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Abstract
We provide new direct methods to establish symmetrization results in the form

of mass concentration (i.e. integral) comparison for fractional elliptic equations of
the type (−∆)su = f (0 < s < 1) in a bounded domain Ω, equipped with homoge-
neous Dirichlet boundary conditions. The classical pointwise Talenti rearrangement
inequality in [47] is recovered in the limit s → 1. Finally, explicit counterexamples
constructed for all s ∈ (0, 1) highlight that the same pointwise estimate cannot hold
in a nonlocal setting, thus showing the optimality of our results.

1 Introduction

The aim of this note is to develop some new techniques regarding the application of
symmetrization methods to Dirichlet fractional elliptic problems of the type

(1.1)


(−∆)s u = f in Ω,

u = 0 on RN \ Ω,

where Ω ⊂ RN (N ≥ 1) is a smooth bounded open set, the source term f = f(x) is assumed
to belong to Lp(Ω) for suitable p ≥ 1 and s ∈ (0, 1). In the case of local equations, it is
well known that under Schwarz symmetrization the solution to the homogeneous Dirichlet
problem for an elliptic equation increases in terms of rearrangements. Namely, consider
the Dirichlet problem

(1.2)


−
(
aij zxi

)
xj

= f in Ω,

z = 0 on ∂Ω,
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where the measurable coefficients aij = aij(x) satisfy the ellipticity condition

aij(x)ξiξj ≥ |ξ|2, ∀ξ ∈ RN , a.e. x ∈ Ω.

A nowadays classical result (see, for instance, [57], [39], [47]) states that if z ∈ H1
0 (Ω)

is the weak solution to (1.2) and w ∈ H1
0 (Ω#) is the weak solution to the “symmetrized

problem” 
−∆w = f# in Ω#,

w = 0 on ∂Ω#,

then

(1.3) z#(x) ≤ w(x), x ∈ Ω#.

Here Ω# is the ball centered at the origin such that |Ω#| = |Ω| and z# denotes the Schwarz
symmetrization of z (see Section 2 for further details):

z#(x) = sup{t ≥ 0 : |{x : |z(x)| > t}| > ωN |x|N},

where ωN is the measure of the unit ball in RN . An immediate consequence of inequality
(1.3) is, for example, that any norm of z increases under Schwarz symmetrization.

The approach used in most of the papers concerning symmetrization techniques is based
on the fact that the use of a suitable test function allows to obtain, for a.e. t ∈ (0, supu),
the inequality

(1.4) − d

dt

∫
|z|>t
|Dz|2dx ≤

∫
z#>t

f#(x) dx.

Schwarz inequality, Fleming-Rishel formula and isoperimetric inequality are then used in
order to obtain a first order differential inequality involving z# and its radial derivative.
Finally, a comparison principle gives (1.3). A slightly different approach has been used in
[37], where the author observes that in inequality (1.4) one can use the so-called Pólya-
Szegö principle which states that, if u ∈ H1

0 (Ω), then

(1.5)
∫

Ω
|Du|2dx ≥

∫
Ω
|Du#|2dx.

Actually, the differential quotient used to compute the derivative in (1.4) can be written
in terms of the Dirichlet integral of a suitable truncation of z, which is a Sobolev function,
so (1.5) applies to give

(1.6) − d

dt

∫
z#>t

|Dz#|2dx ≤
∫
z#>t

f#(x) dx.

At this point the integral on the left hand side concerns a radially symmetric function and
the quoted first order differential inequality involving z# follows immediately, without the
use of isoperimetric inequality.
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The literature about the possible extensions of (1.3) is wide and, confining ourselves
only to the case of homogeneous Dirichlet conditions, we recall symmetrization results for
elliptic equations with lower order terms ([4]), for p-Laplacian type equations ([48]), for
porous medium equation ([52]), for parabolic equations ([6]), for anisotropic equations ([3],
[23]).

Actually, the effect of symmetrization on fractional elliptic problems like (1.1) has al-
ready been exploited in [24] and then in [54], [55], [45], [56], [28]. In those papers a
symmetrization result in terms of mass concentration (i.e., an integral comparison, as in
the parabolic case) is obtained in a somewhat indirect way. Indeed, it has been used in
an essential way the fact that problem (1.1) can be linked to a suitable, local extension
problem, whose solution ψ(x, y), an harmonic extension of u, is defined on the infinite
cylinder CΩ = Ω × (0,∞), to which classical symmetrization techniques (with respect to
the variable x ∈ Ω) can be applied: the difficulties in this approach is the translation of
the boundary conditions and the presence of the “extra” variable y ≥ 0, which is fixed
in the symmetrization arguments, an important detail which allows to use a Steiner sym-
metrization approach. Then an integral (or mass concentration) comparison is naturally
expected, and, being u the trace of ψ over Ω×{0}, the comparison result for the extension
ψ of u immediately implies an estimate for u. Furthermore, an absolutely non negligible
aspect characterizing the works [24], [54], [55], [56] from [45] is the fact that the former ones
deal with the spectral version of the fractional Laplacian operator (−∆)sspec on Ω (which
is defined on a domain encoding de facto the boundary conditions), while the latter one
considers the so called restricted version of the fractional Laplacian. In any case, all these
approaches takes benefit from the local intepretation of the fractional Laplacian as the
Dirichlet-to-Neumann map, i.e., as an outward normal derivative on the boundary of the
half space H = {y > 0} of the solution ψ (the so called s-harmonic extension) of a local
extension problem posed on H, being H replaced by CΩ (with suitable boundary condition
on the lateral surface): this is essentially the nowadays classical result by Caffarelli and
Silvestre [19], generalized in [46].

Our aim is now not to use the local interpretation of the fractional Laplacian in the
derivation of the mass concentration comparison for the solution to problem (1.1) in terms
of the solution v to the symmetrized problem

(1.7)


(−∆)s v = f# in Ω#

v = 0 on RN \ Ω#.

The main goal is then a new proof of the mass concentration comparison

(1.8) u#(x) ≺ v(x)

where the above comparison (see Section 2 for more details) means that, for every r > 0,
it holds ∫

|x|<r
u#(x) dx ≤

∫
|x|<r

v(x) dx.
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Even though comparison (1.8) has been already obtained with the techniques described
above, however we would like to point out that in our opinion the results contained in the
present paper could be of particular interest because the arguments used to prove (1.8) are
completely new and they seem to be very flexible with respect to those used in previous
papers. Furthermore, we include an observation about optimality of (1.8), which we have
not found elsewhere.

As regards the novelty of our approach, we observe that we develop techniques which
are in some sense intrinsic, that is, we use directly the weak formulation of solution to
problem (1.1) without using any local extension. The main original steps in the proof are
two.

In the first step, inspired by [37], we use the nonlocal version of the Pólya-Szegö principle
which holds true in fractional Sobolev spaces. We are able to show that it is possible to
apply such a principle to an integral containing the solution u and a truncated of u in order
to obtain a new inequality which can be seen as the nonlocal counterpart of inequality (1.4).
We are then reduced to consider an inequality where the solution u# is already rearranged,
but it appears on the left-hand side a quantity which appears to be, roughly speaking, a
kind of mass concentration of the s-Laplacian of u#. However, such an interpretation
cannot be completely justified because u# lacks the required regularity. So, in the second
relevant step, we are able to rewrite the obtained inequality as a differential inequality
that involves the s-Laplacian of the mass concentration of u# computed on RN+2. Thus,
in some sense, comparison (1.8) becomes quite natural.

It is worth to spend some words concerning the flexibility of our approach and its
several advantages. First, we point out that it definitely clarifies a certain continuity of
the comparison result with respect to the parameter s ∈ (0, 1), in the sense that Talenti’s
pointwise result is recovered in the limit as s → 1 (which looks clearer in Figures 1 and
2 of Section 4): this remark cannot be achieved using the extension method techniques
employed in the previous works on the subject. On the other hand, we observe that our
approach could be used in various contexts. As a matter of fact, because of the fact that
Pólya-Szegö principle holds true in more general situations, the extension to various classes
of nonlocal PDEs seems to be possible. For example, our methods appear to be suitable
for the investigation about the effects of symmetrization in cases where, apparently, a
corresponding approach via an extension problem is not available. Possible examples in
the elliptic framework are nonlocal semilinear equations or equations involving elliptic
integro-differential operators with general kernels of the Lévy type, e.g. operators in the
form

LKu = P.V.
∫
RN

[
(u(x)− u(y)

]
K(x, y)dy

where K is a symmetric, possibly singular, nonnegative kernel satisfying∫
RN

min
{

1, |y|2
}
K(y)dy <∞.
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Such operators are widely studied in literature, see, e.g., [42] and the extensive literature
therein. Another possibility would be in trying to adapt our methods to nonlinear equa-
tions involving the so-called fractional p-Laplacian operator, i.e., the nonlocal nonlinear
operator defined for 1 < p <∞ (see e.g. [51], [15], [33])

(−∆)spu = P.V.
∫
RN

Φ(u(x)− u(y))

|x− y|N+sp
dy,

where Φ(z) := |z|p−2z, z ∈ R. In all the above-cited examples, no extension technique is
possible to reduce to local interpretations. On the other side, our elliptic methods could be
employed for deriving mass concentration comparison for the parabolic evolution equations
(linear and nonlinear, in bounded or unbounded domains) with the diffusion terms given by
one of the above cited nonlocal operators. It is very-well known that some applications of
such symmetrization results for parabolic equations are, for instance, the rather immediate
derivation of time decay estimates with sharp constants when the qualitative properties of
the selfsimilar fundamental solutions are known, see for instance [54], [55]. For a consistent
survey of the important applications of mass concentration comparison results in the field
of nonlinear parabolic equations, see [50]. Finally, an interesting point would be to push
forward the applications of our techniques to the hot topic of the theory of aggregation
diffusion equations, in which symmetrization can be a powerful tools in characterizing
the geometry of the asymptotic profile, see e.g. [20]. We plan to address these topics in
forthcoming papers.

