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KFP operators with coefficients measurable in time and Dini
continuous in space

S. BIAGI, M. BRAMANTI{ AND B. STROFFOLINI

Abstract. We consider degenerate Kolmogorov—Fokker—Planck operators

mo N
Lu = Z ajj(x, t)B)%[_x/_u + Z b jpxydxju — Opu
ij=1 ’ k,j=1
mo
= Z ajj(x, t)afixju +Yu
i,j=1

(with (x, 1) € RNl and 1 < mg < N) such that the corresponding model operator having constant a;; is
hypoelliptic, translation invariant w.r.t. a Lie group operation in RN+ and 2-homogeneous w.r.t. a family of
nonisotropic dilations. The matrix (a; j)zlj.):] is symmetric and uniformly positive on R0 The coefficients
a;; are bounded and Dini continuous in space, and only bounded measurable in time. This means that,
setting

(i) S =RN x (=00, T),

(D) of 5, (r) = sup [f G, 0) = f(y. 0l
(x.0).(y.0)EST
lx=yll=<r

i) I sy =/0

Lawrg. (r)
1St
————dr + 0

p r+ 1 fliLeo(sy)

we require the finiteness of |la;; ||l p(s;)- We bound Ouyix; ST ||“X,'Xj lLoosyy G, = 1,2,...,mp),
oyy Sy 1Y ullpoo(sy) interms of Wy, 575 ||£“”L°°(ST) and [lullLoo (54, getting a control on the uniform
continuity in space of uy;x iz Yu if Lu is bounded and Dini-continuous in space. Under the additional
assumption that both the coefficients a;; and Lu are log-Dini continuous, meaning the finiteness of the
quantity

la) S (I)
f.5T
71() r di,

we prove that uy; x j and Yu are Dini continuous; moreover, in this case, the derivatives uy; x j are locally
uniformly continuous in space and time.
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1. Introduction and statement of the main result

In this paper, we will be concerned with Kolmogorov—Fokker—Planck (KFP, in short)
operators of the form

mo N
Lu = Z a,-j(x,t)afixju + Z bjxxpdeu — du,  (x,0) e RV (L1)
i,j=1 k,j=1

where 1 < mg < N. The first-order part of the operator L, also called the drift term,
is a smooth vector field which will be denoted by Y'; more explicitly,

N
Yu= " bjxidyu— dgu. (1.2)
k,j=1

Points of R¥*! will be sometimes denoted by the compact notation
=0, n=1(,s).

Given T € R, we set
St =R x (=00, T).

We will make the following assumptions on L:

(H1) Ap(x, 1) = (a;j(x, t))?f}’zl is a symmetric, uniformly positive matrix on R0 of
bounded measurable coefficients, defined in R¥+1: more precisely, there exists
a constant v > 0 such that

mo

vl < Y @, Hvivy < vl
i (1.3)

for every v € R, x € RY and ae.? € R.

The coefficients will be also assumed to be Dini continuous w.r.t. x, uniformly
w.r.t. t. This assumption will be specified later (see Definition 1.2 and assumption
(H3)), since it requires some preliminaries.

(H2) The matrix B = (b; j)f\’/ =1 satisfies the following condition: for mq and suitable

positive integers m, . .., my such that
mo>my>...>mp>1 and mo+m;+...+mp =N, (1.4)
we have
0O 0...0O0
B O .........
B=105B...0 O (1.5)
O O0O...B. O

where Bj isanm; x m;_ matrix of rank m; (for j = 1,2, ..., k).
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To the best of our knowledge, the study of the KFP operators has a long history
which dates back to the 1934 paper by Kolmogorov [10] on the Theory of Gases. In
this paper, Kolmogorov introduced the operator

K=A,+ (u,V,)—09, withu,veR"and? € R,

which can be obtained from (1.1) by choosing

N=2n mo=mi=n Aj=Id . B:<©n@">-

Id, O,

It should be noticed that, since my < N, the operator K is not parabolic; however,
Kolmogorov proved in [10] that K is C*-hypoelliptic in R*" by constructing an
explicit smooth fundamental solution. The (global) C°°-hypoellipticity of the operator
IC is cited by Hormander as one of the main ‘inspiration’ for his celebrated work [7]
on the hypoellipticity of the sums of squares of vector fields (plus a drift), of which
the KFP operators with constant coefficients a;, ;’s are a particular case.

After the seminal paper by Hormander, the KFP operators with constant coefficients
have been studied by many authors, and from several point of views; in particular, at
the beginning of the ‘90s’ Lanconelli and Polidoro [11] started the study of constant
coefficients KFP operators from a geometrical viewpoint, showing that these operators
possess a rich underlying subelliptic geometric structure. More precisely, they proved
that the mq + 1 vector fields

N
X1 =0y Xy = 0y, Y = ) bjixidy; — 0y
k,j=1
(on which the KFP operators (1.1) are modeled) satisfy the following properties:
(@) X1,..., Xmy, Y are left-invariant on the Lie group G = (RN *1, o), where the
(non-commutative) composition law o is defined as follows

y,)ox,t)=x+E@®)y, t+5)
O, 8)"' = (—=E(=s)y, —9),

and E(t) = exp(—tB) (which is defined for every ¢ € R since the matrix B is
nilpotent). For a future reference, we explicitly notice that

() o, t)=(x—E@{t—s)y, 1 —5), (1.6)

and that the Lebesgue measure is the Haar measure, which is also invariant with
respect to the inversion.

(b) X1, ..., X, are homogeneous of degree 1 and Y is homogeneous of degree 2
with respect to a nonisotropic family of dilations in RV *!, which are automor-
phisms of G and are defined by

D) (x, 1) = (Do) (x), A%1) = W 'xy, ..., AN xn, A21), (1.7)
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where the N-tuple (¢1, ..., gn) is given by

@1sosgn) =1, 1, 3,000,302k + 1, ..., 2k + 1),
——— N——

mo mi my

The integer
N
Q=) q4i>N (1.8)
i=1

is called the (spatial) homogeneous dimension of RN, while Q + 2 is the homo-
geneous dimension of RV*!. We explicitly point out that the exponential matrix
E (1) satisfies the following homogeneity property

1
EQ2t) = DO(A)E(t)Do(X), (1.9)

for every A > O and every r € R (see [11, Rem.2.1.]).
(©) Xi1,..., Xy, Y satisfy the Hormander Rank Condition in RN+

Through the years, many Authors have studied KFP operators with variable coef-
ficients a;; (x, t), modeled on the above class of left invariant hypoelliptic operators.
For instance, Schauder estimates on bounded domains have been investigated first
by Manfredini [14], and later by Di Francesco—Polidoro in [6] under more general
assumptions, assuming the coefficients a;; Holder continuous with respect to the in-
trinsic distance induced in R¥*! by the vector fields dy,, -0, » Y. With regards to
Schauder estimates for KFP operators, the reader is referred also to the papers by
Lunardi [13], Priola [17], Imbert—-Mouhot [8], Wang—Zhang [18], and the references
therein. Also, continuity estimates on uy;,; under a Dini continuity assumption on a;;
and Lu have been proved by Polidoro, Rebucci, Stroffolini in [16].

Recent contributions from the field of stochastic differential equations (see e.g. [15])
suggest the importance of developing a theory allowing the coefficients g;; to be rough
in ¢ (say, L*°), and uniformly continuous (for instance, Holder continuous) only w.r.t.
the space variables. The Schauder estimates that one can reasonably expect under this
mild assumption consist in controlling the Holder seminorms w.r.t. x of the derivatives
involved in the equations, uniformly in time. These estimates are sometimes called
“partial Schauder estimates”. Similar results can be expected when Holder continuity
is replaced by Dini continuity. Results of this kind (in the Holder case) are well-
known for uniformly parabolic operators (see [4,9], and more recent papers quoted
in the references in [1]). Also, in the parabolic case, it is known that u,, ; satisfy a
continuity estimate in time, under the same assumptions of continuity in space of a;;
and Lu. Partial Schauder estimates for u,, i Yu, together with local Holder continuity
in the joint variables, have been recently proved by the first two of us in [1]. Partial
Schauder estimates for degenerate KFP operators have been proved also in the recent
paper [5] by Chaudru de Raynal, Honoré, Menozzi, with different techniques and
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without getting the Holder control in time of second order derivatives. We also quote
[12], by Lucertini, Pagliarani, Pascucci, dealing with the construction of a fundamental
solution for KFP operators with coefficients Holder continuous in space and L in
time.

In this paper, we address the problem of proving uniform continuity estimates w.r.t.
the space variables on uy, > Yu, assuming a;; and Lu to be Dini continuous w.r.t.
the space variables, uniformly in t. We prove an estimate of this kind, which, in turn,
implies the (partial) Dini continuity of uy,;, Yu under the stronger assumption that
a;j and Lu are log-Dini continuous w.r.t. the space variables, uniformly in ¢ (for the
precise statement, see Theorem 1.6). These results are consistent with those proved in
[16] when a;; and Lu are Dini-continuous in the joint variables. Moreover, under the
same stronger assumption of log-Dini continuity of a;; and Lu, we prove a bound on
the modulus of continuity in the joint variables for uy,;, analogously to what happens
in the Holder case. (For the exact statement, see Theorem 1.7).

Statement of the main result. In order to introduce the function spaces and the quantities
which will be involved in the statements of our results, we need to introduce some
metric notions. First of all, the system

X = (X1 Xy, ¥)

induces in a standard way a (weighted) control distance dx in R¥*!, which is left
invariant w.r.t. the group operation o and jointly 1-homogeneous with respect to D ().
As a consequence, the function px (&) := dx (£, 0) satisfies

(1) px (1) = px(§);
(2) px(§ on) < px(§) + px(m).
(For these and related basic notions on Hérmander vector fields, we refer to [2, Chaps.

1-3]). In addition, since dyx is a distance, we also have

(1) px(§) > 0and px(§) =0 & § =0;

(2) px(D(1)E) = rpx (§),
and this means that px is a homogeneous norm in RN+ We then notice that, owing
to the explicit expression of D(A) in (1.7), the function

N

pE) = p(x, 1) = llx+ Vil =Y bl V4 + /i (1.10)

i=1
is also a homogeneous norm in RN*!, and therefore, it is globally equivalent to the
norm px. As a consequence, the map

dE m) = pn~' o&) =x — Et =)yl + /It — ] (1.11)

is a left-invariant, 1-homogeneous quasi-distance on RN, More precisely, there
exists ¥ > 1 such that

dE,n) <k(dE ) +dm, )  YEn ¢ eRVT (1.12)
dE,n) <kdmn,& VE&neRVTL (1.13)
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The quasi-distance d is globally equivalent to the control distance dx; hence, we
will systematically use this quasi-distance d in place of dx. We refer the reader to
Sect. 2 for several properties of d which shall be used in the paper.

Using the quasi-distance d, we now introduce the relevant spaces of functions to
which our main result applies.

Definition 1.1. [Holder continuous functions] Let 2 € RV be an open set, and let
a € (0, 1). Given a function f : Q@ — R, we introduce the notation

|f (&) — f(l
d&,ne

Accordingly, we define the space C*(£2) as follows:

Iflca(sz)=5up{ ZE,UGQade#W}-
CH(Q):={f e CQONLPE Q) : |flce) < o0}
Finally, on this space C“(2) we introduce the norm

I fllce == I fllLe@ + | flce(w)-

Definition 1.2. [Partially Dini and log-Dini continuity] Let €2 be an arbitrary open set
in RV*! and let f € L®(). For every r > 0, we set

wre(r) = sup  |f(x, 1) — f(y 0l

(x,1),(y,1)eR

lx—yl=<r
We then say that
(1) f is partially Dini-continuous in 2, and we write f € D(R), if
1
/ wre® o (1.14)
0 r

(ii) f is partially log-Dini continuous, and we write f € Diog(£2), if

1
/ 0120 oo ridr < oo, (1.15)
0 r

If f € D(Q), we define

Yora(r)
[ flp) = . dr and | flip@) = I1fllr=@ + |flD©)-
0

Remark 1.3. Let @ € RN*! be an open set, and let f € Dig(£2). We will see in
Sect. 2 that the following functions are well-defined moduli of continuity (that is,
non-decreasing functions on (0, co) vanishing for » — 07):

r oo
M) =wf,g(r)+/ wf’f(s) ds—i—r/ ‘”fﬁ(s) ds; (1.16)
0 r

Nf,sz(”)=./\/lf,52(r)+/ Mds+r/ st. (1.17)
0

r
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Furthermore, given any p > 0, we will see that also the functions

e rlizl wra(s)
zqguyzﬁwemi(ﬁ —fr—dgdz (1.18)
3 Iz M o (s)
Vlffg(r) ZAN(? ”|Z|2</0 —f;z ds)dz (1.19)

are well-defined on the interval (0, co). The continuity estimates appearing in our
main results, namely Theorems 1.6—1.7, will depend on these functions.

