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ABSTRACT

A 15% increase in thermal efficiency at medium pressure ratios is promised by rotat-

ing detonation engine technology over conventional Joule-Bryton cycles. A supersonic

inlet turbine is a viable option to extract substantial work from the highly fluctuating and

supersonic flow delivered by the detonating combustor. However, an additional unstarting

mechanism based on the generation of a collective shock from the coalescence of leading-

edge bow-shock waves further restricts the available design space. Firstly, the effect of

unsteady inlet conditions with variable frequency, amplitude, and mean value on collective

shock generation is investigated. Then, a fast and cost-effective tool was developed and

verified to predict bow shock wave motion from a prescribed inlet Mach trend; the parame-

ters of the transfer function were estimated with a classical identification method based on

a step-response CFD simulation. The model was employed to rapidly calculate the max-

imum amplitude of fluctuations accepted by the supersonic blade row for each frequency

and average inlet Mach number. Finally, the influence of the inlet geometric angle, pitch to

leading-edge thickness ratio, and static temperature on the model parameters is studied.

The preliminary observations of the parametric analysis were confirmed by the rigorous
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quantitative approach of a global sensitivity analysis based on Sobol sensitivity indices.

Keywords: Rotating Detonation Engine (RDE); supersonic turbines; unstarting phe-

nomena; shock wave dynamics

1 INTRODUCTION

Continuous growth in global energy consumption and climate change demand new solutions

for clean and more efficient propulsion and power production devices. As for the land-based power

systems, a substantial introduction of renewable – but unfortunately non-schedulable - technolo-

gies in the overall energy mix requires dedicated energy systems to assure stable grids operation.

In this context, gas turbines, thanks to their flexibility and to the ability in using different fuels,

represent a viable solution, ever more promising when integrated with rotating detonation com-

bustors (RDC). In this technology, a detonation wave rotates typically in an annular chamber and

burns the fresh mixture [1]. The pressure gain originated from the detonation wave allows for a

decrease in fuel consumption [2, 3], an increase in total pressure (up to 15%) [4], an increase of

gas turbine thermal efficiency [5, 6] and plant efficiency up to 14% over a conventional turbine [7]

for intermediate pressure ratios. Rotating detonation engines (RDE) are also perfectly compatible

with hydrogen, owing to its aptitude to detonation [8].

The RDC delivers transonic/supersonic and highly fluctuating flows making the design of an

efficient turbine a very complex task. In this context, a transition duct, that connects the combustion

chamber to the first turbine stage [9,10] (either diffusing for a subsonic turbine or accelerating for

a supersonic one) allows for a more efficient turbine design. This paper focuses on the design

issues of supersonic inlet turbines and specifically on the sensitivity of the turbine design to the

fluctuating inlet flow field.

Supersonic inlet turbines are characterized by large work extraction at the expense of lower

efficiencies compared to subsonic designs. Detailed analysis of the 3D design of supersonic tur-

bines were carried out by [11–13], where i) mean-line codes, ii) method of characteristics for the

profile design, iii) high-fidelity CFD simulations, iv) shape optimization applied to endwalls, were

combined to get a clear picture of the design complexity. Turbine interaction with the RDC was
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investigated numerically by [14,15] and experimentally by [16].

Supersonic inlet turbines need to comply with limitations characteristic of supersonic flows. Con-

sidering the unsteadiness of the incoming flow, the axial Mach number should be higher than sonic

to avoid the unique incidence problem [17] and the self-starting condition must be always satisfied

to obtain a configuration with bow-shock waves at the cascade inlet, which is less dissipative than

the normal shock of the “unstarted” condition. The self-starting condition constrains the maximum

contraction ratio in the channel [18], directly affecting the maximum allowable flow turning [12].

Furthermore, supersonic inlet turbines are constrained by an additional unstarting mechanism;

this novel limit is based on the generation of a collective shock from the coalescence of the leading-

edge bow shock waves; experimental evidence of this phenomenon has been provided by Boiko in

his campaign of tests carried out on a shock tube [19]. The collective shock generated by a turbine

blade row is straight and normal to the channel axis due to the periodicity; in addition, considering

the flow orientation (not necessarily aligned to the channel axis), the collective shock behaves as

an oblique shock wave, which turns the flow and reduces the effective area. However, a shock

wave is unstable in a converging duct: the collective shock starts moving upstream in search for a

stable position leading ultimately to the unstarting of the supersonic channel [20].

Shock wave merger depends on the shape of the bow shock waves and their intersection: in partic-

ular, low inlet Mach numbers, high inlet geometric angles or incidence angles are more vulnerable

to collective shock unstarting. For example, Fig. 1 displays the sequence of shock structures from

a regular intersection up to a collective shock as the inlet Mach number is progressively reduced.

Failure to consider this additional limit during the design stage may have critical consequences,

especially for the rotor which receives a lower inlet Mach number (diffusing stator channel) at

non-zero inlet geometric angle.

Up to now, unstarting by collective shock was studied only with steady or quasi-steady flow

conditions; since the flow delivered by a rotating detonation combustor is fluctuating at high fre-

quency, it is deemed relevant to investigate the effect of unsteadiness on this additional unstarting

mechanism. In particular, the present work aims at resolving the following open questions on this

topic:
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Fig. 1: SEQUENCE OF SHOCK STRUCTURES AS THE INLET MACH NUMBER IS PROGRESSIVELY REDUCED:
FROM DARK TO LIGHT COLOURS, THERE ARE RESPECTIVELY A REGULAR INTERSECTION (IN BLUE), A MACH
REFLECTION (IN PURPLE), A LAMBDA SHOCK (IN PINK) AND FINALLY A COLLECTIVE SHOCK (IN YELLOW).

i) What is the influence of the frequency, amplitude, and mean value of the prescribed inlet

fluctuation on the generation of a collective shock?

ii) To avoid this phenomenon, a designer should consider only the average flow conditions or

each of the instantaneous values assumed by the flow?

iii) For a given unsteady inlet condition, is it possible to predict if unstarting will or will not occur

without an expensive CFD simulation?

