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WELL-POSEDNESS FOR A NAVIER-STOKES-CAHN-HILLIARD SYSTEM
FOR INCOMPRESSIBLE TWO-PHASE FLOWS WITH SURFACTANT

ANDREA DI PRIMICE, MAURIZIO GRASSELL]E, HAO WUH

Abstract

We investigate a diffuse-interface model that describes the dynamics of incompressible two-phase viscous
flows with surfactant. The resulting system of partial differential equations consists of a sixth-order Cahn—
Hilliard equation for the difference of local concentrations of the binary fluid mixture coupled with a fourth-
order Cahn—Hilliard equation for the local concentration of the surfactant. The former has a smooth po-
tential, while the latter has a singular potential. Both equations are coupled with a Navier-Stokes system
for the (volume averaged) fluid velocity. The evolution system is endowed with suitable initial conditions,
a no-slip boundary condition for the velocity field and homogeneous Neumann boundary conditions for the
phase functions as well as for the chemical potentials. We first prove the existence of a global weak solution,
which turns out to be unique in two dimensions. Stronger regularity assumptions on the initial data allow us
to prove the existence of a unique global (resp. local) strong solution in two (resp. three) dimensions. In the
two dimensional case, we can derive a continuous dependence estimate with respect to the norms controlled
by the total energy. Then we establish instantaneous regularization properties of global weak solutions for
t > 0. In particular, we show that the surfactant concentration stays uniformly away from the pure states 0
and 1 after some positive time.

Keywords. Two-phase flows with surfactant, Cahn—Hilliard equation, Navier—Stokes equations, well posed-
ness, regularity, strict separation property.
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1 Introduction

Surfactants are substances that can significantly alter the behavior of a fluid mixture, in particular, at the free
interfaces between two components. They can change (reduce) the interfacial tension and allow the mixing of
substances that are not able to blend under normal circumstances (e.g., water and oil). The gradients in surface
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tension may also produce Marangoni flows, which are phenomenologically different from the temperature-driven
ones. The rich phenomena induced by surfactants have been exploited extensively in science and they have led
to a lot of applications in Engineering (see, e.g., [31]).

The dynamics of a binary fluid mixture in presence of a surfactant can be effectively modeled through the so-
called diffuse-interface (or phase-field) approach [3]. Within this framework, various models have been proposed
in the literature, which account for the rich microstructures in the mixture as well as complicated morphological
changes of the interfaces. The possibly first one among them, although neglecting hydrodynamical effects, dates
back to the work by Laradji et al. [27] (see also |26]), where the authors investigated the dynamics of phase
separation using an evolution system derived from a suitable Ginzburg—Landau free energy functional depending
on two order parameters: one for the difference in local concentrations of the two immiscible components
(denoted by ¢) and the other one for the local concentration of the surfactant (denoted by p). The resulting
system cousists of two (weakly) coupled Allen—Cahn type equations subject to thermal noises. However, in the
past years, the structure of the free energy functional has been debated and refined, leading to a variety of
descriptions.

In order to motivate our choice, we present a brief review of a number of models, without considering
hydrodynamical effects at first. Let Q C R? d = 2,3 be a bounded domain with smooth boundary 0€2. The
starting point is a coarse-grained model based on a two-component Ginzburg-Landau free energy functional of
possibly the simplest form:

£(6,p) = [ (ka[VOP + kol Vol + Fo(6) + Fi(p) + Fuma () dl,

where ki, k2 > 0. In [27], the parameter ks was taken to be zero as a physically reasonable approximation, since
the energy cost of the fluid-surfactant attachment is small (see also [25]). Besides, the potential energy densities
Fy and F; are modeled by some double well polynomial functions of the concentrations, while the interaction
energy density is given by

Fini(9, p) = —0p|V o[> + p(0, p),

where 6§ > 0 is a given phenomenological parameter and p is a bivariate polynomial. The first coupling term
favors the surfactant to reside at the free interfaces between the two fluids, while p is suitably chosen to penalize
the presence of free surfactant in the domain. Nomnetheless, as mentioned in [20] (see also |25]), the energy
functional proposed in |27] may not be well defined, since it is not bounded from below for large values of the
surfactant concentration p at the interfaces. For this reason, in [25] the authors proposed a slight modification
of the energy £ (with ko = 0) by including a regularizing term, namely,

E(p,p) = /Q (k1|Vo|* + k3| A¢|* + Fo(¢) + Fi(p) + Fins(o,p)) da,

where k3 > 0 and Fp, Fj,; are the same as those in [27], except that p = 0. The additional term k3z|Ag|?
corresponds to the second-order term in the expansion of a free energy density in the region of nonuniform
composition for a binary mixture (see e.g., [7]). In particular, the potential Fy takes the form F(p) = p?(p—1)2,
where the minimum state p = 0 means that the interfacial layer is occupied by the two-component mixture and
there is no surfactant in the local volume, while the normalised state p = 1 indicates that the interface is fully
saturated with the surfactant. On the other hand, in [37], the authors did not add any higher-order regularizing
term in the energy functional, but for the surfactant they chose an entropy term

Fi(p)=c1lplnp+ (1 —p)In(l — p)], for some ¢; > 0.

Besides, the potentials Fy and Fi,s were kept almost unchanged with respect to [27] with p(¢, p) = %V[/p(,b2
(for some W > 0), which counteracts the occurrence of free surfactant and serves as an enthalpic contribution
for numerical reasons. The entropy term has the advantage that it guarantees the order parameter p for the
surfactant will take its values in the physically relevant interval [0,1]. However, it has been pointed out in
[10] that when ko = 0, it may exist a relevant set of initial data for which the resulting problem is ill-posed.
Moreover, therein the authors suggested replacing the entropy term by the Flory—Huggins type potential (see

e.g., [11,,123]). Therefore F; becomes

Fi(p) =ci[plnp+ (1= p)In(1 = p)] + c2p(1 — p) + 3| Vpl?,

for some co € R and c3 > 0. We note that the choice c3 > 0 is equivalent to assume ko > 0. This term fits with
the classical diffuse-interface description of binary mixtures |1, I8, [32].

The phase-field model can further include hydrodynamical effects through a suitable coupling with a system
of Navier—Stokes equations for the (volume) averaged velocity u of the fluid mixture. To this end, one can add
a term related to the kinetic energy

/k4|u|2 dl',
Q



for some k4 > 0, into the energy functional £(¢, p). Then the full hydrodynamical coupled system of evolutionary
partial differential equations can be derived via a variational method. It consists of two convective Cahn—Hilliard
type equations and the Navier—Stokes system subject to capillary forces, see, for instance, [33] and also [10] for
the case k3 = 0.

In light of the above considerations, throughout of this paper, we shall work with the following energy
functional for the binary fluid-surfactant system

1 1 0
Eror (W, ¢, p) = /Q (§|u|2 + 186 + SV + Su(9) + §|Vp|2 +Sp(p) 5plwl2) dz, (L1

where a, 8,0 are positive constants. The potential function Sy for ¢ is assumed to be a regular one with
double-well structure, whose typical form is

1
Sy(s) = 1(52 —1)?, seR, (1.2)
while the surfactant potential S, is assumed to be a singular one. For instance it can be the Flory—Huggins

potential
Sp(s) = %[slns + (1 —s)n(l —9)]+ %5(1 —s), se€(0,1), (1.3)

where 6 > 0 and 03 € R. In (II]), we simply set the coupling polynomial p to zero, since from the mathematical
point of view, those physically interesting cases considered in [10, 127, 37] can be easily controlled by the potential
functions Sg and S,.

The double-well regular potential (2] is a well-known approximation of the Flory—Huggins potential. This
does not ensure that ¢ takes values in its physical range [—1,1] due to the loss of maximum principle for the
higher-order parabolic equation. Yet, in models as well as in numerical simulations of immiscible fluids, this
approximation is easy to handle and has been widely used. Then a natural question is: why we do not assume
a Flory—Huggins type potential for ¢ as well 7 Our consideration is as follows. Observe that the evolution
of ¢ is described by a sixth-order Cahn—Hilliard equation (see (L4])). However, this kind of equation with a
singular potential is rather difficult to handle. Indeed, even the existence of a weak solution in the usual sense
remains an open problem (see Remark B:3). Only the existence of a weaker solution has been established by
replacing the equation with a suitable variational inequality [28] (see also |35, 36] for the analysis of some other
sixth-order Cahn—Hilliard type equations with singular potentials). On the other hand, one might think to take
a = 0 and use a singular potential for ¢. Then the problem is to take care of the nonlinear coupling due to
the term (0/2)p|V|?, which is highly nontrivial (see Remark and [34] for a related problem). The system
with a singular potential for ¢ is interesting and will be the subject of a further investigation. Therefore, in this
work, we confine ourselves to the case with a regular potential for ¢, which seems a reasonable choice in order
to prove a number of theoretical results (see also [37] for remarks about modeling).

All the phase-field models mentioned above have gained particular interest as far as numerical simulations
are concerned. For example, the models with regular potentials have been numerically investigated in [41,
42, 143, |44]. However, it was also noted in [41] that even this modification does not simplify a rigorous proof
that the resulting energy functional is bounded from below. This problem is left unanswered, and the authors
chose to introduce an artificial modification to the regularizing higher-order term, in order to provide a simple,
yet rigorous, proof that the energy functional is bounded from below (provided that some solution exists).
Instead, as we shall prove rigorously in this paper, the fact that p takes its values within the physical range
[0, 1] guarantees the boundedness from below of the energy functional (LI]).

On account of (L)), assuming the two-phase flow to be isothermal and incompressible with matched densities,
the system we want to analyze here, on some time interval [0, 7], T > 0, is the following

ou+ (u-Viyu—V - (v(¢p,p)Du) + Vi = uVeé +pVp in Qx (0,7),
V-u=0 in Qx(0,7),
Otp+u-Vo=Au in Qx (0,7),
1= al2¢ — Aj + () + 6V - (pV o) in Q% (0,7T), (14)
Op+u-Vp=Ay in Q x (0,7,
0
Y= —BRp+ S)(p) — 5 V0P in Q% (0,7),
System (L4 is subject to the following boundary and initial conditions:
u=20 on 90 x (0,T),
On® = OnA¢ = Oppu =0 on 99 x (0,7, (15)
Onp =00 =0 on 90 x (0,7T), '
Ult=o =Uo, @lt=0 = o, plt=o=po, nQ,



where the vector n = n(x) denotes the unit outer normal to 9Q. We recall that ¢ = ¢(x,t) stands for the
difference in local concentrations of the two immiscible fluid components and p = p(z,t) denotes the local
surfactant concentration. The velocity field u = u(z,t) is taken as the volume-averaged velocity of the binary
fluid mixture, which is equivalent to the mass-averaged velocity since we only consider the case with matched
densities here. The symmetric tensor Du = 1(Vu + (Vu)T) denotes the strain rate and the scalar function
m = m(x,t) stands for the (modified) pressure. The latter can be viewed as a Lagrange multiplier corresponding
to the incompressibility condition V - u = 0 for the fluid. The chemical potentials corresponding to ¢ and p are
denoted by p = p(z,t) and ¥ = ¥(x, t), respectively, which can be obtained as variational derivatives of the free
energy functional. We note that when the parameter 6 # 0, the homogeneous Neumann boundary conditions
for p1 (resp. 1) is not equivalent to 9,A%¢ = 0 (resp. InAp = 0) on 9. For the sake of simplicity, the density
as well as the mobilities and other physical constants are assumed to be equal to one, but we allow the binary
fluid mixture to have an unmatched kinematic viscosity v = v(¢, p). As we shall see, even if the potential Sy is
regular, the higher-order regularizing term in the energy functional entails the global boundedness of ¢ (albeit
not necessarily by 1).

Our goal is to provide a first-step theoretical analysis of the initial boundary value problem (L4)—(LH).
More precisely, we first prove the existence of a global weak solution in both two and three dimensions and this
solution is indeed unique in dimension two (see Theorem [ZT]). Then we establish the existence of a (unique)
strong solution, which is local in time in dimension three and global in time in dimension two (see Theorem [2.2)).
Further results can be obtained in dimension two. First, we derive a continuous dependence estimate for strong
solutions (u, ¢, p) with respect to the norms in L?(Q) x H2(2) x H'(Q), which are corresponding to the energy
norms associated with (II)) (see Theorem [23]). Next, we show that every global weak solution regularizes in
finite time and the strict separation property holds for the surfactant concentration p (see Theorem 24]). The
latter implies that p stays uniformly away from the pure states 0 and 1 for positive time (cf. [17, [30], see
also |18, [19, [22]). This also holds for the strong solution on [0,40c0) (see Proposition [5)). For the proof, we
shall take advantage of what has been done in [19] for the Navier—Stokes—Cahn—Hilliard system with singular
potential (see also |1, 122]). Nevertheless, extra efforts are required to overcome those mathematical difficulties
due to the complicated nonlinear coupling structure of problem (T4)—(TH).

Theoretical analysis of fluid-surfactant type systems (yet different from the one of interest in this paper)
have been conducted, starting from sharp interface models (see e.g., [16, 38]), typically investigating only the
existence of weak solutions (see [2] and references therein). It is also worth mentioning that other phase-field
models for mixtures with surfactant have been analyzed theoretically or numerically (see, for instance, [12] for
a stationary model and [45, [46] for hydrodynamic problems involving moving contact lines and non-constant
density).

Besides the possibility of considering a Flory—Huggins potential also for ¢ (see above), other interesting future
issues include, for instance, long-time behavior of global weak/strong solutions (existence of global/exponential
attractors and convergence to a single equilibrium as ¢ — +0o0), rigorous mathematical analysis of extended
systems with non-constant (or even degenerate) mobilities, dynamic boundary conditions (moving contact lines)
as well as non-constant densities. Also, suitable optimal control problems could be formulated and analyzed.

Plan of the paper. In Section 2 we first introduce some notations and the functional setting. Subsection
is devoted to illustrating the weak formulation of problem ([4)—(LH) and to stating the main results.
Proofs of well-posedness results are given in Section [ (existence of global weak solutions and uniqueness of
weak solutions in dimension two) and Section Ml (existence and uniqueness of strong solutions). In the final
Section Bl when d = 2, we derive a continuous dependence estimate for strong solutions in the norms controlled
by (L)) and then establish the regularization property for weak solutions. In particular, we show the validity
of the strict separation property for p.

2 Preliminaries and Main Results

2.1 Preliminaries

We first introduce the function spaces and recall some known results in functional analysis. Let X be a (real)
Banach space. Its dual space is denoted by X*, and the duality pairing between X and X* will be denoted by
(-,-)x+ x. Given an interval I of R, we introduce the function space LP(I; X) with p € [1, +00], which consists
of Bochner measurable p-integrable functions with values in the Banach space X. The boldface letter X denotes
the vector-valued (resp. matrix-valued) space X¢ (resp. X4*9) endowed with the corresponding norms.

For the standard Lebesgue and Sobolev spaces, we use the notations LP := LP(Q) and WkP := WkP(Q)
for any p € [1,+oc] and k > 0, equipped with the norms [ - ||Lr() and || - [[yk.r(q). When p = 2, we denote
H*(Q) := W*2(Q) and the norm || - || g7 (). The norm and inner product on L?() are simply denoted by || - |
and (-, -), respectively. The spaces Hx(Q2) and Hp () consisting of functions subject to homogeneous Neumann



boundary conditions are defined as

H}(Q) = {u € H*(Q) : 0qu =0 a.e. on 90},
Hy(Q) = {u € H Q) : Oqu = nAu =0 a.e. on 9Q}.

For every f € (H'(Q))*, we denote by f its generalized mean value over Q such that f = |Q|~(f, 1) (mvy«, 11

If f € L*(), then its mean value is simply given by f = |Q|~! [, f dz. In the subsequent analysis, we will use
the well-known Poincaré-—Wirtinger inequality

If = FIl < CrIVIl, Y feH (), (2.1)
where Cp is a constant depending only on 2. We introduce the space L3(Q) := {f € L?(Q) : f =0} and
Vo=H'(Q)NLAQ) ={uc H'(Q): u=0}, Vy={ue(H Q)" : u=0}.

Then we see that f — (|Vf]|2+|F|?)2 is an equivalent norm on H'(Q) while f — ||V f|| is an equivalent norm
on Vy. Besides, we recall the following elliptic estimates.

Lemma 2.1. Let Q be a bounded domain with a C*-boundary. The following estimates hold:

lull 20y < CllAul], Vu € HY(Q) N L5(9),
lull sy < CIVAUll,  Vue H Q)N HF(Q) N L(Q),
lull sy < CllA%],  Vue Hy ()N L3(Q).

In all cases, the constant C > 0 only depends on Q, d, but is independent of u.
Consider now the realization of —A with homogeneous Neumann boundary condition, that is, the linear
operator Ay € L(H'(Q), H}(Q)*) defined by
(ANu,v) g1y 1 = / Vu-Vodz, for u,ve HY(Q).
Q

Then the restriction of Ay from the linear space Vj onto Vi is an isomorphism. In particular, Ay is positively
defined on V4 and self-adjoint. We denote its inverse map by N = Ajvl : Voo = V. Note that for every f € V{,
u=Nf € Vj is the unique weak solution of the Neumann problem

—Au=f, in{,
Ont =0, on 0f).