Definition 1.4. Given any number T > 0, we define S°(S7) as the space of all fun-
ctions u : S — R satisfying the following properties:

() u € C(S7) N L¥(S7);

(i) for every 1 < i, j < mo, dx,u, 85 u € L™(ST);

(iii) Yu € L°°(St)
(in the above (ii)—(iii), the derivatives dy,u, Bfixju and Yu are intended in the sense
of distributions). For every fixed t < T, we also define

SO, T) = {f € §%(Sr) : supp(f) C RN x (z, T)}.
Finally, we define S D(Sr) as the space of functions u € S9(S7) such that

oy U, 3)%,-x,-” € D(St) (fori,j=1,2,...,mg) and Yu € D(ST).

Remark 1.5. If u € S°(S7) then u and Oy Uy ey Oy U belong to C* (St) for every
a € (0, 1). A quantitative estimate on these Holder norms is proved in Theorem 2.20
[1], under the assumption of Holder continuity (w.r.t. x) of a;; and Lu, while in our
main result (Theorem 1.6) this will be proved under the assumption of partial Dini
continuity of a;; and Lu.

We are now ready to state the main results of this paper.

Theorem 1.6. (Global continuity estimates) Let L be an operator as in (1.1), and
assume that (H1), (H2) are satisfied. In addition, we assume that

(H3) a;j € D(RN"'l)for every 1 <1i,j < my.
Then, for every 1 < i, j < mg, every T > 0 and o € (0, 1) there exists a constant

¢ > 0, depending on T, o, the matrix B in (1.5), the number v in (1.3) and on the
number

A=37"_0 laijllpgy+y (1.20)
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such that the following estimates hold for every u € S (St):

mo
@) Z 192, ull Loy + 1Y el Loogsyy + Y 10 ullcasyy + lullcecsy)
hk=1 i=1

< C{IIEMIID(ST) + llullLoocsp) }

(ii) Z 052 sy (1) + 0y ()

h.,k
<c {Mﬁu sp(er) + (Ma,sp (cr) +r*) (1 Lullpesy + llullosy) -

Here, My s, = Z,m;’ | May; s and M. s, is as in (1.16).
In particular, the functions axmu (h,k =1, ...,mg), Yu are partially Dini contin-

uous if both the coefficients a;; and the function Lu are partially log-Dini continuous.

It is worthwhile noting that the full H6lder norms of the lower order terms u, dy,; u
(i =1,2,...,mp) can be bounded assuming the partial Dini continuity of Lu and the
coefficients a;;. In particular, any function in & D(S7) has this regularity property.

Theorem 1.7. (Continuity estimates in space-time for 8)%[_ ;W) Let L be an operator

as in (1.1), and assume that (H1), (H2) are satisfied. In addition, we assume that
(H3)’ a;; € Diog(RNTY) for every 1 < i, j < my.

Then, for every 1 < i,j < myg, every —o00 < t < T, every a € (0, 1) and every

compact set K C RN there exists a constant ¢ > 0, depending on K, t, T, « and v,

such that

|05 u (o1, 11) = 35 ez, 1)
< e Newsr(en) + Vi, 5, (Vi —1l) (1.21)
+ (Nausr @)+ Vg, (ev/in = 2al) +7%) (1ullmisy) + Nullzecsn) |

foranyu € SP(S7) with Lu € Diog(ST) and any (x1, t1), (x2,02) € K x [t,T]. In
the above estimate, we have used the notation

r=d(x1, 1), (x2, ) + |t1 — 1]/

where qn > 3 is the largest exponent in the dilations D()), see (1.7); in addition,
wo_ NTmo "
a Sr = Zl Jj= lNatj St> Va,ST - Zi,j=1 Vu,'j,ST’

and N, St V_’f s, are as in (1.17)—(1.19), respectively (and v > 0 is a constant only
depending on v).

More explicit bounds on the functions U/* (r), V** (r) appearing in (1.21) will be
given in Proposition 2.13.
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Remark 1.8. (Dependence of the constants) Throughout the paper, we will call ‘struc-
tural constant’ any constant ¢ > 0 only depending on the matrix B and the ellipticity
constant’ v. Notice that the matrix B encodes in particular the numbers N, Q, g;, m;,
k, and the functions dy, px, d, p. Any other dependence will be specified.

Structure of the paper. Let us now briefly explain the strategy we follow to prove
our a priori estimates. As in the classical Schauder theory, the operator with variable
coefficients is seen as a small local perturbation of the constant one obtained by
freezing the coefficients g;; at some point ()_c f). In our context, since the coefficients
are not continuous in #, we can only see our operator as a small local perturbation of
the operator with coefficients only depending on ¢, obtained by freezing the a;; (-, t)
at some point X. Therefore, our model operator is the one with bounded measurable
coefficients a;; (1):

mo N
2
Lu = E aij(t)ax[_xju + E b jkXkOx,u — Orut.
ij=1 k,j=1

So, the starting point of our strategy is a careful study of the operator £ with bounded
measurable coefficients a;; (). For this operator, an explicit fundamental solution has
been computed and studied by Bramanti and Polidoro in [3]; more properties and
sharp estimates for this fundamental solution have been established in [1]. In Sect. 2,
after recalling some known facts about the metrics (Sect. 2.1) and establishing some
preliminary results on the Dini-type function spaces (Sect. 2.2), in Sects. 2.3 and 2.4
we recall some results proved in [1,3] about the fundamental solution of the model
operator with coefficients g;; () and some interpolation inequalities for Holder norms.

In Sect. 3 we keep studying the model operator with coefficients only depending on
1. We first establish representation formulas for u and uy,; in terms of Lu, exploiting
this fundamental solution, under the partial Dini-continuity assumption on Lu. Then,
by singular integral techniques, we prove the desired a priori estimates for this model
operator (see Theorems 3.4-3.5). In Sect. 4 we then study the operator with coeffi-
cients a;; (x, t). Here we apply the classical “Korn’s trick” of freezing the coefficients
of £, in our case only w.r.t. x, writing representation formulas for uy, ; and then re-
gard the original operator as a small local perturbation of the frozen one. This allows
us to prove the desired a priori estimates for functions with small compact support
(Sect. 4.1). Removing this restriction requires the use of cutoff functions and inter-
polation inequalities for the derivatives of intermediate order; this is accomplished in
Sect. 4.2, completing the proof of our first main result, Theorem 1.6. Finally, in Sect. 5
we prove our second main result, Theorem 1.7, that is the bound of the modulus of
continuity of uy,; in the joint variables (x, 7).
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2. Preliminaries

We collect in this section several preliminary results which will be used in the rest of
the paper. For basic facts and more details about Hérmander vector fields, the metric
they induce, and homogeneous groups, we refer to [2].

2.1. Some metric properties

As already discussed in the Introduction, Lanconelli and Polidoro [11] proved that
there is an ‘intrinsic subelliptic geometry’ associated with any KFP operator. More
precisely, if £ is as in (1.1) and if

X ={d,....0

Ximg *

Y},

assumption (H2) ensures that the weighted distance px induced by X is well-defined,
left-invariant w.r.t. the group operation o and D(X)-homogeneous of degree 1. Even
if it seems natural to investigate the regularity properties of £ using this distance, the
lack of an explicit expression makes better suited the quasi-distance

d((x. 1), (v.9) = p((v. ) o (x.0) = llx = Et =)yl + /It —s|, (2.1)

which is globally equivalent to px and has an explicit form. We now list here below
some simple properties of d which shall be used in the sequel.
We begin by observing that, since E(0) = I, from (2.1) we infer that

N
d(0e, 0, o) =llx =yl =D i —yl/% Vx,yeRY, 1eR (22
i=1
As a consequence, we derive that d is symmetric and independent of t when applied
to points of RN+ with the same t -coordinate. Unfortunately, an analogous property
for points with the same x-coordinate does not hold. In fact, for every fixed x € RV
and every ¢, s € R, again by (2.1), we have

d((x,t),(x,s) =|lx — E(t —s)x|| + /|t —s].

Now, since the geometry of a metric space is encoded in the ‘shape’ of the balls, in
our context we are led to consider the d-balls associated with d. Recalling that d is a
quasi-distance (in particular, d is not symmetric), we fix once and for all the following
definition: given any £ € R¥*! and any r > 0, we define

B (&) :={neR"T 1 d(n, &) <r).

Using the translation-invariance and the homogeneity of d, it is not difficult to recog-
nize that the following properties are satisfied:

(i) B/(§) =£0B,(0) =& 0 D, (B1(0)) VY&eRN >0, (2.3)
(i) |B, (&) = |B,(0)| = wor?™?, where wg :=|B;(0)| > 0. (2.4)
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On the other hand, since d satisfies (1.12)—(1.13) with a positive constant & possibly
greater that 1, we readily derive that

(iii) if n € By (§), then § € By, (1);

(iv) if 1, n2 € By (§), then d(n1, m2) < 2kr.

Finally, we state for a future reference some elementary lemmas concerning the quasi-
distance d; for a proof of these results we refer to [1].

Lemma 2.1. There exists a structural constant ¥ > 0 such that, if &1, & and n are
points in RNtV which satisfy d(&1, n) > 2k d(&1, &), one has

91 d (&, n) < d (&) < B9dE, ), (2.5)

Here, k > 0 is the constant appearing in (1.12)—(1.13).

Lemma 2.2. There exists a structural constant ¢ > 0 such that
IEOx| < cpx, ) =c(llx +It]) Vxe RY, t eR. (2.6)

Lemma 2.3. Let K € RY be a fixed compact set, and let T > t > —o0. There exists
a constant ¢ = ¢(K, T, t) > 0 such that, for every x € K andt,s € [, T],

lx = Et —s)x|l < clr —s|'/o @7
ICE@) — E@)x]| < et — s/ 2.8)
Here gy > 3 is the maximum exponent appearing in (1.7).
2.2. Function spaces
Let us now turn our attention to the notion of partial Dini and log-Dini continuity.
In what follows, Q@ € RV*! is an arbitrary open set.

We begin by recalling that, according to Definition 1.2, a function f : Q — R
belongs to the space D(R2) (resp. Diog(2)) if f € L*°(2) and

1 1
/ @r.ar) dr < 00 (resp. / wfo(r) |logr|dr < OO)
0 0 r

p
2.9
where wyo(r) = sup  [f(x,1) — f(y, DI 29)
(x,1),(y,1)eR
lx—yll<r

We obviously have Djg(2) € D(£2).
We also notice that, given any f € L°°(2), by (2.2) we can write

wra(r) = sup |f(x 1) = f(y, DI
(x,1),(y,1)e
d((x,1),(y,0)=r

Moreover, wy,q is non-negative, non-decreasing and globally bounded on (0, 00);
more precisely, we have the obvious estimate
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Remark 2.4. Here we list some remarks on partially Dini and log-Dini continuous
functions which easily follow from the definition.

1. If f € L*°(R2) and 0 < a < b, by (2.10) we have
b wpalr)
f f’Tdr <2 £l log(b/a) < co. 2.11)
a

Thus, condition (2.9) is actually an integrability condition near 0.
2. If f € D(2) and r > 0, from (2.11) we infer that

r 1 r
/ wfa(s) ds:/ wra(s) ds+/ wf(s) ds
0 0 1

S S S
< I|flpw + 2l fllLe() log(r) 1(1,00)(r)
< (1+21og(M1(1,00) M) fllD(2)

2.12)

where | - |p(@) and || - || p(g) are as in Definition 1.2.

3. If f € D(Q) (so that f € L°°(2) and condition (2.9) is satisfied), it is readily
seen that w,(r) — Oasr — 0% thus, w £, 1s a continuity modulus (i.e., it is
non-negative, non-decreasing and it vanishes as r — 07).

Next, we can turn to the functions My q, N f.© introduced in Remark 1.3 (and
appearing in Theorems 1.6-1.7).

In the following, we want to prove that when f is a function satisfying suitable
continuity properties (reflecting in properties of w r,q), then the moduli M s o, Ny o
have suitable properties. By the definition of N,q, this will involve some iterative
argument. Now, while the function wy,q (r) is globally bounded as soon as f is
bounded, the same is not true for Mg (r) (see (2.12)). In view of this fact, it is
useful to introduce the following definition.

Definition 2.5. We will say that a function w : R™ = (0, oo) — R is a continuity
modulus of exponent a € (0, 1) if

(P1) w is non-decreasing on R™, and w(r) — O asr — 0F;

(P2) there exists wg > 0 such that

o) <wor® Yr>1;

If, in addition, we have

(M)
[w] := A dr < 00, (2.13)

,
we will say that w is a Dini continuity modulus (of exponent ).

