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Abstract - Physical interior events, such as fly-
bys, asteroid encounters, prescribed waypoints,
and collision-avoidance constraints, introduce
equality constraints inside optimal-control prob-
lems. In the indirect method, these constraints
may create a discontinuity in costate. This paper
introduces a forward–backward shooting resid-
ual that enforces the event optimality conditions
without without introducing the costate jump as
an explicit shooting unknown, thereby improv-
ing local convergence and enabling joint two-arc
designs. The contributions are fourfold: (i) a
two-sided optimality-residual construction that
recovers the costate jump from propagated arcs;
(ii) residual derivation for gravity assists, moving
asteroid encounters, powered-descent waypoints,
and collision-avoidance constraints; (iii) a joint
collision-avoidance and return design showing a
significant fuel-consumption reduction in our test
case; and (iv) a comparison among shooting for-
mulations showing consistently stronger conver-
gence than single and two-forward shooting un-
der the same random initialization.

I. Introduction
Low-thrust electric propulsion reduces propellant use
through high specific impulse [1] and has been demon-
strated by Deep Space 1 [2] and Dawn [3]. Its continu-
ous thrust profile, however, turns trajectory design into
an infinite-dimensional optimal-control problem rather
than a finite impulsive-maneuver search.

Continuous-thrust trajectories are commonly opti-
mized by direct discretization or indirect shooting [4].
Direct methods solve a finite nonlinear program; indi-
rect methods solve a compact state-costate boundary-
value problem that can yield accurate solutions. The

latter is now-days well suited for learning-assisted design
because it is easy to generates and store large trajectory
datasets [5, 6, 7, 8].

Physical interior events make indirect shooting harder.
Here they are intermediate equality constraints imposed
by mission geometry, target bodies, or safety require-
ments. The four cases in this paper cover gravity as-
sists, moving small-body encounters, powered-descent
fixed points, and collision-avoidance constraints, which
correspond to velocity maps, moving-target equalities,
fixed points, and scalar safety equalities [9, 10, 11, 12,
13, 14, 15, 16, 17, 18].

For such events, Pontryagin Maximum Principle
(PMP) conditions involve one-sided costates and, for po-
sition constraints, a position-costate jump [19, 20]. Sin-
gle shooting can enforce these conditions only by sam-
pling an event multiplier, a costate jump, or an equiva-
lent post-event costate [21, 22]; these variables are valid
but poorly scaled because endpoint conditions do not de-
termine their magnitude or direction [22, 23].

Classical multi-arc shooting reduces sensitivity by
propagating shorter arcs and matching them [24, 25, 26,
27, 28]. At an artificial patch point, state-costate conti-
nuity is appropriate; at a physical event, a moving tar-
get, flyby map, or event-specific jump condition may re-
place that continuity. Treating the event as an ordinary
patch point would therefore impose the wrong condition
or reintroduce event-local unknowns.

The proposed formulation keeps two-sided propagation
but replaces patch-point continuity with physical-event
optimality. The pre-event arc is propagated forward and
the post-event arc backward, so the one-sided states,
costates, and Hamiltonians are evaluated after propa-
gation. The residual then enforces the state, velocity-
map or continuity, costate, and Hamiltonian conditions,



while recovering the position-costate jump from one-
sided costates instead of sampling it.

The contributions are fourfold: a two-sided event resid-
ual that recovers the position-costate jump from propa-
gated arcs; residual specializations for a gravity-assist
map, a moving small-body encounter, a powered-descent
waypoint, and a coupled formulation in which the avoid-
ance and return arcs are associated with the same physi-
cal event; and a comparison with single- and two-forward
shooting methods under the same random initialization
scheme.

The numerical experiments support this mechanism.
In Cases A–D, the forward–backward residual always im-
proves convergence. In Case D, the joint two-arc formu-
lation also reduces the fixed-phase fuel consumption by
about 49% relative to a sequential design. These results
indicate that the benefit is not simply due to adding arcs,
but to placing the shooting unknowns on boundary quan-
tities that are easier to initialize.