It is straightforward to verify that
<ANuaNg>V0*,V0:<ga >(H1)* HYH VUEHl(Q), VgEVO*,
0N v = (N v = [ VNG)- TS de, Vo, f €15

Also, we have the chain rule

(Opu(t), Nu(t))vs v, = ||V./\/'u|\2 a.e. in (0,7,

2dt

for any uw € H'(0,T; V). For any f € Vi, we set || fllvs = [[VNf]|. It is well-known that f — |/ f]
f=f- 7”\2/0* +|7I?)2 are equivalent norms on Vg and (H(£2))*, respectively.
Concerning the Navier—Stokes equations, we introduce the spaces (see, for instance, [15])

% and

H, =(uc 0@V u=oma) ", v, =fuclCer@:V.u=0ma}"

§ou

endowing the former with the L?()-Hilbert structure, whereas for the latter we set
(w,v)v, == (Vu,Vv), |ullv, == (Vu,Vu)3.
The latter is a norm equivalent to the canonical one because of Korn’s inequality and

IVul| < V2| Dul| < VZ|Vul, VueV,.



Next, we consider the Stokes operator A : V, — V7 which is the Riesz isomorphism between V, and its
topological dual, that is,

(Au,v)v: v, = / Vu: Vvdz.
Q

Here, we have adopted the notation M; : My = trace(MlMQT) for two arbitrary d x d matrices My, Ms. The
inverse of A is denoted by A~!. In a similar fashion to what has been carried out for the operator Ay, we can
define the equivalent norm [Jul|v+ := [[VA~!ul| in V. Besides, the following chain rule holds

OE(t), A E())vs v, = 2O

sV, = §EHVA’1fH2, a.e. t € (0,7),

for any f € H'(0,7; V). Next, we define the space W, := H?(Q) NV, and recall the following regularity
result for Stokes operator (see e.g., [19, Appendix B]):

Lemma 2.2. Let d = 2, 3. For any f € H,, there exists a unique u € W, and ¢ € H*(Q) N L3(Q) such that
—Au+Vq="f ae. inQ, that is, u = A~'f. Moreover, we have

[allgz + [Vl < CJf]],
1 el
lall < ClIENZ VAT =,
where C' is a positive constant that may depend on Q, d, but is independent of f.

Then it follows that the norm ||u||w, := ||Au] is equivalent to the standard H?-norm in W,.
For the sake of convenience, below we report the Ladyzhenskaya and Agmon inequalities (see e.g., [39])

d .
ooy < U211, ¥f € HYQ), ifd=2,3, (22)
1 1 .
I fllz@) < CUAIEN I Za ey VFEHXQ), ifd=2, (2.3)
1 1 .
£l < CUARN Iy, V€ HA(Q), ifd=3, (2.4)

and the Gagliardo—Nirenberg inequality
127 fll oy < CUANLaloy 1 ISymirey ¥ € W™ (2) 0 L9(Q), (2.5)

where D7 f denotes the j-th weak partial derivatives of f, j,m are arbitrary integers satisfying 0 < j < m and
L <a<1,and 1 <¢,r < 400 such that

1 3 1 m +1—a
——==q|-—-— .
p d T d q

If 1 <7 < +oo and m — j —  is a nonnegative integer, then the above inequality holds only for # <a<l
The above inequalities will be frequently used in the subsequent analysis.

In the remaining part of this paper, the letters C, C; will denote genetic positive constants possibly depending
on the domain 2, the coefficients of the system as well as on the boundary and initial data at most. These
constants may vary in the same line in the subsequent estimates and their special dependence will be pointed
out explicitly in the text, if necessary.

2.2 Main results
We first state the following assumptions that will be needed in our analysis.

(H1) v € C*(R?) and there exist two positive constants v, and v* such that
0 < vy <v(sy,s0) < v, V(s1,82) € R
(H2) S, € C*(R) satisfies

Sy(s) > —co, ¢ >0, VseR,
S(;(s)s > c18¢(s) —ca,  Sg(s) > c3st —cq, for some ci,c5 >0, c2,¢4 >0, VseR,
IS5 (s)] < eSy(s) +c., Ve>0,s€R,

where c. > 0 depends on ¢.



(H3) S, can be written as follows
Sp(s) = Sp(s) + Ry(s),
where §p : [0,1] — R satisfies §p € CY([0,1]) N C%((0,1)). We make the extension by (right or left)

continuity at the endpoints 0,1 and then over the whole real line with §p(s) = 400 whenever s ¢ [0,1].
Moreover, it holds

lim S’ (s) = —o0, lim §/( ) = +o0, lim 5”(s) = +oo, lim S”( ) = +o0,

s—0+ P s—1— s—o+ P s—1—

and there exists a small ¢; € (0,1) such that S” is nondecreasing in [1 — €1, 1) and nonincreasing in (0, €1].
Moreover, we suppose R, € C*(R) is such that

|RZ(5)| < Ly, Vs eR,
with L; > 0 being a certain given constant.
(H4) «, and 0 are given positive constants.

Remark 2.1. Tt is easy to see that the fourth-order polynomial (I2) fulfills (H2). Besides, for the physically
relevant potential (L3]), we can simply take

Sp(s):%[slner(lfs)ln(lfs)], s € (0,1),

0
325(1 — s) so that (H3) is satisfied.

Remark 2.2. We do not impose any restriction on the size of the parameters a, 8 and 6 in (H4). Thus, the
higher-order term aA2¢ is necessary to guarantee the well-posedness of the system. Without this regularization,
the term —A¢+0V - (pVo) = (—1+0p)Ap+0Vp-V¢ may lead to certain backward diffusion when the coupling
parameter 6 > 0 is such that —1 4+ 0p > 0 (see |8, 32] for the classical Cahn—Hilliard equation).

and R,(s) =

Let us introduce the notion of finite energy weak solution to the initial boundary value problem (L4)—(LH).

Definition 2.1. Assume that Q@ C R%, d = 2,3 is a smooth bounded domain and p denotes an exponent
such that p > 2 if d =2 and 2 < p < 6if d = 3. Let up € H,, ¢ € Hx(Q), po € H(Q). Suppose that
Sy(po) € L*(Q) and py € (0,1). Given T > 0, a quintuplet (u, ¢, p, 1,7 is called a weak (or finite energy)
solution to problem (L4)—-(LH) on [0,T7, if

(i) ue L>®(0,T;Hy) N L2(0,T; V,) N WL (0,T; VE);
(ii) ¢ € L>(0,T; H% () N L2(0,T; H3(Q) N HA(Q)) N HY(0,T; (H(Q))*);
(iii) p € L>(0,T; H () N L0, T; H2(Q)) N L2(0, T; W2P(Q)) N H(0, T; (H(Q))*);

)
)
)
(iv) p, v € L0, T3 H'(Q));
(v) pe L"O(Q x (0,7)) and 0 < p(x,t) < 1 for a.a. (x,t) € Q x (0,T);
)

(vi) (u, ¢, p) satisfies the weak formulation

<atu’ V>V;’;,VU + ((U. ’ V)U., V) + (V(¢a p)DU., DV)

= (uVo,v) + (¥Vp,v) Vv eV, ae. in (0,7),
(8tq§, V) m) T (@ Vo,v) +(Vp, Vo) =0 Vo e HY(Q), a.e. in (0,7T),
= aA26 — Mg+ Sy (6) + 6V - (pV ) ace. in Q x (0,7), (2.6)
<8tp,v>(H1(Q))*7H1(Q) + (u-Vp,v) + (Vi, Vo) =0 Vo e HY(Q), ae. in (0,7T),
Y =—BAp+S,(p) — §|V¢|2 a.e. in Q x (0,

(vii) the initial conditions u|;—¢ = ug, @|t=0 = Po, plit=0 = po in Q are fulfilled.

Remark 2.3. The properties ¢ € L2(0,T; H?(Q2)) and 8;¢ € L2(0,T; (H*(Q2))*) entail that ¢ € C°([0,T]; H*(Q)).
Similarly, we have p € C°([0,T]; L3(2)) and p € CY([0,T]; HY(Q)), where the subscript “w” stands for weak
continuity (in time). In addition, in light of the regularity of u and its time derivative, it follows that u €
C%([0,T);H,) when d = 2 and u € C2([0,T]); H,) when d = 3. A pressure 7 € W~=1°°(0,T; L?(2)) can also be
recovered, up to a constant, through the classical De Rham theorem (see, for instance, [6, Section V.1.5], see
also [40]).



Remark 2.4. On account of the global boundedness of p and the L>(0,T; H%(Q))-regularity of ¢, it holds that
the weak solutions satisfy ¢, p € L*°(0,T; LP(f2)) for every p > 1. In particular, the mapping ¢ — ||p(t)| L is
measurable and essentially bounded (see [14, Remark 3.3]).

Now we are in a position to state the main results of this paper. The first result concerns the existence of a
global weak solution.

Theorem 2.1 (Global weak solutions). Let (H1)-(H4) hold. For any given T > 0, Problem ([4)-(3)
admits at least one global weak solution in the sense of Definition[2.1l Moreover, every weak solution satisfies
the following energy inequality

Eror(u(t), ¢(1), p(t)) + /0 Iv/v(é(7), p(r)) Du(r) | + [Vi(r)|I* + [IVo()]|* dT < Eror(uo, ¢o, po), (2.7

for every t € (0,T], where Eo is given by [(LI). If d = 2, then the global weak solution (u, ®, p, p, V) is unique
and (21) becomes an equality.

Remark 2.5. Since T > 0 is arbitrary, Theorem [2.1] and its proof below entail that the global weak solution
(u, ¢, p, p, 1) is indeed defined on [0, +o0) with

u € L>(0,400; Hy) N L?(0, +00; V )OVVIO’Cd(O,—i—oo;V;),
¢ € L*(0, +00; HY () N Lt (0, +o00; H(Q) N Hiy (2)) N Hyge (0, +o0; (H'(2))*),

p € L>(0,+00; H' () N Lioe (0, +003 HY () N Lie (0, +00; WP () N i (0, +00; (H' (2))),
1,9 € Line(0, +00; H'(Q)),

p € L™ x (0,+0)) and 0 < p(z,t) <1 for a.a. (z,t) € Q x (0, +0c0).

Remark 2.6. In order to ensure that the initial energy ot (o, ¢o, po) is finite, instead of S,(po) € L' (), we
can alternatively assume that 0 < pg < 1 a.e. in Q. Besides, the assumption pg € (0, 1) implies that the initial
state of the surfactant phase p cannot be a pure state, namely, pg is not identically equal to 0 or 1 over €.

Concerning the strong solutions, we suppose in addition that
(H2)" S, € C*(R);
(H3)' 5, € C3((0,1)), R, € C3(R).

The above assumptions combined with more regular initial data allow us to establish the existence and unique-
ness of a local strong solution to problem ([4)—(L5) in three dimensions (global if d = 2).

Theorem 2.2 (Strong solutions). Let (H1)-(HY4) as well as (H2)-(H8)' hold . For any ug € Vg, ¢o €
H5(Q) N HR (), po € HY(Q) satisfying 0 < pg < 1 a.e. in Q, po € (0,1), and by = —Apo + §,’)(p0) € H(Q),
there exists a time T > 0 such that problem (LA)—(LH) admits a unique local strong solution (u, @, p, u, ) on
[0, T*] satisfying

uc L=(0,T*V,)NL*0,T*;W,) N H'(0,T*; H,),

¢ € L>(0,T H5( )N Hy () N HY0,T*; H*(Q)),

p € L0, T*;WP(Q)) N H(0,T*; H(Q)),

p€ L(0,T% HY(Q) N L0, T HY(Q) N HY (),

b€ (0, T HY() 1 10,7 HY(9) 1 HE (2),
with a pressure © € L*(0,T*; HY(Q)) uniquely defined up to a constant, where the exponent p satisfies p > 2 if
d=2,2<p<6 if d=3. Moreover, the strong solution is global if d = 2.

In the two dimensional case we are able to say more. Let us introduce a further assumption on the singular
potential

(H5) there exists C' > 0 such that
§,’)’(s) < eSOl vse (0,1).

This property is fulfilled by the mixing entropy term in (L3). It enables us to derive estimates for the singular
terms §f’)(p) as well as §l’)’ (p), which further entails higher-order regularity of the solution p. Besides, it plays a
role in establishing the strict separation property for p in dimension two (see [17, Section 5], see also [30]).

First of all, a continuous dependence estimate with respect to the norms in L%(Q) x H2(Q2) x H*(Q) (i.e.
controlled by (III)) can be obtained for strong solutions in dimension two. This will be useful, for instance, in
the analysis of suitable optimal control problems. More precisely, we have



Theorem 2.3 (Continuous dependence in dimension two). Let d = 2. Suppose that the assumptions of Theorem
hold and (HS) is satisfied. For every pair of strong solutions (a1, ¢1, p1, p1,%1) and (uz, @2, pa, ko, Pa) orig-
inating from the admissible initial data (o1, o1, po1) and (o2, do2, po2), the following continuous dependence
estimate holds

ar () — w2 (@) + |91(t) — G2(O) | m2(0) + lp1 () — p2(B)ll 1 ()
< Cr (luor — ozl + [[A(¢o1 — ¢o2)|| + IV (por — po2) || + P01 — Po2| + [Po1 — Pozl)

for every t € [0,T). Here, Cr > 0 is a constant depending on |[ugillv, . doillms(). lpoill ). [Poillm (),
i = 1,2, coefficients of the system, Q and T.

Next, we prove that the global weak solution regularizes in finite time, namely,

Theorem 2.4 (Regularity of weak solutions in dimension two). Let d = 2. Assume that (H1)-(H5) and
(H2) -(H3) hold. Suppose that p > 2, K > 0, m; € R, mg € (0,1) and § > 0 are given. For any
uy € H,, ¢o € H3(2), po € H'(Q) be such that S,(po) € L' () and ¢g = m1, o = ma, Eot(Wo, G0, po) < K,
let (u, ¢, p, 1) be the unique global weak solution to problem ([LA)-(LH) originating from the initial data
(uo, do, po). Then there exists C; > 0 depending on K,p,m1,ma and § such that

la®llv, +le@llms @) + lo®)llw2e@ + 1O a @ + 10Ol @) < Cr VE=0. (2.8)
Besides, there exists n € (0,1/2] such that
n<p<l-—mn forallxeQ, t>o. (2.9)

Moreover, there exists Cy > 0 depending on K, my, mo and § such that

lova()|| + 10: ()] 22y + 10 () | 1 () < Coy (2.10)
l0sal| L2t 41:v,) + 100l L2t 441,55 () + 10ep Il L2415 13 () < Co, (2.11)
lu(t)lw, + [[)]| ) + 100 | r2) + [[0E) [ rs ) + [1p(0)] i) < Co, (2.12)

hold for every t > 20. In particular, any weak solution becomes strong for t > 0.

3 Proof of Theorem [2.1]

The proof of Theorem 2.7l consists of several steps. The first ingredient is the following

Proposition 3.1. Let (u, ¢, p, p, ) be a sufficiently smooth solution to problem (L4)-([L3) on [0,T]. Then we
have

d d
—_ = — = T 1
i Q(b(t)diﬂ gr Qp(t)diﬂ 0, vte(0,T), (3.1)

%5tot(u(t)a (1), p(1) + IV (6(t), p(t)) Du(®)|* + [Vu®)|* + Ve @)|* =0, Vte (0,7),  (3.2)

where Eor(u(t), d(t), p(t)) is defined as in (LI)).

