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knowledge, most of the results are new even in these smooth

cases.
© 2025 Elsevier Inc. All rights are reserved, including those
for text and data mining, Al training, and similar

technologies.
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1. Introduction

We consider Alexandrov spaces (X,d) with curvature bounded from below by 0,
shortly CBB(0), of (Hausdorff) dimension N € N with N > 2, see Definition 2.1. For an
introduction to the theory of such spaces we refer to [39,3,102], and to the foundational
works [101,40]. The class of CBB(0) spaces includes complete Riemannian manifolds
with nonnegative sectional curvature (possibly with convex boundary), convex bodies,
i.e., closure of open convex subsets of RY, topological boundaries of open convex sets
of subsets of RV (endowed with corresponding intrinsic distance), and cones over closed
manifolds of sectional curvature greater or equal to 1 (see Section 2.1.2). Moreover the
CBB condition is stable with respect to quotients by isometries, gluing over boundaries,
and pointed Gromov-Hausdorff convergence.

In the following, an N-dimensional CBB(0) space (X,d) is endowed with the N-
dimensional Hausdorff measure H", which makes the triple (X, d, H") a metric measure
space. The basic theory of BV -functions on metric measure spaces [89,4] allows to define
the perimeter Per(E) of a measurable subset E C X, see Definition 2.13. Thus we
consider the isoperimetric problem: given an N-dimensional CBB(0) space (X,d), for
V € (0,HV (X)) one aims at studying the minimization

inf{Per(E) : Ec X, HN(E)=V}.

The value of the infimum as a function Ix : (0, H™ (X)) — [0, +oc] of the volume is
called isoperimetric profile of X. A set E C X such that Per(E) = Ix(HY(E)), is called
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isoperimetric set, or region. We shall drop the subscript X when there is no risk of
confusion.

In the last fifty years, a great interest has been devoted to the study of several aspects
of the isoperimetric problem on spaces with (classical or synthetic) notions of lower
bounds on the curvature. We mention [32,31,27,61,93,87,88,42] concerning sharp, rigid
and quantitative isoperimetric inequalities on compact spaces with Ricci lower bounds, [1,
34,26,66,23,43,44] about sharp and rigid isoperimetric inequalities on noncompact spaces
with nonnegative Ricci curvature and Euclidean volume growth, see (1.1) below, [27,117,
93,77,28-30,90,22] for what concerns differential properties of the isoperimetric profile of
spaces with Ricci lower bounds, and [107,108,94,95,90,50,18,17,20] studying existence of
isoperimetric sets on noncompact spaces with lower curvature bounds.

Specializing to the case of convex bodies in the Euclidean space, a number of re-
sults about existence of minimizers, isoperimetric inequalities, stability and topology of
isoperimetric sets have been obtained in [81,117,110,78].

We refer the reader to [105] for a comprehensive account on the isoperimetric problem.

On a compact space, precompactness of sets with uniformly bounded perimeter and
lower semicontinuity of the perimeter functional imply existence of isoperimetric sets of
any volume V € (0,1~ (X)). On the contrary, the problem of existence of minimizers
for some assigned volume is highly nontrivial on noncompact spaces. In fact, it is proved
in [19] that for every dimension N > 3 there exists a convex body X C R with infinite
volume such that no isoperimetric sets exist for volumes < 1,' thus answering in the
negative a question in [78]. A similar example can be constructed where (X,d) is a
smooth complete noncompact Riemannian manifold with dimension N > 3 and strictly
positive sectional curvature. A reason why isoperimetric sets of some volumes do not exist
on some noncompact space is that minimizing sequences may escape from any compact
region, see examples in [106,18]. Tt follows that there is a strong relation between the
existence of isoperimetric sets on noncompact spaces, and the asymptotic structure at
infinity.

The link between the problem and the structure at infinity, together with recent devel-
opments on the Geometric Analysis on metric measure spaces with curvature bounded
below (Section 2.3), has led to several contributions which exploit the direct method of
the Calculus of Variations in order to find an isoperimetric region. Building on the fun-
damental concentration-compactness principle [80] and the results in [108,95,90], such
direct method has been established in [18,20], see also [96,104,97] for related applications,
leading to new existence results of minimizers under assumptions on the asymptotic
structure of the ambient space.

In [17] it is considered the case of Riemannian manifolds with nonnegative Ricci
curvature with Fuclidean volume growth, i.e., such that

! In this case the perimeter of a set E C X is the relative perimeter in the convex body. Indeed, the
perimeter measure Per(E, -) of a set E never charges the boundary 90X, see Section 2.3.
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N
AVR(X) = lim H_(5:(0)
r—-+oo WNT

€ (0,1]. (1.1)
By Bishop—Gromov monotonicity (Section 2.3), the previous assumption implies that the
volume of balls grows with maximal rate. Under a suitable assumption on the geometry
at infinity of the space, in [17, Theorem 1.1] it is established existence of isoperimetric sets
for any sufficiently large volume. Furthermore, if (X, d, H") is CBB(0) and AVR(X) > 0,
then isoperimetric sets exist for any sufficiently large volume without further assumptions
[17, Theorem 1.3], and [23, Theorem 1.2]. The results in [17] are generalized in the RCD
setting in [23].

In this work, we focus on CBB(0) spaces whose balls have minimal volume growth
instead. By a classical result attributed to Calabi—Yau, see [112, Theorem 4.1], [58,
Corollary 5.15], and also [49] where explicit lower bounds on the Ricci curvature are
related to the sharp rate of volume growth of balls, the volume growth of balls in a
CBB(0) space (X,d) is at least linear, more precisely H™ (B,(0)) > C(N,H™ (B1(0)))r
for every o € X, r > 1.

In the class of CBB(0) spaces, our first main result yields a full equivalence between
linear volume growth and: the cylindrical structure at infinity of the space, an upper
bound on the isoperimetric profile, and the fact that the space is a tubular neighborhood
of either a line or a ray. Moreover, a rigidity statement holds in the sense that the space
is a cylinder or it has a cylindrical end - necessarily, over isoperimetric boundaries - if
and only if the isoperimetric profile is eventually constant.

Theorem 1.1 (Isoperimetry and structural rigidity, cf. Theorem 3.9, Corollary 3.11,
Proposition 5.14). Let N > 2, and let (X,d) be a noncompact N -dimensional CBB(0)
metric space such that HYN(By(z)) > vo for some vg > 0, and for every x € X. Let
o € X. Then the following are equivalent.

(i) limsup,_,, o HY (B, (0))/r < 400;

(ii) For any diverging sequence of points p; € X such that (X,p;) pGH-converges to a
limit (Y,y), it holds that Y is isometric to a product R x K, where K is compact;

(iii) There exists a diverging sequence of points p; € X such that (X, p;) pGH-converges
to a limit R x K, where K is compact;

(iv) There exists a constant C > 0 such that (V) < C for every V > 0.

(v) Fither X is isometric to R X K, or X has one end and there exists a ray 7y :
[0,400) = X and a constant D > 0 such that d(p,y) < D for any p € X.

If any of the previous items holds, then there exists a unique compact CBB(0) space K
such that any pGH limit of X along a sequence of diverging points is isometric to R x K.

Moreover, the following are equivalent.