As regards the optimality of (1.8), the fact that it is possible to use in the nonlocal
context an approach similar to the one used in the local case could indicate that a pointwise
estimate as (1.3) could be true also for problem (1.1). We are able to exhibit, for any
s ∈ (0, 1), some counterexamples which show that (1.3) does not hold in general.

We finally observe that, even though (1.8) is weaker with respect to a pointwise estimate
as (1.3), however it implies that any norm of u increases under Schwarz symmetrization.
As a consequence, we get optimal estimates of the Lp norms of u and we are also able to
prove a comparison between the nonlocal energy of u and v.

The paper is organized as follows. In Section 2 some preliminary results and notation are
collected. Section 3 contains the main comparison result, some applications and remarks.
In Section 4 we discuss some counterexamples, while in Section 5 we prove the main
theorem, splitting the proof in several steps. Finally, in Section 6 some possible extensions
are discussed, together with a few remarks.

2 Preliminaries and notation

For the proof of the main results we need some preliminary results concerning symmetriza-
tion, functional spaces, Fourier representation and hypergeometric functions. So, in this
section we give a brief account of such properties and we fix the notation used in the
sequel.
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2.1 Rearrangements and symmetrization

We briefly recall the basic notions of Schwarz symmetrization and some related funda-
mental properties. Readers who are interested in more details of the theory are warmly
addressed to the classical monographs [32], [9], [34], [7] or to the paper [49].

A measurable real function f defined on RN is called radially symmetric (or radial)
if there is a function f̃ : [0,∞) → R such that f(x) = f̃(|x|) for all x ∈ RN . We will
often write f(x) = f(r), r = |x| ≥ 0 for such functions by abuse of notation. We say
that f is rearranged if it is radial, nonnegative and f̃ is a right-continuous, non-increasing
function of r > 0. A similar definition can be applied for real functions defined on a ball
BR(0) =

{
x ∈ RN : |x| < R

}
.

Let f be a real measurable function on RN . If f is such that its distribution function
µf satisfies

(2.1) µf (t) := |{x ∈ Ω : |f (x)| > t}| < +∞, for every t > 0,

we define the one dimensional decreasing rearrangement of f as

f∗ (σ) = sup {t ≥ 0 : µf (t) > σ} , σ ∈ (0, |Ω|) .

If f is a real measurable function on an open set Ω ⊂ RN we extend f as the zero
function in RN\Ω and we define the one dimensional decreasing rearrangement of f as the
rearrangement of such an extension. This means that f∗(σ) = 0 for σ ∈ [|Ω|,∞). From
the above definition it follows that µf∗ = µf (i.e., f and f∗ are equi-distributed) and f∗ is
exactly the generalized right inverse function of µf . Furthermore, if Ω# is the ball of RN
centered at the origin having the same Lebesgue measure as Ω (Ω# = RN if |Ω| = +∞),
we define the function

f# (x) = f∗(ωN |x|N ) , x ∈ Ω#,

that will be called radially decreasing rearrangement, or Schwarz decreasing rearrangement,
of f . We easily infer that f is rearranged if and only if f = f#.

A simple consequence of the definition is that rearrangements preserve Lp norms, that
is, for all p ∈ [1,∞]

‖f‖Lp(Ω) = ‖f∗‖Lp(0,|Ω|) = ‖f#‖Lp(Ω#) ;

furthermore, the classical Hardy-Littlewood inequality holds true

(2.2)
∫

Ω
|f(x) g(x)|dx ≤

∫ |Ω|
0

f∗(σ) g∗(σ)dσ =

∫
Ω#

f#(x) g#(x) dx ,

where f, g are measurable functions on Ω.
Here we recall an important ingredient in the proof of our main result, corresponding to

the following generalization of the Riesz rearrangement inequality (see [2, Theorem 2.2]).

6



Theorem 2.1 Let F : R+×R+ → R+ be a continuous function such that F (0, 0) = 0 and

(2.3) F (u2, v2) + F (u1, v1) ≥ F (u2, v1) + F (u1, v2)

whenever u2 ≥ u1 > 0 and v2 ≥ v1 > 0. Assume that f, g are nonnegative measurable
functions on RN which satisfy (2.1), then we have the inequalities
(2.4)∫

RN

∫
RN

F (f(x), g(y))W (ax+ by) dx dy ≤
∫
RN

∫
RN

F (f#(x), g#(y))W (ax+ by) dx dy

and ∫
RN

F (f(x), g(x)) dx ≤
∫
RN

F (f#(x), g#(x)) dx,

for any nonnegative function W ∈ L1(RN ) and any choice of nonzero numbers a and b.

2.2 Mass concentration

Since we will provide estimates of the solutions of our fractional elliptic problem in terms
of their integrals, the following definition (see, for instance, [22], [5], [52]) is of basic
importance.

Definition 2.1 Let f, g ∈ L1
loc(RN ).We say that f is less concentrated than g, and we

write f ≺ g if for all r > 0 we get∫
Br(0)

f#(x) dx ≤
∫
Br(0)

g#(x) dx.

The partial order relationship ≺ is called comparison of mass concentrations. Of course,
this definition can be suitably adapted if f, g are defined in an open set Ω (considering the
extension to zero outside Ω). Moreover, we have that f ≺ g if and only if∫ σ

0
f∗(τ) dτ ≤

∫ σ

0
g∗(τ) dτ,

for all σ ≥ 0.
The comparison of mass concentrations enjoys some nice equivalent formulations (for

the proof we refer to [21], [5], [53]).

Lemma 2.1 Let f, g ∈ L1
+(Ω). Then the following are equivalent:

(i) f ≺ g;

(ii) for all φ ∈ L∞+ (Ω), ∫
Ω
f(x)φ(x) dx ≤

∫
Ω#

f#(x)φ#(x) dx.
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(iii) for all convex, nonnegative functions Φ : [0,∞)→ [0,∞) with Φ(0) = 0 it holds∫
Ω

Φ(f(x)) dx ≤
∫

Ω
Φ(g(x)) dx.

We explicitly observe that, if f, g ∈ Lp(Ω) (1 < p ≤ ∞), then we may take φ ∈ Lp′(Ω) in
the point (ii) above.

From this Lemma it easily follows that if f ≺ g, then

(2.5) ‖f‖Lp(Ω) ≤ ‖g‖Lp(Ω) ∀p ∈ [1,∞].

2.3 Functional spaces and some computations for radial functions

It is well known that for s ∈ (0, 1) the fractional Laplacian of a smooth real function u on
RN can be equivalently defined as a pseudodifferential operator by means of

(−∆)su = F−1
(
|ξ|2sF(u)(ξ)

)
.

where F is the Fourier transform, and in terms of a hypersingular integral

(−∆)su(x) = γ(N, s) P.V.
∫
RN

u(x)− u(y)

|x− y|N+2s
dy,

where the explicit value of the normalization constant γ(N, s) is given by

(2.6) γ(N, s) =
s22sΓ

(
N+2s

2

)
π

N
2 Γ(1− s)

.

In general, we can define (−∆)su in the distributional sense when u has a strong enough
decay at infinity, e.g., when u belongs to the weighted space (see for instance [44])

Ls(RN ) =

{
u : RN → R such that

∫
RN

|u(x)|
1 + |x|N+2s

dx < +∞
}
.

If Ω is an open set of RN and s ∈ (0, 1) we introduce the fractional Sobolev space Hs(Ω),
defined as

Hs(Ω) =
{
u ∈ L2(Ω) : [u]Hs(Ω) <∞

}
,

where [·]Hs(Ω) is the Gagliardo seminorm

[u]Hs(Ω) =

(∫
Ω

∫
Ω

|u(x)− u(y)|2

|x− y|N+2s
dx dy

)1/2

.

We have that Hs(Ω) is a Hilbert space w.r. to the scalar product

(u, v)Hs(Ω) = (u, v)L2(Ω) +

(∫
Ω

∫
Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dx dy

)1/2

.
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When Ω = RN one can prove that (see for instance [25]) Hs(RN ) = Ĥs(RN ), where

Ĥs(RN ) =

{
u ∈ L2(RN ) :

∫
RN

(1 + |ξ|2s)|û(ξ)|2dξ < +∞
}
,

so that
‖u‖Hs(RN ) = ‖u‖L2 + ‖(−∆)s/2u‖L2 .

We now introduce the fractional Sobolev spaces where weak solutions to problems of the
type (1.1) are naturally settled. For a bounded Lipschitz domain Ω and s ∈ (0, 1) we
denote by Hs

0(Ω) the closure of C∞0 (Ω) w.r. to the Hs(Ω) norm, furthermore we define
the interpolation space

H
1/2
00 (Ω) =

{
u ∈ H1/2(Ω) :

∫
Ω

u2(x)

d2(x)
dx <∞

}
with d(x) = dist(x, ∂Ω).
Since the fractional Laplacian (−∆)s will be evaluated on functions u compactly supported
in Ω (because of the homogeneous boundary conditions), the domain of the (−∆)s (which
is often called restricted fractional Laplacian on Ω) will be

Hs(Ω) =
{
u ∈ Hs(RN ) : supp(u) ⊂ Ω

}
which can be identified as follows (see [12]):

(2.7) Hs(Ω) =


Hs(Ω) if 0 < s < 1/2,

H
1/2
00 (Ω) if s = 1/2

Hs
0(Ω) if 1/2 < s < 1.

Now we recall some results concerning the representation of Fourier transform and of
fractional Laplacian applied to a radial function. The following result can be found in [11,
Theorem 40 and Ch. IV, § 5].