Proof. To deduce (B, we simply test the Cahn—Hilliard type equations in (I4) by 1 and integrate over €.
Then (B.J)) follows through an integration by parts, thanks to the homogeneous Neumann boundary conditions
for p, 1, the no-slip boundary condition for u and the incompressibility condition V-u = 0. The energy identity
B2) can be obtained by testing the first, third, fourth, fifth and sixth equations in (I4]) by u, p, 0:¢, ¥ and d:p,
respectively, integrating over {2 and using the incompressibility condition as well as the boundary conditions for
(u, ¢, p). We thus get

1d
5d—||u|\2+/V(¢,p)|Du|2dx:f/(u~V)u~udx7/V7r~udx+/(uV¢+z/;Vp)~udx
t Q " 0 Q

= [0+ 0p) uds
[ dronda+ [ (a-Topuds =~ |val?
Q Q

/Q;Latgbd:c = /Q (QAQ(b — A¢+ S:ﬁ((b) + 0V - (pV(b))at(bdz



_4d
Cdt Jg

/ Byt dz + / (u- oy de = — [y,
Q Q

1 0
(51808 + 51V02 +5,(0) ) @z~ § [ pavoP as

0
[vopas= [ (ﬂAp+S;(p)5IV¢I2) dupds

Q
d

Bio 2 4 / 2
= — = S der — = Orpdux.
i/, (2 Vo™ + 5,(p) ) dz — 5 A IV|*0p da
Collecting the above identities together, we easily conclude (3:2). O

Remark 3.1. Integrating B.I]) and (B2 with respect to time, we find that

/(b(t)d:c: ¢o dux, /pdz:/pod:c, vVt e [0,T],
Q Q Q Q

t
Euon(u(t), B(2), p(t)) + / (VW) PO DU |2 + IVa(®) 2 + [Ve)]?) dr
- Stot(u07¢05p0)7 Vi S (OvT] (33)
Identity ([B:3) shows that, physically as well as mathematically, £t must be bounded from below. The singular
potential S, (formally) implies that

0<p<1, forae. (z,t)€Qx(0,T). (3.4)

Thus, we can directly infer from (B4 that

[-ovoraz -2 [ [wopar="4 [ onoar>-Z1aor - o 59
. 27 =79, 79, =7y 4PN '

The first term can be easily controlled by the higher-order term §[|A¢[|* in . Concerning the second term,
without making any assumption on the size of the positive parameters a, 6, it can still be handled thanks to
the coercivity of Sy. Indeed, from (H2) and Young’s inequality, we have

62 o4
da > 4de>C_3/ Yo+ — o) — — ]9l
[ Sut@)do = e [ 1oitan—ciol = 2 [ foltdot Lol — (0 + oz ) 19

Therefore, the bound B4 of p plays a crucial role. However, when we prove the existence of weak solutions
to problem ([4)-(L5) we need to introduce a suitable regularization of the singular potential S, (see (B9)
below) and (34]) can no longer be guaranteed due to the lack of maximum principle for the fourth order Cahn-
Hilliard equation. This is the reason why we have to introduce a further penalization term in the approximating
problem (see ([B:) below, see also [41] for a similar strategy in a numerical context). Note that the presence
of the second-order term in the energy &t would not play any role in proving its boundedness from below
provided that 6 € (0, 1) (see Remark B3).

3.1 A regularized problem

In view of Remark [B.I] we consider the penalized energy
o 1, o « 5 1 9 B 2 0 2 W 4
Euludnp) = [ (Gl + FIAGR + FIVO + 55(0) + SVl + S,(0) = GoIVe + ZIV0l') dr,  (30)

where w € (0,1] is a given parameter. Correspondingly, the initial boundary value problem associated to the
perturbed energy functional &, is the following

du+ (u-Viu—V-(v(p,p)Du) + Vi = puVo+1Vp in Qx (0,7),
V-u=0 in Q x (0,7,
Op+u-Vo=Apu in Q x (0,7,
1= al2p — Ap+ S (6) + 6V - (0V¢) —wV - ([V6[2Vg)  in Qx (0,T), (8.7)
Oip+u-Vp=Ay in Qx (0,7),
b= —BAp+5y(p) ~ UIVe? in Q% (0,7),
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subject to the boundary and initial conditions

u=0 on 02 x (0,7T),
On® = OnA¢ = Oppu =10 on 99 x (0,7T), (3.8)
Onp =00 =0 on 99 x (0,7T), '

uli—o = uo(x), @li=o = do(x), pli=0 = po(x), in Q.

To prove the existence of a global weak solution to problem B.7))—(3.8]), we introduce a suitable approximation
of the singular potential S,, dependent on some (small) parameter € > 0 in such a way that the original potential
is recovered in the limit ¢ — 0. More precisely, following |13] (see also |9]), we consider a family of regular

potentials based upon the second-order Taylor’s expansion of S,. Recalling (H3), for any sufficiently small
€ € (0,€e1), let S, : R — R be a globally defined approximation of S, given by

2 50) _
Z p(s)(s—zs)l if s <e,

~ i=0
Spe(s) =4 5,(s) ife<s<l—e, (3.9)
2 g
ZSP (,1' Dis_(1—e)]f ifs>1—c
P il
Set R
Spe(s) :=8,e(5)+ Ry(s), VseR. (3.10)

Then for any ¢ € (0, €1), there exist constants 71,72,7v3 > 0 such that

~

Spe(s) > —m,  —12<S/.(s) <, VseER, (3.11)

where 71,72 are independent of e, while the upper bound 73 may depend on ¢.

Our strategy is as follows. We first find a global weak solution to a regularized system of problem (B.7))—(3.8)
with S, replaced by the regularized potential (310). Then we derive uniform estimates and pass to the limit first
as € — 07 to obtain a solution to the penalized problem [B.7)—([B.8)). Finally, we will get rid of the penalization
term by letting also w — 0.

3.2 The Galerkin scheme

Let us consider the regularized system

ou+ (u-Vyu—V - (v(p,p)Du) + Vi = uVé + pVp in Qx(0,7),
V-u=0 in Qx (0,7),
Orp+u-Vo=Apu in Qx (0,7),
1= al2p — Ap+ S(6) + 6V - (0V¢) —wV - ([V6[2Vg)  in Qx (0,T), (312)
Op+u-Vp=Ay in Q x (0,7,

(0,7)

0
b =8+ S).(p) — 5|V in © x

subject to the boundary and initial conditions ([B.8]). Its weak formulation reads essentially the same as (2.0]) in
Definition [Z1] with obvious modifications. Observe that system ([BI2)) is associated with the following energy
functional

1 1 0
Euclw,0.9) = [ (G + G186 + 5IV0P + 55(0) + FIVoP + Syelp) - 5oIVo + 41Tl ) d. (313

The existence of a global weak solution to the regularized problem [I12)) with (8.8]) can be proved by using a
suitable Galerkin approximation scheme. Recall the countably many eigencouples of the (negative) Neumann—
Laplace operator, denoted by (1,,,w,) € R x L?(2), n € Z*. We note that {w,} forms an orthonormal basis of
L?() and is also an orthogonal basis of H% (). Analogously, we set ((,, w,) € R x H, to be the countably
many eigencouples of the Stokes operator A and {w,} forms an orthonormal basis of H, and also an orthogonal
basis of W,. We set W,, := span{w1,...,w,} C H%(Q), W,, := span{wy, ..., w,} C W, with corresponding
orthogonal projections II,, : L?(Q2) — W,, (with respect to the inner product in L?(2)) and P, : H, — W,
(with respect to the inner product in H,). Then we consider the following Galerkin scheme that depends on
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three approximating parameters n, e and w. Namely, for w € (0,1], ¢ € (0,¢1) and n € Z*, we look for functions
(ule, ¢bs, plvs, uvc p7) of the form:

w I Tw )

e (t) = Zai(t)wia P (t) = Zbi(t)wia

pey~ (t) = Zci(t)wia YoE(t) = Zdz‘(t)wm

ups(t) =y eilt)wi,

i=1

<.

which solve the following problem:

(0= vy v, + (057 - V)ugs, v) + (w(¢l, pl7)Dufs, Dv)

= (u VoL e,v) + (Y2 EVpLe,v) Vv eW,, ae. in (0,T),
(Oe =, v) ey + (0° - VOLE,0) + (Vi Vo) =0 VoeW,, ae. in (0,7),
ply® =y (@A?Q" — AGL® + Sy (¢°) + OV - (p° V1))

—1IL, (WV - (VL= PV ere)) a.e. in Q x (0,7), (3.14)

(00l V) ey + (05 - V%, 0) + (VP55 Vo) =0 Vve Wy, ae. in (0,7T),
v =T (= BASLE + 8,7 — 51V6L7P?) ae.in Qx (0.7),
ue(-,0) = P,(ug) =: uf} in Q,
¢°(-0) = (o) =: ¢5,  piy*(+,0) = n(po) =: pfy in .

Inserting the expressions of those approximate solutions into the above weak formulation, we arrive at a sys-
tem consisting of 5n ordinary differential equations in the unknowns (a;(t),b;(t), ¢;(t),di(t),e;(t)), i = 1,...,n.
Recalling the assumptions (H1)—(H4), an application of the Cauchy—Lipschitz theorem entails

Proposition 3.2. For any positive integer n, there exists T,, € (0,T] such that problem BI4) admits a unique
local solution (U, gIve, pive, ume 1) on [0,T], which is given by the functions a;,b;, ci,d;,e; € CH([0,Ty]),
t=1,...,n.

3.3 Uniform estimates

Here we proceed to derive some bounds of the local approximating solutions that are uniform with respect to
n, £, and w. The first one is the following energy estimate (cf. Proposition [B.])

Lemma 3.1. For every t € (0,T,], it holds

t
Ew,s(uZ’E(t%¢Z’E(t),PZ’€(t))+/0 ||\/V( (1), p 5 (1) Duye (7)|12 + IV (D)) + [ Ve5e(n)]|* dr < G,
and
n,e n,e n,e 1 n,e 2 o AQE 2 1 n,e 2 ﬁ n,e 2
Euw,e(u= (1), 97 (1), P57 (1) 2 Sllu= @7 + T 1A= ON” + S IV + SV @)l
C3 ) ine w n,e
+ 5”%’ O a0 + g”v%’ (O)l[1a(0) — Co,

where Cy > 0 is independent of n and w, while Cy > 0 is independent of n, €, and w.

n

Proof. Arguing as in the proof of Proposition B} in ([B.I4]) we can take the test functions v = u}¢, v = p¢ and
v = Y° in the equations for u)®, ¢7¢ and p[;®, respectively, while multiplying the equations for the chemical
potentials by 0:¢¢ and 0:p[y® accordingly. Combining all the resulting equalities, we find

d
—Eu.e (0, 6%, pl) + 1y v(65°, pu®) Duye|

aree 24 VU Ve P =0, Vie (0T,

For any t € (0,T,], integrating the above identity over [0, ¢], we obtain

t
Eu(ug=(t), 957 (1), piy= (1)) +/O II\/V( 55 (1), o () Dug= ()2 + V= (D)1 + [V =(n)]* dr

= e (ug,(0),¢5°(0), pI7(0)). (3.15)
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Concerning the initial energy, we have
Eue(uf7(0), 9°(0), p°(0)) = Eu.c(ug, &5, pg)
= [ (Gub + SIAGEE + SITG5P + Sa(et) + ST + 5pc(a8) + Rol)
G Ve + 19 ) de
We easily obtain the bounds
g1 < llwoll® IV511* < 166 170y < 90llFrngey s VARSI < 105117 () < llpollz oy -
Moreover, we notice that since ¢ — ¢ in H?(2), there exists n* € N such that for all n > n*
IAGGI* < 1165172y < C(1+ lI9ollE2 (),
where C' is independent of n. Also, we infer from (H3) and [B.9)) that
S,e(s) < Ce) (1+5%) and |R,(s)| < Cr(1+5?), VseR,

where C(g) > 0 may depend on € and Cr > 0 is a constant only depending on R,(0), 1,(0) and L;. On account
of (H2), we deduce that

‘/Q Sa(6) + Spe (o) + Ro(pt) da| < C(I65 [l m2(0) + Ce) (NG 11 + 1)
< Clligoll @) + Ce)(llpol* + 1), (3.16)

where we have also used the Sobolev embedding H?(2) < L>°(2) (d = 2,3). The symbol C(||¢ || g2 () denotes
a positive constant depending on [|¢ol|g2() and € but not on n,w,e, while C(¢) is independent of n and w.
The remaining two terms in the approximate initial energy are treated by using the Cauchy—Schwarz as well as
Young’s inequalities:

1, ., w 02 n
<t (242 /|v¢o|4dz
1778) Jg
< IV Iaey + 10212) < CI6E 4y + IAEI)
< C (ol 4y + looll?),

9 7 3 w T
‘/ *5/’0|V¢0|2 + Z|V¢0 * dw
Q

where we have also used the Sobolev embedding H?(2) — W14(Q) (d = 2,3). Collecting the above estimates,
we obtain the required upper bound by choosing a suitable constant C; > 0 depending on ¢, |[uol|, ||doll#2(0)
llpoll 71 () and €, but independent of n and w.

Concerning the lower bound, we exploit some observations made in |13, 41]. Consider the energy functional
for the approximate solution (recall (B.13)))

1 « 1 I}
e (WL, 0%, 5%) = S0+ S1AGEI + 51967 + S19 7]

~ 0 w
+ [ (S¢(¢Z’E> + S0 (p%) + Ro(pl®) = 5oL IV oL~ |” + Z|v¢gv€|4> dz.
2

From (H2) we infer that

[ suto)aw > ca [ o7 o - cafo.
Q Q

Set
0 = {(E eN:0< pz’a(.’L') < 4} and Qo = Q\Ql

Then we find

)

— R0~ Cp / [ de — / 2 da
Qq

Q2

/Q Ry(07%) da > —Cr (19 + 177)
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> ~17CRl9Y - Cre [ 17 do.

Qo

Next, using the Cauchy—Schwarz inequality, Holder’s inequality and Young’s inequality, we infer that

0
-5 [ mevenpa
Q
0 n,e n,e |2 0 n,e n,e |2
=5 P’ |v¢w7 | de — - Puw’ |v¢w7 | dx
2 Jo, 2 Ja,

Y

w 62
20|V - % [ voreite - o= [P
Qo w Q2

92
—20 [ oncaonido- g [ veritae- o [ P de
Q 8 Qo 2(4.) Qo

V

« 462 w 62
—Z||Ap™E 2 Y 1 AnE 27—/Vn’84d 7_/ n,a2d
> 18I = ol = 5 [ 1Venttae - o [l e

« c3 86* w 62
__An,EQ__ n,€4d _ Q——/ n,€4d __/ n,€2d-
> - Glaent? = 5 [lonertar - 2ogtel- 5 [ weneitar - o [ et

V

Therefore, from the above estimates we deduce that

-2
804 0
+/ L—U|V¢Z’8|4dx— ey +17CRr + Q- Cr+ — / |p™|? da
Q8 c3a? 2w ) Ja,

+/ s =(plF) de.
Q

1 « 1 153 c3
Eue (W 6%, o) = GNP + TUAGLIP + GV + IV + S [ ot da
Q
2

Recalling now [B.3) and (H3), we see that §,’J(5) <0, §,’J(1 —g) >0, §;,’(€) > 0, §;,’(1 —¢) >0, when € € (0, €2),
for some sufficiently small e3 € (0,1). Then we have

50c(6) 2 5,000+ 25— ws <,
which implies R
§p (8) > -m+ SZQ(E)SQ, Vs <0
On the other hand, we have
§Pa8(3) z §p76(1 —&)+ Sg(lgi 2 [s—(1—¢e)?, Vs>1-¢,
so that R
Spe(s) > = + W(s —1)2, Vs>1.

Observing that
1 1
(s —1)*==s +§(572)2712 552, Vs> 242,

we then obtain N
~ S// 1*5
Spe(s) > —m + %52, Vs> 4.

From the above observations and (H3), we conclude that there exists k1 > 0 depending on € such that for any
€€ (07 62)

/ 8, (o) da = / 8, e (o) da + / 8, o (o) da
Q Qo

Qq

> O+ E / e da
Qz

The constant k; = ki(¢) can be taken arbitrarily large, as long as e is sufficiently small. Thus, by choosing
0 < €2 = e2(w) << 1 such that

2
kl - (CR + 29_) Z 0) oS (0562)3

w
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we infer that

1 « 1 153 c3
Eu e 07, ) 2 GNP+ FIAGE P + FIVOLe P + SVl + 2 [ (o[t da

4

86
+/ §|V¢Z’E|4 dx — (04 +17Cgr +
Q

c30?

92
o= (cns 2)] [ st
2w Qo

« 1 I5) c3
Nz + GIAGe? + 5ITee I + SI9oLe P + 2 [ ot ao

+71) 12

>

N | =

+ 2 [ vareitas - o
S Jo

for all € € (0, min(ey, €2)), where Cy = (04 +17Cr + 6839:2 + ’yl)|Q| is independent of n, &, and w.
The proof is complete. O

We can now obtain some uniform estimates for the approximate solutions (U, @™ ple 7 hme),

Lemma 3.2. The sequence {u/>} is uniformly bounded in L°°(0, Tn; Hy)NL%(0,T,; V). The sequence {¢1°}
is uniformly bounded in L> (0, T,; H*(Q)). The sequence {p"¢} is uniformly bounded in L>(0,T,; H*(Q)). The
bounds are independent of w and n, but may depend on €.

Proof. Tt follows from Lemma [3.1] that
Cs (JuZ= (O + 1A¢5 (O + VL= + IVon (D7) < Eoe(ui®(t), o0°(8), pL=(t)) + Co. (3.17)

where C3 = %min{l,a,ﬁ,@,} > 0. Besides, we note that the averages of ¢'¢ and p/® are independent of n
and ¢ (by orthogonality of the eigenvectors), that is,

/ o (x,t)de = / ¢p(x)de = / ¢o(x) dz, / o (z,t)do = / pg () de = / po(z)dx, Vitel0,T,].
Q Q Q Q Q Q
Therefore, by the triangle inequality and the Poincaré—Wirtinger inequality, we have

o l? < 201007 — o7 |1* + 20105°)1* < ClIVEL=I* + Clol*|* = C (IVeL=l1* + [90]) ,

since ¢v¢ € H'(Q). Thus, a uniform bound of ¢¢ in L>(0,T,; H'(Q)) is obtained. The L>(0,T,; H*(Q))-
bound then follows from the standard elliptic regularity theory. A similar argument yields a bound for pJ¢ in
L>(0,T,; H'(2)). Concerning the velocity field u™*, it follows from ([@3.I7), Lemma 3.1 and Korn’s inequality
that

t t
[ oo puse @ ar= [ 2 vaze@ldr, Ve 0.7,)
0 0
The proof is complete. O
We now prove a priori bounds for the chemical potentials.