II. Indirect Shooting Formulation with
Physical Interior Events

This section introduces the indirect shooting formulation
used for physical interior events. A one-dimensional ex-
ample is first used to show how the costate jump appears
and how it can be eliminated from the shooting vector.

A. One-Dimensional Example
Consider a one-dimensional dynamics ṙ = v, v̇ = u with
performance index J =

∫ tf
t0

1
2u

2 dt . The initial and ter-
minal states are prescribed:

r(t0) = r0, v(t0) = v0, r(tf ) = rf , v(tf ) = vf .

The Hamiltonian is H = λrv + λvu+ 1
2u

2. Minimiza-
tion with respect to the control gives

∂H
∂u

= λv + u = 0, u⋆ = −λv.

The reduced Hamiltonian is therefore H̄ = λrv − 1
2λ

2
v.

The state–costate equations are

ṙ = v, v̇ = −λv, λ̇r = 0, λ̇v = −λr.

Now impose a physical interior event. The trajectory
must pass through a prescribed moving point rc(τ) at a
free interior time τ :

g(r(τ), τ) = r(τ)− rc(τ) = 0, τ ∈ (t0, tf ).

Introduce the event multiplier ξ. Based on PMP con-
ditions, the costate conditions at the event are[

λ−r − λ+r
λ−v − λ+v

]
=

[
∂g/∂r
∂g/∂v

]
ξ =

[
1
0

]
ξ.

Thus,
λ−r − λ+r = ξ, λ−v − λ+v = 0. (1)

Here, superscripts − and + denote one-sided limits im-
mediately before and after the event.

Since the event time is free, the Hamiltonian jump
condition is

H̄− − H̄+ + ξ
∂g

∂τ
= H̄− − H̄+ − ξ ṙc(τ) = 0. (2)

Using Eq. (1), the multiplier in (3) can be eliminated
as:

H̄− − H̄+ − (λ−r − λ+r )ṙc(τ) = 0. (3)
B. Different Shooting Formulations for 1-D Example
The three shooting formulations enforce the same event
optimality conditions. They differ only in how the one-
sided event quantities are generated.

Single shooting. Single shooting propagates the tra-
jectory forward from t0. At the event, the pre-event
costate λ−r is available from propagation, but the post-
event costate λ+r is not determined by continuity because
λr may jump. Therefore, the jump must be introduced
explicitly:

∆λr = λ−r − λ+r .

A single-shooting vector for this example is

zs =
[
λr(t0) λv(t0) ∆λr τ

]T
.

After the event, propagation continues with

λ+r = λ−r −∆λr, λ+v = λ−v .

The corresponding residual is

Rs =


r−(τ)− rc(τ)

H̄− − H̄+ −∆λr ṙc(τ)
r(tf )− rf
v(tf )− vf

 = 0.

Thus, single shooting must guess the costate jump before
the post-event arc can be propagated.

Multiple Forward Shooting. Multiple shooting
separates the pre-event and post-event arcs, and both
arcs are propagated forward in time. The post-event arc
needs its own initial augmented state, so the one-sided
post-event quantities are included in the shooting vector:

zm =
[
λr(t0) λv(t0) r+ v+ λ+r λ+v τ

]T
.

The residual is

Rm =



r− − rc(τ)
r+ − rc(τ)
v− − v+

λ−v − λ+v
H̄− − H̄+ − (λ−r − λ+r )ṙc(τ)

r(tf )− rf
v(tf )− vf


= 0.



This formulation does not name the jump as a separate
unknown, but it still requires the post-event augmented
state to be guessed.

Forward–backward shooting. Forward–backward
shooting propagates the two arcs toward the event from
opposite directions. The pre-event arc is integrated for-
ward from t0 to τ , while the post-event arc is integrated
backward from tf to τ . Since the terminal state is pre-
scribed, only the terminal costates are added as post-
event unknowns:

zfb =
[
λr(t0) λv(t0) λr(tf ) λv(tf ) τ

]T
.

