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In this paper we consider nonnegatively curved finite dimen
sional Alexandrov spaces with a non-collapsing condition, i.e., 
such that unit balls have volumes uniformly bounded from 
below away from zero. We study the relation between the 
isoperimetric profile, the existence of isoperimetric sets, and 
the asymptotic structure at infinity of such spaces.
In this setting, we prove that the following conditions are 
equivalent: the space has linear volume growth; it is Gromov--
Hausdorff asymptotic to one cylinder at infinity; it has uni
formly bounded isoperimetric profile; the entire space is a 
tubular neighborhood of either a line or a ray.
Moreover, on a space satisfying any of the previous conditions, 
we prove existence of isoperimetric sets for sufficiently large 
volumes, and we characterize the geometric rigidity at the 
level of the isoperimetric profile.
Specializing our study to the 2-dimensional case, we prove 
that unit balls have always volumes uniformly bounded from 
below away from zero, and we prove existence of isoperimetric 
sets for every volume, characterizing also their topology when 
the space has no boundary.
The proofs exploit a variational approach, and in particular 
apply to Riemannian manifolds with nonnegative sectional 
curvature and to Euclidean convex bodies. Up to the authors’ 

* Corresponding author.
E-mail addresses: ga2434@nyu.edu (G. Antonelli), marco.pozzetta@unina.it (M. Pozzetta).

https://doi.org/10.1016/j.jfa.2025.110940
0022-1236/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, 
and similar technologies.

https://doi.org/10.1016/j.jfa.2025.110940
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2025.110940&domain=pdf
mailto:ga2434@nyu.edu
mailto:marco.pozzetta@unina.it
https://doi.org/10.1016/j.jfa.2025.110940


2 G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940 

knowledge, most of the results are new even in these smooth 
cases.

© 2025 Elsevier Inc. All rights are reserved, including those 
for text and data mining, AI training, and similar 

technologies.
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1. Introduction

We consider Alexandrov spaces (X, d) with curvature bounded from below by 0, 
shortly CBB(0), of (Hausdorff) dimension N ∈ N with N ≥ 2, see Definition 2.1. For an 
introduction to the theory of such spaces we refer to [39,3,102], and to the foundational 
works [101,40]. The class of CBB(0) spaces includes complete Riemannian manifolds 
with nonnegative sectional curvature (possibly with convex boundary), convex bodies, 
i.e., closure of open convex subsets of RN , topological boundaries of open convex sets 
of subsets of RN (endowed with corresponding intrinsic distance), and cones over closed 
manifolds of sectional curvature greater or equal to 1 (see Section 2.1.2). Moreover the 
CBB condition is stable with respect to quotients by isometries, gluing over boundaries, 
and pointed Gromov–Hausdorff convergence.

In the following, an N -dimensional CBB(0) space (X, d) is endowed with the N
dimensional Hausdorff measure HN , which makes the triple (X, d,HN ) a metric measure 
space. The basic theory of BV -functions on metric measure spaces [89,4] allows to define 
the perimeter Per(E) of a measurable subset E ⊂ X, see Definition 2.13. Thus we 
consider the isoperimetric problem: given an N -dimensional CBB(0) space (X, d), for 
V ∈ (0,HN (X)) one aims at studying the minimization

inf{Per(E) : E ⊂ X, HN (E) = V }.

The value of the infimum as a function IX : (0,HN (X)) → [0,+∞] of the volume is 
called isoperimetric profile of X. A set E ⊂ X such that Per(E) = IX(HN (E)), is called 
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isoperimetric set, or region. We shall drop the subscript X when there is no risk of 
confusion.

In the last fifty years, a great interest has been devoted to the study of several aspects 
of the isoperimetric problem on spaces with (classical or synthetic) notions of lower 
bounds on the curvature. We mention [32,31,27,61,93,87,88,42] concerning sharp, rigid 
and quantitative isoperimetric inequalities on compact spaces with Ricci lower bounds, [1, 
34,26,66,23,43,44] about sharp and rigid isoperimetric inequalities on noncompact spaces 
with nonnegative Ricci curvature and Euclidean volume growth, see (1.1) below, [27,117, 
93,77,28--30,90,22] for what concerns differential properties of the isoperimetric profile of 
spaces with Ricci lower bounds, and [107,108,94,95,90,50,18,17,20] studying existence of 
isoperimetric sets on noncompact spaces with lower curvature bounds.

Specializing to the case of convex bodies in the Euclidean space, a number of re
sults about existence of minimizers, isoperimetric inequalities, stability and topology of 
isoperimetric sets have been obtained in [81,117,110,78].

We refer the reader to [105] for a comprehensive account on the isoperimetric problem.
On a compact space, precompactness of sets with uniformly bounded perimeter and 

lower semicontinuity of the perimeter functional imply existence of isoperimetric sets of 
any volume V ∈ (0,HN (X)). On the contrary, the problem of existence of minimizers 
for some assigned volume is highly nontrivial on noncompact spaces. In fact, it is proved 
in [19] that for every dimension N ≥ 3 there exists a convex body X ⊂ RN with infinite 
volume such that no isoperimetric sets exist for volumes < 1,1 thus answering in the 
negative a question in [78]. A similar example can be constructed where (X, d) is a 
smooth complete noncompact Riemannian manifold with dimension N ≥ 3 and strictly 
positive sectional curvature. A reason why isoperimetric sets of some volumes do not exist 
on some noncompact space is that minimizing sequences may escape from any compact 
region, see examples in [106,18]. It follows that there is a strong relation between the 
existence of isoperimetric sets on noncompact spaces, and the asymptotic structure at 
infinity.

The link between the problem and the structure at infinity, together with recent devel
opments on the Geometric Analysis on metric measure spaces with curvature bounded 
below (Section 2.3), has led to several contributions which exploit the direct method of 
the Calculus of Variations in order to find an isoperimetric region. Building on the fun
damental concentration-compactness principle [80] and the results in [108,95,90], such 
direct method has been established in [18,20], see also [96,104,97] for related applications, 
leading to new existence results of minimizers under assumptions on the asymptotic 
structure of the ambient space.

In [17] it is considered the case of Riemannian manifolds with nonnegative Ricci 
curvature with Euclidean volume growth, i.e., such that

1 In this case the perimeter of a set E ⊂ X is the relative perimeter in the convex body. Indeed, the 
perimeter measure Per(E, ·) of a set E never charges the boundary ∂X, see Section 2.3.
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AVR(X) := lim 
r→+∞

HN (Br(o))
ωNrN

∈ (0, 1]. (1.1)

By Bishop–Gromov monotonicity (Section 2.3), the previous assumption implies that the 
volume of balls grows with maximal rate. Under a suitable assumption on the geometry 
at infinity of the space, in [17, Theorem 1.1] it is established existence of isoperimetric sets 
for any sufficiently large volume. Furthermore, if (X, d,HN) is CBB(0) and AVR(X) > 0, 
then isoperimetric sets exist for any sufficiently large volume without further assumptions 
[17, Theorem 1.3], and [23, Theorem 1.2]. The results in [17] are generalized in the RCD
setting in [23].

In this work, we focus on CBB(0) spaces whose balls have minimal volume growth 
instead. By a classical result attributed to Calabi–Yau, see [112, Theorem 4.1], [58, 
Corollary 5.15], and also [49] where explicit lower bounds on the Ricci curvature are 
related to the sharp rate of volume growth of balls, the volume growth of balls in a 
CBB(0) space (X, d) is at least linear, more precisely HN (Br(o)) ≥ C(N,HN (B1(o)))r
for every o ∈ X, r > 1.

In the class of CBB(0) spaces, our first main result yields a full equivalence between 
linear volume growth and: the cylindrical structure at infinity of the space, an upper 
bound on the isoperimetric profile, and the fact that the space is a tubular neighborhood 
of either a line or a ray. Moreover, a rigidity statement holds in the sense that the space 
is a cylinder or it has a cylindrical end - necessarily, over isoperimetric boundaries - if 
and only if the isoperimetric profile is eventually constant.

Theorem 1.1 (Isoperimetry and structural rigidity, cf. Theorem   3.9, Corollary   3.11, 
Proposition   5.14). Let N ≥ 2, and let (X, d) be a noncompact N -dimensional CBB(0)
metric space such that HN (B1(x)) ≥ v0 for some v0 > 0, and for every x ∈ X. Let 
o ∈ X. Then the following are equivalent.

(i) lim supr→+∞ HN (Br(o))/r < +∞;
(ii) For any diverging sequence of points pi ∈ X such that (X, pi) pGH-converges to a 

limit (Y, y), it holds that Y is isometric to a product R×K, where K is compact;
(iii) There exists a diverging sequence of points pi ∈ X such that (X, pi) pGH-converges 

to a limit R×K, where K is compact;
(iv) There exists a constant C > 0 such that I(V ) ≤ C for every V > 0.
(v) Either X is isometric to R × K, or X has one end and there exists a ray γ :

[0,+∞) → X and a constant D > 0 such that d(p, γ) ≤ D for any p ∈ X.

If any of the previous items holds, then there exists a unique compact CBB(0) space K
such that any pGH limit of X along a sequence of diverging points is isometric to R×K.

Moreover, the following are equivalent.

(1) There exists V0 > 0 such that the isoperimetric profile I is constant on [V0,+∞);
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(2) Either X is isometric to R×K for some compact K, or there exists an isoperimetric 
set A such that (∂A, d|∂A) is CBB(0) and (X \ A, d|X\A) is isometric to (∂A ×
[0,+∞), d|∂A ⊗ deu);

(3) Either X is isometric to R×K for some compact K, or there exists an open bounded 
set A such that (X\A, d|X\A) is CBB(0) and it is isometric to (∂A×[0,+∞), d|∂A⊗
deu).

Moreover, if (1), (2), or (3) holds, either X is isometric to R × K for some compact 
K and there exists V0 > 0 such that for every V ≥ V0 isoperimetric regions of volume 
V exist and coincide with (0, a) ×K for some a > 0, up to translations; or there exists 
V0 > 0 such that for every V ≥ V0 isoperimetric regions of volume V exist, are unique, 
and coincide with {x : d(x,A) < bV } for some bV ≥ 0.

The most challenging part of the previous Theorem 1.1 is the equivalence of the 
conditions in (i)-(ii)-(iii)-(v) with (iv), i.e., the connection between the structure of the 
space and the boundedness of the isoperimetric profile. The most difficult implications, 
in which the CBB(0) condition comes into play, are (i)⇒(ii), and (iii)⇒(v), from which 
we can infer the global structure of the space just by having one limit at infinity that is 
of the form R×K. The CBB(0) condition comes into play also in the proof of (i)⇔(iv), 
see Problem 1.2.

Up to the authors’ knowledge the equivalence of items (i)-(v) and the rigidity in items 
(1)-(3) in Theorem 1.1 are new both in the case of Euclidean convex bodies, and in the 
class of Riemannian manifolds with nonnegative sectional curvature. Moreover, since the 
proof exploits the analysis of pointed Gromov–Hausdorff limits at infinity, which are a 
priori non-smooth, the use of non-smooth geometry appears to be necessary even in the 
smooth realm.

In the case of manifolds with nonnegative Ricci curvature, or even RCD(0, N) spaces 
(X, d,HN ) with linear volume growth, the picture depicted in Theorem 1.1 might be 
more involved, see Remark 2.35 and Remark 3.5 below. Moreover, there exist examples 
of manifolds with nonnegative Ricci and linear volume growth having limits at infinity of 
the form R×K and R×K ′ where K and K ′ are non-isometric compact manifolds [114, 
Example 27]. The investigation of the relations between conditions (i)-(v) in Theorem 1.1
at such level of generality goes beyond the scope of the present note.

Problem 1.2. Investigate the relation between conditions (i)--(v) in Theorem 1.1 in the 
class of non-collapsed noncompact RCD(0, N) metric measure spaces (X, d,HN ). In 
particular, investigate whether the implications (i)⇒(ii)⇒(v) and (i)⇔(iv) hold in the 
previous setting.

Addendum. After this work was posted on arXiv, X. Zhu [123] addressed Problem 1.2, 
proving that on a noncompact manifold (MN , g) with Ric ≥ 0 and infx∈M HN (B1(x)) >
0, conditions (i), (ii), (v) in Theorem 1.1 are equivalent [123, Theorem 1.6] It remains 
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open to understand the full equivalence with the uniform boundedness of the isoperi
metric profile, that is, condition (iv) in Theorem 1.1.

Exploiting the structural information coming from Theorem 1.1, we prove that on a 
CBB(0) space with minimal volume growth there exist isoperimetric sets for any suffi
ciently large volume.

Theorem 1.3 (Existence and structural rigidity, cf. Theorem   5.13). Let N ≥ 2, and let 
(X, d) be a noncompact N -dimensional CBB(0) metric space such that HN (B1(x)) ≥
v0 > 0 for some v0 > 0 for every x ∈ X. Assume any of the equivalent conditions (i)-(v) 
in Theorem 1.1 and assume that X has one end.2 Then the following hold.

(1) All the pGH limits at infinity of X are isometric to R × K, for a fixed compact 
CBB(0) space K. Denote V := HN−1(K);

(2) There exists a constant V0 := V0(v0, N,V) such that isoperimetric regions exist for 
every volume V ≥ V0;

(3) For every V > 0 we have that

I(V ) ≤ V.

If for some V ′ the equality is attained, then it is attained for all V ≥ V ′ and there 
exists an isoperimetric set Ω of volume HN (Ω) ≥ V ′ such that (∂Ω, d|∂Ω) is CBB(0)
and (X \ Ω, d|X\Ω) is isometric to (∂Ω × [0,+∞), d|∂Ω ⊗ deu).

(4) If Ei is a sequence of isoperimetric sets with HN (Ei) → +∞, xi ∈ ∂Ei, 
and (X, d, xi) pGH-converges to (R × K, deu ⊗ dK , (0, k0)), then Ei converges to 
(−∞, 0)×K in L1

loc and ∂Ei converges to (−∞, 0)×K in Hausdorff distance, in a 
realization of the pGH-convergence. Moreover there exists a sequence of isoperimet
ric sets Ωi ⋐ Ωi+1 such that ∪iΩi = X, and there holds

lim 
V→+∞

I(V ) = V.

Let us mention that Theorem 1.1 and Theorem 1.3 recover several results in the 
context of Euclidean convex bodies proved in [109,78], and extend the theory to the 
larger class of CBB(0) spaces. Indeed, every convex body in Rn that satisfies item (v) in 
Theorem 1.1 is cylindrically bounded in the terminology of [109], see also [78, Theorem 
6.20]. We mention that in order to prove Theorem 1.3 we need some auxiliary results 
about the characterization of isoperimetric sets with large volumes in RCD cylinders 
over compact spaces which might be of independent interest, see Appendix A.

We can further specialize our approach to the case of 2-dimensional CBB(0)
spaces (X, d). In this case we prove both that the volume non-collapsing assumption 
infx∈X H2(B1(x)) > 0 holds true, and that isoperimetric sets exist for every volume. We 

2 If it has at least two ends, then it is isometric to R× K by the splitting theorem, see Theorem 2.9.
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further investigate the topology of isoperimetric sets in case the space has no boundary, 
see Section 2.1.2. We denote by S1(ρ) the circle of length ρ.

Theorem 1.4 (2-Dimensional CBB(0) spaces, cf. Theorem   4.2, Theorem   5.5, Theo
rem   5.9). Let (X, d) be a noncompact 2-dimensional CBB(0) metric space. Then the 
following hold.

(1) There exists v0 > 0 such that H2(B1(x)) ≥ v0 for any x ∈ X.
(2) For any V > 0 there exists an isoperimetric region Ω ⊂ X of volume H2(Ω) = V .

Assume further that ∂X = ∅, and let E ⊂ X be an isoperimetric set. Then one of the 
following alternatives holds.

(a) ∂E is connected.
(b) There exist b, ρ > 0 such that X is isometric to a right cylinder R × S1(ρ) and 

E = (0, b) × S1(ρ), up to translation along the factor R.

In particular, in case ∂X = ∅ and X is not isometric to a Euclidean 2-dimensional right 
cylinder, the boundary of every isoperimetric set is connected and it is parametrized by 
a Lipschitz curve homeomorphic to S1.

By a classification argument, Theorem 1.4 implies the existence of isoperimetric sets 
on any RCD(0, 2) space (X, d,m), see Corollary 5.7. We mention that an alternative 
argument for the proof of (1) in Theorem 1.4 has been recently proposed in [121, Lemma 
2.12, Remark 2.13].

We observe that Theorem 1.4 refutes the existence of foliations by isoperimetric 
boundaries even at the level of 2-dimensional CBB(0) spaces, and despite existence of 
isoperimetric sets for any volume, see Remark 5.11.

We remark that (1) in Theorem 1.4 recovers the result known on 2-dimensional Rie
mannian manifolds from [51, Theorem A]. We stress that property (1) is false on higher 
dimensional CBB(0) spaces, see [51, Example 1], or consider the convex hull of the union 
of the unit ball in R3 with a parabola {(x, x2, 0) : x ∈ R}. Moreover (2) in Theorem 1.4
recovers the result known on 2-dimensional Riemannian manifolds from [107], and (a) in 
Theorem 1.4 recovers the topological conclusion in [107, Theorem 1.1].

We remark that (1), (2) in Theorem 1.4 here are proved by applying the above men
tioned direct method from [18,20], thus unifying these results as corollaries of the method.

It remains open the following fundamental question related to the existence part in 
Theorem 1.3. We remark that, up to the authors’ knowledge, the forthcoming question 
has not a definitive answer both in the class of smooth complete Riemannian manifolds 
with Sect ≥ 0 and in the class of Euclidean convex bodies.
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Question 1.5. Let N ≥ 2. Let (X, d) be an N -dimensional CBB(0) noncompact metric 
space such that infx∈X HN (B1(x)) ≥ v0 for some v0 > 0. Do there exist isoperimetric 
regions for sufficiently large volumes?

Concerning the topological result in Theorem 1.4, we mention the following question.

Question 1.6. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space. If the 
space is not a 2-dimensional cylinder, is it true that isoperimetric sets are convex and 
homeomorphic to a disk?

The question whether isoperimetric sets are homeomorphic to disks has a positive 
answer on smooth complete Riemannian surfaces with Sect ≥ 0, see [107].

Concerning the strategy to carry out the analysis of the structure at infinity of a 
CBB(0) space, a first key observation is the fact that any pGH limit at infinity of a 
CBB(0) space splits a line, i.e., it is isometric to a product R × Y , see Lemma 2.29. 
Later, we found that this property had already observed in a work of Kleiner–Lott [76, 
Page 2852, Appendix G]. Then for a CBB(0) space having at least a limit at infinity of 
the form R×K with K compact, it is possible to derive the asymptotic behavior of the 
Busemann function (Definition 3.2) of a given ray, see Theorem 3.9, and Proposition 3.7. 
Hence, exploiting also recent rigidity results from [72,73], we derive the following theorem 
on the asymptotic behavior of the sublevel sets of the Busemann function.

Theorem 1.7 (cf. Theorem   3.10). Let N ≥ 2, and let (X, d) be a noncompact N
dimensional CBB(0) metric space such that HN (B1(x)) ≥ v0 for some v0 > 0, and 
for every x ∈ X. Assume that there exists a ray γ : [0,+∞) → X such that

d(p, γ) ≤ C, for all p ∈ X,

for some constant C > 0. Let F be the Busemann function of γ, see Definition 3.2. 
Let tj → +∞ and assume that (X, γ(tj)) pGH-converges to (R × K, (0, k0)) for some 
(N − 1)-dimensional compact CBB(0) space K.

Let us denote by f : R×K → R the coordinate function f(t, k) = t. Let Fj := F − tj. 
Then the following hold.

• For every j ∈ N and every T ≥ 0, the set {Fj ≤ T} is compact.
• Fj converges locally uniformly to f along the pointed sequence of converging metric 

spaces.
• For any s ∈ R, the set {F < s} has finite perimeter and

Per({F < s1}) ≤ Per({F < s2}), ∀ s1, s2 ∈ R with s1 < s2,

lim
j

Per({Fj < t}) = lim 
s→+∞

Per({F < s}) = HN−1(K) ∀ t ∈ R.
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Moreover, if Per({F < s̄}) = HN−1(K) for some s̄ ∈ R, then there exists s0 ≥ s̄

such that ({F = s0}, d|{F=s0}) is isometric to K, and (X \ {F < s0}, d|X\{F<s0}) is 
isometric to ({F = s0}× [0,+∞), d|{F=s0}⊗deu), which is isometric to K× [0,+∞).

• If qj is an arbitrary sequence of diverging points on X, then up to subsequences (X, qj)
pGH-converges to R×K.

Eventually, Theorem 1.1, Theorem 1.3 and Theorem 1.4 follow by variational argu
ments exploiting Theorem 1.7 and the approach by direct method developed in [18,20].

Organization. In Section 2 we recall definitions and basic results on CBB(0) spaces, 
RCD spaces, and sets of finite perimeter. We also derive a series of technical lemmas on 
the asymptotic geometry of CBB(0) spaces, see Section 2.4. In Section 3 we introduce 
Busemann functions, we prove Theorem 1.7 and we derive the equivalence of items (i)
(v) in Theorem 1.1. In Section 4 we prove the volume non-collapsedness of balls in 
2-dimensional CBB(0) spaces arguing by direct method. In Section 5 we consider the 
isoperimetric problem on CBB(0) metric spaces, completing the proof of the results 
stated in the Introduction.

For the convenience of the reader, appendices collect statements and proofs of some 
results that may be well-known to experts in the field. Appendix A characterizes the 
isoperimetric sets for large volumes in RCD cylinders over compact spaces, Appendix B
contains the characterization of rays in product spaces and cylinders, while in Ap
pendix C we provide a proof of the fact that the distance from a line is a concave 
function on 2-dimensional CBB(0) spaces.
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2. Preliminaries

2.1. Notation and general facts about CBB(0) metric spaces

In this section we discuss general facts about CBB(0) metric spaces. Let (X, d) be a 
geodesic metric space. A geodesic γ : [a, b] → X is a curve with finite length L(γ) such 
that L(γ) = d(γ(a), γ(b)). Except otherwise stated, we shall assume that geodesics are 
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parametrized with metric speed equal to 1 almost everywhere. For any k ∈ [0,∞), we 
denote by Hk the k-dimensional Hausdorff measure on (X, d).

Let p, x, y ∈ X. A given geodesic from x to y parametrized with metric speed equal 
to 1 at a.e. time is denoted by [xy]. With a little abuse of notation, we shall denote by 
γ or [xy] both the parametrization and the image of the curve γ or [xy]. A given hinge 
determined by two geodesics [px] and [py] is denoted by pxy . A triangle with vertices 
p, x, y determined by three given geodesics is denoted by �pxy.

For p̄, x̄, ȳ ∈ R2, the angle at p̄ of the triangle with vertices p̄, x̄, ȳ is denoted by ∠0x̄p̄ȳ, 
that is, ∠0x̄p̄ȳ = arccos |p̄x̄|2+|p̄ȳ|2−|x̄ȳ|2

2|p̄x̄||p̄ȳ| .
A triangle �p̄x̄ȳ ⊂ R2 is a comparison triangle for �pxy if |p̄x̄| = d(p, x), |p̄ȳ| =

d(p, y), |x̄ȳ| = d(x, y).
Denoting α = [px] and β = [py], the hinge pxy in X has angle at p if there exists the 

limit

∠pxy := lim 
s,t→0+

∠0ᾱ(s)p̄β̄(t),

where �ᾱ(s)p̄β̄(t) ∈ R2 is a comparison triangle for �α(s)pβ(t). In our notation it 
is therefore consistent to write ∠0x̄p̄ȳ = ∠p̄x̄ȳ for any p̄, x̄, ȳ ∈ R2. In order to avoid 
confusion, we will denote ∠0p̄x̄ȳ := ∠p̄x̄ȳ the angle of a hinge in R2.