(1) There exists Vo > 0 such that the isoperimetric profile I is constant on [V, +00);
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(2) FEither X is isometric to R x K for some compact K, or there exists an isoperimetric
set A such that (0A,d|pa) is CBB(0) and (X \ A,d|x\a) is isometric to (A x
[0, +00),d|sa ® deu);

(8) Either X is isometric to R x K for some compact K, or there exists an open bounded
set A such that (X \ A,d|x\a) is CBB(0) and it is isometric to (0Ax [0, +00),d|sga®
dcu)'

Moreover, if (1), (2), or (3) holds, either X is isometric to R x K for some compact
K and there exists Vo > 0 such that for every V. > Vi isoperimetric regions of volume
V' exist and coincide with (0,a) x K for some a > 0, up to translations; or there exists
Vo > 0 such that for every V' > Vi isoperimetric regions of volume V exist, are unique,
and coincide with {z : d(z, A) < by} for some by > 0.

The most challenging part of the previous Theorem 1.1 is the equivalence of the
conditions in (i)-(ii)-(iii)-(v) with (iv), i.e., the connection between the structure of the
space and the boundedness of the isoperimetric profile. The most difficult implications,
in which the CBB(0) condition comes into play, are (i)=-(ii), and (iii)=(v), from which
we can infer the global structure of the space just by having one limit at infinity that is
of the form R x K. The CBB(0) condition comes into play also in the proof of (i) (iv),
see Problem 1.2.

Up to the authors’ knowledge the equivalence of items (i)-(v) and the rigidity in items
(1)-(3) in Theorem 1.1 are new both in the case of Euclidean convex bodies, and in the
class of Riemannian manifolds with nonnegative sectional curvature. Moreover, since the
proof exploits the analysis of pointed Gromov—Hausdorff limits at infinity, which are a
priori non-smooth, the use of non-smooth geometry appears to be necessary even in the
smooth realm.

In the case of manifolds with nonnegative Ricci curvature, or even RCD(0, N) spaces
(X,d,H") with linear volume growth, the picture depicted in Theorem 1.1 might be
more involved, see Remark 2.35 and Remark 3.5 below. Moreover, there exist examples
of manifolds with nonnegative Ricci and linear volume growth having limits at infinity of
the form R x K and R x K’ where K and K’ are non-isometric compact manifolds [114,
Example 27]. The investigation of the relations between conditions (i)-(v) in Theorem 1.1
at such level of generality goes beyond the scope of the present note.

Problem 1.2. Investigate the relation between conditions (i)—(v) in Theorem 1.1 in the
class of non-collapsed noncompact RCD(0, N) metric measure spaces (X,d,H"). In
particular, investigate whether the implications (i)=-(ii)=(v) and (i)<(iv) hold in the
previous setting.

Addendum. After this work was posted on arXiv, X. Zhu [123] addressed Problem 1.2,
proving that on a noncompact manifold (M®", g) with Ric > 0 and inf,en HY (B (x)) >
0, conditions (i), (ii), (v) in Theorem 1.1 are equivalent [123, Theorem 1.6] It remains
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open to understand the full equivalence with the uniform boundedness of the isoperi-
metric profile, that is, condition (iv) in Theorem 1.1.

Exploiting the structural information coming from Theorem 1.1, we prove that on a
CBB(0) space with minimal volume growth there exist isoperimetric sets for any suffi-
ciently large volume.

Theorem 1.3 (Ezistence and structural rigidity, cf. Theorem 5.13). Let N > 2, and let
(X,d) be a noncompact N-dimensional CBB(0) metric space such that HY (By(x)) >
vg > 0 for some vg > 0 for every x € X. Assume any of the equivalent conditions (i)-(v)
in Theorem 1.1 and assume that X has one end.? Then the following hold.

(1) All the pGH limits at infinity of X are isometric to R x K, for a fized compact
CBB(0) space K. Denote U := HYN1(K);

(2) There exists a constant Vo := Vo(ve, N, Q) such that isoperimetric regions exist for
every volume V > Vy;

(8) For every V > 0 we have that

(V) <.

If for some V' the equality is attained, then it is attained for all V > V' and there
exists an isoperimetric set 0 of volume H™ () > V' such that (952, d|aq) is CBB(0)
and (X \ Q,d|x\q) is isometric to (92 x [0, +00),d|sq @ dew)-

(4) If E; is a sequence of isoperimetric sets with HN(E;) — +4oo, x; € OE;,
and (X,d,z;) pGH-converges to (R x K,deyw ® di,(0,ko)), then E; converges to
(—00,0) x K in Li . and OE; converges to (—00,0) x K in Hausdorff distance, in a
realization of the pGH-convergence. Moreover there exists a sequence of isoperimet-
ric sets ; € Q41 such that U;Q; = X, and there holds

lim I(V)=1%2.
V—+o0

Let us mention that Theorem 1.1 and Theorem 1.3 recover several results in the
context of Euclidean convex bodies proved in [109,78], and extend the theory to the
larger class of CBB(0) spaces. Indeed, every convex body in R™ that satisfies item (v) in
Theorem 1.1 is cylindrically bounded in the terminology of [109], see also [78, Theorem
6.20]. We mention that in order to prove Theorem 1.3 we need some auxiliary results
about the characterization of isoperimetric sets with large volumes in RCD cylinders
over compact spaces which might be of independent interest, see Appendix A.

We can further specialize our approach to the case of 2-dimensional CBB(0)
spaces (X,d). In this case we prove both that the volume non-collapsing assumption
inf,ex H2(Bi(z)) > 0 holds true, and that isoperimetric sets exist for every volume. We

2 If it has at least two ends, then it is isometric to R X K by the splitting theorem, see Theorem 2.9.
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further investigate the topology of isoperimetric sets in case the space has no boundary,
see Section 2.1.2. We denote by S'(p) the circle of length p.

Theorem 1.4 (2-Dimensional CBB(0) spaces, cf. Theorem /.2, Theorem 5.5, Theo-
rem 5.9). Let (X,d) be a noncompact 2-dimensional CBB(0) metric space. Then the
following hold.

(1) There exists vg > 0 such that H*(By(x)) > vg for any v € X.
(2) For any V > 0 there exists an isoperimetric region 2 C X of volume H*(Q) = V.

Assume further that 0X = 0, and let E C X be an isoperimetric set. Then one of the
following alternatives holds.

(a) OF is connected.
(b) There exist b,p > 0 such that X is isometric to a right cylinder R x S'(p) and
E = (0,b) x SY(p), up to translation along the factor R.

In particular, in case X = () and X is not isometric to a Euclidean 2-dimensional right
cylinder, the boundary of every isoperimetric set is connected and it is parametrized by
a Lipschitz curve homeomorphic to S'.

By a classification argument, Theorem 1.4 implies the existence of isoperimetric sets
on any RCD(0,2) space (X,d,m), see Corollary 5.7. We mention that an alternative
argument for the proof of (1) in Theorem 1.4 has been recently proposed in [121, Lemma
2.12, Remark 2.13].

We observe that Theorem 1.4 refutes the existence of foliations by isoperimetric
boundaries even at the level of 2-dimensional CBB(0) spaces, and despite existence of
isoperimetric sets for any volume, see Remark 5.11.

We remark that (1) in Theorem 1.4 recovers the result known on 2-dimensional Rie-
mannian manifolds from [51, Theorem A]. We stress that property (1) is false on higher
dimensional CBB(0) spaces, see [51, Example 1], or consider the convex hull of the union
of the unit ball in R? with a parabola {(z,2%,0) : = € R}. Moreover (2) in Theorem 1.4
recovers the result known on 2-dimensional Riemannian manifolds from [107], and (a) in
Theorem 1.4 recovers the topological conclusion in [107, Theorem 1.1].