Forward propagation gives r−, v−, λ−r , λ−v , and backward
propagation gives r+, v+, λ+r , λ+v . The residual is assem-
bled directly as

Rfb =


r− − rc(τ)
r+ − rc(τ)
v− − v+

λ−v − λ+v
H̄− − H̄+ − (λ−r − λ+r )ṙc(τ)

 = 0.

Therefore, the forward–backward formulation does not
remove the costate jump. Instead, it avoids guessing the
jump before propagation.

C. General Formulation
The preceding derivation is now extended to a general
state vector. Let x ∈ Rnx , u ∈ U ⊂ Rnu , p denote
the state, control, and fixed model parameters. The dy-
namics and objective function are

ẋ = f(x,u, t;p),

J = Φ(x(tf ), tf ) +

∫ tf

t0

L(x,u, t) dt.

The Hamiltonian is

H(x,λ,u, t) = λTf(x,u, t;p) + L(x,u, t).

The optimal control satisfies

u⋆ = argmin
u∈U

H(x,λ,u, t),

and the reduced Hamiltonian is

H̄(x,λ, t) = H(x,λ,u⋆, t).

The state–costate equations are

ẋ =
∂H̄
∂λ

, λ̇ = −∂H̄
∂x

.

Indirect shooting thereby solves R(z) = 0, where z
contains the shooting unknowns and R collects residuals.

Consider a physical interior event at time τ . The one-
sided quantities are

x− = x(τ−), λ− = λ(τ−),

x+ = x(τ+), λ+ = λ(τ+).

The corresponding reduced Hamiltonians are

H̄− = H̄(x−,λ−, τ), H̄+ = H̄(x+,λ+, τ).

The general event constraint is then written in a two-
sided form

h
(
x−,x+, τ, q

)
= 0, h ∈ Rnh ,

where q denotes optional event-local parameters.
Based on PMP conditions, introduce the event multi-

plier ξ ∈ Rnh . With the sign convention used here, the
event costate conditions are

λ− =

(
∂h

∂x−

)T

ξ, λ+ = −
(
∂h

∂x+

)T

ξ. (4)

These equations determine which costate components are
continuous and which components may jump.

If the event-local parameters are free, their stationarity
condition is (

∂h

∂q

)T

ξ = 0. (5)

If the event time is free, the Hamiltonian jump condition
is

H̄− − H̄+ + ξT
∂h

∂τ
= 0. (6)

In practice, the event multiplier does not need to be
introduced as a global shooting unknown. Define

A =

[
∂h

∂x− − ∂h

∂x+

∂h

∂q

∂h

∂τ

]
, b =


λ−

λ+

0
H̄+ − H̄−

 .
Equations (4), (5) and (6) can be written compactly

as
b = ATξ. (7)

Therefore, a multiplier exists if and only if b belongs to
the column space of AT.

Let N be a basis for the null space of A: AN = 0.
Then Eq. (7) is equivalent to

NTb = 0.

Thus, the multiplier is eliminated algebraically.



The multiplier-free event residual can be written as

Revt =

[
h(x−,x+, τ, q)

NTb

]
= 0.

The first block enforces the physical event equations.
The second block combines the costate matching con-
ditions, the event-parameter stationarity conditions, and
the free-event-time Hamiltonian condition after elimina-
tion of the local multiplier.

The above null-space projection provides a compact
general formulation for eliminating the multiplier ξ. For
events with simple structure, however, the same condi-
tions can often be written directly. For example, as in
the one-dimensional example we did, if only the position
constraint generates a costate discontinuity, the corre-
sponding multiplier can be obtained implicitly through
the event Jacobian relation

λ−
r − λ+

r = GT
r ξ,

where Gr denotes the Jacobian of the event constraint
with respect to the position variables. The remaining
costate components can then be matched directly, while
any free event-parameter or free-event-time conditions
are evaluated using the recovered one-sided costates.