Given α = [px], β = [py] two geodesics emanating from the same point p in X, we 
define

∠α′(0)β′(0) := ∠pα(t)
β(s), (2.1)

for any t ∈ (0, |px|), s ∈ (0, |py|). Notice that the definition is well-posed, i.e., it does not 
depend on the choice of t, s, by definition of angle.

Definition 2.1. Let (X, d) be a geodesic proper, and thus complete, metric space. We say 
that (X, d) is CBB(0), i.e., it has curvature bounded below by 0, if any of the following 
equivalent (see [39, Theorem 4.3.5, Proposition 10.1.1, Theorem 10.3.1], [3, Theorem 
8.14]) properties hold.

(1) Four point comparison. For any p, x1, x2, x3 ∈ X there holds

∠0p̄x̄2
x̄1

+ ∠0p̄x̄3
x̄2

+ ∠0p̄x̄3
x̄1

≤ 2π,

where p̄x̄j

x̄i
is the hinge in a comparison triangle �x̄ip̄x̄j for �xipxj , for any i, j =

1, 2, 3.
(2) Monotonicity condition. For any p, x, y ∈ X, denoting α = [px] and β = [py], the 

function

(0, d(p, x)] × (0, d(p, y)] � (s, t) �→ s2 + t2 − d(α(s), β(t))2

2ts ,
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is increasing with respect to each variable. Equivalently,

(0, d(p, x)] × (0, d(p, y)] � (s, t) �→ arccos s
2 + t2 − d(α(s), β(t))2

2ts ,

is decreasing with respect to each variable.
(3) Triangle (or distance) condition. For any triangle �pxy ⊂ X, if �p̄x̄ȳ ∈ R2 is a 

comparison triangle, then

d(p, z) ≥ |p̄z̄| ∀ z ∈ [xy], z̄ ∈ [x̄ȳ] : d(x, z) = |x̄z̄|.

(4) Angle condition. For any triangle �pxy ⊂ X the angles ∠pxy , ∠xp
y, ∠ypx are well 

defined and, if �p̄x̄ȳ ∈ R2 is a comparison triangle, then

∠pxy ≥ ∠0x̄p̄ȳ, ∠xp
y ≥ ∠0p̄x̄ȳ, ∠ypx ≥ ∠0p̄ȳx̄.

Moreover for any geodesics [xy], [pz], where z ∈ [xy]\{x, y}, there holds ∠zpx+∠zpy =
π.

If (X, d) is CBB(0), the following further comparison condition holds.3

(5) Hinge condition. For any hinge pxy ⊂ X, the angle ∠pxy is well defined and, if p̄x̄ȳ ⊂ R2

is a hinge in R2 such that d(p, x) = |p̄x̄|, d(p, y) = |p̄ȳ|, ∠pxy ≤ ∠0p̄x̄ȳ , then

d(x, y) ≤ |x̄ȳ|.

The previous condition readily follows from the monotonicity condition. Indeed by mono
tonicity we have

|p̄x̄|2 + |p̄ȳ|2 − d(x, y)2 = d(p, x)2 + d(p, y)2 − d(x, y)2 ≥ 2d(p, x)d(p, y) cos∠pxy
≥ 2|p̄x̄| |p̄ȳ| cos∠0p̄x̄ȳ ,

which implies d(x, y)2 ≤ |p̄x̄|2 + |p̄ȳ|2 − 2|p̄x̄| |p̄ȳ| cos∠0p̄x̄ȳ = |x̄ȳ|2.
When there is no risk of confusion, we shall denote by | · | the distance on a given 

metric space (X, d), i.e., |xy| := d(x, y) for x, y ∈ X.
We shall need the following elementary observation, whose proof readily follows by 

angle and monotonicity conditions.

Lemma 2.2. Let (X, d) be CBB(0). Let γ : [0, T ] → X be a geodesic. Let q ∈ X and 
tq ∈ (0, T ) be such that

3 To our knowledge, it is not known whether the hinge condition implies CBB(0), see also [3, 8.51] and 
[39, p. 108].
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d(q, γ) = |qγ(tq)| > 0,

and fix a geodesic [γ(tq)q]. Then ∠γ(tq)qγ(0) = ∠γ(tq)qγ(T ) = π
2 .

2.1.1. Pointed measured Gromov–Hausdorff convergence
In the following, we shall always assume that a metric measure space (m.m.s. for 

short) (X, d,m) is endowed with a nonnegative Borel measure that is finite on bounded 
subsets. We introduce the pointed measured Gromov–Hausdorff convergence already in 
a proper realization, which, in our setting, is equivalent to the standard definition of 
pmGH convergence, see [60, Theorem 3.15 and Section 3.5]. The following definition is 
taken from the introductory exposition of [6].

Definition 2.3 (pGH and pmGH convergence). A sequence {(Xi, di, xi)}i∈N of pointed 
metric spaces is said to converge in the pointed Gromov–Hausdorff topology, in the pGH
sense for short, to a pointed metric space (Y, dY , y) if there exist a complete separable 
metric space (Z, dZ) and isometric embeddings

Ψi : (Xi, di) → (Z, dZ), ∀ i ∈ N ,

Ψ : (Y, dY ) → (Z, dZ) ,

such that for any ε,R > 0 there is i0(ε,R) ∈ N such that

Ψi(BXi

R (xi)) ⊂
[
Ψ(BY

R (y))
]
ε
, Ψ(BY

R (y)) ⊂
[
Ψi(BXi

R (xi))
]
ε
,

for any i ≥ i0, where [A]ε := {z ∈ Z : dZ(z,A) ≤ ε} for any A ⊂ Z.
Let mi and μ be given in such a way (Xi, di,mi, xi) and (Y, dY , μ, y) are m.m.s. If 

in addition to the previous requirements we also have (Ψi)�mi ⇀ Ψ�μ with respect 
to duality with continuous bounded functions on Z with bounded support, then the 
convergence is said to hold in the pointed measured Gromov–Hausdorff topology, or in 
the pmGH sense for short.

The following definitions are given in [6, Definition 3.1], and it is investigated in [6] 
capitalizing on the results in [11].

Definition 2.4 (L1-strong and L1
loc convergence). Let {(Xi, di,mi, xi)}i∈N be a sequence 

of pointed metric measure spaces converging in the pmGH sense to a pointed metric 
measure space (Y, dY , μ, y) and let (Z, dZ) be a realization as in Definition 2.3.

We say that a sequence of Borel sets Ei ⊂ Xi such that mi(Ei) < +∞ for any i ∈ N

converges in the L1-strong sense to a Borel set F ⊂ Y with μ(F ) < +∞ if mi(Ei) → μ(F )
and χEi

mi ⇀ χFμ with respect to the duality with continuous bounded functions with 
bounded support on Z.

We say that a sequence of Borel sets Ei ⊂ Xi converges in the L1
loc-sense to a Borel 

set F ⊂ Y if Ei ∩BR(xi) converges to F ∩BR(y) in L1-strong for every R > 0.
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Definition 2.5 (Hausdorff convergence). Let {(Xi, di,mi, xi)}i∈N be a sequence of pointed 
metric measure spaces converging in the pmGH sense to a pointed metric measure space 
(Y, dY , μ, y).

We say that a sequence of closed sets Ei ⊂ Xi converges in Hausdorff distance (or in 
Hausdorff sense) to a closed set F ⊂ Y if there holds convergence in Hausdorff distance 
in a realization (Z, dZ) of the pmGH convergence as in Definition 2.3.

Remark 2.6 (Uniform convergence of curves and functions along pGH limits). Let 
{(Xi, di, xi)}i∈N be a sequence of pointed metric spaces converging in the pGH sense 
to a pointed metric space (Y, dY , y). Let (Z, dZ) be a realization of the pGH-convergence 
as in Definition 2.3. Let I be a compact interval, and let γi : I → Xi, γ : I → X be 
continuous curves such that γi(0) = xi, γ(0) = x.

We say that γi converges uniformly to γ if the following holds. For every ε there exists 
i0 ∈ N such that

dZ(Ψi(γi(t)),Ψ(γ(t))) ≤ ε, ∀t ∈ I, ∀i ≥ i0.

A slight modification of the Arzelà–Ascoli theorem gives the following. If the curves 
γi as above are equicontinuous, then, up to subsequences, they converge uniformly to 
a continuous curve γ as above. Notice that the equicontinuity is readily verified when 
the curves are equi-L-Lipschitz, and in this case the limit curve is L-Lipschtiz as well. 
In particular, if γi are unit speed geodesics, the uniform limit curve γ exists up to 
subsequences and it is a unit speed geodesic thanks to the continuity of the distance.

Analogous definition and result hold for a sequence of continuous functions. More 
precisely, we say that a sequence of continuous functions fi : Xi → R converges locally 
uniformly to a continuous function f : Y → R if for any R, ε > 0 there exist i0 ∈ N and 
δ > 0 such that |f(z) − fi(x)| < ε whenever z ∈ BR(y), i ≥ i0 and dZ(Ψi(x),Ψ(z)) < δ. 
Moreover, an equibounded equicontinuous sequence of functions has a locally uniformly 
converging subsequence by an Arzelà–Ascoli-type argument.

Remark 2.7 (Stability and projection). From [39, Proposition 10.7.1] we have that the 
any pGH limit of CBB(0) metric spaces is still a CBB(0) metric space.

Moreover, we have that if R ×X is a CBB(0) metric space when endowed with the 
product distance deu⊗dX :=

√
d2
eu + d2

X , then X is a CBB(0) metric space when endowed 
with the distance dX . This is a direct outcome of the definitions.

Remark 2.8 (Angle continuity [3, Section 8.40, 8.41]). Let (Xn, dn, on) be a sequence of 
CBB(0) spaces converging in GH-sense to (X, d, o). Let pn, xn, yn ∈ Xn and hinges pnxn

yn

be converging to p, x, y ∈ X and pxy . Then the following holds.

• lim infn ∠pnxn
yn

≥ ∠pxy .
• If p, x, y are distinct and [xp] ⊂ [xp′] for some p′ �= p, then limn ∠pnxn

yn
= ∠pxy , 

whenever the limit exists.



14 G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940 

2.1.2. Tangent and asymptotic cones of CBB(0) metric spaces
Let us recall here the classical Splitting Theorem. In the setting of manifolds with 

nonnegative Ricci curvature it has been proved by Cheeger and Gromoll in [47]. The 
version for Alexandrov spaces with nonnegative sectional curvature below is due to [86]. 
Finally, we recall that a version for RCD spaces has been proved by Gigli in [57]. When 
we say that (X, d) is an N -dimensional CBB(0) metric space we mean that its Hausdorff 
dimension is N . The relations between different notions of dimensions are presented, 
e.g., in [3, Section 15].

Theorem 2.9 (Splitting Theorem, [86,47,57]). Let (X, d) be an N -dimensional CBB(0)
space. Let γ : R → X be a line. Then X is isometric to a product space R× Y endowed 
with the product distance, where (Y, dY ) is an (N − 1)-dimensional CBB(0) space.

Let (X, d) be a metric space with diam(X) ≤ π. Let us define C(X) :=
([0,+∞) ×X) /{0} ×X, and let us consider the cone distance

dc((t, p), (s, q)) :=
√

t2 + s2 − 2ts cos(d(p, q))

on it. The space (C(X), dc) is said metric cone over (X, d), see [39, Section 3.6]. Some
times we will refer to (C(X), dc) as the Euclidean cone over X.

Notice that, if diam(X) > π, one can define (C(X), dc) simply as (C(X), dc), where 
(X, d) is the metric space that is X set-wise and, for every p, q ∈ X,

d(p, q) := min{d(p, q), π},

see [39, Definition 3.6.16].
Let us quickly review the concepts of tangent cone, boundary, and asymptotic cone of 

CBB(0) metric spaces. For boundary and tangent cones, we refer the reader to classical 
references, e.g., [101,40,39]; the following facts hold also for arbitrary lower bounds on 
the curvature.

Let X be an N -dimensional CBB(0) metric space, and let x ∈ X. The space of 
directions Σx(X) is the metric completion of the space of geodesics emanating from x
endowed with the metric given by the angle between them (two geodesics are identified 
if their angle is zero). The metric space Σx(X) is a compact (N − 1)-dimensional metric 
space with curvature bounded below by 1, see [39, Sect. 4.6]. The tangent cone at x is 
the metric cone over Σx(X), which is itself an N -dimensional CBB(0) metric space [39, 
Theorem 4.7.1]. The pGH limit of (X, r−1d, x) as r → 0 is isometric to the tangent cone 
at x [39, Sect. 8.2.1], and moreover balls centered at x with sufficiently small radii are 
homeomorphic to the tangent cone at x, see [40, Section 13.2, Theorem b)] and [101].

The boundary ∂X is inductively defined as follows. If X has dimension N ≥ 2, we 
define

∂X := {x ∈ X : Σx(X) has boundary}.
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This is a well-posed definition after noticing that 1-dimensional CBB spaces are 1
dimensional manifolds.

Definition 2.10 (Metric on the rays). Let (X, d) be a noncompact N -dimensional CBB(0)
space. Fix o ∈ X and let Ro be the set of rays emanating from o. For any γ, σ ∈ Ro, we 
define

∠∞(γ, σ) := lim 
t→+∞

arccos
(
1 − d2(γ(t), σ(t))/(2t2)

)
,

where the limit exists by Definition 2.1(2). Two rays γ, σ ∈ Ro are said to be 
equivalent, and we write γ ∼ σ, if and only if ∠∞(γ, σ) = 0, i.e., if and only if 
limt→+∞ d(γ(t), σ(t))/t = 0. We denote by [γ] the equivalence class of rays equivalent to 
γ.

The ideal boundary X∞ is the metric space (Ro/ ∼,∠∞). The distance ∠∞ on X∞ is 
called Tits metric.

Theorem 2.11 (Asymptotic cones of CBB(0) spaces). Let (X, d) be a noncompact N
dimensional CBB(0) space. Then the following hold.

(1) Every connected component of the ideal boundary (X∞,∠∞) is a compact metric 
space with curvature bounded below by 1.

(2) (X, r−1d, o) converges to a unique metric cone (C, dC , oC) as r → +∞ in the pointed 
Gromov–Hausdorff topology, and C is isometric to the Euclidean cone over the ideal 
boundary (X∞,∠∞).

(3) (X, d) splits a line if and only if (C, dC) splits a line.

Proof. Proofs of the existence and uniqueness of the asymptotic cone C, together with 
its characterization as the Euclidean metric cone over (X∞,∠∞), can be found in [25, 
70,62,113,85]. A proof of claim (3) can be found in the second part of the proof of [17, 
Theorem 4.6], which only exploits the CBB(0) condition. �

We conclude with a brief technical lemma.

Lemma 2.12. Let (C, d) be an N -dimensional CBB(0) cone over a compact metric space 
(X, dX), and denote o = {0}×X/ ∼. Then for any ray γ from o, any y ∈ ∂B1(o)\{γ(1)}
and any geodesic [γ(1)y] there holds

∠γ(1)oy < π.

Proof. If by contradiction ∠γ(1)oy = π, then ∠γ(1)γ(s)
y = 0 for any s > 1. Hence the 

monotonicity condition implies that

1 = lim 
t→0+

1 − d2([γ(1)y](t), γ(1 + t))
2t2 ≤ 1 − d2([γ(1)y](t), γ(1 + t))

2t2 ,
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for any t ∈ (0, |γ(1)y|). Hence [γ(1)y](t) = γ(1 + t) for t ∈ [0, |γ(1)y|]. But this implies 
that 1 = |oy| = |oγ(1 + |γ(1)y|)| = 1 + |γ(1)y| > 1. �
2.2. BV and Sobolev functions on metric measure spaces

In this paper, by a metric measure space (briefly, m.m.s.) we mean a triple (X, d,m), 
where (X, d) is a complete and separable metric space, while m ≥ 0 is a boundedlyfinite 
Borel measure on X.

2.2.1. BV functions and sets of finite perimeter in metric measure spaces
Given a locally Lipschitz function f : X → R,

lip f(x) := lim sup
y→x 

|f(y) − f(x)|
d(x, y) ,

is the slope of f at x, for any accumulation point x ∈ X, and lip f(x) := 0 if x ∈ X is 
isolated.

We give now the definitions of function of bounded variation and set of finite perimeter 
in the setting of m.m.s.

Definition 2.13 (BV functions and perimeter on m.m.s.). Let (X, d,m) be a metric mea
sure space. Given f ∈ L1

loc(X,m) we define

|Df |(A) := inf

⎧⎨⎩lim inf
i 

ˆ

A 

lip fi dm : fi ∈ LIPloc(A), fi → f in L1
loc(A,m)

⎫⎬⎭ ,

for any open set A ⊂ X. We declare that a function f ∈ L1
loc(X,m) is of local bounded 

variation, briefly f ∈ BVloc(X), if |Df |(A) < +∞ for every A ⊂ X open bounded. 
A function f ∈ L1(X,m) is said to belong to the space of bounded variation functions 
BV(X) = BV(X, d,m) if |Df |(X) < +∞.

If E ⊂ X is a Borel set and A ⊂ X is open, we define the perimeter Per(E,A) of E
in A by

Per(E,A) := inf

⎧⎨⎩lim inf
i 

ˆ

A 

lip ui dm : ui ∈ LIPloc(A), ui → χE in L1
loc(A,m)

⎫⎬⎭ ,

in other words Per(E,A) := |DχE |(A). We say that E has locally finite perimeter if 
Per(E,A) < +∞ for every open bounded set A. We say that E has finite perimeter if 
Per(E,X) < +∞, and we denote Per(E) := Per(E,X).

Let us remark that when f ∈ BVloc(X, d,m) or E is a set with locally finite perimeter, 
the set functions |Df |,Per(E, ·) above are restrictions to open sets of Borel measures that 
we still denote by |Df |,Per(E, ·), see [7], and [89].
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In the sequel, we shall frequently make use of the following coarea formula, proved in 
[89].

Theorem 2.14 (Coarea formula). Let (X, d,m) be a locally compact metric measure space. 
Let f ∈ L1

loc(X) be given. Then for any open set Ω ⊂ X it holds that R � t �→ Per({f >

t},Ω) ∈ [0,+∞] is Borel measurable and satisfies

|Df |(Ω) =
ˆ

R 

Per({f > t},Ω) dt .

In particular, if f ∈ BV(X), then {f > t} has finite perimeter for a.e. t ∈ R.

Remark 2.15 (Semicontinuity of the total variation under L1
loc-convergence). Let 

(X, d,m) be a metric measure space. We recall (cf. [89, Proposition 3.6]) that when
ever gi, g ∈ L1

loc(X,m) are such that gi → g in L1
loc(X,m), for every open set Ω we 

have

|Dg|(Ω) ≤ lim inf
i→+∞ 

|Dgi|(Ω) .

Remark 2.16 (Precompactness and lower semicontinuity of finite perimeter sets along 
pmGH converging sequences). Let K ∈ R, N ≥ 1, and {(Xi, di,mi, xi)}i∈N be a sequence 
of RCD(K,N) metric measure spaces converging in the pmGH sense to (Y, dY , μ, y). Let 
(Z, dZ) be a realization of the convergence. Then, the following hold, compare with [6, 
Proposition 3.3, Corollary 3.4, Proposition 3.6, Proposition 3.8], and [11].

• For any sequence of Borel sets Ei ⊂ Xi with

sup
i∈N 

|DχEi
|(BR(xi)) < +∞, ∀ R > 0,

there exists a subsequence ik and a Borel set F ⊂ Y such that Eik → F in L1
loc.

• Let F ⊂ Y be a bounded set of finite perimeter. Then there exist a subsequence 
ik, and uniformly bounded finite perimeter sets Eik ⊂ Xik such that Eik → F in 
L1-strong and |DχEik

|(Xik) → |DχF |(Y ) as k → +∞.
• Let fi ∈ BV(Xi, di,mi) converge in L1-strong to f ∈ L1(Y, μ). If supi |Dfi|(Xi) <

+∞, then f ∈ BV(Y, dY , μ), and we have

|Df |(Y ) ≤ lim inf
i→+∞ 

|Dfi|(Xi).

Definition 2.17 (Isoperimetric profile). Let (X, d,m) be a metric measure space. The 
isoperimetric profile I of X is the function I : (0,m(X)) → [0,+∞]

I(V ) := inf{Per(E) : E ⊂ X, E Borel,m(E) = V }.
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2.2.2. Sobolev functions in metric measure spaces
The Cheeger energy on a metric measure space (X, d,m) is defined as the L2-relaxation 

of the functional f �→ 1
2
´

lip 2fn dm (see [9] after [46]). Namely, for any function f ∈
L2(X) we define

Ch(f) := inf
{

lim inf
n→∞ 

1
2

ˆ
lip 2fn dm 

∣∣∣∣ (fn)n∈N ⊂ LIPbs(X), fn → f in L2(X)
}
.

The Sobolev space H1,2(X) is defined as the finiteness domain {f ∈ L2(X) : Ch(f) <

+∞} of the Cheeger energy. The restriction of the Cheeger energy to the Sobolev space 
admits the integral representation Ch(f) = 1

2
´
|∇f |2 dm, for a uniquely determined 

function |∇f | ∈ L2(X) that is called the minimal weak upper gradient of f ∈ H1,2(X). 
The linear space H1,2(X) is a Banach space if endowed with the Sobolev norm

‖f‖H1,2(X) :=
√
‖f‖2

L2(X) + 2Ch(f) =
√

‖f‖2
L2(X) + ‖|∇f |‖2

L2(X),

for every f ∈ H1,2(X) .

Following [58], when H1,2(X) is a Hilbert space (or equivalently Ch is a quadratic form) 
we say that the metric measure space (X, d,m) is infinitesimally Hilbertian.

We define the bilinear mapping H1,2(X) ×H1,2(X) � (f, g) �→ ∇f · ∇g ∈ L1(X) as

∇f · ∇g := |∇(f + g)|2 − |∇f |2 − |∇g|2
2 

, for every f, g ∈ H1,2(X) .

2.3. Geometric analysis and isoperimetric sets on RCD spaces

We avoid giving a detailed introduction to the theory, addressing the reader to the 
survey [5] and references therein for the relevant background. Below we recall some of 
the main properties that will be relevant for our purposes.

The Riemannian Curvature Dimension condition RCD(K,∞) was introduced in [10] 
coupling the Curvature Dimension condition CD(K,∞), previously proposed in [118,119] 
and independently in [82], with the linearity of the heat flow.

The finite dimensional refinements subsequently led to the notions of RCD(K,N) and 
RCD∗(K,N) spaces, corresponding to CD(K,N) (resp. CD∗(K,N), see [24]) coupled 
with the infinitesimally Hilbertian condition. The class RCD(K,N) was proposed in 
[58]. The (a priori more general) RCD∗(K,N) condition was thoroughly analysed in [55] 
and (subsequently and independently) in [14] (see also [45] and the recent [79] for the 
equivalence between RCD∗ and RCD conditions).

The RCD(K,N) condition is compatible with the smooth notion. In particular, 
smooth N--dimensional Riemannian manifolds with Ricci curvature bounded from be
low by K endowed with the canonical volume measure are RCD(K,N) spaces. Smooth 
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Riemannian manifolds with smooth and convex boundary (i.e. non negative second fun
damental form with respect to the interior unit normal) are also included in the theory 
(we refer to [63] for detailed results, also covering the case of weighted manifolds).