To tackle these questions, the effects of unsteady inlet conditions were studied for variable fre-

quency, amplitude, and mean value. Then, a second order model was developed and verified to

predict shock wave dynamics with a cost-effective approach. Finally, a parametric and a global

sensitivity analysis were carried out to assess the effect of the inlet geometric angle, pitch to

leading-edge thickness ratio and static temperature on the model parameters.

2 COMPUTATIONAL FLOW MODEL

Ansys CFX was selected to conduct quasi-2D blade-to-blade computational fluid dynamics

(CFD) simulations. The pressure-based implicit coupled solver was tested and proven to be ac-

curate for supersonic flows against the Sod shock tube analytical solution [21] and the experi-

mental data on a 2D compression corner [22,23]. High-resolution total variation diminishing algo-

rithms [24] were employed to model advection terms, while transient terms were discretized with

a second order backward Euler scheme. Turbulence closure was achieved through the k-omega

SST model and y+ was kept below 1 on all wall surfaces. The working fluid was air which was
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assumed to be a perfect gas.

Pressure, temperature, and velocity were all assigned at the supersonic inlet. Adiabatic and

no-slip conditions were selected for the blade walls, while adiabatic and free-slip conditions were

set for the hub and shroud walls. The outlet was supersonic, and the lateral boundaries were

periodic.

Convergence was achieved when all residuals were below 5 ·106 at each time step (or the final

step for a steady-state simulation). For the unsteady simulations with a periodic inlet, the conver-

gence towards a periodic solution was assessed with Clark’s methodology [25], which combines

signal-processing techniques and fuzzy set theory. Further details on the periodic convergence

analysis and on the time-step selection are reported in appendix A.

Structured grids with hexahedral cells, high orthogonality, and low skewness were generated

by Ansys TurboGrid. The mesh independence was carried with the grid convergence index method

[26]. For the blade-to-blade simulations (2 cells in radial direction), mesh grids with 334 thousand,

1 million, and 3 million cells were tested. The grid convergence index was calculated on the

natural frequency of the second order system developed to predict shock wave dynamics from the

data of a step-response CFD simulation (discussed in detail in Sec. 4); the 1 million cells mesh

satisfied the independence condition with a grid convergence index from fine to medium mesh of

0.72%. It is relevant to observe that the grid independent mesh for blade row entropy production

is 400k, which suggests that the study of bow-shock wave motion and collective shock formation

demands more than twice the number of cells. Complete details about the case set-up and the

solver validation are reported in [12].

3 THE EFFECT OF UNSTEADY INLET CONDITIONS

The flow delivered by the rotating detonation combustor and accelerated in the supersonic

nozzle is still characterized by large unsteadiness at turbine inlet; hence, in addition to steady-

state analyses, it is relevant to investigate shock wave dynamics and collective shock formation by

accounting for the effect of fluctuating inlet conditions.

The Mach number was selected as oscillating variable, since this quantity plays a pivotal role in

starting/unstarting phenomena and has a strong influence on the shock structures. The inlet Mach
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Fig. 2: MACH FIELD EVOLUTION IN A PERIOD CYCLE (a-d) FOR A SINUSOIDAL INLET MACH NUMBER FLUC-
TUATION WITH A FREQUENCY OF 6000 HZ (CASE 1) AND CORRELATION BETWEEN SHOCK POSITION AND
MACH NUMBER EXTRACTED 2 MM AHEAD OF THE SHOCK (e).

number was varied in time with a sinusoidal function (Eq. 1), a shape proposed by Sousa et al. [27]

to study supersonic turbine behavior when subjected to inlet angle fluctuations; inlet flow direction

(25°), static pressure (1.92 bar) and static temperature (1300 K) were maintained constant.

M(t) = M̄ +Asin(2πft) (1)

To define the constants in Eq. 1, it is necessary to first select a turbine geometry. A value of 25◦

was selected for the inlet flow angle because a larger variety of features can be observed at this

value. The outlet flow angle is half of the inlet flow angle, the stream-tube channel height ratio is

1.2 and the pitch to leading-edge thickness ratio is 42; these were all selected to avoid in all tested

conditions the conventional unstarting by contraction ratio, i.e. the Kantrowitz limit. The supersonic

profiles are generated with the “vortex-flow” method, which is an implicit Method Of Characteristics

(MOC) developed by Goldman [28]. Since the MOC generated profile has infinitesimal thickness at

the leading and trailing edge, the pressure side and suction side are shifted of a plausible thickness

Table 1: AVERAGE INLET MACH NUMBER, AMPLITUDE, FREQUENCY AND REDUCED FREQUENCY OF THE
FIVE MOST RELEVANT CASES.

M̄ [-] A [-] f [Hz] f̄ [-]

Case 1 (Ref.) 1.465 0.204 6000 2.5
Case 2 1.465 0.240 600 0.25
Case 3 1.465 0.240 12000 5.00
Case 4 1.465 0.465 6000 2.50
Case 5 1.300 0.240 6000 2.80
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Fig. 3: MACH FIELD EVOLUTION IN A PERIOD CYCLE (a-d) FOR A SINUSOIDAL INLET MACH NUMBER FLUCTU-
ATION WITH A FREQUENCY OF 600 HZ (CASE 2) AND CORRELATION BETWEEN SHOCK POSITION AND MACH
NUMBER EXTRACTED 2 MM AHEAD OF THE SHOCK (e).