III. Case A: Dawn Gravity Assist
The first case tests the most restrictive event map con-
sidered here: a Dawn Earth–Mars–Vesta gravity assist
with an instantaneous velocity change. At the free Mars
encounter epoch τ , the spacecraft position is constrained
to Mars, the incoming velocity is mapped to the outgo-
ing velocity, and the velocity-costate relation depends on
the flyby-map Jacobian. The case therefore tests whether
the backward arc can supply the post-Mars costate in-
formation required by flyby stationarity. The mission ge-
ometry follows published Dawn data and JPL Horizons
ephemerides [29, 30]; the archived setup fixes the corre-
sponding epochs, propulsion level, encounter epoch, and
reference final mass.

A. Dynamics and Smoothed Throttle Law
The equations are written in Sun two-body nondimen-
sional units with L∗ = 1 AU. In this subsection, Tmax

and Ispg0 denote the scaled propulsion quantities:

ṙ = v, v̇ = − r

r3
+
Tmax

m
uα, ṁ = −Tmax

Ispg0
u.

The smoothed Hamiltonian [31] is

H = λT
r v + λT

v

(
− r

r3
+
Tmax

m
uα

)
− λm

Tmax

Ispg0
u

+
Tmax

Ispg0
[u− ε log(u(1− u))] .

The optimal thrust direction and throttle are

α⋆ = − λv

∥λv∥
, u⋆ =

2ε

ρ+ 2ε+
√
ρ2 + 4ε2

,

and switching function is

ρ = 1− Ispg0 ∥λv∥
m

− λm.

B. Mars Flyby Conditions
The Mars gravity assist uses a two-parameter instanta-
neous velocity map:

v+ = Φ(v−,vM , ρp, β), Rp = RM , µp = µM .

At the event, vM = vM (τ) and aM = v̇M (τ). The
Jacobian blocks A = ∂Φ/∂v−, B = ∂Φ/∂vM , and
C = ∂Φ/∂(ρp, β) are evaluated at (v−,vM , ρp, β); the
term BaM accounts for the explicit epoch dependence
of the Mars velocity. The interface conditions are

λ−
v = ATλ+

v , λ−m = λ+m, CTλ+
v = 0,

and the free-epoch condition is

H− −H+ + (λ−
r − λ+

r )
TvM + (λ+

v )
TBaM = 0.

C. Forward–Backward Residual
The terminal Vesta position and velocity are
fixed, final mass is free, and λm(tf ) = 0. The
forward–backward shooting vector is z

(1)
fb =

(λr0,λv0, λm0,mf ,λrf ,λvf , τ, ρp, β), with 17 unknowns.
The residual is

R
(1)
fb =



r− − rM
r+ − rM

Φ(v−,vM , ρp, β)− v+

m− −m+

λ−
v −ATλ+

v

λ−m − λ+m
CTλ+

v

H− −H+ + (λ−
r − λ+

r )
TvM

+ (λ+
v )

TBaM


t=τ

.

The residual separates the flyby map from the jump re-
covery. The backward arc from Vesta supplies λ+

v , so
the stationarity condition CTλ+

v = 0 is evaluated from
terminal-boundary data rather than from a guessed post-
flyby costate. The position-costate jump still enters the
Hamiltonian row through λ−

r − λ+
r , but it is computed

after the two arcs have been propagated.
Figure 1 shows the resulting reference trajectory,

throttle history, and one-sided costate norms.



IV. Case B: Solar-Sail Asteroid
Encounter

The second case keeps the moving-target nature of an
interior event but removes the velocity discontinuity.
In a GTOC13-inspired solar-sail transfer, the spacecraft
leaves a Vulcan flyby, meets Yandi at the free interior
time τ , and arrives at Hoth at the free final time tf .
Both arcs pass through the moving asteroid, while veloc-
ity and velocity costate remain continuous, isolating the
position-costate jump. The body ephemerides and solar-
sail setting follow the GTOC13 problem page [32]; the
archived setup fixes the timing, sailcraft, and departure-
flyby parameters.

