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ABSTRACT. In this paper we introduce reproducing kernel Hilbert spaces of polyanalytic func-
tions of infinite order. First we study in details the counterpart of the Fock space and related
results in this framework. In this case the kernel function is given by e¢**1** which can be con-
nected to kernels of polyanalytic Fock spaces of finite order. Segal-Bargmann and Berezin type

transforms are also considered in this setting. Then, we study the reproducing kernel Hilbert
1
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The corresponding backward shift operators are introduced and investigated.
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spaces of complex-valued functions with reproducing kernel

1. INTRODUCTION AND PRELIMINARY RESULTS

Polyanalytic functions were introduced in 1908 by Kolossov to solve problems in elasticity theory,
see [27]. For a general introduction to this topic see [7, 12} [13]. In more recent times, this function
theory was studied by several authors from different perspectives, see [2, 3, [0, [18, 32] and the
references therein. Polyanalytic functions are used also to study sampling and interpolation
problems on Fock spaces using time frequency analysis techniques such as short-time Fourier
transform (STFT) or Gabor transforms, see [I]. In the next parts of this introduction, we collect
some basic definitions and explain what we mean by polyanalytic functions of infinite order in
our setting. Some important facts that will be needed in the sequel will be also revised. Then, we
will explain the general construction of the kernels associated to the reproducing kernel Hilbert
spaces of polyanalytic functions of infinite order, which will be studied in this paper. We conclude
by describing the contents of the paper.
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1.1. Definitions. A complex valued function f: €2 C C — C which belongs to the kernel of a

0
power n > 1 of the classical Cauchy-Riemann operator —, that is

oz’
an
ﬁ (Z) = 0, VZ c Q,

is called a polyanalytic function of order n. An interesting fact regarding these functions is that

any polyanalytic function of order n can be decomposed in terms of n analytic functions so that
we have a decomposition of the following form

n—1
(1.1) 1) = S ful),
k=0

for which all f; are analytic functions on 2. In particular, expanding each analytic component
using the series expansion theorem lead to an expression of this form

n—1 oo

(1.2) flz)= ZZEkzjakJ,

k=0 j=0

where (ay ;) are complex coefficients. In this paper, we are interested by the case where the
expansion ([[.2]) is of infinite order, which means that we consider functions of the form

(1.3) F2) = > 7y,

k=0 j=0
which will be called polyanalytic functions of infinite order. We note that such functions were
discussed in [12} [13] in which they were mentioned as conjugate analytic functions.

For n =1,2,... we recall that polyanalytic Fock spaces of order n can be defined as follows

7= {oem©). L [lgreFaac) <ol

The reproducing kernel associated to the space F,,(C) is given by

n—1, _\k n
(1.4) K,(z,w) = ezwz( kll) <k+ 1>|z—w|2k,

k=0

for every z,w € C.

1.2. The kernels construction: general discussion. Consider a function F'(z1,22) in the
Hardy space of the bidisk D? in C2. Then, g(z) = F(z,z) belongs to the Bergman space of
the disk D, and the map F' — g is onto and contractive, but not one-to-one. For instance, the
polynomials 2725 belong to H?(D?) and have the same image z® with n +m = s. On the other
hand the map g(z) = F(z,Z%) is one-to-one, and its image is the reproducing kernel Hilbert space
with reproducing kernel

1
(1 - 2w)(1 —zw)
The corresponding reproducing kernel Hilbert space consists of polyanalytic functions of infinite
order.

Motivated by the above discussion we consider a function ¢(z, w) positive definite in some open
subset Q of C2V, and analytic in z and W. We assume that

(1.5) Qo ={2eC" : (2,2) e}



is open and non-empty. The function
k(z,w) = o((2,%), (w,))
is then positive definite in 4. The purpose of the present work is to study the corresponding

reproducing kernel Hilbert spaces of polyanalytic functions of infinite order. For instance in the

case of the Fock space with reproducing kernel ¢(zZ,w) = eXns1 2% we have the kernel
N

(1'6) k(z,w) = ezn:1(znw7n+7nwn)
while in the case of the Drury-Arveson space with reproducing kernel ﬁ which is
T Zun=1~n®n

positive definite in the open unit ball of C*V, the corresponding kernel is
1

1— S0 (2T + Zwy,)
1

positive definite in the open ball of CV centered at the origin and with radius ot In this paper

(1.7)

we will focus on N = 1.

A general family of examples correspond to
k(z,w) = Kl(Z,U))KQ(Z,U))

where K7 and Ky are analytic kernels, or, in the matrix-valued case,

k(z,w) = K1(z,w) @ Ka(z,w).

The structure of the paper is as follows: in Section 2 we introduce the kernel function K associated
to the polyanalytic Fock space SF(C) of infinite order and we study various properties. We give
a sequential characterization of the space SF(C) and, in particular, we prove that the creation
and annihilation operators are adjoint of each other. We also introduce and study two backward
shift operators. In Section 3 we prove that by taking the power series of the polyanalytic Fock
kernels of finite order (K, ),>0 we obtain the kernel function K multiplied up to an exponential
kernel. In Section 4 and 5 we study Segal-Bargmann and Berezin type transforms and some
related operators. In Section 6 we present the polyanalytic Hardy space of infinite order and we
study the Gleason problem. We also prove some results on the backward shift operator in this
setting. Finally, Section 7 is devoted to the case of Drury-Arveson space.

2. THE POLYANALYTIC FOCK SPACE OF INFINITE ORDER AND ASSOCIATED KERNEL

We denote by M, and Mz the multiplication operators by z and zZ. Then, we will prove the
following main result

Theorem 2.1. The reproducing kernel Hilbert space with reproducing kernel ¥ 2V is, up to a

multiplicative positive factor, the only reproducing kernel Hilbert space of polyanalytic functions
of infinite order, regular at the origin, and for which

- (2) -
o (2) - o

To this end, we need the following;:
Definition 2.2. We consider the kernel function given by
(2.3) K(z,w) = 7770 = 2Rel0) - y(5 w) e C2.

We denote by (H(K), (-, -)u(k)) the reproducing kernel Hilbert space associated to the kernel

function [23)).
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Proposition 2.3. The function K : C x C — C defined by ([23)) is a positive definite kernel.

Proof. 1t is clear that we have
(2.4) K (5,w) = F(z,0)F(z ),
for every z,w € C and F denotes the reproducing kernel of the classical Fock space F(C). Thus,

since F'(z,w) is also a positive definite kernel we can conclude, since K is a product of positive
definite kernels. O

We observe that the following integral representation holds

Proposition 2.4. It holds that
1

(2.5) — / K(z,w)e_‘wlsz(w) =l = VvV K(z,2), for any z € C.
™Jc

Proof. We set w = x + iy, we identify C with R? and use the classical Gaussian integral

T b2
/ oot bt gy \/;em, a>0,beC.
R
1

—/K(z,w)e_w|2dA(w) = l/eZ“H'Z“’e_W’2alA(w)
C TJc

s
_ l/ez(x—z'y)-i—z(:c-i—iy)e—(x2+y2)dxdy
™ Jc

_! ( / ex(m)—x?d:g) ( / eyz’(%—z)—fdy)
T \JR R

2?2 (E-2)?
1 e a1

We have

=€

as stated. O
Next result is simple but very useful:

Proposition 2.5. For any z,w € C it holds that

. 0 _ 0 B

i) %K(Z’w) =wK(z,w) and 8—§K(z,w) = wK(z,w).

ii) %K(z,w) =zZK(z,w) and %K(z,w) = zK(z,w).
Proof. Tt is an easy calculation based on the expression of the kernel function K (z,w) given by
formula (2.3]). O

Corollary 2.6. For any z,w € C and n = 1,2, ... it holds that

1

) K (2 w) = T (2 w) and K (2 w) = 0K (2 w)

i

K(z,w) =Z"K(z,w) and K(z,w) = 2"K(z,w).

ow™ ow"
Proof. We will prove i), the other statements follow similar arguments. We apply Proposition
and get

0

—K =wK .