Lemma 3.3. The sequences {i>¢} and {1} are uniformly bounded in L*(0,T,; H*(2)). The bounds are
independent of w, n, but may depend on €.

Proof. From Lemma [B.1] we infer that
t
[ (V@ + 190 @IP) ar < 1+ Ca vie 0T,
0

Let us first consider the estimate for {u™¢}. Since p»¢ € H(Q), then arguing as in the proof of Lemma 3.2

we obtain
i

2 < 2py® — plFIP + 2l < (||VMZ’E|

[ 24 e 2) .

Then it remains to provide a uniform control of |ul°|. From the third equation in ([3.I4), we see that

is®| = ‘nn (A2617 = AGL" + S (617) + OV - (AL7VOLT) = wV - (VL [2Val?) ) ‘
1

= o | (1T (047657 — AGL + S4(60°) +60V - (pL°VIL5) —wV - (V4L V919))|
1

= o (1 @607 — A7 + S4(60°) +0V - (7VL7) —wV - (VL PVer) |
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Thanks to the homogeneous Neumann boundary conditions On¢[® = OnA¢@]° = 0 on 0f, using integration by
parts, we find

] = (S

From Lemma and the embedding H%(Q) < L>®(Q) (d = 2,3) we obtain that ¢™° € L>(0,T,; L>=()).
Then by (H2) we get

sup [ub" ()| < C,
te[0,Ty]

where C' is independent of w and n, but it may depend on . As a consequence, we have

/||u ||H1mdt<0/ Ve (r)|* dt + C Iu (NP dt<CA+T,) <CA+T),

for all ¢t € (0,T5,).
In a similar manner, for ¢ we have

e _ L & (on n 0 o n
27 = g | (180t + R - Givoe? )|
1 1
< 151185 (P @) + o I BL(PL ) L) + 57e7 I VOL e 12
|Q| pie ) Q" () 2|Q|
|Q| 15, (P ey + C(1 + ||¢Z’E||§11(Q))-

We recall a well-known result for the approximating potential S e (see e.g., [24,130]), namely, there exists C' > 0
independent of €, such that

155, (P Lr () < C/Q(pZ’E = P5) (S5 (%) = S, (pi)) dz + C. (3.18)

Then, choosing p¢ — pj as a test function in the equation for ¢)™¢ in (3.14), we get

BIV AL + (Spe(p), 5% = PF) = (W0 — 05, ok = o5) + (|V<z>“|2 5T = 0.
It follows from (BI8)), using the Poincaré—Wirtinger and the Cauchy—Schwarz inequalities, that
185, (P Lrcy < CUINVUEENVALEl + IV PV oL el + 1) < C(IVeEe] + 1),

where we recall that |||[V¢7)?|| < C||V¢Z’E||i4(52) < C thanks to Lemma [3:21 Hence, we deduce that

195 N @) < OVl + [0E* (D)) < C(IVeE©ll + 1), (3.19)

which implies

t t t
[ el de < [ Ivape@iPae e [ RETDE & < ca+ ) < o,
0 0 0

for all t € (0,T,].
The proof is complete. O

The estimates obtained in Lemma[3.2land Lemmal[3.3] allow us to extend the local solution {az, bi,ci,di e 10y
to the full time interval [0,7]. As a consequence, the approximate solution (u%, ¢™=, ple = h™e) is well
defined in [0, T7.

We now need to derive some uniform estimates on the time derivatives of the approximate solutions in order
to apply a compactness argument.

Lemma 3.4. The sequence {0;uly} is uniformly bounded in Li (0,T;V?E), d=2,3. The sequences {09/},
{0ip™%} are uniformly bounded in L*(0,T; (H(2))*). The bounds are independent of w, n, but may depend on
T ande.

Proof. Consider the first equation in (3.I4) and let w € V,, be such that ||w|v, = 1. On account of Lemmas
and 3.3 we find that

Ol Wiy v| < (G- V)ug®, w)| + |[(v(6°, pi*) Duy®, Dw)| + [(uy* Vi, w)
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+ (Y5 Vpe, w)|
<|(ud® - Vyw,ul)[ + v || Dud s ||| Dwl| + ([ = [V o< (lLa@ 1WllLae)

05 L@y IV e W llnao)
< ||UZ’€||i4(Q) +C ([ug® v, + IV ell + (VY= + 1)

d _d
< af (I3, [P~ + C (Julflv, + IVulsl + [VeLe| +1)
d

< C(a2e 1y, + s llv, + IVeLsl + VYLl +1). (3.20)

From (B.20), taking the supremum over all functions w, raising the inequality to the %-th power and integrating

on [0,T], we obtain the desired bound.
We now perform a comparison argument in the second and fourth equations in BI4). Let w € H*(2) such
that [[w]| g1 (o) =1 be given. Using Lemmas 3.2l and 3.3, we get

{| (00" W) (1 0y (o) | < C VG + VaE=]l) (3.21)

[ 0P, ) (111 ()= 1 o | < C VG + [[Vag=]]) .
where we have used the following estimate
[(ug® - Vo, w)| = |(u® - Vw, 5%)| < Cllug[luao) 195" [ La) < CIVGE |65 a1 @)

and a similar one for pJ®. Taking the supremum over all functions w, squaring the inequality and integrating
in [0, T, we arrive at the desired bound thanks to Lemma 321
The proof is complete. [l

Finally, some additional estimates for ¢/¢ and p[’* can also be deduced, that is,

Lemma 3.5. The sequence {¢"°} is uniformly bounded in L*(0,T; H*(Q)). The sequence {pv} is uniformly
bounded in L*(0,T; H?(2)). The bounds are independent of w, n, but may depend on T and «.

Proof. Let us first consider p»¢. Multiplying the equation for !¢ by —Ap¢ and integrating over €2, we find
(Wi, —Apy®) = BIIAPLEI* + (S) () Vpis®, V<) + g(IVd)Z’EIQ, Ape©).
Recalling (BI1) and using Holder’s as well as Young’s inequalities, we get
BIAPEEN? < IV IVl + 12l Ve N2 + IV |2y 1 A< |
< O]+ 1) + CIVEL s ) IV N 120
<O(IVensl+1) + C(I1AdL |17 + 1) [ Apze]|
< ZN80L P + CUIvul + 1),
which implies
Blape|l” < CUIVyEel +1). (3.22)

From the above estimate, the elliptic regularity theory and Lemma B3] we get p¢ € L*(0,T; H?(Q)).
Concerning ¢/¢, we multiply the equation for u™¢ by A2¢"¢, integrating over Q. This yields

(115, %) = all 272 + [VAGL P = (SH(6L) Ve, VAGL) +0(p1s° AdTy7, A%¥)
+O(VoL - VoL, A7) —w(V - (VL PVeL7)  A%LF).
Exploiting the fact that ¢/2¢ € L>°(0,T; L*°(£2)) and Hélder’s inequality, we infer that

al A%GLE( + [V AGLe|?
< |(Vul®, VA + 1S5 (655l Loe @ VLIV ALl
+ ClloL " =@ 1AGL (1A% G55 + ClIV o lLe (@) V@5 < Lo (e A% 657
+CIV - (IVegePVere) A%<l

Exploiting the Cauchy—Schwarz and Young inequalities, as well as the embeddings H!(Q) — L°%(Q) and
H2(Q) < L>=(Q) (d = 2,3), we have

(Vi VAL + 15§ (05 ) o IVOT I VAGLS
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+ Clop =@ | AG I A% G55 + ClIV o5 Lo I VEL® Le ) A% 657

o n 1 n n n n
< 1A%LE 1% + SIVALEI + C(L+ IVHEEI + 1L (@) + IVAL L)

o n 1 n n n
< IA%LE 1% + SIVALEN + C(L+ IVHEEI + 1L I o) -

Next, it follows from Hoélder’s, Agmon’s and Young’s inequalities that

IV - (1Yo 2Vene) [I1A%6055 ] < O ([[VerPAgne |l + V(1oL [?) - Vole]) A%
< OIVEE ey (IAGZ N+ 1625 1120y ) 1A%
< OV e ) | A261° |
< OV ller o | VoL ez o | A261°|
< Ol | ey | A2
< C(1 AL gy + 0051 1A%
< C(I A= 1AGEEN= + 11605 |2 (s)) [ A2
< ZIA%e| +C

As a consequence, it holds
| AZQLE |2 + IVASLEN® < SIALE” + SIVAGLEI® + CO+ IVHEEI + 125 I (o)

which implies

ol A%QLE| + [ VAGLE]* < C(1+ Vi

2+ H/)Z’EH%#(Q))-

From (3.22), the elliptic regularity theory and Lemma [3:3] we can conclude that ¢™¢ € L?(0,T; H*(Q2)).
The proof is complete. O

3.4 Existence of weak solutions for the penalized problem

We can now prove the existence of a global weak solution to the penalized problem F7)—(338) on [0, T7.
Let us first pass to the limit as n — +oo. In view of LemmasB.2H3.H for fixed w € (0, 1], € € (0, min(eq, €2)),
we have proved that

u’¢ is uniformly bounded in L>°(0,T;H,) N L*(0,T;V,) N Wl’%(O, T;V:),

¢"¢ is uniformly bounded in L>(0,T; H*(Q)) N L*(0,T; H*(Q)) N H(0,T; (H'(Q))*),
P> is uniformly bounded in L>(0,T; H*(Q)) N L*(0,T; H*(Q)) N H*(0, T; (H*(2))*),
p™¢ is uniformly bounded in L?(0,T; H'(Q)),
Y€ is uniformly bounded in L?(0,T; H'(12)).

Besides the obvious weak and weak star convergence (up to a subsequence), the above uniform bounds and the

Aubin-Lions lemma allow us to find (us,, ¢¢,, pg,, 1S, 1) such that, up to subsequences (not relabelled hereafter)

u’® —uS, strongly in L*(0,7;H'™"(Q)),
¢° — ¢f, strongly in C([0,T]; H*~"(Q)) N L*(0,T; H'~"()),
pl = pf,  strongly in C([0,T]; H'="(Q)) N L*0,T; H*~" (%)),

for r € (0,1/2), which further imply the a.e. convergence of (u%=, ¢™=, p™=) in Q@ x (0,T). Then we can deduce
the further convergences

|~

(%, pl%)) " Dult® — (v(¢5, %)) Dus,  weakly in L2(0, T5L2(Q2)), s =
pEVELE = uEVes,  weakly in L2(0, T; L3 (Q)),

YLVl = S Vps,  weakly in L2(0,T; L3 (Q)),

V- (pVeL©) = V- (pLVe;),  weakly in L(0,T; L*(2)).
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Thus, using well-known arguments (see e.g., [1, |5]), we can show that (ug, ¢S, ps, us,¢¥e) is a global weak

solution to the penalized system ([BI2) with the regularized potential S, . subject to (B8). Moreover, using
the weak and weak-* lower semicontinuity of the norms, from [B.I5) we also deduce

Eu,e (U, (1), 85, (1), ply= (1)) +/O V(95 (1), p5, (1) DU, ()12 + [V s, (0I1P + V5 (7)[1? dr
< Eue(uo, do,p0), Vte (0,77 (3.23)

Next, we pass to the limit as e — 07. We can still use the a priori bounds obtained in the Galerkin scheme
except (3.10). Concerning this bound, on account of (H3), arguing as in |13] (see also |18, Lemma 3.1]) we find

S,.(s) <S,(s)<C, Vselo1]. (3.24)

Thus the updated estimate ([BI6]) for the weak solution yields a bound that is independent of e. More precisely,
we have

Lemma 3.6. For any fivzed w € (0,1] and € € (0,min(ey, €2)) (recall that €2 depends on w), let (us, ¢<,, pS,

w

ue, Ve be a global weak solution solving system ([BI2) with the regularized potential S, . subject to B.) on
[0,T]. Then, for everyt € (0,T], we have

Eu,e (0, (1), 5, (1), p5, (1)) +/O Vv (9, (1), pe, (1) Du, ()|1* + IV e (DI + VS ()P dr < Cu,
and

&€ (= (> 1 € «@ (> 1 (= ﬁ (S
Eue (Ul (1), 65.(1). 5 (1) = SIS DI + A O + 5 IV DI + SIVA O
c (> w (=
+ S 1L DIl o) + GIVEL D Ls) — Cs.

where Cy, Cs > 0 are independent of w, €, and T.

£

Proof. Recalling the energy inequality ([B3.23]) for the approximate solution (uf, ¢S, pg,, 1S, v<), we can obtain
the lower bound with a constant Cs > 0 that is independent of ¢ following the same argument as in Lemma
Bl In order to find Cy4, we just need to observe that (see also (3:24))

Euc(6nop0,0) < C [l ool ool | S,(om) o 2.0.,6).

thanks to the Sobolev embeddings H%(Q) — L*>(Q), H?(Q) — WH4(Q) (d = 2,3), (3.24) and the fact that
0 < po <1 almost everywhere in Q (cf. Remark 2.6]).
The proof is complete. [l

On account of Lemma[3.6] we can now argue as in the proofs of Lemmas[B.2H3.5 to deduce a series of uniform

estimates with respect to e for the approximate solution (us,, ¢, pS,, 15,15 ). The main novelty with respect to

the Galerkin scheme is the following estimate which can be deduced from [B.T)¢ (see, for instance, [29, Section
3)
1S5, - (PE) I 22 0,m522(0)) < C (3.25)

for some C' > 0 independent of €. These bounds combined with compactness arguments (see e.g., [29]) allow us
to find (uy, du, Pus Hw, Yw) Which is a global weak (or finite energy) solution to the penalized problem B.1)—(B.8).
More precisely, we have

Proposition 3.3. Let (H1)-H4 hold and w € (0,1] be given. Then, for anyug € Hy, ¢o € H (), po € H(Q)
be such that S,(po) € L'(?) and pg € (0,1), problem B1)-B.8) admits at least one global weak solution (u,,,

B Pus fho, Yu) satisfying

u, € L(0,T;H,) N L2(0,T; V,) N WY (0,T; VZ),

¢ € L(0,T; HY(R)) N L*(0, T; Hy () N HY(0, T (H(2))"),
pw € L(0,T; H'(Q)) N L*(0,T; HY () N H' (0, T; (H'(Q))"),

oo o € L2(0,T5 H' (),

Pw € LZ(Q % (0,T)), and 0< p,(z,t) <1, fora.a. (z,t)€Qx(0,7),
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and the initial conditions. Moreover, the following energy inequality holds

Eu(Pu(t), pu(t), uw(t)) +/O IVV( 0 (1), pu (7)) Do ()12 + [V o (7) |12+ [[ Vo (7) |2 d7
< &u(¢o, po, o), (3.26)
for every t € (0,T].

Remark 3.2. Observe that 0 < p,(z,t) < 1 almost everywhere in © x (0,7) can be achieved by means of an
argument based on ([B.28) (see, for instance, [13,130]). Recalling Remark2.4] we also have || p | 10,750 (0)) < 1.
On the other hand, the same property cannot be deduced for ¢,,. However, the regularity ¢,, € L°(0,T; H*(Q2))
ensures that ¢, € L°(0,T; L°°(£2)) thanks to the embedding H?(Q) < L>(Q).

3.5 Existence of weak solutions to the original problem

The final step is based on uniform estimates that are independent of w € (0, 1]. First, we have energy bounds

Lemma 3.7. For everyw € (0, 1], let (W, @, Pus S, Yw) be a global weak solution solving the penalized problem
B0 -B8). Then, for every t € (0,T], we have

Eu (U (t), Gu(t), pu(t)) +/0 IV/V(6 (7); puo (7)) Dus ()] + [V 2o (7) | + [ Vb (7)[|* d < Cg,

and

1 1
£l (1), 60(0) pu(0) 2 2B + SNAGOI? + 51V + 2 ITpu D)
+ 2l|¢u®)llLa@) — Cr,

where Cg, C7 > 0 do not depend on w and T'.

Proof. The upper bound is straightforward (cf. the proof of LemmaB.6]). Concerning the lower bound, we shall
essentially make use of the estimate ||py ||z (0,7;2(q)) < 1. Recalling (H2), (H3) and arguing as in Remark
[BIl we can achieve the conclusion by noting that the perturbation involving w is nonnegative.

The proof is complete. [l

Thanks to Lemma B.17 and reasoning as above, we can derive a number of uniform estimates that are
independent of w. In particular we find again (see (3.25]))

||§;/J(pW)||L2(O,T;L2(Q)) <C (3.27)

for some C' > 0 independent of w. This is enough to find, through compactness arguments by taking w — 0% (up
to a convergent subsequence), a quintuplet (u, @, p, 1, %) which is a global weak solution to problem (T4)—(TH)
in the sense of Definition 1] provided we establish some additional spatial regularity. First, we show that
p € L2(0,T;W2P(Q)) for every finite p > 2 if d = 2 and for every 2 < p < 6 if d = 3. To this end, we observe
that p solves the semilinear problem with a singular nonlinearity

~ 0 .
—BAp+S5i(p) =¥+ 5IVOP = Ri(p)  ae in 0,
Onp =0 a.e. on 0f2.

