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Abstract

In this paper we prove existence of solutions to Schrodinger-Maxwell type systems
involving mixed local-nonlocal operators. Two different models are considered: clas-
sical Schrodinger-Maxwell equations and Schrodinger-Maxwell equations with a
coercive potential, and the main novelty is that the nonlocal part of the operator is
allowed to be nonpositive definite according to a real parameter. We then provide a
range of parameter values to ensure the existence of solitary standing waves, obtained
as Mountain Pass critical points for the associated energy functionals.
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1 Introduction and main results

Since it was introduced in the 1950s, the nonlinear Schrédinger equation could be
considered a versatile tool in many concrete applications. Indeed, its first appearances
were strictly related to the study of superconductivity [16] and superfluidity [17]. It
was only later, during the 1960s, with the increasing of its physical importance, that
many studies have been spreading in the community in Mathematical Physics, however
always connected with practical applications as the diffusion of optical beams [9] in
a nonlinear medium.

Nowadays, many of the above quoted applications have become fundamental in
many areas of Physics. One of the most interesting problems arising from this kind
of studies regards the interaction between the nonlinear Schrodinger equations and
the electromagnetic field governed by the Maxwell equations. Some of the models
emerging from the system defined by the above type-equations have recently found
applications in the electronic characterization of nanodevices [21, 22].

From a more theoretical perspective, the basic physical interpretation of the
Schrodinger-Maxwell type systems is provided by the interaction between the elec-
tromagnetic field (Maxwell equations) and the particle field (Schrodinger equation).
In this work, we shall adopt such a point of view following the rigorous mathematical
formalization firstly proposed by Benci and Fortunato [6].

For the sake of completeness (with the aim of providing a clearer explanation),
we briefly retrace in the following lines the main steps of the mathematical argument
that has led to the already classic formulation of the Schrodinger-Maxwell equations
commonly studied in literature. '

The starting point is the well-known nonlinear Schrédinger equation:

I b2
—ih—s = S AY T, (1.1)

with p > 2 and where ¥ (x, 1) : R3 x R — C is the field describing a non-relativistic
charged particle moving in the three dimensional space, i denotes the reduced Planck
constant, and m is the mass of the particle. It is possible to interpret equation (1.1) as
the Euler-Lagrange equation with respect a suitable action. Then, we can introduce
the electromagnetic field? (E, H), which can be described in terms of gauge potentials
by using the first two Maxwell equations.

' Some authors refer to this system as the nonlinear Schrodinger-Poisson system. This ambiguity is moti-
vated by the mathematical framework, in which the interacting field can be interpreted in a more general way,
as for instance in terms of gravitational field. Anyway, in this work we specifically study the electromagnetic
case and so the label Maxwell appears extremely natural.

2 The literature is divided between the two notations H and B to denote the magnetic field. This is due to
the two different notions of magnetic field, which can be referred to the magnetic field strength (in ampere
per meter A/m) or to the magnetic flux density (in tesla 7). The relation joining these two vector quantities
is determined, in the vacuum, by the vacuum permeability 1, indeed we have B = poH. In this work,
following the International System of Units, we are using the symbol H to preserve the symmetry with the
electric field E (whose unit is volt per meter V /m).
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Schraodinger-Maxwell equations... 679

Let us suppose that the electromagnetic field is not assigned,’ so that the interaction
between the fields v and (E, H) can be expressed by the rule of minimal coupling, i.e.,
by substituting the ordinary derivatives with the so-called Weyl covariant derivatives
[15]. Under these hypotheses, let us consider the action given by the sum of the
Lagrangian density of ¢ interacting with (E, H), and the Lagrangian density of the
electromagnetic field. If we take solutions of the form

V(x, 1) =u(x, t)e! S/,

we can derive the Euler-Lagrange equation with respect the action. Now, by introducing
the terms p (the charge density) and j (the current density) we can recover the continuity
equation, and two of the Maxwell equations (precisely Gauss and Ampere equations).
Finally, since we are interested in the study of standing waves in the electrostatic case,
we get — after a few algebraic considerations — the so-called Schrodinger-Maxwell
equations:

h2
——Au + ou+qou—|ul’2u=0,
2m

— A¢p = 27tqu2.

The mathematical formulation of the problem, exposed in the previous lines has
a dual purpose. On the one hand, we want to highlight the physical value of such a
model justifying the algebraic steps providing the physical interpretation. On the other
hand, there is no doubt that these kinds of problems, arising from Physics, constitute
a stimulating challenge for their intrinsic mathematical properties.

Indeed, many different questions can be addressed starting from the above equa-
tions, whether with a clear physical meaning or purely mathematical. This scenario
is pretty common, especially in the interdisciplinary domains as the Mathematical
Physics. For all these reasons, in this manuscript we try to combine two different
approaches: one closely related to a physical model and one purely mathematical.
This dual perspective could offer a useful framework for those tackling this type of
problems from both a physical and a mathematical point of view.

More specifically, our plan is to replace the classical Laplace operator A with
mixed local-nonlocal operators, involving the fractional Laplacian. Without going
into technical details, we recall that the introduction of the fractional Schrodinger
equation due to Laskin [19] (who was inspired by the Feynman path integral approach
to quantum mechanics) has paved the way to a prolific field of studies based on various
approaches.

Among other, we want to mention two works regarding the search of ground state
solutions: the first one by Secchi [25], who adopted a variational method based on
minimization on the Nehari manifold, and the second one written by Ambrosio [2],
who considered weaker assumptions (than the Ambrosetti-Rabinowitz condition) for
cases where the potential is 1-periodic or is bounded. At the same time, our choice

3 The case of the assigned electromagnetic field is deeply studied. The interested reader can see e.g. [14]
for the nonlinear Schrodinger equation.
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680 N. Cangiotti et al.

is also strongly motivated by an increasing interest in the study of fractional calculus
per se, as well explained by the authors in [7].

Getting to the heart of the work, we shall deal with generalized Schrodinger-
Maxwell (SM) type systems of the form

%Eau +wu+qPu — [u’>u =0 in R3,

1.2
—A® =2mqu’ in R3, (12

where /2 > 0 is the reduced Planck constant, m > 0 is the mass of the particle, ® > 0,
q € {£1}, and p € (2,2%). Here 2* denotes the classical Sobolev critical exponent
2n

2% =
n —

The operator L, is a mixed local-nonlocal one of the following form

in dimension n = 3, that is 2* = 6.