K (2, w) = WK (2, w)
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Thus, we apply a second time the complex derivative with respect to the variable z, we use again
Proposition and get

82
922
Then, we repeat the same calculation n-times and obtain

K(z,w) =W K(z,w).

n

—K(z,w) =w"K(z,w).

oz"
O
Now, let us consider the commutator operators given by
0 0 0
and
0 0 0
2. - ME = _ME_ Mg—_.
27) [82’ ] 0z 0z
Then, we can prove the following
Proposition 2.7. For any z,w € C we have
M| K ) = K
and
9 Mz| K(z,w) = K(z,w)
827 z ) - ) *
Proof. We have
0 0
_MZK 5 = — (2K )
S (2, w) = 5 (2K (2, w))
= z(%K(z,w) + K(z,w)
= 2wK (z,w) + K(z,w).
On the other hand
MK (2, w) = M. (K (2, w))
= 2K (z,w),
hence, we obtain
- 9 -
_&,MZ_ K(z,w) = K(z,w).
In a similar way we can prove that
9 -
%7 ME_ K(Z, ’LU) = K(Z, ’LU)
O

Thanks to the reproducing kernel property we have this more general result
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Theorem 2.8. For any f € H(K), the following identities hold

0
| £ =1
and
0
[£7ME:| f - f

Proof. Let f € H(K), we know that
f(2) =< f, K, >y k), for any z € Q.
Thus, for any z € Q we apply Proposition 2.7 and get
0 0
|:£7Mz:| f(z) =<1, |:£7Mz:| K. >3r0)

=< fv KZ >7—[(K)

= f(2).

Hence, it follows that

" -

— M| f=

_82 ) | f f
In the same way we can prove that

" -

—, Mz| f=f.

_82’ | f f

0

As a consequence of Proposition we can study more properties of the kernel function in (2.3]).

Proposition 2.9. For any z,w € C we have
(2.8) ALK (z,w) = 4w? K (z,w)

and

(2.9) ApAL K (z,w) = 16 (1 4+ wz + Wz + |w|?|2]?) K (2, w) = 161 + Wz[* K (2, w).

Proof. We note that using (2.3]) and Proposition we have

2
8282K(Z’w) = E%K(z,w)
= wwK (z,w)
= |w|’K (2, w).
Since 8—2 = 1AZ we conclude that
0z0z 4
(2.10) ALK (z,w) = 4w|* K (z,w).

Furthermore, by taking the derivative with respect to w we get

0 _ 0
a—wAZK(z,w) = 4w8_w (WK (z,w))

= 4w(K (z,w) + wzK(z,w))
=4(1 + wz)uK (z,w).



Then, we apply the derivative with respect to w, develop the computations and get

2
8—AZK(z,w) =4(1+ w?)a% (WK (z,w))

Jwow
=41 +wz)(1 + wz)K (2, w)
= 4|1 + W2|*K (2, w),
from which we conclude that

ApALK(z,w) = 16]1 + Wz K (2, w).

Corollary 2.10. Let Q =D denote the unit disk, we consider the operator

AyA
T, := R , Yz, Q x Q.
w S Gl (W) E2x
Then, we have
(2.11) T, wK(z,w) = K(z,w), V(z,w)e€ QxQ.

Proof. Tt is a direct consequence of Proposition 2.9l

O

Remark 2.11. From (2I0) we deduce that if w is a fixed parameter, then the kernel function
K(z,w) can be seen as an eigenfunction of the Laplace operator A, with eigenvalue given by

4lwl?.

Definition 2.12. The polyanalytic Fock space SF(C) of infinite order is the set of functions of

the form

(2.12) 1) =7 ul2),
n=0

satisfying the conditions
i) fn € F(C) for anyn > 0;
i) |5y = Y nllfnl 3y < oo

n=0
Then, we consider the scalar product on SF(C) given by

(2.13) (f,9)s7©) =D _ ke 0k 7 ()
k=0

for any f = szfk and g = szgk with fr, gr € F(C) for every k > 0.
k=0 k=0

Proposition 2.13. A function f: C — C belongs to SF(C) if and only if f is of the form

(m,n)eEN?
with (0uy.n) C C and such that
(2.14) 1370 = Y minllamal® < oo.
(m,n)eN2
mzn
Moreover, if for any (m,n) € N? we set Gmn(2,Z) = ' then, the family of functions
mlin!

{Om.ntmn>0 form an orthonormal basis of SF(C).
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Proof. Let

with (a,,m) C C.
Setting fn(z) = Z 2™, 1t is clear that f(z) = Zinfn(z). Moreover, we have
m=0 n=0
1 lErc) = D nlllfallFey = Y, minllamal*
n=0 (m,n)eN?
Therefore, f belongs to the space SF(C) if and only if
HfH?S}‘((C) = Z m!n”am,nF < 0.

(m,n)eN?

On the other hand, easy computations lead to
<f7 ¢m,n>3_7:((c) =V n!m!am,n, Vm, n > 0.

If (f, ¢m.n)sr) = 0 for any m,n > 0, then we have a,,, = 0 for any m,n > 0. We note also
that

(P> Dmn)srcy = 1 and (bmn, dp.g)sr) = 0 whenever (m,n) # (p, q).

In particular, this shows that {¢n n}mn>0 form an orthonormal basis of SF(C). This ends the
proof. O

Example 2.14. We recall the complex Hermite polynomials introduced in [26]
min (m,n) N /n
(2.15) Hpn(2,2) = ) (—1)’%!<k> <k> M kznk,
k=0
It is easy to prove that H,, , belong to SF(C).
We now provide a sequential charachterization of the space H(K)

Theorem 2.15. We have

H(K) =SF(C).
Moreover, it holds that
(2.16) K(z,w) = Z Gmn(2,2)Omn(w, @),  for any z,w € C.
m,n=0

Proof. Since (¢ n)m.n>0 is an orthonormal basis of the space SF(C), the associated reproducing
kernel is given by the convergent series

oo

Z Gmn (2, 2)Pmn(w, w) < oo, for any z,w € C.

m,n=0



More precisely, for any (z,w) € C? we have the equalities

m N, 7,1, ,, 1

DI e o oy S S

m!n!
m,n=0 m,n=0
<OO Zm,wm) <°O wn2n>
n Z m! Z n!
— PW W2
— ZW+twz
= K(z,w)

Theorem 2.16. It holds that

0
(2.17) <§f,9>s = (f, M.g)sr ()
moreover

0
(2.18) <§f,9>s = (f, Mzg)sr ()

Proof. Let f = szfk and g = szgk in SF(C) that belongs to the domains of the creation

k=0 k=0
and annihilation operators. Firstly, we note that we have

[e.e]

=> M

Then, it follows that
(52 O Zk" fk gk) F(C
8 ) ©
—Zk' fk, = gk>}'((C)

— Z kY fr, M= (gr)) 7(c
k=0

= (J_C, M.(9))sF(c)-

Moreover, since

(h+ 1)Z" o1,

M

0
—(/)(2)

>
Il

0

and

oo
—h
= Z 2 gh—1,
h=1
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it follows that

a [o¢]
(55, 9)s7 (@) = D RN+ 1) frin, 9k) 7 ()

k=0

= Z(k; + DX frv1, 9%) F(0)
k=0

= ke ge-1) F o)

k=1

= (f, M=(9))sr(c)-

Remark 2.17. We shall see later that that we have
F(C) c SF(C) C L*(C,dug), B> 2.