Lemma 2.6. Let o € (0, 1), and let  : RT — R be a Dini continuity modulus of

exponent o. Then, the function M (w) defined by

" w(s) / ® w(s)
r

M(a))(r):a)(r)+/ ——ds+r 5
0 N N

ds. (2.14)
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is a continuity modulus with exponent a. In particular, there exists a constant ¢ > 0,
only depending on «, such that

M()(r) < wyr® forallr > 1,  where v, = c¢([w] + wo), (2.15)
If, in addition, o satisfies the stronger integrability property

1
/ @| log(r)| dr < oo, (2.16)
0

then M (w) is a Dini continuity modulus. In particular, we have

1 1
[M(w)]:/ Mdssc(/ &(l—i-llog(s)bds—i-wo), (2.17)
0 s 0 N

for a constant ¢ > 0 only depending on «.

Proof. To ease the readability, we split the proof into three steps.
STEP I: In this first step we prove that M (w) is well-defined on R*. To this end, we
observe that, by (P1) and (2.13), we have

r 1 max{1,r}
[ M g [,
0 N 0 N 1 N

< [w] + o(max{r, 1)r <oco Vr>D0.

Moreover, by exploiting property (P2) (and since o < 1), we also have

0 1 00
[z [ o [T,
r S min{r,1} S 1 s
o) | [00 L
E— [ s < Q.
r 0 1 s

Gathering these facts, we then conclude that M (w)(r) < oo for all r > 0.

STEP II: Now we have shown that M (w) is well-defined, we then turn to prove
that such a function is a continuity modulus of exponent «, further satisfying estimate
(2.17). To this end, we first observe that, owing to the properties of w, the (well-defined)
function

F(r) :=w(r)+/r&s)ds (r >0)
0 S

is clearly non-negative, non-decreasing and it vanishes as » — 0. Moreover, by using
property (P2) of w we see that, for every r > 1,

1 r
F(r) < wor® + / @) ds +/ @) ds
0 1

N N

.
1
< wor® + [w] + wo/ s Vds < —([w] + 2w0)r”,
1 o
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and thus, F is a continuity modulus of exponent « satisfying (2.15). In view of these
facts, and taking into account (2.14), to prove that M (w) is a continuity modulus, we
consider the (well-defined) map

G(r) = r/oo w(s) ds (r > 0),

52

and we show that also G satisfies the following properties:
(a) G is non-negative, non-decreasing and it vanishes as » — 0t;
(b) there exists a constant ¢ > 0, only depending on « such that

Gr)<cwor® Yr>1.

Proof of (a). Clearly, G(r) > 0 for every r > 0 (as w is non-negative); moreover,
by Lebesgue’s Differentiation Theorem (and recalling that the function @ is non-
decreasing on (0, 00)), for a.e.r > 0 we have

G'(r) :/ w(ZS) ds — w(r) - a)(r)/ Slzds o) _o.
r r r

N r

and this proves that G is non-decreasing. Finally, we turn to prove that G (r) vanishes
as r — 0T. To this end, it is useful to distinguish two cases.
o If [1° “’Sf) ds < oo, we immediately get

o0
lim G(r) = lim r/ @) 45 =0,
r

r—07t r—0t 52
o If, instead, fooo % ds = 0o, we observe that

(47 < as)
a/ry

=w(r) foreveryr > 0;

thus, since w(r) vanishes as r — 07 (see assumption (ii)), an immediate application
of De L"Hopital’s Theorem gives

X w(s) ds
lim G(r) = lim S 5eds =0.
r—0t+ r—0t 1/}’

Proof of (b). By exploiting property (P2) of w, we immediately get

a—1 -
wo
] = r“ Vr>1,
r l—«

N

o0
G@r) < a)or/ s¥2ds = a)or[
’ a—1

and this proves that G satisfies (b). Summing up, the function G is a continuity modulus
of exponent « satisfying (2.15), and thus the same is true for M (w).
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STEP III: In this last step, we prove that M (w) satisfies (2.17) (hence, M (w) is a
Dini continuity modulus of exponent «), provided w satisfies the stronger property
(2.16). To prove this fact, and since w satisfies (2.16), we set

" o(s) * w(s)
M (r) :[0 ds, My (r) = r/ 2 = G(r), (2.18)

s
and we show that both M|, M, satisfy property (iii), that is,

1
M.
/ ‘D gy coo Vie1.2.
0

r

As regards M1, by Fubini—Tonelli’s Theorem we have

1 1 r 1 1
[ = | 1(/ “’(S)ds)dr=/ ols) (/ ﬂ)w
o T o r\Jo s 0o S s T (2.19)
1
:/ &|logs|ds<oo,
0 N

where we have used the fact that w satisfies (2.16). As regards M, again by using
Fubini—Tonelli’s Theorem (and since w satisfies (2.16)), we obtain

1 1 00
[1220 0 [ (79 a)ar
0 0 r
) a)(s) min{s, 1}
Z./o ) (/0 dr)ds
1 00
:/ (s) ds—}—/ w(zs) ds
0 S 1 S

1
< / @(s) ds + il < 00,
0 1

N —

(2.20)

where we have also used the fact that w satisfies property (P2) (with @ < 1). Finally,
by combining (2.19)—(2.20), we conclude that

1 1
[M ()] = f MO 4 < o1+ / ) 1og(s)) ds + ] + —22
0 s 0o S -«

1
5c(/ 29 (1 4 tog(s))ds + ).
0 N

This ends the proof. O

Remark 2.7. Leta € (0, 1), and let ® : Rt — R be a Dini continuity modulus of
exponent «. It is contained in the proof of Lemma 2.6 the following useful (thought
not sharp) bound, which will be repeatedly used in the sequel:

" w(s)
/ ds < cy([w]+wo))(A1+7r%) Yr>0 (2.21)
0 N

(where ¢ > 0 is a constant only depending on «).
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Thanks to Lemma 2.6, we readily obtain the following

Proposition 2.8. Assume that f € D(S). Then, the function M rq(r) defined in
(1.16) is a modulus of continuity of exponent «, for every « € (0, 1). In particular,
given any a € (0, 1) there exists a constant ¢ > 0 only depending on o such that

Mya(r) =clfllper® Yr=1, (2.22)

If, in addition, f € Diog(S2), then the function M y,q is a Dini continuity modulus, in
particular, given any a € (0, 1) there exists ¢ = ¢, > 0 such that

1 M 1
/O £.r) dr < C(/O wf,il(s)(l + log(s))ds + ||f||L°°(Q)) < o00. (2.23)

r

Finally, the function N’ r.9(r) defined in (1.17) is a modulus of continuity of exponent
a, for every a € (0, 1).

Proof. First of all, we observe that, if f € D(Q2), then wy,q is a Dini continuity
modulus of exponent «, for every o € (0, 1). To be more precise, if @ € (0, 1) is
arbitrarily chosen, by exploiting (2.10) we get

a)f’gz(r) < wo r“ forall r >1, withwy = 2||f||D(Q).

Thus, since My q = M(wrq) (Where M is as in (2.14)), from Lemma 2.6 we infer
that M ¢ is a modulus of continuity of exponent «. In particular,

M) < a)é)r“ Vr>1,

where w(’) > ( is a constant which, by (2.15), is of the form

Ywrals)
wy = c([ofal + wy) = C(/O /’Tds +wo) <cllfllp,

and ¢ > 0 is a constant only depending on «. This gives (2.22). If, in addition,
f € Diog(2), the function wy,q also satisfies assumption (2.16) in the statement of
Lemma 2.6; we then infer from this lemma that

Mpao=M(wysq)

is a Dini continuity modulus. Moreover, by (2.17), we have

1 1
/ Myalr) dr=[Mf,g]§c(/ a)-f’Q(s)(1+|log(s)|)ds+a)0)
0 r 0 s

1
wra(s)
<o [ 200+ og)ds + v,
0
where ¢ > 0 depends on the fixed «. Finally, we also have that
Nia= MMy o)

is a well-defined modulus of continuity, and the proof is complete. 0
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Remark 2.9. 1t should be noticed that, even if f € Djo.(£2), the function N £, may
not be a Dini continuity modulus; namely, we cannot ensure that

1
/ Nee® 4o oo (2.24)
0

r

In fact, by arguing as in the proof of Proposition 2.8, we see that a sufficient condition
for (2.24) to hold is the log-Dini continuity of Myq,i.e.,

L' Mm r
/ L()Hog(rﬂdr < .
0 r
This, in turn, is readily seen to be satisfied as soon as

1
/ Mlogz(r) dr < o0,
0 r

that is when f is log?-Dini continuous.

Now that we have fully established Proposition 2.8, we proceed by studying the
two functions U ;f Q> V;f q introduced in Remark 1.3.

Lemma 2.10. Let « € (0, 1), and @ : RT — R be a Dini continuity modulus of
exponent «. For a given (1 > 0, we consider the function

el
UM (w)(r) :=/ e*ulz\z(/ ) ds)dz > 0). (2.25)
RN 0 s

Then, the following facts hold:

(1) there exists a constant ¢ > 0, only depending on p and «, such that

0 < U"()(r) <c(1+r*)(wo+[w]) ¥Vr>0;
(ii) U*(w)(r) = Oasr — 0.

Proof. (i) Since w is a Dini continuity modulus of exponent o, we get

rlizll
—ulz)? w(s)
e (/0 . ds)
, max{r|zll,1} (2.26)
< ¢ Hkl ([a)] +w0f s“_lds) '
1

< c([w] + @) - e M A+ 19219 VY zeRY, r>0.

From this, since i > 0 and ||z|| = Zj |Zj|1/qj, we obtain
0 < UM@)(r) < c(lo] + wo)f e (1 41 2)) dz
RN

< c(lw] + wo)( f e gz 4 pe / e dz)
RN RN
= c([w] + wo)(c1,u + ¢2,,r%) < c([w] + wo)(1 + %),
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where ¢ > 0 is a constant only depending on © and «.

(i1) We fist observe that, since fol %‘) ds < 0o, we have

r—0% N

rlzl
lim e—M'Z‘2</ &ds> =0 VzeRV.
0

On the other hand, for every z € RY and every r € (0, 1), by (2.26) we have

rlzll
0< e—ulzlz(/ w(s) ds)
0 N

<ce (1 4 2| e L'®RY).

Then, by Lebesgue’s Dominated Convergence Theorem,

rlizll
lim U"()(r) = lim e—“‘zlz( f @ds)dz —0.
r—>0t N 0

r—>0t JR s
This ends the proof. 0
The next proposition collects some explicit bounds for U* (w).

Proposition 2.11. Let o € (0, 1), and let w : RT™ — R be a Dini continuity modulus
of exponent a. Then, the following facts hold.

(1) There exist constants c, k > 0, only depending on | and N, such that

Vo) ey
Uiy < [FU6T A2 ds + (@l +one™) 0 <r <1,
cr®([w] + wp) ifr>1.

(i1) Assume that there exists wo > 0 such that

o (r) < wor“forevery r > 0 2.27)

(that is, w satisfies the estimate in property (P2) for every r > 0, and not only
forr > 1); then, we have the following estimate

UM (@) (r) < cpq - wor® Vr > 0.

Proof. (i) For a fixed R > 1 (to be chosen later on), we write
U“(w)(r):/ {-~-}dz+/ {---}dz = Ar + Bgp. (2.28)
{lzlI=R} {Izll>R}

Then, we proceed by estimating the two integrals Ag, Bg separately, distinguishing
two cases.
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CASE I: 0 < r < 1. We have:

rR
AR Sf efulz\z(/ wds)dz
{lzI<R} 0 S

rR
- (/ w(s) ds>./ 1P gy (2.29)
0 § RN

rR
= c/ @) ds,
0

N

where ¢ > 0 is a constant only depending on the fixed w. Next, since in Bg we have
Izl > R > 1 and we are assuming 0 < r < 1, from (2.21) we get

Iz]l
Bg S/ efu|z|2</ @ds)dz
{llzll> R} 0 s

< c([w] + 600)/ a+ ||Z||<¥)e—u|z|2 dz
{llzll> R}

< c(l] + wo) / eI d.
{llzll> R}

Then, by performing the change of variables z = Dy (R)u, we obtain
Br < c([o] + wy) RCH / e HIDORUE e gy (2.30)
{lul>1}
Now, since we are assuming R > 1, we have

N
|Do(R)ul> = > R*iu? > R*|ul> VueR".
j=1
As a consequence, we obtain the following estimate

N
2 20,12 20,12 )
e~ HDo(R)ul ull* < e MR Iul lul| < c E e WR lul |uj|01/(1,;

j=1

N 21,12
<o Y e nRE el

=1

2.31)

In view of (2.31), and since {|lu|| > 1} < {Ju] > 4} for some constant § > O only
depending on the dimension N, from (2.30) we finally get

R2
Br < c(lw]+ wp) R? Zﬁ'v=1 Jiui=s) e 1P /a5 du

2 2 N+2Z-1
= C([a)] +Q)())RQ Z‘Ilvzl faoo e_%/ﬂp +‘7j dp

(by the change of variables p = s/R, and since R > 1)

s2 N4+&
§c([w]+wo)RQZ§v:1f3R 5" T T g
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S5 2

< c(lo] + wo) R [ e~ ds
_u62R2 R
<c([wl+wp) R~ 7 <c(lw] +wp) e K, (2.32)

where ¢ > 0 is a suitable constant, possibly different from line to line but only
depending on u, N and o, and k = §2/8. Gathering (2.29)—(2.32), and choosing
R =1//r > 1, we then conclude that

Vr w(s)

Ut@)0) < Axt Bre=e( [T U2 ds + (0l + o0 ),
0
where ¢, k > 0 are constants only depending on © and N.
CASE II: » > 1. Since rR > R > 1, by combining (2.21) with estimate (2.29)
(which actually holds for every » > 0) we obtain

Ag < C/rR o ds < c([w] + wo)(1 + (rR)*)
B=C) 5 &= 0 (2.33)

< c(rR)*([®] + wp).