Lo =L :=—A+a(—A), (1.3)

where @ € R, A denotes the classical Laplacian, and (—A)*, s € (0, 1), denotes the
fractional Laplacian, which we shall introduce in the sequel.

The interest of the scientific community to this type of mixed operators is fairly
recent and it is still strongly developing. Without aim of completeness, we recall
below some pioneering works for the study of local-nonlocal operators, which partially
motivated this study.*

Between 2021 and 2022 Biagi, Dipierro, Valdinoci and Vecchi [4] developed a
systematic study of the superpositions of elliptic operators with different orders (i.e.,
Ly with « = +1), by studying interior Sobolev regularity, boundary regularity of
Lipschitz type, and maximum principles for both weak and classical solutions. They
also focused in [5] on qualitative properties of solutions.

In 2023, Maione, Mugnai and Vecchi [20] started an in-depth investigation about
the properties of the operator £, in bounded domains, by proving the existence of weak
solutions to semilinear boundary value problems and, in the same year, Giovannardi,
Mugnai and Vecchi [18] proved the existence and multiplicity of weak solutions for
a mixed local-nonlocal problem at resonance by introducing the so-called Ahmad-
Lazer-Paul condition. In both papers also negative values of « were allowed. We
refer the interested reader to the results cited in previous papers for further literature
references on the mixed local-nonlocal operators.

To simplify the exposition, we choose g = 1, that is we consider the (SM) type
system

%Eau +ou+ ®u—uP2u=0 in R3,

1.4
—AD = 27u? in R3. (14

Indeed, if (u, @) is a solution of (1.4), then (u, —) is also a solution of (1.2) with
qg=—1.

4 In most cases the operator considered is mixed, but actually constructed by choosing the “right sign” for
the fractional part, letting £, remain positive definite. As far as we know, the first result that also considers
nonpositive definite operators is [20].
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Schraodinger-Maxwell equations... 681

Before stating our main results, it seems appropriate to lay out a short survey of the
existing literature on the topics and some of the motivations that lead us to focus on
the generalization introduced in the system (1.4).

In the recent paper [7], the authors have generalized the Klein-Gordon-Maxwell
type systems (KGM) to the setting of mixed local-nonlocal operators, where the non-
local one is allowed to be nonpositive definite according to a real parameter. They
provided a range of parameter values to ensure the existence of solitary waves in
terms of Mountain Pass critical points for the associated energy functionals. Follow-
ing the existing literature they considered two different classes of potentials: constant
potentials and continuous, bounded from below, and coercive potentials.

This paper keeps the same spirit replacing the Klein-Gordon equation with the
Schrodinger equation. Our aim is to continue on the research line opened by the already
mentioned paper of Benci and Fortunato [6], which has been studied heavily alongside
KGM. Indeed, at the beginning of the 2000s Coclite and Georgiev [10], following the
original work of Benci and Fortunato, proved the existence of a sequence of radial
solitary waves for these equations with a fixed L norm and analyzed the asymptotic
behavior and the smoothness of such solutions.

However, the above papers treated the linear case, while the majority of the results
focused on the nonlinear case, for which important achievements have been obtained
on existence, nonexistence, multiplicity, and stability. Two years later, D’ Aprile and
Mugnai approached to the SM systems considering the theory of Mountain Pass critical
points for the associated energy functional, in order to show the existence of radially
symmetric solitary waves [11] and, moreover, they obtain some non-existence results
based on a suitable Pokhozhaev’s identity [12]. Other impressive existence and nonex-
istence results were provided by Ruiz [24] in 2006, in which he closed the gap of the
previous works linked to the range of the parameter p. Since 2008, many authors
faced the problems of SM type-systems with different kind of potentials. Standing out
among the others the works of Azzollini and Pomponio [3], Chen and Tang [8], and
Zhao and Zhao [27].

The purpose of the present manuscript is precisely to generalize this kind of
results by considering the mixed local-nonlocal operator L, introduced in (1.3). In
a similar context, other recent papers studied the existence of solutions for analo-
gous generalized system of equations. In particular, the case of nonlinear fractional
Schrodinger-Maxwell systems has been addressed by Zhang, do O, and Squassina
[26] through a perturbation approach in the subcritical and critical case.

We can now proceed with the statements of the main results of this paper.

I. Existence results for the Schrodinger-Maxwell equations
We introduce the function ¢ : (0, 1) x (0, 00) — (0, 00), which is defined by
ao(s, 1) == s(1 —5)*"1t!= for s € (0, 1) and ¢ € (0, c0), (1.5)

and we denote the Hilbert space
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682 N. Cangiotti et al.

- V.
DLAR3) = CSO(R3)” 2. (1.6)
where ||V - ||» denotes the L2-norm of the gradient.
Theorem 1 Assume that
2mw
o> —ag| s, ) (1.7)

— If p € (4, 6), then problem (1.4) admits infinitely many radially symmetric solu-
tions (un, @,) € H'(R3) x DM2(RY).

— If p = 4, then problem (1.4) admits a radially symmetric solution (u, ®) €
H'(R3?) x D2(R3).

Il. Existence results for the Schrodinger-Maxwell equations involving a coercive
potential

In the last part of the paper, motivated by the recent literature, we study the following
variant of the Schrédinger-Maxwell system, involving coercive potentials:

%Eau +Vu+®u—|u?2u=0 in R3,

1.8
—A® = 27u? in R3. (1.8)

Here V: R3 — R satisfies:

(V1) Ve CR);
(Va) Vo :=inf g3 V(x) > —00;
(V3) there exists 2 > 0 such that

im |{x € Bp(y) : V(x) <M} =0 forallM > Vj,
[y]—o00

which is trivially satisfied when | l‘im V(x) = oc.
X |—> 00

The space of solutions for u is
W= {u e H'(RY) : / (V = Voyu* dx < oo}.
R3

Clearly W trivially reduces to H'(R3) in the main case.
The second main result of the paper is the following one.

Theorem 2 Assume the validity of conditions (Vi)—(V3).
— If p € (4, 6), then for every a € R problem (1.8) admits infinitely many solutions
(Un, Py) € W x DL2(RY).
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- Ifp=4Vy>0,and
2mVy
o> —a (s, 7) , (1.9)

then problem (1.8) admits a solution (u, @) € W x DV2(R3).