We remark that (1), (2) in Theorem 1.4 here are proved by applying the above men-
tioned direct method from [18,20], thus unifying these results as corollaries of the method.

It remains open the following fundamental question related to the existence part in
Theorem 1.3. We remark that, up to the authors’ knowledge, the forthcoming question
has not a definitive answer both in the class of smooth complete Riemannian manifolds
with Sect > 0 and in the class of Euclidean convex bodies.
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Question 1.5. Let N > 2. Let (X,d) be an N-dimensional CBB(0) noncompact metric
space such that inf.cx HN(Byi(z)) > vy for some vg > 0. Do there exist isoperimetric
regions for sufficiently large volumes?

Concerning the topological result in Theorem 1.4, we mention the following question.

Question 1.6. Let (X,d) be a noncompact 2-dimensional CBB(0) metric space. If the
space is not a 2-dimensional cylinder, is it true that isoperimetric sets are convexr and
homeomorphic to a disk?

The question whether isoperimetric sets are homeomorphic to disks has a positive
answer on smooth complete Riemannian surfaces with Sect > 0, see [107].

Concerning the strategy to carry out the analysis of the structure at infinity of a
CBB(0) space, a first key observation is the fact that any pGH limit at infinity of a
CBB(0) space splits a line, i.e., it is isometric to a product R x Y, see Lemma 2.29.
Later, we found that this property had already observed in a work of Kleiner—Lott [76,
Page 2852, Appendix G|. Then for a CBB(0) space having at least a limit at infinity of
the form R x K with K compact, it is possible to derive the asymptotic behavior of the
Busemann function (Definition 3.2) of a given ray, see Theorem 3.9, and Proposition 3.7.
Hence, exploiting also recent rigidity results from [72,73], we derive the following theorem
on the asymptotic behavior of the sublevel sets of the Busemann function.

Theorem 1.7 (c¢f. Theorem 3.10). Let N > 2, and let (X,d) be a noncompact N-
dimensional CBB(0) metric space such that HN (Bi(x)) > wvo for some vy > 0, and
for every x € X. Assume that there exists a ray vy : [0,+00) = X such that

d(p,7v) <C,  forallpe X,

for some constant C > 0. Let F' be the Busemann function of v, see Definition 3.2.
Let t; — 400 and assume that (X,~(t;)) pGH-converges to (R x K, (0, ko)) for some
(N — 1)-dimensional compact CBB(0) space K.

Let us denote by f : R x K — R the coordinate function f(t,k) =t. Let F; := F —t;.
Then the following hold.

e For every j € N and every T > 0, the set {F; < T} is compact.

e F; converges locally uniformly to f along the pointed sequence of converging metric
spaces.

e For any s € R, the set {F < s} has finite perimeter and

Per({F < s1}) < Per({F < s2}), V s1,52 € R with s1 < sa,

lim Per({F; <t}) = lim Per({F <s}) = HYH(K)  VteR.
J s [e’e}
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Moreover, if Per({F < 5}) = HN-YK) for some 5 € R, then there erists sg > §
such that ({F = so},d|{p—s,}) is isometric to K, and (X \ {F < so},d|x\{r<s,}) 5
isometric to ({F = so} x [0,400),d|{p=s,} @ deu), which is isometric to K x [0, +00).

e Ifq; is an arbitrary sequence of diverging points on X, then up to subsequences (X, q;)
pGH-converges to R x K.

Eventually, Theorem 1.1, Theorem 1.3 and Theorem 1.4 follow by variational argu-
ments exploiting Theorem 1.7 and the approach by direct method developed in [18,20].

Organization. In Section 2 we recall definitions and basic results on CBB(0) spaces,
RCD spaces, and sets of finite perimeter. We also derive a series of technical lemmas on
the asymptotic geometry of CBB(0) spaces, see Section 2.4. In Section 3 we introduce
Busemann functions, we prove Theorem 1.7 and we derive the equivalence of items (i)-
(v) in Theorem 1.1. In Section 4 we prove the volume non-collapsedness of balls in
2-dimensional CBB(0) spaces arguing by direct method. In Section 5 we consider the
isoperimetric problem on CBB(0) metric spaces, completing the proof of the results
stated in the Introduction.

For the convenience of the reader, appendices collect statements and proofs of some
results that may be well-known to experts in the field. Appendix A characterizes the
isoperimetric sets for large volumes in RCD cylinders over compact spaces, Appendix B
contains the characterization of rays in product spaces and cylinders, while in Ap-
pendix C we provide a proof of the fact that the distance from a line is a concave
function on 2-dimensional CBB(0) spaces.

Acknowledgments. The first author acknowledges the financial support of the Courant
Institute, and the AMS-Simons Travel grant. The second author is partially supported
by the INAAM - GNAMPA Project 2022 CUP__E55F22000270001 “Isoperimetric prob-
lems: variational and geometric aspects”. The authors thank Christian Ketterer for useful
discussions on the results in [73,72]. They also thank Elia Brue, Mattia Fogagnolo, Fed-
erico Glaudo, Andrea Mondino, Daniele Semola, Christina Sormani, and Guofang Wei
for many fruitful discussions on the topic of this work during various stages of the writ-
ing of this paper. The authors would also like to thank Alexander Lytchak for several
comments that improved the exposition and the results of this note. The authors wish
to thank the anonymous referee for several comments that improved the readability of
the paper.

2. Preliminaries
2.1. Notation and general facts about CBB(0) metric spaces
In this section we discuss general facts about CBB(0) metric spaces. Let (X, d) be a

geodesic metric space. A geodesic 7 : [a,b] — X is a curve with finite length L(~y) such
that L(y) = d(v(a),v(b)). Except otherwise stated, we shall assume that geodesics are
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parametrized with metric speed equal to 1 almost everywhere. For any k € [0,00), we
denote by H* the k-dimensional Hausdorff measure on (X,d).

Let p,z,y € X. A given geodesic from z to y parametrized with metric speed equal
to 1 at a.e. time is denoted by [zy]. With a little abuse of notation, we shall denote by
v or [zy] both the parametrization and the image of the curve « or [zy]. A given hinge
determined by two geodesics [pz] and [py] is denoted by py. A triangle with vertices
p,x,y determined by three given geodesics is denoted by Apzxy.

For p, Z, 3 € R2, the angle at p of the triangle with vertices p, z, 9 is denoted by £°Zpy,
[z |*+|py|* —|z7|?

2[pz|pyl )

A triangle Apzy C R? is a comparison triangle for Apxy if |pz| = d(p, z), |py| =
d(p,y), [zy| = d(z,y).

Denoting o = [pzr] and 8 = [py], the hinge pj in X has angle at p if there exists the

that is, Z%Zpy = arccos

limit

T . __ : 0~ )
Zpy = lim 2 a(s)pB(t),
where Aa(s)pf(t) € R? is a comparison triangle for Aa(s)pB(t). In our notation it
is therefore consistent to write Z°zpy = 4;5% for any p,z,y7 € R2. In order to avoid
confusion, we will denote 40;3%’ = Aﬁ%’ the angle of a hinge in R2.
Given « = [pz], 8 = [py] two geodesics emanating from the same point p in X, we

define

£/ (0)B'(0) := £pj0), (2.1)
for any t € (0, |pz|), s € (0,|py|). Notice that the definition is well-posed, i.e., it does not
depend on the choice of ¢, s, by definition of angle.