Next, since in Bg we have r||z|| > rR > 1, again by (2.21) we get

1zl g ()
/0 2 ds < el +on)(1+ (1)) < el (] + oo);

from this, since u > 0 and ||z|| = Zj |zj|‘/qj, we obtain

Bg < cr®([w] + wo) / . e P21 dz = er® ([w] + ), (2.34)
R

where ¢ > Oisaconstantdepending on i and . Gathering (2.33)—(2.32), and choosing
R = 2, we then conclude that

UM(w)(r) < Agr + Br < cr®([w] + wp),

where ¢ > 0 is a constant only depending on p and «.

(ii) If (2.27) holds, by definition of U*(w) we have

L prlal
UM (w)(r) < a)()/ e Ml (/ s”_lds>dz
RN 0

wor? 2
=0 f e M Z%dz = Cua -1 Yr > 0.
o RN

This ends the proof. O
Thanks to Lemmas 2.10-2.11, we readily obtain the following results.

Lemma 2.12. Let Q@ € RN be an arbitrary open set, and let f € D(R). For a
given > 0, let U]’fﬂ be as in (1.18). Then, the following facts hold.
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(1) for every a € (0, 1) there exists a constant ¢ > 0 only depending on u and «,
such that

0<Upor) = c+r)|flpe Vr>0;

(ii) Z/{}fQ(r) —0asr — 0T
If, in addition, f € Diog(K2), then the function V]’é q defined in (1.19) satisfies the
following properties, analogous to (1)—(ii) above:
(1) for every a € (0, 1) there exists a constant ¢ > 0 only depending on 1 and «,

such that

1
0= Vo) el + r“)(/o L2 (1 1 ogds + 1 (@ ).

(i)’ v}fg(r) - 0asr — 0Ot

Proof. 1f f € D(K2), both the properties (i) and (ii) of U ;f o immediately follow from
Lemma 2.10, taking into account that

1 w s
Z/{?Q =UMwfq) and [wrol+ wo :/ r.a(s)

. ds + wo < 3| fllp),
0

see the the incipit of the proof of Proposition 2.8. If, in addition, f € Diog(£2), from
Proposition 2.8 we know that M ; o is a Dini continuity modulus of exponent «, for
every o € (0, 1); more precisely,

(1) My < g forall r > 1, where wy = c|| flD):

1
Miyal(s) ds <
N

1
@ Myal = [ o [ 20+ g bds + 17 T1~a).
0 0 N

where ¢ > 0 is a constant only depending on the fixed . As a consequence, properties
(i)’—(ii)’ of V}L o follow again from Lemma 2.10, since

Vlfo = U“(./\/lf,gz)

and since, by (2.22)—(2.23) in Proposition 2.8, we have

' Myals)
[Mf,SZ] + LU6 < / f# ds + C||f||D(Q)
L. (2.35)
wfo(s)
<e( [ A+ Noghds + 1 @),
where ¢ > 0 is a constant only depending on «. This ends the proof. O

Proposition 2.13. Let Q@ € RN*! be an arbitrary open set, and let f € D().
Moreover, let u > 0 and o € (0, 1) be fixed. Then, we have

o(fy 229 g 4 | flmgyeF) 0 <r <1,

U () <
, cr®|| f o ifr>1.
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If in addition f € Diog(S2), we have

C(foﬁwf%mds F 1 fIDege™) if0<r <1,

V() <
s I f 1 Dg( ifr=1.

where ¢, k > 0 only depends on w, N and o, and

Ywrals)
1/ Dy = fo L2 1+ og(s))ds + 1 (@)

Proof. This is an immediate consequence of Proposition 2.11, taking into account the
following identities (see (2.10) and Proposition 2.8)

Ifllp. ifo=wrg;
||f||D10g(SZ), ifw /\/lf’gz.

[w]+w050~[

This ends the proof. g

We conclude this part of the section with a couple of technical lemmas, which will
be repeatedly used in the sequel.

Lemma 2.14. Let f € D(R2), and let &£ € Q, r > 0 be such that B = B,(§) € Q.
We assume that f = 0in Q \ B (i.e., supp(f) € B). Then,

wro@) = wf,E(r) Vr>0.

Proof. Firstofall, since B € Q wehave wyg > wy, g on (0, 00). To prove the reverse
inequality, we fix r > 0 and we let (x, ¢), (y, t) € 2 be such that

d((x,0), (y,0) =llx =yl =r.

We then distinguish three cases.

(@ (x,1), (y,1) € B. In this case, by definition of w7, 5 we have

|f(x,0) = fy, D] < sup : If(z1,9) — f(z2,9)| = w,5(r).  (2.36)
(z1,8),(z2,8)€B
llzi—z2ll<r

() (x,1), (y,1) ¢ B.Inthis case, since f = 0 out of B, we have
If @, 1) = f(y. D=0 < w,5). (2.37)
(¢) (x,t) € B, (y,t) ¢ B.In this last case, we consider the segment
y(@=&+t(y—x),1) (rel01])

and we first observe that, for every 0 < 7 < I, we have:

N
A, 0), (@) =ty =)l =Y 1% =y V9 < <V |x — y| <.
j=1



J. Evol. Equ. KFP operators with coefficients measurable Page 23 of 52 32

On the other hand, since y(0) € B and y (1) ¢ B, there exists t* € (0, 1] such
that ¥ (t*) € dB. Thus, since f =0in Q \ B D 9B, we have

[fe.t) = f.0l=1f. Dl =1f&. 1) — fly@))]

= sup [f@9) = fz2. ) =050, (238)
(21.9),(z2,9)€B
llz1—z2ll<r

Gathering (2.36)-to-(2.38), we then conclude that
wralr) = sup Lf G, 0) = f(y. D] = o, 5(r),
(x,1),(y,1)eR
d((x.0),(y.0)=r
and the proof is complete. g
Lemma 2.15. There exists a structural constant ¢ > 0 such that, for every f € D(Q)
everyr > 0 and every y > 0, the following estimates hold true:

. d(z,
/ wraly (Qi;?))d Sc/ wfszz(ys) (2.39)
(neRN+ 1. aE,p>r)  d&,m) 2 s
/ wraly dE,n) iy < 6/2’ wra(ys) 4 (2.40)
meRN 1 a@e m<r)  d(E,m)2T? ~— Jo s

Here, Q > 1is asin (1.8), and c is independent of both f and r.

Proof. The proof of both (2.39)—(2.40) is based on the fact that, since f € D(R2),
the function w,q is non-negative, non-decreasing and satisfies (2.9); moreover, we
exploit the fact that | B, (£)| = wg r972, see (2.4).

(D Proof of (2.39). Taking into account (1.13), we have

/ wra(ydé,.n)
(neRN+L:d(&,n)>r) d§, U)Q+3

o0

dn
. / wralydE, )
(ERN+1: 2k < (e <2+l d(§, 1)@

k=0

2k+1
< Z “”}Efr)gi’) n e RNV 2 2br <demy <211 o4y

wa 9T By, @)

(2kp)Q+3

(2k+1 r)
= wo(2 Q+2§ “)fQ—
= wo(2K) = 2ky

On the other hand, since wy g is non-decreasing we have

k+2
®wralys) P wralys)
ST 2
2r N =0 k415 N

Z wra@yr) okt _ i wra@tlyr)
= LT ok "=3 :
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By combining (2.41)—(2.42), we immediately get (2.39).
(IT) Proof of (2.40). Using once again (1.13), we have

/ wro(ydéE,n)
(neRN+1:d(&,n)<r) d(§, rl)Q+2

o0

wra(ydé,n)

k=0 /{ﬂeRN“:r/2k+1<d<s,n)gr/zk} d, n)e+?

— wf.a(yr/2)
< ;0 (r’;;“w i e RV 2 <ae ) < r/2Y] a3

— wro(yr/2h)
= 1; (rj2n 02 | Bier 2k ()]

o0
= a)Q(Zlc)Q+2 Za)f,gg(y r/2k).
k=0

On the other hand, since wy, g is non-decreasing we have

2r 00 ap/2kl
/ wr.a(s) ds:Z/ wf,sz(S)d
0 s r/2k s

k=0 (2.44)
wasz(yr/Z ) L—liwfg(yr/Zk)
= k—1 k — , :
k=0 r/2 2 k=0
By combining (2.43)—(2.44), we immediately get (2.40). Il

2.3. Fundamental solution and representation formulas for the operator with coeffi-
cients only depending on ¢

In this section we collect some results established in [1,3] concerning the KFP
operators L with coefficients a;; only depending on t, that is,

mo N
Lu= )" ajdg, u+ Y bjxxidyu — du. (2.45)
i, j=1 k,j=1

Throughout what follows, we tacitly understand that £ satisfies the structural assump-
tions (H1)—(H2) stated in the Introduction.

We begin by stating a result proved in [3], which provides an explicit expression
for the global fundamental solution (heat kernel) of L.

Theorem 2.16. (Fundamental solution for operators as in (2.45)) Let C(t, s) be the
N x N matrix defined as follows:

t
C(t,s) = / Et—o)- (Aoéa) 8) CE(t—o) do (witht >s) (2.46)
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(we recall that E (o) = exp(—o B), see (1.5)). Then, C(t, s) is symmetric and positive
definite for every t > s. Moreover, if we define

C(x,t5y,s)

1 o~ 1{CU) T (x—E(t=5)y). x—E(t—s)y (2.47)

T Um)N2Jde CLs)

(where 14 denotes the indicator function of a set A), then T enjoys the following
properties, so that T is the fundamental solution for L with pole at (y, s).
1. In the open set O = {(x,t;y,s) € R2N+2 . (x, 1) # (v, 8)}, the function T’
is jointly continuous in (x, t; y, s) and C® with respect to x, y. Moreover, for
every multi-indices o, B the functions

RS TP

9etBT

Br _
89%0fT = 770y

are jointly continuous in (x, t;y, s) € O. Finally, I' and dY 85 I are Lipschitz
continuous with respect to t, s in any region 'R of the form

R:{(x,t;y,s)eR2N+2: H<s+6§<t <K}

where H, K € R and § > 0 are arbitrarily fixed.
2. For every fixed y € RN andt > s, we have

lim T'(x,?;y,s)=0.
[x]—+o00

3. For every fixed (v, s) € RN*! we have
LU y,8)(x,t) =0  foreveryx € RY and a.e.t.
4. Foreveryx € RN andt > s, we have
/ C'(x,t;y,s)dy = 1. (2.48)
RV

5. Forevery f € CRN) N L®@RN) and s € R, the function

u(x, 1) = /R sy, ) £ () dy

is the unique solution to the Cauchy problem

{,cu =0  inRN x (s,0)
(2.49)

M(', S) = f

In particular, u(-, s) — f uniformly in RN ast — s+.
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Finally, the function T*(x, t; y, s) := I'(y, s; x, t) satisfies dual properties of (2)—
(4) with respect to the formal adjoint of L, that is,

L= Z?j}):l aij(s)ayiyj - Zli\{jzl bk yrdy; + s,
and thus T'* is the fundamental solution of L*.

The precise definition of solution to the Cauchy problem (2.49) requires some care,
see [3, Definitions 1.2 and 1.3] for the details.

In the particular case when the coefficients a;; of L are constant, the results of the
previous theorem apply in a simpler form (see also [11]).