The paper is organized as follows. In Section 2, we outline our main assumptions,
notations, and the preliminary aided further to both cases (I) and (II). In Sections 3
and 4, we shall study the cases (I) and (II), respectively, providing the proofs of
Theorem 1 and Theorem 2.

2 Assumptions, notations, and preliminary results
2.1 Functional setting

We recall that the Sobolev space H'!(R?) is defined by
H' (R = {u e L>(R%) : Vu € L*(R*; R%)},
and it is a Hilbert space endowed with the norm
laliZ,0 o= llull3 + [Vul3 foru € H'(RY).

We denote by .% the Fourier transform, defined for all functions ¢ € S (R3) (the
Schwartz space of rapidly decreasing smooth functions) by

1
F &) = 3
(2m)>

f e &Y g(x)dx for& e R, (2.1
R3

and then extended by density to the space of tempered distributions. By Plancherel
theorem, .% is an isometric isomorphism from L*(R3; C) onto L%(R3; C).

Given any s € (0, 1), the fractional Sobolev space H*(R?) is equivalently defined
by

HY(R?) = {u e L*(RY) : / (1 + [P Fu®)|* dt < oo},
R3
see e.g. [13, Section 3], and it is a Hilbert space when endowed with the norm

lulls = fR3<1 +IEP)Fu@P e foru € H'(RY).
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684 N. Cangiotti et al.

We notice that H! (R?) is continuously embedded into H* (R?) by Plancherel Theorem,
since for all u € H'(R3) we have

/|5|2S|%(5>|2dss<1—s)/ |9u<s)|2ds+s/ &2 Fu)| dg
R3 R3 R3
= (1 — ) l|ul? + sl Vul?.

Let (—A)*u denote the fractional Laplacian of u, which is defined via Fourier
transform for functions ¢ € S(R3) by

(=AYox) = Z71 (P FeE)(x) forx € R,

By Plancherel Theorem, we have

H' R = {u e LR : (=A)iu e L2(R%)
and

lull s = llael3 + 11(=2) 2.
In particular, for all u € H' (R?) and ¢ > 0, we have
I(=A)3ul5 = /R3 €121 Zu@)? dg < (1= )& T Jull3 + sel| Vul3. (2.2)

Therefore, the fractional Laplacian can be interpreted as an operator

(=4 H'RY) - H(RY) := (H'(RY),

defined for all u, v € H*(R?) by
(=) 1, V) s (3 x s (B3 = /3(—A)%u(—A)%vdx.
R\

Remark 1 We recall that the fractional Sobolev space H* (R?) can also be defined via
the Gagliardo seminorm [ - ] 2 as

s 3y . 2R3 |u(x) — u(x)|?
H*(R”) .= {ueL(R s2 /R*./R? =y dxdy < ooy .
Indeed, we have
1
EC(s)[u]fz =/ €17 |.Zu(E)|>de forallu € H*(RY),
, -
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where the constant C(s) is given by

c . l—cos(xl)d -1 3
o= ([, ) e

see e.g. [13, Proposition 3.4 and Proposition 3.6]. In particular, the fractional Laplacian
can be defined for ¢ € S(R?) as

(=AY p(x) = C(s)P.V./ P =W 1o for x € RO,

R |x =yt
where P.V. denotes the Cauchy principal value, that is

oy / u@ —uly) L u) —u) o

RS |x — Y2 T T enot Jiyerd : jy—x(ze) X — yIPTE
and the constant C(s) is the one defined by (2.3).

For the reader’s convenience, we recall the definition of the mixed local-nonlocal
operator Ly, o € R, given in (1.3), that is

Lou = —Au + a(—A)’u.

Here Au denotes the classical Laplace operator, while (—A)’u is the fractional Lapla-
cian. We can then interpret £, as an operator

Lo: H'(RY) — H'(R) == (H'RY),
to which we can naturally associate a bilinear form as follows.

Definition 1 The bilinear form B, : H'(R3) x H!'(R?) — R (associated to the oper-
ator L) is defined, for all u, v € H'(R?), by

By (u, v) :=/ (Vu,Vv)dx—i—a/ (—A)%u(_A)%de
R3 R3
C(S)/ (u(x) —u(y))(vx) —v(y)) dx dy
R3 JR3 ’

2 |x _ y|3+2s

:/ (Vu, Vu)dx + o
R3

Clearly B, is well defined and continuous on H'(R?) x H'(R?).

2.2 Preliminaries for the SM equations

Regarding problem (1.4), the space of solutions for u is H'(R>). We recall that the
embedding H'(R?) < LP(R3) is continuous for all p € [2, 6], being 6 = 2* the
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686 N. Cangiotti et al.

critical Sobolev exponent in dimension n = 3. In particular, for any p € [2, 6], there
exists a constant C, > 0 such that

lull, < Cpllullyr forallu e H'(R?). (2.4)

Instead, the space of solutions for @ is the Hilbert space D'2(R?) introduced
in (1.6), and since in the whole space R the Poincaré inequality does not hold, we
get

HI(R?)) g DI’Z(R3).

In any case, DLE(R3) s continuously embedded into LO(RY), i.e., there exists a
constant Cp > 0 such that

|@]ls < Cpl|VP|, foralld e DV2(RY). (2.5)

We can now introduce the definition of weak solutions of (1.4).

Definition 2 A pair (1, ®) € H'(R3) x DV2(R?) is called a weak solution of (1.4)
if

hZ
—Ba(u,v)—i—/ (0 + ®)uvdx =/ [ul?2uvdx forall ve H'(R?)
2m R3 R3

2.6)

and
/ (VP, V) dx = 2n/ pu’dx forallp € DV2(RY). 2.7
R3 R3

To show that Definition 2 makes sense we state and prove the following result.

Lemma 1 The system is coherent, whether u, v € H'(R?) and @, ¢ € DV2(R3).