The previous inclusions are strict. It is well known that the classical Fock space F(C) is the
only space of entire functions on which the creation and annihilation operators are adjoints of
each others and satisfy the classical commutation rules. Of course, this is not true anymore on
L?(C,dpu), see Proposition 7.2 in [31]. However, the previous theorem shows that the result still
holds in the subspace SF(C) of the space of polyanalytic functions of infinite order.

Definition 2.18. Let f,g € SF(C) and let f(z Zzn fu(2) and g(z Zz gm(Z

Then, we define two backward shift operators Ro, and L wzth respect to the U(erbles z and Z
respectively given by

(2'19) Roo(f)(zvz) = Z ZTLRO(fn)(Z) = % (f(Z,Z) - Zznfn(0)> , z€C
n=0 n=0

and
(2.20) l@@ﬂ%@=%<ﬂ%@—§j£%ﬂ®>7ZGC-

It turns out that both the backward shift operators R, and L, define two contractions on the
polyanalytic Fock space of infinite order SF(C). Indeed, the following result holds:

Proposition 2.19. For any f € SF(C), we have

(2.21) | Roo (N3 20y < 1 IZ70) — Zmnﬁ<mm
and
(2.22) 1 Loo (@3 70y < Nl9ll37c) = D nHlon(O)F < ll9llZ7c):

Proof. We will prove the result for R... Indeed, if we consider

:ZZ”fn(z), In 6]:(@)7
n=0

we have

= Z"Ro(f)(2)
n=0
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Thus, using the fact Ry is a contraction on the Fock space (see [9]) we deduce

o0

1Roe (N7 = Y 7R (f)3c)

n=0

< 3 nlllfal ey = £ (0))
n=0

113 re — Sl O)F < 1 1B r
n=0

and this ends the proof. We note that the argument follows in a similar way for L., using the
fact that we can write f also in the form

f(z)= Z 2™ fn(Z).
m=0

Now, we consider other two operators:

Definition 2.20. Let f,g € SF(C) and let f(z) = Zénfn(z) and g(z) = Z 2" gm(z). Then,
n=0 m=0

we define two operators with respect to the variables z and Z respectively which are given by

(2.23) Ioo(f)(2,2) = Zénf(fn)(z)7 zeC
n=0
and
(2.24) Too(9)(2,2) = > 2" (gm)(2), z€C.
m=0

We point out that the operator I is the integration operator considered in [9], while J is the
integration with respect to the conjugate variable.

Remark 2.21. It holds that

o znzm—l—l
(2.25) Io(Z"2")(2) = 1 2 eC
and
gn—l—lzm
2.2 (Z"2™) (2) = , .
(2.26) Joo(Z"2™)(2) ——] zeC

As a consequence, we have the following result:

Theorem 2.22. The adjoints of Roo and Ly satisfy

(2.27) R = I
and
(2.28) L = Jeo-

Proof. Let f,g € SF(C); we will prove that

(2.29) (I (f); 9)s7(c) = (f, Roo(9))sF(C)-
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Indeed, we write f(z Z Z" fn(z) and g(w Z Z"gn(2) with f,, g, € F(C) for any n > 0.
We have
= 2" (fa)(2)
n=0
and
=Y Z"Ro(gm)(2)
m=0

Then, we use the scalar product on SF(C) and apply the result on the classical backward shift
operator, see [9]. Therefore, it follows that

(I (f), 9)sF(C) = Zk' (fr)s 9K) F(c)

_ Z kX fr, Ro(gr)) 7(c)

k=0

= (f, Roo(9))sF(C)

The second part of the statement can be proved in a similar way. O

3. A KERNEL FUNCTION RELATING POLYANALYTIC FOCK SPACES OF FINITE AND INFINITE
ORDER

In this section we study how the polyanalytic Fock spaces of finite and infinite order are related
between them. We denote by F,,(C) the classical polyanalytic Fock space whose kernel is given
by the formula (I4]). The relation between the kernels K and (K,,),>1 is described in the next
result.

Proposition 3.1 (kernel formula). For any z,w € C we set
G(z,w) = 7@ (PP,

Then, it holds that

(3.1) Z %ﬁ =G(z,w)K(z,w), for any z,w € C.
n=1

Proof. We note that the polyanalytic Fock kernels given by (I4]) can be written in terms of the
generalized Laguerre polynomials as follows

(3.2) Kn(z,w) =L (|]z —w|?), for any z,w € C.
Then, taking the series ([B.2]) we obtain

[e.e]

K, (|2 —w?) LL( |z—w|
(3.3) ZWZ MZ L TS E—— Z”Z

n=1

Morever, we note that for any a,« > 0 we have the following expansion, see [28, Example 2, pp

89]
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e a+1

oo n
(3.4) e = (a4 1)) S < : ) L2(x), =20,
In particular, inserting @ = a = 1 and x = |z — w|? in (3.4) we obtain
_ 2 ]2 —wl|?)
el 222 , z,weC.

Hence, with some computations involving (3.3]) we obtain that

oo

K,(z,w
% =G(z,w)K(z,w),
n=1
for any z,w € C where G(z,w) = e#@ (2" +wl*) O

Remark 3.2. We observe that the classical creation and annihilation operators are adjoint of
each others on the polyanalytic Fock space of infinite order SF(C), see Theorem 2.16}
4. A SEGAL-BARGMANN TYPE TRANSFORM AND RELATED OPERATORS

In this section, we deal with a Segal-Bargmann type transform related to the polyanalytic Fock
spaces of infinite order. We discuss also some related operators.

Let (¢, (z))n>0 denote the normalized Hermite functions and consider the Segal-Bargmann kernel
A(z,z) which is given by

2 2" 10,22
4.1 A(z,x) = = (z) = e 2T Hﬂm, for any (z,z) € C x R.
(4.1) (2,2) nZ:: Noiks () y (2,)
For any z € C fixed we use also the notation A,(x) = A(z,z) for all z € R. The kernel ([23]) can

be factorized as follows:

Theorem 4.1. For any (z,w) € C2, we have

(42) K(Z,U)) = <Az ®A5,Aw ®A@>L2(R2).

Proof. The proof is based on computations using Fubini’s theorem combined with the following
well-known fact

(Az, Aw>L2(R) =

Indeed, for z,w € C we have the explicit computations

(A, ® Az, Ay ® Ag) 12(r2) = /RZ(Az ® Az)(z,y)(Aw ® Ag)(z,y)dxdy

R
(Az, Aw) 2wy (Aws Az) L2(R)
ezﬂ}ewZ
= K(Zv w)
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Definition 4.2. For a given ¢ € L%*(R?), we define the so-called first Segal-Bargmann type
transform by

(13) T(o)(z.2) = (¢ 4@ Mhaeny = [ A-(0)Asla)e(o.9)dady.