Theorem 2.2 (Fourier-Bessel representation) Let u(x) = u(|x|) be a radial function,
and suppose that

τ → τNu(τ)JN
2
−1(τ) ∈ L1(R+),

where JN
2
−1(t) denotes the Bessel function of order N

2 − 1. Then, the Fourier transform
of u is given by

F(u)(ξ) = 2π|ξ|−
N
2

+1

∫ +∞

0
τ

N
2 u(τ)JN

2
−1(2π|ξ|τ) dτ.

Furthermore, if u ∈ L2(RN ), then formula above remains valid in L2(RN ).
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The following result gives the expression of the fractional Laplacian in radial coordinates
and it can be found in [30].

Theorem 2.3 Let u(x) = u(|x|) be a radial function. Then

(−∆)su(x) =
(2π)2s+2

|x|
N
2
−1

∫ +∞

0
ρ1+2sJN

2
−1(2π|x|ρ)

(∫ +∞

0
σ

N
2 u(σ)JN

2
−1(2πρσ) dσ

)
dρ

provided that the integrals exist and are convergent.

2.4 Some properties of hypergeometric functions

We now recall a few properties of the hypergeometric function 2F1(a, b; c;x) (see, for
example, [38, Ch. II]), which, for c > b > 0 and 0 < τ < 1, can be represented as

(2.8) 2F1(a, b; c;x) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0
τ b−1(1− τ)c−b−1(1− xτ)−adτ

These properties will turn out useful in the proof of the main Theorem, namely Theorem
3.1. Classical results about the derivatives of 2F1(a, b; c;x) read as

2F
′
1(a, b; c;x) =

ab

c
2F1(a+ 1, b+ 1; c+ 1;x),

2F1(a+ 1, b; c+ 1;x) =
c

c− b 2F1(a, b; c;x)− c

c− b
1− x
a

2F
′
1(a, b; c;x),

2F1(a− 1, b; c− 1;x) =
c− 1− bx
c− 1

2F1(a, b; c;x) +
x(1− x)

c− 1
2F
′
1(a, b; c;x).

A straightforward consequence of the above equalities is the following one:

(2.9) 2F
′
1(a, b; c;x) =

ab

c
2F1(a+ 1, b; c+ 1;x) +

ax

c
2F
′
1(a+ 1, b; c+ 1;x).

We also recall the following equality which holds true for b > 0 and |x| < 1.

(2.10)
∫ π

0

sin2b−1 θ

(1− 2x cos θ + x2)a
dθ =

√
π Γ(b)

Γ(b+ 1
2)

2F1(a, a− b+ 1
2 ; b+ 1

2 ;x2).

We finally recall that a direct computation in (2.8) gives

(2.11) 2F1(a, b; c; 0) = 1,

and, when c > a+ b a formula due to Gauss states

(2.12) 2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

.
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The above information, together with the equality

(2.13) 2F1(a, b; c;x) = (1− x)c−a−b2F1(c− a, c− b; c;x),

will be useful in order to establish some asymptotic behaviours.

3 Main results and remarks

We are now in position to give the following definition of weak solution to problems of the
type (1.1) (see [42])

Definition 3.1 Let f ∈ Lp(Ω), for some p ≥ 2N/(N + 2s) when N ≥ 2.When N = 1 we
require p ≥ 2/(1 + 2s) when s ∈ (0, 1/2) and any p > 1 for s ∈ [1/2, 1). A weak solution
to problem (1.1) is a function u ∈ Hs(Ω) such that the equality
(3.1)

(u, ϕ)Hs(Ω) :=
γ(N, s)

2

∫
RN

∫
RN

(u(x)− u(y)) (ϕ(x)− ϕ(y))

|x− y|N+2s
dx dy =

∫
Ω
f(x)ϕ(x) dx

holds for all test functions ϕ ∈ Hs(Ω) .

It is clear that the bilinear form (·, ·)Hs(Ω) verifies the classical Lax-Milgram Theorem,
thus a unique weak solution u to problem (1.1) exists because f ∈ H−s(Ω) =: (Hs(Ω))′

due to the fractional Sobolev embeddings. As regards important properties of solutions,
such as maximum principles, regularity results or extensions to a wider class of operators
we refer to [42]. We also recall that the solution v to the symmetrized problem (1.7) is
radially strictly decreasing, see for instance [27, Theorem 1.1] or [8, Theorem 1.1].

Now we can finally state the main result of this paper.

Theorem 3.1 Let s ∈ (0, 1) and let f ∈ Lp(Ω), with p ≥ 2N/(N + 2s) when N ≥ 2 and
any p > 1 for N = 1. If u is the weak solution to problem (1.1) and v is the solution to
the corresponding symmetrized problem (1.7), we have

(3.2) u#(x) ≺ v(x).

Theorem 3.1 has a certain number of interesting implications. For instance, (3.2) and
property (2.1) transfers the study of the Lp regularity scale of the solution u to (1.1) to
the same regularity for the solution v to the radial problem (1.7). The advantage of this
step relies in the fact that v can be written in the integral form in terms of the Green
function on the ball, which is explicit. We can summarize all these considerations in the
following result.

Theorem 3.2 Let N ≥ 2, f ∈ Lp(Ω), with p ≥ 2N/(N + 2s), and let u be the weak
solution to problem (1.1). We have:
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1. if p < N/(2s) then u ∈ Lq(Ω), with

(3.3) q =
Np

N − 2sp

and there exists a constant C such that:

‖u‖Lq(Ω) ≤ C‖f‖Lp(Ω);

2. if p > N/(2s) then u ∈ L∞(Ω) and there exists a constant C such that:

‖u‖L∞(Ω) ≤ C‖f‖Lp(Ω);

3. if p = N/(2s), then u ∈ LΦp(Ω) and there exists a constant C such that:

‖u‖LΦp(Ω)
≤ C‖f‖Lp(Ω),

where LΦp(Ω) is the Orlicz space generated by the N -function

Φp(t) = exp(|t|p′)− 1.

Proof. The proof follows some arguments of [24, Theorems 4.3-4.4], but we propose here
the details for the sake of completeness. We write

v(x) =

∫
Ω#

GΩ#(x, y)f#(y)dy,

where GΩ# is the Green function of the restricted fractional Laplacian on the ball (see
[16]). Since (see for instance [35])

(3.4) GΩ#(x, y) ≤ C

|x− y|N−2s

for any x 6= y in Ω#, then, extending f to 0 out of Ω, Hardy-Littlewood-Sobolev inequality
(see [36]) implies, for p < N/(2s),

‖u‖Lq ≤ ‖v‖Lq ≤ C‖f‖Lp

where q is given by (3.3). The case p > (N/2s) is even easier, because

‖u‖L∞(Ω) ≤ ‖v‖L∞(Ω) ≤ C
∫

Ω#

f#(y)

|y|N−2s
dy

≤ C‖f‖Lp(Ω)

(∫
Ω#

1

|y|(N−2s)p′
dy

)1/p′

<∞.
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The limit case is a bit more elaborate. Indeed, it can be proven that (see for instance [9,
Lemma 6.12]) LΦp(Ω) can be interpreted as the space of all measurable functions ψ such
that

sup
σ∈(0,|Ω|)

ψ∗∗(σ)(
1 + log

(
|Ω|
σ

))1/p′
<∞,

where
ψ∗∗(σ) =

1

σ

∫ σ

0
ψ∗(τ)dτ.

Since (see [41, Lemma 1.6])

(f# ∗ | · |2s−N )∗∗(σ) ≤
∫ |Ω|
s

τ (2s/N)−Nf∗∗(τ)dτ,

and the fact that the Lp norms of f∗ and f∗∗ are equivalent (see [9, Lemma 4.5]) an easy
application of Hölder inequality and (3.2) provides

u∗∗(σ)(
1 + log( |Ω|σ )

)1/p′
≤ C (f# ∗ | · |2s−N )∗∗(σ)(

1 + log( |Ω|σ )
)1/p′

≤ C

(
log
(
|Ω|
σ

))1/p′

(
1 + log( |Ω|σ )

)1/p′
‖f‖Lp(Ω),

which concludes the proof. �

Remark 3.3 For the sake of simplicity in the above theorem we have supposed N ≥ 2, but
similar arguments can be used also in case N = 1. In such a case, if s < 1/2 estimate (3.4)
still holds, thus Theorem 3.2 remains true. If s > 1/2 the Green function on a symmetric
interval is bounded [18, Corollary 3], while in the special case s = 1/2 the Green function
is explicit (see Section 4) and one has

GΩ#(x, y) ≤ C log
1

|x− y|

where we recall that −(1/π) log |x| is exactly the fundamental solution of (−∆)1/2 for N =
1. Thus for s ≥ 1/2 the solution u is bounded for all p > 1.

It can be shown that optimal embedding results hold when the Lorentz spaces Lp,q(Ω) are
introduced, see for such questions [24] and [56].
Another interesting consequence of (3.2) is the estimate of the nonlocal energy of u in
terms of the one of v, in the spirit of [47].
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Proposition 3.4 Under the assumptions of Theorem (3.1), we have

(3.5) [u]Hs(RN ) ≤ [v]Hs(RN ).

Proof. Simply inserting u as test function in the weak formulation (3.1), an employ of
Hardy-Littlewood rearrangement inequality and Lemma 2.1 provides

γ(N, s)

2

∫
RN

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dx dy =

∫
Ω
f(x)u(x) dx

≤
∫

Ω#

f#(x)u#(x) dx

≤
∫

Ω#

f#(x) v(x) dx

=
γ(N, s)

2

∫
RN

∫
RN

|v(x)− v(y)|2

|x− y|N+2s
dx dy.