Theorem 2.17. (Fundamental solution for operators with constant coefficients) Let
a > 0 be fixed, and let Ly be the constant coefficient KFP operator

mo N
Lou=ay 07 u+ Y bjpxedy,u— dgu. (2.50)
i=1 k,j=1

Moreover, let Ty, be the fundamental solution of L, whose existence is guaranteed by
Theorem 2.16. Then, the following facts hold true:

1. T'y is a kernel of convolution type, that is,

Fo(x,t;y,8) = Fa(x —E(t—s)y,t—s5;0, O)

(2.51)
=Tu((v. )7 o (x,1):0,0);
2. the matrix C(t, s) in (2.46) takes the simpler form
C(t,5) = Co(t — s), (2.52)
where Co(t) is the N X N matrix defined as
i Iy O T
Co(t) =« E(t—o0)- -E(t—0)'do (t >0).
0 00
Furthermore, one has the ‘homogeneity property’
Co(t) = Do(v/T)Co()Do(+/T) VY T > 0. (2.53)
In particular, by combining (2.47) with (2.52)—(2.53), we can write
1 1 -1
Ty (x,1;0,0) = ~a(Co()™x.x)
akx ) = )V AJa e 50
1 S Cm ™ (o(H)x) po( ) T

= Gra)N21972 [det Co(D)
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Now we have recalled Theorems 2.16-2.17, we collect in the next theorem some
fine properties of I' and of its derivatives which will be extensively used in the sequel.
In what follows, if & = (@1, ..., an) € (NU {0}V, we set

le| := Zf\;l af and  ow(a):= Zf\;l qia;,
where the g;’s are the exponents appearing in the dilation Dg()), see (1.7).
Theorem 2.18. (See [1, Thm.s 3.5 and 3.9]) Let T" be as in Theorem 2.16, and let
v > 0 be as in (1.3). Then, the following assertions hold:
1. there exists a structural constant ¢c1 > 0 and, for every pair of multi-indices
oy, a0 € (NU{ODY, there exists ¢ = c(v, oy, 2) > 0, such that
c
’D;“D;2F(x, t; y, S)‘ < (t—s)ww Fclv—l(x, 1, y, S)
- c
~d((x,1), (v, S))Q+w(rx1+a2)’

(2.55)

for every (x, 1), (y,s) € RN with t # s. In particular, we have

c
o] o) .
DR DG 19| = ey YD # (09,

2. Letn = (y, s) € RNt be fixed, and let € (NU{ON)N be a multi-index. Then,
there exists a constant ¢ = c(at, v) > 0 such that

d1, &)

o o
IDET (61, m) — DYT'(&, )| < CW

(2.56)

for every & = (x1,11), & = (x2, 1) € RN* such that

d&1,n) = 4kd§1, &) > 0.
We conclude this subsection by recalling a representation formula for functions
ueS%, ).

Theorem 2.19. (See [1, Thm.3.11 and Cor.3.12]) Let T € R be fixed, and lett < T.
Moreover, let L be as in (2.45), and let u € S°(z; T). Then,

ulx,t) = —/ C(x,t;y,8)Lu(y,s)dyds VY (x,t) € St. (2.57)
RN x(1,1)

Furthermore, given any 1 < k < my, the function 0y, u exists pointwise on St in the
classical sense, and for every (x,t) € St we have

O ut(x, 1) = —/ O, T'(Cx, 15y, 8)Lu(y, s)dyds. (2.58)
RN x(z,1)

Starting from the representation formula (2.57), in [1] the Authors proved a rep-
resentation formula for 33’_ il (when u € So(r, T)and 1 < i,j < mg) under the
assumption that Lu is partially Holder-continuous w.r.t.x, uniformly in 7 (see, pre-
cisely, [1, Cor.3.12 and Thm. 3.14]). In Sect. 3, we will extend such formulas to all
functions u € S%(t, T') with Lu only belonging to D(S7).
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2.4. Interpolation inequalities

We conclude this preliminary section by stating some interpolation inequalities,
established in [1], which will be exploited in the proof of Theorem 1.6.

Theorem 2.20. (See[1,Thm.4.2])LetT € R be arbitrarily fixed, andletu € SO(Sy).
Then, for every o € (0, 1), &£ € St andr > 0 we have

u, dyu € C*(Bl(§)) V1 <k <m,
where we set:
Bl (&) = B.(6) N Sr.

Moreover, the following interpolation inequality holds: for every « € (0, 1) and every
r > 0 there exist constants ¢ > 0 and y > 1 such that

mo
Y IBvullcacsr ey + lullceqsr @y
h=1
m
<el 102, +11Yul (2:39)
= xexn Lo (B (€)) L=(BJ(€))

h,k=1
c

and this estimate holds for every ¢ € (0, 1), £ € St andu € SO(S7). We stress that
the constant ¢ depends on r and «, but is independent of €, & and u.

Remark 2.21. We explicitly highlight, for a future reference, the following easy yet
important fact: if @ € RN*! is an arbitrary open set and if f € C*(Q) for some
a € (0,1), then f € D(R2) and we have the estimate

wror) = sup [f(x,0) = f(y, 1)
(x,0),(y,1)eR
lx—yl=<r
o o
<Ifleey - sup d((x,0),(y,0)" <rflee,

(x,1),(y,0) €2
lx—=yll=r

where we have also used (2.1). As a consequence, we easily deduce

Mpa(r) < cr®|flee@)-

3. Operators with coefficients only depending on ¢

In this section we establish some ‘weaker’ versions of Theorems 1.6—1.7 for KFP
operators with coefficients a;; only depending on #; we will use these results as a
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crucial tool to prove Theorems 1.6—1.7 in Sect. 4. Throughout what follows, we tacitly
understand that £ is as in (2.45), and that the structural assumptions (H1)—(H2) stated
in the Introduction are satisfied (without the need of repeat it); moreover, I" denotes
the fundamental solution of £, as in Theorem 2.16.

To begin with, we extend to all functions u € 8%z, T) with Lu € D(Sy) the
representation formula for 9 u (where 1 < i, j < mg) proved in [1, Thm.3.14]
under the more restrictive assumptlon that Lu is partially Holder continuous w.r.t. x.
In this direction, a first key tool is the following proposition.

Proposition 3.1. There exist structural constants ¢, u > 0 such that, for every fixed
T €R, every f € D(St), x e RN andt <t < T, one has

/ |3f,.x,.F(X, £y, 9)| - wps (1E(s —H)x — yl)dyds
RN x(1,1) ’

3.1
< Cu}lésr(\/t - 1),
where U;‘ Sy is as in (1.18). In particular, we have
102, T, 13,9 - wrs, (IEGs — )x — ylDdyds — 0
fl;Nx(t &,1) pa JoSt 3.2)

uniformly w.r.t. (x,t) € RNt gs e — 0.

Proof. The proof of this proposition is similar to that of [1, Prop.3.13]; we sketch it
here for the sake of completeness, but we omit the details. First of all, by combining
estimate (2.55) with (2.51)—(2.54), we have

/ 102, T (e, 1y, )| - @y, (1EG — )x — yl) dy ds
RN x(z,1)

ulDo( ) (E(s—1)x—y)P?
=c o) E(s —t)x — y|)dyds
- /RNX(r 9 (f — 5)0/2+1 £srUE(s —x =yl dy

' 1
- C/ (t — 5)Q/2+1 Ty s(s)ds = (),

where we have introduced the notation

Tyi(s) = / 00
RN

and ¢, u > 0 are structural constants. We explicitly mention that, in the above estimate,
we have also used (1.9) and the non-singularity of E(1). Then, by performing in the
integral 7, ,(s) the change of variables

(E(s—D)x—y)2
) By wrs (1EGs —Hx =yl dy,

y=E(s —t)x — Do(s/t — 5)Z,
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and by exploiting the 1-homogeneity of || - ||, we obtain

t
(*) :C/ tis<\/RN E_MZ|2(1)f,ST(‘/t_S”Z”)dz)ds
= c/ e_“lzz(/t orsr Wi = slzl ds)dz
RN t—s

T

Vi—Tlzll
_ C/ e—ulz\Z(/ Mfla)dz = cu’;S (VT —1).
RN 0 =T

o

Since the constants ¢, i > 0 only depend on v, this is exactly the desired (3.1). As
regards (3.2), it is a direct consequence of (3.1) and Lemma 2.12. O

Thanks to Proposition 3.1, we can now prove the following theorem.

Theorem 3.2. For T >t > 1t > —00, let u € S°(v; T) be such that Lu € D(St).
Then, for every 1 < i, j < mq the second-order derivatives 8%, U exist pointwinse
on St in the classical sense, and for every (x,t) € St we have

Bf.xu(x, 1) = / 8§.x.l"(x, ty, s)[Eu(E(s —1)x,s) — Lu(y, s)] dyds.
" RN x(z,r) 7
(3.3)

Proof. The proof of this result is essentially analogous to that of [1, Thm. 3.14], but we
use Proposition 3.1 in place of [1, Prop. 3.13]. For the sake of completeness we sketch
the argument, but we refer to [1] for the details. First of all we observe that, owing
to Proposition 3.1 (and taking into account the very definition of wy g, in Definition
1.2), we have

/ |83_X_F(x, t;y,8)| - |Lu(E(s —t)x,s) — Lu(y,s)|dyds
RVx(r.p)y 7

<

f 102, T e, 13, 9| - 2,5 (1EGs — ) — yl) dy ds
RN x(z,1)

<cUlf, o (=1l ¥ (x.1) €Sy

(where ¢, u > 0 only depend on v); hence, the function

g(x, 1) := / Bf,x_F(x, ty, s)[ﬁu(E(s —1)x,s) — Lu(y, s)] dyds
RN x(z.t) !

is well-defined on S7. We then turn to prove that 831_ LU =28 pointwise in ST by an
approximation argument. To this end, we fix 0 < ¢ <« 1 and we define

Ve(x,t) := —/ Oy, T(x, 13 ) Ludyds.
RN x(t,t—¢)

Now, using (2.58) and taking into account the regularity of I', we see that
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(i) ve € C(ST) and v, — iju pointwise in St as ¢ — 07;
(ii) v, is continuously differentiable w.r.t. x; on S7, and

Oy Ve(x, 1) = / 8§_X_F(x, t;y,8)X
RN x(t,1—e) =7
x [Lu(E(s —)x,s) — Lu(y,s)]dyds ¥ (x,1) € St.

We explicitly stress that, in computing 9y, ve, we have also used (2.48). On the other
hand, again by Proposition 3.1, we have

|ax,~ve(x, t) - g(x? t)l

=/ 182 T(x, 15 )| |[Lu(E(s — t)x, s) — Lu|dyds
RV x(t—e,r) 7

< / 102, T, 15 )] - ozus; (IEG — x =yl dyds
RN x(t—e,1)
< CZ/{ZM’ST (W/e)  forevery (x,t) € St,

and this shows that dy, v, — g uniformly on Sy as ¢ — 0. Gathering these facts, by
standard results, we then conclude that there exists

8§ixju = 0y, (8xju) = g pointwise in St.
This ends the proof. O

Now that we have established the representation formula (3.3), we can prove the
announced weaker version of Theorem 1.6 for KFP operators with coefficients a;;
only depending on ¢. Actually, we will deduce this result from the following general
theorem, which will be used as a key tool in the next section.

Theorem 3.3. [Singular integrals and Dini-continuous functions] For every fixed T €
R and —oo < t < T, let us introduce the function space

D(; T):={f € D(St) : f(x,t) =0 foreveryt < t},

and define, on this space D(t; T), the linear operator

[T fx. 1) ;:/

9 Tty ) [f(EGs —Dx,s) — f(v.9)]dyds.
RNx(r,r) 7

Then, there exist structural constants c, 0 > 0 such that

175 fllLeo(syy < CU}fST WT —1) (3.4)
o, f(r) <cMggp(cr) Yr>0. 3.5

Here, M y,s; is the function defined in (1.16).
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Proof. The proof of this theorem is similar to that of [1, Thm. 3.17], where the Authors
deal with the particular case of functions f € D(St) such that

wfsy(r) <cr® forsomea € (0, 1)

(that is, f is partially Holder continuous w.r.t. x, uniformly in 7). We then limit our-
selves to sketch the argument exploited in [1], but we highlight how the main estimates
have to be modified in our more general context. Let f € D(t; T) be arbitrarily fixed.
Since f(-,t) = 0 for all + < 7, we clearly have T;; f(x,7) = 0 forall x RV and
t < t. Thus, it is readily seen that

I Tij flleecsry = ITij fllLe) and ot r.s; = o1, 1.0, (3.6)

where we have set @ = RV x (¢, T'). On account of (3.6), to prove (3.4)—(3.5) it
then suffices to study the function T;; f (x, t) only for (x, t) € Q. Asregards (3.4) we
observe that, by Proposition 3.1, we have

\Tij f (x, D] < / |3f,.x_/.1“(x, ty, )| - f(Es —0x,s) = f(y.s)ldyds

RN x(1,1)
< f 192, T (. 15 y.9)] - @5 (1EGs — Dx — yl) dy ds
RN x(1,1)

< cUﬁST(«/t —7) < ci/{;fST(«/T —17) V(x,0) e,

where ¢, u > 0 are structural constants. Hence,
I Tij fllzoe(sy) < CU}fST(V T —1).