Definition 2.1. Let (X, d) be a geodesic proper, and thus complete, metric space. We say
that (X, d) is CBB(0), i.e., it has curvature bounded below by 0, if any of the following
equivalent (see [39, Theorem 4.3.5, Proposition 10.1.1, Theorem 10.3.1], [3, Theorem
8.14]) properties hold.

(1) Four point comparison. For any p, x1, 22,3 € X there holds
2°p5; + gy + L0 < 2m,

where ;ﬁ? is the hinge in a comparison triangle Az;pz; for Ax;px;, for any 7,5 =
1,2,3.

(2) Monotonicity condition. For any p,z,y € X, denoting o = [pz] and 8 = [py], the
function

52 +t2 —d(a(s), B(t))?
2ts ’

(0,d(p, )] x (0,d(p,y)] > (s,t) =
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is increasing with respect to each variable. Equivalently,

52+ 12 —d(a(s), B(t))?

(0,d(p, 2)) % (0,d(p,v)] 3 (5,1) =+ arccos - ,

is decreasing with respect to each variable.
(3) Triangle (or distance) condition. For any triangle Apry C X, if Apzy € R? is a
comparison triangle, then

d(p,z) > |pz| Vze[zyl, z € [zy] : d(z,2) = |zZ|.

(4) Angle condition. For any triangle Apry C X the angles Zpy, Zxh, Zyb are well
defined and, if Apzy € R? is a comparison triangle, then

Lpy > Lpy,  Lab > Lpry, Ly > Lpyz.

Moreover for any geodesics [zy], [pz], where z € [zy]\{z,y}, there holds /2P + /2D =
.

If (X,d) is CBB(0), the following further comparison condition holds.”

(5) Hinge condition. For any hinge p} C X, the angle Zp? is well defined and, if p7 C R?
is a hinge in R? such that d(p,x) = |pz|, d(p,y) = |pyl, Zpy, < éoﬁg, then

d(z,y) < |2yl

The previous condition readily follows from the monotonicity condition. Indeed by mono-
tonicity we have

pz|” + |pyl* — d(z,y)* = d(p,z)* + d(p,y)* — d(x,y)* > 2d(p, )d(p, y) cos Lp};
> 2|pz|py| cos £L°pE,

which implies d(z,y)? < |pz|*> + [py|* — 2|pz||py| cos £%pf = |zy|*.

When there is no risk of confusion, we shall denote by | - | the distance on a given
metric space (X,d), i.e., |zy| := d(z,y) for z,y € X.

We shall need the following elementary observation, whose proof readily follows by
angle and monotonicity conditions.

Lemma 2.2. Let (X,d) be CBB(0). Let v : [0,7] — X be a geodesic. Let ¢ € X and
ty € (0,T) be such that

3 To our knowledge, it is not known whether the hinge condition implies CBB(0), see also [3, 8.51] and
[39, p. 108].
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d(g,7) = lgv(ty)| > 0,
and fiz a geodesic [y(tq)q]. Then Zy(tq)g(o) = Ay(tq)?y(T) = 7.

2.1.1. Pointed measured Gromov—Hausdorff convergence

In the following, we shall always assume that a metric measure space (m.m.s. for
short) (X, d, m) is endowed with a nonnegative Borel measure that is finite on bounded
subsets. We introduce the pointed measured Gromov-Hausdorff convergence already in
a proper realization, which, in our setting, is equivalent to the standard definition of
pmGH convergence, see [60, Theorem 3.15 and Section 3.5]. The following definition is
taken from the introductory exposition of [6].

Definition 2.3 (pGH and pmGH convergence). A sequence {(X;,d;,x;)};en of pointed
metric spaces is said to converge in the pointed Gromov-Hausdorff topology, in the pGH
sense for short, to a pointed metric space (Y,dy,y) if there exist a complete separable
metric space (Z,dz) and isometric embeddings

\IfiZ(Xi,di)—>(Z,d2>7 ViEN,
U (Y.dy) = (Z,dz),

such that for any e, R > 0 there is ig(e, R) € N such that

U(BY (o) € [PBE))..  UBEG) C (B @)
for any ¢ > ig, where [A]. ={z € Z : dz(z,A) <¢e} forany A C Z.

Let m; and p be given in such a way (X;,d;,m;,z;) and (Y,dy,u,y) are m.am.s. If
in addition to the previous requirements we also have (¥;)ym; — Wy with respect
to duality with continuous bounded functions on Z with bounded support, then the
convergence is said to hold in the pointed measured Gromov-Hausdorff topology, or in
the pmGH sense for short.

The following definitions are given in [6, Definition 3.1], and it is investigated in [6]
capitalizing on the results in [11].

Definition 2.4 (L!-strong and L} . convergence). Let {(X;,di, m;, z;)}ien be a sequence
of pointed metric measure spaces converging in the pmGH sense to a pointed metric
measure space (Y,dy, u,y) and let (Z,dz) be a realization as in Definition 2.3.

We say that a sequence of Borel sets E; C X; such that m;(F;) < +oo for any i € N
converges in the L' -strong sense to a Borel set F' C Y with u(F) < 400 if my(E;) — p(F)
and xg,m; — xppu with respect to the duality with continuous bounded functions with
bounded support on Z.

We say that a sequence of Borel sets E; C X; converges in the Li -sense to a Borel
set F C Y if E; N Bg(z;) converges to F'N Br(y) in L-strong for every R > 0.
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Definition 2.5 (Hausdorff convergence). Let {(X;, d;, m;, z;) };en be a sequence of pointed
metric measure spaces converging in the pmGH sense to a pointed metric measure space
(Y, dy, i, y)-

We say that a sequence of closed sets E; C X; converges in Hausdorff distance (or in
Hausdorff sense) to a closed set F' C Y if there holds convergence in Hausdorff distance
in a realization (Z,dz) of the pmGH convergence as in Definition 2.3.

Remark 2.6 (Uniform convergence of curves and functions along pGH limits). Let
{(Xi,di, z;) }ien be a sequence of pointed metric spaces converging in the pGH sense
to a pointed metric space (Y, dy,y). Let (Z,dz) be a realization of the pGH-convergence
as in Definition 2.3. Let I be a compact interval, and let v; : I — X;, v : I — X be
continuous curves such that v;(0) = z;, v(0) = z.

We say that v; converges uniformly to -y if the following holds. For every e there exists
ig € N such that

dz(¥i(vi(), ¥(y(t))) <&, VEel, Vixio.

A slight modification of the Arzela—Ascoli theorem gives the following. If the curves
v; as above are equicontinuous, then, up to subsequences, they converge uniformly to
a continuous curve 7 as above. Notice that the equicontinuity is readily verified when
the curves are equi-L-Lipschitz, and in this case the limit curve is L-Lipschtiz as well.
In particular, if +; are unit speed geodesics, the uniform limit curve v exists up to
subsequences and it is a unit speed geodesic thanks to the continuity of the distance.

Analogous definition and result hold for a sequence of continuous functions. More
precisely, we say that a sequence of continuous functions f; : X; — R converges locally
uniformly to a continuous function f :Y — R if for any R,e > 0 there exist ig € N and
d > 0 such that |f(z) — fi(z)| < e whenever z € Br(y), i > ip and dz(¥;(z), ¥(z)) < 4.
Moreover, an equibounded equicontinuous sequence of functions has a locally uniformly
converging subsequence by an Arzela—Ascoli-type argument.