�

Remark 3.5 It is interesting to guess, in the spirit of [13], [14], [40], what happens when
we want somehow to pass to the limit as s→ 1 in the energy inequality (3.5). We observe
that by [10, Theorem 1.2] the solution u to problem (1.1) for s = 1, i.e. the solution to the
local Poisson equation with homogeneous boundary condition u = 0 on ∂Ω, can be seen
as the weak limit of the family of solutions us to (1.1) for s ∈ (0, 1). The same property
holds for the solution v to the symmetrized problem (1.7) for s = 1 and v = 0 on ∂Ω#.
Then applying Proposition 3.4 to each couple of solutions us, vs we can use [10, Theorem
1.2] to pass to the limit as s→ 1 in the inequality

[us]Hs(RN ) ≤ [vs]Hs(RN ),

and obtain ∫
Ω
|∇u|2dx ≤

∫
Ω#

|∇v|2dx,

thus (3.5) can be seen as the nonlocal version of Talenti’s energy inequality.

4 Counterexamples to the pointwise comparison

One could ask if the comparison in terms of mass concentration could be improved to give
a pointwise estimate. In order to understand if a result similar to the one proved by Talenti
[47] in the local case could be expected also in the non local one, we devote this Section to
discuss some special cases which give a negative answer, showing that a pointwise estimate
cannot hold and then, that our result is optimal.
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In the case N = 1, s = 1
2 , Ω = (−1, 1), the explicit solution to problem

(4.1)


(−∆)1/2u = f in Ω,

u = 0 on R \ Ω,

can be computed explicitly in various cases, making use of the Green function on Ω (see,
e.g., [16, Theorem 3.1])

(4.2) u(x) =
1

π

∫ 1

−1
f(x) log

(
1− x y +

√
(1− x2)(1− y2)

|x− y|

)
dy.

A direct computation shows that the solutions u(1) and u(2) to (4.1) corresponding to the
source terms f(1)(x) = |x| and f(2)(x) = χ 1

2
<|x|<1(x), respectively, are given by

u(1)(x) =
1

π

(√
1− x2 − x2 log |x|+ x2 log

(
1 +

√
1− x2

))

u(2)(x) =
1

π

(
2π

3

√
1− x2 −

(
1

2
− x
)

log

(
1− x

2 +
√

3
2

√
1− x2

|x− 1
2 |

)
−
(

1

2
+ x

)
log

(
1 + x

2 +
√

3
2

√
1− x2

|x+ 1
2 |

))
.

On the other hand, observing that Ω# = (−1, 1), f#
(i)(x) = 1 − f(i)(x), i = 1, 2, and

that
√

1− x2 solves the above problem when the source term is 1 (see [31] and [26]), the
solution v(i), i = 1, 2, to the symmetrized problem

(−∆)1/2v(i) = f#
(i) in Ω#,

v(i) = 0 on R \ Ω#,

is given by
v(i)(x) =

√
1− x2 − u(i)(x)

All the functions u(i) and v(i) are symmetric with respect to the origin and one can prove
that in both cases the pointwise estimate (1.3) does not hold. These functions are plotted
in Figure 1 and Figure 2 where they correspond to us,i and vs,i with s = 1

2 .
In the case i = 1 (a similar analysis can be carried out when i = 2) a direct computation

shows that

u(1)(x) ∼ 2

π

√
1− x2 as x→ 1

v(1)(x) ∼π − 2

π

√
1− x2 as x→ 1,

15



so, for a suitable ε > 0 it holds

(4.3) u(1)(x) > v(1)(x), 1− ε ≤ |x| ≤ 1

On the other hand, being f(1) a nonnegative (not identically zero) function, we have (see,
e.g., [17, Theorem 2.3.3]) u(1)(x) > 0 in [−1 + ε, 1− ε]. Let

t̄ = min
[−1+ε,1−ε]

u(1)(x) > 0.

We observe that v(1)(x) is an even function which strictly decreases for x ∈ (0, 1). If
v(1)(x) < t̄ then (4.3) holds true for x ∈ (−1, 1) and then u#(x) > v(x) in (−1, 1),
contradicting (1.3).

So, we can suppose that there exists a unique x̄ ∈ (0, 1) such that v(1)(x̄) = t̄. We claim
that the two truncated functions

ū(1)(x) = min{t̄, u(1)(x)}, v̄(1)(x) = min{t̄, v(1)(x)},

are such that

(4.4) ū(1)(x) ≥ v̄(1)(x), x ∈ R,

with strict inequality in a left neighborough of x = 1 (and in a right neighborough of
x = −1).

Indeed, considering the cases where x̄ belongs to (0, 1 − ε) or to [1 − ε, 1), from the
definition of t̄ it follows:

u(1)(x̄) ≥ t̄.
Moreover, for x ∈ (0, x̄), in view of (4.3) and the radial monotonicity of v(1) we have that
u(1)(x) ≥ t̄, thus ū(1)(x) = t̄ = v̄(1)(x), x ∈ (0, x̄). Then (4.3) allows to obtain (4.4).

By the definition of distribution function we have by (4.4)

µu(1)
(t) = µū(1)

(t) > µv̄(1)
(t) = µv(1)

(t), t ∈ (0, t̄),

so, in a left neighborough of x = 1 (and in a right neighborough of x = −1), it holds

u#
(1)(x) > v(1)(x),

which proves that the pointwise estimate

u#
(1)(x) ≤ v(1)(x),

does not hold true in (−1, 1).
As a matter of fact the phenomenon described above happens to be true for every

s ∈ (0, 1). Indeed, denote, respectively, by us,i and vs,i the solutions to the problems
(−∆)sus,i = fi in Ω,

us,i = 0 on R \ Ω,

 (−∆)svs,i = f#
i in Ω#,

vs,i = 0 on R \ Ω#,
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10

s = 1/4

−1

us,1

vs,1

10

s = 1/2

−1

us,1

vs,1

10
s = 3/4

−1

us,1

vs,1

10
s = 1

−1

us,1

vs,1

Figure 1: Plot of us,1 and vs,1

where Ω and fi, i = 1, 2 are like above. The following computations are made for i = 1,
similar arguments apply for i = 2. For s ∈ (0, 1), s 6= 1/2 the solution us,1 can be
computed using the Green function on Ω (see again [16, Theorem 3.1]) obtaining

us,1(x) =
1

22sΓ(s)2

∫ 1

−1
|x| |z − x|2s−1

∫ (1−x2)(1−z2)

|z−x|2

0

ts−1

(t+ 1)
1
2

dt

 dz

and it follows

`us,1 = lim
x→1−

us,1(x)

(1− x2)s
=

1

22sΓ(s)Γ(s+ 1)

∫ 1

−1
|z|(1− z)s−1(1 + z)sdz

=
1

22sΓ(s+ 1)2

Recalling that (1 − x2)s solves the problem with the source term equal to Γ(2s + 1) we
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have

vs,1(x) =
(1− x2)s

Γ(2s+ 1)
− us,1(x)

and it follows

`vs,1(s) = lim
x→1−

vs,1(x)

(1− x2)s
=

1

Γ(2s+ 1)
− 1

22sΓ(s+ 1)2

Now we use the following property of the function Γ(x)

√
π21−2xΓ(2x) = Γ(x)Γ(x+ 1

2), x > 0,

and the definition of beta function

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt =

Γ(x)Γ(y)

Γ(x+ y)
,

to get

`us,1(s)− `vs,1(s) =
2

22sΓ(s+ 1)2
− 1

Γ(2s+ 1)
=

1

Γ(2s+ 1)

(
2√
π

Γ(s+ 1
2)

Γ(s+ 1)
− 1

)

=
1

Γ(2s+ 1)

(
2

π
B(s+ 1

2 ,
1
2)− 1

)
> 0, s ∈ (0, 1),

where we have observed that by definition B(s+ 1
2 ,

1
2) is decreasing with respect to s ∈ (0, 1)

and B(3
2 ,

1
2) = π

2 . Thus, as above, in a left neighborhood of x = 1, it holds

u#
s,1(x) > vs,1(x).

Now we can repeat the arguments used in the case s = 1
2 to show that the pointwise

estimate
u#
s,1(x) ≤ vs,1(x),

does not hold true in (−1, 1).
In Figure 1 and Figure 2 the functions us,i and vs,i for various values of s are plotted

using the same unit for the two axes. The plots have been obtained applying the numerical
tools offered by Mathematica to the explicit 1D formula contained in [16, Theorem 3.1]
and proved to agree as expected with the outputs of the Matlab code kindly provided by
the authors of [1].
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Figure 2: Plot of us,2 and vs,2

5 Proof of Theorem 3.1

5.1 The case where f is nonnegative and regular

In the present subsection we suppose that f ∈ C∞0 (RN ) and f(x) ≥ 0 in Ω. It follows
that u is a continuous function on RN of class C1 in Ω and 0 ≤ u(x) ≤ umax < +∞ in Ω,
where umax = maxRN u (see, e.g., [43, Theorem 1.1]). We split the proof in four steps.

• Step 1: Choice of the test function and nonlocal Pólya-Szegö inequality .

For 0 ≤ t < umax and h > 0, we choose the following test function

ϕ(x) = Gt,h(u(x))

where Gt,h(θ) is the classical truncation

(5.1) Gt,h(θ) =


h if θ > t+ h

θ − t if t < θ ≤ t+ h

0 if θ ≤ t.

Notice that since
|Gt,h(u(x))− Gt,h(u(y))| ≤ |u(x)− u(y)|

we immediately have that Gt,h(u) ∈ Hs(Ω), thus we can use Gt,h(u) as a test function in
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the weak formulation of problem (1.1). Then we have
(5.2)
γ(N, s)

2

∫
RN

∫
RN

(u(x)− u(y)) (Gt,h(u(x))− Gt,h(u(y)))

|x− y|N+2s
dx dy =

∫
Ω
f(x)Gt,h(u(x)) dx.