We then turn to prove (3.5). To begin with, we arbitrarily fix r > 0 and we let
&1 = (x1,1), & = (x2,1) € Q be such that d(§1, &) = |lx; — x2f| < r. Using the
compact notation n = (y, §), we write

Tij f(x1,t) = Tjj f (x2, 1)

=/ {Bfifo(xl,t;y,s)[f(E(s —0x1,8) — £, 9]
RN x(1,1) ’

= 02, T2, 153, [ f(EGs = 0x2.9) = £, 9] | dy ds
3.7)

:/ {---Ydyds
{(n:d(2,m=4xd(&2,61)}

~|—/ {---}dyds
{n:d(52,m)<4rd(82,61)}

=:A| + Ay,

where k > 0 is as in (1.12)—(1.13). We then turn to estimate A and A;.
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- ESTIMATE OF Aj. To begin with, we write A as follows:

A= [[7EG — .9~ 70.9)]
{n:d(&2,m)>4Kd (62,61)}
X [8§ixj[’(x1, t;y,s) — afl,le"(xz, t;y, s)]} dyds

{aﬁix,r(m, t;y,s)

J

g
{(n:d(&2,m)>4kd(62,61)}

X [f(Es = Dx1.9) = f(EG = 32, 9] | dyds
=:A11 + Ap.

- Estimate of Aj1. By using the mean value inequalities (2.56) in Theorem 2.18,
together with Lemma 2.1, (1.13) and the expression of d in (2.1), we have

d(&2, &1)
[A11] < C/{n:d(sz,n)z%d(&,él)} A&, 0 cof s (1EGs — t)xy — yl) dyds

wr,sp(d(n, &)
(i d(&r.my=ded(&.6)) A (G2, )T

wy.sy(cd(&,m))
I dEn=edE gy dE, M2

<cd&, 81 dyds

<cd(&, 1) dyds.

From this, by applying Lemma 2.15 (and since f € D(Sr)), we obtain

@f.5r1eS) (es) ds <cr /00 ©fSr8S) ) ds
C

(0.¢]
[A11] < cd(&2, &1) 2 ,

2
8red(£2,61) s

where ¢ > 0 is a structural constant. We explicitly mention that, in the above estimate,
we have also used the monotonicity of the map

(3.8)

r

* w s
1= My sy (r) = r/ —f’jg( )ds
r

proved in Lemma 2.6, jointly with the fact that

d(2,&) = llx1 —x2l <

- Estimate of Aj. Arguing as in [1], by using Lemma 2.3 we have
t
|A12] = f |f(E(s = )x1,8) = f(E(s = Dx2,8)| - T (s)ds
T
t
=< / ofse(IE(s — 1) (x1 —x2)|) - T(s) ds (3.9
T

t
Sf wfs(clllxi —x2 + 1 —5)) - T (s)ds,

where ¢ > 0 is a structural constant and

J(@s) = ai,x_r'(xz,t;y,s)dy .

J

/{yeRN:d(éz,(y,S))Z4lcd(Ez,El)}
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From this, since wy s, shares with the map r +— r* the same monotonicity, we can
proceed exactly as in the proof of [1, Thm.3.17], obtaining

|A12] < cwysp(cllxr = x2ll) < coys(cr). (3.10)

for a suitable structural constant ¢ > 0.

Summing up, by combining (3.8) with (3.10), we conclude that

|A1|§c{wf-,sT(cr)+cr/wW+§(S)ds}, 3.11)
er
for a suitable structural constant ¢ > 0.
- ESTIMATE OF A». First of all, we write
[Az] < A1 + Ana, (3.12)

where, for k = 1, 2, we have introduced the notation

Aoy ::/ |8fixjr‘(xk,t; v, s)|
{n:d(&2,n)<4kd(§2,61)}

X wyrsy(1E(s —0)xx — yl)dyds.

We then proceed by estimating the two integrals Ay, Ay separately.

- Estimate of A3 .By exploiting the estimates for ai,xj I in Theorem 2.18-(1), together
with (1.12)—(1.13) and the expression of d, we have

Ay < C/ sy (1E(s —Hx1 =yl
(n:d(E2.m) <bed (£2,61)) d(&,me+?

/ wr.sy(dn, &1))
(n:d(Ermy<ted(@ ey dEr et

/ wy.sp (kd(&1, 1))
(n:d @ <acd(e. 6y dEL MOt
(since d(&2,n) < 4Kd(&2,&1) = d(1,n) < cd(&, &)
<C/ wysp(kd (1, m))

T Jwde <caeey  dELmeT?

dyds

IA

c dyds

IA

c dyds

dyds,

where ¢ > 0 is a suitable structural constant. From this, using once again Lemma
2.15, we obtain

2ed(r 1) .
Aap 5c/ @r.5r ) o §c/ @rs) o (.13)
0 s 0 s
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- Estimate of Az;. By proceeding exactly as in the estimate of Ay (but without the
need of enlarging the domain of integration), we obtain

wrsp(1EGs —t)xa — yll)
Ap =<c / ) d (&, n)2+2 dyds
{n:d(&2,m)<4kd(&2,61)} 2,1
wy sy (kd (&2, 1))
{n:d(&2.m) <4kd (52.61)} 2,1

N N

Bicd (62,€1) Croy .
<c / ©f 58 (fes) ds <c / ©fSr28 ) ds.
0 0

Summing up, by combining (3.13)—(3.14) with (3.12), we conclude that

cr
|A2|§C/ IRTAC (3.15)
0 N

where ¢ > 0 is a suitable structural constant.
Now we have estimated A; and A, we are ready to complete the proof: in fact,
gathering (3.11)—(3.15), and recalling (3.7), we conclude that

ITij f(x1,8) = Tij f(x2, )] < |A1] + |Az]

cr o0
gc{wﬁsT(cr)—f—/ Mds—i—cr/ CUng(s)ds]
0 s cr s

=cMys,(cr) ¥V (x1,1), (x2,1) € Qwith [[x; —x2f| <7,
from which we readily obtain the desired (3.5). O
Thanks to Theorem 3.3, we can finally prove the following theorem.

Theorem 3.4. [Moduli of continuity of derivatives] Let T > t > —oo. Then, there
exist structural constants c, i > 0, such that

mo
Y 95l < Uy, 5, VT = 1),
i j=1 (3.16)

a)agixju’ST(r) <cMgysp(cr) Yr>D0.

for everyu € S°(z, T) with Lu € D(St). Moreover, we have

T -1)

CUYu,ST(r) = CMLu,ST(Cr) Vr>0.

1Yullposy) <c (||£M||L°O(Sr) +ugu,ST

(3.17)

In particular, if Lu € Diog(ST) we have 8)%,-xj“ ,Yu € D(S7).

Proof. Let u € S%(z; T) be such that Lu € D(Sr). By applying the representation
formula (3.3), we can write

Bfixju(x, 1) = / Bfile"(x, t;y,s) - [.Cu(E(s —1t)x,s) — Lu(y, s)] dyds
RN x(z,1)

=T;j(Lu)(x,t) forevery (x,t) € Srand 1 < i, j < my,
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where T;; is as in Theorem 3.3. Then, from (3.4)—(3.5) we obtain (3.16). On the other
hand, using the definition of £, and recalling that the coefficients a;;(-) are bounded
and independent of x, from (3.16) we also get

mo
2
”YM”LOO(ST) = HEM — Z a,‘j aXinMH
i,j=1

< c(IlLullze(syy +Up, 5, VT = D);

Leo(St)

analogously, if A is as in (1.20), we obtain

mo
Oyus; (1) S o)+ A Y wp () < c Mgu(er).
i,j=1

This is precisely (3.17). Finally, the Dini continuity of the functions Bfixj u, Yu,under
the additional assumption Lu € Djoe (S7), immediately follows from Proposition 2.8.
O

We end this section with a weaker version of Theorem 1.7 for operators with coef-
ficients only depending on #; we will use this result to prove Theorem 1.7.

Theorem 3.5. (Continuity estimates in space-time) Let L be as in (2.45), and let
T > t > —o0. Moreover, let K € RN be a compact set.

Then, there exist a structural constant u > 0 and a constant ¢(K, t, T) > 0 such
that, for every u € S%(t; T) such that Lu € D(St), one has

|3§,xju(xl 1) — Bfixju(xz, )|
< o{Meus; (cd((x1, 1), (x2,02) + |t — 12]1/9V)) (3.18)
+Up, 5, 12— 1D}

forevery 1 <i,j <mgand (x1,1t1), (x2,) € K x[7, T].

Here, UZu,ST is as in (1.18) and My, s, is as in (1.16); moreover, gy > 3 is the
largest exponent in the dilations Do(}), see (1.7).

In particular, from (3.18) we deduce that the derivatives 8%1, xuare locally uniformly
continuous in the joint variables (x, t).

Proof. Letu € S(t; T) be such that Lu € D(S7). To prove (3.18) we first observe
that, owing to Theorem 3.4, for every (x1, ), (x2,t) € ST we have

2 2
|05 2, u(x1, 1) = 05 uxa, D] < w2 ([1x1 = x2l)
L) L) XX

(3.19)
< cMgu,sp(ellxr — x210)

where ¢ > 0 is a structural constant. As a consequence of (3.19), and taking into
account Lemma 2.3 , to prove (3.18) it suffices to show that

2 2
05,1 (x, 1) — 03 u (X, 12)]

(3.20)
< e {Meus; (el — V) + Uy, o (Vo —nD},
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for every (x, 1), (x, ) € K x[t, T], where ¢ > 0 is a constant independent of u (but
possibly depending on K, 7, T'), while © > 0 is a structural constant. In fact, once
(3.20) has been established, by (3.19)—(3.20) we get

185, uCxr, 1) = 85 u(x2, 12)]
< 1055, u (1, 1) = 0 w2, 1| + 105 w2, 1) = O u(x2, 1)
< c{Meus; (cllxr — x2ll) + M s (clts — 12]/4Y)
+UZ,,,5T(\/ It —2])}
(by the explicit expression of d, see (2.1))
= c{Mu,sp(ed(Cxr, 1), (02, 1)) + Mg sy (elty — 12]VV)

+Ul, o i —nh} =t o);

from this, using the quasi-triangle inequality (1.12) jointly with Lemma 2.3, and re-
calling that M, s, is non-decreasing, see Proposition 2.8, we obtain

(F) < c{Meusp (cld((x1, 1), (x2, 12)) + d((x2, 11), (x2, 12))))

+ My sy (el — o]y + Uy, o (/i —nD)

= c{Meus; (cd((x1. 1), (x2. 1)) + %2 — E(t1 — t)x2]| + /111 — 12]))
+ Meus; (el — 0V + Ul o (i —n))
(since [tj — | < T — 7 and gy > 3)

< e {Meus; (c@d((x1, 1), (x2, 1)) + |11 — 12 /9Y))
+ My sy (el — o]y + Uy, o (/i — 0D}

< c{Meusp (c(d((x1. 1), (x2.0)) + |11 — 1] /9V))

U, 5 (/I — 1D},

which is exactly (3.18). Hence, we turn to prove (3.20). This can be done adapting
several computations already exploited in the proof of Theorem 3.4. We will point out
just the relevant differences.

To begin with, we fix &1 = (x,11), & = (x,) € K x [t,T] and we exploit
the representation formula (3.3): assuming, to fix ideas, that r, > #; (and using the
compact notation n = (y, 5)), we can write

O u(x, 11) = 03, u(x, 1)
= / {aﬁixir(x, t;y, s)[Lu(E(s —1)x,s) — Lu(y, s)]
RNX(‘L'J]) ’
_afile"(x, t;y, s)[,Cu(E(s —h)x,s) — Lu(y, s)]] dyds

—/ af.x.f‘(x, 1y, s)[ﬁu(E(s —n)x,s) — Lu(y, s)] dyds
RN x(t1,0) 7
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{---Ydyds

/{n:d(éz,n)>4lcd(§z,él)}

+/ {---}dyds
{n:d(&2.m) <4kd(52.61)}

_f {--}dyds
RN x(11,12)
= A1 +Ar) — Az, (3.21)

where k > 0 is as in (1.12)—(1.13) We now turn to estimate Ay, A, and As.
- ESTIMATE OF Aj. To begin with, we write A as follows:

Aq =/ {[Cu(E(s—t1)x,s)—£u(y,s)]x
{(n:d(&2.m)>4d (£2.61)}
X [8fl_xjf‘(x, 1;y,s) — 8§ixj[‘(x, t;y, s)]} dyds

+/ {8§ixjf‘(x, t;y,8)X
{n:d(&2,n)>4kd (2,€1))

X [ﬁu(E(s —1)x,s) — Lu(E(s — r)x, s)]} dyds
=: A1 +Aq.