Then, as a consequence, we can write the kernel function K(z,w) as a function in the range of
the transform T thanks to the following

Proposition 4.3. For a fited w € C, we set @, (t1,t2) = (A @ Ay)(t1,t2), with t1,t2 € R.
Then
K(z,w) =T(pw)(2,2), foranyz e C.

Proof. This result can be obtained as a direct application of Theorem [£.I] and Definition
taking into account that

A@@Aw:AU}@A@, w € C.

Indeed, for any z,w € C we have

T(pw)(2,2) = (pw, Az @ Az) L2(m2)
= <Am R A, A, ® A2>L2(R2)
= / (Aw ® Aw)(tla tg)(AZ (4 Ag)(tl, tg)dtldtg
R2

— <AZ ® Ag, Aw ® Aw>L2(R2)
= <AZ X Ag, Aw [ AEJ>L2(R2)
= K(z,w).

O

Remark 4.4. As a consequence of the previous result, we observe that for any fixed w € C, we
have

T(pw)(z) = K(z,w) = Ky(z), ze€C.

Then, T* = T~ since T is a unitary operator; moreover, for any w € C
T YKy (t1,ta) = T*(Ky)(t1, t2) = (Ag ® Ay)(t1,t2), for all (t1,t9) € R2.

As a first example, we consider the family of functions given by

¢m,n($7y) = (wm ® ¢n)($ay) = ¢m(l‘)¢n(y)a for any m,n > 0.
We have

Proposition 4.5. For every z € C we have

2T _
(44) T(?ﬁm,n)(z, Z) = \/ﬁ = ¢m7n(z, Z), m,n = 0, 1,
and

(45) Az¢p7q(27§) = 4\/p_q¢p—l,q—l(27§)7 p,q= 17 27
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Proof. Recalling that Az(y) = A.(y) for any y € R, using the Fubini’s theorem we have:

T(w(m,n))(zv 2) = /R? (AZ ® AE)(‘Ta y)wm,n(x7 y)dxdy

= |, A~ A=) (@) )y

([ Atwrme) ([ TG a)

= B(tm)(2)B(vn)(2)

2

0
Now, using the fact that A, = 4—— we get
020%

AL (bpg)(2,%) = 4%— = 4/PGbp—1,9-1(2 7).

Example 4.6. Let
f(2,2) = T(¢Yn,m)(2, %), for any z € C.

Then f € SF(C), moreover we have

1fllsre) = ITWnm)ll = 1 = |[nmllr2m2)-

Theorem 4.7. The first Segal-Bargmann type transform T defines an isometric isomorphism
from L?(R?) onto SF(C).

Proof. The normalized Hermite functions (¢;,n)m,n>0 form an orthonormal basis of L?(R?), thus
for any ¢ € L?(R2,C), there exist unique coefficients (8.5 )mn>0 in C such that

SD(ZE,ZJ) = Z T/Jm,n(l‘yy)ﬁm,m and ||90||%2(R2) = Z |5m,n|2 < 00.

m,n=0 m,n=0

Therefore, inserting ¢ in the definition of the transform 7" and using some standard arguments
we have

T(0)2) = [ A@A0) | 2 n(e.9)n | dady

m,n=0
= > ([, 40 o)y ) b
m,n=0 R?

[e.9]

- Z T(djm,n) (27 E)Bm,n'

m,n=0
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Applying the first part of Proposition we obtain

T((p)(z,f): Z ¢m,n(zaz)ﬁm,n

m,n=0

=Z

mnO

. 2 2™
:,;)Z (n;) Wi ’”")

Then, setting f,(z) = Z

m:

m

for any n > 0 we have

=> Z"fulz), z€C.

We observe that f, are entire functions. Moreover, it is immediate to see that

1 [e.e]
||fn||3-‘(<c) ol Z |5m,n|2 < 0.
" m=0

Hence, we deduce

7)) Zn'nfnnf(c

= Z Z B

n=0m=0

= HCPHQLz(R)

This proves that the transform 7' defines an isometric operator from L?(R) into the polyanalytic
Fock space of infinite order SF(C). On the other hand, we note that using Proposition [£.5] we
have

2"z
= > 0.
T(wmﬂ?,) \/m? m,n = O
This allows to justify that if f € SF(C) there exists ¢ € L?(R) such that f = T'(g). In particular,
this shows that T is also surjective which ends the proof. O

Remark 4.8. We know that 7' defines an isometric and surjective transform from L?(R?) onto
SF(C). This shows that T is invertible and the inverse of T" exists. However, we do not know
how to explicitly calculate this inverse because of the lack of a geometric description of the space

SF(C).
We recall the position operators given by

Xo(z,y) = vo(x,y)
and

Yo(,y) = ye(z,y)-
We denote by D(X) = {¢ € L*(R), X(¢) € L*(R)} the domain of the position operator X.
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Proposition 4.9. The following relations hold:
7! <a§ + M2> T =+v2X, onD(X)
z

and

7! <% + M§> T=v2Y, onD(Y).

Proof. We will make the calculations for the operator X and for Y it can be done in a similar
way. As in the classical case, for ¢ € D(X) we have

O 10eNe) = [ L (A Axlw)pla,y)dedy
R2 OZ2
it is easy to check that
%(A(z,x)) = (—z+ V22)A(z, ).

Thus, we obtain

ST = [ (-2 +VE) A @) Aol )dody
RQ

= /R @ A=)l )dedy + V2 | A @) A )l y)dedy

= —M,T(9)(2) + V2I'(Xp)(2).

Therefore, it follows that for any ¢ € D(X) we have

0
5, T(@) + M.T(p) = V2T X (p).
Hence, we obtain
(3 - MZ> T =V2TX.
0z

Finally, this leads to
! <(% + MZ> T =+v2X, onD(X).

0
Proposition 4.10. We have
1 1 0 0
ST A+ 2=+ 2+ ML | T=YX, on D(YX).
2 (4 T T ”) , on DY X)
Proof. We observe that Proposition yields
1 0 0
T =+ M| (5 + M, ) T=YX.
7 (2 ) (57
Then, the result holds since we have
0 0 1 o _0
<£ + M5> (5 + MZ> = ZAZ + 25 + Z% + M|z|2'
0

Let D(M,) ={f € SF(C),M,(f) € SF(C)} be the domain of the creation operator M,.
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Proposition 4.11. The following relations hold

T (X — a%) Tt =v2M,, onD(X)N D(a%)

and

A e N 5Y Y S 9
T<Y ay)T V2M, D(Y)ﬂD(ay).

Proof. We will prove the first statement of this result; the second one follows with similar argu-

ments. Indeed, let ¢ € D(X) N D(ag) we have
x

T(X ~ )p(2) = T(X)(E) ~ T(2)(2).

By definition we have

T(Xep)(z) = . A (2) Az (y)zo(z, y)dady,
so that
T(50)) = [ A0) Aty g el)dady = - [ 514 (0) Asly)o(o,p)dady,
since 9

a—x(Az(x)) = (—z +V22)A.(z),

we are lead to
7 (X - 5 ) 9le) = VET(R)C).

Hence, we obtain

T (X - (%) T-'=Vv2M,, onD(X) mD(a%).