(a) steady-state (b) 600 Hz (c) 6000 Hz

Fig. 4: COMPARISON OF SHOCK STRUCTURES BETWEEN THE STEADY-STATE CASE (A) AND A SINUSOIDAL
INLET MACH NUMBER FLUCTUATION WITH A FREQUENCY OF 600 HZ (B) AND 6000 HZ (C).

value and closed by ellipses. The inlet of the domain was placed only 1/8 of chord upstream of the

leading edge to minimize flow mixing, which becomes relevant especially at large amplitude and

at high frequencies. The proximity of the inlet boundary to the profile is not critical because the

flow at inlet is always supersonic and the pressure information mainly travels downstream.

The mean value M̄ of 1.465 is higher than the unstarting limit value of 1.375, which was

determined by an unsteady simulation where the inlet Mach number was progressively reduced

with a step-wise trend (Fig. 1); this choice aims at distinguishing if the supersonic blade row is

just experiencing the mean value of the incoming flow or if it is also reacting to the instant values

assumed by the sinusoidal function. The amplitude A was selected according to the unsteadiness

levels reported by Braun et al. [10] at the outlet of a diverging nozzle (transition element designed

to connect the RDC with supersonic inlet turbines); notice that the inlet Mach number falls for a
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span of time under the unstarting limit by collective shock, but it is always larger than the Mach

number for a sonic throat at the leading-edge. The frequency of the fluctuations delivered by the

RDC is in the range of 1-10 kHz [14, 29–31]; thus, a frequency of 6 kHz [29] was selected for the

definition of the reference inlet fluctuation.

Several inlet fluctuations, all featuring a sinusoidal pattern, with different values of frequency,

amplitude and mean value were simulated. Five of these cases, outlined in table 1, will be pre-

sented in the paper as they condense all the essential information.

The frequency of the fluctuations is one of the driving parameters when a turbine is subjected to

unsteady flow conditions. Case 1-3 compare how three different frequencies (6000 Hz, 600 Hz and

12000Hz) affect turbine behavior. The reduced frequencies f̄ , defined in Eq. 2, are respectively

2.5, 0.25 and 5.0. This quantity is typically employed to classify an unsteady problem: if the

f̄ << 1, the flow is quasi-steady, while for f̄ ≥ 1 the unsteady effects become more dominant [32].

A physical interpretation of the reduced frequency for this problem is the following: let’s imagine

that a fluid particle is starting from the inlet at the same time for the 600 Hz and the 6000 Hz case;

in a period-time, the particle for the 600 Hz travels for 4 chords, while the particle for the 6000

Hz travels only for 0.4 chords. From this representation, it is immediately clear why the effect of

unsteadiness will be more substantial in the case of 6000 Hz.

f̄ =
f

V∞−x

cx

(2)

The Mach field evolution with time for the 6000 Hz and the 600 Hz case is displayed in Fig. 2 and 3,

respectively. In the 6000 Hz case, the flow field is characterized by large unsteadiness and the

oblique shock waves are curved; this unusual shape is produced by the shock structures rapidly

fluctuating back and forth, with the motion of the terminal portion of the shock delayed respect to

the motion of the reflection point. Furthermore, the increase in pressure gradients due to the high

frequency generate stronger pressure waves, which rapidly build-up as the flow travels from inlet

up to the leading-edge (Fig. 2c). The most significant observation for the 6000 Hz case is that

unstarting does not occur since collective shocks have not been generated: the inlet conditions

are fluctuating so rapidly that the flow structures do not have sufficient time to adapt to the extreme
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values; hence, for high reduced frequencies, the mean values are the driving parameter to assess

whether unstarting by collective shock will occur.

On the contrary, unstarting by collective shock is observed for the 600 Hz. In each frame, the

flow field has adjusted to the new inlet condition and the shock structures cyclically shift between

regular intersection, Mach phenomenon and collective shock; in view of this, the lower frequency

case manifests a quasi-steady behavior, as hinted by the reduced frequency value.

The relation between leading-edge bow shock waves intersection and frequency was further

analyzed because these features are strictly connected to collective shock unstarting (Sec. 1).

Figure 4 compares the shock structures at the maximum inlet Mach number obtained from a

steady-state, 600 Hz and 6000 Hz simulations (for the unsteady cases, the extracted frames are

the ones with the intersection point farthest from the leading edge). While the steady-state case

and the 600 Hz one are almost identical, the flow field for the 6000 Hz is substantially different:

in the intersection point of the 6000Hz case there is still a Mach phenomenon, which will never

transform to a regular intersection because the shocks will start moving backwards in the next

frames. Unstarting will occur only if the inlet Mach number remains below the starting limit for the

extent of time required by the bow shock wave to adapt to the new inlet condition.

Bow-shock wave motion was tracked by means of control points placed in axial direction, 1

mm apart and ahead of the leading edge (Fig. 5). Studies have shown how unsteady shock wave

dynamics to upstream disturbances is characterized by small scales at high frequency [33]. This

statement is true also for this application, since the high frequency cases (1, 3 and 4) exhibit limited

motion; in addition, as the frequency of the inlet fluctuation increases, the shock displacements

become smaller. At 600 Hz (case 2), the displacement is considerably larger with the unstarting

collective shock travelling upstream until it is pushed back by higher inlet Mach numbers. In

the unsteady simulation, the exact inlet condition responsible for turbine unstarting are unclear,

because it is complicated to distinguish between a collective shock marching towards the inlet

boundary of the domain from a bow shock wave that is farther away from the leading edge just

due to lower Mach numbers. On the contrary, the restart condition is definite, and it corresponds

to the instant when the shock starts moving again towards the leading edge. Figure 3e reports the
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shock position together with the Mach number just 2 mm ahead of the shock (case 2): as soon as

the inlet Mach number goes above the starting limit, the shock starts moving towards the leading-

edge and the supersonic channel restarts. This observation confirms that there is no hysteresis

between starting and unstarting when the turbine operates with a quasi-steady flow.