(3.28)

We know that v € L?(0,T; H(£2)). Moreover, we have

IVl @) < Cllgllwra@ldlwza@) < Cllgllmz@) 16l s ()

and
IR, (D)) < CA+ [|lplla (@)

Thus the right-hand side of ([3.28) belongs to L?(0,T; H(Q)). Therefore, recalling |1, Theorem 6] (see also [19,
Theorem A.2]) , we conclude that p € L2(0,T; W2P(Q)). Consider now the elliptic problem

al?¢ = p+ Ap — S (¢) — OV - (pV9) a.e. in ,
On® =0 a.e. on 0f2.
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A well-known elliptic estimate yields

18l 25 ) < Ol + Ad = S(¢) = OV - (pV )| 1) + l|9])
< C(lullar @) + lollas@) + IV - (0VO)lar (e)-
On the other hand, we have

IV - 0Vl ) < Cllpllwzalldlwraqy + lolla @) léllwe @) + ol L@ |6l #2 @)
< C(llpllw2a@ 10l a2 @) + lollar @18l @) + 6l as @)

and recalling that ¢ € L>(0,T; H?(Q)) N L2(0,T; H*(Q)) and p € L>(0,T; H'(Q)) N L2(0,T; W24(2)), we
infer that ¢ € L2(0,T; H5(R)).

Finally, through a semicontinuity argument applied to (3.28]), we can also recover the energy inequality ([27]).
If d = 2, the regularity of weak solutions allow us to derive an energy equality by arguing as in the proof of
Proposition B (see also [1]).

The existence part of Theorem 2.1]is now proved. [
Remark 3.3. As we mentioned in the Introduction, it would be physically reasonable to take a Flory—Huggins
potential for ¢ as well. From the mathematical point of view, this case is highly non-trivial since ¢ satisfies
a sixth order Cahn—Hilliard type equation with a singular potential (cf. |28]). In the approximation scheme,
the essential bound B2T) (see also (B:28)) cannot be recovered anymore because of the fourth-order term in
the chemical potential. Thus it is not clear how to establish the existence of a weak solution in the usual
sense. On one hand, maybe one could show the existence of a weaker solution like the one obtained for a single
Cahn—Hilliard equation in |28]. See also [35, 136] for alternative approaches to handle singular potentials. On
the other hand, one may want to consider a standard fourth-order Cahn—-Hilliard equation for ¢ (i.e., taking
a =0 in (). In this case, the existence of a weak solution might be provable provided that 6 € (0,1) (see
B3)). However, other results (e.g., uniqueness and regularity in two dimensions) could be rather challenging
because of the couplings between the two Cahn—Hilliard equations.

3.6 Uniqueness of weak solutions when d = 2

Suppose that (ug, ¢o, po) € Hy x HZ () x H(Q) is a set of initial data satisfying the assumptions of Theorem
21 Denote by (uy, ¢1,p1) and (us, ¢a, p2) two global weak solutions to problem (L4)-(LH) departing from
(g, do, po), with corresponding chemical potentials p; and 1);, for i = 1,2. Set (see Remark 23] for pressures)

u=u; —uy, =T — T2,
d=¢1—d2,  p=p1—pz, (3.29)
=1 — Ha2, Y =11 — Pa.

Writing down (formally) the system for (u, ¢, p), we get

dru+ (ug - Viuy — (ug - Viug — V- (v(¢1, p1)Duy — v(da, p2)Duz) + Vr
= p1Vor — p2Voa +191Vpr — 12 Vpa,
V-u=0,
ho+u-Vo+u- Voo = Ap, (3.30)
ft=al’¢—Ap+ Si(61) — Sly(¢2) + 0V - (p1V$ + pVen),
Op+u1 - Vp+u-Vpy = Ag,

0 0
U ==BAp+S(p1) = Spp2) = 51V [* + 5|Vl

in Q x (0,7T), with

u=0 on 00 x (0,7,
On® = OnAp = Onpu =0 on 99 x (0,7, (3.31)
Onp =00 =0 on 99 x (0,7), '

u|t:O = 0) ¢|t:O = Oa p|t:0 = 0) in Q.

In the subsequent analysis, on account of |19], we derive a differential inequality for problem (E30)—(B3T])
involving weaker norms with respect to the energy ones (cf. (ILIl)). The proof consists of several steps. We
indicate by C' a generic positive constant depending on known quantities.

Step 1. Testing the evolution equation for ¢ in (B30) by ¢, using integration by parts, we get
(0e0, ¢>H1(Q))*,H1(Q) = (¢u1, Vo) = (¢2u, Vo) = —(Vp, Vo).
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Using the equation for p and a further integration by parts, we obtain

5 dtl\fbll2 +a||[VAQ|? + | Agl)? =Ty + o + Ts, (3.32)
where

= (¢u17V¢) (¢2u, V),
(S S¢ ¢2 A¢) ’
=0(V- (p1V¢) Ap) +0(V - (pV2), AP).

Concerning Z;, observe that (¢ui, V¢) = 0 since V- u; = 0 and [|[V¢||? = —(A¢, ¢). Thus we have

Ti = (¢2u, V) < ||gall (o [ull| V|
< cnunnqsnénmné

< = 2, Vi 2 2 .
< AP + 25l + Clgl (3.33)

Next, for Zs it holds
Iy = (S)(¢1) — Si(¢2), Ad)
1
< ‘( | sitron+ 1= mooar, A¢)}
0

1

<C Sg(mﬁl + (1 —7)p2)dr

oIl Al

Loo(Q)

=15 ||A¢||2 +Cllol*. (3.34)

Finally, owing to standard Sobolev embeddings, the Poincaré—Wirtinger inequality and the elliptic estimate, we
have

< CllAdll s ) (lo1llzs @ 1Ad] + llpll o) 1Ad2 + IV o1 [ VollLs@) + Vol Ve2llLs @)

< C|\¢II%IIVA¢H% (Ael +1Voll)
2 2 6 2 2
< 18HA¢H —HVA¢|| + 5Vl + Cllgll”. (3.35)

Collecting the estimates [B.33)-B.3H), we deduce from B.32) that

5%0"
g2+ 5 VA + —HA¢H2 =l + 2||Vp||2+0|\¢||2~ (3.36)

2dt 20

Step 2. We now apply a similar argument for p, but the presence of the singular potential forces us to take
Np € Vp as test function in (3:30). This yields

<atpaNp>Hl(Q))*1Hl(Q) - (Pul, VNP) - (pzu, VNp) = —(w, p).
Like in Step 1, we compute the last scalar product using the equation for ¢ and obtain
thllpl\v* +BIVpll* +Zs = Ts + Zs, (3.37)

where

= (s, Sh(p2),p),
(pul, VN p) (p2u, VNp)

0
T = §(V¢ (Vo1 + Vo), p).

Recalling (H3), we easily obtain

B
Iz =Laflpll* = = 5 IVell* = Clipll7; - (3.38)
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Arguing as for Z;, we get

s

IN

ol Lol l[Ls@llollvg + o2l Lo [lallllpllvg

IN

B Vi
SIVel + 55 all® + C (1 + L) Il - (3.39)
Then, Sobolev embeddings and the Poincaré-Wirtinger inequality give

Ts < (IVerlluace) + IVo2llLs@) IVolllollLae
< ClIVallllpll
< C||¢H5HA¢H5HVPH

2y Ag|? + C|lo|* 3.40
< 12||V/)|| 8” olI” + Cliel (3.40)
Thus, we can conclude from estimates ([8.39)—(3.40) and [B.37) that
1d 2 o 2, 2 2 2 2
s gl + —||V/)|| < 5gllull® + 8||V<i5|| + O+ [l llellv; +Cligl, (3.41)

Step 3. Now we consider the Navier—Stokes system. For the sake of convenience, we make use of the
vectorial identity
(uZwV)ui :V~(ui®ui), = 1,2,

which holds thanks to V - u; = 0. Besides, we recast the Korteweg forces by using the equations for u;, v;,
i =1,2, and we write

wiVo; +;Vp =V (%(1 —0p;)|Vi|* + §|V/)i|2 + Sp(i) + Sp(pi))

— V- ((1=0p;))Vei @ V; + BVp; @ Vp; — aVAp; ® V)
— a(VAG; - V)V,

In this way, we get rid of the chemical potentials by considering extra pressure terms. After introducing these
modifications, we test the equation for u by A~'u € W, which yields

d _
EHUH%/;; + (v(¢1,p1)Du, VA~ a) = > T, (3.42)

N =

where we set (using integrations by parts and adding/subtracting suitable quantities)

;= (0 ®@u, VA 'u) + (u® ug, VA~ tu)
Ts == (Vi @ Vo, VA u) + (Vo @ Vo, VA ),
Iy = B(Vp1 @ Vp, VA" u) + B(Vp @ Vs, VA" M),
Tho:= —0(p1 Vo1 @ Vo, VA u) — 0(p1 Vo @ Vo, VA" ) — 0(pVo @ Vo, VA~ 1),
T11 = —a(VAp, @ Vo, VA ) — a(VAP ® Vo, VA~ 1),
Tiy = —a((VA¢1 - V)Vh, A7 u) — a((VA¢ - V)Ve, A ),
Ti3 = —((V(gbl, p1) — v(¢2, p2))Dua, VAflu).
We analyze the remainder terms on the left-hand side of (3.42]) by using the argument in [19]. Since V- VuT =
VV -u =0, we deduce that
(u(¢1,p1)Du, VA_lu) ( v(¢1, p1)Du, DA~ u)
( u, v gbl,pl JDA~ u)
—(u, v(¢1,p1) DA™ u])

—(u, DA™ "aVr(¢1,p1)) — %(u,y(d)l,pl)AA_lu). (3.43)

From the definition of the Stokes operator, we find that there exists ¢ € L2(0,T; H(Q)) satisfying —AA~1u+
Vg = u almost everywhere in Q x (0,T) (cf. Lemma [2.2]). Moreover, it holds

— 1 1
lall < CIVA™ a2 [[ullz,  [IVqll < Cllull. (3.44)
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Therefore, the second term on the right-hand side of (343) can be estimated as follows:

5 ({6, ) AAT ) = £ (0,061, p1)u) — 5 (0,061, ) Va)

Vs 1
5”“”2 - 5(1171/(¢1701)V‘J)~

v

Setting

1
Tis := (0, DA™ 'uVu(é1, p1)), L5 = 5(11, v(¢1,p1)Vq),

we then recast (3.42) as
1d 9 Vs 9 15
e D 3¢ (3.45)
§=7

Next, we estimate all the Z; terms defined above. Using the Ladyzhenskaya inequality ([2.2) and Young’s
inequality, we can deduce that (see [19])

Ir < (Il fluage) + luzlluae) llull[VA™ |

1 1 1 1 1 3
< O (I s, + el el ) s )
Vy
< 2—0HU||2 +C (a3, + lw2l¥,) ul3., (3.46)
Zs < (Vo1 =0 + [Vé2lL=() [V IVA™ u]
1
< 1—8HA¢H2 +C|¢l*+C (||V¢1||ioo(n) + ||V¢2Hioo(9)) a3, (3.47)
To < (IVprllL() + IVp2llL=() IVollVA™ ul
5
< EHVPH2 + C(IVo1le (o) + IVo2llfe ) Ilull: - (3.48)

The estimate for Zy( is slightly more involved. Indeed we have

Tio < Cllpill o) (IVerllLee () + Vo2l (@) IVOIIVA™ ]|
+ Cllpllzs @ IV @2llLs @[ V2L (@) I VA |
1 1 _
< C ([IVorllLee ) + [VollLe () 1A8]12 |6 [VA™ ul

+CIVolE ol V2l ) VAT ul|
1 p
< 12817 + FIVol* + C(IVerllE= () + 1V82llL @) lull5; + C(Iol + ol )- (3.49)

Using now Sobolev embeddings, we deduce that
Ii1 < C (VA1 |Ls)IVollLa o) IVA™ ul| + [ VA [Vl Lec o) I VA ul)
< SIVAG2 + A6 + CIVAGE 0y + V62 Fomien) Il (3.50)
Recalling that V, — L"(2) for every r > 0, we find
Iiy < C (IVAQ1 s |9l 20y |A ™ ullLaq)y + VA [|d2llwza (o) A al|Lao))

« 1
< gIIVAaﬁH2 + 1—8||A¢||2 + C(IIVAG[Fag) + 02lfr2a0y) % (3.51)

Let us now handle the terms involving viscosity. Consider Z15. Making use of Agmon’s inequality (2.3]), the
Poincaré-Wirtinger inequality and [19, Proposition C.1], we obtain

Tiz = —((v(¢1, p1) = v(¢1, p2)) Duz, VA~ a) — ((v(¢1, p2) — v(¢2, p2)) Dz, VA" u)

1
= (/ Opv(P1,5p1 + (1 —s)p2)p dsDug,VA_lu)
0

1
- (/ Opv(sp1 + (1 — )2, p2)od dsDug,VA_lu)
0
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< C|[Dus [ pV A~ u]| + CllDua 6] (e VA u]

1
6||VA7111||H1(Q) ):| 2
[allvs

1
< C|[Dus|[[[Vplll[ullv {ln ( + 514617 + Cligll* + [[Dua|*[[ull5, (3.52)

Next, we see that

Tis < C (IVnllumion + Vil @) DA ]
Vx
< 2—0||11||2 +C(IVer1lE= (o + IVo1lE (o)) 1ullF (3.53)

and exploiting ([Z2) and (Z3), jointly with (344]), we get
Iis = *%(u -Vv(é1,p1),9)

< O IVl + IVp1llLs) lulllal s

< CI81 N2y + 1911y 1911 ey Tl s

< C(1+ o1l fragey) 0l VA

< 2l + € (1+ il ) Il (3.54)
Collecting the estimates [B.43)—BE54), we infer from ([B.45]) that
71/*

Sl + Tl < SV AGE + A6l + 29l + ol + i)
+ Y + Ol plluly; i (L@ )T g
where we set
(D) = € (1 a1, + 100l + 1610 ) + 19820lma) + VA0 o
Hoalinaiey + 91O ey + 195Dy + 1Ol ) - (3:56)

Step 4. Collecting (336), (3.41) and (B.53), we arrive at the differential inequality

dy
-+ —|| I+ al VA + |Ag] + BIIVAl®

6||VA7111||H1(Q) >:| 2
[allvs ’

SHY + C|[Due||Vollllullv {hl (

where
Y(t) = a3 + @)1 + o)1

and the function # is given by (B.56) with a suitably enlarged C' > 0.

We now analyze the logarithmic term on the right-hand side by using the fact that on any interval (0, M]
the function sln (£) is increasing provided that C > eM. Recalling that |[ul|p<(o,r:51,)s |6l L (0,7;12(0)) and
llpll oo (0,711 (2)) are bounded, we have

[Vl Leeo,7) < K1,

where the constant K7 > 0 depends on norms of the initial data, 2, T, and coefficients of the system. Let Ks
be a sufficiently large constant that may depend on K;. Then we deduce that

eIVA~ a0\ 12 s K\’
1D Vp ] ullv [m( ”ﬂ < | Dua[ Vol (1)} 2

lallv: y(t)%
ﬁ 2 2 K2
< = D t)1 — .
< SIVoll” + Ol Dus |7V (t) In )
As a consequence, we obtain
dy B K.
-+ —II 12+ al[VAQ|I* + || Ag|* + §||Vp||2 <HYIn (72) : (3.57)
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where, again, we possibly enlarge C in H. Integrating (3.57) on [0,t] C [0,T], we get

V(1) < Y(0) + /O WY (%) dr, for aa.t € [0,T). (3.58)

Since # € L'(0,T) and Y(0) = 0, from (B.58) and using the Osgood lemma (see, e.g., |4, Lemma 3.4]), we can
conclude that Y(t) = 0 for all ¢ € [0,T]. Hence, the global weak solution to problem (4l)-(LH) is unique.
This completes the proof of Theorem 2.1 O

Remark 3.4. If Y(0) > 0, the inequality (3.58) yields a continuous dependence estimate with respect to the
initial data (cf. [19,21]). Indeed, choosing a sufficiently large K in order to have

oo ()] -

we infer from (BE58) and the Osgood lemma |4, Lemma 3.4] that

In [m <y[((;)>} —/Ot%(f)drgm {m (%ﬂ vt e[o,T).

Thus, after taking the double exponential, we find

0 exp(f f(;‘ H(T) dT)

Y(t) < K <&)  vie.T)
Ky

Nevertheless, in the above argument, we should assume that either the initial data for p have the same mean

value, or take A (p —p) as a test function in Step 2.

4 Proof of Theorem

In this section, we prove the existence of strong solutions to problem ([4)—(LH]). Following the approach devised
in [19], we first construct a proper approximation of the initial datum pg (which is indeed not necessary for the
logarithmic potential (I3)) when d = 2, as pointed out in [22]). Then, using the same approximating scheme
as in Section Bl we derive higher-order uniform bounds which allow us to pass to the limit with respect to the
approximation parameters.