Proof Let us show that all the terms in (2.6) and (2.7) are well defined for u, v €
H'(R3) and @, ¢ € D'2(R3?). As observed before, the bilinear form By, is well
defined and continuous on H'(R3) x H!(R?). Moreover, by Hélder inequality, we
have

/ (w+ @)uvdx
R3

< ollul2llvll2 + |I¢|I6|Iull%llv|I15,2 < 00,
and

—1
< ully ™ llvll, < oo

/ [u|?"2uv dx
R3
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for every u, v € H'(R3) and @ € D'2(R?). On the other hand

= IV [2lIVell2 < oo,

/ (VP, V) dx
R3

‘/ ¢>u2 dx
R3

forevery u € H'(R?) and @, ¢ € D2(R?). m|

2
< lIgllsllullyy < oo

It is easy to see that a regular solution of (1.4) is actually a weak solution, according
to Definition 2. As usual, a weak solution of (1.4) can be found by studying the critical
points of the functional F: H'! (R?) x DM2(R3) — R, defined for any (u, ®) €
H'R3) x D2(R3) by

n? 1 ) 1 ) 1 ,
Fu,®):= —DB,(u,u) — — Vo |“dx + = (w+ P)u“dx — — lu|P dx.
4m 8 Jpr3 2 Jr3 p Jr3

We remark that the functional F is Fréchet differentiable on H!(R3) x D!2(R3) and,
forallu,v e H'(R3) and @, ¢ € DV2(R?), we have

52
F(u, ®)[v] = %Ba(u, v) + /M(a) + ®)uvdx — /]1{3 lul?2uvdx,

and
1 1

Unfortunately, as explained in [6] for the classical Schrodinger-Maxwell equations,
the functional F is neither bounded from below nor from above. Moreover, this indefi-
niteness cannot be removed by a compact perturbation. Hence the usual methods of the
critical point theory cannot be directly used. Therefore we look for another variational
characterization of problem (1.4).

Lemma2 For every u € H'(R3) there exists a unique P (u) € DL2(R3), which is a
solution of (2.7). Moreover, we have

(i) @u) > 0inR3 forallu e H (R3).
(ii) ®(tu) = 1@ (u) forallu € H' (R®) and t € R.
(iii) If u is radially symmetric, then @ (u) is radially symmetric.

Proof The proof of the existence and uniqueness of @ (1) and of (i) and (ii) can be
found in [11, Proposition 3.1].

It remains to prove (iii). We recall that a function u: R> — R is radially symmetric,
that is u(x) = v(|x|) for some function v: [0, 00) — R, if and only if

u(g(x)) =u(x) forallg €e O3)and x € ]R3,
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688 N. Cangiotti et al.

where g(x) := Ox, with O orthogonal matrix.
We then fix u € H'(R?) radially symmetric and g € O(3). By the chain rule, the
change of variables formula, and by (2.7), we have

/R (V@) 0 8), V) dx = /R {8V 0 8), V) dx
=/ <V¢<u),V(¢og*1>>dy=2n/ (pog Hutdy
R3 R3
=2n/ ¢(u20g)dx=27r/ du’ dx
R3 R3

for all ¢ € DI2(R?), since ¢ o g~! € DV2(R3) and u is radially symmetric.
Therefore, by the uniqueness of solutions of (2.7), we get that

Pu)og=®w) forallg € OQ3),

that is, @ (1) is radially symmetric. O

Remark 2 The unique solution @ (1) of (2.7) can be also directly computed by convo-
lution with the Newton potential

1
K(x):= —— forallx € R,
4| x|

and it has the form

2
@ (u)(x) = (K % Qru?))(x) = %/w %dy forall x € R>.

As a consequence of Lemma 2, we can deduce some useful estimates for the solutions

of (2.7). Fix u € H'(R?) and let ®, := ®(u) € D"?(R?) be the unique solution
of (2.7). Then,

Fly(u, ®,)[¢] =0 forevery ¢ € D'2(R?)

and, for ¢ = @, we get

/ IV, |* dx =27r/ Duu’ dx. (2.8)
R3 R3

In particular, as a consequence of (2.5), (2.8) and Holder inequality, we get

VD, |3 < 2n||<1bu||6||u||’%Tz <27Cp VP, l2llull%,,

5

which gives

IV@ull2 < 27Cplluli, . 2.9

5
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Finally, by Lemma 2—(i), (2.8), and (2.9), we have
0< / @, u’ dx < 2w C|ullt,. (2.10)
R3 5

This allows us to introduce the following functional, as done in [11].

Definition 3 Fix any function u € H'(R?), let @, € D"2(R?) be the unique solution
of (2.7). We define the functional J: H'(R?*) — R by

2 w ) 1 ) 1
JW) = —By(u, u) + — u dx + — Qu”dx — — lul? dx.
4m 2 Jrs 4 Jr3 p Jr3
2.11)

By the identity (2.8), we have
J(u) = F(u, @,).

Moreover, by standard arguments, the map u« — @, from H L(R3) into DM2(R3) is
of class C'. Hence, the functional J is Fréchet differentiable on H'!(R3) and

J'(w)[v] = Fl(u, ®,)[v] forall u,ve H'(R?),

since Fy, (u, @,)[@,[v]] = 0, that is

hZ
J w)[v] = Z—Bo,(u, v) +w[ uvdx +/ D uvdx —/ [u|”2uv dx
m R3 R3 R3

(2.12)

for any u, v € H'(R3). Therefore, a pair (u, @) € HY(R?) x DM2(R3) is a weak
solution of problem (1.4) if and only if ® = &,, and u is a critical point of J.

Hence, in order to find a solution of problem (1.4) it is enough to find a critical point
of J on H'(R?). This is done be applying an equivariant version of the Mountain Pass
Theorem (see Theorem 3 below), in the case 4 < p < 6, and the original Mountain
Pass Theorem (see Theorem 4 below), in the case p = 4.

In what follows, X denotes an infinite dimensional Banach space and f: X — R.

The following notion of compactness will be required in both cases.

Definition 4 Let f € Cl(X). We say that f satisfies the Palais-Smale condition, (P S)
condition in short, if any sequence (u,), C X such that

— (f(un))n C Ris bounded,
— f'(up) = 0in X' as n — oo,

has a convergent subsequence.
We now recall, for the reader’s convenience, the statements of the Mountain Pass

Theorems which will be used in the paper.
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Theorem 3 ([23, Theorem 9.12]) Let f € C'(X) be an even functional and such that
f(0) = 0. Assume that X is decomposable as direct sum of two closed subspaces
X = X1 & X, withdim X| < oo. Suppose that:

(i) there exist §, 0 > 0 such that
inf £(S, N X2) > 6,
where S, .= {u € X : |lullx = o},

(ii) for any finite dimensional subspace Y C X there exists R = R(Y) > 0 such
that

fw) <0

forany u € Y with |u|lx > R;
(iii) f satisfies the (PS) condition.