As a consequence of the previous result we can prove the following

Corollary 4.12. We have

0 R
T<8$ay+XY—Xa—y—Y%>T = 2M,p.

Proof. Indeed, we just need to apply Proposition [£.11] combined with the relation

B B 02 B 0
<X—%> <Y—a—y> = geay T XY X, Yo

5. A BEREZIN TRANSFORM AND RELATED OPERATORS

We now use the kernel function (23] to study a Berezin integral transform and develop further
results on it.

Definition 5.1. Let f : C — C and let du(w) = %e““ﬂsz(w) be the Gaussian measure. Then,
we consider the following integral transform

(5.1) B(f)(z) = / e K (2, w0) f(w)du(w), =€ C,

C
when the integral exists.
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Remark 5.2. We observe that
e_|z|2K(z,w)e_|w‘2 = e"z_“’|2, z,w € C.

Thus, it turns out that the integral transform given by (B.1I) coincides with the so-called Berezin
transform considered in [33] p. 101]. However, since B can be expressed in terms of the kernel
function K (z,w) we can use various properties of this kernel in order to develop further results.
A similar transform in the case of two complex variables was considered in [19]. It is important
to note that the Berezin transform was first introduced by Berezin in [20] as a general concept
of quantization.

We start first by observing that the Berezin transform B fixes all the complex monomials 2™,
n € N which form an orthogonal basis of the classical Fock F(C):

Proposition 5.3. Forn=0,1,... it holds that

(5.2) B(z")=2z", VzeC.

Proof. We set f,(z) = 2™ with n = 0,1, .... Then, for every a € C we can write
S nN(fn)(Z) 1 —|z|? aw ,—|w|?

(5.3) Za o = /CK(z,w)e e dA(w).

n=0

Let us set w = t1 + ite and let us replace K(z,w) by its expression to obtain

™

Zan/\/(]:;zl)(z) _ le_ﬂ/ ez(tl—itg)+(t1+it2)2+o¢(t1+it2)e—(t%—i—t%)dtldtz‘
n—0 . R2

Therefore, thanks to Fubini’s theorem we have

ZanB(fn')(Z) _ le—\zp </ e—t%+t1(z+z+a)dtl> </ e—t%+t2i(z—z+o¢)dt2> )
n: ™ R R

n=0

Now, we recall the classical Gaussian integral

2
(5.4) / ety — \/Eeza, a>0,beC.
R a

Thus, setting b1(2,Z) = 2z + Z+ a and ba(2,Z) = i(Z — z + a) we obtain

b3 (2,2) b3(z,2)
1 e 4

n!

o~ o B(fa 1
Zan (f )(Z) _ —€_|Z|27T€

n=0 g
Therefore, we have

s = =
n!
n=0

We have b?(z,2) = 22422 +2|2> +a? +2a2+2a7 and b3(z,Z) = — (22 +22-2|2]2+a? +207—202),
which leads to

b%(z,?) + bg(z,f) = 4(]2\2 + az).
Hence

ZaniB(fn')(z) =e% = Za"z—, Va € C.
vt n! — nl

Finally, we identify the coefficients with respect to the variable o and get
B(fn)(z)=2", n=0,1,..
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Remark 5.4. It is impotant to note that in [33] it was proved that a function f € L°(C) is a
fixed point for the Berezin transform B if and only if f is constant. Then, Proposition (3] shows
that monomials are fixed by the Berezin transform. In particular, this suggests to consider a
more general fixed point problem: to find when B(f) = f for f in some suitable function space.

Remark 5.5. We observe that
(55 BN = 1 [ b ) dAw),
If z =0, we have ’
BUNO) =+ [ fwe " aaq)
In particular, using the Cauchy-Schwarz inequality we obtain

IBUAO < I fll2(c.m)s
and by taking the function f =1, we get

B(1)(2) :e_|z|2%/(CK(z,w)e_WQdA(w).

Theorem 5.6. For any a > 0, let dpo(w) = %e‘o‘wsz(w) be the weighted Gaussian measure.
For any B > 2 the operator B is bounded from L*(C,du) into L*(C,dug). In particular, for any
f € L*(C,dy) it holds that

(5.6) B 12 dps
Proof. For z € C fixed, we have
B = [ Kew)fw)duto)
Thus, setting K. (w) = K(z,w) for any w € C and noting that f, K, € L?(C,du) we obtain
IB(f)(2)| < 6_22/(CIK(zaw)llf(w)ldu(w),

and using the Cauchy Schwarz inequality

.12
B(f)(2)] < e PP KL L2 c.aw 1 1] 22 (g -
Moreover, developing some calculations using Gaussian integrals we get

1
) < ﬁ”f”ﬂ(c,dp)-

2
| L2 (e = €277,

and so ,
B(f)(2)] < eI £ll2(c.an)-

As a consequence, for any 8 > 2 we have
1 2 1
2 2 - —(8-2)|7| _ 2
BNy < 11 (3 [ O D aAE)) = 75171 .y

Hence, B is a bounded operator from L?(C,du) into L*(C,dug) with 8 > 2. O

Remark 5.7. In particular, for any 8 > 2 we have
1Bz aus) < I1BUszc)-

This explains somehow that

SF(C) c L*(C,dug), B> 2.

Now, we can prove the following
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Lemma 5.8. For any p,q =0,1,2,..., we have
B(Hpq)(2,2) = 2Pz,
We have also
[1B(Hp)lsFc) = [[HpqllL2(c.dw)-
Proof. For any u,v € C we have (see [23] 20] )

> umo" vz
— _uztvz—uv
(5.7) mznzo Hyyn(2,%) el , VzeC.
For w € C we set
> zZMm" = — 2
(5.8) R(z,w) := Z WHmm(w,w) = FU Tl e C.
m,n=0 o

> Tz __ —
:A S S Hy () | Hy g, m)dp(w)

m,n=0
:/RQMMMMWWW)
C

:/%QEEMWWWW)
C

" Fs =Y _
= Z min! /(:Hm,n(w,w)Hp’q(wyw)du(w)

m,n=0

[e.e] m—=n

z"Z
= Z —<Hp7q’Hm,n>L2(<C,du)-

In!
=0 m:n:

However, we know that the complex Hermite polynomials (H,, p)mn>0 form an orthonormal
basis of L?(C,du) (see [26]) so that we have

(Hp,g: Hm,n>L2(<C,du) = P40 (p,q);(mm)-
In particular, this leads to
B(H,q)(2,Z) = 2Pz, zeC.

As a consequence, it is clear that for any p,q = 0,1,2,... we have

[IB(Hp.g)llszc) = 112'ZsFrc) = VPa! = [[HpgllL2 (. dw)-
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Theorem 5.9. The integral transform B is an isomorphism from L*(C,du) onto SF(C) and for
any f € L*(C,du) we have

(5.9) IB(H)lsrecy = 122 c.dw-

Proof. For any f € L?(C,du) we can write the following decomposition using Hermite polyno-
mials

o
= Z Hpy(z,Z)opq  2€C,
P,q=0
and

(o]
1172 cap = Z P!l
P,q=0
Thus, thanks to Lemma 5.8 we get

= Z B(Hpq)(2,%Z)pq

p,q=0

00
— E P=4q
= 25270 q-

p,q=0

Then, using also Proposition 2.13] we obtain

IBUN)IEFc) = qu'yaqu

p,q=0

= [1£112()-

We observe that the surjectivity of the transform B is a direct consequence of Lemma [5.8 This
allows to consider the integral transform B : L?(C,du) — SF(C) which defines an unitary
operator.