A. Dynamics and Control
The solar-sail state is x = [rT,vT]T. In the nondimen-
sional Altaira units used for this example,

ṙ = v, v̇ = − r

r3
− k(r)(nTur)

2n,

where ur = −r/r, k(r) is the sail acceleration coeffi-
cient, and n is the sail normal. The corresponding time-
optimal Hamiltonian is

H = λT
r v + λT

v v̇ + 1.

The closed-loop sail law is written using

ar = λT
vur, aT = ∥λv − arur∥ .

With a small regularization δs,

tanαs =

√
9a2r + 8a2T + δ2s − 3ar

4
√
a2T + δ2s

,

n⋆ =
cosαs ur + sinαs (λv − arur) /

√
a2T + δ2s∥∥∥cosαs ur + sinαs (λv − arur) /

√
a2T + δ2s

∥∥∥ .
The costate dynamics are obtained from λ̇ = −Hx.

B. Initial Flyby Map
The departure velocity after the Vulcan flyby is gener-
ated by the same two-parameter gravity-assist map used
in Case A, with the flyby body set to the departure
planet:

v+
0 = Φ(v−

0 ,vP , ρp, β), Rp = RP , µp = µP .

The corresponding ρp and β derivatives are evaluated
at (v−

0 ,vP , ρp, β). This Vulcan flyby defines the depar-
ture boundary condition rather than the physical interior
event tested by this benchmark. Its local stationarity
conditions are

λT
v0Φρp = 0, λT

v0Φβ = 0.

C. Forward–Backward Residual
The post-event arc is initialized at Hoth with r(tf ) =
rH(tf ), free terminal velocity vf , unknown λrf , and
λvf = 0. The forward–backward shooting vector is

z
(2)
fb =

[
λT
r0 λT

v0 tf ρp β λT
rf vT

f τ
]T
,

with 16 unknowns. The 16 residual equations are

R
(2)
fb =



r−(τ)− rY (τ)
r+(τ)− rY (τ)
v−(τ)− v+(τ)
λ−
v (τ)− λ+

v (τ)
λT
v0Φρp

λT
v0Φβ

H(tf )− λT
rfvH(tf )

H−(τ)−H+(τ) + (λ−
r − λ+

r )
TvY (τ)


.

The first two residual blocks place both arcs on Yandi
at the same epoch. The next two blocks enforce con-
tinuity of the velocity and velocity costate, which do
not jump for this encounter model. The last row is the
free-interior-time Hamiltonian condition for the moving-
target event equality. A single shooting formulation must
sample the Yandi position-costate jump before propaga-
tion; the forward–backward residual obtains it from the
propagated one-sided position costates.

The corresponding reference transfer and recovered
event behavior are shown in Fig. 2.

V. Case C: Lunar Landing with a Fixed
Point

The third case isolates a fixed point at a prescribed time
in a fuel-optimal powered descent. The position con-
straint still creates a position-costate jump, but the fixed
event time removes the interior Hamiltonian row. This
case tests whether avoiding an explicit jump guess re-
mains useful when τ is known. Powered-descent guid-
ance provides a familiar constrained landing setting for
this test [14, 15]; the archived normalized setup fixes the
event point, final time, final mass, and reference costate
jump.

A. Normalized Dynamics
The landing case is normalized by length, lunar-gravity,
and mass scales; the derived velocity and time scales are
used throughout this subsection. The state and costate
are

y =
[
rT vT m λT

r λT
v λm

]T
.

The closed-loop equations are

ṙ = v, v̇ =
T

m
êT − r

r3
, ṁ = − T

vex
,



λ̇r = −3
(λT

vr)r

r5
+

λv

r3
, λ̇v = −λr,

λ̇m =
T ∥λv∥
m2

.

The thrust direction and bang-bang thrust level are

ê⋆T =
λv

∥λv∥
, S =

∥λv∥
m

− 1 + λm
vex

,

T ⋆ =

{
Tmax, S ≥ 0,

Tmin, S < 0.

The free-final-time condition used by the benchmark is

ψf = λT
r v − λT

v

r

r3
+
T ∥λv∥
m

− 1 = 0.

