus is related to the disclosure of the optimized geometrical parameters that guarantee 
near-unitary circular dichroism of the emitted THG light, achieving a conversion efficiency close to the state-of-art hybrid 
multi-quantum-well platforms studied in the infrared [106]. Secondly, we consider the possibility to tune the polarization 
of the generated THG diffraction orders coming from a high-Q metasurface made of silicon cuboids [107]. A simple 
method to characterize the THG far-field emission is presented. As reported in [107], the algorithm, which is 
experimentally verified, is mostly based on the cartesian multipolar decomposition of the near field distribution within 
each single meta-atom that forms the metasurface. Moreover, we report the possibility to switch the THG diffraction 
orders by varying the incident pump beam angle [108]. This opportunity is related to the excitation of a high responsive 
mode at the fundamental wavelength which leads to a significant spatial redistribution of the electromagnetic fields inside 
the dielectric meta-atoms as a function of the incidence angle. The different distribution of the local fields within the 
meta-atom is therefore responsible of the observed changes in the THG far-field diffraction orders. 

Altogether, the reported results highlight the huge potential of nonlinear all-dielectric metasurfaces. The engineering 
of harmonic generation effects is crucial for increasing the efficiency of frequency mixing used in frequency up- and 
down-conversion phenomena and for discovering novel mechanisms that can further boost the control of the nonlinear 
generated light at the nanoscale level. Tunable nonlinear metasurfaces may add many new inspiring functions, allowing 
even broader implementations ranging from sensing to holography. Finally, let us summarize that the farther evolution of 
the notion of harmonic generation will strongly benefit from the substitution of many of the bulky optical components by 
nonlinear metasurfaces.   
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