We then turn to estimate Aj; and A, separately.

- Estimate of Ajj. First of all, by proceeding exactly as in the estimate of Ay in the
proof of Theorem 3.4, we get the following estimate

d(&, 1)
Anlze | A2 sy (IEGs — )% — yl) dyds
(2 d(&2.m)=dicd &2, 42, 1)
d 9

<cd(62,§) ©OLu. 5 (€ (Qgi;])) dyds

(n:dE.mzdcd@.en) 462, 1)

o0
< ed(E2. 1) QLust®) 4

cd(&,81) s

where ¢ > 0 is a structural constant. On the other hand, by exploiting Lemma 2.3 (and
since t1, 1 € [t, T]), we have

dE. &) = |x — E(ta — x|+ —n| <clo — )%, (3.22)
where ¢ > 0 is a constant depending on K, t, T. Hence, we obtain

wf,sp(s)

1 ds. (3.23)

1 o0
[Ar1] < clti — 1] /qN/

el —n| YN §
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- Estimate of A1;. First of all, using once again Lemma 2.3 we get
1
|A12| < / |Cu(E(s — 11)x, 5) = Lu(E(s — 12)x, s)| - T (s)ds
T
1
< / wru,sp(IIE(s — 1) — E(s —2)x|) - T (s)ds
T
(since |s —ti|,|s —to| < T —tforallt <s <1y)
n
< W,y (el — 121/ / T (5)ds =: (%)
T
where ¢ > 0 is a constant depending on K, t, T and

J(s) = Bi_le"(x, t;y,s)dy|.

/{yERN:d((x,tz),(y~¥))>4lcd(§‘z,$1)}
From this, using the cancellation property of 7 in [1, Thm.3.16], we obtain
(%) < cogus;(cln — 1]V, (3.24)

for a suitable constant ¢ > 0 depending on K, 7, T. By combining (3.23) with (3.24),
we conclude that

1
1A = oz, (0 — ]

o0
+C|t1_t2|l/qzv/ Mds},

2
clti—n|'/IN §

(3.25)

for a suitable constant ¢ > 0 possibly depending on K, 7', t.
- ESTIMATE OF A». By proceeding exactly as in the estimate of A; in the proof of
Theorem 3.4, and by taking into account (3.22), we obtain the estimate

ocusy (1E(s —1)x —yl)

™ gc{ [ dy ds
[n:d(&2,m) <4Ked (&2,61) d(&1, )2 +?
E(s — th)x —
+/ wru, sy (1E(s Qz+)2x yll)dyds}
{n:d(&,m) <4rd(E2.61)) d&2,n)
WLy, sy (kd(Er,n))
= C{ / dyds 3.26
dEm<cd@ gy dELmeT? (3-26)
d(&,
+/ wry, sy (K (Qéizn)) dyds}
[n:d(E,m <ded.6))  d(E2,1)

’

cd (2.6 s cln—n|'/w s
<c / Lu,ST( )dS <c / £u,ST( )ds
0 s 0 s

where ¢ > 0 is a suitable constant depending on K, 7, t.

- ESTIMATE OF Ajz. Using the assumption Lu € D(S7), together with estimate (3.1)
in Proposition 3.1, we immediately obtain

Ml [ P9l s (1EG — x — vl dy ds
RN x(11,12)

w
= Cuﬁu,ST(V [t — 02]),

(3.27)
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where ¢, u > 0 ore structural constants.
Now we have estimated A1, A and A3, we can complete the proof: in fact, gathering
(3.25), (3.26) and (3.27), and recalling (3.21), we conclude that

105, (e, 1) = 35 ulx, )] < JAL]+ 1Ao] + A3

wLu,sp(8) ds

o
1 1
< c{ozus el = o) + el — Vo [ 2

clti—t|V/IN

S ds + UL, 5, (=l )

el —n| YN w
Lu,S (S)
+/ _=HoT A7
0

= c{Meu.s; (cltn — 0o VIV) + U, o (VI — D)},

which is exactly the desired (3.20). O

4. Operators with coefficients depending on (x, ¢)
4.1. The basic estimate for functions with small support

We want to extend our results to operators with coefficients g;; (x, ¢) Dini continuous
in x and bounded measurable in 7. The first step is a local estimate for functions with
small compact support.

Notation: Since in this section we will make crucial use of the interpolation inequality
contained in Theorem 2.20 , we will adopt the following notation: given any 7 > 0,
any & € Sy and any r > 0, we set

B/ (¢)=B,E)NSr.

Theorem 4.1. Let L be as in (1.1), satisfying assumptions (H1), (H2), (H3) stated in
Sect. 1. Then, there exist constants c,ry > 0 depending on T, the matrix B in (1.5),
the number v in (1.3) and A in (1.20), respectively, such that

107 ull oo 57 @) < Uy 5, (1) 4.1)
©2 57 ® (P) < ¢(Meusy(0) + Masy (cp) - Uy, 5. (D) YV p >0, (42)

andtheseestimatesholdforeveryg eSt,0<r<ropl<i,j<mypandu € SPST)
with supp(u) € B, (£) N St. Here,

Mg, = Zlm;’:l Ma;;.sp and M. g, is as in (1.16).

We stress that the constant c in (4.1)—(4.2) is independent of the ball B, (?). In par-
ticular, in view of Proposition 2.8, estimate (4.2) expresses Dini-continuity of 3)%[ij
provided that both Lu and a;; are log-Dini continuous, while it just expresses uniform
continuity if Lu and a;j are only Dini continuous.
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Proof. We follow and revise the proof of [1, Thm.4.1]. To begin with, we arbitrarily
fix 0 < ro < 1/2 (to be suitably chosen later on) and a point § = (x,7) € S7. We
then consider the operator £z with coefficients a;; (X, t) (frozen in space, variable in
time), and we let I'* be its fundamental solution. We now observe that, given any
u € SP(Sr) with supp(u) € B,(£) N Sy (for some 0 < r < rg), we clearly have
ue St —r, T)and Lzu € D(St); thus, we can exploit the representation formula
in Corollary 3.2, giving

Bi,xju(x, 1)
t p—
= / </ Bfix’_Fx(x,t; v, 8) [Lxu(E(s — t)x,s) —Lxu(y,s)]dy> ds,
f—r RN :

for every (x, 1) € B! (€). From this, since we can write

Lyu=Lu~+ (Lx— Lu
mo

=Lu+ Z (ahk()_cv 1) — apk (x, t))a)%hxku’
h,k=1

we obtain the following identity

0 ux, 1) = /

t

(/ Bfileﬂf(x, t;y, s){Eu(E(s —t)x,s) — Lu(y, s)}dy) ds

t—r R
mo ; 5 B
+ 0- T (x,t;y,5)
h‘gz:l /?fr /RN i Y
x {(ahk(x, $) — am(E(s — 0)x, )2 . u(E(s — )x, 5) (4.3)

— (am(F. ) = am(v, )02, u (v, ) |dyds

mo
=Ty (Lw)(x, ) + Y Tij(fur) (x, 1),

h,k=1

where 7;;(-) is as in Theorem 3.3, and

Fuk(y.8) = (ank X, 5) — ani (. 5)) 95, u(y. 5) € DE =1, T).

To proceed further, we turn to estimate the L°°-norm and the continuity modulus of
T;;(Lu) and of T;; (fux) (for 1 < h,k < mg) on BT (&).

(1) ESTIMATE OF THE L°°-NORM. First of all we observe that, since we assuming
0 < r <rg < 1/2, by Proposition 3.1 we get the following estimate

ITij (L)l oo 7 &)

= sup ,/ _ a)%ixjrf(x’f;Y7S)CULu,ST(||E(S—I)X—yII)dyds44
(x.0)eB, (&) IRV x({—r.1) (4.4)

<c sup Up, o Vi—T+r)=clUp, o (V2r) <clUp, o (1),
(x,1)€B; (€)
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where we have used the fact that L{Zu Sy is non-decreasing, see (1.18),and ¢, u > 0
are structural constants. Analogously, since 0 < r < rp, we have

”Tij(fhk)”LOO(BrT@)) = Cu};k,ST(V 2r) < cu}};zkyST (\/ 2ro)

2r 4.5
:c/ e—u|z|2</””2” Mds)dz *43)
RN 0 N

Now, by exploiting the product structure of fji, together with Lemma 2.14 (note that
Sk = 33, qU = Oon S7 \ B; (S)) and (2.10), we can write

@57 (0) = @ g B Ensy (P)

= s a0 ) — a9l o s (0)
(v.9)EB(E)NST

+ Way, 57 (0) - ”a)%hxku”L”(B,T(g)) (4.6)
=< zwahk,ST (p) - ”a)%hxku”L"@(BrT@)) + Way, Sy (p) - ”a)%hxku”Lw(BrT(@)

< 3was5(0) 185,y ull poggr g,y (forall p > 0),
where wg 5, (1) = ZZ”%zl gy, sy (). Thus, by combining (4.5)—(4.6) we get

IT5j (fuidll Lo (87 @)

V2rolizll
|2 Wq, 57 (8)
=< C”E)fhxk“”LOO(B,T(E))/ e mlz| (/ a—TdS)dZ 4.7)
0

S
= c 192,y ull Lo 57 @) Ul s, (V2r0)  (forall 1 <, j < m).

Gathering (4.3), (4.4) and (4.7), we finally obtain

2 _
2088, 105 e a7 @)
mo
m m
<C<MCL1,ST(1)+U 5 (V2r0) ) ||3xhxk“||L°°(B,T<§>))
h,k=1

1% 2 1
< o(Ugs, D+ | max 103 ull gy @y Uil s, V20)).

where ¢ > 0 is a constant, possibly different from line to line. From this, if we choose
0 < rp < 1/2 so small that

aST(Ver =

(4.8)

| =

(recall that Z/l“ 57 (r) vanishes as r — 0T, see Lemma 2.12), we immediately derive
the desired (4.1). We explicitly point out that the choice of r¢ (in such a way that (4.8)
is satisfied) only depends on the coefficients apj.
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(2) ESTIMATE OF THE CONTINUITY MODULUS. First of all we observe that, by com-
bining the representation formula (4.3) with Theorem 3.3, we get

mo

®p2 56 (P) S 0T Lw.5 () + ) 0T (i), 51 (P)
i)

k=1 (4.9)

mo
= C<MEM,ST (cp) + h;[ thk,ST (C,O)),

where ¢ > 0 is a structural constant. On the other hand, using (4.6) (and taking into
account the very definition of Mz, s, see (1.16)), we can write

© o, 57 (8)

5 ds

P 57(8)
M fis 57 (P) =w.fhk,sr(p)+f f‘“"—Tds+p/
0 § P (4.10)

s
<3 ||8)%h)€ku||LOO(B'T(§))MG’ST (0) (forall p > 0).
By combining (4.9)—(4.10) with (4.1) (which has been already proved), we then obtain

the following estimate, provided that r¢ is small enough:

mo

@2 BT @ (P) SC(Msu,sT<cp>+Ma,sT<cp)~ > 193l a7 @)
" hk=1

< e(Mus;(cp) + Ma.s; (cp) - U, 5 (1) (forall p > 0),
This is precisely the desired (4.2), and the proof is complete. 0

4.2. The continuity estimate in the general case

Given an arbitrary open set 2 € R¥*! and a function f : @ — R, we recall that
the (partial) continuity modulus w o of f is defined as follows:

wror)=sup |[f(x,0)— f(y.0] (@ >0).
(x,1),(y,1)eR
lx—yli=r

In the following, we will get a control on w5, starting with a uniform control on the
moduli Wf B E) where {B, (Ei)}?il is a covering of St.
This is possible in view of the following:

Proposition 4.2. Let r > 0 be fixed, and let { B (§,)}32, be a covering of St, that is,
St € U; B/ (&). Then, we have

wfsr(p) < sup Cl)f’BeTr(gi)(,O) foreveryO < p <r.
1

where 6 > 1 is a structural constant.
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Proof. Let (x1,1), (x2,1) € St be two points satisfying [|x; — x2]| = s < r, and let
i1 € N be such that (x1,¢) € B,T (E; .). Using the quasi-triangle inequality of d, see
(1.12), we infer that (xp, 1) € BgTr (E,-l) for some structural constant & > 1 (actually,
we have 6 = k(1 4 k)); as a consequence, we get

F@10 = 20l S04 6, )6) 50051 66,

and this implies the assertion. O
Thanks to all the results established so far, we can now give the

Proof of Theorem 1.6. To begin with, we fix » > 0 so small that the local conti-
nuity estimates in Theorem 4.1 hold on balls of radius 26r (where 8 > 1 is as in
Proposition 4.2), and we let {B, (gn)}nzl be a covering of S7. We then choose a
function ® € C3°(Bag,(0)) satisfying ® = 1 in By, (0), and we define

$n(€) = DE, 0&) (= 1).