B. Interior Event Constraint
The only physical interior event is the fixed position way-
point at the prescribed time τ .

The interior position condition is

r(τ)− ri = 0.

Velocity, mass, λv, and λm are continuous. The position-
costate jump is

∆λr,τ = λr(τ
−)− λr(τ

+),

but this jump is recovered from the propagated arcs
rather than guessed as a forward–backward shooting
variable.

C. Forward–Backward Residual
The forward–backward unknown vector is

z
(3)
fb =

[
λT
r0 λT

v0 λm0 λT
rf λT

vf mf tf
]T
,

with 15 unknowns. Since τ is prescribed, the residual
contains no interior Hamiltonian row:

R
(3)
fb =



r−(τ)− ri
r+(τ)− ri

v−(τ)− v+(τ)
m−(τ)−m+(τ)
λ−
v (τ)− λ+

v (τ)
λ−m(τ)− λ+m(τ)

ψf


.

The first two residual blocks enforce the fixed interior
position from the two propagation directions. The fol-
lowing rows match the variables that remain continuous
across the waypoint, and ψf enforces the free-final-time
condition. Since the event time is prescribed, no interior
Hamiltonian row is needed; the position-costate jump is
still obtained from λ−

r (τ) − λ+
r (τ). Figure 3 shows the

landing trajectory, its projections, and the thrust and
position-costate histories.

VI. Case D: Collision-Avoidance and
Return

The fourth case applies the same event treatment to a
low-thrust collision-avoidance maneuver (CAM) followed
by a fixed-phase return to the no-maneuver reference or-
bit. Unlike the previous examples, the interior event is
a scalar safety equality rather than a position waypoint
or a velocity map. This case tests whether the same
forward–backward variable placement is useful in a two-
arc design problem where the event also affects the final
mission cost.

A. Dynamics and Safety Equality
Only the scalar safety condition needed by the shooting
benchmark is retained in the conjunction model. High-
order probability-of-collision analysis, B-plane encounter
modeling, and practical low-thrust or multiple-impulse
CAM design are outside the scope of this example and
are treated in detail in the collision-avoidance literature
[16, 17, 18].

The fixed-acceleration model uses

y =
[
rT vT λT

r λT
v

]T
,

with nondimensional two-body dynamics

ṙ = v, v̇ = − r

r3
− amaxρ

λv

∥λv∥
,

λ̇r = −3
(λT

vr)r

r5
+

λv

r3
, λ̇v = −λr.

The smoothed fuel-optimal throttle is

ρ⋆ =
2ε

λth − ∥λv∥+
√
(λth − ∥λv∥)2 + 4ε2 + 2ε

.

The CAM condition and corresponding costate-jump
direction are

gCAM(r(τ)) = d2M (r(τ))− d2M,target = 0, Pc = 10−6,

λ−
r − λ+

r = α∇rgCAM,
(8)

where d2M is the squared Mahalanobis distance in the
encounter B-plane. Thus, as in the earlier examples, the
jump magnitude is not a natural quantity to sample be-
fore the arcs have been propagated. The numerical setup
fixes the reference orbit, spacecraft and propulsion pa-
rameters, CAM and return times, target Pc = 10−6, and
homotopy continuation from ε = 10−2 to 10−6.

B. Forward–Backward Residual
The fixed initial and terminal states are known
from the no-maneuver circular reference orbit. The



forward–backward shooting vector contains only end-
point costates:

z
(4)
fb =

[
λT
r0 λT

v0 λT
rf λT

vf

]T
,

with 12 unknowns. Let Q⊥ ∈ R3×2 be any orthonormal
basis for the plane normal to ∇rgCAM. The residual is

R
(4)
fb =


r−(τ)− r+(τ)
v−(τ)− v+(τ)
λ−
v (τ)− λ+

v (τ)
gCAM(r−(τ))

QT
⊥
(
λ−
r (τ)− λ+

r (τ)
)

 .
The first two blocks match the CAM state from the two
arcs, and the third block keeps the nonjumping velocity
costate continuous. The scalar safety equality sets the
event location on the target Mahalanobis-distance sur-
face. The final two rows enforce the direction condition
in Eq. (8) by removing any component of the position-
costate jump orthogonal to ∇rgCAM. Since both τ and
tf are fixed, there is no interior Hamiltonian or terminal-
time transversality row.