We recall that if (X, d) is CBB(0) as in Definition 2.1, then it has a well defined notion 
of dimension N ∈ N, that coincides with the Hausdorff dimension of X (see [3, Chapter 
15]). In the following, we will always assume that N ≥ 2 and that a CBB(0) space is 
endowed with the N -dimensional Hausdorff measure induced by its distance.

We recall that if (X, d) is an N -dimensional CBB(0) metric space, then the triple 
(X, d,HN ) is an RCD(0, N) metric measure space, see [103,59]. Moreover, (X, d) is a 
2-dimensional CBB(0) metric space if and only if (X, d,H2) is RCD(0, 2), see [83]. Anal
ogous results hold for any lower bound on the curvature.

A fundamental property of RCD(K,N) spaces is the stability with respect to pmGH
convergence, meaning that a pmGH-limit of a sequence of (pointed) RCD(Kn, Nn) spaces 
for some Kn → K and Nn → N is an RCD(K,N) metric measure space

The classical Bishop–Gromov comparison theorem holds [120], that is the functions

r �→ HN (Br(x))
rN

, r �→ Per(Br(x))
rN−1 ,

are nonincreasing on (0,+∞) for any x ∈ X. We shall denote by ωN for the volume of 
the unit ball in RN .

Let us now recall some results about sets of locally finite perimeter in RCD spaces. 
Given a Borel set E ⊂ X in an RCD(K,N) space (X, d,HN ) and any t ∈ [0, 1], we 
denote by E(t) the set of points of density t of E, namely

E(t) :=
{
x ∈ X 

∣∣∣∣ lim 
r→0

HN (E ∩Br(x))
HN (Br(x)) = t

}
.

The essential boundary of E is defined as ∂eE := X \(E(0)∪E(1)). The reduced boundary 
FE ⊂ ∂eE of a set of locally finite perimeter E ⊂ X is defined as the set of the 
points of X where the unique tangent to E, up to isomorphism, is the half-space {x =
(x1, . . . , xN ) ∈ RN : xN > 0} in RN ; see [6, Definition 4.1] for the notion of convergence.

It was proved in [37] after [4,6] that

Per(E, ·) = HN−1|FE . (2.2)

Notice that the notion of perimeter that we are using does not charge the boundary of 
the space under consideration, if any (see [53,68,35] or the beginning of Section 5 for 
background about boundaries of RCD(K,N) spaces (X, d,HN )). Indeed, by the very 
definition (see [6, Definition 4.1]), reduced boundary points for E are regular points for 
the ambient space X, i.e., RN is the unique tangent cone of X at such points, while the 
boundary of the space is disjoint from the set of regular points.
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Moreover, according to [36, Proposition 4.2],

FE = E(1/2) =
{
x ∈ X 

∣∣∣∣ lim 
r→0

HN (E ∩Br(x))
HN (Br(x)) = 1

2

}
, up to HN−1-null sets .

2.3.1. Cylindrical splitting
We will need a useful Kasue-type rigidity theorem [69] on RCD(0, N) spaces following 

from the results in [73,72].

Theorem 2.18 (Cylindrical splitting). Let (X, d,HN ) be an RCD(0, N) space with N ≥ 2. 
Let E ⊂ X be a bounded open set and denote Ω := X \E. Suppose that Ω = u−1(0,+∞)
for some locally Lipschitz proper harmonic4 function u : Ω → R such that |∇u| = 1
almost everywhere.

Let (Ω̃, d̃) be the metric space given by the completion of Ω endowed with intrinsic 
distance induced by d, let m̃ = HN |Ω, and let (Y, dint) be the metric space given by ∂E
endowed with intrinsic distance induced by d5.

Then any connected component Ωα of (Ω̃, d̃, m̃) is RCD(0, N) and it is isomorphic 
to either (Yα × [0,+∞), dint ⊗ deu,HN ) or to (Yα × [0, Dα], dint ⊗ deu,HN ) for some 
Dα > 0, where Yα is a connected component of Y , and in particular (Yα, dint,HN−1

int )6 is 
RCD(0, N−1). Moreover, in the first case there is aα > 0 such that d̃|{u>aα} = d|{u>aα}.

Proof. The statement is a convenient reformulation of [72, Theorem 4.11], whose proof 
is based on [73], in the case of non-collapsed RCD(0, N) spaces. The very last assertion 
follows from the fact that, since u is proper and Y is bounded, one shows that for aα
large enough any geodesic in X with endpoints in Ωα ∩ {u > aα}, for an unbounded 
connected component Ωα, is contained in Ωα, hence d̃|{u>aα} = d|{u>aα}. �

We mention that a version of Theorem 2.18 holds more generally for collapsed 
RCD(0, N) spaces (X, d,m).

As pointed out to the authors by C. Ketterer, the statement of Theorem 2.18 is optimal 
in the sense that, in the second part of the statement, it is not possible in general to say 
that d̃|Ωα

= d|Ωα
, as the example of a one-ended round cylinder closed with a disk shows 

(see also the introduction of [72]).

2.3.2. Isoperimetric sets and profile on RCD spaces
Let us record here a topological regularity result for isoperimetric sets which is a direct 

consequence of the arguments in [91], and the results obtained in [22] and [21].
The set RE in the forthcoming statement is the set of points in ∂E such that at 

least one blow-up is a half-space in RN , see [91, Definition 6.19]. We also recall that 

4 Harmonic means 
´
∇u · ∇f = 0 for any Lipschitz function f supported in Ω.

5 In this setting, the distance between distinct connected components of Ω̃ or of Y is infinite.
6 Here HN−1

int is the (N − 1)-dimensional measure induced by dint.
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with E(t) we denote the set of points of E that have density t with respect to HN , and 
∂eE := X \ (E(0) ∪ E(1)) is the essential boundary of E.

Theorem 2.19. Let (X, d,HN ) be an RCD(K,N) space such that HN (B1(x)) ≥ v0 > 0
for every x ∈ X. Let E be an isoperimetric set. Then E(1) is open and bounded, and 
the essential boundary ∂eE is equal to the topological boundary ∂E(1). We denote ∂E :=
∂E(1) = ∂eE.

Let us assume B2(x0) ∩ ∂X = ∅ for some x0 ∈ X. Then, for every y ∈ ∂E ∩B1(x0), 
there exists 0 < s < 1 such that the following holds. For every α ∈ (0, 1), there exists a 
relatively open set Oα ⊂ ∂E ∩Bs(y) with RE ∩Bs(y) ⊂ Oα such that Oα is α-biHölder 
homeomorphic to an open, smooth (N − 1)-dimensional manifold.

In addition, we have that

dim((∂E \ RE) ∩B2(x0)) ≤ N − 3,

where dim denotes Hausdorff dimension.
In particular, if N = 2 and ∂X = ∅, the boundary ∂E of every isoperimetric set E is 

a 1-dimensional (possibly disconnected) topological manifold without boundary.

The first part of Theorem 2.19 is stated and proved in [21, Theorem 1.3, Theorem 
1.4]. Moreover, the second part of Theorem 2.19 is the analog of [91, Proposition 6.21], 
which is a direct consequence of [91, Theorem 6.8]. The statement of [91, Theorem 6.8] 
for isoperimetric sets in RCD(K,N) spaces (X, d,HN ) follows verbatim from the proof 
of [91, Theorem 6.8], and the uniform Λ-minimality estimates in Corollary 2.23. Finally, 
the last part of Theorem 2.19 is the analog of [91, Theorem 6.29], and can be obtained 
reasoning verbatim as in [91], and using the density bounds and the uniform Λ-minimality 
estimates in Corollary 2.23.

In the following, we will always assume without loss of generality that any isoperi
metric set E as in Theorem 2.19 satisfies E = E(1), hence it is open, bounded and 
Per(E, ·) = HN−1 ∂E.

We recall the forthcoming result, which has been proved in [23, Proposition 3.1], see 
also [22, Proposition 3.11] for the last part of the statement.

Theorem 2.20 ([22,23]). Let (X, d,HN ) be a non compact RCD(0, N) metric measure 
space for some N ≥ 2, and assume that HN (B1(x)) ≥ v0 > 0 for every x ∈ X. Let 
E ⊂ X be an isoperimetric set. Then there exists c ∈ [0,∞) such that, denoting by f
the signed distance function from E, in such a way it is positive outside E and negative 
inside E, it holds

Δf ≤ c 
1 + c 

N−1f
, on X \ E , Δf ≥ c 

1 + c 
N−1f

, on E , (2.3)

where the bounds are understood in the sense of distributions, see Definition 3.1. More
over, if c = 0, we have that the rigidity stated in Theorem 2.18 holds with Ω := X \ E.
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Finally, for every t ≥ 0 it holds

Per({x ∈ X : d(x,E) ≤ t}) ≤
(

1 + c 
N − 1 t

)N−1

Per(E). (2.4)

and, for any t ≥ 0,

Per({x ∈ X : d(x,X \ E) ≤ t}) ≤
(

1 − c 
N − 1 t

)N−1

Per(E). (2.5)

Remark 2.21 (Mean curvature barrier). We recall that any c for which (2.3) holds is called 
mean curvature barrier for the isoperimetric set E, as it plays the role of a constant value 
for the mean curvature of the boundary of E. This terminology was introduced in [22].

Let us now recall a couple of results. The mass decomposition result in Theorem 2.22
is proved in [20] building on top of [95,18,21]. The result in Corollary 2.23 can be found 
in [22, Corollary 4.17].

Theorem 2.22 (Asymptotic mass decomposition [20]). Let K ∈ R, and N ≥ 1. Let 
(X, d,HN ) be a non compact RCD(K,N) space. Assume there exists v0 > 0 such that 
HN (B1(x)) ≥ v0 for every x ∈ X. Let V > 0. For every minimizing (for the perimeter) 
sequence Ωi ⊂ X of volume V , with Ωi bounded for any i, up to extract a subsequence, 
there exist an increasing and bounded sequence {Ni}i∈N ⊂ N, disjoint finite perimeter 
sets Ωc

i ,Ωd
i,j ⊂ Ωi, and points pi,j, with 1 ≤ j ≤ Ni for any i, such that

• limi d(pi,j , pi,	) = limi d(pi,j , o) = ∞, for any j �= � ≤ N and any o ∈ X, where 
N := limi Ni < ∞;

• Ωc
i converges to Ω ⊂ X in the sense of finite perimeter sets, and we have HN (Ωc

i ) →i

HN (Ω), and Per(Ωc
i ) →i Per(Ω). Moreover Ω is a bounded isoperimetric region for 

its own volume in X;
• for every j ≤ N , (X, d,HN , pi,j) converges in the pmGH sense to a pointed 

RCD(K,N) space (Xj , dj ,HN , pj). Moreover there are isoperimetric regions Zj ⊂ Xj

such that Ωd
i,j →i Zj in L1-strong and Per(Ωd

i,j) →i Per(Zj);
• it holds that

I(X,d,HN )(V ) = Per(Ω) +
N∑
j=1 

Per(Zj), V = HN (Ω) +
N∑
j=1 

HN (Zj). (2.6)

Corollary 2.23 ([22, Corollary 4.17]). Let 0 < V1 < V2 < V3, and let K ∈ R, N ≥ 2, v0 >

0. Then there exist Λ, R > 0 depending on K,N, v0, V1, V2, V3 such that the following 
holds.
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If (X, d,HN ) is an RCD(K,N) space with infx∈X HN (B1(x)) ≥ v0 > 0, HN (X) ≥ V3, 
and E ⊂ X is an isoperimetric region with HN (E) ∈ [V1, V2], then E is a (Λ, R)
minimizer, i.e., for any F ⊂ X such that FΔE ⊂ BR(x) for some x ∈ X, then

Per(E) ≤ Per(F ) + ΛHN (FΔE) .

The constant Λ can be taken to be equal to the Lipschitz constant of the isoperimet
ric profile I on [V1/2, (V2 + V3)/2], and R > 0 can be taken to be a radius such that 
HN (BR(x)) ≤ min{V1/2, (V3 − V2)/2} for every x ∈ X.

Moreover there are C1 ∈ (0, 1), C2 > 0, R′ depending on K,N, v0, V1, V2, V3 such that

C1 ≤ HN (Br(x) ∩ E)
HN (Br(x)) ≤ 1 − C1 , C−1

2 ≤ Per(E,Br(x))
rN−1 ≤ C2 , (2.7)

for any x ∈ ∂E and any r ∈ (0, R′].

We finally recall some basic properties of the isoperimetric profile and the asymptotic 
mass decomposition on N -dimensional RCD(0, N) spaces. The following Theorem 2.24 is 
obtained in [23, Theorem 3.8], specializing the study on the differential properties of the 
isoperimetric profile in the case of nonnegative curvature. The result in Proposition 2.25
is proved in [22, Lemma 4.19 and Corollary 4.20].

Theorem 2.24 ([23, Theorem 3.8]). Let N ≥ 1, and let (X, d,HN ) be an RCD(0, N)
space with isoperimetric profile function I. Then the function I

N
N−1 is concave on 

(0,HN (X)). Then, a fortiori, I is concave and strictly subadditive on (0,HN(X)). Fi
nally, if HN (X) = +∞, I is nondecreasing on (0,+∞).

Proposition 2.25 ([22, Lemma 4.19 and Corollary 4.20]). Let (X, d,HN ) be a noncompact 
RCD(0, N) space with N ≥ 2. Let us assume that HN (B1(x)) ≥ v0 > 0 for every x ∈ X. 
Let {Ωi}i∈N be a minimizing (for the perimeter) sequence of bounded finite perimeter 
sets of volume V in X. Then, if one applies Theorem 2.22, either N = 0, or N = 1 and 
HN (Ω) = 0.

In particular, for any V > 0 there is an RCD(0, N) space (Y, d,HN ) which is either 
X or a pmGH limit of X along a diverging sequence {pi}i ⊂ X, and a set E ⊂ Y such 
that HN (E) = V and IX(V ) = Per(E).

Finally, let c be any barrier given by Theorem 2.20 applied to either Ω or Z1. Then

I ′+(v) ≤ c ≤ I ′−(v), (2.8)

where I ′+ and I ′− denote the right and left derivative, respectively, which exist due to 
Theorem 2.24.
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We conclude this part by stating a useful lemma on the connected components of 
complements of isoperimetric sets, consequence of Theorem 2.24. First, we recall the 
definition of (number of) ends of a space.

Definition 2.26. We say that a metric space (X, d) has k ∈ N ends with k ≥ 1 if

• for every compact set K ⊂ X the set X \ K has at most k unbounded connected 
components;

• there exists a compact set K ′ ⊂ X such that the set X \K ′ has exactly k unbounded 
connected components.

Lemma 2.27. Let (X, d,HN ) be a noncompact RCD(0, N) space such that HN (B1(x)) ≥
v0 > 0 for any x ∈ X. Let E ⊂ X be an isoperimetric set. Then the connected components 
of X \ E are unbounded. In particular, if X has one end, X \ E is connected.

Proof. If by contradiction Ω is a bounded connected component of X \ E, then the set 
F := E ∪Ω satisfies HN (F ) > HN (E) and Per(F ) < Per(E), which contradicts the fact 
that the isoperimetric profile is nondecreasing on noncompact non-collapsed RCD(0, N)
spaces (i.e., the reference measure is HN ), see Theorem 2.24. �
2.4. On the asymptotic geometry of CBB(0) spaces

We collect a series of lemmas about the geometry at infinity along CBB(0) spaces, 
focusing on the case of spaces having a pointed Gromov–Hausdorff limit along a diverging 
sequence equal to a cylinder over a compact space.

Lemma 2.28. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥
2. Let {pi} be a sequence diverging at infinity on X. Let γ : [0,+∞) → X be a ray from 
o ∈ X such that

lim 
i→+∞

d(pi, γ)
|opi| 

= 0, lim inf
i→+∞ 

d(pi, γ) > 0.

Let ti ≥ 0 be such that d(pi, γ) = |piγ(ti)|,7 let αi be a unit-speed geodesic from pi to o, 
and let βi be a unit-speed geodesic from pi to γ(τi), where τi ≥ ti is chosen such that 
|pio| = |piγ(τi)|.

Then, for every ε > 0 there exists i0 ∈ N such that for every i ≥ i0 the following hold:

r2 + s2 + 2rs(1 − ε) ≤ |αi(r)βi(s)|2, for all r, s < |opi|, (2.9)∣∣∣∠(pi)oγ(ti) −
π

2 

∣∣∣+ ∣∣∣∠(pi)γ(ti)
γ(τi) −

π

2 

∣∣∣+ ∣∣∣∠(pi)oγ(τi) − π
∣∣∣ ≤ ε. (2.10)

7 Notice that, from the hypothesis, ti > 0 for i large enough.



G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940 25

Proof. By triangle inequality we estimate

τi = τi − ti + |γ(ti)o| ≥ |piγ(τi)| − |piγ(ti)| + |opi| − |piγ(ti)| = 2|opi| − 2|piγ(ti)|,

and since |opi| − |piγ(ti)| = d(γ(0), pi) − d(pi, γ) ≥ 0, then

τ2
i ≥ 4(|opi| − |piγ(ti)|)2. (2.11)

By monotonicity we get

r2 + s2 − |αi(r)βi(s)|2
2rs ≤ 2|opi|2 − |γ(0)γ(τi)|2

2|opi|2
= 2|opi|2 − τ2

i

2|opi|2

≤ 2|opi|2 − 4(|opi| − |piγ(ti)|)2
2|opi|2

= −1 − 2d(pi, γ)2

|opi|2
+ 4d(pi, γ)

|opi| 
,

for any r, s ∈ (0, |opi|). As the right hand side tends to −1 as i → +∞, estimate (2.9) is 
proved.

Now denote σi = [piγ(ti)]. Up to subsequence, let (X, d, pi) converge in pGH sense to 
a limit space (Y, d∞, p∞). By monotonicity, hinge condition, and (2.11), exploiting the 
hypotheses we find

lim inf
i 

∠(pi)oγ(ti) ≥ lim inf
i 

arccos
(
|piγ(ti)|2 + |opi|2 − t2i

2|piγ(ti)| |opi| 

)
≥ lim inf

i 
arccos

(
|piγ(ti)|2 + |piγ(ti)|2 + t2i − t2i

2|piγ(ti)| |opi| 

)
= π

2 
,

lim inf
i 

∠(pi)γ(ti)
γ(τi) ≥ lim inf

i 
arccos

(
|piγ(ti)|2 + |piγ(τi)|2 − (τi − ti)2

2|piγ(ti)| |opi| 

)
≥ lim inf

i 
arccos

(
|piγ(ti)|2 + |piγ(ti)|2 + (τi − ti)2 − (τi − ti)2

2|piγ(ti)| |opi| 

)
= π

2 
,

lim inf
i 

∠(pi)oγ(τi) ≥ lim inf
i 

arccos
(
|opi|2 + |piγ(τi)|2 − τ2

i

2|opi| |piγ(τi)| 

)
(2.11)
≥ lim inf

i 
arccos

(
2|opi|2 − 4(|opi| − |piγ(ti)|)2

2|opi|2
)

= π.

On the other hand, by four point comparison we have that

∠0ᾱi(t)p̄iσ̄i(t) + ∠0σ̄i(t)p̄iβ̄i(t) + ∠0ᾱi(t)p̄iβ̄i(t) ≤ 2π,

for any i and t > 0 sufficiently small. Letting t → 0 this implies
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∠(pi)γ(ti)
γ(τi) + ∠(pi)γ(ti)

γ(τi) + ∠(pi)oγ(τi) ≤ 2π,

for any i. Taking into account the previous lower bounds on the angles ∠(pi)γ(ti)
γ(τi), 

∠(pi)γ(ti)
γ(τi), ∠(pi)oγ(τi), estimate (2.10) follows. �

We mention that the following Lemma 2.29 generalizes to arbitrary dimensions and 
arbitrary diverging sequences the result in [121, Lemma 2.12], that appeared on arXiv 
while the present paper was being completed. Later, we found that this property had 
already observed in a work of Kleiner–Lott, [76, Page 2852, Appendix G].

Lemma 2.29. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥
2. Let {pi} be a sequence diverging at infinity on X. Then every pGH limit of (X, d, pi)
splits a line.

Proof. Let us fix a base point o ∈ X. Let us first prove the following claim: there exists 
a ray γ : [0,+∞) → X such that γ(0) = o such that

lim 
i→+∞

d(pi, γ)
|opi| 

= 0. (2.12)

Indeed, let γi : [0, |opi|] → X be a segment from o to pi, and let γ : [0,+∞) → X be 
the local uniform limit of γi as i → +∞. Thus, γ is a unit-speed ray from o. Let us now 
prove (2.12).

Fix ε > 0 and take i0(ε) > 1 such that for all i > i0 we have |opi| > 1, and |γi(1)γ(1)| <
ε. Let us fix i > i0. We can now estimate

d(pi, γ)
|opi| 

≤ |piγ(|opi|)|
|opi| 

= |γi(|opi|)γ(|opi|)|
|opi| 

≤ |γi(1)γ(1)| < ε, (2.13)

where in the second-last inequality we used |opi| > 1 and the fact that for any two 
geodesics α, β : [0, �] → X with α(0) = β(0) we have that

[0, �] � t �→ |α(t)β(t)|
t 

is nonincreasing in t as a result of item (2) of Definition 2.1. Thus (2.13) gives (2.12).
Let us now conclude the proof of the Lemma. Let (Y, dY , y) denote the pGH limit of 

(X, d, pi), up to subsequence. Let us consider the ray γ constructed as in the first part 
of the proof. For every i sufficiently big, let us take ti such that d(pi, γ) = |piγ(ti)|, and 
τi > ti such that |piγ(τi)| = |opi|. Let us now distinguish two cases:

• If lim infi→+∞ d(pi, γ) = 0, thus the pGH limit of (X, d, γ(ti)) is isometric to Y . 
Notice that ti → +∞. Since γ is a ray, if we consider γ̃i(t) : [−ti,+∞) → X defined 



G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940 27

by γ̃i(t) := γi(t + ti), we get that it converges locally uniformly to a line in Y . Thus, 
applying the splitting theorem, we get that Y splits a line.

• If lim infi→+∞ d(pi, γ) > 0, we can apply Lemma 2.28. Let αi, βi be defined as in 
Lemma 2.28. Let α∞, β∞ the local uniform limits of αi, βi in Y . Notice that α∞, β∞
are two rays starting from y ∈ Y . Thus, for every t > 0 we have |α∞(t)β∞(t)| ≤ 2t. 
On the other hand, we can apply (2.9) to get that, for every t > 0,

|α∞(t)β∞(t)| ≥ 2t.

Thus the curve δ : R → Y such that δ(t) = β∞(t) for t ≥ 0 and δ(t) = α∞(−t) for 
t ≤ 0 is a line, and Y splits thanks to the splitting theorem. �

Remark 2.30. The previous Lemma 2.29 fails in the class of RCD(0, N) metric measure 
spaces. The example in [71, pp. 913--914], see also the discussion in [17, Section 1.4], is a 
complete Riemannian manifold with Ric ≥ 0 such that it does not split a line, and there 
exists a pointed Gromov Hausdorff limit at infinity that is isometric to the same space. 
Another example is given by the Grushin-halfplane with a properly chosen measure that 
turns it into an RCD(0, N) space, see [52, Remark 3.9].

Lemma 2.31. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥
2. Let {pi} be a sequence diverging at infinity on X. Let γ : [0,+∞) → X be a ray 
emanating from o ∈ X such that

lim 
i→+∞

d(pi, γ)
|opi| 

= 0.