4.1 The approximating scheme

Approximating pg. Recalling [19, Section 4] (see also [17]), we consider the family of cutoff functions hy :
R — R, k € N, defined by

—k, s < —k,
hi(s) := q s, |s| <&,
k, s> k.

Observe that hy is globally Lipschitz continuous. For ’L//J\O = —Apgy + §,’3(p0) € H'(Q), we have 1207;C ;= hgo ’L//J\O €
H(Q) for any k € N. Moreover, the weak chain rule implies V’L//J\Qk = V9o * X[—k,k] (1//1\0), and thus

1o,k ll 1) < 1ol - (4.1)

We now approximate the initial condition py € H2(£2). For any k € N, consider the following elliptic problem

—BApok + §,§(Po,k) = ao,k a.e. in ©,
Inpok =0, a.e. on 09,

which admits a unique solution pg € Hz(Q) satisfying
lpo.kll 2@y + 155(po.) Il < C (1 + [lvokll) < C(1+[[o]]). (4.2)

Besides, owing to the strong convergence Jo,k — 1;0 in L2(€), it holds pox — po in H* (), see [19, Lemma
A.1]. Then there exists some my € (0,1/2) independent of k and some k* € N such that for every k > k*

lpokllar) <1+ llpollar)y,  mi1 <pox <1—my. (4.3)
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Moreover, a regularity estimate (see [19, Theorem A.2]) implies that

1S5(po.x) |l () < 1Yokl <&,
and thus the approximated initial data sequence is strictly separated from the pure states 0, 1, namely, there
exists 7 = n(k) € (0,1/2) such that
< lpoklleo) <1 -7

Hence, it holds §;/7(p07k) € H'(Q) and furthermore pg . € H3(Q).

The Galerkin scheme. For the approximating system, we carry over the notation of Subsection with
the additional modification of the initial datum po . However, for ease of notation, instead of f’; we only
write f*. We look for functions

n

Pue(t) = Zai(t)wu Py (t) bi(t)wi,

I

=1

=Y elwn 90 =Y diltyw,
i=1 i=1
e;(t)w,
i=1
that solve the following problem
(s, v)y. v, + (G- V)uls, v) + (v(655, pi%) Dufs, Dv)
= (WY V) + (e e V) Vv eW,, ae in (0,7T),
(0ed % V) ey + (07 - VL, 0) + (Ve Vo) = Vv € Wy, ae. in (0,T),
@ =10, (A260° — Age + S} (60°) + OV - <pxwzz’€))

11, (wV (Ve 2V e ) ae. in Q x (0,7), (4.4)
(0iply%, v) ey + (05 - Vo, 0) + (VY55 Vo) =0 Vv e Wy, ae. in (0,7T),
ve =T (= BARL + ). (o) §|V¢376|2) ae. in Q x (0,7T),
uie (-, 0) = Pn(ug) =: ug in Q,
¢L(50) = n(o) =: dg,  pi*(-,0) = Wnlpo,k) =: pg 4 in €.

Since the singular and regular potentials coincide on compact subsets of the interval (0, 1), we notice that the
following bound holds

| = BApos: + S, (po) e () = || = BAok + S) (o)l mr 0y < Ilvoll (o), (4.5)

for sufficiently small € € (0, €3], where e3 = min{37(k), €1, e2}. For the definition of €, we recall the proof of
Lemma B.11

Let us clarify how the parameters work. We fix w € (0, 1], then for any k > k* we take € € (0, e3(k)) so
that (BII), @3) and @) hold. Since pg, — por in H*(Q) as n — +oo and thus in L>(), there exist
ms € (0,m1) independent of k and some n* = n*(k) € N such that

n *
< |po il (o) < -3 Vn > n*

IS

mo < W,k <1—mao,
We can now apply the Cauchy—Lipschitz theorem to the Cauchy problem for the above system of 5n ordinary
differential equations in the unknowns a;(t), b;(t), ¢;(t), di(t) and e;(t). This gives

Proposition 4.1. Let w, k, ¢ be fized as specified above. For any positive integer n > n*(k), there exists T,, > 0
such that problem BI4) admits a unique local solution (W=, P, ple ue h™=) in [0,T,], which is given by
the functions a;,b;, c;,d;,e; € CH([0,T,]), i=1,...,n

4.2 Uniform estimates
We now show uniform estimates with respect to the approximating parameters w, k, € and n.

Lower order estimates. The presence of the additional parameter k£ does not introduce any technical
difficulty. Mimicking the proof of Lemma Bl and using (3:24) we deduce that
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Lemma 4.1. For every t € (0,T,], it holds

t
Eure (W=(1), 615 (1), Py (1)) + / I/ (7). P (M) DU (O + Ve (D) + Vo= ()| dr < C,
and
n,e na 1 n,e 2 o n,E 2 1 n,e 2 ﬂ n,€ 2
Eure (L*(0), 815°(0), pL°(0) 2 SINL= ()] + TIAGL DI + SVl 1P + FIVeL (0]
+ S Olltace) + FIVEL* Ol — Co,

where the constant Cg, Cy > 0 are independent of n, w, k and €.

Then, we can follow line by line all the proofs of Lemmas B.2H3.5] to derive uniform estimates for the
approximate solutions with respect to w, n, k and €. In particular, we have T}, = T and

w o) NLA(0, T3 V) NWH (0, T]: V),
#™¢ is uniformly bounded in L>(0,T; H*(Q)) N L*(0,T; H*(Q)) N H' (0, T; (H*(Q))*),
p»¢ is uniformly bounded in L>°(0,7; H*(Q)) N L*(0,T; H*(Q)) N H(0,T; (H'(Q))*),
)
)

u» is uniformly bounded in L*°(0,7; H

p™ is uniformly bounded in L?(0,T; H*(Q
Y¢ is uniformly bounded in L?(0,T; H*(Q

)
).
The existence of strong solutions depends on higher-order estimates. The situation is different according to the

spatial dimension.

Higher-order estimates in two dimensions. We have

Lemma 4.2. Let d = 2. The sequences {u%} and {¢°} are uniformly bounded in L>(0,T; H*(Q)). The
sequence {u} is uniformly bounded in L>(0,T;V,) N L*(0,T; W,).

Proof. The proof consists of several steps.
Step 1. As in [19], taking 0;"¢ as a test function in (£4)s yields

2 dt ||V¢” NP+ (e, 0eple®) + (ull® - Vplb®, 0ppy®) = 0. (4.6)

Then, recalling (311) and the fact that 9;pl°(t) = 0, we arrive at

0
(0%, 0epy®) = B(=A0ply=, Oepiy®) + (S, (%) DepyS, Oeply) — 5(&|V¢Z’E|Q, opl®)
> BIVOpLt|I? = Cllowl®|1? = 01(V Oy - Vo=, ipl®)|
> BIVOpI1? = Cllowp®|I? = CIV L= lLae) IV OrdL (100  La o)

> BIV a2 — Cloe P — V0|2 — Ol Iy
(ﬂ—) o R L el
> (8 ) IVouteI? - fg 1900t - Clowte Ry (47)
whereas
(U - VoL, BU0%) = (e Vo, g) — (Bl - Ve ) — (ul - VOl ). (48)

dt
Moreover, recalling (3.19]), we have

(3 - VOrp®, %) = (ug® - Voupl®, g — i)
< ||u"’8||L3(Q>||V3tPZ’E|| (K 1)

—IIVatp NP+ Cllug eI o) V5<% (4.9)

| N

Thus, from (£6) and the estimates (@7)—(@9), we infer that

d 1 n,e||2 n,e n,e n,e 3ﬁ n,e||2 1 n,e||2
& (31l + oz v 0) + Fivan - ivoe)
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< (Opuly® - Voi© ) + C([1005°|

Ve Il el o) IV95117).-

Step 2. Analogously, we take O;u/v¢ as a test function for [@4]); and obtain

VAL + Qs 000 + (T - Vo7, Ol = 0.

Recalling that S} (s) > —co for every s € R and using
—w(OV - (VO VL), 0:00%) = w (9 (IVIL VL) , Vaigi)
—w [ [VenePIVa07P do + 20 Ve* - Va7 2
Q

we get
(Oeiis®, 0:0y°) = | DB 5|1 + VD517 — coll 0™ 1 + 0(0u (ol ADL7), ris®)
+0(0(Vpl® - Vi©), ).
The last two terms on the right-hand side of (#I2)) can be controlled as follows
1001 (p " ML), 0105°)|

< 0|(0ep " AGL", 0:05°) | + 0l(p " A0 d 5, 0: 7))
< Cllath’gllwmIIA¢Z’EIIII&¢Z’EIIL4(Q> + Cllpi L@ [A0: 05 1 0: ¢ || L)

(0%
<75 IIVatp <17+ —IIV@%’EII2 + Cllauple|? + Cladl=II* + 7 11A005 ||

I /\

«
gnvatpzanQ + 2907 + SIAGGLE I + Cllauel

Ve T Clode Iy
and
|0(0:(Vply* - Vi), 0 07) |

<OI(VOips" - Voy®, 0ud57)| + 0|(V g - VO 95, 9,05
< CIIVthZ’EII||V¢Z’€|IL4(Q)||8t¢Z’EIIL4(Q> + CIVRENIVObL s (e 10:05 " | oo

<75 ||V0tp |12+ IIV&%Z%’EII2 +Clowg7|1? + ClIVOGL e |10y

||vatp <12 + ||vat¢37€||2+O||at<z>z’€||2+O||8t<z>z’€||%||Aat¢Z’E||%

/\

3
ZAVOIP + SNA0GLI? + 15 IVaLe 1P + Cllawgs® -

Furthermore, the remaining term can be treated as in Step 1, namely,

(- Vg7, 0 = (e VO, ple?) — (Ol - Vo, i) — (ulh” - V9L, ).
Then, recalling again [B.19), we get
(WG VOOL" i) = (™ - VO™, iy — i)
||Uln’8||L3 @ IV (| ey® _WHLG ()
—||V3 O °II” + Cllul® | La o IV s>

IN

/\

Collecting the estimates (II2)-(@I0), we infer from (LIT]) that

d «
G (S0l + - Vo)) + S1A0L7I + g IVaeLel - Vo2

< (Ouly® - Vet ul®) + C (105" 17, + ||uZ’8||is<sz>||VuZ’€|| )
Step 3. Testing [@4]); by d:u’c, we get

022 + (U3 - V)uz e, Q) + (V- (62, pli) Duls?), Oputy?)
= (VL7 Ou) + (WL° Vol ).
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The following estimates can be derived arguing as in [19, Section 4]:
(= - V)ugs, 0nu) | < JJufellusol|Vul L [0 ||
< OVl ||| Aug |7 |opuly?|

1 n n n
< Tollomle” + C (JJAuie)” + IVage)?) (4.19)

(V- ((60% ply") Duly), Druly?)|
1
= |5 (01", p) Ay, Buy?) + (DL Tw (o, pli°), Oty
< Cl A= 1o+ C (V6 sy + Vo5 s ) DUl sy [ 9u?|

1
< 210057 + ClIAWGE|® + C (1 + 05 [l () | Vul | AuZ |

I /\

1007 + CIAW 2 + C(1 + o7 s ) IVl (4.20)
Concerning the Korteweg forces, we have

(M7 V0L . D) + (UL D)
= (" = WEF)VOL*, D) + (" — UEF) VoL, D)
197 = 1 e [ V6L syl 900+ 02 = U o) |V sy O

1 n n n n
SO E N +C (1 110512 y) (VGNP + 1VEFIP)- (4.21)

On account of (I9)-@2T)), from [@IF) we deduce
10 #|* < Crol|Aug®||* +CI|Vuge|* + C(1+ 15172 ) (IVULIP + IVaSI? + [IVeE©)?).  (4.22)

IN

IN

Step 4. We now take Au”¢ € L?(0,T;H,) as test function in ([&4));. This gives

LSV (e V)i, Aule) — (V- (A6, o) Dul), Aul?)
_ ( sv¢ns Au’n E) (wn EvaE Au’n E) (423)
The trilinear form can be controlled as follows
|((u® - V)uls, Aul®)| < lul®|lLs) [Val®||Ls o) | Aul ||
< O Vule||| Aue||?
< :—g||AuZ’E||2 + C||VuE | (4.24)

Following [19] once more, we find that there exists a "¢ € L?(0,T; H*(Q)) such that —Au™¢ + V¢*¢ = Au™>*®
almost everywhere in  x (0,7"). Thus we obtain

= (V- (el pi)Duie), Auge)

:%(( P AULE, Ae) — (DulEVu (9, pi7), Aul)
((

% Vo ’pw )Auns Aun 8) 7%( ( s ’pw )qu,E,AuZ,E)
— (Dl V(L o), Au)
> U Al 4 (a6l ), Anl) — (DUl Tw(els®, o), Aul), (425)

where the two terms on the right-hand side can be estimated in the following way

S0, %), Aul) — (DUl V(e %), Aul)

< C(IVerllLa) + IVALSllLa)) (||qw “llzae) + DUl ||La(e)) | A
T 1 n 1 n n Y n o n
< C(L+ 11055 72 ) (a2 ||qw’8||fp(g) + (| Vule )| 2| Aue | 2) | Aule|
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n % n 1 n 3 n 1 n 1 n
< C(L+ 1105572 o) (VU= AU e )T + [Vu®)| 2 [Aug®)| =) [|Auge|
Vs n () n
< 1—6||Auw’6||2 +C (14 (1055 2 () VUl 12 (4.26)
Besides, we have

(W VoL*, Aul®) + (Uo7, Au)

= ((u1s° = W) Ve, Auls®) + ((U00° — U07) Vo, A
< It = W7 oo IV oo | A | + 19625 = U5 ooy | Vo2 ooy | A |
< 2 AU +O(1+ o ) (19051 + V<), (4.27)

Combining ([@25)-@2T), from [@23) we deduce that

n 51/* n,
S IVl + 22 Aue|?

< CIIVHZ’Ell“ + 0(1 15 2 () (Va1 + VRSS2 + IV95]1%). (4.28)
Step 5. We can now estimate the two scalar products on the right-hand side of (£I0) and (@) as follows
(Opuy® - Vo %) + (O y® - Voi©, nle)
= (D) - Vo, 0" — U + (Dl VL, e — i)
< ||5t w1Vl ooy 198 = $&% o) + 100 11V lus @l ® = 1|l zso)
uly [+ C(1+ 105" e ) (IVHEEIP + VeE©)?). (4.29)

- 64C

Besides, we observe that

| - Voue, ulh®) + (a® - Ve, )|
< - Vol s~ R + s Ol v — T
< Il Ve Nus® = pE% o) + 1057 eI VAL ML — 5% o)
< Clluz Bz, IVl + Ol e, 902

< IV | + LIV 2 + 99| + Ol (4:30)
where C1; > 0 only depends on 2. Set now

1 1 1
A) = S IVaZ= O + SIVEE OI + SIVEE= @1 + (= () - VL= (t), n* (1))
+ (u”’f(t) - VplLE(8), %= () +Cua luly®||?,
Vs n,e a n,e 1 T,E ﬂ T,E
SO+ SN AEOIP + 51400 (1) + 51V (1)1 + S Vsl ()],

G(t) =

320
for all ¢t € [0, T]. Therefore, we have

A(E) < JIV0 I + LIV 2 + 3T + 200w,
1 1 1
A@) > ZIVune I + VAL + 79I > 0.

By Young’s inequality, we get

011—||u”€||2 < 200 [0l |[[ude] < 640 ug P+ — 010011”11"8“2 (4.31)

Collecting ([@I0), EIT), (28), (@31) and @22) multiplied by ——— T C , and taking (32I), 322) and [@29)

into account, we arrive at the differential inequality

dA
7 T0 < Cn(l+ A
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Since

T
/ A(t)dt < Cys,
0
where the constant Ci3 > 0 does not depend on n, k, € and €2, an application of Gronwall’s lemma yields
A(t) < A(0)e92C0 4 Cppe@20T, Vi e [0,T].