Remark 2.7 (Stability and projection). From [39, Proposition 10.7.1] we have that the
any pGH limit of CBB(0) metric spaces is still a CBB(0) metric space.

Moreover, we have that if R x X is a CBB(0) metric space when endowed with the
product distance de, @dx := /d2, + d%, then X is a CBB(0) metric space when endowed
with the distance dx. This is a direct outcome of the definitions.

Remark 2.8 (Angle continuity [3, Section 8.40, 8.41]). Let (X,,,d,, 0,) be a sequence of
CBB(0) spaces converging in GH-sense to (X,d,0). Let p,, Ty, yn € X, and hinges p,j»
be converging to p,z,y € X and py. Then the following holds.

o liminf, Zppgr > Zpy.

o If p,x,y are distinct and [zp] C [xp/] for some p’ # p, then lim, Zp,j» = Zp7,

whenever the limit exists.
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2.1.2. Tangent and asymptotic cones of CBB(0) metric spaces

Let us recall here the classical Splitting Theorem. In the setting of manifolds with
nonnegative Ricci curvature it has been proved by Cheeger and Gromoll in [47]. The
version for Alexandrov spaces with nonnegative sectional curvature below is due to [86].
Finally, we recall that a version for RCD spaces has been proved by Gigli in [57]. When
we say that (X, d) is an N-dimensional CBB(0) metric space we mean that its Hausdorff
dimension is N. The relations between different notions of dimensions are presented,
e.g., in [3, Section 15].

Theorem 2.9 (Splitting Theorem, [86,47,57]). Let (X,d) be an N-dimensional CBB(0)
space. Let v: R — X be a line. Then X is isometric to a product space R XY endowed
with the product distance, where (Y,dy) is an (N — 1)-dimensional CBB(0) space.

Let (X,d) be a metric space with diam(X) < =. Let us define C(X) :=
([0,+0) x X) /{0} x X, and let us consider the cone distance

de((,p), (5,9)) = V/12 + 57 — 2ts cos(d(p, ))

on it. The space (C(X),d.) is said metric cone over (X, d), see [39, Section 3.6]. Some-
times we will refer to (C(X),d.) as the Euclidean cone over X.

Notice that, if diam(X) > 7, one can define (C(X),d.) simply as (C(X),d.), where
(X, d) is the metric space that is X set-wise and, for every p,q € X,

d(p, q) := min{d(p, q), 7},

see [39, Definition 3.6.16].

Let us quickly review the concepts of tangent cone, boundary, and asymptotic cone of
CBB(0) metric spaces. For boundary and tangent cones, we refer the reader to classical
references, e.g., [101,40,39]; the following facts hold also for arbitrary lower bounds on
the curvature.

Let X be an N-dimensional CBB(0) metric space, and let @ € X. The space of
directions ¥, (X) is the metric completion of the space of geodesics emanating from x
endowed with the metric given by the angle between them (two geodesics are identified
if their angle is zero). The metric space X, (X) is a compact (N — 1)-dimensional metric
space with curvature bounded below by 1, see [39, Sect. 4.6]. The tangent cone at z is
the metric cone over X, (X), which is itself an N-dimensional CBB(0) metric space [39,
Theorem 4.7.1]. The pGH limit of (X,r771d,z) as  — 0 is isometric to the tangent cone
at x [39, Sect. 8.2.1], and moreover balls centered at x with sufficiently small radii are
homeomorphic to the tangent cone at x, see [40, Section 13.2, Theorem b)] and [101].

The boundary 0X is inductively defined as follows. If X has dimension N > 2, we
define

0X = {zr € X : £,(X) has boundary}.
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This is a well-posed definition after noticing that 1-dimensional CBB spaces are 1-
dimensional manifolds.

Definition 2.10 (Metric on the rays). Let (X, d) be a noncompact N-dimensional CBB(0)
space. Fix o € X and let %, be the set of rays emanating from o. For any ~,0 € %Z,, we
define

Zoo(7,0) := lim arccos (1 —d?(y(t), a(t))/(QtQ)),
t—+oo

where the limit exists by Definition 2.1(2). Two rays v,0 € %, are said to be
equivalent, and we write v ~ o, if and only if Z(v,0) = 0, ie., if and only if
lims 400 d(7(t), o(t))/t = 0. We denote by [v] the equivalence class of rays equivalent to
7.

The ideal boundary X is the metric space (Z,/ ~, Z). The distance £ on X is
called Tits metric.

Theorem 2.11 (Asymptotic cones of CBB(0) spaces). Let (X,d) be a noncompact N -
dimensional CBB(0) space. Then the following hold.

(1) Every connected component of the ideal boundary (Xoo, Zoo) i a compact metric
space with curvature bounded below by 1.

(2) (X,r~'d,0) converges to a unique metric cone (C,dc,0c) asr — +oo in the pointed
Gromov—Hausdorff topology, and C' is isometric to the Euclidean cone over the ideal
boundary (Xeo, Zoo)-

(3) (X,d) splits a line if and only if (C,d¢) splits a line.

Proof. Proofs of the existence and uniqueness of the asymptotic cone C, together with
its characterization as the Euclidean metric cone over (X, Zoo), can be found in [25,
70,62,113,85]. A proof of claim (3) can be found in the second part of the proof of [17,
Theorem 4.6], which only exploits the CBB(0) condition. O

We conclude with a brief technical lemma.

Lemma 2.12. Let (C,d) be an N-dimensional CBB(0) cone over a compact metric space
(X,dx), and denote o = {0} x X/ ~. Then for any ray v from o, any y € 0B1(0)\{~v(1)}
and any geodesic [y(1)y] there holds

Zy(1)y, <.

Proof. If by contradiction Zy(1)j = , then Z’y(l)z(s) = 0 for any s > 1. Hence the
monotonicity condition implies that

1= lim 1 d2([v(1)y]§2m(l 1) dQ([’y(l)y}ég,'y(l +1)
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for any t € (0,]|v(1)y|). Hence [y(1)y](t) = v(1 +¢t) for t € [0,|y(1)y|]. But this implies
that 1= loy| = [oy(1+ [y(Dy)l =1+ 4(1)y] > 1. O

2.2. BV and Sobolev functions on metric measure spaces

In this paper, by a metric measure space (briefly, m.m.s.) we mean a triple (X, d, m),
where (X, d) is a complete and separable metric space, while m > 0 is a boundedly-finite
Borel measure on X.

2.2.1. BV functions and sets of finite perimeter in metric measure spaces
Given a locally Lipschitz function f: X — R,

lip f(z) := limsup ——————
p f(z) T
is the slope of f at x, for any accumulation point € X, and lip f(z) == 0 if € X is
isolated.
We give now the definitions of function of bounded variation and set of finite perimeter
in the setting of m.m.s.

Definition 2.13 (BV functions and perimeter on m.m.s.). Let (X,d, m) be a metric mea-
sure space. Given f € LL (X, m) we define

loc

|Df|(A) := inf lim'inf/lip fidm : f; € LIP1oo(A), fi — fin LL (A, m) 3 |
A

for any open set A C X. We declare that a function f € LL (X, m) is of local bounded
variation, briefly f € BVio (X), if |[Df|(A) < 4oo for every A C X open bounded.
A function f € L'(X,m) is said to belong to the space of bounded variation functions
BV(X) = BV(X,d,m) if [Df|(X) < +0c.