Let us assume that (X, pi) pGH-converges to (R×K, (0, k0)) for some compact K, with 
k0 ∈ K. Then

lim sup
i→+∞ 

d(pi, γ) ≤ diam(K).

Proof. We can assume that � := lim supi d(pi, γ) = limi d(pi, γ) > 0. Let ti ≥ 0 be 
such that d(pi, γ) = |piγ(ti)|, and τi ≥ ti such that |pio| = |piγ(τi)|. Let αi = [pio], 
βi = [piγ(τi)], and σi = [piγ(ti)]. Passing to the pointed limit, αi, βi converge to rays 
from (0, k0) whose union is a line. Exploiting Remark 2.8 and Lemma 2.28, one sees that 
the limit σ∞ of σi is orthogonal to such line. Hence applying Proposition B.1 one easily 
gets that the length of σ∞ is no more than diamK, implying the claim. �
Corollary 2.32. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with 
N ≥ 2. Let {pi} be a sequence diverging at infinity on X such that (X, pi) pGH-converges 
to (R×K, (0, k0)) for some compact K, with k0 ∈ K. Fix o ∈ X.

Then the ray γ : [0,+∞) → X emanating from o given by the limit, up to subsequence, 
of the geodesics [opi] satisfies limi d(pi, γ)/|opi| = 0 and there exists a sequence ti → +∞
such that (X, γ(ti)) pGH-converges to R×K.
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Proof. The fact that limi d(pi, γ)/|opi| = 0 has been already observed in (2.12). Hence 
the full statement follows by applying Lemma 2.31. �
Lemma 2.33. Let N ≥ 2, and let (X, d) be an N -dimensional noncompact CBB(0) metric 
space. Let pi be a diverging sequence of points on X such that (X, pi) converges in the 
pGH topology to R×K, where K is compact.

Then X splits no lines if and only if X has one end.

Proof. If X splits no lines, then obviously X has one end. So assume X has one end. 
Without loss of generality we can rewrite the space as X = R	 × Y , where Y does not 
split lines, for some integer � ≥ 0. We aim at showing that � = 0.

So assume by contradiction that � ≥ 1. The points pi have the form pi = (vi, yi). 
Since (v, y) �→ (v− vi, y) is an isometry, we have that (X, (0, yi)) converges to R×K, so 
let us assume that vi = 0 for any i. If {yi} remains in a compact subset of Y , then X is 
isometric to R×K, and thus it has two ends, that is impossible. Hence Y is noncompact 
and yi diverges along Y , up to subsequence.

Fix a point o = (0, y0) and let γ, ti be given by Corollary 2.32. Hence, from Propo
sition B.1, γ = (0, σ) and σ is a unit-speed geodesic in Y from y0. Pick w ∈ R	 with 
unit norm and consider α(t) := (tw, y0). Hence |α(ti)γ(ti)|2 = 2t2i . Define the curve 
βi : [0,

√
2 ti] → X by

βi(s) :=
(

s √
2 ti

tiw, σ

((
1 − s √

2 ti

)
ti

))
.

Hence βi(0) = γ(ti), βi(
√

2 ti) = α(ti), and |β′
i| = 1 almost everywhere, that is, βi is a 

geodesic from γ(ti) to α(ti). Up to subsequence, the lines t �→ γ(t− ti) converge to a line 
η through some (0, k0) ∈ R×K along (X, γ(ti)), and the geodesics βi converge to a ray 
β from (0, k0).

An immediate computation shows that ∠γ(ti)oβi(ti) = π
4 for any i. Moreover such 

angles pass to the limit by Remark 2.8, hence ∠(0, k0)η(−1)
β(1) = π

4 . But Proposition B.1
implies that β(t) = (t, k0) or β(t) = (−t, k0) for any t ≥ 0, which implies ∠(0, k0)η(−1)

β(1) ∈
{0, π}, giving a contradiction. �
Lemma 2.34. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥
2. Let γ : [0,+∞) → X be a ray emanating from o ∈ X such that, for a sequence 
ti → +∞, (X, γ(ti)) pGH-converges to (R×K, (0, k0)) for some compact K, with k0 ∈ K.

If X has one end, then the asymptotic cone to X is isometric to a halfline 
([0,+∞), deu) endowed with Euclidean distance deu.

Proof. We want to show that the ideal boundary X∞ of X contains only a point. Assume 
by contradiction that there is a ray σ from o such that limt→+∞ |γ(t)σ(t)|/t = δ > 0.
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We claim that there exists ε > 0 and i0 ∈ N such that

|γ(ti)σ(ti)| < (1 − ε)2ti ∀ i ≥ i0. (2.14)

Indeed, suppose instead that there is εj ↘ 0 and a subsequence ij such that 
|γ(tij )σ(tij )| ≥ (1 − εj)2tij for any j. The sequence of blow-downs (X, dj = t−1

ij
d, o)

pGH-converges to the cone (C(X∞), dC , oC) over X∞. The curves γj(t) := γ(tij t), 
σj(t) := σ(tij t) are rays from o in (X, dj) and, up to subsequence, converge to limit 
rays γ∞, σ∞ in the asymptotic cone. Moreover (1 − εj)2 ≤ dj(γj(1), σj(1)) ≤ 2, which 
implies that dC(γ∞(1), σ∞(1)) = 2. Thus δ = 2, and we get that for every t > 0, 
dC(γ∞(t), σ∞(t)) = 2t. Thus η : R → C(X∞) given by η(t) = γ∞(t) for t ≥ 0 and 
η(t) = σ∞(−t) for t < 0 is a line in C(X∞). Then Theorem 2.11 implies that X splits a 
line, but, since X is assumed to have one end, this contradicts Lemma 2.33.

Consider now a sequence of geodesics αi from γ(ti) to σ(ti). Observe that the length 
L(αi) = |γ(ti)σ(ti)| ∼ δti → +∞ by absurd hypothesis, as i → ∞.

Let �ōγ̄(ti)σ̄(ti) be a comparison triangle for �oγ(ti)σ(ti). By (2.14) there is ε1 > 0
such that

∠γ(ti)oσ(ti) ≥ ∠0γ̄(ti)ōσ̄(ti)
(2.14)
≥ ε1 > 0 ∀ i ≥ i0, (2.15)

where the first inequality follows by angle condition.
On the other hand, we claim also that there is ε2 < π such that

∠γ(ti)oσ(ti) ≤ ε2 (2.16)

for any sufficiently large i.
Indeed, suppose that, up to subsequence, limi ∠γ(ti)oσ(ti) = π. Consider the sequence 

of blow-downs (X, di := t−1
i d, o), which converges to the asymptotic cone C(X∞) of X. 

Similarly as above, the curves γi(t) := γ(ti t), σi(t) := σ(ti t) converge in the asymptotic 
cone to limit rays γ∞, σ∞ from a tip oC . Also the geodesics α̃i(t) := αi(ti t) converge to 
a geodesic α̃∞ from γ∞(1) to σ∞(1). Observe that L(α̃∞) = δ > 0 and then α̃∞ is non
constant. By Remark 2.8 the angles ∠γ(ti)oσ(ti), which are invariant under the rescaling 
of the distance, pass to the limit, therefore ∠γ∞(1)oCσ∞(1) = π. But this contradicts 
Lemma 2.12.

Now we want to show that (2.15), (2.16) lead to a contradiction. Up to subsequence, 
along the sequence (X, γ(ti)) the curve αi (resp. γi(t) := γ(t − ti)) converge locally 
uniformly to a ray α∞ from (0, k0) (resp. to a line γ∞ through (0, k0)) in R×K. Up to 
subsequence, by Remark 2.8, angles pass to the limit and then 0 < ε1 ≤ ∠(0, k0)γ∞(−1)

α∞(1) ≤
ε2 < π, which contradicts the third bullet of Proposition B.1.

Therefore we conclude that δ = 0, that is, every ray is equivalent to γ and X∞ is a 
point. �
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Remark 2.35. In the setting of manifolds with nonnegative Ricci curvature and linear 
volume growth, it is known that the diameters of the level sets of any Busemann function 
grow sublinearly [116, Theorem 1], and the asymptotic cone can be either a half-line or 
a line, see also [115]. Moreover, in the same setting, an almost splitting theorem for 
cylinders on level sets of a Busemann function is proved in [116, Theorem 34], where 
the GH-closeness is in term of the diameters of the level sets of the Busemann function. 
For statements analogous to the previous ones on RCD spaces, see [64,65]. After the 
recent [123], it is known that the conclusion of Lemma 2.34 holds on one-ended smooth 
manifolds with nonnegative Ricci curvature and linear volume growth.

3. Structure of asymptotically cylindrical CBB(0) spaces

Definition 3.1. Let (X, d) be a noncompact N -dimensional CBB(0) metric space. Let 
F : X → R be a locally Lipschitz function and let ν be a Radon measure on X. We say 
that F has measure Laplacian if there exists a Radon measure μ on X such that for any 
Lipschitz function f on X with bounded support, there holds

ˆ
∇F · ∇f dHN = −

ˆ
f dμ.

In such a case we write ΔF = μ.
We say that ΔF ≥ ν if F has measure Laplacian and

−
ˆ

∇F · ∇f dHN ≥
ˆ

f dν,

for any nonnegative Lipschitz function f on X with bounded support.

Definition 3.2 (Busemann function). Let (X, d) be a noncompact N -dimensional CBB(0)
metric space. Let γ : [0,+∞) → X be a ray emanating from o ∈ X. For any t ≥ 0 we 
define Ft : X → R by Ft(x) := t− d(x, γ(t)).

By triangle inequality, Ft is 1-Lipschitz and Ft ≤ Fs for any t ≤ s. The locally uniform 
limit F (x) = limt→+∞ Ft(x) is called the Busemann function associated to γ.

Remark 3.3. Let (X, d) be a noncompact N -dimensional CBB(0) and let F be the Buse
mann function associated to some ray γ. Then

• lip F (x) = 1 for any point x ∈ X,
• F has measure Laplacian ΔF ≥ 0.
• For any r ≤ R there exists a 1-Lipschitz surjective map ΨR

r : {F = R} → {F = r}.

Indeed lip F ≤ 1 being F the uniform limit of 1-Lipschitz functions. Also let zt,ε :=
[xγ(t)](ε), for t, ε > 0, and x ∈ X. On a sequence tn → +∞ we have that ztn,ε → zε ∈
∂Bε(x) and
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|F (x) − F (zε)|
|xzε| 

= lim
n 

|Ftn(x) − Ftn(ztn,ε)|
ε 

= 1.

Hence lip F (x) ≥ lim supε→0
|F (x)−F (zε)|

|xzε| = 1. The second item follows from [58, Propo
sition 5.19]. Finally, the third item follows by the fact that F is a convex function, see 
[48], and then there exist well-defined gradient curves of F starting from any point, see 
[102, Proposition 2.12].

The next lemma follows from Lemma 2.34 together with a non-smooth version of 
[70, Theorem 4.3]. An alternative proof consists in arguing by contradiction, exploiting 
Lemma 2.34 and the monotonicity condition; details are left to the reader.

Lemma 3.4. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥ 2. 
Let γ : [0,+∞) → X be a ray emanating from o ∈ X such that (X, γ(ti)) pGH-converges 
to (R×K, (0, k0)) for some compact K, with k0 ∈ K. Suppose that X has one end. Let 
F be the Busemann function associated to γ.

Then {F ≤ T} is compact for any T ∈ R.

Remark 3.5. Using our convention of signs, it is known that − supγ Fγ , where γ are rays 
emanating from a fixed point, is proper on Riemannian manifolds under the nonnegative 
sectional curvature assumption [48], and similarly for nonnegatively curved Alexandrov 
spaces. On manifolds with nonnegative Ricci curvature and linear volume growth every 
Busemann function is proper, and this comes from [114, Theorem 19], while in general 
it might be false due to the very recent example by J. Pan and G. Wei [99].

Lemma 3.6 (Monotonicity of diameters). Let (X, d) be a noncompact N -dimensional 
CBB(0) metric space with N ≥ 2. Let γ : [0,+∞) → X be a ray emanating from o ∈ X. 
Let F be the Busemann function associated to γ.

If there exists a sequence tj → +∞ such that {F ≤ tj} is compact for any j, then

diam{F = r} ≤ diam{F = R},

for any r ≤ R.

Proof. Apply the third item in Remark 3.3. �
Proposition 3.7. Let N ≥ 2, and let (X, d) be a noncompact N -dimensional CBB(0)
space. Let γ be a ray emanating from o ∈ X. Let F be the Busemann function associated 
to the ray γ. Let tq ≥ 0 be a nonnegative real number such that d(q, γ) = |qγ(tq)|, for 
any q ∈ X. Then, for every q ∈ X

F (q) ≥ tq. (3.1)
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Let us further assume that there exists a constant C > 0 for which

d(p, γ) ≤ C,

for all p ∈ X. Then, for every ε > 0 there exists R > 0 such that for every q ∈ X with 
|qo| ≥ R we have

F (q) ≤ tq + ε. (3.2)

Proof. Fix q ∈ X, and let tq be as in the assumptions. Let t > tq be an arbitrary real 
number, and let us denote pq := γ(tq).

Let us first prove the lower bound. By the hinge condition on (pq)γ(t)
q and the fact 

that ∠(pq)γ(t)
q = π/2 by Lemma 2.2, we get that

|qγ(t)|2 ≤ |qpq|2 + |pqγ(t)|2 ≤ (t− tq)2
(

|qpq|2
(t− tq)2

+ 1
)
, and then

|qγ(t)| ≤ (t− tq)
(

1 + |qpq|2
2(t− tq)2

)
.

(3.3)

From the last inequality, together with the fact that d(p, γ) ≤ C, we get that

Ft(q) = t− |qγ(t)| ≥ tq −
C2

2(t− tq)
,

and taking t → +∞ in the previous inequality we get F (q) ≥ tq, that is the sought lower 
bound.

Let us now prove the upper bound.

Claim 1. For every δ > 0 there exists R = R(δ) > 0 such that the following holds. For 
every q ∈ X with |oq| ≥ R there exists T = T (δ, q) > 0 such that for every t ≥ T and for 
every unit speed geodesics σ, β connecting q to o, and q to γ(t), respectively, we have

s2 + r2 + 2sr(1 − δ) ≤ |σ(s)β(r)|2, ∀t ≥ T, ∀r ∈ (0, |qγ(t)|), ∀s ∈ (0, |oq|).

Let us prove the above Claim with some estimates that are similar to those in the proof 
of Lemma 2.28. By the monotonicity condition, and the hinge condition, together with 
Lemma 2.2, we have

s2 + r2 − |σ(s)β(r)|2
2sr ≤ |oq|2 + |qγ(t)|2 − t2

2|oq||qγ(t)| ≤
t2q + 2|qpq|2 + (t− tq)2 − t2

2|oq||qγ(t)| 

= − (t− tq)tq
|oq||qγ(t)| + |qpq|2

|oq||qγ(t)| .
(3.4)

From the triangle inequality we have tq ≥ |oq| − |qpq|, and thus
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tq
|oq| ≥ 1 − |qpq|

|oq| . (3.5)

Moreover, from the triangle inequality we also have

|qγ(t)| ≥ (t− tq) − |qpq| = (t− tq)
(

1 − |qpq| 
t− tq

)
. (3.6)

Putting the second of (3.3), (3.5), and (3.6) in (3.4) we finally get

s2 + r2 − |σ(s)β(r)|2
2sr ≤ − 1 

1 + |qpq|2
2(t−tq)2

(
1 − |qpq|

|oq| 

)
+ |qpq|2

|oq|(t− tq)
1 

1 − |qpq|
t−tq

. (3.7)

Now, inspecting the previous inequality, one immediately realizes that, since |qpq| =
d(q, γ) ≤ C by assumption, for every fixed δ > 0 one can find R such that the statement 
of the Claim holds.

Claim 2. For every ε > 0 there exists R = R(ε) > 0 such that the following holds. 
For every q ∈ X with |oq| ≥ R, and that does not belong to the ray γ, there exists 
T = T (q, δ) such that for every t ≥ T we have |qγ(t)| ≥ |oq|, and

∠qγ(t)
pq

≤ π/2 + ε.

Let us prove the above Claim with some estimates that are similar to those in the proof 
of Lemma 2.28. First, by taking T large enough with respect to q we can always choose 
T in such a way that for every t ≥ T we have |qγ(t)| ≥ |oq|. By exploiting the hinge 
condition and |qγ(t)| ≥ |oq| we get

|oq|2 + |qpq|2 − t2q
2|oq||qpq| 

≤
|qpq|2 + t2q + |qpq|2 − t2q

2|oq||qpq| 
= |qpq|

|oq| , (3.8)

|qpq|2 + |qγ(t)|2 − (t− tq)2

2|qpq||qγ(t)| ≤ |qpq|2 + |qpq|2 + (t− tq)2 − (t− tq)2

2|qpq||qγ(t)| = |qpq| 
|qγ(t)| ≤

|qpq|
|oq| .

(3.9)
By using (3.8) and (3.9), and noticing that |qpq| = d(q, γ) ≤ C, we can find R big enough 
such that

min{∠qopq
,∠qγ(t)

pq
}

≥ min
{

arccos
(
|oq|2 + |qpq|2 − t2q

2|oq||qpq| 

)
, arccos

(
|qpq|2 + |qγ(t)|2 − (t− tq)2

2|qpq||qγ(t)| 

)}

≥ π

2 
− ε 

2 ,

(3.10)
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for every q ∈ X that is not on γ, with |oq| ≥ R, and for every t sufficiently big depending 
on q. Moreover, by using the Claim 1, see in particular the first inequality in (3.4), we 
have that, by taking a possibly larger R, we can also ensure

∠qγ(t)
o ≥ π − ε 

2 , (3.11)

for every q ∈ X that is not on γ, with |oq| ≥ R, and for every t sufficiently big depending 
on q. Finally, by the four-point comparison, as in the end of Lemma 2.28, we get that

∠qopq
+ ∠qγ(t)

pq
+ ∠qγ(t)

o ≤ 2π.

By comparing the previous inequality with (3.10), and (3.11) we finally get

∠qγ(t)
pq

≤ π

2 
+ ε,

which is the sought claim.
Let us now finish the proof of the upper bound. We can assume without loss of 

generality that q is not a point of the ray γ. Let us fix ε > 0. Let us consider ε′ > 0
small enough such that the following implication holds

0 ≤ α ≤ π

2 
+ ε′ ⇒ −C cosα ≤ ε. (3.12)

Now, by using Claim 2, we can find R = R(ε′) > 0 such that for every q ∈ X with 
|oq| ≥ R that does not belong to the ray γ, there exists T = T (q, δ) such that for every 
t ≥ T we have

∠qγ(t)
pq

≤ π/2 + ε′.

Now, by the hinge condition, by (3.12), and the fact that |qpq| = d(q, γ) ≤ C we have 
that for every q ∈ X with |oq| ≥ R and t ≥ T ,

(t− tq)2 ≤ |qpq|2 + |qγ(t)|2 − 2|qpq||qγ(t)| cos∠qγ(t)
pq

≤ |qγ(t)|2
(

1 + |qpq|2
|qγ(t)|2 + 2ε 

|qγ(t)|

)
,

(3.13)

and then, for t sufficiently big,

(t− tq) ≤ |qγ(t)|
(

1 + |qpq|2
2|qγ(t)|2 + ε 

|qγ(t)|

)
⇒

t− |qγ(t)| ≤ tq + |qpq|2
2|qγ(t)| + ε.

(3.14)
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Finally, taking t → +∞ in the previous inequality we get, by exploiting that |qpq| =
d(q, γ) ≤ C, and |qγ(t)| → +∞, that F (q) ≤ tq + ε for every q ∈ X with |oq| ≥ R; which 
is the sought upper bound. �

Let us now prove a Lemma that provides a bound on the distance of points from a 
ray in a CBB space whose asymptotic cone is a half-line.

Lemma 3.8. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥ 2. 
Let γ : [0,+∞) → X be a ray emanating from o ∈ X such that (X, γ(ti)) pGH-converges 
to (Y, y) := (R×K, (0, k0)) for some compact K, with k0 ∈ K.

Let us assume X has one end. Then

lim sup
i→+∞ 

max 
∂Bti

(o)
d(p, γ) < +∞. (3.15)

Moreover, if F is the Busemann function associated to γ, see Definition 3.2, we also 
have that

lim sup
i→+∞ 

max 
{F=ti}

d(p, γ) < +∞. (3.16)

Proof. Since X has one end, ti → +∞, and without loss of generality we can assume 
that ti is increasing.

Proof of (3.15). By using Lemma 2.34 we get that the asymptotic cone of X is a half-line. 
As a consequence we get that

lim 
i→+∞

max∂Bti
(o) d(p, γ)
ti

= 0. (3.17)

Indeed, if not, we can find, for i sufficiently big, points qi ∈ ∂Bti(o) such that 
d(qi, γ(ti)) ≥ d(qi, γ) > tiδ, for some δ > 0. Then, in the realization of the convergence 
of (X, t−1

i d, o) to the asymptotic cone, qi and γ(ti) are converging to two different points 
in the boundary of the unit ball centered at the tip of the asymptotic cone. Anyway, this 
is not possible since the asymptotic cone is a half-line.

Let us assume, by contradiction, that up to subsequences we have

lim 
i→+∞

max 
∂Bti

(o)
d(p, γ) = +∞. (3.18)

Let us denote by Mi := max∂Bti
(o) d(p, γ) and by di := d/Mi the rescaled distance.

Claim 1. We aim now at showing that for every ε > 0, and r ≥ 1, we have that, for 
every i ≥ iε,

Bdi
r (γ(ti)) ⊂ {p : di(p, γ) < ε}. (3.19)
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In order to prove (3.19) let us prove that for every ε > 0, and for every r ≥ 1, we have 
iε such that

d(σ(t), γ) ≤ εMi, (3.20)

for every i ≥ iε, and for every segment σ : [0, T ] → X such that σ(0) = γ(ti), and 
T ≤ rMi.

If not, up to passing to subsequences, we have σi : [0, Ti] → X such that σi(0) = γ(ti), 
Ti ≤ rMi, and for si ∈ [0, Ti] we have d(σi(si), γ) ≥ εMi. Notice that, since Mi → +∞
both si, Ti → +∞. Then, up to subsequence, σi locally uniformly converge to a ray 
σ : [0,+∞) → X in the limit Y emanating from y. Moreover γi := γ(t + ti) converge 
to a line � such that �(0) = y. By Proposition B.1 we either have that σ = �|[0,+∞) or 
σ = �|(−∞,0].

Thus we have, where in the following we take the sign + when σ = �|[0,+∞) and the 
sign − when σ = �|(−∞,0],

lim 
i→+∞

lim 
t→0+

(
1 − |σi(t)γ(ti ± t)|2

2t2

)
= lim 

i→+∞
lim 
t→0+

2t2 − |σi(t)γ(ti ± t)|2
2t2

= lim 
i→+∞

cos∠σ′
i(0)(γ±)′(ti) = 1,

(3.21)

where we are using the convergence of angles, see Remark 2.8. Thus

lim 
i→+∞

lim 
t→0+

|σi(t)γ(ti ± t)|
t 

= 0.