As a consequence, we also have

/Ot G(r)dr < A(0) + Ciz /Ot(1 + A(M)A(F) dr
< A0) + 2C15T + 2C15T (A(0)eC127% + C1peC20BT)? | Vi € [0,T).
We are left to control the initial quantity A(0). To this end, we observe that, owing to (@3],
A) = S IV + SIVAZEO)I + S IVUL=O) + (uf - V6§, 437 (0)) + (- Vi, 0127(0))
+ Cu[ug?
< SIVaI + S IV O + 5 IVu )]
+lugllus ) (16611 zo @) 114 O + 1106 1l Lo 145 (0)]) + Cua [ug |12
< Clluoliy, +C (1 + ool ey + loolrs ey ) (11 O @) + W2 O0) Fnay) - (4.32)
Moreover, we have

15 O)| (@) = T (@265 — Ay + S4(85) + V- (056 V05) = wV - (V5 *Ver)) o)
< [laA?d5 — Ady + Sy(05) + V- (056 VS5) — WV - (VG [°Vep) (o)
< Cllggllrs @) + 15686 @) + 1V - (05 V) a0 + VOGPV G 2 (). (4:33)

Observe that

IV - (00 Vo)l ) < 10k A¢0 1) + IVo6.1 - Vo | 1 ()

where
105,188 s < ok AG3 1+ V05 AGE ] + 176,V AG5 |
< ol (IAGE ]+ IVAGED) + V08 1l o 1865 2
< C (1082 + 168 s (e )
and

IVoGk - Voull @) < IVe rllua@) VG lILa) + 106kl #2) VG lLee @) + VG kllLae) 196 w24
< C (Nt Wz oy + 196 s ey ) -
Therefore, exploiting ([@2)), in light of the above controls, from [@33]) and Young’s inequality we infer that
= (0)][ 1) < Cllgg — ¢0||§{5(Q) + 115%(05) — Sg(Po)ll () + 155 (¢0) | (o)
+ Cllpg i = pokll 720y + CA+ ll¢ollirs @) + [1Poll)- (4.34)

Recalling now (@3], we find

n s 'l 9 T
1655 (0|1 () = ||Tn | —BAPG s + ) (05.1) — 5IVeE [
2 H(Q)

7 I n n 9 n
<|[-sasts+ 8pctoti + moto0 - Groan]|
H(Q)

< Bllpo.r — pokllas@) + 155, (06.1) — S (o)1) + 1Yol a1 ()

n 9 n
+ 1R, (p61) 11 (2) + 3 11V 6612 111 g - (4.35)
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Assumption (H3) and Holder’s inequality entail that

IR}, (06 1)l 1 (0 < C (1 + 1106 1]l 11 (@) »

9 T 3 3 T T
5 1196820 11 ) < € (1905 By + 166 w0 IV B sy ) < Cllot e ey-
Therefore, on account of ([£3J), from [£35) we deduce that

925 0) | 1) < Cllptk — pokllas@) + 155, (06.1) — Sp.c(Po.r) 1) + [P0l 71 ()
+Cligg — ¢O||§{3(Q) +C(1+ ||¢O||%{3(Q) + ool (0))- (4.36)

Exploiting the strong convergences ¢f — ¢o and pfj ;. — pox in H°(Q) and H?(Q), respectively, we can find
n**(k) > n*(k) such that, for all n > n**(k) and k > k*, it holds

66 — dollmsy <1, lpok — pokllms) < 1. (4.37)

Thanks to (H3)’, arguing line by line exactly as in [19, (4.39)], we have

185, (P8 1) = Sh (poi) |l () < Cllob s — posllz ), (4.38)
where C' > 0 may depend on k. In a similar manner, thanks to (H2)" and [{.31), we get
155(05) — S5 (o)l (@)
< [155(86) — S (o)l + 1155 (65)V (65 — do)ll + [|(S5(d5) — Sg(¢0)) Vol
< Cllog — doll a1 (-
From the above estimates, we infer from (£34)) and ([&38) that for every fixed k > k*, for any w € (0,1],
e € (0,e3(k)), n > n**(k), it holds

(1= O) ) + 1055 (0) |1 o) < C (1 + b0l sy + loollFn ) + ”7/}0”%11(9)) ;

where C' > 0 may depend on ||¢o|| z2(q) and the right-hand side is independent of the parameters n, w as well
as €, but may depend on k. We can thus conclude that

At) + /Otg(r) dr < C, Vte(0,T],

where C depends on T and the initial conditions, but not on n, w and e, however it may depend on k. From
the definitions of A and G, we arrive at the expected conclusion. O

Higher-order estimates in three dimensions. The difference with respect to the previous argument is
mainly in the usage of Sobolev embeddings and interpolation inequalities.

Lemma 4.3. Let d = 3. There exists a time T* € (0,T] independent of w, n, k, & such that the sequences
{ue} and {1} are uniformly bounded in L (0,T*; H'(Q))) and the sequence {u’¢} is uniformly bounded in
L=(0,T%V,) N L2(0, T W.,).

Proof. For the sake of brevity, we only report the main differences with respect to the proof of Lemma
First, using interpolation inequalities in three dimensions, we can still recover the differential inequalities for
Y and ¢, namely,

d 1 n,e |2 n,e n,e n,e Bﬂ n,E (|2 1 n,e |2
G (3170 + e v vz) ) + L 1vane - fp1vae]
< Oeuy® - Vi %) +C (100517 + a8 lIEa o IVELE]), (4.39)
and
d 1 n,e |2 n,e n,e n,e - n,e |2 9 n,e (|2 ﬂ n,E |2
G (BIVIP + (o Vo)) + 18071 + 11900 - §170)
< (O VOLE ) + CIOGL 3 + [l B IVAL2). (4.40)

Concerning the estimates for ul¢, a number of modifications are needed. Some computations can be borrowed
from [19]. For instance,

(- V)u=, 0nuy®) < Jluf®|lue o) | Vg ®|lre @ l10m |
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< O Vue |2 [|Aue | [|gpule |

1 n n n
< T l0mle P + O (JAuZe|” + [VaZ <], (4.41)

(V- (L=, pl®) Duiye), Opuiy)

S (07, P A", Bls?) + (DUl T, o), )

CIIAH”’EIIII@ wyf || + C (VL ©llus) + 1VAL= Lo () | Dugl|ee o) 10|

IN

I /\

—||0t SN+ ClAu|? + C (L + o5 72 o) VU< [ Au<|

I /\

gIIatuZ’8||2 + CllAul®|1? + C (1 + || p2 %52 (o) | Vule®[I?, (4.42)
and

(RSTVOLE, 0ui®) + (VL7 V e, dal))
= ((u® = )V, 0puly®) + ((90° — W)WZ’E, 0 u"’a)
< IIM"’E = 1| oo IV 05 = oy |0l + 195 = 0l [l ooy VL= Lo 100l

—||c’9tu”€|| +C(L+ V5 lLs @) (IVhE €||2+||w“|| ). (4.43)

| /\

On account of estimates (£41)—([443), from ({I8) we infer that
100l =]* < CrallAu® P+ C|[Vui®|® + C (1 + 05 h20) (IVUZEIP + VAP + [Ver©)?).  (4.44)
Consider now the terms in ([@23]). We have
(e - V)ul, Au®) | < uglue ol Vugllus o) | Aug ||
< C[[Vule|* | Aug e
< —||Au"‘5||2 + Ol Vue|°, (4.45)

(@ Vu60, i), Aul) — (DUl Tw(el®, ly*), Au)

C(IIVoL=llLs) + VAL lls o) (||qw||L3(Q) + [1Dul[lLs o) | A
C(1+ 1155 rr2ce) (a2l gty EIIHlm) + (Va2 Aue)|2) | Auge|
< C(1+ [l moy) (VBT | Au [ + | Vul || 2 | Aug=)|2) | Aug<|
< EIIAUZ’EII2 + C(1+ 105 32 () ) IV 12, (4.46)
and
(MF V6L, Aul) + (WL 7Vpl7, Aul)
= (" = WE7) VL= Aul®) + (U2 — V) Vpli*, Aul?)
< ph® - W”LG(Q VL= e o[ Awg || + [ — PL | o @ IV s l[Aude|
—IIA SEIP +C A+ IV IR 0y) (VR I1P + IV 95<]). (4.47)

I /\

Thus from ([#23) we obtain

n,e 2
ST +
< O Vug]l® + 0(1 1P () (IVUGE N + (VG2 + IVE=1?). (4.48)

n,6||2

The controls on the leftover terms in [@39) and ([@40) are similar to their two-dimensional counterpart, namely,

(8tug76 . vpg767,l/):376) + (atuz,&‘ . QI)’IL ,E n 8)
< N0l NIV o s oy 190 = 5o (@) + 100l NIV L= [lsoy ik = 1= pso)
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uc [+ C(L+ Vel ©llLse)) (IVaS

< 320 %). (4.49)

Defining the quantities A and G as in Lemma [£2] we still have that A is bounded from above and from
below. Indeed, we have

|(u® - Vo s, %) + (uy® - Vo, u©)|
< N ls@ IV e llvs e — v ooy + [ui s @) VoL IuG® — mellree)
1 1 1 1
< Clluf[> IIu"’EH% IIw"’EHHl(m + Cllu 2 [[al 13, [ [ )

1
< ZIvuel® + HVH <17+ IIV%’EIIQJrChIIUZ’EHQ,

where C7; > 0 only depend on Q. Then, recalling the estimates B.21I)), (38:22), we can derive the following

differential inequality

A
C(ll—t+g<0(1+A2)A

The quantity A(0) can be controlled in a similar manner for the two dimensional case. Therefore, we conclude
that there exists some T* € (0, 7] depending on the initial conditions (but not on n, k, &) such that

t
—|—/ G(rydr <C, Vte (0,77,
0
where C' depends on 7™ and the initial data only. This easily yields the conclusion of this lemma. [l

4.3 Existence of strong solutions

We are now in a position to prove the existence of strong solutions. Let us consider the two dimensional case
first. From Lemma and mimicking the proof of Lemma [3.5] we can deduce that

Lemma 4.4. Letd = 2. The sequence {¢"°} is uniformly bounded in L°(0,T; H*(Q)) and the sequence {p}
is uniformly bounded in L*(0,T; H*(Q)).

Summing up, Lemmas and 4] say that for every fixed k > k*,

u,¢ is uniformly bounded in L*°(0,T;V,)

¢™¢ is uniformly bounded in L*°(0,T; H*(Q)) N H' (0, T; H*(2)),
p»¢ is uniformly bounded in L>(0,T; H*(Q)) N H'(0,T; H'(Q)),
p™< is uniformly bounded in L>(0,T; H'(£)),

Y™¢ is uniformly bounded in L>(0,T; H'()),

NL*0,T;W,)n H'(0,T; H,),

with respect to the parameters w,n, e, provided that w € (0,1], € € (0, e3(k)), and n > n** (k).

A standard compactness argument allows us to pass to the limit first as n — 400, then we let ¢ — 0T
and, finally, kK — 400 (see [19]). We note that in the last limit procedure associated with k, [@38) is no longer
necessary so that the resulting estimates are indeed independent of k. In this way, for any w € (0, 1], we find a
quintuplet (uw, ¢u, Pu, o, Y) which preserves the regularity properties of the approximating sequence and
solves the penalized problem B.7)—-(B.8).

In order to take the limit w — 0T, we once again rely on the fact that p, € L>=(Qx (0,T)), and, in particular,
0 < p,, < 1 almost everywhere in Q x (0,7, just like in the proof for weak solutions. Then, we obtain the same
energy estimates as in Lemma [3.7] that are independent of w. In this way, repeating the previous argument, we
are able to get further estimates that are independent of w. Hence, the usual compactness argument lets us get
a quintuplet (u, ¢, p, p, 1)) as w — 0T, which is a weak solution to the original problem (L4)—(LE]) according to
Definition 2.1l and has the following additional properties

uc L>=(0,T;V,)NL*0,T;W,) N H*(0,T; H,),
€ L>®0,T; Hy(Q)) N H'(0,T; H*()),

p € L=(0,T; H3() N H'(0,T; H(Q)),

pe L0, T; HY(Q)),

Y€ L0, T; H'()).

Then it is straightforward to check that u- V¢ € L%(0

H?(Q)),u-Vpe L*0,T; H(Q)). Also, by standard
elliptic regularity estimates, we deduce that pu € L?(0,T; H

, T
T H4(Q) N H2(Q)) and v € L2(0,T; H3(Q) N HZ ().
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Therefore, we see that the solution (u, ¢, p, i, 1) is indeed a strong one, which satisfies the equations almost
everywhere. In addition, using the same argument as in the proof of Theorem Il we can deduce that p €
L0, T; W2P(Q)) for every p > 2 if d = 2 and ¢ € L>(0,T; H(2)). The pressure m € L>(0,T; H'(2)) can
be recovered, up to a constant, through the De Rham theorem (see, for instance, [6, [40]).

Existence of strong solutions in the three dimensional case can be proved by arguing as in the two dimensional
case. The only difference is that the higher-order estimates in Lemma are only local in time so that the
strong solution is local in time as well, as expected. Besides, we can show p € L>(0,7*; W%P()) only for
p € [2,6].

The existence part of Theorem is now proved. (I

4.4 Uniqueness of strong solutions

On account of Theorem 1] we only need to consider the three dimensional case. Below we present some easy
modifications of the argument in Subsection 3.6 taking full advantage of the higher-order regularity properties
of the strong solution. To this end, suppose that (ug, ¢o, po) is an admissible set of initial data in the statement
of Theorem Then let (uy, ¢1,p1) and (uz, ¢2, p2) be two local strong solutions to problem ([4)—(TH)
defined in some time interval [0, 7*] and both originating from (ug, @o, po). Denoting by p;, 15, m;, i = 1,2, the
corresponding chemical potentials and pressures, we set the differences by

u=u; —Uy, T=7 —T2, ¢=d — oa,
p=p1—p2, [=p1— p2, P=1—o.
Using the Gagliardo—Nirenberg inequality in three dimensions (see (2.3])), we modify the estimate for Zz (cf.

B39)) as follows
I3 < O8] 13y (18] + lIpll o0y + IVl + I Voll)
< Cllo)5IIVAglIE (|Ag] + [Val)

1 Q@ B
< —||Ag|* + = ||[VAQ|* + = 2 2, 4.
< A0 + 2IVAGI + L9l + Clol (4.50)
The final result still reads as ([3.30), that is,
1d 2 | O 2, © 2 o U 2, B 2 2
—— —||VA —||A < — — . 4.51
i e 1 e e el (1.51)
In a similar manner, we can derive (cf. ([B.41)
1d 2 36 2 o W 2, 1 2 2 2
~=pl2. + 2= <= — 2. .
S lollt + 221Vl < 2 ull? + 961 + Ol + oll) (152)

The estimate for Z7 is revised as follows (cf. (340))
Ir < ([laalns(e) + luzllLs@)) [l VA" ul|La o)
< Cllully )
< 25 lul? + Clluf,.
while for Z;3, we write (cf. (3.52])
Tiz < Ol Dus|lusey VAT | (ol o) + 16l Lo ()
< BIVpl + 1861 + CllDuslZs o1l
Finally, for Z;5, we have (cf. (3.54))
Tis < C(IVorllLe() + Vorlls)llullllal s
< CllullllglllalZ: g
< Cljuf| 7| VA~ u] ¥
< o5 llull* + Clluli,.
Using the estimates for strong solution in higher norms on [0, 7], we arrive at (cf. (B55))

1d TUy

- 2
2dt||u||V; + 20

« 5 15}
lull? ~ SITAGI” ~ X A6l ~ 217l
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< (14 [1Duz[gs o) Il + C (Il + llp|

Collecting ([@51)), [E52), and [@53), we get the differential inequality

Ve )- (4.53)

((11_3; < ’]—75), for a.a. t € (0,7%),

where

V) = @l + 161 + Il
H(t) = C(1+ [Dus()]2s(gy).

Since Y(0) = 0 and H € L*(0,T*), an application of Gronwall’s lemma easily implies that Y(t) = 0 for all
t € [0,7*]. That is, the local strong solution to problem (4)—(TH) in three dimensions is unique.
The proof of Theorem is complete. O

5 Further Results in Two Dimensions

Throughout this section we assume d = 2. An important consequence of the additional assumption (H5) is the
strict separation property for the strong solution component p which is given by

Proposition 5.1. Let d = 2. In addition to the assumptions in Theorem [2.3, assume that (H5) is satisfied.
Then for the global strong solution p, there exists n € (0,1/2] such that

n<plx,t)<1l-—mn, foralazeQ, t>0. (5.1)

Proof. In Theorem[Z.2] we have shown that in two dimensions, ¢ € L°°(0, +o00; H?(Q2)), v € L>=(0, +o00; H*(R)),
whose corresponding norms are uniformly bounded in time. Besides, we have p € C([0,+00); H1™"(Q)), r €
(0,1/2), which implies p € C([0,+00);C()) thanks to the Sobolev embedding theorem in two dimensions.
Observe that

IAIVEP] < Cligllyss o

where the constant C' only depends on Q. Thus, A|Vé|? € L°°(0, +o00; L?(2)) is uniformly bounded. Thus, it
follows that the source term on the right-hand side in ([B.28)) belongs to L>(0,+o00; H(£2)). This fact and the
assumption (H5) enable us to apply [22, Lemma 3.2] and conclude that

||§,/3(P)||L°°(0,+oo;W1m(Q)) <C, Vpel2,+00),

where C' > 0 is independent of ¢ (cf. [17,[19], where the argument therein requires the source term on the right-
hand side in (B:28) to be in L>°(0, +-00; H?(£2))). Then the above estimate implies 17 < ||p|| Lo (0,4-00; (0)) < 1—7
for some n € (0,1/2], which combined with the continuity of p yield the strict separation property (G5.1I). We
note that under the additional assumption (H5), the initial datum pg is already strictly separated from the
pure states 0 and 1. O

5.1 Continuous dependence estimate for strong solutions

Proof of Theorem [2.3] Let us consider two sets of admissible initial data (¢o1, po1, wo1), (o2, po2, Ug2) in
H5(Q) x H?(2) x V,, (namely, complying with the hypotheses of Theorem 2.2)). Let (¢1, p1,u1) and (g2, p2, uz)
be the corresponding strong solutions to problem ([4)—(T3]), with chemical potentials p; and v¥; for i = 1,2,
accordingly. Recalling ([8.:29), we consider again the system ([B.30) equipped with

u=0 a.e. on 00 x (0,7T),
On® = OnA¢ = Oppu =10 a.e. on 00 x (0,7T),
Onp =00 =0 a.e. on 00 x (0,7T),
uli=0 = U, ¢lt=0 = ¢o, pli=o =po  a.e. inQ,

where
Uup = Up; — Uo2, Pog = Po1 — P02, Po = Po1 — Po2-

Taking advantage of higher regularity of strong solutions (recall Theorem [Z2]), we proceed to estimate their
difference in stronger norms (cf. the argument in Subsection B.6]). Besides, in the present case we have to take
care of the fact that the initial data are no longer null.
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Step 1. Testing the evolution equation for ¢ in ([330) by A2¢, we have

(0r9, A%9) + (u1 - Vo, A%9) + (u- Vo, A%¢) = (Ap, A¢).