In the spirit of [37] for the local case, our aim is now to find a bound from below of the left-
hand side of (5.2) in terms of the radially decreasing rearrangement u#. More precisely,
we will prove the inequality∫

RN

∫
RN

(u(x)− u(y)) (Gt,h(u(x))− Gt,h(u(y)))

|x− y|N+2s
dxdy(5.3)

≥
∫
RN

∫
RN

(
u#(x)− u#(y)

) (
Gt,h(u#(x))− Gt,h(u#(y))

)
|x− y|N+2s

dxdy.

This approach consistently differs from the usual procedure in the local case, where
Fleming-Rishel formula and isoperimetric inequality are employed and seem not to work
in the present setting. Following [2, Section 9], we write∫
RN

∫
RN

(u(x)− u(y)) (Gt,h(u(x))− Gt,h(u(y)))

|x− y|N+2s
dxdy =

1

Γ(N+2s
2 )

∫ ∞
0

Iα[u, t, h]α(N+2s)/2−1dα,

where

(5.4) Iα[u, t, h] =

∫
RN

∫
RN

(u(x)− u(y)) (Gt,h(u(x))− Gt,h(u(y))) exp[−|x− y|2α]dx dy.

By virtue of this last representation, inequality (5.3) is proved when we succeed to show
that

(5.5) Iα[u, t, h] ≥ Iα[u#, t, h],

for all α > 0. To this aim, we use Riesz’s general rearrangement inequality (2.4) with the
choice Wα(x) = exp[−|x|2α], a = 1, b = −1 and

F (u, v) = u2 + v2 − (u− v)(Gt,h(u)− Gt,h(v))

for all u, v > 0. Observe that the function F is eligible. Indeed, using the fact that
Gt,h(θ) ≤ θ for all θ ≥ 0, simple computations give

F (u, v) = u(u− Gt,h(u)) + v(v − Gt,h(v)) + uGt,h(v) + vGt,h(u) ≥ 0

and also (2.3) holds, because for given u2 ≥ u1 > 0 and v2 ≥ v1 > 0 one has

F (u2, v2)+F (u1, v1)−F (u2, v1)−F (u1, v2) = (v1−v2)(Gt,h(u1)−Gt,h(u2))+(u1−u2)(Gt,h(v1)−Gt,h(v2)) ≥ 0.
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Plugging such function F in (2.4) yields∫
RN

∫
RN

F (u(x), u(y))Wα(x− y)dx dy ≤
∫
RN

∫
RN

F (u#(x), u#(y))Wα(x− y)dx dy

that is

∫
RN

∫
RN

[
u2(x) + u2(y)− (u(x)− u(y)) (Gt,h(u(x))− Gt,h(u(y)))

]
Wα(x− y)dx dy

(5.6)

≤
∫
RN

∫
RN

[
(u#)2(x) + (u#)2(y)− (u#(x)− u#(y))

(
Gt,h(u#(x))− Gt,h(u#(y))

)]
Wα(x− y)dx dy.

Notice that by the equimisurability property of rearrangements we have∫
RN

∫
RN

(u#)2(x)Wα(x− y)dx dy =

∫
RN

∫
RN

u2(x)Wα(x− y)dx dy

then employing the symmetry of the kernel Wα in (5.6) we find (5.5).

So far we proved, as an easy consequence of (5.2), that
(5.7)
γ(N, s)

2

∫
RN

∫
RN

(
u#(x)− u#(y)

) (
Gt,h(u#(x))− Gt,h(u#(y))

)
|x− y|N+2s

dxdy ≤
∫

Ω
f(x)Gt,h(u(x)) dx.

• Step 2: Rewriting (5.7) in the radial coordinate.

This long step will be devoted to rewriting (5.7) in terms of one-variable integrals with
respect to the radial coordinate r := |x|. It will strongly involve the properties of the
hypergeometric functions recalled in Section 2.4. First we set

˚uffl(x) = ˚uffl(|x|) := u#(x),

hence ˚uffl is a nonincreasing continuous function defined on RN which vanishes for |x| ≥
R > 0, R being the radius of Ω#. Furthermore, taking into account the fact that Schwarz
rearrangement preserves Lipschitz continuity (see, e.g., [34, Theorem 2.3.3]) because of the
regularity of u, the function ˚uffl is locally Lipschitz continuous in Ω#, namely it is Lipschitz
continuous in every Br(0) with 0 < r < R. For every 0 ≤ t ≤ umax there exists a unique
r(t) such that |{x : ˚uffl(x) > t}| = |Br(t)(0)|. We observe that r(t) is a non increasing right
continuous function on 0 ≤ t ≤ umax. Our main issue now is how to pass to the limit as
h→ 0 in (5.7). To this aim, let us consider the following integral:

It,h =
1

NωN

∫
RN

∫
RN

(˚uffl(x)− ˚uffl(y)) (Gt,h(˚uffl(x))− Gt,h(˚uffl(y)))

|x− y|N+2s
dxdy,(5.8)
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thus (5.7) translates to

NωN
γ(N, s)

2
It,h ≤

∫
Ω
f(x)Gt,h(u(x)) dx.

Putting as usual r = |x|, we have:

It,h =

∫ +∞

0

(∫ +∞

0

(˚uffl(r)− ˚uffl(ρ)
)(
Gt,h(˚uffl(r))− Gt,h(˚uffl(ρ))

)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr,

where

(5.9) ΘN,s(r, ρ) =
1

NωN

∫
|x′|=1

(∫
|y′|=1

1

|r x′ − ρ y′|N+2s
dHN−1(y′)

)
dHN−1(x′)

In order to compute ΘN,s(r, ρ) we observe that the internal integral in (5.9) does not
depend on x′, so one can compute it choosing any fixed x′, obtaining

ΘN,s(r, ρ) =

∫
|y′|=1

1

|r x′ − ρ y′|N+2s
dHN−1(y′)(5.10)

=αN

∫ π

0

sinN−2 θ

(r2 − 2rρ cos θ + ρ2)
N+2s

2

dθ,

where

αN =
2π

N−1
2

Γ(N−1
2 )

.

By definition ΘN,s(r, ρ) is symmetric, that is,

ΘN,s(r, ρ) = ΘN,s(ρ, r),

and, by (2.10), it follows

(5.11) ΘN,s(r, ρ) =


αN
ρN+2s 2F1

(
N + 2s

2
, s+ 1;

N

2
;
r2

ρ2

)
if 0 ≤ r < ρ < +∞

αN
rN+2s 2F1

(
N + 2s

2
, s+ 1;

N

2
;
ρ2

r2

)
if 0 ≤ ρ < r < +∞

It is possible to obtain the asymptotic behaviour of ΘN,s(r, ρ) as r, ρ→ +∞ or |r−ρ| → 0.
Indeed, using (2.11) with a = N+2s

2 , b = s+ 1, c = N
2 , we have

(5.12)


ΘN,s(r, ρ) ∼ 1

rN+2s
as r → +∞

ΘN,s(r, ρ) ∼ 1

ρN+2s
as ρ→ +∞.
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On the other hand, with the same choice of a, b, c, (2.13) gives

2F1

(
N + 2s

2
, s+ 1;

N

2
;x

)
= (1− x)−1−2s

2F1

(
−s, N

2
− s− 1;

N

2
;x

)
,

so by (2.12) we get

(5.13) ΘN,s(r, ρ) ∼ 1

|r − ρ|1+2s
as |r − ρ| → 0.

We also observe that (2.9) tells us that the function ΘN,s(r, ρ) and its derivatives can
be related to the function ΘN+2,s(r, ρ). Actually the use of that equality or a direct
computation gives:

ρN−1ΘN,s(r, ρ) =
N + 2s

2π
ρN+1ΘN+2,s(r, ρ) +

1

2π

∂

∂ρ

(
ρNΘN+2,s−1(r, ρ)

)
,(5.14)

ρN−1∂ΘN,s

∂r
(r, ρ) = −N + 2s

2π
r
∂

∂ρ

(
ρNΘN+2,s(r, ρ)

)
.(5.15)

Now we come back to the integral It,h defined in (5.8) and observe that a decomposition
which makes use of (5.1) gives:

It,h =

∫ r(t)

r(t+h)

(∫ r(t)

r(t+h)

(˚uffl(r)− ˚uffl(ρ)
)2

ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

(5.16)

+ 2

∫ r(t+h)

0

(∫ r(t)

r(t+h)

(˚uffl(r)− ˚uffl(ρ)
)(
h− ˚uffl(ρ) + t

)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

+ 2

∫ +∞

r(t)

(∫ r(t)

r(t+h)

(˚uffl(r)− ˚uffl(ρ)
)(
− ˚uffl(ρ) + t

)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

+ 2h

∫ r(t+h)

0

(∫ +∞

r(t)

(˚uffl(r)− ˚uffl(ρ)
)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

= I
(1)
t,h + 2I

(2)
t,h + 2I

(3)
t,h + 2hI

(4)
t,h .

Using the fact that ˚uffl(r) is locally Lipschitz continuous in Ω# and the asymptotic behaviour
of ΘN,s(r, ρ) as r → ρ and r, ρ→ +∞, we can show that

(5.17)
1

h
I

(i)
t,h

h→0−−−→ 0, i = 1, 2, 3.
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Indeed, since ˚uffl is radially decreasing we find for r, ρ ∈ (r(t+ h), r(t)),

|(˚uffl(r)− ˚uffl(ρ)| ≤ [˚uffl(r(t+ h))− ˚uffl(r(t))] = h

then

1

h
I

(1)
t,h ≤ c

1

h

∫ r(t)

r(t+h)

(∫ r(t)

r(t+h)
|(˚uffl(r)− ˚uffl(ρ)||r − ρ|−2sdρ

)
dr

≤ c
∫ r(t)

r(t+h)

(∫ r(t)

r(t+h)
|r − ρ|−2sdρ

)
dr

h→0−−−→ 0.