If E C X is a Borel set and A C X is open, we define the perimeter Per(E, A) of E
in A by

Per(E, A) := inf limlinf/lip ugdm : u; € LIPoe(A), u; — Xg in L (A,m) 3,
7
A

in other words Per(E, A) = |DXg|(A). We say that E has locally finite perimeter if
Per(E, A) < 400 for every open bounded set A. We say that F has finite perimeter if
Per(E, X) < 400, and we denote Per(FE) := Per(E, X).

Let us remark that when f € BV),.(X,d, m) or E is a set with locally finite perimeter,
the set functions | D f|, Per(F, -) above are restrictions to open sets of Borel measures that
we still denote by |Df|, Per(E,-), see [7], and [89].
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In the sequel, we shall frequently make use of the following coarea formula, proved in
[89].

Theorem 2.14 (Coarea formula). Let (X,d, m) be a locally compact metric measure space.
Let f € Li (X) be given. Then for any open set Q C X it holds that R > t — Per({f >

loc

t},Q) € [0, +o0] is Borel measurable and satisfies

IDFI(Q) = /Per({f > 11,0) dt.

R
In particular, if f € BV(X), then {f >t} has finite perimeter for a.e. t € R.

L .-convergence). Let
(X,d,m) be a metric measure space. We recall (cf. [89, Proposition 3.6]) that when-
ever g;,g € Li (X, m) are such that g; — ¢ in L] (X, m), for every open set { we

have

Remark 2.15 (Semicontinuity of the total variation under L

|Dg|(2) < liminf [Dg;|(£2).
11— 400

Remark 2.16 (Precompactness and lower semicontinuity of finite perimeter sets along
pmGH converging sequences). Let K € R, N > 1, and {(X;,d;, m;, ;) }ien be a sequence
of RCD(K, N) metric measure spaces converging in the pmGH sense to (Y,dy, u,y). Let
(Z,dz) be a realization of the convergence. Then, the following hold, compare with [6,
Proposition 3.3, Corollary 3.4, Proposition 3.6, Proposition 3.8], and [11].

o For any sequence of Borel sets F; C X; with
Sup‘DXEi‘(BR(Ii)) < +00, VR >0,
1€EN

1
loc*®

e Let FF C Y be a bounded set of finite perimeter. Then there exist a subsequence
i, and uniformly bounded finite perimeter sets E;, C X, such that E;, — F in
L'-strong and |DxE;, [(Xi,) = [Dxrp|(Y) as k — +oo.

e Let f; € BV(X;,d;,m;) converge in L'-strong to f € LY(Y, u). If sup, |Dfi|(X;) <
+00, then f € BV(Y,dy, i), and we have

there exists a subsequence 7, and a Borel set F' C Y such that E;, — F in L

IDFIY) < lim inf | D f|(X:).

Definition 2.17 (Isoperimetric profile). Let (X,d,m) be a metric measure space. The
isoperimetric profile I of X is the function I : (0,m(X)) — [0, +o¢]

I(V) := inf{Per(F) : E C X, EBorel, m(E) =V}.
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2.2.2. Sobolev functions in metric measure spaces

The Cheeger energy on a metric measure space (X, d, m) is defined as the L2-relaxation
of the functional f +— % [lip®f,, dm (see [9] after [46]). Namely, for any function f €
L?(X) we define

Ch(f) = inf{liminf%/lipzfndm‘ (fn)nen C LIPy(X), fn — f in L2(X)}.

n— oo

The Sobolev space HV?(X) is defined as the finiteness domain {f € L*(X) : Ch(f) <

+oo} of the Cheeger energy. The restriction of the Cheeger energy to the Sobolev space

admits the integral representation Ch(f) = % [IVf]?dm, for a uniquely determined

function |V f| € L2(X) that is called the minimal weak upper gradient of f € H2(X).
The linear space H'?(X) is a Banach space if endowed with the Sobolev norm

1200 = 112200 + 2600 = /11 0x) + NIV FI1Z2 0
for every f € H'?(X).
Following [58], when H'?(X) is a Hilbert space (or equivalently Ch is a quadratic form)

we say that the metric measure space (X, d, m) is infinitesimally Hilbertian.
We define the bilinear mapping H'?(X) x H?(X) > (f,g) — Vf-Vg € L'(X) as

IV(f+9)? = IVfI* = Vgl
2

Vf-Vg:= for every f,g € H"*(X).

2.3. Geometric analysis and isoperimetric sets on RCD spaces

We avoid giving a detailed introduction to the theory, addressing the reader to the
survey [5] and references therein for the relevant background. Below we recall some of
the main properties that will be relevant for our purposes.

The Riemannian Curvature Dimension condition RCD(K, co) was introduced in [10]
coupling the Curvature Dimension condition CD (K, o0), previously proposed in [118,119]
and independently in [82], with the linearity of the heat flow.

The finite dimensional refinements subsequently led to the notions of RCD(K, N) and
RCD*(K, N) spaces, corresponding to CD(K, N) (resp. CD*(K, N), see [24]) coupled
with the infinitesimally Hilbertian condition. The class RCD(K, N) was proposed in
[58]. The (a priori more general) RCD* (K, N) condition was thoroughly analysed in [55]
and (subsequently and independently) in [14] (see also [45] and the recent [79] for the
equivalence between RCD* and RCD conditions).

The RCD(K, N) condition is compatible with the smooth notion. In particular,
smooth N—dimensional Riemannian manifolds with Ricci curvature bounded from be-
low by K endowed with the canonical volume measure are RCD(K, N) spaces. Smooth
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Riemannian manifolds with smooth and convex boundary (i.e. non negative second fun-
damental form with respect to the interior unit normal) are also included in the theory
(we refer to [63] for detailed results, also covering the case of weighted manifolds).

We recall that if (X, d) is CBB(0) as in Definition 2.1, then it has a well defined notion
of dimension NV € N, that coincides with the Hausdorff dimension of X (see [3, Chapter
15]). In the following, we will always assume that N > 2 and that a CBB(0) space is
endowed with the N-dimensional Hausdorff measure induced by its distance.

We recall that if (X,d) is an N-dimensional CBB(0) metric space, then the triple
(X,d,H") is an RCD(0, N) metric measure space, see [103,59]. Moreover, (X,d) is a
2-dimensional CBB(0) metric space if and only if (X, d, H?) is RCD(0, 2), see [83]. Anal-
ogous results hold for any lower bound on the curvature.