Fig. 5: BOW-SHOCK WAVE MOTION FOR CASE 1-4 TRACKED BY MONITOR POINTS PLACED IN AXIAL DIREC-
TION AHEAD OF THE LEADING EDGE. A NEGATIVE VALUE OF THE X AXIS CORRESPONDS TO A POSITION
UPSTREAM OF THE LEADING EDGE.

In case 4, the amplitude was almost doubled, and the minimum inlet Mach number was lower

than the Mach number for a sonic throat at the leading-edge. Nonetheless, unstarting did not oc-

cur, and the shock wave displacement slightly increased compared to the reference case (Fig. 5).

This outcome is somehow expected since at high frequency the amplitude of the fluctuations be-

comes less significant, and the turbine is primarily reacting only to the mean flow conditions.

Finally, in case 5 the mean value M̄ of the sinusoidal function was reduced below the unstarting

limit. The simulation was initialized from a started flow condition (M = 1.465) and then the inlet

Mach number started to oscillate around the lower mean value. The bow shock waves merged

and formed a collective shock, which continued to march upstream until it reached the inlet.

4 MODELING BOW-SHOCK WAVE DYNAMICS

A collective shock is generated when the bow-shock waves during their motion intersect at a

certain position which leads to their merger. Furthermore, the previous results revealed that shock

displacement is damped for high frequency cases, since shock waves struggle to adapt to rapidly
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changing inlet conditions. This characteristic can be beneficial especially for the high frequency

flow released by the RDC, which would simplify the design process because only the mean values

may be considered. Nonetheless, a fast and cost-effective tool is still required to assess whether

a collective shock will appear for a prescribed inlet Mach number trend.

For this purpose, a simplified methodology was developed starting from the identification of

the parameters of a second-order system that models shock wave dynamics. Then, the model

capabilities were verified against the data extracted from accurate CFD simulations performed

with different inlet conditions. Finally, the verified tool was employed to build parametric contour

plots, that display the limit frequency, amplitude, and mean value responsible for collective shock

unstarting.

4.1 Second-order system identification based on step-response

Several identification methods have been developed to estimate the parameters of a system

or a transfer function from available input-output data [34]. The classical identification methods re-

construct the transfer function from a step-response. Hence, an auxiliary unsteady CFD simulation

was carried out where the inlet Mach number was increased with a step from 1.465 to 2.

The increase in Mach number was not achieved through a velocity increase, but rather through

a decrease in static temperature (Eq. 3). This alternative approach aimed at maintaining constant

the mass-flow rate as the Mach number is varied: this option will be valuable especially for the

simulations with fluctuating inlet conditions, since the mass-flow average Mach number before

and after the mixing process will be the same.



T (t) =
V 2
0

γRM2(t)

p(t) =

(
T (t)

T0

)
p0

V, ρ, α constant

(3)

The information about the increase of inlet Mach number travels on the right running characteristic

(V+C) and arrives at the leading edge before the step front. These pressure waves obviously

modify the shock position, but this has no repercussion on model identification since in a step
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response the height of the step is not relevant (with the hypothesis of linearity of the model); the

only condition to satisfy is that the bow-shock is already in a stationary position when the shock

front reaches the blade, which was fulfilled by placing the blade row half a chord downstream of

the inlet boundary. The blade profile is the same geometry described and employed in section 3.

Shock position was tracked by placing monitor points at intervals of 0.1 mm in axial direction

along the mid-pitch line; this option was preferred over the previous one, because the same step in

Mach number produces a smaller shift on the leading-edge line. Hence, a natural amplification of

the signal is gained by placing the monitor points on the mid-pitch line, making the post-processing

of data simpler and less sensitive to noise. Then, the shock location corresponds to the maximum

of the density gradient [35].

The transfer function of a linear system G(s) is defined as the ratio between the output z and

the input u (Eq. 4).

z(s) = G(s)u(s) (4)

While z is the shock position, the input u cannot be the inlet Mach number, since the relation

between the two variables is non-linear. There are two main reasons behind the non-linearity of

this relation: first, the distance between the bow-shock and the leading edge is non-linear espe-

cially at low inlet Mach number [36]; secondly, the mid-pitch position of the monitor points further

enhances the non-linearity (trigonometric functions). For example, an increase and a reduction of

0.25 at Mach 1.5 shifts the shock respectively by +13 mm and -24 mm.

This issue can be solved by transferring the information of the M(t) onto a new variable which is

linear to the output z(t). The variable selected for this purpose is η(t) (input u of the system), which

corresponds to the position reached by the shock if infinite time is provided to adapt to the inlet

Mach number at time t. For each Mach number, η is determined through the method developed by

Moeckel to predict the shape of a detached shock wave ahead of two-dimensional or axially sym-

metric bodies [36]; figure 6 displays such relation for the given geometry. The only but acceptable

drawback of this approach is that the transformation from M(t) to η(t) and vice versa is viable only

for supersonic inlet Mach number, which do represent most of the cases of interest.
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Since a first order system was incapable of reproducing accurately the CFD step response, a

Fig. 6: NON-LINEAR RELATION BETWEEN THE INLET MACH NUMBER AND BOW-SHOCK POSITION ON THE
MID-PITCH LINE IF INFINITE TIME IS PROVIDED TO ADAPT TO THE NEW INLET CONDITION.

generic second order system with one zero and two different poles was selected to model shock

wave dynamics (Eq. 5). G(s) is characterized by a unitary gain because the steady shock position η

and the actual dynamic shock position z coincide when η is changed slowly enough (quasi-steady

process).