Similarly we find

0 ≤ 1

h
I

(2)
t,h ≤ c

∫ r(t+h)

0

(∫ r(t)

r(t+h)
|r − ρ|−2sdρ

)
dr

≤ c|r(t)− r(t+ h)|2−2s h→0−−−→ 0,

while

1

h
I

(3)
t,h ≤

c

h

∫ R

r(t)

(∫ r(t)

r(t+h)
|˚uffl(ρ)− t||r − ρ|−2sdρ

)
dr +

1

h

∫ +∞

R

(∫ r(t)

r(t+h)
|˚uffl(ρ)− t|ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

≤ c

[∫ R

r(t)

(∫ r(t)

r(t+h)
|˚uffl(ρ)− t||r − ρ|−2sdρ

)
dr +

∫ r(t)

r(t+h)
ρN−1

(∫ +∞

R
ΘN,s(r, ρ)rN−1dr

)
dρ

]
h→0−−−→ 0.

Then, collecting (5.16) and (5.17), for the left hand side of (5.7) it holds, for every
t ∈ (0, umax),

lim
h→0+

γ(N, s)

2h

∫
RN

∫
RN

(˚uffl(x)− ˚uffl(y)) (Gt,h(˚uffl(x))− Gt,h(˚uffl(y)))

|x− y|N+2s
=

= NωNγ(N, s) lim
h→0+

I
(4)
t,h

= NωNγ(N, s) lim
h→0+

∫ r(t+h)

0

(∫ +∞

r(t)

(˚uffl(r)− ˚uffl(ρ)
)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

= NωNγ(N, s)

∫ r(t)

0

(∫ +∞

r(t)

(˚uffl(r)− ˚uffl(ρ)
)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr

where the last passage to the limit is justified by monotone convergence and by the fact
that the function

(r, ρ)→
(˚uffl(r)− ˚uffl(ρ)

)
ΘN,s(r, ρ)ρN−1rN−1
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is summable on
(
0, r(t)

)
×
(
r(t),+∞

)
. Indeed, for big values of ρ one uses the asymptotic

behaviour of ΘN,s(r, ρ), while for r − ρ→ 0 one uses the fact that∣∣(˚uffl(r)− ˚uffl(ρ)
)
ΘN,s(r, ρ)

∣∣ ≤ c|r − ρ|−2s.

On the other hand,∫
Ω
f(x)Gt,h(u(x)) dx

h→0−−−→
∫
u>t

f(x) dx ≤ NωN
∫ r(t)

0
f∗(ωNρ

N )ρN−1dρ.

So, for every t ∈ (0, umax), (5.7) implies
(5.18)

γ(N, s)

∫ r(t)

0

(∫ +∞

r(t)

(˚uffl(r)− ˚uffl(ρ)
)
ΘN,s(r, ρ)ρN−1dρ

)
rN−1dr ≤

∫ r(t)

0
f∗(ωNρ

N )ρN−1dρ.

We now change the variables in both integrals, putting rN = ˚rffl and ρN = ¯s, to obtain
(5.19)
γ(N, s)

N

∫ r(t)N

0

(∫ +∞

r(t)N

(˚uffl(˚rffl 1N )− ˚uffl(¯s 1
N )
)
ΘN,s(˚rffl 1N , ¯s 1

N )d¯s
)
d˚rffl ≤

∫ r(t)N

0
f∗(ωN ¯s)d¯s.

For σ ∈ (0,+∞) we consider the functions

H(σ) =

∫ σ

0

(∫ +∞

σ

(˚uffl(˚rffl 1N )− ˚uffl(¯s 1
N )
)
ΘN,s(˚rffl 1N , ¯s 1

N ) d¯s
)
d˚rffl

and
G(σ) =

∫ σ

0
f∗(ωN ¯s) d¯s.

By the asymptotic behaviors of ΘN,s, both functions H(σ) and G(σ) are continuous and
inequality (5.19) can be written as

γ(N, s)

N
H(σ) ≤ G(σ), if σ = r(t)N for some t ≥ 0

Our aim is to show that the above inequality holds true for every σ ∈ (0,+∞). Two cases
are missing:

(a) σ > r(0)N ;

(b) r(t)N < σ ≤ r(t−)N , if u has a flat zone at the level t > 0.

In case (a) we have (recall that u = 0 in RN \ Ω):

H(σ) =

∫ r(0)N

0

(∫ +∞

σ
˚uffl(˚rffl 1N )ΘN,s(˚rffl 1N , ¯s 1

N ) d¯s
)
d˚rffl
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which implies that H(σ) is a non increasing function for σ > r(0)N . On the other hand,
G(σ) is constant in the same interval, so, taking into account the fact that γ(N,s)

N H(r(0)N ) ≤
G(r(0)N ), we have

γ(N, s)

N
H(σ) ≤ G(σ), σ > r(0)N .

If u does not have a flat zone we have finished, so let us consider case (b), that is, let t
be such that |{x : u(x) = t}| > 0. The claimed inequality holds true at σ = r(t)N and, by
continuity, also at σ = r(t−)N , that is

γ(N, s)

N
H(r(t−)N ) ≤ G(r(t−)N ).

It is immediate to observe that the function G(σ) is concave, so, in order to prove the
claimed inequality for r(t)N < σ < r(t−)N , it is sufficient to show that H(σ) is convex on
such an interval. Indeed, it holds

H ′(σ) =

∫ +∞

σ

(˚uffl(σ 1
N )− ˚uffl(¯s 1

N )
)
ΘN,s(σ

1
N , ¯s 1

N ) d¯s−
∫ σ

0

(˚uffl(˚rffl 1N )− ˚uffl(σ 1
N )
)
ΘN,s(˚rffl 1N , σ 1

N ) d˚rffl

=

∫ +∞

r(t−)N

(
t− ˚uffl(¯s 1

N )
)
ΘN,s(σ

1
N , ¯s 1

N )d¯s−
∫ r(t)N

0

(˚uffl(˚rffl 1N )− t
)
ΘN,s(˚rffl 1N , σ 1

N )d˚rffl

=: H1(σ)− H2(σ).

We notice that for r(t)N < σ < r(t−)N , using (5.11) a direct computation shows that

H1
′(σ) =

∫ +∞

r(t−)N

(
t− ˚uffl(¯s 1

N )
) ∂
∂σ

(
ΘN,s(σ

1
N , ¯s 1

N )
)
d¯s ≥ 0,

H2
′(σ) =

∫ r(t)N

0

(˚uffl(˚rffl 1N )− t
) ∂
∂σ

(
ΘN,s(σ

1
N , ˚rffl 1N )

)
d˚rffl ≤ 0,

then H ′(σ) is increasing in r(t)N < σ < r(t−)N , implying that H(σ) is convex.
Thus, we have proved

γ(N, s)

N
H(σ) ≤ G(σ), σ ≥ 0,

and, performing again a change of variables, for every r ≥ 0, we get
(5.20)

γ(N, s)

∫ r

0

(∫ +∞

r

(˚uffl(τ)− ˚uffl(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ ≤

∫ r

0
f∗(ωNρ

N )ρN−1dρ.

• Step 3: Rewriting (5.20) in terms of the spherical mean function.
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Now our goal is to rewrite the left-hand side of (5.20) in terms of the following spherical
mean function

U(x) = U(|x|) =
1

|x|N

∫ |x|
0

˚uffl(ρ)ρN−1dρ,

defined for all x ∈ RN . It is a very important step and represents one of the main novelty
of this approach, allowing to represent left-hand side of (5.20) as the fractional Laplacian
of U in N + 2 variables. It is easy to show that:

0 ≤ ˚uffl(x) ≤ umax, 0 ≤ U(x) ≤ umax

N

and
˚uffl(x) ≤ N U(x), x ∈ RN

Furthermore
U ′(ρ) =

˚uffl(ρ)

ρ
−NU(ρ)

ρ
≤ 0, ρ > 0

So U ′(ρ) is of class C1,1loc and U(ρ) is strictly decreasing for ρ ≥ r0 where r0 ≥ 0 is such
that

ωNr
N
0 = |{x ∈ RN : u(x) = umax}|

Indeed, by definition,
U(ρ) =

umax

N
0 ≤ ρ ≤ r0

U ′(ρ) < 0 ρ > r0

Turning back to (5.20), we write the left integral as an improper integral, i.e. in the form∫ r

0

(∫ +∞

r

(˚uffl(τ)− ˚uffl(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ = lim

ε→0+
Iε

where, for ε > 0,

It,ε :=

∫ r−ε

0

(∫ +∞

r

(˚uffl(τ)− ˚uffl(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ

and we manipulate Iε in order to involve the function U . This approach has the advantage
to avoid considerations regarding the strong singularity of ΘN,s(τ, ρ), when τ = ρ, in the
boundary terms appearing in the integration by parts formulas.

Splitting the integral It,ε we have

It,ε =

∫ r−ε

0
˚uffl(τ)

(∫ +∞

r
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ −

∫ r−ε

0

(∫ +∞

r
˚uffl(ρ)ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ

=

∫ +∞

r
ρN−1

(∫ r−ε

0
˚uffl(τ)ΘN,s(τ, ρ)τN−1

)
dρ−

∫ r−ε

0

(∫ +∞

r
˚uffl(ρ)ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ
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and since
˚uffl(τ)τN−1 =

d

dτ

∫ τ

0
˚uffl(σ)σN−1dσ

integrating by parts we get

It,ε =(r − ε)NU(r − ε)
∫ +∞

r
ΘN,s(r − ε, ρ)ρN−1dρ(5.21)

+ rNU(r)

∫ r−ε

0
ΘN,s(τ, r)τ

N−1dτ

−
∫ +∞

r

(∫ r−ε

0
U(τ)

∂ΘN,s

∂τ
(τ, ρ)τNdτ

)
ρN−1dρ

+

∫ r−ε

0

(∫ +∞

r
U(ρ)

∂ΘN,s

∂ρ
(τ, ρ)ρNdρ

)
τN−1dτ.