Then f has an unbounded sequence of positive critical values.
Theorem 4 ([1, Theorem 2.1]) Let f € C'(X) be such that f(0) = 0. Assume that:
(i) there exist §, 0 > 0 such that
inf £(S,) = 8

(ii) there exists v € X with ||v||x > § such that

f) =0;
(iii) f satisfies the (PS) condition.
Then f has a positive critical value.

We notice that, also using Lemma 2—(ii), the functional J defined in (2.11) is even,
J € C'(H'(R?)) and J (0) = 0. In the next section we prove that a suitable restriction

of J satisfies the assumptions of Theorem 3, when p € (4, 6), and of Theorem 4, when
p=4

In order to prove the the geometric condition (ii) of Theorem 4 for p = 4, it is
convenient to introduce the following compact notation.

Definition 5 Let & > 1 and B, ¥ € R be fixed. For every u € L>(R3) we define
Uy, gy (x) = AYu(hPx) forall x € R,

By definition, u; g, € L*(R®) and, if u € H'(R?), then also u; g, € H'(R?).
Moreover,

F (5. p.)E) = (Fu)s—p.y—3p(E) forallu € L*(R?) and for & € R>.
(2.13)
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The identity (2.13) can be proved forall ¢ € S (R3), by using (2.1) and the change of
variable formula. Then, it can be extended to all u € L?(R>) by density.

In the sequel we gathered some properties of the family of functions u, g, intro-
duced before. A similar result can be also found in [11], but we recall here the proof
for the reader’s convenience.

Lemma3 Let A > 1 and B,y € R be fixed and, for any u € H'(R?), let uypy €
HYR3) be defined as above. Then, for all s € (0, 1), we have

lus gy I3 = 22 3P luli3, (2.14)
IV (3,115 = A2 P || Vull3, (2.15)
[(=A)2us gy |13 = A2 TE=IB) (—A)3u)3. (2.16)

Moreover, if @, and Py,  , are the unique solutions of (2.7), respectively associated
with u and u; g, then

Puspy = (Pulr.p2iy—p)- 2.17)

Proof The identities (2.14) and (2.15) are a consequence of the chain rule and the
change of variables formula.
To derive (2.16), we use (2.13) and the change of variable formula, leading to

I~ 5us 13 = fR E1217 (a6 Pl = W‘% €1 Fu0 o1
= p27 IR / EP | Fu@) P dé = 22+ IB) (- A)su)d.
R3

Finally, let us prove (2.17). Since problem (2.7) has a unique solution @, for every
u e HY(RY) by Lemma 2, it is enough to show that (D,); g2, —p) is the solution
of (2.7) associated with uy g, .

Notice that for all ¢ € DI2(R3) we have that O, —B2y-38 € D'2(R3). Hence,
by (2.7), we derive that

/R (V@) pai-p @), Vo) dx = 2P /R (VP (W x), Vo (x)) dx
= /l;(vq)u()’),v(¢x,fﬁ,2y73ﬂ)()7)>dy
2277/ $r—poy—3p (MU () dy
R3
- 2nA2V‘3ﬁ/3¢(k‘ﬂy)u2(y)dy
R
=2 /RSgb(x)uiﬂ,y(x)dx,

which gives (2.17). O
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2.3 Preliminaries for the SM equations with coercive potentials

As done in [7] for the Klein-Gordon-Maxwell equations with potential V, the space
of solutions for u is defined as

W= {u e H\(R?) : f (V = Vo)u?dx < oo},
R3
endowed with the norm
lullfy = laell3 + 1Vl + /Rgv — Voyu? dx,

while the space of solutions for @ is the Hilbert space DL2(R3) introduced in (1.6).
We recall the following result for W, whose proof follows from [7, Lemma 2.3]
and [7, Lemma 4.1].

Lemma4 Assume (V1)—(V3). Then W is a Hilbert space with respect to || - ||w and
the space C?o(]R3) C W is dense in W. Moreover, the embedding W — LP(R3) is
continuous for all p € [2, 6] and compact for all p € [2, 6).

Similarly to Definition 2, we also introduce the notion of weak solutions of prob-
lem (1.8).

Definition 6 A pair (u, @) € W x DL2(R3) is called a weak solution of (1.8) if
hZ

— By (u, v) +/ (V+ ®)uvdx :/ [ulP2uvdx forall ve W

2m R3 R3

and

/ (VP,V¢)dx = 27r/ du’dx forallp € DV2(RY).
R3 R3

By the same arguments already used in Lemma 1, Definition 6 makes sense, and
every regular solution of (1.8) is actually a weak solution, according to Definition 6.
As done before for the SM equations, we look for weak solutions of (1.8) as critical
points of the Fréchet differentiable functional F: W x D'?(R3) — R defined by

2 1 1 1
Fu, ®) = — By (u, u) — —/ Vo> dx + f/ (V 4+ ®)u?dx — f/ lu|? dx.
4m 81 Jr3 2 Jr3 p Jr3

Since we are again unable to apply the theory of critical points to F, we fix u € W C
H'(R3) and consider the unique solution @, € DL2(R3) of (2.7), given by Lemma 2.
Then, .7-'[]) (u, @,)[¢] = Oforevery ¢ € DL2(R3), and we can introduce the following
functional.
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Definition 7 Fix any function u € W, let ®, € D"?(R?) be the unique solution
of (2.7). We define the functional 7: W — R by

h? 1 5 1 5 1
J W) := —By(u,u) + = Vu“dx + - D u”dx — — |u|? dx.
4m 2 Jgr3 4 Jr3 p Jr3
(2.18)

By the identity (2.8) we have
J ) = F(u, @),

and again the functional J is Fréchet differentiable on W. Moreover, since
Fop(u, @,)[®;[v]] =0, for any u, v € W we derive

T )] = F, (u, @)[v]

h2
= —By(u,v) +/ Vuvdx —I—/ D, uvdx —/ lulP2uvdx.
2m R3 R3 R3

Therefore, a pair (u, ®) € W x D12(R3) is a weak solution of problem (1.8) if and
only if ® = @, and u is a critical points of 7. Thus, to find a solution of problem (1.8),
we search critical points of 7 on W, and this is done be applying Theorem 3, in the
case 4 < p < 6, and Theorem 4, in the case p = 4. Indeed, by Lemma 2—(ii), the
functional J: W — R defined in (2.18) is even, and it satisfies 7 € CY(W) and
J0)=0.