Figure 4 shows the low-∆v joint solution and the ho-
motopy continuation from ε = 10−2 to 10−6.

C. Joint-Design Effect
The joint solution is not merely a convergence test; it
changes the mission design outcome. If the 5 h CAM
and 7 h fixed-phase return are designed sequentially, the
archived fixed-phase solution requires ∆v = 0.05164 m/s.
In the joint formulation, the same terminal phase and the
same CAM probability are enforced while the two arcs
share the event state and the event multiplier. The best
joint design uses 0.02650 m/s, nearly half of the sequen-
tial fixed-phase value, as shown in Table 1. Because the
fixed-acceleration fuel accounting is proportional to the
integrated throttle, the same 48.7% reduction applies to
propellant consumption.

Tab. 1: Collision-avoidance-return cost comparison

Design strategy CAM ∆v Return ∆v Total ∆v Saving
[m/s] [m/s] [m/s]

Sequential design 0.012957 0.038680 0.051637 n/a
Joint design 0.013346 0.013149 0.026495 48.7%

VII. Formulation Comparison and
Numerical Results

This section compares the three shooting formulations
under a same random-initialization policy, focusing on
how variable placement near physical interior events af-
fects convergence.

A. Shooting-Variable Placement
Table 2 gives root dimensions for orientation; the discus-
sion below focuses on what the variables represent, since
dimension alone does not determine shooting difficulty.

Tab. 2: Shooting dimensions

Case Interior event Single Two-forward Forward-
backward

Case A Mars gravity assist 13 21 17
Case B moving asteroid encounter 13 19 16
Case C fixed point 11 19 15
Case D collision-avoidance and return 9 18 12

The important distinction is the meaning of the un-
knowns. Single shooting often has the smallest vector,
but exposes event-local multipliers, costate jumps, or
post-event costates that are not specified by endpoint
boundary conditions. Two-forward shooting avoids back-
ward propagation but still guesses event-side augmented
states. Forward–backward shooting uses boundary quan-
tities instead and recovers the event jump from the prop-
agated one-sided arcs.

In Case A, the flyby stationarity equations need post-
Mars costate information. Single and two-forward shoot-
ing expose this downstream information through event-
side unknowns, whereas forward–backward shooting ob-
tains it from Vesta-side terminal variables.

In Case B, the difficult local coordinate is the Yandi
position-costate jump. Single and two-forward shoot-
ing expose that jump or post-encounter event-side states,
whereas forward–backward shooting uses Hoth-side ter-
minal quantities with λvf = 0.

In Case C, the fixed event time removes the Hamil-
tonian row but not the waypoint position-costate jump.
Single and two-forward shooting still expose the jump or
post-event augmented state, whereas forward–backward
shooting recovers the jump after propagation.

In Case D, the CAM position-costate jump must be
parallel to the local safety-gradient direction. Single and
two-forward shooting expose this jump or the event-side
quantities that generate it, whereas forward–backward
shooting uses terminal-boundary unknowns with direct
transversality meaning.

B. Random-Initialization Policy
All scripts solve the root system with MINPACK, heyoka
Taylor integration, analytic state-transition sensitivities,
and PyKEP Lambert or ephemeris calls in the heliocentric
cases. The archived solve_trial rows count a trial as
successful when the maximum residual falls below the
case tolerance after root solving, so the rates measure
convergence from the stated policy rather than global
optimality or continuation performance.