Now we evaluate each integral above. For the first two integrals we use (5.14) to get

(r − ε)NU(r − ε)
∫ +∞

r
ΘN,s(r − ε, ρ)ρN−1dρ(5.22)

=
N + 2s

2π
(r − ε)NU(r − ε)

∫ +∞

r
ΘN+2,s(r − ε, ρ)ρN+1dρ+

− 1

2π
rN (r − ε)NU(r − ε)ΘN+2,s−1(r − ε, r),

and (recall that ΘN,s is symmetric)

rNU(r)

∫ r−ε

0
ΘN,s(τ, r)τ

N−1dτ =(5.23)

=
N + 2s

2π
rNU(r)

∫ r−ε

0
ΘN+2,s(τ, r)τ

N+1dτ+

+
1

2π
rN (r − ε)NU(r)ΘN+2,s−1(r − ε, r)
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For the remaining two integrals in (5.21) we use (5.15) to get

∫ +∞

r

(∫ r−ε

0
U(τ)

∂ΘN,s

∂τ
(τ, ρ)τNdτ

)
ρN−1dρ =

∫ r−ε

0

(
U(τ)

∫ +∞

r

∂ΘN,s

∂τ
(τ, ρ)ρN−1dρ

)
τNdτ

(5.24)

=
N + 2s

2π
rN
∫ r−ε

0
U(τ)ΘN+2,s(τ, r)τ

N+1dτ,

and

∫ r−ε

0

(∫ ∞
r

U(ρ)
∂ΘN,s

∂ρ
(τ, ρ)ρNdρ

)
τN−1dτ =

∫ +∞

r

(
U(ρ)

∫ r−ε

0

∂ΘN,s

∂ρ
(τ, ρ)τN−1dτ

)
ρNdρ

(5.25)

=− N + 2s

2π
(r − ε)N

∫ +∞

r
U(ρ)ΘN+2,s(r − ε, ρ)ρN+1dρ.

Collecting (5.21)-(5.25) we have:

It,ε =
N + 2s

2π

(
(r − ε)N

∫ +∞

r

(
U(r − ε)− U(ρ)

)
ΘN+2,s(r − ε, ρ)ρN+1dρ+(5.26)

+ rN
∫ r−ε

0

(
U(r)− U(τ)

)
ΘN+2,s(τ, ρ)τN+1dτ

)
+

+
1

2π
rN (r − ε)N

(
U(r)− U(r − ε)

)
ΘN+2,s−1(r − ε, r).

We first observe that for the last term in (5.26), in view of (5.13) and of the fact that U
is locally Lipschitz continuous in Ω#, it holds:

rN (r − ε)N
(
U(r)− U(r − ε)

)
ΘN+2,s−1(r − ε, r) ε→0−−−→ 0

As regards the two integrals in (5.26) we change the integration variable to get

(r − ε)N
∫ +∞

r

(
U(r − ε)− U(ρ)

)
ΘN+2,s(r − ε, ρ)ρN+1dρ+(5.27)

+ rN
∫ r−ε

0

(
U(r)− U(τ)

)
ΘN+2,s(τ, ρ)τN+1dτ =
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= (r − ε)NrN+2

∫ +∞

1

(
U(r − ε)− U(ρ r)

)
ΘN+2,s(r − ε, ρ r)ρN+1dρ+

+ rN (r − ε)N+2

∫ +∞

1

(
U(r)− U( r−ερ )

)
ΘN+2,s(

r−ε
ρ , r)ρ−N−3dρ.

We observe that U is of class C1,1, so, for ρ ≥ 1 it holds

0 ≤ U(r − ε)− U(ρ r) = U ′(ηε(ρ))
(
r − ε− ρ r

)
, for some ηε(ρ) ∈

(
r − ε, ρ r

)
and

0 ≤ U( r−ερ )− U(r) = U ′(σε(ρ))
(
r−ε
ρ − r

)
, for some σε(ρ) ∈

(
r−ε
ρ , r

)
.

By the definition of ΘN+2,s we can use the homogeneity property

ΘN+2,s(
r−ε
ρ , r) = ρN+2+2sΘN+2,s(r − ε, ρ r)

and (5.27) becomes

(r − ε)N
∫ +∞

r

(
U(r − ε)− U(ρ)

)
ΘN+2,s(r − ε, ρ)ρN+1dρ+

+ rN
∫ r−ε

0

(
U(r)− U(τ)

)
ΘN+2,s(τ, ρ)τN+1dτ =

= (r − ε)NrN+2

∫ +∞

1

(
U ′(ηh(ρ))− U ′(σh(ρ))

(r − ε)2

r2
ρ−N−3+2s

)(
r − ε− ρ r

)
×

×ΘN+2,s(r − ε, ρ r)ρN+1dρ =

= (r − ε)NrN+2

∫ +∞

1

(
U ′(ηh(ρ))− U ′(σh(ρ))

)(
r − ε− ρ r

)
×

×ΘN+2,s(r − ε, ρ r)ρN+1dρ+

+ (r − ε)NrN+2

∫ +∞

1
U ′(σh(ρ))

(
1− (r − ε)2

r2
ρ−N−3+2s

)(
r − ε− ρ r

)
×
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×ΘN+2,s(r − ε, ρ r)ρN+1dρ.

In order to pass to the limit as ε → 0 we need to know the behaviour of the integrands
when ρ is close to 1. Using (5.13) and the fact that U ′ is locally Lipschitz continuous in
Ω#, we have, for ε small enough and for ρ− 1 small enough∣∣(U ′(ηh(ρ))− U ′(σh(ρ))

)(
r − ε− ρ r

)
ΘN+2,s(r − ε, ρ r)

∣∣ ≤ c∣∣r − ε− ρ r∣∣1−2s

and, observing that∣∣r − ε− ρ r∣∣1−2s ≤ c if 0 < s ≤ 1

2

∣∣r − ε− ρ r∣∣1−2s ≤ c(r)(ρ− 1)1−2s if
1

2
< s < 1

it follows that the first integrand is dominated by a summable function in a right neigh-
borhood of ρ = 1. For what concerns the summability in a neighborhood of +∞ it is
enough to observe that from the asymptotic behavior (5.12) we find, for ρ→ +∞

Θ(r − ε, ρr)ρN+1 ∼ C(r)
1

ρ2s+1
.

As regards the second integrand, we have for ε small enough and for ρ− 1 small enough∣∣∣∣U ′(σh(ρ))

(
1− (r − ε)2

r2
ρ−N−3+2s

)(
r − ε− ρ r

)
ΘN+2,s(r − ε, ρ r)

∣∣∣∣ ≤
≤ c
∣∣r − ε− ρ r∣∣−2s

(
ρN+3−2s − (r − ε)2

r2

)
≤ c(r)

∣∣r − ε− ρ r∣∣−2s
(
rρ

N+3−2s
2 − (r − ε)

)
.

We observe that the function

x→ rρ
N+3−2s

2 − x(
ρ r − x

)2s
is increasing with respect to x ∈

(
0, r
)
, for every fixed ρ > 1 and r > 0. Then it follows

∣∣r − ε− ρ r∣∣−2s
(
rρ

N+3−2s
2 − (r − ε)

)
≤ C(r)

ρ
N+3−2s

2 − 1

(ρ− 1)2s

and then the second integrand is dominated by a summable function in a right neighbor-
hood of ρ = 1: indeed, this is clear for s < 1/2, while for s ≥ 1/2 we have

ρ
N+3−2s

2 − 1

(ρ− 1)2s
≤ C(r)(ρ− 1)1−2s.
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Hence from (5.26), (5.27) we have from the homogeneity of ΘN+2,s

It,ε
ε→0−−−→ N + 2s

2π
rN−2s

∫ +∞

1

(
U(r)−U(ρ r)+

(
U(r)−U( rρ)

)
ρ−N−2+2s

)
ΘN+2,s(1, ρ)ρN+1dρ

which is proportional to the s-Laplacian of the function U(x) = U(|x|) computed in RN+2

at the point r (see [29]). More precisely, observing that

γ(N, s)
N + 2s

2π
=
s22sΓ

(
N+2s

2

)
π

N
2 Γ(1− s)

N + 2s

2π
= γ(N + 2, s)

and using inequality (5.20) we get

γ(N + 2, s)

r2s

∫ +∞

1

(
U(r)− U(ρ r) +

(
U(r)− U( rρ)

)
ρ−N−2+2s

)
ΘN+2,s(1, ρ)ρN+1dρ

≤ 1

rN

∫ r

0
f∗(ωNρ

N )ρN−1dρ

and from [29, Theorem 1]

(5.28) (−∆)sRN+2U(r) ≤ 1

rN

∫ r

0
f∗(ωNρ

N )ρN−1dρ

for all positive r.

• Step 4: Comparison principle and end of the proof .

Now, for what concerns the solution v to the symmetrized problem (1.7) we notice that
inequality (5.3) becomes an equality for the radial symmetry, thus instead of (5.28) we
find

(−∆)sRN+2V (r) =
1

rN

∫ r

0
f∗(ωNρ

N )ρN−1dρ

where V (r) is the spherical mean of v, i.e.

V (x) = V (|x|) =
1

|x|N

∫ |x|
0

v(ρ)ρN−1dρ.