0

Proposition 5.10. For any f € L*(C,du), it holds that

0
0z

In a similar way, we have also

SBU)(E) = —2B)(E) + Bwf) ()

Proof. We observe that thanks to the definition of B we have

B(f)(z) = —/Ce_ZzK(z,w)f(w)e_deA(w), z e C.

s

5-B(f)(z) = =zB(f)(2) + B(wf)(z).

Thus, we have
(5.10) 82 / SRz w) fw)e P dAw), = eC

Applying the Leibniz rule and Proposition 25l we get



0 2 2 0 0 2
Y ol _ P Yol
aZ(e K(z,w))=e aZK(z,w) + 8Z(e VK (z,w)

= e_|z|2wK(z, w) — Ee“zPK(z, w)

= (W — E)e_|z|2K(z, w).

Hence, we insert the previous computations in the formula (BI0) and this leads to

281 = & [ @ - D) fwe P dAw)

0z T

= B(wf)(z) - zB(f)(2)-

As a consequence of the previous result we prove

Proposition 5.11. [t holds that

(5.11) B! (a% +z> B = My,
and
(5.12) B! (ﬁ_ + z> B = M,.
0z
Proof. We note that thanks to Proposition [5.10 we can write
9 B(5)(2) + 2B = B@h(e).

Then, using the fact that B is an isomorphism it is easy to see that

B! (3 +z> B = M.
0z

In a similar way we can prove the second statement.

As a consequence, we can prove the following

Corollary 5.12. [t holds that

1 0 0
1 A+ =FZ+ 22— 2 = M,,32.
(5.13) B <4 +8§Z+Zaz+|z|>8 ]2
Proof. We observe that using the two expressions proved in Proposition [5.11] we obtain that
B! 2+E Q_—FZ B = MyMy = M2
0z 0z

On the other hand, we have

9 V(L) = (R 22y é+||2
9. )\oz 7)) T \aT et e T )

and this ends the proof.

In the next result, we will calculate %B(f)(z) and %B(f)(z)
z z

23
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Proposition 5.13. For anyn =0,1,2,..., it holds that

(5.14) FBE) = S ()B4 A1) = Bl -2 )i,
k=0
and
o" - k(T ki n—k n
(5.15) S B = S0 ()B4 0)) = Bllw - (o)
k=0

Proof. The proof is done by induction. For n = 0 the relations are true. We assume that (5.14])
holds for some n and we prove that we have

n+1 n+l n
(5.16) S B = S0t ("B )
k=0

Indeed, using Proposition 510 we have

D BU(E) = =BG + BN,

1

0
Thus, applying the operator P we get
z

an—i— 1 on on

St BU(2) = =25 2 B(f)(2) + 5 B(wf)(2).

z

Applying the induction hypothesis to the functions f and g = wf we obtain the chain of equalities

BN = 2 <§<—1>k<k)—k6<—" I ) Z ( )"“B @)
=S (1) z Dt (1) B
:h:1(—1)h<hﬁ1>zh8(w"+1‘hf Z h<Z> B@" 7" f)(2)
(e En (()-()

i W BT IC)

n

EhB(@n-H_hf) (Z)

By Pascal identity we have

n n n+1
= >
<h> + <h—1> < b ), for any h > 1,

so that
n+1 n+l
S = S (") B ),
k=0

and this ends the proof. The second statement follows using similar arguments. O
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Theorem 5.14. For any f € L?(C,du), it holds that

(5.17) B(9wf)(2) = B(wf)(z) — zB(f)(2).
In a similar way, we have
(5.18) B(9wf)(2) = Bwf)(z) — ZB(f)(2).

Proof. This result can be proved using some computations that are based on Proposition 7.2 of
[31]. Indeed, setting du(z) := %e“z‘sz(z) we get

/ u(w)(Ogv(w))dp(w) = /(—6w+w) (u(w))o(w)dp(w).
C C

In particular, this means that on L?(C, du) we have

(Op)* = =0y + .

Then, using this fact we deduce the following computations

M.B(f)(z) = ZB(f) z)

s / K(z.w)(—~0uf + wf)dp(w)

= B(wf)( ) = B(9wf)(2),
where we used 0, f = Owf, which leads to
(—0w +@)(f) = (=0 f +wf).
This ends the proof. O

As a consequence of the previous result, we prove that the operators w — 0z, W — 0y, are similar
to M, and M5z respectively:

Proposition 5.15. It holds that

(5.19) B(w—dz) B! = M,,
and
(5.20) B(@ — d,) B! = M.

Proof. By Theorem [5.14] we have
B(0wf)(2) = B(wf)(z) — 2B(f)(2),

from which we deduce

B((w - 0)f)(2) = 2B(f)(2)-
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Hence, using the fact that the integral transform B is a unitary operator from L?(C,du) onto
SF(C) we multiply the operator B~! on the right and obtain
B(w—dz) B! = M,.
The second part of the statement can be proved similarly. O

Proposition 5.16. We have

(5.21) 9:B(f) = B(0wf)
and
(5.22) OzN(f) = B(Ow[).

Proof. Applying Proposition [5.10] and Theorem [5.14] we have
9:B(f)(2) = =zB(f)(2) + Bwf)(2)

and
B(0wf)(z) = Bwf)(z) — ZB(f)(2).

Therefore, from the two previous relations we obtain
9:B(f)(2) = B(0w[)(2)-
The second statement can be proved in a similar way and this will end the proof. O

In the table below, we summarize different operators that are equivalent to each others thanks
to the Berezin transform B.

TABLE 1. Equivalent operators using the transform B

SF(C) L*(C,du)
% +z w
% +z w
87L 87L
ozn ow™
o o"
azn B
A, + 224 22 + |22 |lwl|?
M, iAw — a%@ — wa% + |wl?
g
4 w — B_E
z w— 2
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Inspired by [34] we consider the following integral operator on the Fock space F(C)

Definition 5.17. Let ¢ : C — C and denote by du(w) = %e'“"QdA(w) the normalized Gaussian
measure. Then, we define the following integral transform when it exists

(5.23) Sp(f)(2) = /Ceﬁf(w)so(w — 2)dp(w), f € F(C).

Remark 5.18. If ¢ = 1, it is clear by the reproducing kernel property for the Fock space that
in this case

SN = [ P wldutu) = ). Vf € F(O).
Example 5.19. For every a € C set ¢,(w) = €. Then, we have

S () = [ e Ftw)enw = 2)dutw) = B
It turns out that the transform B is a particular case of the general integral operator S,,.

6. THE POLYANALYTIC HARDY SPACE OF INFINITE ORDER AND GLEASON PROBLEM

Let us denote by I the unit disk and by #?(D) the classical Hardy space. In this section, we
will prove the following main result:
1

(1 - 2w)(1 —zw)
18, up to a multiplicative positive factor, the only reproducing kernel Hilbert space of polyanalytic
functions of infinite order, reqular at the origin, and for which

(6.1) RY, = M.

Theorem 6.1. The reproducing kernel Hilbert space with reproducing kernel

To prove this theorem we need a couple of preliminary results, including a sequential character-
ization of the space H(K).