Note that, by (2.3), ¢, € C5°(Bag,(,)) and ¢, = 1 in By, (&,); moreover, by the
left-invariance of dy, . . ., 8xm0, Y we see that the C*-norms of ¢,,, dx, ¢, L(¢y) are
bounded independently of n (for all @ € (0, 1)). Throughout this proof, the constants
involved may depend on r, which however is by now fixed.

We now arbitrarily fix n > 1 and we observe that, since u,, = u¢, € S D(S7) and
since supp(u,) < BzTer (€,)), we can apply the estimates (4.1)—(4.2) in Theorem 4.1 to
this function u,,: recalling that ¢, = 1 in By, (£,,), this gives

2 2 "
||8xixju”Loo(BeTr(§n)) = ”axw”"”LOO(BZT(,,@n)) < cuﬁun,ST(l) (4.11)
O3 w55 E0 P = O w8, € (P)

< ¢(Meu,.s5,(cp) + Mas; (cp) - U, 5 (1) ¥ p >0, (4.12)

where ¢, u > 0 are structural constants (and 1 < i, j < mg). On the other hand, since
a direct computation shows that

Lu, = (ﬁu)% + “(£¢n) +2 2;73(21 ahkaxhu . 8xk¢na
we clearly have the following estimate

@ Luy, 57 (P) < ©Lwyp,,s7(P) + Ouce,),sp(0)

(4.13)
+2 Z;ﬁ‘;{zl wahkaxh ”‘axk n, ST (IO)

In view of (4.11)—(4.12), and taking into account the above (4.13), to prove the theorem
we then turn to estimate the three continuity moduli

D) ocwgy,srr (2 Ouepn,srs ) Capiy, ud du.Sr-
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To this end we will repeatedly use the following straightforward estimate, holding true
for every open set @ € RV*! and every f, g € D(Q):

wre.(P) < N flle@wg.ap) + lglie@wralp) VYV p>0. (414)

- ESTIMATE OF (1). On account of (4.14), and since ¢, € C{° (RN+1) (hence, in
particular, ¢, € C*(RN*1) for every « € (0, 1)), we immediately get

OLuypy. 57 (P) = N LutllLoo(s7)@g,.57(P) + l[PnllLoo(s7)@Lu. 57 (0) 4.15)
< c(p*IILullLocsy) + @cu.sp(0)) Y p >0, '

where ¢ > 0 is a constant only depending on .
- ESTIMATE OF (2). Using once again (4.14), and taking into account that uL¢, is
compactly supported in Byg, (£,,), by Lemma 2.14 we can write

wu(£¢’1)’ST (p) = a)u([ﬂbn)»EZ@r (gn)ﬂST ('O)
= ||u||L°°(BzTg,(§n))w£¢"’ST (p)
1Ll Lo (BT, &,)Pu, Bos @151 (P)
(since Lo, € C“(RNH) forevery ) <o < 1)
< (0Nl Lo, &) + PuBaor G sy () = 0K,

where ¢ > 0 is a constant only depending on ®. On the other hand, since we know
from Theorem 2.20 that u € C*(B N St) for every ball B = Bg(1n) (with i € S7)
and every o € (0, 1), we obtain

(%) < Cpa”u”Ca(BzTe,@n)) Yp>0. 4.16)

- ESTIMATE OF (3). By repeatedly exploiting (4.14), and by taking into account the
smoothness and support of ¢,,, we derive the following estimate

Dapidy, u-0x fn, ST (p) = ©Capkdy, udy, bn. Baor €,)NST (0)
< @ang,5r () 105,10 oo, @) 105k B ll Lo (3, 6,
+ @Wdy, u.Bagr (€,)NST (0) llank |l Loo @V+1) 1 0xy P |l Loo @V +1)
+ @57 () el oo vty 19l e 7€)
< ¢(@a,57(0) 10,1l Loo 87, &)+ @y, u. By &7 (P)
+ 0 N0l e a7 ) =5 (O,
where ¢ > 0 is a constant only depending on ® and on v in (1.3). On the other hand,

since we know from Theorem 2.20 that d,,u € C*(B N St) for every ball B = Br (1)
(with 77 € S7) and every @ € (0, 1), we obtain

(k) < C(wahk,ST (p) ”axhu”L“’(Bzer(g,,)) @.17)
+ ,0a||3xhu||ca(BZT€r@n))) v P> 0. .
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Gathering (4.15)-to-(4.17), from (4.13) we then get

WLu,, St (p) = C<,0a ||£“||L°°(ST) + wcu, sy (p) + Pu ||u||cot(BzT9r(§n))
mo

+ 2 (@ansr (0) 190,200 Loy, 6,y
h,k=1

+ p® ||3xhul|ca(32?g,(§n)>))

(setting, as usual, wq,5; = Y1 %—| Qap.S7)

(4.18)

< (P ILull s + 0cus (0) + P Il coay, 6,

mo
+ (wa,ST (p) + Pa) Z ||axhu||ca(3276r(§n))):
h=1

and this estimate holds for every p > 0. With (4.18) at hand, we are now ready to
establish assertions (i)—(ii) in the statement of the theorem.

- Proof of (1). First of all, by combining estimates (4.11)—(4.18) and by exploiting
Lemma 2.12-(i), we derive the bound

2 M
1053, ull Lo pr &,y = €Uy, 5p (D

- c/ eulz2</”z| WLu, 5 (5) ds)dZ
RV 0 s

< c(llﬁullesr) +Up, 5, (D
(4.19)

mo
+ D 10l ez, 6, ) ”“”ca(B{g,(En)))
h=1

mo
< c(Iullpisn + D 10uullcesy, € + ltllcess, @)
h=1

where ¢ > 0 now depends on the chosen ¢« and on the number A in (1.20). From this,
by using the interpolation inequality (2.59) in Theorem 2.20, we obtain

2
9%, x,ull Lo (7 &)

mo
< eIl +2( Y 102 ulieisn + 1Y ulzsn) (420
h,k=1

1
+ 5 lullzcsn |-
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and this estimate holds for every ¢ € (0, 1). We then observe that, since n > 1 is
arbitrarily fixed, by taking the sup over N in the previous inequality we get

mo
107 ullLoocsy) < c[nﬁunmm + e( D105 ull oo sy + llYullmsT))
h,k=1
1 .
+ 5 lullzmsn |
2

moreover, since Yu = Lu — fo,’(:l anidy, ,, u, by exploiting assumption (H3) we
can write (up to possibly change the constant ¢)

mo
1
2 2
||8x,-xju”L°°(ST) < C{”»CM”’D(ST) + Eh Ek 1 ||axkxhu||L°°(ST) + _SV ||u||L°°(ST)}-

Thus, if we choose ¢ > 0 so small that c ¢ < 1/2, we conclude that

||3f,-xjullL°°(ST) < c(IILullpesy) + lullzoe(sy)), 4.21)
and this implies, again by the identity Yu = Lu — Y} _ | an LA
mo
IYullzooesyy < ILulliocsyy + Y lankllpoo @y 195, 1l Lo sy
k=1 4.22)

< c(ILullpisy) + lulloisy))-

In view of (4.21)—(4.22) and Theorem 2.20, assertion (i) is now established.

- Proof of (ii). First of all, by combining (4.12) with (4.18) (and by taking into account
the very definition of M. g, see (1.16)), we get

@2 B &) (P) = (M, sp(cp) + Masy (cp) - U, 5, (1)

XjXxju

< | oI Lullxsy) + Meusr (o)

mo

+ (Ma,ST (cp) + pa)<z |I3xhullca(32Tﬁr(§n)) + ||”||Ca(3270r(§n)))
h=1

+ Ma,sp(e0) - UL, 5, (1]

(by the same computation in (4.19))

< | Meus: @) + (Mas; (@) + %) Lullpsy)
mo
+ (Mas; (o) + p%) ( D 19g el ceqsg, €, + e ”c%BzTer@n))) }
h=1

where ¢ > 0 depends on o € (0, 1) and on the number A. From this, by exploiting
the interpolation inequality (2.59) with ¢ = 1, jointly with the estimate in assertion (i)
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(which has been already established), we obtain

@y BT &) (P)

Xpxju> 0.
= e[ Meusy (e0) + (Ma.sy 0) + 0%) (1£ullpisr) + el =csy)
mo
+ (Masr () + p%) (30 1030, ullcs + IV ullsisy )|
h,k=1

< C{M[,u,ST (cp) + (Ma,s; (co) + %) (1 LullDisr) + ”M”LOO(ST))}'

We then observe that, since n > 1 is arbitrarily fixed, by taking the supremum over N
in the above estimate and by using Proposition 4.2, we obtain

033,51 (P) S SUp gt e (0)
n

XjXju>

< | Meus: (@) + (Masy @) + o) (I1ullpisy) + lullisy) |

and this estimate holds for every 0 < p < r (note that r > 0 is fixed once and for all);
this, together with the identity Yu = Lu — Y, , ahkafh x4 and (4.14), immediately
implies an analogous bound for the modulus

wyus;(p) (for0 < p <r).

Finally, when p > r estimate (ii) is an immediate consequence of (i). O

5. Time continuity of a,%i XU

Now we have established Theorem 1.6, we are finally ready to give the

Proof. Let K, T, 7, a be as in the statement of the theorem, and let ¥ (1) € C;°(R)
be a cut-off function such that

i 0<y <lonR, (i) y=1on][r,T], (i) ¥ (@) =0fort <7 —1.

We then fix a point & = (x,7) € Sr and, for a given function u € SP(Sr) with
Lu € Diog(ST), we apply the continuity estimate (3.18) in Theorem 3.5 to the function
vi=uy € 8%z — 1, T) (see property (iii) of v): this gives
|0 u (1, 1) = 0 e, )] = 195 v, 1) = B2 002, 1)
< ef Mo (cd((x1, 1), (x2, 1)) + [ty — 1] /9V)) (5.1)

UL 5 (2 —nD).

for every couple of points (x1, t1), (x2,2) € K x [t, T]. Owing to (5.1), and taking
into account the definitions of M., g, and of 4" s;» to complete the proof we then turn
to estimate the continuity modulus

Wiy, sp(r) (forr > 0).
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First of all, since ¥ is independent of x, we get Lxv = ¥ (Lxzu) — u 9,¢; moreover,

Lzu=Lu+ (Ls—Lu
mo

=Lu+ Y (am@ 1) —an(x, 1)), u.
hk=1

In view of these facts, and since ' is constant w.r.t. x, by repeatedly exploiting (4.14),
together with estimates (i)—(ii) in Theorem 1.6, we then obtain

wLv.sr (P) < Oy, s () + us s (0) < ¢ (s (0) + wusy ()

mo
< CcyWLu, Sy (p) + 2Ah;1wa%hxku‘ST (p)

mo
+ was; (0) 1107 ullLssy) + ousy (p)
h,k=1

< clwcu.s; (p)
+ (Meu,s; () + (Ma,sy (o) + p%) (1Ll pesyy + llull Loogsy)))
+ wa,s; (p) (IILullpesy) + lullzoe(sy)) + @u.sy (0)}
(since, by definition, w, s, < Mg s;)
< c{ocus; (p) + ousy (p) + Meusy (cp)
+((Ma,sr 0) + 0%) (1Lullpesy) + lulloesy)) } (5.2)
where, as usual, w,, 5, = ZZ’(}{: | @ay,sp- With estimate (5.2) at hand, we can easily

complete the proof of the theorem: indeed, by combining (5.1)—(5.2) and by taking
into account the definitions of the functions involved, we get

|07 u(x1, 1) = 35 u(x2, 1)
< c{Mgu.s; (cr) + My, s (cr) + Nga,s; (cr)
+ Na,sp (cr) +r) ([ Lullpesyy + llullz=(sy)))
+Up, 5, (VI — o)+ UL (eI — o)) + Vi, 5 eVl —nl)

+ Vi (eIt — D) + 1t = 0l (I Lullpesy) + lullies)).  (5.3)

where we have set
ri=d((x1, 1), (x2, ) + |ty — ]9V,

Next we note that, on the one hand we have w5, < Mgy sp < Nzu, sy» wWhich
implies that U, s < Vi, 5,- On the other hand, since by Theorem 1.6 we know
that

lullcecsyy < e {ILullpesy) + NullLosy}
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by Remark 2.21 and Proposition 2.11, we can write

My s, (cr) +U,if5T (eIt — n2]) < er® {IILullpisy) + lullzoocsy) ] -

Using these facts in (5.3) we obtain the desired (1.21). O
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