G(s) =
1 + T3s

(1 + T1s)(1 + T2s)
=

1 + T3s

1 + 2ξ
ωn

s+ 1
ω2
n
s2

(5)

The parameters Ti of the system G are estimated through the procedure developed by Chen [34],

which transforms the transcendental equations into a system of algebraic equations by evaluat-

ing the step response in special data points. The fundamental analytical steps of the derivation

process to calculate model constants are reported in appendix B for sake of brevity.

Figure 7 compares the step response of the identified second order model with the shock wave

dynamics extracted from the CFD: the model shows a good agreement with the CFD, especially

for the slope of the ramp; however, there is a slight overshoot in the model prediction as the

shock reaches the final position. This characteristic of the model can be explained by rewriting the

complex conjugate poles in a more conventional form (Eq. 5), where ωn is the undamped natural

frequency and ξ is the damping ratio.

The system is underdamped because the damping ratio is 0.78, which explains the overshoot

in the model response. Furthermore, the natural frequency of 4.727 kHz provides an immediate

information on the shock wave dynamic behavior: if the frequency of the inlet fluctuation is lower

than the natural frequency of the system, the shock wave will follow the prescribed signal with just
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Fig. 7: STEP-RESPONSE COMPARISON BETWEEN THE MODEL AND THE CFD.

a delay; on the other hand, if the frequency of the inlet fluctuation is considerably higher than ωn,

the response of the shock wave will be severely filtered; in this sense, the dynamic of a shock

wave is analogous to a second order filter.

4.2 Model verification with fluctuating inlet conditions

A campaign of unsteady simulations with fluctuating inlet conditions was carried out to verify

the model and assess its predicting capabilities. Sinusoidal inlet conditions with variable frequency

(a) 750 Hz (b) 1500 Hz

(c) 4500 Hz (d) 12000 Hz

Fig. 8: COMPARISON BETWEEN THE SHOCK WAVE DYNAMICS PREDICTED BY THE MODEL FROM THE η SIG-
NAL AND THE SHOCK POSITIONS EXTRACTED FROM CFD SIMULATIONS CARRIED OUT WITH FLUCTUATING
INLET CONDITIONS.
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were assigned, which satisfied Eq. 3 to maintain the mass-flow rate constant during the simulation.

The model requires accurate input data to accurately predict shock wave motion; hence, the

inlet conditions cannot be considered adequate input for the model, because from the inlet bound-

ary to the leading edge, the flow field has changed considerably due to mixing phenomena and

right and left running characteristics travelling through the domain. Intuitively the reference loca-

tion to extract the Mach signal should be closer to the leading edge, but not too close due to the

shock wave oscillating back and forth. Since the time average Mach number remains constant

from inlet up to the sections reached by the shock wave, the reference signal was extracted 5 mm

ahead of the points characterized by a steep decrease in average Mach number.

The M(t) signal was then converted into η(t) through the non-linear transformation (Sec. 4.1).

The η(t) signal has a generic shape, which requires some further steps to determine the output

z(t). First, the signal was casted into an 8-term trigonometric Fourier series representation [37]

(Eq. 6). Then, the frequency response theorem [38] was applied to each term of the Fourier series

and the final signal was reconstructed by exploiting the linearity of the model (Eq. 7).

η(t) = a0 +
8∑

n=1

ancos(nω0t) + bnsin(nω0t) (6)

z(t) = a0 +
8∑

n=1

an|G(jnω0)|cos(nω0t+ ∠G(jnω0)) +
8∑

n=1

bn|G(jnω0)|sin(nω0t+ ∠G(jnω0)) (7)

Seven different frequencies (750 Hz, 1500 Hz, 3000 Hz, 4500 Hz, 6000 Hz, 9000 Hz and 12000

Hz) were tested and the results of four representative cases are displayed in Fig. 8. It is interesting

to observe how the Mach number experienced by the supersonic blade row changes considerably

as the frequency is increased. These variations are induced by the pressure and expansion waves

generated by the fluctuating pressure signal: as the frequency is increased, the distance between

two consecutive sinusoids is smaller and the pressure/expansion waves are stronger due to larger

gradients. While the pressure waves naturally build-up leading to a steep decrease in Mach num-

ber, the expansion waves expand and increase the Mach number (Fig. 8b). These opposing

effects lead to the double peak structure of Fig. 8c, where the smooth increase is associated to
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Fig. 9: FLOW CHART ILLUSTRATING THE NECESSARY STEPS TO BUILD AND APPLY THE MODEL.

the expansion waves and the steep one to the pressure waves. Ultimately, if the frequency is really

high or sufficient distance is provided, the expansion wave reach and cancel the pressure waves

generating a smooth Mach signal (Fig. 8d).

The correspondence between the shape predicted by the model and the CFD is striking both

at low and at high frequency cases, even when the input Mach number is quite elaborate. At low

frequency, the amplitude predicted by the model is slightly larger because the reference signal was

extracted at a farther position from the leading edge due to a wide fluctuation of the shock; from

that location to the leading edge, there is additional mixing which moderates the signal, and which

is not accounted in the model. Furthermore, a farther reference location is also responsible for

the time delay between the model and the CFD; however, this aspect is of secondary importance,

because the focus was on reproducing accurately the shape and the amplitude of the shock wave

motion. At high frequency, the agreement between the model and the CFD is excellent for the

shape, the amplitude, and the delay in phase. Finally, a collective shock is generated at the lowest

frequency case (750 Hz): this is revealed by the minimum shock position overcoming the minimum

η, which is attainable only by a collective shock, which by its nature continues to travel upstream

until higher Mach numbers are provided.