Initial guesses are reference-solution-free; quantities
are matched only when their coordinates share physical
meaning. Cases A, C, and D use 1000 trials per method,
and Case B uses ten 1000-trial seeds per method. The
policy uses physical bounds, ephemeris windows, the
Case B Lambert terminal-velocity seed for forward–
backward shooting, the integrated first-arc continuity
seed for two-forward shooting, and the same [−1, 1] land-
ing box for costate, and interior-velocity guesses; no trial
perturbs plotted references.

For paired quantities, Case B draws the final time, en-
counter time, flyby-radius ratio, flyby-plane angle, and
costate or jump samples once and maps them to each
shooting vector. Case D pairs the single and two-forward
guesses, while the forward–backward formulation sam-
ples terminal costates directly.

C. Random-Shooting Results

Tab. 3: Random-shooting results.

Case Single Two-forward Forward-
backward

A 6/1000 (0.60%) 34/1000 (3.40%) 51/1000 (5.10%)
B 420/10000 (4.20%) 317/10000 (3.17%) 768/10000 (7.68%)
C 72/1000 (7.20%) 236/1000 (23.60%) 241/1000 (24.10%)
D 10/1000 (1.00%) 51/1000 (5.10%) 163/1000 (16.30%)

Table 3 reports empirical success proportions from the
listed trials. Under the random-initialization policy used
here, the forward–backward advantage in Cases A, B,
and D follows the event structure: downstream costates,
a moving-target position-costate jump, or a CAM jump
aligned with the safety gradient. Case C is nearly tied
but still outperformed because the fixed event time and
short arcs make the two multi-arc layouts similar, while
both avoid the explicit event multiplier used by single
shooting.

Case D also has design significance: the joint fixed-
phase solution nearly halves the total ∆v relative to the
sequential design (Table 1).

VIII. Discussion
The experiments show that shooting difficulty depends
on sampled coordinates, not only dimension. Single
shooting exposes event-local multipliers, jumps, or post-
event costates with no endpoint-set scale.

The formulation does not hide the costate disconti-
nuity: the jump still enters the event residual and, for
free event times, the Hamiltonian row. The change is
coordinate-level: the jump is evaluated after propaga-
tion rather than guessed beforehand, so gravity assists,
encounters, and waypoints are enforced by event opti-
mality instead of artificial patch-point continuity.

The random initialization is intended to isolate the ef-
fect of the shooting formulation rather than represent
a complete mission-design strategy. Continuation or
shape-based initialization, and global search heuristics
remain responsible for trajectory geometry and timing,
whereas the proposed residual improves the conditioning
of the subsequent local solve near interior events.

Case D also shows design coupling, not only conver-
gence. The joint formulation lets the CAM event sat-
isfy the safety equality while remaining compatible with
the fixed-phase return; the sequential design freezes the
CAM endpoint first and pays for the resulting phase and
velocity mismatch, explaining the 48.7% cost and pro-
pellant reduction.

IX. Conclusions
Indirect methods with interior events are often difficult
to solve for a practical reason: the event costate jumps
usually have no clear physical scale, making the shooting
variables more sensitive to initialization even when the
PMP conditions themselves are correct.

The main contribution of this work is therefore a dif-
ferent treatment of interior-event variables. Instead of
directly solving for the jump conditions, our approach
propagates from both sides of the event and recovers
the jumps from the propagated costates. The optimality
conditions remain unchanged, but the shooting variables
become tied to boundary quantities that are easier to
initialize and physically interpretable.

The numerical results suggest that, under the random-
initialization policy used in this work, the proposed vari-
able representation can have a larger impact on con-
vergence behavior than the use of multiple shooting
alone. Across the gravity-assist, flyby, waypoint, and
collision-avoidance examples considered here, the pro-
posed approach achieved higher local-convergence suc-
cess rates than traditional single-shooting and multi-
forward-shooting. These results indicate that, for indi-
rect optimization with interior events, local convergence
behavior depends on how the shooting unknowns are
parameterized. Using a forward–backward shooting in
place of event-local costate jumps therefore provides a
more numerically stable formulation while preserving the
full PMP structure, offering an alternative way to handle
interior event constraints in indirect methods.
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