Notice that, for i sufficiently big, ti − si ≥ ti − rMi ≥ ti/2, since Mi/ti → 0. Then, for 
i sufficiently big we can estimate, by using the monotonicity condition in Definition 2.1
and the fact that si ≤ Ti ≤ rMi

εMi ≤ d(σi(si), γ) ≤ |σi(si)γ(ti ± si)| ≤ si lim 
t→0+

|σi(t)γ(ti ± t)|
t 

≤ si
ε 
2r ≤ Mi

ε 
2 , (3.22)

which is a contradiction. Thus (3.20) is established. Now, from (3.20) we immediately 
get the sought claim (3.19).

Let us now exploit the Claim 1, and in particular (3.19), to find the sought con
tradiction. By the very definition of di and Mi we get that, for every i, there exists 
pi ∈ ∂Bdi

ti/Mi
(o) such that di(pi, γ) = 1. Let us denote γi(·) := γ(Mi·) for every i. Thus 

there exists si ∈ [0,+∞) such that di(pi, γ) = di(pi, γi(si)) = 1. We can estimate, by 
using the triangle inequality,

1 = di(pi, γi(si)) ≥ |di(pi, o) − di(o, γi(si))| =
∣∣∣∣ tiMi

− si

∣∣∣∣ . (3.23)

Thus,
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di(pi, γ(ti)) = di(pi, γi(ti/Mi)) ≤ di(pi, γi(si)) + di(γi(si), γi(ti/Mi))

= 1 + M−1
i d(γ(Misi), γ(ti)) ≤ 2,

(3.24)

where in the last inequality we are using (3.23). Notice that, for i large enough, the 
previous inequality gives the sought contradiction. Indeed from (3.19) with r = 2 and 
ε = 1/2, and from (3.24), we deduce that for i large enough we have pi ∈ Bdi

2 (γ(ti)) ⊂
{p : di(p, γ) < 1/2}, and thus di(pi, γ) < 1/2, while on the contrary we have di(pi, γ) = 1.

Proof of (3.16). By Lemma 2.33 we get that the asymptotic cone of X is a half-line. We 
now claim that

lim 
R→+∞

sup 
p∈X\BR(o)

d(p, γ)
|op| = 0. (3.25)

Indeed, if not, we have a sequence of diverging points pn such that d(pn, γ) ≥ δ|opn| for 
all n ∈ N, and for some δ > 0. Thus we have |pnγ(|opn|)| ≥ δ|opn|, and rescaling the 
metric by |opn|−1 we get that the boundary of the ball of radius one in the asymptotic 
cone has at least two points, which is a contradiction because it is a half-line.

Now, since the level sets of F are compact, see Lemma 3.4, we get that there exist 
Ri → +∞ such that {F = ti} ⊂ X\BRi

. Now by the triangle inequality, see in particular 
(3.5), and by (3.1) we have that for every q ∈ {F = ti} the following inequality holds

ti = F (q) ≥ tq ≥ |oq|
(

1 − d(q, γ)
|oq| 

)
.

Thus, by exploiting the previous inequality we get that for every i ∈ N and q ∈ {F = ti}
we have

d(q, γ)
ti

≤ d(q, γ)
|oq| 

1 

1 − d(q,γ)
|oq| 

.

Hence, by also using (3.25), and the fact that {F = ti} ⊂ X \ BRi
for a sequence of 

Ri → ∞, from the previous inequality we conclude that

lim 
i→+∞

max 
{F=ti}

d(q, γ)
ti

= 0, (3.26)

which is the analog of (3.17).
Let us assume, by contradiction, that up to subsequences we have

lim 
i→+∞

max 
{F=ti}

d(p, γ) = +∞. (3.27)

Let us call M ′
i := max{F=ti} d(p, γ). Observe that M ′

i < +∞ by Lemma 3.4. Denote 
d′i := d/M ′

i .
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Claim 2. We aim at showing that for every ε > 0, and r ≥ 1, we have that, for every 
i ≥ iε,

B
d′
i

r (γ(ti)) ⊂ {p : d′i(p, γ) < ε}. (3.28)

Notice that the proof of the previous claim can be done arguing verbatim as in the 
proof of (3.19), where we only exploited (3.17), whose analog we proved in (3.26), and 
(X, γ(ti)) → (R×K, (0, k0)).

Claim 3. For every i there exists xi ∈ {F = ti} and τi ∈ [0,+∞) such that 1 =
d′i(xi, γ) = d′i(xi, γ(τi)). We claim that

lim 
i→+∞

lim 
t→+∞

t− τi − d(xi, γ(t))
M ′

i

= 0. (3.29)

In order to prove (3.29), let us introduce two symbols that will simplify the notation. 
We denote by oR(1) an arbitrary function of p ∈ X such that for all ε > 0 there exists 
Rε > 0 such that for every q ∈ X \ BRε

(o) we have |oR(1)| ≤ ε. Moreover, we denote 
by otR(1) an arbitrary function of p ∈ X, and t ≥ 0 such that for all ε > 0 there is an 
Rε > 0 such that for every q ∈ X \ BRε

(o) we have |otR(1)| ≤ ε for every t ≥ Tq, where 
Tq might depend on q.

By the computations in (3.4) and (3.7), together with the information in (3.25), we 
get

|oq|2 + |qγ(t)|2 − t2

2|oq||qγ(t)| ≤ −1 + otR(1).

Furthermore, by the computations in (3.8) and (3.9), together with (3.25), we deduce 
that

|oq|2 + d(q, γ)2 − t2q
2|oq|d(q, γ) ≤ oR(1),

and

d(q, γ)2 + |qγ(t)|2 − (t− tq)2

2d(q, γ)|qγ(t)| ≤ otR(1),

where tq ≥ 0 is any real number such that d(q, γ) = d(q, γ(tq)). Using the previous three 
inequalities, together with the four-point comparison, as done, for example, in the end 
of the proof of Claim 2 of Proposition 3.7, we conclude that

d(q, γ)2 + |qγ(t)|2 − (t− tq)2

2d(q, γ)|qγ(t)| = otR(1). (3.30)

Thus, since d(q, γ)2/(d(q, γ)|qγ(t)|) = otR(1) by (3.25), from (3.30) we get
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(|qγ(t)| − (t− tq)) (|qγ(t)| + (t− tq))
d(q, γ)|qγ(t)| = |qγ(t)|2 − (t− tq)2

d(q, γ)|qγ(t)| = otR(1). (3.31)

From the triangle inequality, see (3.6), and the inequality in the second line of (3.3), we 
get

1 − d(q, γ) 
|t− tq|

≤ |qγ(t)|
t− tq

≤ 1 + d(q, γ)2

2(t− tq)2
,

and thus

|qγ(t)| + (t− tq)
|qγ(t)| = 1 + otR(1). (3.32)

From (3.32) and (3.31), we finally get

|qγ(t)| − (t− tq)
d(q, γ) = otR(1). (3.33)

Now, (3.29) is a direct consequence of (3.33) and how τi is defined.
Let us now exploit the previous claims to find the sought contradiction, and then 

conclude (3.16). By using the notation in the Claim 3 above we have

ti
M ′

i

= F (xi)
M ′

i

= lim 
t→+∞

t− d(xi, γ(t))
M ′

i

= lim 
t→+∞

(
t− τi − d(xi, γ(t))

M ′
i

)
+ τi

M ′
i

,

and thus, by exploiting (3.29), we conclude

lim 
i→+∞

∣∣∣∣ ti − τi
M ′

i

∣∣∣∣ = 0.

Thus, for i large enough, we have

d′i(xi, γ(ti)) ≤ d′i(xi, γ(τi)) + d′i(γ(τi), γ(ti)) ≤ 2.

In particular, choosing r = 2, ε = 1/2 in (3.28), for i large enough we have xi ∈
B

d′
i

2 (γ(ti)) ⊂ {p ∈ X : d′i(p, γ) < 1/2}, which is a contradiction since d′i(xi, γ) = 1. �
Putting together the previous results, we obtain the following theorem, which charac

terizes CBB(0) spaces having a pGH limit at infinity equal to a cylinder over a compact 
space as those spaces which are tubular neighborhoods of some line or ray.

Theorem 3.9. Let N ≥ 2, and let (X, d) be a noncompact N -dimensional CBB(0) metric 
space. The following are equivalent.
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(1) There exists a diverging sequence of points pi on X such that (X, pi) converges in 
the pGH topology to R×K, where K is compact.

(2) Either X is isometric to R × K, or X has one end and there exists a ray γ :
[0,+∞) → X and a constant C such that

d(p, γ) ≤ C for all p ∈ X.

Proof. Implication (2)⇒(1) is trivial. Implication (1)⇒(2) easily follows combining 
Corollary 2.32, Lemma 3.8, and Lemma 3.6. In fact, if X has one end, the previous 
results yield a ray γ : [0,+∞) → X emanating from a point o and a uniform upper 
bound on the diameter of any level set of the Busemann function associated to γ. Since 
any level set {F = t} contains γ(t), for t ≥ 0, the claim follows. �
Theorem 3.10. Let N ≥ 2, and let (X, d) be a noncompact N -dimensional CBB(0) metric 
space such that HN (B1(x)) ≥ v0 > 0 for some v0 > 0 for every x ∈ X. Let γ : [0,+∞) →
X be a ray such that, for some constant C > 0,

d(p, γ) ≤ C, for all p ∈ X.

Let tj → +∞ and assume that (X, γ(tj)) pGH-converges to (R × K, (0, k0)) for some 
(N − 1)-dimensional compact CBB(0) space K.

Let us denote by f : R×K → R the coordinate function f(t, k) = t. Let Fj := F − tj. 
Then the following hold.

• For every j ∈ N and every T ≥ 0, the set {Fj ≤ T} is compact.
• Fj converges locally uniformly to f along the pointed sequence of converging metric 

spaces. In particular, for any s, s1, s2 ∈ R with s1 < s2, we have that

{Fj < s} → {f < s}, in L1
loc-strong,

{s1 < Fj < s2} → {s1 < f < s2}, in L1-strong.
(3.34)

• For any s ∈ R, the set {F < s} has finite perimeter and

Per({F < s1}) ≤ Per({F < s2}), ∀ s1, s2 ∈ R with s1 < s2, (3.35)

lim
j

Per({Fj < t}) = lim 
s→+∞

Per({F < s}) = HN−1(K) ∀ t ∈ R. (3.36)

Moreover, if Per({F < s̄}) = HN−1(K) for some s̄ ∈ R, then there exists s0 ≥ s̄ and 
a connected component {F = s̄}α of ({F = s̄}, dint) such that ({F = s0}, d|{F=s0})
and ({F = s̄}α, dint) are isometric to K, and (X \ {F < s0}, d|X\{F<s0}) is isometric 
to ({F = s0} × [0,+∞), d|{F=s0} ⊗ deu), which is isometric to K × [0,+∞).
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In particular X \ {F < s0} splits isometrically as a connected cylindrical end8 and

HN−1(K) = HN−1({F = s0}) = HN−1
int ({F = s̄}α),

where HN−1
int is the (N − 1)-dimensional Hausdorff measure on ({F = s̄}α, dint) and 

dint is the intrinsic distance on {F = s̄}.
• If qj is an arbitrary sequence of diverging points on X, then up to subsequences (X, qj)

pGH-converges to R×K.

Proof. Observe that the assumption implies that X has one end. The first item follows 
from Lemma 3.4. Since HN (B1(x)) ≥ v0 > 0 for some v0 > 0 for every x ∈ X, the 
convergence of (X, γ(tj)) to R×K holds in pmGH-sense by [53]. The fact that Fj locally 
uniformly converges to f immediately follows from Proposition 3.7. The functions Fj are 
uniformly bounded in balls BR(γ(tj)) and are 1-Lipschitz by Remark 3.3. It is then 
possible to derive local convergence in L1-strong of the sublevels {Fj < s} to {f < s}
for any s ∈ R, see for example the proof of [12, Proposition 3.2], and (3.34) follows.

Recalling Remark 3.3, by [36, Proposition 6.1] we get that there exists a set of full 
measure S ⊂ R such that {F < s} is a set of finite perimeter for any s ∈ S. Moreover, 
in the notation of [36], we have (∇F · ν{F<s})int = −1 at Per({F < s}, ·)-a.e. point, for 
any s ∈ S. Hence we can apply that Gauss–Green formula in [36, Theorem 5.2], invoking 
[36, Theorem 4.11], to get

0 ≤
ˆ

{s1<F<s2}

dΔF = Per({F < s2}) − Per({F < s1}),

for any s1, s2 ∈ S with s1 < s2. By lower semicontinuity of perimeters, choosing a 
sequence (s′1)n ↘ s1 < s2 with (s′1)n ∈ S, we deduce that

Per({F < s1}) ≤ Per({F < s2}), (3.37)

for any s1 ∈ R, s2 ∈ S with s1 < s2, and that {F < s} has finite perimeter for any s ∈ R. 
Therefore we can apply the Gauss–Green formula in [36, Theorem 5.2] again integrating 
by parts ΔF on {s1 < F < s2} for any s1 < s2 with s1 ∈ S, s2 ∈ R to get

0 ≤
ˆ

{s1<F<s2}

dΔF =
ˆ

−(∇F · ν{F<s2})int d Per({F < s2}, ·) − Per({F < s1})

≤ ‖(∇F · ν{F<s2})int‖L∞(Per({F<s2},·) Per({F < s2}) − Per({F < s1})
≤ Per({F < s2}) − Per({F < s1}).

(3.38)

8 We observe that, arguing as in the proof of Proposition 5.14, one can prove that {F < s0} is an 
isoperimetric set, up to choosing a greater s0. In particular the end of X is a cylinder over the boundary 
of an isoperimetric set.
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Therefore we finally get that for any s1, s2 ∈ R with s1 < s2, taking any s′ ∈ (s1, s2)∩S, 
there holds

Per({F < s1})
(3.37)
≤ Per({F < s′})

(3.38)
≤ Per({F < s2}),

proving (3.35).
Now by (3.34), and exploiting Remark 2.16, we have that lim infj Per({Fj < s}) ≥

Per({f < s}) = HN−1(K), for any s ∈ R. We want to show that equality actually 
holds. Indeed, if by contradiction, up to subsequence, there holds limj Per({Fj < s}) >
HN−1(K) for some s ∈ R, then for s2 > s we estimate

HN ({s < f < s2}) = (s2 − s)HN−1(K) < lim
j

(s2 − s) Per({Fj < s})

(3.35)
≤ lim sup

j

s2ˆ

s 

Per({Fj < t}) dt = lim sup
j

HN ({{s < Fj < s2})

(3.34)= HN ({s < f < s2}).

This proves that limj Per({Fj < s}) = HN−1(K) for any s ∈ R. Moreover we find

Per({F < s})
(3.35)
≤ Per({F < s + tj}) = Per({Fj < s}) ∀ j,

hence lim sups→∞ Per({F < s}) ≤ lim sups→∞ limj Per({Fj < s}) = HN−1(K). On the 
other hand

lim inf
s→+∞ 

Per({F < s})
(3.35)
≥ Per({F < tj}) = Per({Fj < 0}) ∀ j,

hence lim infs→+∞ Per({F < s}) ≥ limj Per({Fj < 0}) = HN−1(K), completing the 
proof of (3.36).

Suppose now that Per({F < s̄}) = HN−1(K) for some s̄ ∈ R, hence the same holds 
for any s ≥ s̄ by (3.35). Recalling (3.38), this implies that ΔF = 0 on Ω := X \
{F ≤ s̄}. Hence we can apply Theorem 2.18 (notice that X \ {F ≤ s̄} has only one 
unbounded connected component as X has one end). In the notation of Theorem 2.18
and letting Ω := X \ {F ≤ s̄}, we get the existence of a connected component {F = s̄}α
of ({F = s̄}, dint) such that the unbounded connected component Ω̃α of the completion 
of X \ {F ≤ s̄} with respect to the induced intrinsic distance is isometric to ({F =
s̄}α × [0,+∞), dint ⊗ deu). For s0 ≥ s̄ sufficiently large, we have that d|{F≥s0−1} = d̃ by 
Theorem 2.18. Hence ({F = s̄}α, dint) is isometric to K and HN−1(K) = HN−1

int ({F =
s̄}α).

Let Φ : Ω̃α → {F = s̄}α×[0,+∞) be the isometry given by Theorem 2.18. Computing 
the Busemann function at points of {F ≥ s0} ∩ Ω̃α with respect to d or d̃ is equivalent, 
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thus Φ sends level sets {F = ρ}∩ Ω̃α into level sets of the Busemann function of the ray 
Φ◦γ|[s̄,∞) in ({F = s̄}α× [0,+∞), dint⊗deu), for ρ ≥ s0. Hence the product structure of 
Ω̃α implies that Φ({F = ρ}∩Ω̃α) = {F = s̄}α×{ϕ(ρ)} for some ϕ : [s0,+∞) → [0,+∞), 
for ρ ≥ s0. Since Φ is an isometry, we get that ({F = s0} ∩ Ω̃α, d|{F=s0}∩Ω̃α

) = ({F =
s0} ∩ Ω̃α, d̃|{F=s0}∩Ω̃α

) is isometric to ({F = s̄}α, dint).
Since d = d̃ in a neighborhood of {F = s0} ∩ Ω̃α, we deduce that HN−1({F =

s0} ∩ Ω̃α) < +∞ and

HN−1({F = s0} ∩ Ω̃α) = HN−1
int ({F = s̄}α) = HN−1(K). (3.39)

Since Ω has only one unbounded connected component, up to choosing a greater s0, we 
have that {F = s0} ⊂ Ω̃α. Thus {F = s0} ∩ Ω̃α = {F = s0}, which completes the proof 
of the rigidity in the third item.

It remains to prove the last item. Up to passing to subsequence, by assumption there 
are τj ↗ +∞ such that d(qj , γ) = |qjγ(τj)| ≤ C, hence (X, γ(τj)) pGH-converges to 
some product R×K ′, where K ′ is compact. Up to further subsequences, we can assume 
that τj−1 < tj < τj for any j. By Remark 3.3 we find a sequence of 1-Lipschitz surjective 
functions Ψj : {F = τj} → {F = tj}. By uniform convergence of sequences of functions 
F − τj and F − tj proved above, an Arzelà–Ascoli argument implies the existence of a 
1-Lipschitz surjective map Ψ : K ′ → K. Analogously, there exists a 1-Lipschitz surjective 
map Φ : K → K ′. Hence K and K ′ are isometric, see, e.g., [17, Lemma 4.5]. �

In the case of manifolds with nonnegative Ricci curvature, or for arbitrary RCD(0, N)
spaces, the picture depicted in Corollary 3.11 is more complicated. In fact, there exist 
Riemannian manifolds with nonnegative Ricci curvature and linear volume growth such 
that the diameters of the level sets of a Busemann function are unbounded, [114, Example 
26]. On the other hand, as mentioned in the Introduction, it was recently proved in [123] 
that on smooth manifolds (M, g) with Ric ≥ 0 and infx∈M HN (B1(x)) > 0, conditions 
(1) and (2) in the next Corollary 3.11 are equivalent. 

Corollary 3.11. Let N ≥ 2, and let (X, d) be a noncompact N -dimensional CBB(0) metric 
space such that HN (B1(x)) ≥ v0 > 0 for some v0 > 0 for every x ∈ X. Let o ∈ X. Then 
the following are equivalent.

(1) lim supr→+∞ HN (Br(o))/r < +∞;
(2) for any diverging sequence of points pi ∈ X such that (X, pi) pGH-converges to a 

limit (Y, y), it holds that Y is isometric to a product R×K, where K is compact;
(3) there exists a diverging sequence of points pi ∈ X such that (X, pi) pGH-converges 

to a limit R×K, where K is compact.
(4) There exists a constant C > 0 such that I(V ) ≤ C for every V > 0.
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If any of the previous items holds, then there exists a unique compact CBB(0) space K
such that any pGH limit of X along a sequence of diverging points is isometric to R×K.

Proof. We observe first that on any noncompact RCD(0, N) space (Z, d,m), for any 
z ∈ Z the estimate m(Br(z)) ≥ C(N,m(B1(z)))r holds for any r ≥ 1. Indeed, this 
follows by performing the proof of [112, Theorem 4.1] verbatim exploiting the Laplacian 
comparison from [58, Corollary 5.15]. We skip this proof, whose strategy is however 
analogous to the first implication below. In particular, an RCD(0, N) space with finite 
measure is compact.

(1)⇒(2). We know from [58, Corollary 5.15] that the squared distance function d2
o

from o has measure Laplacian Δd2
o ≤ 2NHN . Let x ∈ X, r ∈ (0, |ox|), and define 

r1 := |ox| − r and r2 := |ox| + r. Integrating the function

f(y) :=

⎧⎪⎪⎨⎪⎪⎩
1 |oy| ≤ r1,

1 
r2−r1

(r2 − do(y)) r1 < |oy| < r2,

0 r2 ≤ |oy|,

with respect to Δd2
o, by chain rule (see [58, Eq. (4.16)]), we get

2NHN (Br2(o)) ≥
ˆ

f dΔd2
o = −

ˆ
∇f · (2do∇do) dHN

= 2
ˆ

Br2 (o)\Br1 (o)

do
r2 − r1

|∇do|2 dHN

≥ 2 
r2 − r1

r1HN (Br2(o) \Br1(o)) ≥
2 

r2 − r1
r1HN (Br(x)).

Letting c > lim supr→+∞ HN (Br(o))/r, we find that

HN (Br(x)) ≤ 4cN |ox| + r

|ox| − r 
r, (3.40)

for any x ∈ X such that |ox| ≥ R0 and any r ∈ (0, |ox|), for some R0 large enough.
Let now pi and Y as in (2). By Lemma 2.29 we know that Y is isometric to 

some product R × K. Plugging x = pi in (3.40), by volume convergence we get that 
HN (Br(y)) ≤ 4cNr for any r > 0, hence K must have finite total measure. Since K is 
CBB(0), it must be compact.

(2)⇒(3). Trivial.
(3)⇒(1). By Theorem 3.9, either X is isometric to R × K, or X has one end and 

there exists a ray γ : [0,+∞) → X from o and a constant C such that d(p, γ) ≤ C for 
all p ∈ X. Without loss of generality we can assume the second alternative. Hence there 
exist tj → +∞ such that (X, γ(tj)) pGH-converges to R×K, and Theorem 3.10 applies.
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Let r > 0, x ∈ Br(o) and tx ≥ 0 such that d(x, γ(tx)) = d(x, γ). Hence t−d(x, γ(t)) ≤
t − (t − tx − d(x, γ)) ≤ tx + C, for any t > 0 sufficiently big. Hence the Busemann 
function F of the ray γ satisfies F (x) ≤ tx + C. Moreover, |xγ(r)| < 2r and |xγ(t)| ≥
t − r − |xγ(r)| > t − 3r for any t ≥ r, hence tx < max{r, C + 3r} = 3r + C. Therefore 
F (x) < 3r + 2C, and thus we proved the containment

Br(o) ⊂ {F < 3r + 2C},

for any r > 0. Since sublevel sets of F are compact, F has a global minimum m ∈ R. 
Hence, by Theorem 3.10, coarea formula, (3.35), (3.36), we conclude that

HN (Br(o)) ≤ HN ({F < 3r + 2C}) =
3r+2Cˆ

m 

Per({F < s}) ds

≤ HN−1(K)(3r + 2C −m).

(3)⇒(4). If X has one end, it directly follows from Theorem 3.9 and the third item of 
Theorem 3.10 (see also the third item of Theorem 5.13 for comparison). If X has at least 
two ends, then X is isometric to R×K and the statement follows from Lemma A.5.

(4)⇒(1) or (3). Let V (r) := infx∈X HN (Br(x)). For v > 0, let us define

ϕ(v) := inf{r > 0 : V (r) ≥ v}.