4.3 Model application

The methodology outlined in the flow chart (Fig. 9) and presented in Sec. 4.1 has great po-

tential, since its application is not bounded only to the study of bow-shock wave dynamics, but
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it can be easily extended to a variety of dynamic problems. For example, it can be employed to

predict the dynamic load on a blade due to fluctuating inlet conditions (highly relevant for mechan-

ical calculations). The limitation on model application to cases with a linear relation between input

and output can be solved through the definition of an auxiliary variable, such as the non-linear

transformation of M(t) into η(t) proposed by the authors; for this issue, a simple but effective ap-

proach would be to carry out a series of steady-state simulations to map each inlet condition to

a steady response of the output; then, the relation between the dynamic output and the auxiliary

variable obtained from the mapping will always be linear. In the field of bow-shock wave dynamics,

shock position in time can be determined with only the trend of the Mach number seen by the

leading edge; this significantly reduces the computational cost (lower number of cells needed) and

alleviates user effort in simulation set-up and data post-processing.

Sousa et al. [27] have also developed a model to estimate outlet conditions when a supersonic

passage is exposed to pulsating inlet conditions. While Sousa’s model, based on a running av-

erage of the steady-data, requires only the steady state CFD simulations and the dynamic input,

our model requires an additional step-response CFD simulation to identify the parameters of the

transfer function. However, the main advantage of our model lies in its ability to accurately predict

not only the amplitudes, but also the entire output signal, including its shape and the complete

frequency content; this additional data is extremely relevant in dynamic problems. Moreover, the

application of our model is not limited to supersonic flows.

For the unstarting problem, the model can be applied to determine the maximum amplitude

of fluctuations accepted by the supersonic blade row without the generation of a collective shock.

For simplicity, let’s consider that the input η is a generic sinusoidal function, which depends on the

average inlet Mach number M̄ and on the frequency f (Eq. 8).

η(t) = η̄(M̄) + ∆ηsin(2πft) (8)

Since the two shock waves merge when the lower blade shock reaches -13.2 mm on the mid-pitch

line (determined from the quasi-steady simulation) and the average shock position z̄(M̄) coincides

with η̄(M̄), the maximum amplitude of the input fluctuation can be determined by exploiting the
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Fig. 10: MAXIMUM AMPLITUDE OF ∆η ACCEPTED BY THE SUPERSONIC BLADE ROW WITHOUT THE GENER-
ATION OF A COLLECTIVE SHOCK.

frequency response theorem [38] (Eq. 9).

∆ηmax =
|z̄(M̄)− zunstart|

|G(j2πf)|
(9)

Figure 10 shows the results of a parametric analysis carried out on a range of average Mach

numbers and frequencies. For lower frequencies, the damping between the input η and the output

z is negligible with a quasi-steady behavior of the shock wave. As the frequency is progressively

increased, the blade row can accept larger and larger fluctuations for the same average Mach

number. It is interesting to observe that very high frequencies with large average inlet Mach num-

bers allow extremely large amplitude of the fluctuations, up to the limit of acceptability of the model

itself; nonetheless, the possibility of collective shock unstarting is very unlikely in these conditions.

Since the results in the form of ∆η can be less intuitive, the data were transformed from ∆η to

∆M−, which is calculated as the difference between the average Mach number and the minimum

Mach number corresponding to the minimum η, i.e. the minimum shock position (Fig. 11). As

explained in Sec. 4.1, this variable change is allowed only for supersonic Mach numbers, which

excludes the extremely large fluctuations in the right upper corner. For lower frequencies, the min-

imum Mach number in the sinusoid corresponds to the steady-state Mach number for collective

shock unstarting. For higher frequencies, the inlet Mach number during its fluctuation can reach

TURBO-23-1248, Gaetani P. 18



Fig. 11: MAXIMUM AMPLITUDE OF ∆M− ACCEPTED BY THE SUPERSONIC BLADE ROW WITHOUT THE GEN-
ERATION OF A COLLECTIVE SHOCK.

(a) (b) (c)

Fig. 12: CORRELATION BETWEEN THE UNDAMPED NATURAL FREQUENCY OF THE MODEL AND THE STATIC
TEMPERATURE (A), THE INLET GEOMETRIC ANGLE (B) AND THE PITCH TO LEADING EDGE THICKNESS RATIO
(C).

lower values than the steady collective shock limit thanks to the damping in the shock wave dy-

namics. For example, for an average Mach number of 1.5, the minimum Mach number is 1.3 at 0

Hz and 1.16 at 6000 Hz (∆M− is respectively 0.2 and 0.34, which represents a 70% increment).

In conclusion, these charts can be a useful tool in the design of a supersonic turbine to rapidly

assess if a geometry suffers or not from this type of unstarting without an expensive CFD simula-

tion and to evaluate how safe it is from the limit condition.

TURBO-23-1248, Gaetani P. 19



5 PARAMETRIC AND SENSITIVITY ANALYSIS

In section 4, a methodology to predict shock wave dynamics based on a second-order model

was developed, and its constants were identified through a step-response CFD simulation. How-

ever, the values of the natural frequency and the damping ratio obtained for the specific geometry

cannot be used for a generic supersonic blade row. In this final section, the sensitivity of the model

to relevant design parameters is investigated.

First, a parametric analysis was carried out on three parameters: the inlet geometric angle,

the pitch to leading-edge thickness ratio and the static temperature; the two geometric parameters

were selected based on their critical influence on the steady-state collective shock unstarting

limit, while the temperature was chosen because it is proportional to the speed of sound and

consequently to the speed of propagation of the perturbations.

For the step definition, the inlet Mach number was raised from Mach 2 to 2.5; these values are

higher to avoid the generation of a collective shock in the case of large inlet geometric angles and

small pitch to leading-edge thickness ratios. The remaining boundary conditions are calculated

from Eq. 3, which maintains a constant mass-flow rate during the simulation. The initial static

pressure (before the step) was determined to achieve Reynolds number similarity to a reference

case.