Definition 6.2. The polyanalytic Hardy space of infinite order SH(D) is the space of functions
of the form

(6.3) f(2) = 7" ful2),
n=0

satisfying
i) fn € H2(D) for any n > 0;

i) 113y = D 1fnll3zm) < oo
n=0

Then, we consider the scalar product on SH(D) given by

[e.9]

(6.4) (9 sum) = D>_ i 96) 02 (),

k=0
for any f = szfk and g = ZEkgk with fr, g € H2(D) for every k > 0.
k=0 k=0
Proposition 6.3. A function f: D — C belongs to SH(D) if and only if f is of the form
flz) = Z 2" 2"

(m,n)eN?



28 D. ALPAY, F. COLOMBO, K. DIKI, AND I. SABADINI
with () C C and such that
2 2
(6.5) 12y = S lamal? < .
(m,n)eN?
Moreover, if for any (m,n) € N? we set Umn(z,2) = 2MZ". Then, the family of functions
{Vm.n}mn>0 form an orthonormal basis of SH(D).

Proof. This proof follows the arguments used to prove Proposition 213l O
Lemma 6.4. We have
H(K) = SH(D).
Moreover, it holds that
(6.6) K(z,w) = D Umn(2,2)vmn(w, ),
m,n=0

for every z,w € D.

Proof. We note that (v, 5)mn>0 is an orthonormal basis of the space SH(D). Thus, the as-
sociated reproducing kernel is given by the following series which converges uniformly on each

compact so that
[e.e]

Z Um,n (2, Z)Umn(w, W) < oo, for any z,w € D.

m,n=0

More precisely, for any (z,w) € D? we have the equalities

Z U, (2, Z2)Um (W, W) = Z 22w
m,n=0 m,n=0
m=0 n=0
! 1
(1 - zw) (1 —zw)
_ 1
(1 - z2w)(1 - Zw)
= K(z,w).
]
Lemma 6.5. It holds that
(6.7) (Roo (f)s @) smm) = (f, M=9) sn (D)
and
(6.8) (Loo(f); 9)smm) = (fs Mzg) s1()-

Proof. Let f = szfk and g = szgk in SH(DD). Since we have
k=0 k=0

M.(g) = 3 M. (ge),
k=0
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it follows that

(Roo(f): @)sum) = D _(Ro(fk): 9r) 22 ()

(fis (R0)* k)22 (m)

M T0# T

(fres M (91)) 242 ()
k=0

= {(fus 296)02(m)

=0
= (f, M.(9)) sn(v)-

In a similar way, we can prove the second part of the statement. O

Example 6.6. On the bidisc D? we consider the inner function defined by
21+ 22+ 22129

. V(z1,22) € D?.
21+ 29+ 2 (1 2)

J(z1,22) =
Then, j(z1, 22) is a contractive multiplier of the Hardy space H#?(D?) and hence (dimension 2) is
in the Schur-Agler class, see [14] [I5]. Moreover, if we set
pw(z) =1 — 2w,
we can consider the kernel function

(6.9) K;((21, 22); (w1, we)) = 1= j(zl,zg)j(wl,wg)’ Y(z1, 22); (w1, wy) € D2,

Pun (Zl)Pw2 (22)

We note that

2
21+ 22 + 2)(wy + w3z + 2)
, <(Zl +tD@i+1) (2t D@+ 1)>
(1 — le_l) (1 — 2211)_2) ’

Kji((z1, 22); (w1, w2)) = (

Then, by taking z; = z,20 = Z and w; = w, wy = W we have

z+Z+2z2  Re(z) +|z2|?
24+Z+2  1+Re(z)’

(6.10) Jj(z,%z) = Vz e D,

and we can write
. P(z72)
J Z7Z = —\ ?
9= 063
where both the polynomials P and @ are polyanalytic of order 2. We observe that Q(z,Z) =0
if and only if Re(z) = —1, so, Q(z,%Z) # 0 for every z € . On the other hand, we note that
j(z,Z) =1 on the boundary 0D. We have

(6.11) Ki(z,w) = ‘ . Y(z,w) € D%

and, as a consequence,
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B . 2
Kj((z,z);(w,w)) = (Z+3+2)(w+w+2)

(D@ +1)  E+D(w+1)
( (1 - 2w) + (1 —zw) >

It is important to note also that the function j given by (6.10) is polyrational in the sense of [12]
pp 175].

Remark 6.7. According to [5], [16] we observe that

(6.12) j(z1,22) = C(Iy, — ZA) "' ZB,
and using the unitary matrix M given by
1 _1 1
2 2
v (4 BY_ -1 _1 el
=\lep)= |2 2 v
vz v Y
we have

- -

and D = 0 where we set Z = <z1 0).

Sl-
|
S
N—
&

I

|
< |l
N——

022

Inspired by [8] we can prove the following result concerning the backward shift operators con-
sidered in Definition 218 in the case of the polyanalytic Hardy space of infinite order SH(D).
Indeed, we have

Theorem 6.8. A function f € SH(D) is a common eigenfunction for the backward shift oper-
ators Reo and Lso with corresponding eigenvalues given respectively by A1, Ao € D if and only

if
. f(0,0)
(6.13) A T W TR v

Proof. Tt is easy to check that if f is of the form (6I3), then we have Ry (f) = A1 f and
Loo(f) = Aof. For the converse, we assume that f is an eigenfunction for Ry, and L., with
corresponding eigenvalues given by Ay and \9. By writing

f(z,f) = anfn(z)7
n=0

Vz € D.

we observe that R (f) = A1 f if and only if

Z 2nRO(fn)(z) = Z 2n(/\lfn)(z)
n=0 n=0

In particular, this shows that
Ro(fn)(z) = Mifu(z), foranyn=0,1,2,....

Using the classical result on the backward shift operator Ry for any n =0,1,2,... we get

fulz7) = 720

= D.
1—)\127 Z€
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Now, we insert the expression of f, in the f decomposition which leads to the following calcula-
tions

= Zznfn

0
where we set g (Z) = AT" (Z E"fn(0)> for any z € D. On the other hand, we note that by
n=0

definition

f) = Z ZmLO(gm)7
m=0
gm(z) B gm(o)

with Lo(gm)(Z) = — Then, following a similar reasoning as we did in the case of

R, using the fact that Lo (f) = Aof we deduce tha Lo(gm)(Z) = A2gm(Z). Thus, in particular
this allows to write
- gm(o)

gm(Z) = m,

So, now we insert g,, in the expression of f and get
m 9m(0
z .
Z 1-— )\22

We note that ¢,,,(0) = A" fo(0) = A" f(0). Then, we obtain

z €.

f(z) = 1) Z ATZ™, 2z eD.

1— Xz s
Hence, we conclude that

f(0,0)
(1 — )\12’)(1 — )\25)7

f(z7z) =

for any z € D.