Arguing verbatim as in [78, Theorem 7.4], since the proof there only uses the Bishop--
Gromov inequality and the relative isoperimetric inequality, both available in our setting, 
we have that there exists a constant C := C(N) such that the following holds. For every 
v > 0 we have

I(v) ≥ C
v

ϕ(2v) . (3.41)

We now claim that lim supr→+∞ V (r)/r < +∞. Indeed, if it is not the case, for every M
we find r0 > 1 such that for every r ≥ r0 we have V (r) ≥ Mr. Then, for every v ≥ Mr0, 
we have that V (v/M) ≥ v, and thus ϕ(v) ≤ v/M . Hence, for v ≥ Mr0, we have

I(v) ≥ C
v

ϕ(2v) ≥ C
v

2v/M = CM

2 
.

This implies that limv→+∞ I(v) = +∞, which is against to our assumption on I. There
fore

lim sup
r→+∞ 

V (r)/r =: C0 < +∞.
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We now prove that if lim supr→+∞ HN (Br(o))/r = +∞, then there is a diverging 
sequence of points qi ∈ X such that (X, qi) pGH-converges to a limit R ×K, where K
is compact. This would conclude the proof of the implication (4)⇒(1) or (3).

So, let us now assume lim supr→+∞ HN (Br(o))/r = +∞. In particular we have ri →
+∞ such that HN (Bri(o))/ri → +∞ as i → +∞. Let us take pi ∈ X such that

V (ri) ≥ HN (Bri(pi)) − i−1.

We now claim that

|opi|
ri

→ +∞ (3.42)

If not, up to subsequences, there is a constant C̄ such that |opi| ≤ C̄ri. Thus, by using 
Bishop–Gromov inequality, we have, up to subsequences

HN (Bri(o)) ≤ HN (B(C̄+1)ri(pi)) ≤ (C̄ + 1)NHN (Bri(pi)) ≤ (C̄ + 1)N
(
2C0ri + i−1) ,

which is in contradiction with the fact that HN (Bri(o))/ri → +∞.
Let us now prove that there exists a constant C̃ for which the following holds. For every 

i large enough, we have ρi ∈ (ri/4, 3ri/4), and qi ∈ ∂Bρi
(pi) such that HN (Bh(qi)) ≤ C̃h

for every h ∈ (0, ri/4).
Let us notice that up to subsequences we have

riˆ

0 

Per(Bρ(pi)) dρ = HN (Bri(pi)) ≤ 2C0ri,

and then, by using the Hardy–Littlewood maximal inequality, we have that there exists 
a constant C > 0 such that for every t > 0, and every i we have

t L 1

⎛⎜⎝
⎧⎪⎨⎪⎩ρ ∈ (0, ri) : sup

h>0 

ρ+h  

ρ−h

Per(Bξ(pi)) dξ > t

⎫⎪⎬⎪⎭
⎞⎟⎠ ≤ Cri.

Thus choosing t = 4C in the previous inequality we conclude that for i large enough 
there exists ρi ∈ (ri/4, 3ri/4) such that

HN (Bρi+h(pi) \Bρi−h(pi)) =
ρi+h ˆ

ρi−h

Per(Bs(pi)) ds ≤ 8Ch, ∀h ∈ (0, ri/4).

Then taking an arbitrary qi ∈ ∂Bρi
(pi) we have, by the triangle inequality, that for every 

i and every h ∈ (0, ri/4), we have
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HN (Bh(qi)) ≤ HN (Bρi+h(pi) \Bρi−h(pi)) ≤ 8Ch,

and thus the claim is proved with C̃ := 8C.
Let now (X̃, d̃, q̃) be a pGH limit of (X, d, qi) up to subsequences. By the results of 

[53], since HN (B1(x)) ≥ v0 for every x ∈ X, we get that (X̃, d̃,HN , q̃) is the pmGH limit 
of (X, d,HN , qi), and then, by the volume convergence and the fact that ρi → +∞, we 
conclude that HN (Bh(q̃)) ≤ C̃h for every h > 0.

Since

|oqi| ≥ |opi| − |piqi| ≥ |opi| − ri
(3.42) −−−−→

i
+∞,

we get that X̃ splits as R × K, see Lemma 2.29. From the latter volume estimates on 
Bh(q̃), we get that (K, dK) is a CBB(0) space with finite volume. Hence, it is compact, 
and we have proved (3).

Finally, the claimed uniqueness on the pGH limits at infinity follows from the last 
item of Theorem 3.10. �
4. Volume non-collapsedness of 2-dimensional CBB(0) spaces

As pointed to us by A. Lytchak, the forthcoming Lemma 4.1 is likely to hold in 
arbitrary dimensions by using the gradient flow of the Busemann function of a ray. Since 
we will not need it at this level of generality, we provide a direct and elementary proof 
of it in dimension 2.

Lemma 4.1. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space. Then, for 
every o ∈ X, there exists C > 0 such that

diam(∂Br(o)) ≥ C, for all r ≥ 1.

Proof. Assume by contradiction that there is an increasing sequence rj ↗ +∞ such that 
diam(∂Brj (o)) → 0. Hence, rescaling distance by 1/rj and passing to the limit we get 
that the asymptotic cone to X is (isometric to) a halfline ([0,+∞), deu).

Fix a ray γ from o. We observe that

lim 
ρ→+∞

1 
ρ

max 
x∈∂Bρ(o)

d(x, γ) = 0. (4.1)

Indeed, if xρ maximizes in (4.1), as (X, d/ρ) → ([0,+∞), deu), we see that d(xρ, γ)/ρ ≤
d(xρ, γ(ρ))/ρ → 0 as ρ → ∞, as xρ and γ(ρ) converge to the same point in the asymptotic 
cone.

We want to show that ∂Bρ(o) = {γ(ρ)} for some ρ large enough. Suppose instead 
that for any ρ > 0 there is a point xρ ∈ ∂Bρ(o) \ {γ(ρ)}. Let τ > ρ and let α = [γ(τ)xρ]. 
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Choosing τ ≥ 3ρ there is T ∈ (0, τ ] such that d(xρ, γ) = |xργ(τ − T )|. Observe that 
ρ = |oxρ| ≤ d(xρ, γ) + (τ − T ), and thus

|xργ(τ)| ≤ |xργ(τ − T )| + T ≤ 2d(xρ, γ) + τ − ρ
(4.1)= o(ρ) − ρ + τ < τ, (4.2)

for any ρ large enough.
As t �→ f(t) := d(α(t), γ(τ− t))/t is nonincreasing, L(α) = |xργ(τ)| < τ by (4.2), then 

f(|xργ(τ)|) > 0 is well-defined, and thus α ∩ γ = {γ(τ)}, for any ρ large enough.
For large ρ, we also have that α ⊂ X\B ρ

2 (o). Indeed, if α(t̄) ∈ B ρ
2 (o), letting t1 ∈ (0, t̄)

such that α(t1) ∈ ∂Bρ(o), we would get

|xργ(τ)| = L(α) = |γ(τ)α(t1)| + L(α|[t1,|xργ(τ)|]) ≥ τ − ρ + |α(t1)α(t̄)| + |α(t̄)xρ|

≥ τ − ρ + 2ρ2 
= τ,

contradicting (4.2). Since for ρ large enough we have α ⊂ X \ B ρ
2 (o), and (4.1) implies 

that d(x, γ) < |ox|/10 for any x ∈ X \B ρ̂
2 (o), then d(α(t), γ) < |oα(t)|/10 for any ρ > ρ̂

large enough. Thus the distance d(α(t), γ) is never achieved at o, for t ∈ [0, |xργ(τ)|].
Finally we want to show that, for given ρ, choosing τ large enough guarantees that 

d(α(t), γ) is never achieved at γ(τ), for t ∈ (0, |xργ(τ)|]. Indeed, let rj > ρ for suitable j
and define τj = rj + 1, let wj ∈ ∂Brj (o) ∩ α. For large j, we have that ∠γ(τj)

wj
o < π

2 . 
Indeed, any pGH limit of (X, γ(τj)) is of the form (R × X ′, (0, x′)) and the absurd 
assumption implies that wj → (−1, x′) along (X, γ(τj)) → (R×X ′, (0, x′)). Convergence 
of angles from Remark 2.8 implies that ∠γ(τj)

wj
o → 0 as j → +∞. So, for j ≥ jρ large 

enough, choosing any τ = τj implies that ∠γ(τ)wj
o < π

2 and thus Lemma 2.2 implies that 
d(α(t), γ) cannot be achieved at γ(τ), for t ∈ (0, |xργ(τ)|].

All in all, for ρ large and τ > ρ of the form τ = rj +1 for j ≥ jρ, we have proved that 
α∩ γ = {γ(τ)}, d(α(t), γ) is not achieved at o or γ(τ), for t ∈ (0, |xργ(τ)|]. Hence we are 
in position to apply Proposition C.1 with σ = α, getting that

(0, |xργ(τ)|) � t �→ d(α(t), γ)

is concave.
Now select jρ ≤ j0 < j1 < j such that rj0 > ρ and take τ = rj +1. Let t0 > t1 > s > 0

be the first time that α intersects ∂Brj0
(o), ∂Brj1

(o), ∂Brj (o), respectively. By concavity 
we have that

d(xρ, γ) − d(α(t0), γ)
|xργ(τ)| − t0

≤ d(α(t1), γ) − d(α(s), γ)
t1 − s 

.

By the absurd assumption, diam(∂Brk(o)) ≤ D for any k. Moreover |xργ(τ)| − t0 =
|xρα(t0)| ≤ |oxρ| + |oα(t0)| = ρ + rj0 . Hence
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d(xρ, γ) ≤ d(α(t0), γ) + (ρ + rj0) 
d(α(t1), γ) + d(α(s), γ)

t1 − s 

≤ diam(∂Brj0
(o)) + (ρ + rj0) 

diam(∂Brj1
(o)) + diam(∂Brj (o))
t1 − s 

≤ diam(∂Brj0
(o)) + (ρ + rj0) 

2D 
t1 − s

.

We first pass to the limit j → +∞, keeping other indices fixed. Hence t1
j −→ +∞ and 

s
j −→ 1. Then

d(xρ, γ) ≤ diam(∂Brj0
(o)).

The previous inequality holds for any j0 ≥ jρ with rj0 > ρ. Letting now j0 → +∞, we 
deduce that d(xρ, γ) = 0, i.e., ∂Bρ(o) is a point and it coincides with {γ(ρ)}.

Therefore we proved that ∂Bρ(o) = {γ(ρ)} for any ρ large enough. Hence X \Bρ̄(o) =
γ \ Bρ̄(o) for some ρ̄ > 0. By monotonicity condition, any two geodesics [γ(ρ̄ + 1)x], 
[γ(ρ̄ + 1)y], for any x, y ∈ Bρ̄(o), must coincide on the common interval of definition, 
as they coincide on the time interval [0, 1]. Hence X coincides with the ray γ, implying 
that X has Hausdorff dimension equal to 1, that contradicts the hypothesis. �

We mention that an alternative proof of the forthcoming Theorem 4.2 is sketched in 
[121, Remark 2.13], that appeared on arXiv while the present paper was being completed.

Theorem 4.2 (Volume non-collapsedness). Let (X, d) be a 2-dimensional CBB(0) metric 
space. Then there exists v0 > 0 such that

H2(B1(x)) ≥ v0,

for all x ∈ X.

Proof. Without loss of generality, X is noncompact, it has no lines and AVR(X) = 0. 
Suppose by contradiction that there is a sequence xi ∈ X such that H2(B1(xi)) ↘
0. Hence xi diverges along X. Up to subsequence, we can assume that (X,xi) pGH
converges to a limit (Y, y0). By [53, Theorem 1.2], dim(Y ) ≤ 1. By Lemma 2.29 we 
deduce that (Y, y0) = (R, y0) is (isometric to) a line. By Corollary 2.32 we find o ∈ X, 
a ray γ from o, and times ti ↗ +∞ such that (X, γ(ti)) → (R, y1) in pGH sense. By 
Lemma 4.1, there is C > 0 such that diam(∂Br(o)) ≥ C for any r > 1. Hence

∃ ε > 0 : ∀ i ∃ pi ∈ ∂Bti(o) : d(pi, γ) ≥ 2ε. (4.3)

Indeed, if |pγ(sp)| := d(p, γ) ≤ δi → 0 for any p ∈ ∂Bti(o) along some (non-relabeled) 
subsequence, then |pγ(ti)| ≤ |pγ(sp)| + |sp − ti| ≤ 2|pγ(sp)| ≤ 2δi for any p ∈ ∂Bti(o). 
Hence diam(∂Bti(o)) ≤ 4δi → 0, that is impossible.
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Denote |piγ(si)| := d(pi, γ). By Lemma 2.33, X has one end, and then |si − ti| ≤
|piγ(si)| = d(pi, γ) ≤ C1 by (3.15). Hence we can write that (X, γ(si)) → (R, 0) in pGH 
sense. By (4.3), the geodesic αi := [γ(si)pi] is defined on [0, 2ε] for any i. Let wi := αi(ε). 
Hence wi converges, up to subsequences, to w ∈ {ε,−ε} ⊂ R, and Lemma 2.2 and 
Remark 2.8 imply that

π

2 
= ∠γ(si)pi

γ(si+ε) −→i ∠0wε ∈ {0, π},

reaching a contradiction. �
5. Isoperimetric problem

First, let us recall some notions about the boundary of non-smooth spaces. In the 
setting of the non-collapsed RCD(K,N) spaces (i.e., the reference measure is HN ), there 
are two notions of boundary. The first introduced by De Philippis–Gigli in [53], according 
to which

∂∗X = SN−1 \ SN−2,

where we refer to [53] for the definition of the singular strata Sk. Notice that for every 
x ∈ SN−1 \ SN−2 the tangent cone is unique and isomorphic to RN

+ , see [35, item (iii), 
Theorem 1.4]. In particular, we also have, by the volume convergence [53], that the 
density of HN at every point in SN−1 \ SN−2 is 1/2, and ≤ 1/2 for every x ∈ ∂∗X by 
the lower semicontinuity of the density.

In [68] a new notion of boundary ∂X for the non-collapsed RCD(K,N) spaces (i.e., 
the reference measure is HN ) has been introduced [68, Definition 4.2]. As noticed in that 
paper, this notion agrees with the notion of boundary in the Alexandrov setting, which 
is studied, e.g., in [101].

In the setting of arbitrary non-collapsed RCD(K,N) spaces (i.e., the reference measure 
is HN ) it is known that the notion of having nonempty boundary is independent of the 
definition of boundary we choose, see [35, Theorem 6.6]. In the setting of Alexandrov 
spaces with curvature bounded from below it has been proved in [35, Item (iii) of Theorem 
7.4] that, whenever ∂∗X �= 0, we have that ∂∗X = ∂X, so that the two notions of 
boundary fully coincide on Alexandrov spaces with curvature bounded from below with 
∂∗X �= ∅.

Finally, by [35, Theorem 1.6], we know that the pmGH limit X of non-collapsed 
RCD(K,N) spaces Xi (i.e., the reference measure is HN ) with uniform bounds on the 
volume of unit balls, and without boundary ∂∗Xi, has no boundary ∂∗X. We remark 
that some of the results obtained in the RCD setting in [35] were already known in 
the Alexandrov setting. E.g., the non-collapsing of the boundary along pGH limits, and 
the volume convergence of the boundary in [67, Theorem 9.2, Remark 9.13], and [56, 
Theorem 1.3], respectively.
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Before giving the proof of Theorem 5.5, let us record here the following fact, which 
implicitly plays a fundamental role in the proof of Theorem 5.5. The next corollary 
immediately follows from Lemma 2.29, the last item of Theorem 3.10, the boundary 
stability result from [35, Theorem 1.6] and the non-collapsing of boundaries from [67].

Corollary 5.1. Let (X, d) be a 2-dimensional CBB(0) metric space. Then the following 
holds.

(1) If ∂X is empty or bounded, then either all the pGH limits at infinity are isometric to 
the Euclidean plane R2, or all the pGH limits at infinity are isometric to R×S1(ρ)
for a fixed ρ > 0;

(2) If ∂X is unbounded, then either all the pGH limits at infinity are isometric to 
R× [0, �] for a fixed �, or all the pGH limits at infinity are either isometric to R2, 
or R× [0,+∞).

We now state a Lemma analogous to the classical Morgan–Johnson result [93], and 
that will be employed to possibly pull-back the mass lost at infinity when exploiting 
the direct method of the Calculus of Variations to solve the isoperimetric problem. The 
proof easily follows as in [93, Theorem 3.5] by Bishop–Gromov monotonicity, taking into 
account the rigidity from [35, Theorem 8.2].

Lemma 5.2. Let N ≥ 2, and let (X, d,HN ) be a noncompact non-collapsed RCD(0, N)
space (i.e., the reference measure is HN) metric space. Let us denote RN

+ := [0,+∞) ×
RN−1 the N -dimensional halfspace.

Let us assume ∂∗X �= ∅. Then, for every x ∈ ∂∗X, and for any V > 0, there exists 
a ball BX ⊂ X centered at x such that HN (BX) = V and Per(BX) ≤ Per(BRN

+
(V )), 

where BRN
+

(V ) is the ball of center 0 and volume V in RN
+ . Moreover if equality holds 

in the previous inequality we have that every ball B̃ centered at x compactly contained 
in BX is isometric to a ball of the same radius centered at a boundary point of RN

+ .

Remark 5.3. Notice that Lemma 5.2 gives the following result. For every noncompact 
non-collapsed RCD(0, N) space (i.e., the reference measure is HN ) X with nonempty 
boundary ∂∗X �= ∅, we have

IX(V ) ≤ IRN
+

(V ), ∀V > 0.

Moreover, if equality holds for a volume V0, we have that there exists a radius ρ0 such 

that for every x ∈ ∂∗X the ball BX

ρ0
(x) is isometric to B

RN
+

ρ0
(0), and it is an isoperimetric 

set. This recovers in a more general setting [78, Corollary 6.17].

Lemma 5.4. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N ≥ 2
such that HN (B1(x)) ≥ v0 for some v0 > 0 for any x. Let γ : [0,+∞) → X be a ray 
such that, for some constant C > 0,
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d(p, γ) ≤ C, for all p ∈ X,

and let F be the Busemann function associated to γ. Let V := HN−1(K) where K is the 
compact fiber of any pGH limit at infinity of X.9

Then, for every V > 0, there exists s ∈ R such that

HN ({F < s}) = V, Per({F < s}) ≤ V.

Moreover if for some s̄ ∈ R we have

Per({F < s̄}) = V,

then there exists s0 ≥ s̄ such that ({F = s0}, d|{F=s0}) is CBB(0) and (X \ {F <

s0}, d|X\{F<s0}) is isometric to ({F = s0} × [0,+∞), d|{F=s0} ⊗ deu).

Proof. The assumption implies that X has one end. From Lemma 3.4 we have that for 
every s ∈ R, {F ≤ s} is compact. Since X has infinite volume, and since the function 
ρ → HN ({F < ρ}) is continuous, we get that for every V > 0 there exists s such that 
HN ({F < s}) = V . Now the fact that

Per({F < s}) ≤ V,

is a direct consequence of the third item of Theorem 3.10, as well as the rigidity part. �
We are now ready to exploit our previous results to prove that on 2-dimensional 

CBB(0) metric spaces the isoperimetric problem has always solution.

Theorem 5.5. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space. Then for 
every V > 0 there exists an isoperimetric region of volume V .

Proof. First, notice that as a consequence of Theorem 4.2 we get that for some v0 > 0
we have H2(B1(x)) ≥ v0 for every x ∈ X. Let V > 0. If we take a minimizing (for 
the perimeter) sequence of bounded sets of finite perimeter of volume V and we apply 
Proposition 2.25 we get that either all the mass stays in X or it escapes to precisely one 
pGH limit at infinity.

If all the mass stays in X, then we end up with an isoperimetric set of volume V , and 
we are done. Otherwise, there exists a pGH limit at infinity X∞ of X and a set of finite 
perimeter E ⊂ X∞, which is isoperimetric for its own volume in X∞, and such that 
HN (E) = V , and IX(V ) = Per(E). By Lemma 2.29 we get that X∞ splits a line, and 
thus X∞ is isometric to R × X ′, where X ′ is a one-dimensional CBB(0) metric space. 
Thus, due to the characterization of 1-dimensional CBB metric spaces, see [3, Theorem 

9 The latter is well-defined by Theorem 3.10.
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15.18], X∞ is isometric to either R2, R× [0,+∞), R×S1(ρ) for some ρ > 0, or R× [0, �]
for some � > 0. Thus we have four cases:

(1) X∞ ∼ = R2. Since E is an isoperimetric set, we deduce it is a ball of volume V . By 
applying the non-smooth version of Morgan–Johnson’s result [93, Theorem 3.5], see 
[21, Proposition 3.3], we get that for any ball B ⊂ X of volume V we have

IX(V ) ≤ Per(B) ≤ Per(E) = IX(V ).

Thus, every ball of volume V is an isoperimetric set and we are done.10

(2) X∞ ∼ = R×[0,+∞). Since E is an isoperimetric set, we deduce it is, up to isometry of 
X∞, a ball in R× [0,+∞) centered at 0, see [111, Pages 5-6]. Then by [35, Theorem 
1.6] we have ∂X �= ∅, and we can argue as in (1) exploiting Lemma 5.2.

(3) X∞ ∼ = R×S1(ρ). Since E is an isoperimetric set, we deduce it is, up to isometry of 
X∞, a geodesic ball of R×S1 that is isometric to a Euclidean flat ball, or a cylinder 
[a, b]×S1(ρ), see [111, Pages 5-6] and [100]. Then, in the first case we argue verbatim 
as in item (1) above and we are done. In the second case, either X ∼ = R × S1(ρ), 
and we are clearly done, or X has one end. In the latter case, by using Theorem 3.9
and Lemma 5.4, arguing as in item (1), we get a contradiction.

(4) X∞ ∼ = R × [0, �]. Since E is an isoperimetric set, we deduce it is either a geodesic 
ball centered on the boundary, or a slab [a, b] × [0, �], see [111, Pages 5-6]. Then in 
the first case we argue verbatim as in item (2) above, while in the second case we 
argue verbatim as in item (3) above, substituting S1(ρ) with [0, �]. �

A direct outcome of the Theorem 5.5, which to the authors’ knowledge was unknown, 
is the following.

Corollary 5.6. Let X be either an unbounded convex body in R2, or the boundary of 
an unbounded convex body in R3 (endowed with intrinsic distance). Then X admits 
isoperimetric regions for every volume V > 0.

From the Theorem 5.5 and the classification of low-dimensional RCD spaces [75], we 
get existence of isoperimetric sets on any RCD(0, 2) space, possibly collapsed. The proof 
of the next corollary easily follows by Theorem 5.5 and by the fact that, in case (X, d,m)
is a collapsed RCD(0, 2) space, then its essential dimension is either 0 or 1 [53,38,33], 
and the case of essential dimension equal to 1 can be treated directly exploiting [45, 
Theorem A.2].

10 Actually, if this is the case, by the classical rigidity of Morgan–Johnson’s result [93, Theorem 3.5], see 
also [53, Corollary 1.7], we can even deduce that all the balls of volume V ′ < V in X are isometric to flat 
Euclidean balls.
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Corollary 5.7. Let (X, d,m) be an RCD(0, 2) metric measure space. Then for every V > 0
there exists an isoperimetric set of volume V in X.

Remark 5.8. Notice that K = 0 in Corollary 5.7 cannot be relaxed. Indeed, there are 
examples of 2-dimensional surfaces with uniformly bounded but not non-negative sec
tional curvature such that no isoperimetric regions exist for every volume V , see, e.g., 
[18, Example 3.5], [106].