The results of the parametric analysis are resumed in Fig. 12. The natural frequency of the

model is linear with the square root of the static temperature: this outcome is logical because the

speed of sound in a perfect gas is C =
√
γRT ; hence, if the static temperature is increased, the

perturbations travel faster, and the bow shock is able to adapt more rapidly to new inlet conditions.

As βg is increased, the angle between the bow shock and the axial direction is larger leading to a

wider pitch-wise extension of the shock; the penetration of the flow inside the channel is reduced

by the shock front, which justifies the slower reaction time for high inlet geometric angles.

The distance from the leading edge to the mid-pitch line increases for larger pitch to leading edge

thickness ratios. Since the shape of the bow shock is dictated by the leading edge, the frequency

of the shock wave dynamics reduces as the mid-pitch line gets farther.

The weakness of this parametric analysis is that each variable was changed one at a time,
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while the other two were kept fixed; since the observations cannot be generalized on the entire

parametric design space, it was decided to perform a global sensitivity analysis. The influence of

each parameter on the natural frequency was quantified by means of Sobol’ sensitivity indices;

these indices measure the part of the output’s variance due to one or more inputs [39] (analy-

sis of variance). The most rigorous statistical approach to calculate them (Monte Carlo method)

demands an extremely large number of evaluations, which is unfeasible considering the high com-

putational cost of each CFD simulation (each evaluation takes around 4 hours on a 40-core intel

Xeon Gold 6242R CPU). Meta-modeling methods have proven to be computationally more effi-

cient, as they rely on a lower number of model evaluations [40]. In this work, the meta-model

selected to calculate the Sobol’ sensitivity indices was polynomial chaos (PC) expansion.

The number P of basis function can be calculated with Eq. 10, where p and d are respectively

the order of the PC expansion and the number of the parameters.

P =
(p+ d)!

p!d!
(10)

Furthermore, Hadigol recommends an oversampling ratio 3-4 times larger than the number of the

PC coefficients P for a small order polynomial [41]. With a third-order degree polynomial and

an oversampling ratio of 3, the number of necessary samples is equal to 60. The Orthogonal

Matching Pursuit (OMP) algorithm proposed by Pati et al. [42] and implemented in the UQLab

module [43] was then employed to calculate the coefficients.

Profiles with inlet geometric angles spanning from 0° to 40° were generated, the pitch to lead-

ing edge thickness ratio was varied between 20 and 50 and the minimum and maximum static

temperatures are respectively 500 K and 2000 K; within this ranges, a uniform probability distribu-

tion was assumed for each parameter. Latin Hypercube Sampling (LHS) technique was applied to

generate the 60 samples from equiprobable partitions of the sample space. Considering the high

number of computations, a completely automatized procedure was developed: the description of

such procedure is omitted for sake of brevity, as it does not constitute novelty. The results of 3

out of the 60 samples were removed, because optimal residual convergence was not achieved for

each step time.
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A further set of 8 samples was generated with LHS and simulated for validation purposes

(Fig. 13); there is satisfactory agreement between the frequency predicted by the PC expansion

and the values extracted from the CFD simulation (validation error 0.97%), while the error bars

correspond to the leave-one-out cross-validation error of 5.75% [44]. Higher order PC expansions

with larger oversampling ratios would provide better accuracy at the expense of a substantial

increase in computational cost; in the authors’ opinion, the third order polynomial with 60 samples

represented indeed an acceptable compromise between accuracy and simulation time.

Finally, Fig. 14 displays the total Sobol indices of the undamped natural frequency of the bow

Fig. 13: META-MODEL VALIDATION ON A SET GENERATED WITH LATIN HYPERCUBE SAMPLING. THE ERROR
BARS CORRESPOND TO THE LEAVE-ONE-OUT CROSS-VALIDATION ERROR.

shock wave dynamic model. These indices provide a global quantitative measure of the effect of

a single parameter and its interaction with all the others. The weight of the static temperature and

the inlet geometric angle is more than twice the weight of the pitch to leading edge thickness ratio.

For example, a designer can improve safety from unsteady collective shock unstarting by lowering

the static temperature, which will reduce the natural frequency and damp shock wave motion due

to fluctuations of η at high frequency (typical of RDEs). In the same way, if the pitch to leading edge

thickness ratio is adjusted in a later design phase, the effect on shock wave dynamics will be only

secondary. In conclusion, the results of the global sensitivity analysis confirm with a quantitative

approach the preliminary observations of the parametric analysis.

6 CONCLUSIONS

Unstarting by collective shock introduces an additional constraint on the design of supersonic

inlet turbines for rotating detonation engines. This paper investigates the effect of unsteady inlet

conditions on bow-shock wave dynamics and collective shock generation by means of URANS
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Fig. 14: TOTAL SOBOL INDICES FOR THE ANALYSIS OF VARIANCE OF THE UNDAMPED NATURAL FREQUENCY
OF THE BOW SHOCK WAVE DYNAMIC MODEL.

(a) (b)

Fig. 15: NORMALIZED POWER SPECTRAL DENSITY OF THE MASS-FLOW AVERAGE OUTLET TOTAL PRES-
SURE (A) AND OVERALL FUZZY CONVERGENCE LEVEL FOR INCREASING PERIOD NUMBER (B).

CFD simulations. For frequencies lower than the natural frequency of the system, the bow shock

wave adjusts to each new inlet condition and the flow has a quasi-steady behavior in the super-

sonic channel; on the contrary, for frequencies far greater than the natural frequency, the flow

structures do not have sufficient time to adapt, and the mean values become the primary param-

eter to assess whether the unstarting by collective shock will occur.