Using the expression of y and integration by parts, we get

5 d1t||A<;b||2 + a||VA2p |12 + |A29|12 = T + To + T3 + T,

where we have set

Ji = —(u1 - Vo, A%0) — (u- Vo, A%9)
Tz = —(V(Sy(d1) — Sj(¢2)), VA?9)
Tz :=—0(V(V - (11V9)), VA®¢)

Ji 1= —0(V(V - (pVebn)), VAZ).

By the Gagliardo—Nirenberg inequality (23] and elliptic estimates, we deduce that

Ji < [uillus @) [ VollLs ) [ A26] + [V ol o lull | A2
< O Vllr o | AG]I3 [VA2H]| 5 + Cllul||Ag] 3 |VA2g||3
0]
< S IVA%IP + C(Jjul® + [|A¢]%).

In the above estimates, we have used the mass conservation property such that

o(t) =g, Vt>0,

and the elliptic estimate given by Lemma 211 Next, thanks to the regularity of Sy, we get
Tz < [(V(Sh(¢1) — S4(¢2)), VA®9) |
1
<|( [ siror+ - nomvsar vazs)
0
1
([ o+ 0= ne¥on+ (- nesar va%)

< CIIV4[[VA%S] + Cllél| VA%
Q
29 A2|12 + Cllél g

IN

IN

@
SIVA%GI® + C(lAdl” + [¢]*)
whereas for 73, applications of Holder’s inequality and Young’s inequality entail

T3 < ClpiVolluz o) VA%
< C||Pl||Loo(Q)|\V¢HH2(Q)|WA2¢H + CHP1HH2(Q)HV¢HL°°(Q)||VA2¢||
< ClIVlln (@ IVA%S|
< ClAg|FVAZg||s

< EIIVA%II2 +CAg|*.

In a similar manner, using that mass conservation property such that
p(t) =po, Vt=0,
we have

Js < CllpV e[ VA?¢||
< Cllpllzoe@ V2|l 2@ VA8l + Cllpl a2 (@) [ VellLe @) [VA? ¢
< C(|apl + pDIIVA?g|

< 2TAGI2 + IV + (I + 71%).
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On account of estimates (B3)—(@0), from (2.2) and the Poincaré-Wirtinger inequality we deduce that

1d

o B -2 | =
518017 + SIVA%I” + [A%]7 — S IVAI* < C(Jlull* + [Agl* + [ Vel* + [6” + [I). (5.7)

Step 2. Taking —Ap as a test function in (B30) yields
(0o, —Ap) — (a1 - Vp,Ap) — (u- Vpa, Ap) = —(Ay, Ap).

Using the expression of ¢ and integration by parts, we get

1d

3 dt||v/)”2 +BIVAII® = T5 + Ts + Tr, (5.8)

where

J5 := (w1 - Vp,Ap) + (u-Vpa, Ap),

Ts = (V(S,(p1) = S (p2)), VAp),

Ty =~ 2V (1 +62) - V9), VA).

For Js5, we have

Ts< wllLyo) IVellus@ Al + IV p2llLs @ llulll| Apll s o)
5 3 1 3
S COIVpllTIVApllT + Cllal[[ Vel T [[VApl

<P

< SIVApIE + C(lall* + Vo). (59)

Next, using the strict separation property (&) for p1, p2, we can deduce that
1
To = (V/ Sy (sp1+ (1 —s)pa2)p ds,VAp)
10
< ‘(/0 Sy (sp1+ (1= s)p2) dsz,VAp)‘

+ ‘ (/01 Sy (sp1+ (1 = s)p2)V(sp1 + (1 — s)p2) dsp, VAP) }
< Cllpllar @I VAR
< 21wl + VAP + 31, (5.10)
Finally, for J7, it holds

Tz < C(IVo1llLe () + IVd2llLe (@) IVl 1 ()| VAp]|
+ C (o1l () + [|d2llwze ) VS| VAp]

< %HVAPII“rC(HAaSHQJr|5|2)- (5.11)

Thus, estimates (5.9)—(ETI1)) combined with (58] give

1d

3 -2 =
s IVel? + L IVAIE < C([[ull* + Al + [ Vel* + [6” + [pI*). (5.12)

Step 3. We get rid of the chemical potentials exactly as in Step 3 of the uniqueness proof of Theorem 211
This procedure yields

==l + (v(¢1, p1)Du, Du) = ij, (5.13)
where we have set

Js = —((u-V)uz,u)
Jo = (V1 ® Vo, Vu) + (Vo @ Vo, Vu),
Jio = B(Vp1 @ Vp,Vu) + 8(Vp ® Vpa, Vu),
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Ji1:= —0(p1 V1 @ Vo, Vu) — 0(p1 Ve @ Vo, Vu) — 0(pVa ® Vo, Vu),
Ji2 = a(VA¢; @ Vo, Vu) + a(VAP & Va, Vu),

T3 := —a((VA¢y - VI)Vo,u) — a((VA¢ - V)Va,u),

Fua 1= ~((# (6> 1) — (2, p2)) Dz, V).

We now provide controls for each of the terms defined above. Using the Holder inequality and the embedding

V, < L%(Q)

whereas,

Vs
s < |ull[Vug|[Ls @) llullLs@) < ﬂIIVUII2 + ClIVuz[[gs o) llul?,

Jo < (IVe1llL= (@) + IVe2llLe @) Vol Vull
V.

< Ux 2 2
% |val? + v

Vs —
< ﬂl\VuH2 +C([lAg]? +[]%).

The term J19 can be treated in a similar way,

J1o < ([IVprlla) + Vo2lluae)) IVolla [ Vall
Vy
< QHVUHQ + C[Volll[Ap|

Vx 2 ﬂ 2 2
< = —[|VA .
< 2| Vull? + VA + CII Vo

Also for J11, it holds

Ji <

<

<

Vy

ﬂHVUH2 + Cllp1l1 7 ) (V0112 (62) + 1V D2lF () IV DN + ClplI* V210 (62)
Vy

ﬂHVUH2 +C([IVel1* + llpll*)

Vy —
2 1Vull® + C1Adl® + [IVoll* + ).

As far as J12 and Ji13 are concerned, we have

T2 < C[VAQ[[L= [ Vo[l |Vul| + CI[ VA |V @2l o) [ Vull
< ClAG[[[Vull + CllAd] > [A%] 2 [|Vul|

v 1
<_* 2 - AQ 2 A 2
< 2 |[9ul” + 71A%]* + Cllag)?,

Ti3 < O VAG: || | V||r ey [ul] + CIVAS| Vol wr.= (el
< CllAg|||ufl + Cl|Ad| =A%) % |uf

1
< 714%81% + Cllul* + [1A6]).

Finally, for J14, we have

Jia < C (9]l @I Duz[[[Vul| + (o]l Lo @) | Duz|l[|Vul)
Vs
< ﬂHVUHQ + C(Héf’”%{z(sz) + HPH%#(Q))

Vy - —
< S IVull® + Clagl* + 1Ap)* + [61” + [I)

IN

Vs 153 — _
ﬂHVuHQ + EHVAPH2 +C(1A01> + IVoll? + |2 + 171%).-

Thus, collecting the results (BI4)-(E20), from (BI3) we infer that

Step 4. Set

1d
2dt
< C(1+[IVuzlLs ) (hall® + [[Al* + [[Vell?) + C([6f* + 7).

Vi 1 3
lall? + - lIVall® = S[1A%]* = ZVAp|*

Z(t) = a@®l* + Ao + VoD%,
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(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



Vy
W) == ZIVa@)l* + ol VAZG@)[* + [ A%l + BIIVAp(E)][*.
Collecting (5.7)), (512), and (521]), we arrive at

dz — _
T W < C(1+ [ Vuzlfaq)Z + C(l¢ol* + [70]),
where we have used again the mass conservation property for ¢ and p. Noticing that HVuQHiS(Q) e LY(0,7),
therefore, an application of Gronwall’s lemma implies that

t
@I + 6B 72 @) + 1M1 @) +/0 W(r) dr < Cr ([[uol* + [ Adoll* + [[Vpol* + [0 + [75]*) . (5.22)

for any ¢ € [0,T], where C7 > 0 is a constant depending on [[ugllv,, [[¢oillms(@), [lpoillrz(), 1Yoillm (@),
i = 1,2, coefficients of the system, 2 and T'.
The proof of Theorem 2.3]is complete. O

5.2 Instantaneous regularization of weak solutions

We now establish the instantaneous regularization property of global weak solutions in dimension two. In
particular, we show that every weak solution becomes a strong one as long as ¢t > 0.

Proof of Theorem 2.4l Let 6 > 0 be an arbitrary but fixed constant. Consider the global weak solution
(u, ¢, p, pt, 1) defined on [0, +00) (see Remark [Z3]). Owing to the regularity properties provided in Theorem
211 as well as the dissipative nature of the system (see (7)), we can infer the existence of some Lebesgue
point £ € (§/2,5) such that, taking (u(§), #(€), p(§)) as initial data, the hypotheses of Theorem 2.2] are satisfied.
Thus, we can infer the existence of a strong solution on the time interval [, T], for any given T' > £. Then the
uniqueness result implies that the strong and weak solutions coincide on [£,T] so that the global weak solution
constructed above is indeed a strong one on [£, +00).

Next, we prove some uniform in time estimates for ¢ > §. The proof relies on computations that are parallel
to those performed in the proof of Lemma 42l Hence, we just sketch the main steps.

Following the argument in the proof of Lemma 2] we set

A(t) = %HVU(OHQ + %I\Vu(t)ll2 + %IIW}(t)II2 + (u(t) - Vp(£), (1) + (u(t) - Vo(t), u(£)+Cu [u ()],

32C0

; 1
9|+ 2 Au) | + 220601 + £ Va0 + 5 Va0

for some Cig > 0 depending on the initial energy, 2 and coefficients of the system,~511 > 0 depending only on
Q. Then it is straightforward to check that an inequality similar to ([@30) holds for A with C1; replaced by Ci;.
Moreover, we obtain

dA 5~ — ~

G T9< Cra(1+ M)A, (5.23)

for a.a. t € (§,400). Since § > 0 can be arbitrary small, (5.23)) holds for a.a. ¢t € (0,+00). Then, recalling
Remark Bl from the energy inequality (27]) we deduce that

t+1
/t IVv(é(7), p(D) Du(n)|? + [V u(n)[I* + [[Vep()]|* dr < C,

for every t > 0, where the constant C' is independent of ¢. This fact together with an analogue of ([30) for A
yields that

t+1
/ A(r)dr < C,
t
for every ¢ > 0, where the constant C is again independent of {. Hence, we can apply the uniform Gronwall

lemma (see e.g., [39, Chapter III, Lemma 1.1]), choosing r = § therein, to obtain the estimate A(t) < C, for all
t > 9, where C > 0 depends on K, my, ms, §, coefficients of the system 2, but not on t. Hence, we get

la@®)llv, + e®llm @) + U@l a0 <C, Vit >4 (5.24)
Integrating (B.23) over [¢,t + 1] yields, by definition of G , the following

||u||L2(t,t+1;Wg) + 10l L2t p 4151, ) + ||at¢||L2(t,t+1;H2(Q)) + ||atp||L2(t,t+1;H1(Q)) <C, (5.25)
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for all t > 0. The estimate (.24 further implies that

le)| 25 ) + e llw2r@) < C, Yt >4, (5.26)
for any p € [2,+00). Moreover, thanks to Proposition [5.1] we have

n<plx,t)<1l-—mn, forallzeQ, t>4, (5.27)

for some 1 € (0,1/2], depends on K, mq, ma, 0, coefficients of the system 2, but not on ¢. Hence, the estimates

238) and ([2.9]) are proved.

Higher-order estimate can be derived by using the method of difference quotients (cf. [19]). Given any
function f : [a, +00) = X, with X being a Banach space, we define

fE+h) = f()

olf = Y

for any h > 0 and ¢ € [a, +00). Arguing as in Subsection[5.]] we can derive a system for the difference quotients.
Performing the same computations as in the proof of Theorem [Z3] (that is, for differences of two solutions) and
setting

Z(t) = opa()” + 1207 s(D]* + [VOr a2,
—~ Vs
W(t) = S [Voru®)|* + o VA 6(1)]|* + [|A%0F 6(1)||* + BIIV A p(t)]I,

we deduce that

~

dZ ~
5 tWs C(L+[IVu(t + h)llis ) Z,

where we recall that by conservation of mass 8¢ = 8f'p = 0 for every t > 0 and h > 0. Owing to (5.24), (5.25)
and the standard estimate |0/ f|| 2(t,¢+1;2(0)) < 106f | L2t t42:02(02)) it holds that

t+1, ,
/t (Z(T) + ||u('r)||w1,3(gz)) dr < C,

for every t > §. Moreover, the constant C' is independent of h. A further application of the uniform Gronwall
lemma with r = § and then letting h — 07 yields the following estimates

0 (t)[| + [10:(t) || 2 () + 10ep(O)]| 1110 < C, V> 26, (5.28)
and
l0sall L2 (t,t41;v,) + 1001 L2t 4415 )y + 110epll L2t 41583 ) < O, V> 20.

Namely, the estimates ([2.I0) and (Z.IT]) are obtained.
Consider the Navier—Stokes system written as follows

—div(v(¢, p)Du) + V= uVe +¢pVp — du — (u- V)u, in Q x (20, +00),
V-u=0 in  x (20, +00), (5.29)
u=20 in 99 x (24, +00).

Using the estimates (5.24), (526) and (B.28) we can apply the regularity theory for the Stokes problem [l
Theorem 4] with a bootstrap argument like in [19, Theorem 4.3], to show that the source term in (5.29) belongs
to L>°(26, +00; L2(2)) and thus

u € L>(24,+00; W) (5.30)

is uniformly bounded. It also holds that © € L>°(2§, +oc0; HY(Q2)). As a consequence, from (5.26), (5.28) and
(5:30), we further infer that

Ohp+u- Vo € L®(20,+00; H*(Q)), dp+u-Vpe L¥(26,+o0; H' (),

which yield
Ap € L™(26,4+00; H*(Q)), At € L>(25,+o00; HY(Q)).

Using the elliptic estimate like in Subsection [£3] we find that
p € L>(26,+00; HY(Q)), + € L>(28, +o0; H*())

are uniformly bounded.
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Thanks to (.27, S , can be considered as globally Lipschitz since p only takes its values in a compact subin-
terval of [0, 1], everywhere in Q X [28, +00). From (H3)’, we conclude that actually S'\/')(p) € L>°(26, +o00; H%(2))
and thus elliptic regularity theory applied to (3.28) implies that p € L>(24, +o00; H4(£2)). Then, in a similar
fashion, we observe that ¢ is solution to the Poisson problem

—A¢ = in
o=f g (5.31)
Onp =0 on 99,
satisfying ¢ = ¢g, where f solves the linear boundary value problem
Onf=0 on 0. '

Notice that, by the Lax—Milgram theorem, (5.32) has a unique weak solution in H'(2), which coincides
with —A¢ almost everywhere in Q x [20,+00). Thanks to (H2)" and (5.20), we easily infer that S7,(¢) €
L°°(28, +00; H?(R)). For the coupling term, it follows that

V- (Pvéf’)HHZ(Q) < C(||PHL°°(Q)||A¢||H2(Q) =+ ||PHH2(Q)||A¢||L°°(Q))
+ C([IVpllL= @) IVellaz@) + Vollaz@) | VollL=(a))
< O(llpll a2 l18ll a1y + lpllms @ ol as @),
which implies V - (pV@) € L>(24, +o00; H3()). As a consequence, f € L>(2d,+o0; H4()). Applying the
elliptic estimate for problem (5.31), we find that ¢ € L°°(24,+o00; H5(€2)) is uniformly bounded. Hence, the

estimate (Z12) follows.
The proof of Theorem 2.4l is complete. O
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