On 2-dimensional CBB(0) spaces without boundary we can deduce that isoperimetric 
regions either have connected boundary or are isometric to truncated cylinders (0, b) ×
S1(ρ).

Theorem 5.9. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space with ∂X =
∅. Let E be an isoperimetric set. Then one of the following alternatives holds.

(1) ∂E is connected.
(2) There exist b, ρ > 0 such that X is isometric to a right cylinder R × S1(ρ) and 

E = (0, b) × S1(ρ), up to translation along the factor R.

In particular, in case X is not isometric to a Euclidean 2-dimensional right cylin
der, the boundary of every isoperimetric set is connected. In the case (1) above, ∂E
is parametrized by a Lipschitz curve homeomorphic to S1.

Proof. Notice that there exists v0 > 0 such that H2(B1(x)) ≥ v0 > 0 for every x ∈ X, 
see Theorem 4.2. Let E be the isoperimetric set in the assumption. Let V := HN (E), 
and P := Per(E). Recall E is bounded and open, up to choice of representative. Let c
be a mean curvature barrier for E, Remark 2.21. Assume ∂E is not connected in X. By 
Theorem 2.19 we know that ∂E is a topological manifold, hence ∂E has finitely many 
connected components, which are compact by boundedness. Take Ω1,Ω2 two connected 
components in ∂E and let Pi := HN−1(Ωi) for i = 1, 2. It holds that Pi > 0 for i = 1, 2, 
as any component of ∂E is parametrized by a nonconstant Lipschitz closed curve by 
Theorem 2.19. Notice that since ∂E has finitely many compact connected components 
Ωi, we have that d(Ωi,Ωj) ≥ d0 > 0 for any i �= j.

Hence there exists ε > 0 small enough such that if we define

Ωt
1 := {x ∈ X \ E : d(x,Ω1) ≤ t},

Ωt
2 := {x ∈ E : d(x,Ω2) ≤ t},

for every t ∈ (0, ε), then d(x,Ω1) = d(x,E) on Ωt
1, and d(x,Ω2) = d(x,X \ E) on Ωt

2. 
Let us define

f(t) := Per(Ωt
1, X \ E), g(t) := Per(Ωt

2, E).
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By integrating (2.3) we get the bounds

f(t) ≤ P1(1 + c · t), g(t) ≤ P2(1 − c · t),

for every t ∈ (0, ε), compare with (2.4), and (2.5). Recall that by Theorem 2.20 we have 
c ≥ 0. Our aim is now to show that c = 0. So, let us derive a contradiction if c > 0
under our assumptions. First, notice that there exists η < ε small enough such that, by 
continuity, for every α ∈ (0, η) we can find t1, t2 such that HN (Ωt1

1 ) = HN (Ωt2
2 ) = α.

Claim. If c > 0, for every α ∈ (0, η), and η < ε small enough, we have P1t1 < P2t2.
In order to prove the claim let us first prove that for ξ > 0 small enough we have

g

(
P1

P2
ξ

)
<

P2

P1
f(ξ).

To show this, let us introduce some notation. Let Et
1 := Ωt

1 ∪ E, Et
2 := (X \ E) ∪ Ωt

2. 
Let β1(t) := HN (Et

1), and fi(t) := Per(Et
i ), for i = 1, 2. Notice that by coarea formula 

β′
1(0) = P1. Moreover β1(0) = V . From the very definition of the isoperimetric profile 

we have, for t small enough,

I(β1(t)) ≤ f1(t) = f(t) + P − P1.

Let us now prove the sought inequality on g, f above. If it is not true we then have 
ξi → 0+ such that

g

(
P1

P2
ξi

)
≥ P2

P1
f(ξi).

Thus, by exploiting the inequality on g, and the one on f1 above we get

P2

(
1 − P1

P2
cξi

)
≥ g

(
P1

P2
ξi

)
≥ P2

P1
f(ξi) ≥

P2

P1
(I(β1(ξi)) − P ) + P2

⇒ P2

P1

I(β1(ξi)) − I(β1(0))
ξi

+ P1c ≤ 0.
(5.1)

Taking i → +∞ in the previous inequality, and since I has right-derivative, see Theo
rem 2.24, we conclude that

P2

P1
I ′+(V ) · P1 + P1c ≤ 0,

which is a contradiction with c > 0 and the fact that I ′+(v) ≥ 0 as a consequence of 
the fact that I is non-decreasing, see Theorem 2.24. Thus the sought claim with f, g
is proved. Let us now show the Claim. By contradiction P1t1 ≥ P2t2. Then, by using 
coarea formula and the previous bounds we get that if t1, t2 are small enough, which we 
can always ensure by taking η small enough,
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α = HN (Ωt2
2 ) =

t2ˆ

0 

g(s) ds =

P2
P1

t2ˆ

0 

g

(
P1

P2
ϑ

)
P1

P2
dϑ ≤

≤
t1ˆ

0 

g

(
P1

P2
ϑ

)
P1

P2
dϑ <

t1ˆ

0 

f(ϑ) dϑ = HN (Ωt1
1 ) = α,

(5.2)

which is a contradiction.
Now let us exploit the Claim to see that we cannot have c > 0. If c > 0, by the Claim 

we can find t1, t2 sufficiently small such that HN (Ωt1
1 ) = HN (Ωt2

2 ), and P1t1 < P2t2. 
Thus, for t1, t2 sufficiently small, the competitor F := E ∪ Ωt1

1 \ Ωt2
2 has volume V , and

Per(F ) − Per(E) ≤ f(t1) − P1 + g(t2) − P2 ≤ c(P1t1 − P2t2) < 0,

by using the claim and the fact that c > 0. This is a contradiction with the fact that E
is isoperimetric.

Then we have that c = 0. Let us now distinguish two cases.
If X has at least two ends, then by the splitting theorem and the classification of 

1-dimensional CBB spaces [3, Theorem 15.18] we get that X is as in (2). By the classifi
cation of isoperimetric sets in these spaces, see [111], we get that either E is a geodesic 
ball with connected boundary, or, up to translation in the R factors, the set in (2). So 
this case is proved.

Let us now deal with the remaining case in which X has one end. By Lemma 2.27, the 
set Ω := X \E is connected and unbounded. Applying the rigidity part in Theorem 2.20, 
and using the fact that Ω is connected, imply that the space (Y, dint) given by ∂E
endowed with intrinsic distance is connected, and thus ∂E is connected, against the 
standing assumption of the proof. Hence the two alternatives follow.

The rest of the statement follows from (1), (2) and Theorem 2.19. �
Remark 5.10. The proof Theorem 5.9 works also in case ∂X �= ∅, provided ∂E has finitely 
many connected components.

Remark 5.11. Let X be a 2-dimensional CBB(0) metric space. Let E be an isoperi
metric set. As a consequence of Theorem 2.19, for every x ∈ ∂E \ ∂X we have 
(X, ri

−1d, x, E) → (R2, deu, 0, {x2 > 0}) in the pointed Gromov–Hausdorff sense as 
i → +∞, see Definition 2.3 and Definition 2.4. Hence, all the x ∈ ∂E \ ∂X are regular 
points in X. As a consequence, if we take X a 2-dimensional CBB(0) metric space with 
singular points, then

⋃
E isoperimetric

∂E �= X.
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We stress that there are examples [98] of 2-dimensional CBB(0) metric spaces with 
dense singular points. In particular it is in general not possible to foliate open subsets 
of a CBB(0) space by boundaries of isoperimetric sets.

The following Theorem 5.12 and Theorem 5.13, which are a direct by-product of our 
study, give a full generalization of [78, Theorem 6.20 and Theorem 6.21] to the case of 
Alexandrov spaces of arbitrary dimensions. Notice that this is a non-trivial generalization 
of the results in [78], which dealt with the case of convex bodies in Rn. Also, compare item 
(4) in Theorem 5.13 with the analogous statements in [109, Theorem 4.1 and Theorem 
4.13].

Theorem 5.12. Let N ≥ 2 and let (X, d,HN ) be a noncompact non-collapsed RCD(0, N)
metric measure space. Let us assume that all the pGH limits at infinity of X are either 
RN , or RN−1 × [0,+∞).

Then HN (B1(x)) ≥ v0 for every x ∈ X, for some v0 > 0, and isoperimetric regions 
exist for all volumes.

Proof. The proof easily follows by direct method applying Proposition 2.25 and exploit
ing the classical Morgan–Johnson type estimate [21, Proposition 3.3] or its boundary 
version Lemma 5.2. �

As mentioned in the Introduction, after this work was posted on arXiv, X. Zhu [123] 
partially addressed Problem 1.2. In particular, combining his results with the proof of 
Theorem 5.13 we provide below, the author has obtained a version of Theorem 5.13 on 
smooth manifolds with nonnegative Ricci curvature, linear volume growth, and volume 
of unit balls uniformly bounded from below away from zero [123, Theorem 4.2].

Theorem 5.13. Let N ≥ 2 and let (X, d) be an N -dimensional noncompact CBB(0)
metric space such that HN(B1(x)) ≥ v0 for every x ∈ X for some v0 > 0. Let us assume 
that there exists a pGH limit at infinity of X that is isometric to R×K for a compact 
K, and that X has one end.11 Then the following hold.

(1) All the pGH limits at infinity of X are isometric to R×K. Denote V := HN−1(K);
(2) There exists a constant V0 := V0(v0, N,V) such that isoperimetric regions exist for 

every volume V ≥ V0;
(3) For every V > 0 we have that

I(V ) ≤ V.

11 If it has at least two ends, then it is isometric to R× K by the splitting theorem.
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If for some V ′ the equality is attained, then it is attained for all V ≥ V ′ and there 
exists an isoperimetric set Ω of volume HN (Ω) ≥ V ′ such that (∂Ω, d|∂Ω) is CBB(0)
and (X \ Ω, d|X\Ω) is isometric to (∂Ω × [0,+∞), d|∂Ω ⊗ deu).

(4) If Ei is a sequence of isoperimetric sets with HN (Ei) → +∞, xi ∈ ∂Ei, 
and (X, d, xi) pGH-converges to (R × K, deu ⊗ dK , (0, k0)), then Ei converges to 
(−∞, 0)×K in L1

loc and ∂Ei converges to (−∞, 0)×K in Hausdorff distance, in a 
realization of the pGH-convergence. Moreover there exists a sequence of isoperimet
ric sets Ωi ⋐ Ωi+1 such that ∪iΩi = X, and there holds

lim 
V→+∞

I(V ) = V.

Proof. First, thanks to Theorem 3.9, since X has one end, there is a ray γ such that 
d(p, γ) ≤ C for every p ∈ X. Thus, we can find tj → +∞ such that (X, d(γ(tj)) pGH
converges to R×K. Thus, item (1) directly comes from the fourth item in Theorem 3.10.

Let us now prove item (2). Let V0 := V0(v0, N,V) be the constant provided by 
Lemma A.5. Let V ≥ V0. If we take a minimizing (for the perimeter) sequence of bounded 
sets of finite perimeter of volume V and we apply Proposition 2.25 we get that either all 
the mass stays in X or it escapes to precisely one pGH limit at infinity. If all the mass 
stays in X we are done, since we obtain an isoperimetric set of volume V . Otherwise, 
there exists a pGH limit at infinity X∞ ∼ = R × K, due to item (1), and a set of finite 
perimeter E ⊂ X∞, which is isoperimetric for its own volume in X∞, and such that 
HN (E) = V , and IX(V ) = Per(E). Since V ≥ V0, from Lemma A.5 we get that, up to 
translation in the R factor, E = (0, a) ×K, for some a > 0. Now applying the last part 
of Lemma 5.4 we have that there is a set G ⊂ X, which is a sublevel set of the Busemann 
function F , such that HN (G) = V , and Per(G) ≤ V. Thus

IX(V ) ≤ Per(G) < 2V = Per(E) = IX(V ),

which is a contradiction. Thus, in the hypotheses above, in the minimization process 
there is no loss of mass at infinity, and thus an isoperimetric region of volume V in X
always exists.

Let us now prove item (3). Again by Lemma 5.4 we get that for every V > 0 there 
exists G := {F < s} ⊂ X such that HN (G) = V and Per(G) ≤ V. Thus I(V ) ≤ V for 
every V > 0. In addition, if equality holds for V ′ > 0 then it holds for every V ≥ V ′

because I is nondecreasing, see Theorem 2.24. Let us now prove the rigidity part in item 
(3). Assume there is V ′ > 0 such that I(V ′) = V. Thus, applying Lemma 5.4, there 
exists s̄ ∈ R such that, being F the Busemann function associated to γ,

V = I(V ′) ≤ Per({F < s̄}) ≤ V.

By (3.35) and (3.36) we have that {F < s} is isoperimetric for any s ≥ s̄. Taking 
Ω := {F < s0} for s0 ≥ s̄ given by Lemma 5.4 implies the desired rigidity.
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Finally we prove item (4). Let Ei be a sequence of isoperimetric sets with HN (Ei) →
+∞, and let xi ∈ ∂Ei such that |oxi| ≥ |ox| for any x ∈ ∂Ei. Up to subsequence, 
assume that (X, d, xi) pGH-converges to (R×K, deu⊗dK , (0, k0)). Since I is concave and 
nondecreasing, see Theorem 2.24, and uniformly bounded by V, the Lipschitz constant 
of I on [V0,+∞) is bounded and tends to zero as V0 → +∞. Hence by Corollary 2.23
we deduce that the sets Ei are (Λi, Ri)-minimizers with Λi → 0 and Ri → +∞. By the 
first item in Remark 2.16, up to subsequences, Ei converges in L1

loc to a set E ⊂ R×K. 
Since Λi → 0 and Ri → +∞, exploiting the approximation from the second item in 
Remark 2.16, we have that E is a perimeter minimizer in the sense of Lemma A.6.

Moreover HN (E) = +∞ and Per(E) ≤ lim infi Per(Ei) = limV→+∞ I(V ) ≤ V by 
lower semicontinuity, see Remark 2.16. By (2.7), the measure Per(E, ·) satisfies uniform 
(N − 1)-dimensional density estimates, hence ∂E must be bounded.

By the choice of xi, Lemma A.6 implies that E = (−∞, 0) ×K. It now follows as in 
[91, Theorem 2.43] that Ei∩BR(xi) (resp. ∂Ei∩BR(xi)) converges in Hausdorff distance 
to E ∩ BR((0, k0)) (resp. ∂E ∩ BR((0, k0)) = {0} ×K) for any R > 2 diamK and that 
perimeter measures Per(Ei, ·) BR(xi) converge in duality with continuous functions 
with bounded support in a realization of (X, d, xi) → (R×K, deu ⊗ dK , (0, k0)).

Fix a ray γ from an origin o ∈ X. Let R0 > 2(2 + diamK) and let ti be such that 
|xiγ(ti)| = d(xi, γ). Let F be the Busemann function associated to γ. By Proposition 3.7
we have that ti ≤ F (xi) ≤ ti + εi for large i, with εi → 0. By the second item in 
Theorem 3.10 and the choice of R0 we have {ti − 2 < F < ti + 2} ⊂ BR0(xi) for large i.

Hence convergence in Hausdorff distance of the boundaries to the boundary {0}×K

implies that

∂Ei ∩BR0(xi) ⊂ {ti − δi < F < ti + δi} ⊂ {ti − 2 < F < ti + 2} ⊂ BR0(xi), (5.3)

for large i, for some δi ↘ 0. We claim that {F < ti−2} ⊂ Ei. Indeed we have convergence 
in Hausdorff distance of BR0(xi) \ Ei to BR0((0, k0)) \ E. By Lemma 2.27, if we could 
join a point z ∈ {F < ti− 2} \Ei to a point in X \B|oxi|+1(o) with a curve contained in 
X \ Ei for any i large, passing to the limit the sequence of curves we would get a limit 
curve contained in X \ E that intersects {−2} ×K, that is not possible.

Hence we proved that ∂Ei = ∂Ei ∩ BR0(xi) for large i, hence the convergence of 
perimeter measures in duality with continuous functions with bounded support implies 
limi Per(Ei) = Per(E) = HN−1(K), and thus limV→+∞ I(V ) = V. Finally, since also 
{F < ti − 2} ⊂ Ei, the desired exhaustion Ωi is constructed by taking a suitable subse
quence of Ei. �

With techniques similar to the previous Theorem 5.13, we can also prove the following 
result.

Proposition 5.14. Let (X, d) be an N -dimensional noncompact CBB(0) metric space with 
HN (B1(x)) ≥ v0 > 0 for every x ∈ X. The following are equivalent.
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(1) The isoperimetric profile I is eventually constant;
(2) Either X is isometric to R×K for some compact K, or there exists an isoperimetric 

set A such that (∂A, d|∂A) is CBB(0) and (X \ A, d|X\A) is isometric to (∂A ×
[0,+∞), d|∂A ⊗ deu);

(3) Either X is isometric to R×K for some compact K, or there exists an open bounded 
set A such that (X\A, d|X\A) is CBB(0) and it is isometric to (∂A×[0,+∞), d|∂A⊗
deu).

In particular, if any of the above holds, either X is isometric to R×K for some compact 
K and there exists V0 > 0 such that for every V ≥ V0 isoperimetric regions of volume V
exist coincide with (0, a) ×K for some a > 0, up to translations; or there exists V0 > 0
such that for every V ≥ V0 isoperimetric regions of volume V exist, are unique, and 
coincide with {x : d(x,A) < bV } for some bV ≥ 0.

Proof. (2)⇒(1). If X is isometric to R × K for a compact K, then the result follows 
from Lemma A.5. In the other case we can argue as follows. Since all the pGH limits at 
infinity of X are isometric to ∂A×R, from item (2) of Theorem 5.13 we have existence of 
isoperimetric sets for large volumes. Moreover, from item (3) of Theorem 5.13, we have 
that I ≤ HN−1(∂A). Let us show that I(V ) = HN−1(∂A) for every V ≥ V0, where V0 is 
sufficiently big. We just sketch the argument, since it relies on a classical symmetrization 
technique already present in Appendix A. By taking V0 sufficiently big, we have that all 
the isoperimetric sets E of volume V ≥ V0 intersect X \ A in a HN -positive measured 
set. By symmetrization, see Lemma A.1, since E is isoperimetric, we can assume that, 
for some function f ,

E ∩X \A = {(x, t) : x ∈ π(E \A), 0 < t < f(x)},

where π is the projection onto ∂A in the product ∂A × [0,+∞), where we identify ∂A
and ∂A× {0}. By the same argument in the beginning of Lemma A.5 we have that, for 
V0 sufficiently big, HN−1(∂A\π(E \A)) = 0, and f ∈ BVloc(∂A). Now, as a consequence 
of the inequality in [15, Theorem 5.1, item (b)], we get that

Per(E) ≥ Per(E,X \A) ≥ HN−1(∂A).

Finally, for an isoperimetric set E of volume V ≥ V0, since Per(E) = I(V ) ≤ HN−1(∂A), 
we get the equality in the previous inequality. Thus, by inspecting the equality cases, 
taking into account also [15, Theorem 5.1, item (b)], we see that for V0 sufficiently 
big, we have that for every V ≥ V0 the equality I(V ) = HN−1(∂A) holds, and 
the unique isoperimetric regions of volume V is {x : d(x,A) < bV } for some 
bV ≥ 0. The last assertion comes since the last argument implies that we have the 
equality in Per(E) = Per(E,X \ A) and in the inequality in [15, Theorem 5.1, item 
(b)].
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(1)⇒(2). Let us assume there exists V0 such that for every V ≥ V0 we have I(V ) = C

for some constant C > 0. Let us consider the volume V0+1. If there exists an isoperimetric 
set E of volume V0 +1, then, since I ′(V0 +1) = 0, we get that its mean curvature barrier 
c = 0, see the last part of Proposition 2.25. From the fact that I is non-decreasing, cf. 
Theorem 2.24, and by using (2.20), we have that Et := {d(·, E) < t} is isoperimetric for 
any t > 0. Moreover, since c = 0, we can use the rigidity in Theorem 2.20, see also Theo
rem 2.18, on X\E. If X has at least two ends, we thus get that X is isometric to a product 
R×K from the splitting theorem, and K is isometric to a connected component ∂Eα of 
(∂E, dint) from the previous rigidity. Thus K is compact. If instead X has one end, then 
Ω := X \E is connected by Lemma 2.27. In the notation of Theorem 2.18, we have that 
d̃(·, E) = d(·, E) on Ω by definition of intrinsic distance, hence Et = {d̃(·, E) < t}. Recall
ing that d̃ = d on {dE > t0} for some t0, the claim follows by taking A := Et for t > t0.

If there is no isoperimetric set of volume V0 + 1, then a minimizing sequence (for the 
perimeter) of sets of volume V0 + 1 must converge to an isoperimetric set with mean 
curvature barrier c = 0 in a pGH limit at infinity of space, see Proposition 2.25. From 
Lemma 2.29, we get that such a limit splits as R×K. Hence, arguing as in the first part 
of the implication (1)⇒(2), we conclude that K is compact as above. Thus by Theo
rem 5.13 we get existence of isoperimetric sets for sufficiently big volumes, and then we 
can argue again as in the first part of the proof of (1)⇒(2) to conclude.

(2)⇐⇒(3). The nontrivial implication (3)⇒(2) follows by arguing as in (2)⇒(1).
The last part of the statement is a direct by-product of the proof above. �

Appendix A. Large isoperimetric sets in cylinders

Let us briefly recall the Steiner symmetrization process in our setting. Let us consider 
the metric measure space (R ×X, deu ⊗ dX ,H1 ⊗ m), and let E be a subset of R ×X. 
Given x ∈ X, t ∈ R, we denote

Ex := {s ∈ R : (s, x) ∈ E}, Et := {y ∈ X : (t, y) ∈ E}.

We denote

sym(E) :=
{

(t, y) ∈ R×X : |t| ≤ H1(Ey)
2 

}
.

We say that a set E ⊂ R × X is normalized when, for every x ∈ X, Ex is an open 
segment whose midpoint is 0. It is easy to notice that when E is normalized, then

0 ≤ t ≤ s ⇒ Es ⊂ Et. (A.1)

There holds the following result, compare with [84, Theorem 14.4] and [105, Section 
5.1]. Since the proof is classical, we just sketch it.
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Lemma A.1. Let (R×X, deu ⊗ dX ,H1 ⊗m) be a metric measure space. Let E ⊂ R×X

be a measurable set. Then the following hold:

• sym(E) is measurable, and (H1 ⊗m)(sym(E)) = (H1 ⊗m)(E);
• Per(sym(E)) ≤ Per(E).

Proof. The first item is a consequence of Fubini–Tonelli Theorem. The proof of the 
second item can be reached arguing verbatim as in [92, Proposition 3], cf. with [105, 
Theorem 5.6 and Corollary 5.7]. In particular, first one obtain that for every r > 0
the volume of the r-enlargement (sym(E))r is less or equal than the volume of the 
r-enlargement Er. Thus, the lower Minkowski content of sym(E) is less or equal than 
the lower Minkowski content of E. By finally using the result in [8, Theorem 3.6] we get 
the sought conclusion. �
Remark A.2. If (K, d,HN ) is a compact non-collapsed RCD(k,N) metric measure 
space such that infx∈K HN (B1(x)) ≥ v′0 > 0, then we can find a constant C :=
C(HN (K), k,N, v′0) such that, for every measurable set E with HN (E) ≤ HN (K)/2, 
we have

Per(E) ≥ C max
{
HN (E),

(
HN (E)

)(N−1)/N}
. (A.2)

This is an immediate consequence of the isoperimetric inequality for small volumes in 
this setting, see, e.g., [21, Proposition 3.20 and Remark 3.21], and of the uniform positive 
lower bound satisfied by the isoperimetric profile under these assumptions, see, e.g., [22, 
Corollary 4.14].