An original model was developed to predict shock wave dynamics without expensive CFD sim-

ulations; the parameters of the model were identified through a CFD step-response simulation.

The model was verified against data extracted from unsteady simulations with inlet conditions

fluctuating at seven different frequencies. The agreement between the shape and amplitude of

shock wave motion predicted by the model with the CFD is excellent both for low and high fre-

quencies. Contour charts reporting the maximum acceptable amplitude of fluctuations for each

frequency and average Mach number constitute a valuable tool for the design of a supersonic
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turbine. For lower frequencies, the minimum Mach number corresponds to the steady-state limit

for collective shock unstarting, while for higher frequencies lower values of the inlet Mach num-

ber can be reached due to the damping in shock wave motion. The application of the proposed

methodology transcends the field of bow shock wave motion to a variety of dynamic problems: the

only requirements are a step-response CFD simulation to identify model parameters and a series

of steady-state simulations for the mapping procedure if a non-linear relation exists between input

and output.

Finally, the sensitivity of the model parameters was assessed first with a parametric analysis

and then with a global sensitivity analysis based on total Sobol indices. The parameter considered

were the static temperature, the inlet geometrical angle and the pitch to leading edge thickness.

The study revealed that the variance of the inlet geometric angle and the static temperature is

more than twice the variance of the pitch to leading-edge thickness ratio.

NOMENCLATURE

A Amplitude of the fluctuation [-]

C Speed of sound [ms−1]

c Chord [m]

d Number of parameters [-]

f Frequency [Hz]

f̄ Reduced frequency [-]

G Transfer function [-]

M Mach number [-]

p Pressure or polynomial order [Pa or -]

P Basis of PC expansion [-]

t Time [s]

T Temperature or period of a cycle [K or s]

Ti Dynamic model constants [-]

u Input [-]

V Velocity [ms−1]
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z Shock wave position [m]

α Absolute flow angle [deg]

βg Geometric angle [deg]

γ Specific heat ratio [-]

ρ Density [kgm−3]

η Steady-state shock position [m]

ξ Damping ratio [-]

ωn Natural frequency of the model [rad s−1]

Subscripts

∞ Upstream conditions

0 Initial conditions

1,2 Blade row inlet and outlet, respectively

x Axial

Acronyms

CFD Computational Fluid Dynamics

LHS Latin Hypercube Sampling

MOC Method of Characteristics

PC Polynomial Chaos

PSD Power Spectral Density

RDC Rotating Detonation Combustor

RDE Rotating Detonation Engine
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APPENDIX A: TIME-STEP SELECTION AND PERIODIC CONVERGENCE ANALYSIS

Since Ansys CFX solver is implemented with implicit time integration, the choice of the time

step is bounded only by the accuracy required by the solution [45]. Furthermore, Pullan et al. [32]

recommend at least 25 time-steps per period to accurately resolve a sinusoidal profile; hence,

40 time-steps were employed to discretize each period and the first 20 harmonics of the inlet

fluctuation are captured correctly according to the Whittaker-Shannon sampling theorem [46]. To

assess if this sampling frequency is sufficient, the power spectral density (PSD) was calculated
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for several variables (Fig. 15a); as the first 5 harmonics contain at least 98% of the total PSD, 40

time-steps per period are considered acceptable for the unsteady simulations.

Periodic convergence of each unsteady simulation was evaluated with Clark’s methodology

[25]; the selected fuzzy sets compare consecutive periods in terms of time-mean values, amplitude

and phase of the fundamental harmonic of the Discrete Fourier Transform (DFT), cross-correlation

coefficients at zero lag and fraction of overall signal power at frequencies of interest. Periodic

convergence is achieved when the overall fuzzy convergence level, calculated as the minimum

between all the fuzzy sets, is above 0.95 for two consecutive cycles. Figure 15b displays the history

of periodic convergence for the case with the reference inlet fluctuations; periodic convergence

was achieved in six periods for the outlet quantities and for the tangential force on the blade.

Nonetheless, each simulation was run at least for 10 periods. Figure 16 shows the complete

shock position history for the simulations discussed in Sec. 4.2. It is worth noting that, for the

highest frequency case (12000 Hz), two extra time periods were necessary to achieve complete

periodic convergence.

APPENDIX B: CALCULATION OF THE CONSTANTS OF A SECOND-ORDER MODEL WITH

DIFFERENT POLES

Chen et al. [34] transform the transcendental equation associated to the step-response of a

second order model into a system of algebraic equations by evaluating Eq. 11 in the following

three specific points: (t1, z(t1)), (2t1, z(2t1)), and (3t1, z(3t1)).

z(t) = 1 +
T3 − T1

T1 − T2
e−t/T1 − T3 − T2

T1 − T2
e−t/T2 (11)

After defining some auxiliary variables (Eq. 12), the system of equations can be easily solved

(Eq. 13). 

m1 = e−t1/T1

m2 = e−t1/T2

n =
T3 − T1

T1 − T2

ki = z(ti)− 1

(12)
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Fig. 16: COMPLETE SHOCK POSITION HISTORY FOR THE CASES PRESENTED IN SEC. 4.2.

m1 =
k1k2 + k3 +

√
b

2(k21 + k2)

m2 =
k1k2 + k3 −

√
b

2(k21 + k2)

n =
2k31 + 3k1k2 + k3 −

√
b

2
√
b

b = 4k31k3 − 3k21k
2
2 − 4k32 + k23 + 6k1k2k3

(13)

Finally, Eq. 14 provides the estimates for the constants T1, T2 and T3.

T1 = − t1
ln(m1)

T2 = − t1
ln(m2)

T3 = n(T1 − T2) + T1

(14)

Since the choice of t1 is arbitrary, this quantity was selected through an iterative procedure

which minimizes the error between the model prediction and the CFD step response.
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