3 The SM equations

To find critical points of the functional J defined in (2.11), we shall restrict it to the
subspace of radial functions

H'(R®) := (u € H'(R®) : u(x) = v(|x|) for any x € R?}.

This (standard) procedure is allowed by the following result.

Lemma5 Under the assumptions of Theorem 1, u € H,l (R3) is a critical point of
J |Hrl (®3) if and only if u is a critical point of J.

Proof The arguments of the proof of [7, Lemma 3.1] apply as well for the functional
J defined in (2.11). O

Lemma 6 Assume the validity of the assumptions of Theorem 1. Then

— when p € (4,06), the functional J satisfies (i) and (ii) of Theorem 3 in X =
H!(R3), with X| = {0} and X, = X;
— when p = 4, the functional J satisfies (i) and (ii) of Theorem 4 in X = Hr1 (R3).
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Proof We divide the proof in two steps.
Step 1. The first geometric condition in Theorems 3 and 4.
We claim that for every p € [4, 6) there exist §, o > 0 such that

inf J(S,) = 6,

where S, 1= {u € Hr1 (R3) : llu|l g1 = o}. Indeed, by (2.2), for any u € Hr1 (R3) and

e > 0, we have
K2 w
B, 1) + Euun%

n y ol 2 — = t2Y o 22
= 1 Vul = S (sellVul + (1 = )¢ ™75 [ul}3) + 5 ul}

h? , , 1 o~ h? s 2
:E(l—a s€) ||Vu||2+E ©—— (1 —s)e T ) lull3,

where o~ := max{—c, 0} denotes the negative part of . Let us consider the following

system

1—a"se >0,
K2 s
¢ (1 —s5)e = > 0.

W —
2m
The first inequality of (3.1) holds whenever

a se <1,

while the second inequality of (3.1) leads us to

: 2mw
o (1 — S)S < 7
Therefore, the system (3.1) is satisfied when either «™ =0 or @™ > 0 and
1 1—s hz I=s 1=
— 5 Ty s Ol_ s 1
(1-97 ( )H( ) e L
Q2mw) s o s

We recall that « satisfies (1.7), then by exploiting (1.5) we immediately get
2 1—s
a < (%) (1 — sl
Thus, there exists g9 € (0, o0) such that
2 —2 s

= — {0 —-a" 0 d =w—
c1 2m( o~ sey) > and ¢ w o
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Hence we get
2

_B u,u + —|lu nycy, ¢ u . 33
o 2 ) 2 1 2 H!

Therefore, by also using Lemma 2—(i) and (2.4), for any u € S, we deduce
sy =" By + 2 B+ [, @ dx = -l
u—4mau,u 2u2 2 Jos WU dx pup

. 2 Choop
25 minfer, exblulyy = =" uly,

p

I
=5 min{ci. ¢2} - 0> — =% - of

o1 . o
=0" | 5 min{cy, c2} — —=- 0" | > 0,
2 P
where the last inequality holds for

e
pmin{cy, 2} \ "
< _— .
¢ 2C7

Thus condition (i) is satisfied for both Theorems 3 and 4.

Step 2. The second geometric condition in Theorems 3 and 4. We consider two cases.

Case 1. For p € (4, 6), we fix a finite dimensional space Y C Hrl (R andu €Y.
By the continuity of By, (2.2), (2.10) and (2.11), there exists a positive constant

K > 0 such that

b4 1
Jw) < Klul?, + S Chllult, — —llulh - —oo
2 5 p
as ||u]| g1 — oo, since on Y all norms are equivalent. Therefore, (i7) of Theorem 3 is
satisfied for p € (4, 6).

Case2.Let p =4 and, forevery A > 1, 8,y e Randu € H,1 (R3), let uy g, be as
in Definition 5. We first remark that, by a simple change of variable, we get

/R% By, 5, U5 5, dx = A4V—5ﬁ/ D utdx and |lus gy N3 =AY P ully.

R3

Then, also using Lemma 3, for any u € Hr1 (R3) \ {0} we have

T py) <220 B vl + I 223 )b
sﬁvy —4m 2 4m 2

w B 1 _ 1 _
SR 0 [ ol -
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We want to prove that J (1, g,,,) < 0 for some suitable choice of A > 1and 8, y € R.
For example, if we assume the validity of the following system

4y —38 > 0,
4y =3B >4y — 58,
4y — 38 > 2y — 38, (3.4)

4y —3B8 > 2y +2sB — 3B,
4y =38 >2y — B,

then J(uy g, ) — —0o0 as A — oo. We then look for couples (B, y) satisfying (3.4).
From the third inequality, we must take y > 0. The second and the fifth inequalities

imply

0<=—<1,
14

which is satisfied for y = 28. This choice satisfies also the first and the forth inequal-
ities, being s € (0, 1).
Notice that, by Lemma 3, we have

lun gl = AP lull3 + 2| Vul3 — oo as A — oo,

therefore condition (ii) of Theorem 4 is satisfied for p = 4. m]

Lemma 7 Under the assumptions of Theorem 1, the functional J | HI(R3) satisfies (iii)
in Theorems 3 and 4.

Proof Let us fix a (PS) sequence (u,), C H!(R?). Then, by Definition 3, (2.12)
and (3.3), for all p € [4, 6) we have

pJ(uy) — J/(un)[un]

= (2-1) (%Ba(un, n) +w||un||%> +(5=1) [ #uiiax

3.5)
P n? (
Z (5 — 1) (ﬁBa(Mn» un) +w||un”%>

p .
> (£ — 1) minfer. co}lua 3.

where ¢; > 0 and ¢, > 0 are the two constants defined in (3.2).
Since (J (1)), is bounded in R and (J'| 1 r3)(n))y is bounded in (H!(R?))Y,
being (1), a (PS) sequence, there exist two positive constants K, K5 such that

J(uy) < Ky and |J (un)[un]l < Ks||upl g1 forany n € N. (3.6)
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Hence, by (3.5) and (3.6), we get
PK + Kalluy g1 = (5 — 1) minfer. bl forany n € N,

which implies that (u,), is bounded in H!(R?).

Therefore, there exists a subsequence, not relabeled, and u € Hrl (R3?) such that
(un)n converges to u weakly in H,1 (R3), strongly in L” (R3) for any p € (2,6), and
a.e. in R3. To conclude, we show that the convergence in H,1 (R?) turns out to be
strong.