Observe that if X = (R × K, deu ⊗ dK ,HN+1) is RCD(k,N + 1) and 
infx∈X HN+1(B1(x)) ≥ v0 > 0, then infz∈K HN (B1(z)) ≥ v′0 > 0 for v′0 = v0/2, in
deed B1((0, z)) ⊂ (−1, 1) ×BK

1 (z) for any z ∈ K.

Remark A.3. Let (X ×R, dX ⊗ deu,m⊗H1) be a metric measure space. Let E ⊂ X ×R

be a measurable set. It directly follows from the definition that, for every a, b ∈ R ∪
{−∞,+∞}, we have

Per(E,X × (a, b)) ≥
b ˆ

a 

Per(Es) ds. (A.3)

Indeed, let us take fi ∈ LIPloc(X × (a, b)) such that fi → χE in L1
loc(X × (a, b)). Thus 

for H1-a.e. s ∈ (a, b) we have that fi|Es → χEs in L1
loc(X). We further have, by using 

Fatou’s lemma and the fact that for every s ∈ (a, b) we have lipfi ≥ lip(fi|Es
)
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lim inf
i→+∞ 

ˆ

X×(a,b)

lipfi d(m⊗H1) = lim inf
i→+∞ 

b ˆ

a 

ˆ

X

lipfi(x, s) dm(x) dH1(s)

≥
b ˆ

a 

ˆ

X

lim inf
i→+∞ 

lipfi(x, s) dm(x) dH1(s)

≥
b ˆ

a 

ˆ

X

lim inf
i→+∞ 

lip(fi|Es
)(x, s) dm(x) dH1(s)

≥
b ˆ

a 

Per(Es) ds.

(A.4)

Thus taking the infimum in the left-hand-side of the previous inequality we get the 
sought claim.

The proof of the next two results is inspired from [109, Theorem 3.9 and Corollary 
4.12], cf. [105, Section 7.2].

Proposition A.4. Let X = (R×K, deu⊗dK ,HN+1) be an (N+1)-dimensional RCD(k,N+
1) metric measure space such that infx∈X HN+1(B1(x)) ≥ v0 > 0, with K compact. Then 
there exists a constant � := �(HN (K), k,N, v0) such that the following holds.

For every normalized isoperimetric set E ⊂ R×X with HN (K \ E0) > 0, we have

Per(E) ≥ � · HN+1(E). (A.5)

Proof. Notice that (K, dK ,HN ) is a compact RCD(k,N) metric measure space, and 
HN+1 = H1⊗HN . Moreover, let us notice that since E is normalized, E is the intersection 
of the subgraph of f ∈ BVloc(K) and the complement of the subgraph of −f , see [16, 
Theorem 3].

Let us consider τ ≥ 0 with the property that

HN (Et) ≥ HN (K)
2 

∀t ∈ [0, τ), HN (Et) ≤ HN (K)
2 

∀t ∈ [τ,+∞).

By using (A.3), (A.2), and the co-area formula we get

Per(E) ≥ Per(E, (τ,+∞) ×K) ≥ CHN+1(E ∩ (τ,+∞) ×K), (A.6)

for C = C(HN (K), k,N, v0) > 0. Thus, if τ = 0, the previous inequality, together with 
the fact that E is normalized, gives the sought conclusion.

Let us then assume, from now on, that τ > 0. Notice that, by comparing E, which is 
an isoperimetric set, with a slab with the same volume, we get that
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Per(E) ≤ 2HN (K).

By using the inequality in [15, Theorem 5.1, item (b)], we also get that

Per(E, (t,+∞) ×K) ≥ HN (Et), (A.7)

for every t ≥ 0. Using the previous two inequalities we get that for almost every t ∈ [0, τ)
we have

HN (K \ Et) = HN (K) −HN (Et)

≥ Per(E)
2 

− Per(E, (t,+∞) ×K) ≥ Per(E, (0, t) ×K),
(A.8)

where in the last equality we are using that Per(E) ≥ 2 Per(E, (0,+∞) ×K) from the 
fact that E is normalized. By using (A.8), (A.3), and (A.2) together with the fact that 
HN (K \ Et) ≤ HN (K)/2 for every t ∈ [0, τ), we get that, calling f(t) := HN (K \ Et), 
we have

f(t) ≥ C

t ˆ

0 

f(s)
N−1
N ds, (A.9)

for some C = C(HN (K), k,N, v0) > 0. By integrating the previous inequality and using 
that f(t) > 0 for every t ∈ [0, τ) by assumption, we get

HN (K) ≥ f(τ) ≥ C ′τN ⇒ τ ≤ C̄
(
HN (K)

)1/N
, (A.10)

where C̄ = C̄(HN (K), k,N, v0) > 0. Finally, since the slices Et are decreasing, we get, 
from the coarea formula, from the estimate in (A.10), and from (A.7) with t = 0, that

HN+1(E ∩ (0, τ) ×K) =
τ̂

0 

HN (Es) ds ≤ τHN (E0) ≤ C̃Per(E), (A.11)

for C̃ = C̃(HN (K), k,N, v0) > 0. By summing together (A.6) and (A.11) we finally get 
the sought claim. �

For results related to the forthcoming Lemma, see [54,41]. In [54] Lemma A.5 was 
first proved for compact Riemannian manifolds K, and in [41] a version of Lemma A.5
was proved for smooth cylinders with density constant along the real factor.

Lemma A.5. Let X = (R×K, deu⊗dK ,HN+1) be an (N+1)-dimensional RCD(k,N+1)
metric measure space such that infx∈X HN+1(B1(x)) ≥ v0 > 0, with K compact. There 
exists a volume V0 := V0(HN (K), k,N, v0) > 0 such that for every V ≥ V0 the unique, 
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up to translation along the factor R, isoperimetric region of volume V is (0, a) ×K for 
suitable a > 0.

Proof. Let π : R × K → K be the projection on K. Notice that π is 1-Lipschitz. Let 
f : R×K → R be the projection on R.

Let us take V0 := 4HN (K)/�, where � is chosen as in Proposition A.4. Since every 
pGH limit at infinity of R × K is isometric to R × K, we get that, by exploiting the 
asymptotic mass decomposition result in Theorem 2.22, for every V > 0 the isoperimetric 
problem has at least one solution for the volume V and it is bounded, cf. the first part of 
Theorem 2.19. Let E be one isoperimetric set with volume V ≥ V0. By the topological 
regularity of E, see the first part of Theorem 2.19, up to take a representative of E, E
is open, and the essential boundary of E coincides with its topological boundary ∂E.

By Lemma A.1 we get that sym(E) is a normalized isoperimetric set and

Per(E) = Per(sym(E)) ≤ 2HN (K), (A.12)

by comparing with a slab with the same volume. From Proposition A.4 and from the 
choice of V0, we get that HN (K \ (sym(E))0) = 0. Thus HN (K \ π(E)) = 0, since 
π(E) = π(sym(E)) = (sym(E))0. Thus for HN -almost every x ∈ K, |π−1(x) ∩ E| ≥ 1, 
and then |π−1(x) ∩ ∂E| ≥ 1, since E is bounded.

We now claim that for HN -almost every x ∈ K, H1(π−1(x) ∩ E) > 0. Assume it 
is not the case, and let us call X ′ := {x ∈ K : H1(π−1(x) ∩ E) = 0}. We have that 
X ′ is measurable and HN (X ′) > 0. By the rectifiability results for sets of locally finite 
perimeter recalled at the beginning of Section 2.3 we have that for HN -almost every 
p ∈ ∂E, the following holds

lim 
r→0+

HN+1(BX
r (p) ∩ E)

ωN+1rN+1 = 1
2 . (A.13)

Thus, since π is Lipschitz, there exists x ∈ X ′ a regular point of HN -density 1 in X ′

such that there is px ∈ ∂E for which π(px) = x, and px satisfies (A.13). Let us now fix 
this x, and let ϑ > 0 be small enough such that

HN+1(BX
ϑ (px) ∩ E) ≥ 1

4ωN+1ϑ
N+1, HN (BX

ϑ (x) \X ′) ≤ 1 
16ωN+1ϑ

N , (A.14)

and let us find a contradiction. First notice that, by Fubini,

HN+1(E ∩ π−1(BK
ϑ (x) ∩X ′)) =

ˆ

BK
ϑ (x)∩X′

H1(π−1(y) ∩E) dHN (y) = 0.

Thus, by also exploiting the previous equality, (A.14), and the coarea formula, we get
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1
4ωN+1ϑ

N+1 ≤ HN+1(BX
ϑ (px) ∩ E) = HN+1(BX

ϑ (px) ∩ E ∩ π−1(BK
ϑ (x)))

= HN+1(BX
ϑ (px) ∩ E ∩ π−1(BK

ϑ (x) \X ′))

≤
f(px)+ϑ ˆ

f(px)−ϑ

HN ({f = t} ∩ E ∩ π−1(BK
ϑ (x) \X ′))

≤ 2ϑHN (BK
ϑ (x) \X ′) ≤ 1

8ωN+1ϑ
N+1,

(A.15)

which is the sought contradiction. We remark that in the second-last inequality we are 
using that

π({f = t} ∩ E ∩ π−1(BK
ϑ (x) \X ′)) ⊂ BK

ϑ (x) \X ′,

and then

HN ({f = t} ∩ E ∩ π−1(BK
ϑ (x) \X ′)) = HN (π({f = t} ∩ E ∩ π−1(BK

ϑ (x) \X ′)))

≤ HN (BK
ϑ (x) \X ′).

We thus have proved that for HN -almost every x ∈ K, H1(π−1(x)∩E) > 0. This now 
readily implies that for HN -almost every x ∈ K, |π−1(x) ∩ ∂E| ≥ 2, again using that E
is bounded. We now claim that for HN -almost every x ∈ K, |π−1(x) ∩ ∂E| = 2. Indeed, 
if not, there is A ⊂ K with HN (A) > 0 such that |π−1(x) ∩ ∂E| ≥ 3 for all x ∈ A. By 
using the rectifiability of the boundary, the fact that Per(E, ·) = HN−1 ∂E and the 
area formula for metric spaces [13, Theorem 8.2] applied to the projection map π, which 
has Lipschitz constant = 1, we infer

Per(E,R×A) ≥ 3HN (A).

Moreover, by the same reasoning, we always have Per(E,R× (K \ A)) ≥ 2HN (K \ A), 
since for HN -almost every x ∈ K, |π−1(x) ∩ ∂E| ≥ 2. Thus we infer, by summing the 
previous two inequalities, that Per(E) > 2HN (K), which is a contradiction with (A.12).

Hence |π−1(x) ∩ ∂E| = 2, and H1(π−1(x) ∩ E) > 0 for HN -a.e. x ∈ K. Thus, for 
HN -a.e. x ∈ K, Ex is an open and bounded interval. Thus E is the intersection of the 
subgraph of a function v ∈ BVloc(K) with the complement of the subgraph of a function 
u ∈ BVloc(K), with u < v, see [16, Theorem 3]. By using [15, Item (b) of Theorem 5.1], 
we can finally write

2HN (K) ≥ Per(E) =
(√

1 + g2
u +
√

1 + g2
v

)
HN (K) + (|Du|s + |Dv|s)(K) ≥ 2HN (K).

From the last chain of inequalities we infer that u, v are constant and thus E is a slab. �
We conclude with a characterization of perimeter minimizers with compact boundary 

in RCD cylinders.
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Lemma A.6. Let X = (R×K, deu⊗dK ,HN+1) be an (N+1)-dimensional RCD(k,N+1)
metric measure space, with K compact. Let E ⊂ X be a perimeter minimizer, i.e., a set 
of finite perimeter such that Per(E) ≤ Per(F ) whenever EΔF is essentially bounded in 
X. Up to choice of the representative E = E(1), assume that ∂E is bounded and that 
HN+1(E) = +∞.

Then, for some t0 ∈ R, either E = (−∞, t0) ×K or E = (t0,+∞) ×K.

Proof. Like in the case of isoperimetric sets, it follows from the regularity theory in [74] 
(see also [91]) and from the representation for the perimeter measure in [36] that E(1)

and E(0) are open and that Per(E, ·) = HN ∂E. Without loss of generality, assume 
that ∂E ⊂ (0, t1)×K for some t1 > 0. Hence either (−∞, 0)×K ⊂ E or (−∞, 0)×K ⊂
X \ E; similarly, either (t1,+∞) × K ⊂ E or (t1,+∞) × K ⊂ X \ E. Without loss 
of generality assume that (−∞, 0) × K ⊂ E. Hence (t1,+∞) × K ⊂ X \ E, otherwise 
E ∪ (−1, t1 + 1) × K would be the whole space, contradicting the minimality of E. 
Moreover P (E) ≤ P (E ∪ (−1, t1 + 1) ×K) = HN (K).

Let π : R×K → {t1}×K be the projection on the slice {t1}×K. Hence π|E is surjective 
over {t1} × K. Arguing as in the proof of Lemma A.5, the fact that P (E) ≤ HN (K)
implies that for HN -a.e. point (t1, k) ∈ {t1} × K there exists at most one point in 
π−1((t1, k)) ∩ ∂E. Hence [16, Theorem 3] implies that E is represented as the subgraph 
of a BVloc(K) function f : K → R. Therefore P (E) ≤ HN (K) and the inequality in 
[15, Theorem 5.1, item (b)] implies that the total variation of f is zero, and thus f is 
constant. �

Appendix B. Geodesics in products and cylinders

The next observation characterizes rays in cylinders over compact spaces, and its 
proof, which involves classical arguments in Metric Geometry, is left to the reader.

Proposition B.1. Let (X1, d1) and (X2, d2) be metric spaces and let (X, d) be the product 
metric space X = X1 × X2 endowed with the product distance d2((x1, x2), (y1, y2)) :=
d2
1(x1, y1) + d2

2(x2, y2) for any (x1, x2), (y1, y2) ∈ X. Assume that (X, d) is CBB(0). Let 
γ = (γ1, γ2) : [0, T ] → X be a geodesic. Then the following hold.

• L(γi) = di(γi(0), γi(T )) for i = 1, 2.
• If |γ′|(t) = 1 for a.e. t, then there exist c1, c2 ≥ 0 such that |γ′

i|(t) = ci for a.e. t for 
i = 1, 2

• If X = R×K, K is compact and σ : [0,+∞) → X is a ray, then there is (t0, k0) ∈ X

such that σ(t) = (t0 + t, k0) or σ(t) = (t0 − t, k0).
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Appendix C. Concavity of distance from geodesics in dimension 2

We shall prove that the distance function from a geodesic on a 2-dimensional CBB(0)
space is concave. As pointed us to the authors by A. Lytchak, the forthcoming Proposi
tion C.1 can also be obtained as a consequence of [122, Corollary 2.8], which in turn relies 
on [101]. Indeed, one can consider the region bounded by the curves σ and γ in Proposi
tion C.1 and by geodesics joining their endpoints. The assumptions imply that such set 
is an Alexandrov space for which γ is a boundary stratum, and thus [122, Corollary 2.8] 
applies. However, we include a proof based on classical comparison arguments.

Proposition C.1. Let (X, d) be a 2-dimensional CBB(0) metric space. Let σ : (a, b) → X

and γ : [0, T ] → X be geodesics such that 0 < d(σ(t), γ) < min{d(σ(t), γ(0)), 
d(σ(t), γ(T ))}, for any t ∈ (a, b). Then t �→ d(σ(t), γ) is concave.

We need to recall some basic facts about the first variation formula on Alexandrov 
spaces. Let X,σ, γ be as in Proposition C.1, and assume for simplicity that (a, b) =
(−a0, a0). Let q = σ(0) and p ∈ γ such that d(σ(0), γ) = d(σ(0), p), and denote σ̃(r) :=
σ(−r) for r ∈ [0, a0). Let si < 0 < ti be sequences si → 0−, ti → 0+ such that [σ(ti)p]
and [σ(si)p] converge to some geodesics γ+ and γ−, respectively. By [39, Theorem 4.5.6, 
Corollary 4.5.7], it follows that

− cos∠γ′
+(0)σ′(0) = lim 

ti→0+

d(σ(ti), p) − d(q, p)
ti

= − cos θ+,

− cos∠γ′
−(0)σ̃′(0) = lim 

si→0−

d(σ(si), p) − d(q, p)
−si

= − cos θ−,

where

θ+ := min{∠γ̃′(0)σ′(0) : γ̃ geodesic from q to p},
θ− := min{∠γ̃′(0)σ̃′(0)x : γ̃ geodesic from q to p}.

In particular ∠γ′
+(0)σ′(0) = θ+, ∠γ′

−(0)σ̃′(0) = θ−, and θ− ≤ π − θ+. Hence

cos θ− ≥ − cos θ+. (C.1)

The proof of Proposition C.1 is inspired by [2, Proposition 3.7], as the geodesic γ
in Proposition C.1 plays the role of a boundary for the 2-dimensional space X. The 
argument is originally due to Perelman [101], see also [102, Theorem 3.3.1] for a different 
proof.

Proof of Proposition C.1. We prove that

lim sup
h→0+

(
d(σ(t0 + h), γ) + d(σ(t0 − h), γ) − 2d(σ(t0), γ)

)
/h2 ≤ 0,
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for any t0 ∈ (a, b). This readily implies that d(σ(t), γ) is concave. We prove such claim 
by constructing suitable upper touching concave functions.

We assume for simplicity that (a, b) = (−a0, a0), and we prove the claim for t0 = 0. 
Let si, ti, γ+, γ−, θ+, θ− be as above. Denote q−i := σ(si), q+

i := σ(ti). Let �p̄q̄q̄+
i and 

�p̄q̄q̄−i be comparison triangles in R2 sharing the same edge [p̄q̄]. Let γ̄ be the line in 
R2 passing through p̄ and orthogonal to [p̄q̄]; assume that γ̄(0) = p̄ and that for t > 0
the point γ̄(t) lies on the same side of �p̄q̄q̄+

i with respect to the axis [p̄q̄]. Without loss 
of generality we can assume that p̄ = 0 is the origin and that q̄ ∈ {0} × (0,+∞) ⊂ R2. 
Finally let σ̄ : R → R2 be the piecewise linear curve defined by

σ̄(t) :=
{
q̄ + (sin θ+,− cos θ+)t t ≥ 0,
q̄ + (sin θ−, cos θ−)t t < 0.

We consider the function h̄(t) := |σ̄(t)γ̄|, that is

h̄(t) =
{
|p̄q̄| − (cos θ+)t t ≥ 0,
|p̄q̄| + (cos θ−)t t < 0.

Hence h̄(0) = |p̄q̄| = d(σ(0), γ) and h̄ is concave by (C.1).
We want to show that d(σ(ri), γ) ≤ h̄(ri) for ri ∈ {ti, si}, for any i. We show the 

latter for the times ti. In the following, [pq] denotes the inverse parametrization of γ+.
By angle condition, ∠q̄q̄

+
i

p̄ ≤ ∠γ′
+(0)σ′(0) = ∠q̄σ̄(1)

p̄ , hence

|q̄+
i γ̄| ≤ h̄(ti), (C.2)

for any i. Denote by r̄i ∈ γ̄ the projection of q̄+
i on γ̄, so that |q̄+

i γ̄| = |q̄+
i r̄i|.

Let pi ∈ γ \ {p} such that d(p, pi) = |p̄r̄i| and ∠pq
+
i

pi ≤ π
2 . By Remark 2.8, we know 

that, up to subsequence, limi ∠pq
+
i

pi = ∠[pq]′(0)γ′(0) = π
2 . Since X has dimension 2, then

∠pq
q+
i

+ ∠pq
+
i

pi = π

2 
or ∠pq

q+
i

= ∠pq
+
i

pi + π

2 
. (C.3)

Indeed, the previous alternative can be argued by passing to the tangent cone at p, which 
is either the half-plane or R2, and distinguishing the cases ∠pq

q+
i

< π/2 or ∠pq
q+
i

> π/2.
Suppose by contradiction that the second alternative in (C.3) occurs along some (non

relabeled) subsequence, then ∃ limi ∠pqq+
i

= π. Observe that [pq+
i ] cannot intersect γ for 

positive times; indeed, if [pq+
i ](t0) = γ(r0) for some t0 > 0 and r0, then r0 = r1+t0, where 

p = γ(r1), and since t �→ d([pq+
i ](t), γ(r1 + t))/t is nonincreasing, then [pq+

i ](t) would 
coincide with γ(r1 + t) for t ≥ t0, and then q+

i ∈ γ, which contradicts the assumption 
0 < d(σ(ti), γ). For the same reason, [pq] cannot intersect γ for positive times.
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For large i, we have ∠pq
+
i

pi > π/4 and ∠pq
q+
i

> 3π/4. Hence, for some

ρ ∈ (0,min{|pq|/2, |pγ(0)|/2, |pγ(T )|/2})

small enough, the ball Bρ(p) is homeomorphic to an open disk in the plane; indeed, the 

inequalities satisfied by the angles ∠pq
+
i

pi ,∠pqq+
i

imply that the tangent cone of X at p is 
R2 and Perelman’s local structure theorem applies, see [40, Section 13.2, Theorem b)]. 
Hence γ divides Bρ(p) in two open connected components A1, A2, and [pq] intersects 
A1 only, up to renaming. Since ∠pq

+
i

pi > π/4 and ∠pq
q+
i

> 3π/4, then [pq+
i ](t) ∈ A2 for 

t ∈ (0, εi); indeed if otherwise there is τj → 0 with [pq+
i ](τj) ∈ A1, rescaling the distance 

by τ−1
j and passing to the tangent cone at p we would get that ∠pq

q+
i

< π/2. Therefore, 
since [pq+

i ] does not intersect γ for positive times, then [pq+
i ](0, ρ) ⊂ A2, for large i. But 

[pq+
i ] converges to [pq] uniformly, that gives a contradiction.
Therefore ∠pq

q+
i

+ ∠pq
+
i

pi = π
2 , for large i. Hence, letting �p̄q̄+

i p̄i be a comparison 

triangle for �pq+
i pi which extends �p̄q̄q̄+

i to a quadrilateral, the angle condition implies

∠p̄q̄
+
i

p̄i
≤ ∠pq

+
i

pi = π

2 
− ∠pq

q+
i

≤ π

2 
− ∠p̄q̄

q̄+
i

= ∠p̄q̄
+
i

r̄i .

The previous inequality together, recalling that |p̄p̄i| = d(p, pi) = |p̄r̄i|, implies

d(σ(ti), γ) ≤ d(q+
i , pi) = |q̄+

i p̄i| ≤ |q̄+
i r̄i|

(C.2)
≤ h̄(ti),

for large i. The analogous argument can be employed to show that d(σ(si), γ) ≤ h̄(si), 
for large i.

Now ti, si are arbitrary infinitesimal sequences, so we can choose si = −ti with ti such 
that

lim
i 

d(σ(ti), γ) + d(σ(−ti), γ) − 2d(σ(0), γ)
t2i

= lim sup
t→0+

d(σ(t), γ) + d(σ(−t), γ) − 2d(σ(0), γ)
t2

.

Hence

lim sup
t→0+

d(σ(t), γ) + d(σ(−t), γ) − 2d(σ(0), γ)
t2

≤ lim sup
i 

h̄(ti) + h̄(−ti) − 2h̄(0)
t2i

≤ 0. �
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