Then we reach to the following crucial estimate

(5.29) (−∆)sRN+2U(r) ≤ (−∆)sRN+2V (r)

on the whole space RN+2, equipped with decay conditions for U, V , that is U, V → 0 as
r = |x|N+2 →∞. We claim that

(5.30) U ≤ V.
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Indeed, assume that W := U − V > 0 is some point x0. Let W (x̄) := maxW > 0, then
by (5.29) and the very definition of fractional Laplacian

0 ≤ (−∆)sRN+2W (x̄) ≤ 0

thus (−∆)sRN+2W (x̄) = 0, but this implies W = W (x̄), and the decay assumption W → 0
for |x|N+2 →∞ yields W (x̄) = 0, a contradiction. Then (5.30) holds, namely

u# ≺ v.

5.2 The general case

Now we remove the hypotheses made in the previous subsection. If f(x) ≥ 0 is such that
f ∈ Lp(Ω), p ≥ 2N/(N + 2s), with N > 2s, we consider, a sequence of smooth compactly
supported functions fn and we denote by un the corresponding solutions to problem (1.1)
with data fn and by vn the solutions to the symmetrized problems (1.7) with data f#

n .
It is not difficult to prove that un ⇀ u weakly in Hs(Ω) and vn ⇀ v weakly in Hs(Ω#).
For instance, taking un as a test function in the weak formulation of problem (1.1) with
datum fn one has the energy inequality

γ(N, s)

2

∫
RN

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dx dy =

∫
Ω
fn(x)un(x) dx

≤ ‖fn‖L(2∗s)′ (Ω)‖un‖L2∗s (Ω)

where 2∗s = 2N/(N − 2s) and (2∗s)
′ = 2N/(N + 2s). Thus fractional Sobolev and Rellich-

Kondrachov Theorem (see, e.g., [25]) imply that up to subsequences un ⇀ u weak in
Hs(Ω) and un → u strong in Lq(Ω) for all q < 2N/(N − 2s). On the other hand, if N = 1
and s ≥ 1/2, we suppose p > 1 and we can use the fact that u and un belong to Lq(Ω)
for every q < +∞, obtaining again that up to subsequences un ⇀ u weak in Hs(Ω) and
un → u strong in Lq(Ω) for all q < +∞. This is enough to pass to the limit in the weak
formulation satisfied by un. A similar argument can be done for vn. Now, by the previous
subsection we have

u#
n ≺ vn

and, passing to the limit in n, we have our concentration estimate (5.30) when f(x) ≥ 0.
Finally, if no sign assumption is made on f we observe that the comparison principle

implies |u| ≤ ũ, being ũ the solution to the elliptic problem (1.1) having |f | as source
datum. Thus, applying (5.30) to ũ, we have

u# ≺ ũ# ≺ v,

and the theorem is completely proved.
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6 Extensions and remarks

The methods used in the present note appear to be suitable for the investigation about
the effects of symmetrization on the solutions of various classes of nonlocal PDEs, such as
semilinear equations, fractional parabolic equations of porous medium type (particularly
the ones in bounded domains), equations involving operators (mentioned in the Introduc-
tion) with general Lévy kernels or the nonlinear variant of the fractional Laplacian, the
so-called fractional p-Laplacian. We plan to address these topics in forthcoming papers.

Here we just point out that an almost immediate application of our main result allows
us to state a symmetrization result for linear equations with a zero-order term, namely

(6.1)


(−∆)su+ c u = f in Ω

v = 0 on RN \ Ω.

where, for example, c = c(x) ≥ 0 with c ∈ L∞(Ω). Indeed, because of the sign assumption,
the coefficient c has no influence when the solution u is compared with the solution v to
the symmetrized problem (1.7).

A different story is when we wish not to neglect the coefficient c in the symmetrization
procedure. For instance, assume that c > 0 is constant and we want to compare u with
the solution v to the problem

(6.2)


(−∆)s v + cv = f# (x) in Ω#

v = 0 on RN \ Ω#.

With the same arguments of the proof of Theorem 3.1 we arrive to the following inequality,
satisfied by u:

γ(N, s)

N

∫ r(t)N

0

(∫ +∞

r(t)N

(˚uffl(˚rffl 1N )− ˚uffl(¯s 1
N )
)
ΘN,s(˚rffl 1N , ¯s 1

N )d¯s
)
d˚rffl + 1

N

∫ r(t)N

0
˚uffl(˚rffl 1N )d˚rffl

≤
∫ r(t)N

0
f∗(ωN ¯s)d¯s

Observe now that if u has a flat zone at level t > 0 we easily find, for all r(t)N < σ <
r(t−)N , ∫ σ

0
˚uffl(˚rffl 1N )d˚rffl =

∫ r(t)N

0
˚uffl(˚rffl 1N )d˚rffl + (σ − r(t)N )t

which is a linear function in σ, thus the same convexity argument in the proof of Theorem
3.1 provides

γ(N, s)

∫ r

0

(∫ +∞

r

(˚uffl(τ)− ˚uffl(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ + c

∫ r

0
˚uffl(τ)τN−1dτ

≤
∫ r

0
f∗(ωNρ

N )ρN−1dρ,
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which becomes an equality when replacing u with v. Then we can argue as in Theorem
3.1 and (3.2) holds with u and v solutions to (6.1) and (6.2), respectively.

We conclude this section with a few remarks about the three main inequalities derived
in the proof of the main theorem, namely, inequalities (5.3), (5.20) and (5.28).

Remark 6.1 Inequality (5.3) allows us to deduce (5.20), that is, the “fractional” counter-
part of inequality (1.4) which holds true for solutions to problem (1.2). We would like to
emphasize that, unlike the fractional case, in the local case the derivation of (1.4) is quite
natural because the gradient of a truncation of the solution can be easily computed. Indeed,
if z is a solution to (1.2), the use of the test function Gt,h(z) and of the ellipticity condition
gives: ∫

Ω
|DGt,h(z)|2dx ≤

∫
Ω
f(x)Gt,h(z(x)) dx.

The use of Pólya-Szegö principle is quite immediate because the function Gt,h(z) is a Sobolev
function and it immediately follows∫

Ω#

|DGt,h(z#)|2dx ≤
∫

Ω#

f#(x)Gt,h(z#(x)) dx,

that is, the analogous of inequality (5.3) for the solution of problem (1.2).

Remark 6.2 According to Remark 3.5, the solution u to problem (1.1) for s = 1, i.e. the
solution to the local Poisson equation with homogeneous boundary condition u = 0 on ∂Ω,
can be seen as the weak limit of the family of functions ˚uffls = u#

s to (1.1) for s ∈ (0, 1).
Observe that the left-hand side of (5.20) can be written in the form

γ(N, s)

∫ r

0

(∫ +∞

r

(˚uffls(τ)− ˚uffls(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ

= γ(N, s)

∫
Br

(∫
RN

˚uffls(x)− ˚uffls(y)

|x− y|N+2s
dy

)
dx =

∫
Br

(−∆)s ˚uffls dx

then, passing to the limit as s→ 1, the divergence theorem gives

−NωNrN−1 ˚uffl′(r) ≤
∫ r

0
f∗(ωNρ

N )ρN−1dρ,

which is an equality when u is replaced by v. Then integrating on (0, |Ω|) and using the
zero boundary conditions gives

(6.3) u#(x) ≤ v(x), x ∈ Ω#

namely the classical pointwise Talenti’s inequality.
Another easier form to recover the pointwise comparison is observing that letting s→ 1 in
(5.29), which is a consequence of (5.28), provides a comparison between local Laplacians

(−∆)RN+2U(r) ≤ (−∆)RN+2V (r)
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and a straightforward computation shows

(−∆)RN+2U(r) = −u
#′(r)

r
, (−∆)RN+2V (r) = −v

′(r)

r

then we recover (6.3) again.

Remark 6.3 A way to get (5.28) is to use the representation via Fourier transform of
the fractional Laplacian applied to radial functions as described in Section 2. Actually, the
idea to deduce an inequality written in terms of a fractional Laplacian computed in RN+2

has originated from the computations we give here. In what follows we suppose that all
the passages are justified, in particular we suppose that ˚uffl(x) = u#(x) is regular enough in
such a way that one can compute (−∆)s ˚uffl pointwise, a property which does not need to be
satisfied in our context. Our aim is to compute the integral which is on the left-hand side
of (5.20), that is,

(6.4) Y (r) = γ(N, s)

∫ r

0

(∫ +∞

r

(˚uffl(τ)− ˚uffl(ρ)
)
ΘN,s(τ, ρ)ρN−1dρ

)
τN−1dτ.

Using the very definition of fractional Laplacian we have

Y (r) =

∫ r

0
(−∆)s ˚uffl(τ)τN−1dτ

and, by Theorem 2.3, we get

Y (r) = (2π)2s+2

∫ r

0

(∫ +∞

0
ρ1+2sJN

2
−1(2πτρ)

(∫ +∞

0
σ

N
2 ˚uffl(σ)JN

2
−1(2πρσ) dσ

)
dρ

)
τ

N
2 dτ.

Now, supposing that we can do it, we integrate by parts, exchange the order of integration
and use the following property of Bessel functions

x1−N
2 JN

2
(2πxτ) =

1

2πτ

d

dx

(
x1−N

2 JN
2
−1(2πxτ)

)
,

to get

Y (r) =(2π)2s+3

∫ r

0

(∫ +∞

0
ρ2+2sJN

2
−1(2πτρ)

(∫ +∞

0
σ1+N

2 U(σ)JN
2

(2πρσ) dσ

)
dρ

)
τ

N
2 dτ

=(2π)2s+2r
N
2

∫ +∞

0
ρ1+2sJN

2
(2πτρ)

(∫ +∞

0
σ1+N

2 U(σ)JN
2
−1(2πρσ) dσ

)
dρ.

Using again Theorem 2.3 to compute the s-Laplacian in RN+2 applied to U , we have:

Y (r) = rN (−∆)sRN+2U(r).

From (5.20) it follows (5.28).
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