A fundamental property of RCD(K, N) spaces is the stability with respect to pmGH-
convergence, meaning that a pmGH-limit of a sequence of (pointed) RCD(K,,, N,,) spaces
for some K,, = K and N,, = N is an RCD(K, N) metric measure space

The classical Bishop—Gromov comparison theorem holds [120], that is the functions

HN (B, (z Per(B,(x
b BB | Pl
are nonincreasing on (0, +00) for any = € X. We shall denote by wy for the volume of
the unit ball in R,
Let us now recall some results about sets of locally finite perimeter in RCD spaces.
Given a Borel set £ C X in an RCD(K, N) space (X,d,H") and any t € [0,1], we
denote by E(®) the set of points of density t of E, namely

lim ———— =1t

6 ._ HN(E N By.(x))
E® .— {xGX M N B () }

The essential boundary of E is defined as 9°E == X \ (B UEWM). The reduced boundary

FE C 0°F of a set of locally finite perimeter £ C X is defined as the set of the

points of X where the unique tangent to E, up to isomorphism, is the half-space {z =

(z1,...,2n) € RN 1 2y > 0} in RY; see [6, Definition 4.1] for the notion of convergence.
It was proved in [37] after [4,6] that

Per(E, ) = HY ! zp. (2.2)

Notice that the notion of perimeter that we are using does not charge the boundary of
the space under consideration, if any (see [53,68,35] or the beginning of Section 5 for
background about boundaries of RCD(K, N) spaces (X,d,H™)). Indeed, by the very
definition (see [6, Definition 4.1]), reduced boundary points for F are regular points for
the ambient space X, i.e., RY is the unique tangent cone of X at such points, while the
boundary of the space is disjoint from the set of regular points.
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Moreover, according to [36, Proposition 4.2],

i HY(EN B, (x))

_ pa/2) _ B Br(T))
FE=FE {xGX B VR ES)

1
= 2} ,up to HY " Lnull sets.

2.3.1. Cylindrical splitting
We will need a useful Kasue-type rigidity theorem [69] on RCD(0, N) spaces following
from the results in [73,72].

Theorem 2.18 (Cylindrical splitting). Let (X,d, HY) be an RCD(0, N) space with N > 2.
Let E C X be a bounded open set and denote Q := X \ E. Suppose that Q = u~1(0, +00)
for some locally Lipschitz proper harmonic* function u :  — R such that |Vu| = 1
almost everywhere.

Let (?2,5) be the metric space given by the completion of Q0 endowed with intrinsic
distance induced by d, let m = HN|q, and let (Y, din:) be the metric space given by OF
endowed with intrinsic distance induced by d°.

Then any connected component Qn of (Q,E, m) is RCD(0, N) and it is isomorphic
to either (Yo X [0, 400), dint ® dew, HY) or to (Yo % [0, Do), dint ® deu, HYY) for some
D, > 0, where Yy, is a connected component of Y, and in particular (Ya, dim,HN_l)G 18

int

RCD(0, N —1). Moreover, in the first case there is a, > 0 such that E\{Daa} =dl{usa.}-

Proof. The statement is a convenient reformulation of [72, Theorem 4.11], whose proof
is based on [73], in the case of non-collapsed RCD(0, N) spaces. The very last assertion
follows from the fact that, since w is proper and Y is bounded, one shows that for a,
large enough any geodesic in X with endpoints in Q, N {u > a,}, for an unbounded

connected component €, is contained in €2, hence d|y>a,} = dl{usa,}- O

We mention that a version of Theorem 2.18 holds more generally for collapsed
RCD(0, N) spaces (X,d, m).

As pointed out to the authors by C. Ketterer, the statement of Theorem 2.18 is optimal
in the sense that, in the second part of the statement, it is not possible in general to say
that d|o, = d|o,, as the example of a one-ended round cylinder closed with a disk shows
(see also the introduction of [72]).

2.8.2. Isoperimetric sets and profile on RCD spaces

Let us record here a topological regularity result for isoperimetric sets which is a direct
consequence of the arguments in [91], and the results obtained in [22] and [21].

The set R¥ in the forthcoming statement is the set of points in OF such that at
least one blow-up is a half-space in R¥, see [91, Definition 6.19]. We also recall that

4 Harmonic means [ Vu-Vf =0 for any Lipschitz function f supported in Q.
5 In this setting, the distance between distinct connected components of Q or of Y is infinite.

6 Here HY ' is the (N — 1)-dimensional measure induced by dips.
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with (") we denote the set of points of E that have density ¢ with respect to #", and
O°E := X\ (E® U EM) is the essential boundary of E.

Theorem 2.19. Let (X,d,HY) be an RCD(K, N) space such that H™ (By(z)) > vo > 0
for every x € X. Let E be an isoperimetric set. Then EM is open and bounded, and
the essential boundary O°F is equal to the topological boundary OEM) . We denote OF :=
OEW = 9°F.

Let us assume Ba(z9) N0X =0 for some xg € X. Then, for every y € OE N By(xo),
there exists 0 < s < 1 such that the following holds. For every a € (0,1), there exists a
relatively open set O, C OE N By(y) with RE N Bs(y) C O, such that O, is a-biHdlder
homeomorphic to an open, smooth (N — 1)-dimensional manifold.

In addition, we have that

dim((0F \ R¥) N By(zy)) < N — 3,

where dim denotes Hausdorff dimension.
In particular, if N = 2 and 0X =, the boundary OF of every isoperimetric set E is
a 1-dimensional (possibly disconnected) topological manifold without boundary.

The first part of Theorem 2.19 is stated and proved in [21, Theorem 1.3, Theorem
1.4]. Moreover, the second part of Theorem 2.19 is the analog of [91, Proposition 6.21],
which is a direct consequence of [91, Theorem 6.8]. The statement of [91, Theorem 6.8]
for isoperimetric sets in RCD (K, N) spaces (X, d, H™) follows verbatim from the proof
of [91, Theorem 6.8], and the uniform A-minimality estimates in Corollary 2.23. Finally,
the last part of Theorem 2.19 is the analog of [91, Theorem 6.29], and can be obtained
reasoning verbatim as in [91], and using the density bounds and the uniform A-minimality
estimates in Corollary 2.23.

In the following, we will always assume without loss of generality that any isoperi-
metric set E as in Theorem 2.19 satisfies F = E(M), hence it is open, bounded and
Per(E,-) = HN-1LOE.

We recall the forthcoming result, which has been proved in [23, Proposition 3.1], see
also [22, Proposition 3.11] for the last part of the statement.

Theorem 2.20 (/22,23]). Let (X,d,H") be a non compact RCD(0, N) metric measure
space for some N > 2, and assume that HY (B1(x)) > vo > 0 for every v € X. Let
E C X be an isoperimetric set. Then there exists ¢ € [0,00) such that, denoting by f
the signed distance function from E, in such a way it is positive outside E and negative
inside E, it holds

c

Af<— ¢
g

on X\ E, Afz; on E

, , 2.3
T+ v f (23)

where the bounds are understood in the sense of distributions, see Definition 3.1. More-
over, if ¢ = 0, we have that the rigidity stated in Theorem 2.18 holds with Q = X \ E.
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Finally, for everyt > 0 it holds

. N-1
Per({z € X : d(z,E) <t}) < <1+ N 1t) Per(E). (2.4)
and, for anyt >0,
N-1
Per({z € X : d(z, X\ E) <t}) < (1 — N 1t> Per(E). (2.5)

Remark 2.21 (Mean curvature barrier). We recall that any ¢ for which (2.3) holds is called
mean curvature barrier for the isoperimetric set E, as it plays the role of a constant value
for the mean curvature of the boundary of E. This terminology was introduced in [22].

Let us now recall a couple of results. The mass decomposition result in Theorem 2.22
is proved in [20] building on top of [95,18,21]. The result in Corollary 2.23 can be found
in [22, Corollary 4.17].