By (2.9), the sequence (®,,), C D'?(R?) is bounded in D'2(R?), being (u,),
bounded in H,l (R?),and 2 < ],5—2 < 6 = 2* (see Lemma 1 for further details).

Moreover, by (2.12) and (3.3), we have

h2
: 2 2
min{cy, c2}flup — ully < %Ba(un —u,up —u) + olluy —ully

= J (up)ln — ul — J' )y — u]

3.7
—/ (Py, un — Pyu)(uy, —u)dx 7
R3

4 / (tnl 210 — ]P0 1t — ) dx.
R3

Since (J'(uy)), strongly converges to 0 in (Hr1 (R?)) and (u)n weakly converges
tou in Hr1 (R3) as n — o0, the first two terms on the ri ght hand side of (3.7) converge
to 0 as n — oo. Moreover, as in Lemma 1,

‘/3<¢unun — @)y — ) dx| = (1w, lsllunll 2 + 1 @ullslell 2 ) luw = ull 2
R J R

p—1 p—1
= (”un”p + ”un”p Mun —ullp,

/H; ol — [l 72u0) = w) dx

that is,
‘A@(dmnun — ®uu)(u, —u)dx| — 0,
‘/Rs(lu,ﬂp—%n — )" 2u) (uy — u) dx| — 0,
as n — o0, and the thesis follows. i

We can now conclude this section by collecting all the results given in the previous
lines to prove Theorem 1.

Proof of Theorem 1 The proof follows by Lemmas 5-7 and by Theorems 3 and 4. O
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4 The SM equations with coercive potentials

In order to prove that, for p € (4, 6), the functional 7 defined in (2.18) satisfies the
geometric conditions (i) and (ii) of Theorem (3), we use arguments similar to those
in [7, Section 4]. We introduce a new operator Ly v : W — W/, defined by

h2
Lovu=—Lyu+Vu forueWw.
2m

As done in Definition 1, we can naturally associate to L,y a bilinear form B,y : W x
W — R, defined by

h2
Ba,v (U, v) == — By (u, v) —i—/ Vuvdx forallu,v e W.
2m R3

We remark that 3,y is continuous on W x W and, by (2.2), for all & € R there exists
a constant i = u(s, o, Vp) > 0 such that

1
Bo.v(u, u) + pllul3 > §||u||%v forallu € W. 4.1

Since, by Lemma 4, the embedding W — L2(R3) is continuous, dense, and compact,
we can apply the spectral decomposition result given in [7, Proposition A.4]. Hence,
there exists an increasing sequence (Ag)x of eigenvalues of £, v satisfying

— U <A <A <o <A —> 00 as k — oo.

Moreover, for all k € N, the eigenvalue A; has finite multiplicity and there exists a
sequence of eigenvectors (ex)r C W, corresponding to (Ax)x, which is an orthonormal
basis of L2(R>). We define the spaces

H, := {0},
Hy = span{ey, ..., ex—1} C W forallk > 2,

and
IP’] = W,

szz{ueW: ueijforalljzl,...,k—l} for all k > 2.

R3

Then W is decomposable as the direct sum of these two closed subspace, that is as
W = Hy @ Py forall k € N, withdim H, =k — 1 < 0o, and

B 5
A = min L”ZL‘) (4.2)
wePA©O) (|2
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Let kg € N be such that
Ay > 0. 4.3)
In view of (4.1) and (4.2), there exists a constant ¢y = co(s, o, V) > 0 satisfying
Bo.vu,u) > collull?, forall u e Py,. (4.4)
Indeed, for all u € Py, by (4.1) and (4.2) we have

By (u, u) = By y (u, u) + pllul3 — mlul3

H 2
=|1- By su) +
( Ak0+u>< V) + plul)3)

M 2 2
+ <B u,u) + ulju )— u
<)»k0+u) o, v, u) + pllully ) — wllullz

2
= co llully

where ¢ := % (1 - )vkoL“‘H)

Lemma 8 Assume the validity of the assumptions of Theorem 2. Then

— when p € (4, 6), the functional J satisfies (i) and (ii) of Theorem 3in X = W,
with X1 = Hy, and Xo = Py,, where Ly, is given by (4.3);
— when p = 4, the functional J satisfies (i) and (ii) of Theorem 4 in X = W.

Proof We divide the proof in two steps.

Step 1. The first geometric condition in Theorems 3 and 4. We consider two cases.
Case 1. Let p € (4, 6), and let us prove the validity of (i) in Theorem 3. By (2.18)
and (4.4), for all u € X, = Py, we have

1 1 cw Cp -2 2
J(u) = EBa,v(u,u)—;Ilullﬁ > (E—FIIMIIPW lluelly
where C), > 0 is the constant satisfying
lullp < Cpllullw forall u e W. 4.5)

Hence, as in Lemma 6, there exist §, o > 0 such that
inf 7(S, N X3) > 6,

where S, :={u e W : |lullw = 0}.
Case 2. Assume that p = 4. We claim that there exist §, o > 0 such that

inf 7 (S,) > 8.
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Indeed, by (2.2), for any u € W and ¢ > 0 we have

th( )+1/V2d
g T A
2 —32

i) s o h
—IVull3 -
4m 4m

hz _ 2 1 0[752 _ s 2
i (1 —a™se) | Vull; + 3 (1 — 2mvo(l —5)e 1s> /RSVM dx.

v

2 - 2 1 2
(s€||Vu||2 F (1 —5)e TS ||u||2> +— | vilax
2 R3

v

Let us consider the following system

1—a"se >0,
a h? (4.6)

1— 1—s)e 75 > 0.
2mVo( s)e >

As in the proof of Lemma 6, we derive that the system (4.6) is satisfied when either
a” =0ora™ > 0and

1—s 1—s 1—s
1 _ e 2 K - K
( S) (h ) (a ) < E< —1 .

QmVy) = a”s

Since « satisfies (1.9), which implies

there exists g9 € (0, 0o) such that

2 Ol_hz 7%
=—{0—-a 0 d =1- 1-— = >0.
c1 2m( o~ sgg) > and ¢ 2mV0( 5)€g >

Hence we get

v

2 1
—Ba(u,u)+/ Vu?dx > = min{ci, ¢2} ||Vu||§+/ Vu?dx
2m R3 2 R3

1 .
5 minfcr, e} min{l, Volllull,.