Lemma 6.9. For any f € C* we have
%f(t:n, ty) = 20f +z0f

Proof. 1t follows from

e ty) = oLt tg) + 42 (o)
= %(az +iy) <%(taz,ty) — —i?—i(tz,ty)) + %(az —1y) <%(taz,ty) + z‘?—i(tz,@))

= 20f + Z0f.
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O

Let
(614) f(Z,E) = Zfl('z’E) —|—Ef2(z,2)
where f; and f5 are required to be in the same space as f. Then

1
(6.15) Wn)e2) = [ fe

1
(6.16) Baf)7) = [ fs
We have

%f(tz, tz) = z%f(tz, tz)dt + E%f(tz, tz)dt

and so
(6.17) f(z,2) — £(0,0) = zA0 f(2,2) + ZBof(2,2)

Lemma 6.10. Let M be a finite dimensional space in which ([€IT) holds. Any f € 9 which is
a common eigenfunction of Ay and By can be written in the form

_ _ _ [f(0,0)
1(z7%) = 1—az—bz
Proof. Since Ay and By commute they can be simultaneously triangularized. Let

Aof =af and Byf =bf

We have
f(2,2) = f(0,0) + (az + b2) f
and so
_,_ _ [f(0,0)
f(z2) = 1—az—0bz
0
Lemma 6.11. The following equalities hold:
n —1-m
(6.18) Ap(z"z™) = — mz" 1z
m _
(6.19) Bo(z"z") = — " —2"7" L
Proof. 1t follows from
1
Ap(z"z™) = / (nz""12™)(tz, t7)dt
0
1
= nz”_lim/ nt" MLt
0
— n Zn—lzm7
n—+m
and similarly for By. O

Remark 6.12. We remark that Ag is not Ry, in general; it will reduce to Ry when f is analytic.
We note that both the operators Ry, and Ag extend the classical backward shift operator Ry on
the Hardy space, but these two operators are different.
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7. THE DRURY-ARVESON SPACE CASE
Let us consider the kernel function given by

1

(7.1) k(z,w) = - (miz0)

We denote by $(k) the associated reproducing kernel Hilbert space. Setting z = z + iy and
w =t + tu, we have
1 1

(7.2) 1— (2w +2w) 1 2(at + yu)

We note that (1)) is a complete Nevanlinna-Pick kernel, meaning that

1
k(z,w)

=1—-2xt —2yu

has one positive square in B(0,1/4/2). Such kernels were introduced by Agler, see [4] and also
the paper of Quiggin [29].

Lemma 7.1. The function (L)) is positive definite in |z| < 1/v/2 and the functions

Ok and Ok

ot ou
belong to $H(k). Furthermore, it holds that

of of
(73 sy = o

of of
(7.4) (f, %>ﬁ(k) = 3

Proof. For a fixed choice of (¢,u) and for h € R small enough we set

klz,y,t,u+h)—k(z,y,t,u
fh(:Evyvt)u): ( Y }?L ( Y )

Then fj, € $H(k) and
B(t,u+t,tu+ h) + k(t, u,t,u) — 2k(t,u+ hyt, )

iy = =

uniformly bounded in h for h small. Thus f; has a weakly convergent subsequence, with limit
say g¢u. Since weak convergence implies pointwise convergence we have

gt,u(xvy) = <gt,u7k('7 '7x7y)>5§(k)
- %E}I}]<fh7k(7 7‘T7y)>ﬁ(k)

— lim <k(77t7u+h) B k(‘,',t,U),k( ’ ’$’y)>
— lim k(‘rayat7u + h) B k‘(a:,y,t,u)

h—0 h

of
= = t .

8u($7y7 7u)
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Furthermore, for f € $(k), we have:

(fs gtu)smy = = }llj]_q)%)<f, Jr)s k)
= lim <f( ) k(- t,u+h) — k(- ',t,u)>
H(k)

h—0
f(t7u+h) - f(t7u)
h

= lim
h—0

_of
- a_y(t7 u)

The other claims are proved in the same way.

Iterating the above result we get:

Corollary 7.2. Let k be as in (1), then for n,m =0,1,2,...

oMk
and
8n+mk an—i—mf
(7.6) (f(-), W(', '7t7u)>f)(k) = Dz Y™ (t,u).

Proof. This a direct consequence of Lemma, [7.1]
Corollary 7.3. For forn,m =0,1,2,... we have

z"y™ € H(k).
Proof. Tt suffices to set t = u = 0 in the previous corollary.
We now give a characterization of the space (k).

Proposition 7.4. The space $H(k) consists of the functions of the form

(7.7) f(z2)= ) cape'®
a,b=0
with norm
0 15!
78 2 _ . 2_ &Y
(78) I = 32 bl gy

Proof. 1t suffices to observe that we have

|
(7.9) k(z,w) = Z (a —:_b'b) 222w,
a,beNg a-v:

0

Proposition 7.5. The operators M, and Mz are bounded in $H(k), with | M,|| < 1 and ||Mz|| < 1.

Their adjoints are given by

(7.10) M = A
(7.11) M: = B,
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Proof. The first claim follows from

1—zw Zw

— =14V >
1 - 2Rezw +1—2Rezw_

and
1—Zw n 20
1—2Rew 1—2Rezw —

The second claim follows from

and similarly for Msz. O

Following [10, Corollary 2.4, p. 7] we introduce

z

(7.12) (Aaf)(z) = mf(z)
(7.13) (Baf)2) = 15— f(2)

with a € B(0,1/v2).

Proposition 7.6. Let a € B(0,1/v/2). The operators A, and B, are bounded and it holds that

(7.14) f(z) = fla) = (z = a)(AN)(2) + Z = @) (B3 f)(2), | € Hlk).
Proof. We have

(7.15) (Aik)() = e (2)

(7.16) (Biks)(2) = =amspay n(2)

(z—a)b+ (z—a)b
(1 —2Reba)(1 — 2Re 2b)
2b+%Zb —ab—ab
(1 —2Reba)(1 — 2Re 2b)
= ky(2) — kp(a)

(z = a)(Agks)(2) + (z —a)(Byks)(2) =

Example 7.7. Let us consider the coefficients ¢, such that

[e.e]
(7.17) 1-VI—t=> cnt", t<L
n=1
Then, the function
m
fm(Z,f) =z+ ch§2m
n=1

is bounded by one in modulus in |z| < %, but is not a Schur multiplier.
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Indeed, recalling that the ¢, > 0 and satisfy Y >, ¢, = 1 we have

m m
z+ Z a2 < Jz| + ch|z|2n
n=1 n=1

0
<zl + > el
n=1

= el +1- VT 2P

<1+1 !
=/ 5

But || fm|* = 143700, |22 > 1.
For a € B(0,1/v/2) we set

—2a)(z—a Z—7 a
my e D (@

We note that (with ¢;,co,... as in (T.I7)

%72— <z> (a @) :[Q—gcn <<z

12_%(1_W).

2|al?
Theorem 7.8. The function f belongs to $H(k) and f(a) =0 if and only if
f(2) = ba(2)g(2),
with g € H(k)?.

Proof. We follow [10]. One direction is trivial while the converse is a direct consequence of (.14
*

with g(z) = <AZ‘§> since f(a) = 0. O
a

More generally, as in Proposition 4.5 and Section 5 of [I0] we have

Theorem 7.9. Let z1,...,zny € B(0, 1/\/5) and wy, ..., wy € C. There exists a Schur multiplier

s such that

(7.19) s(zn) =wn, n=1,...,N

if and only if the N x N matriz with (n,m) entry

1 — wyw,,

7.20 - nTm

( ) 1 —2Rez,zm

18 mon negative.



Proof. This holds thanks to the fact that the kernel k(z, w)
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_ 1 . .
= T—9rem 1S a complete Nevanlinna-

Pick kernel, and so the Nevanlinna-Pick interpolation problem is solved. O
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