4.7

v
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Therefore, by using also Lemma 2—(i) and (4.5), for any u € S,, we have

h? 1 ) 1 ) 1oy

j(u): EBO((M,M)"‘E - VM dx+Z 3 ¢MM d.x—z||l,£”4
1 2 2 4
= 5 minfer, copmin{l, Vol ully — 7= llully

21 . . Ci
=0 Emln{Cucz}mln{l,Vo}—T'Q >0,

where the last inequality is given by eventually setting

2 minfer, ¢2) min{1, Vo) 2
< .
Cyp*

Therefore, condition (i) is satisfied also for Theorem 4.

Step 2. The second geometric condition in Theorems 3 and 4. To prove (i) we consider
again two cases.

Case 1. Let p € (4, 6) and let us prove (ii) of Theorem 3. By (2.2) and (2.10), there
exists a constant K > 0 such that, for all finite dimensional space Y C Wandu € 7Y,
we have

b4 1
Tw) = Klully + FCplullly = Zlhully — —oo

as |lu|lw — oo, since all the norms are equivalent.

Case 2. Let p = 4. To prove (ii) of Theorem 4, we fix u € C?O(R3) \ {0}, > 1,and
B,y € R, and consider u, g, , introduced in Definition 5. We notice that u, g, €
Ccx (R3) ¢ W and fix L > 0 such that suppu € By (0). Hence, by Lemma 3, we have

h? 2y—B 2 atn? 2y+258-3p o2
T (s, p,y) < E’\ Vullz + W)\ [(=A)2ull;

1 1
- —W—”/ VO 0l dx + —/\4V—5ﬂ/ ®,u’ dx
2 B (0) 4 R3

1 4
_ LA 38,04
7 llelly

n? 2y—B 2 ath? 2y+258-38 s
< EA IVull5 + W)» [(=A)2ull5
VL, oy—3p, 2, L ay—3p 2 14y 3, 4
+ =2 lulls + <A Duu”dx — —A lluelly,
2 4 R3 4

where Vi := maxyep, ) V(x). We want to prove that J(u; g,,) < 0 for some
suitable choice of A > 1 and 8, y € R.

For example, if we assume that (3.4) holds, then we derive that 7 (1) g,,,) — —00
as A — o0. The proof can then be completed exactly as the proof of Lemma 6. O
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Lemma9 Under the assumptions of Theorem 2, the functional J satisfies (iii) in
Theorems 3 and 4.

Proof Let us fix a (PS) sequence (u,), C W. Then, for all p € [4, 6) we have

pJ (uy) — j/(un)[un]

p h? p
> <§ — 1) (%Ba(un, Uy) ~|—/R3 Vuﬁ dx) + (Z — 1) ,/R3 Q)unuﬁ dx

= (5 = 1) Bay (. ).

We distinguish between two possible cases.
Case 1 Let p € (4, 6). Then, by (4.1),

P () = T w)lu] = (5 = 1) Bayy ) = di ey = ol 3,

where
dy :=1<£—1) and d> :=u(£—1).
2\2 2
Assume, by contradiction, that |lu,|w — oo and define w, := —=— foralln € N.

[
Since ||w,||lw = 1 foralln € N, by Lemma 4 there exist a subsequencué, not relabeled,

and a function w € W such that, as n — oo, (w,), converges to w weakly in W and
strongly in L?(R3) for all p € [2, 6). In particular, since

pJ (uy) _ T (wn)[unl 50

2
di — daflwall; = 5 5
”un”W ”un”W

as n — 00, we have
d
lwi3 > = > 0.
dr
On the other hand, by (2.10) and (2.18), for all n € N we have
1
5

1 1 T
;uunui < 5 Bay (. n) + EC%)nunn‘t — T ().

Therefore, since (u;), is a (P.S) sequence, there exist constants d3, ds, ds > 0 such
that

4
1 1V Bay Gnoun) 1 o el 7))
0 < —llwallp < 5=+ =Ch— -
P 2wl 2 Pl T Tl

d3 dy ds

+ +
- p—2 p—4 p
llun [y llunllyy ll2en Iy
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as n — oo, being p > 4. Hence w = 0, which leads to a contradiction. Thus
(un)n C W is bounded for p € (4, 6).
Case 2. Let p = 4. Then, V) > 0 and « satisfies (1.9). Therefore, by (4.7), we have

P () = T )] = (5 = 1) Bayy ()

> (£ = 1) minfer. o) min(1, Vo) a1y

Since (J (1)), is bounded in R and (J'(u,)), is bounded in W', being (u,), a (PS)
sequence, there exist two positive constants K, K> such that

Jun) = K1 and | T (up)lunll < Kallugllw  forany n € N. (4.8)

Hence, by (4.7) and (4.8), we get
pKi + Kallugllw = (5 = 1) minfer, ca} min{1, Vo), |, for any n € N,

which implies that (i), is bounded in W.
Therefore, there exist a subsequence, not relabeled, and u € W such that (u,),
converges to u weakly in W, strongly in L?(R?) for any p € [2, 6), and a.e. in R3.
To conclude we show that the convergence in W turns out to be strong. By (2.9), the
sequence (Py, ) C D'2(R?) is bounded in D2 (R?). Moreover, by (4.1), we have

1
Sl = wll3y < By, un) + pllun — ull3
= T )ty — ul — T @) [uy — ul + wllu, — ul3

_/ (Dy, un — Pyu)(uy, —u)dx (4.9)
R3

+/ (ln |21 — |~ %u) (uy — u) dx.
R3

Since J'(uy) = 0in W/, up,—u in W, and u,, — u in L2(R3) as n — oo, it follows
that the first three terms in the right hand side of (4.9) converge to 0 as n — o0.
Moreover, as n — o0

‘ /R @ty — Py — ) dx

= (I, lsllall 2+ I@ullsall 2 ) 1w = 2= 0,

p—1

-2 -2 -1
‘/3(Iun|” n — ulP 2wy p — w)dx| < (lunlly + lunlly” llun — ull, — 0.
R

Hence the thesis follows. O

We now conclude this section by collecting all the results given in the previous
lines in the proof of Theorem 2.

Proof of Theorem 2 The proof follows by Lemmas 8-9 and by Theorems 3 and 4. 0O
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