Theorem 2.22 (Asymptotic mass decomposition [20]). Let K € R, and N > 1. Let
(X,d,HYN) be a non compact RCD(K, N) space. Assume there exists vo > 0 such that
HN (B (x)) > vo for every x € X. Let V > 0. For every minimizing (for the perimeter)
sequence ; C X of volume V, with Q; bounded for any i, up to extract a subsequence,
there exist an increasing and bounded sequence {N;};eny C N, disjoint finite perimeter
sets 25, Qg)j C Q;, and points p; j, with 1 < j < N; for any i, such that

o lim;d(p; j,pie) = lim;d(p;j,0) = oo, for any j # £ < N and any o € X, where
N :=lim; N; < 00;

e QF converges to Q C X in the sense of finite perimeter sets, and we have HN (Q¢) —;
HN(Q), and Per(Q¢) —; Per(Q). Moreover ) is a bounded isoperimetric region for
its own volume in X ;

e for every 7 < N, (X, d,’HN7pZ-7j) converges in the pmGH sense to a pointed
RCD(K, N) space (Xj,d;, H™,p;). Moreover there are isoperimetric regions Z; C X
such that Q;{j —; Zj in L-strong and Per(Q;{j) —; Per(Z;);

e it holds that

N
Iixaum) (V) =Per(Q) + Y Per(Z;), vV =HN(Q) + Z HN(Z,). (2.6)

Corollary 2.23 (/22, Corollary 4.17]). Let 0 < Vi < Vo < V3, and let K € R,N > 2, vy >
0. Then there exist A, R > 0 depending on K, N, vy, V1, Va, Vs such that the following
holds.
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If (X,d, 1Y) is an RCD(K, N) space with inf e x HY (By(z)) > vo > 0, HN(X) > V3,
and E C X is an isoperimetric region with HN(E) € [V1,Va], then E is a (A, R)-
minimizer, i.e., for any F C X such that FAE C Bgr(x) for some x € X, then

Per(E) < Per(F) + AHY (FAE).

The constant A can be taken to be equal to the Lipschitz constant of the isoperimet-
ric profile I on [V1/2,(Va + V3)/2], and R > 0 can be taken to be a radius such that
HYN (Bgr(x)) < min{V;/2, (V3 — Va)/2} for every x € X.

Moreover there are Cy € (0,1),Cy > 0, R’ depending on K, N, vy, V1, Va, V3 such that

HY (B, (z)
HN (B, (x))

for any x € OF and any r € (0, R].

<1-0C4, Cz—l<w

C; <
1S = rN-1

nE) <G, (27

We finally recall some basic properties of the isoperimetric profile and the asymptotic
mass decomposition on N-dimensional RCD(0, V) spaces. The following Theorem 2.24 is
obtained in [23, Theorem 3.8], specializing the study on the differential properties of the
isoperimetric profile in the case of nonnegative curvature. The result in Proposition 2.25
is proved in [22, Lemma 4.19 and Corollary 4.20].

Theorem 2.24 ([23, Theorem 3.8]). Let N > 1, and let (X,d,H"™) be an RCD(0, N)
space with isoperimetric profile function I. Then the function I~ s concave on
(0,HN(X)). Then, a fortiori, I is concave and strictly subadditive on (0, H™(X)). Fi-
nally, if HN(X) = +oc0o, I is nondecreasing on (0, +00).

Proposition 2.25 (/22, Lemma 4.19 and Corollary 4.20]). Let (X,d,HN) be a noncompact
RCD(0, N) space with N > 2. Let us assume that H™ (By(x)) > vo > 0 for every x € X.
Let {;}ien be a minimizing (for the perimeter) sequence of bounded finite perimeter
sets of volume V in X. Then, if one applies Theorem 2.22, either N =0, or N = 1 and
HN(Q) = 0.

In particular, for any V > 0 there is an RCD(0, N) space (Y,d, H™) which is either
X or a pmGH limit of X along a diverging sequence {p;}; C X, and a set E C'Y such
that HN(E) =V and Ix(V) = Per(E).

Finally, let ¢ be any barrier given by Theorem 2.20 applied to either Q2 or Z1. Then

I' (v) < e < I (v), (2.8)

where I'. and I' denote the right and left derivative, respectively, which exist due to
Theorem 2.2/.
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We conclude this part by stating a useful lemma on the connected components of
complements of isoperimetric sets, consequence of Theorem 2.24. First, we recall the
definition of (number of) ends of a space.

Definition 2.26. We say that a metric space (X,d) has k € N ends with k > 1 if

o for every compact set K C X the set X \ K has at most k¥ unbounded connected
components;

o there exists a compact set K’ C X such that the set X \ K’ has exactly & unbounded
connected components.

Lemma 2.27. Let (X,d, HY) be a noncompact RCD(0, N) space such that HN (By(x)) >
vo > 0 foranyx € X. Let E C X be an isoperimetric set. Then the connected components
of X \ E are unbounded. In particular, if X has one end, X \ E is connected.

Proof. If by contradiction € is a bounded connected component of X \ E, then the set
F := EUQ satisfies HV (F) > HY(FE) and Per(F) < Per(E), which contradicts the fact
that the isoperimetric profile is nondecreasing on noncompact non-collapsed RCD(0, N)
spaces (i.e., the reference measure is #”), see Theorem 2.24. O

2.4. On the asymptotic geometry of CBB(0) spaces

We collect a series of lemmas about the geometry at infinity along CBB(0) spaces,
focusing on the case of spaces having a pointed Gromov—Hausdorff limit along a diverging
sequence equal to a cylinder over a compact space.

Lemma 2.28. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N >
2. Let {p;} be a sequence diverging at infinity on X. Let v : [0, +00) — X be a ray from
o € X such that

1m
io+oo  |op]

=0, lim inf d(p;, v) > 0.
i—+00

Let t; > 0 be such that d(p;,v) = |piy(t:)],” let a; be a unit-speed geodesic from p; to o,
and let B; be a unit-speed geodesic from p; to y(7;), where T; > t; is chosen such that

[piol = Ipiy(7i)l.
Then, for every e > 0 there exists ig € N such that for every i > ig the following hold:

2 4+ 52+ 2rs(1 —¢e) < |oi(r)Bi(s)]?, for all r,s < |op;|, (2.9)
o ™ [3 ™ o
Z(p)54) — 5’ + ll(pi)zgii)) - 5‘ + ’Z(pi),y(n) —r|<e (2.10)

7 Notice that, from the hypothesis, t; > 0 for i large enough.
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Proof. By triangle inequality we estimate
Ti =T — ti + [y(ti)ol > [piv(mi)| — |piy(ti)| + lopil — [piv(t:)| = 2|opi| — 2|piv(ti)],
and since |op;| — |piy(t;)] = d(v(0), p;) — d(pi,y) > 0, then
77 2 4(|opi| = Ipiv(t:)])*. (2.11)
By monotonicity we get

r? 45 —Jaa(r)Bi(s)* _ 2lopil* — [y(0)y(m:)[* _ 2Jopi|* — 77
2rs

2|op;|? 2|op;|?
2|opi|? — 4(|opi| — [piv(t:)])?

- 2|op;|?
d () 2 d 79

_ 4 _odl 72) L 7),
|0pz‘| |0pz'|

for any 7, s € (0, |op;|). As the right hand side tends to —1 as ¢ — +00, estimate (2.9) is
proved.

Now denote o; = [p;y(t;)]. Up to subsequence, let (X,d,p;) converge in pGH sense to
a limit space (Y, doo, Poo). By monotonicity, hinge condition, and (2.11), exploiting the
hypotheses we find

. t: 2 12 _ t2
liminf Z(p;)];,) > liminf arccos <|pﬂ( )" + lop| d >
i ' i 2|piy ()| lopil
(Imv(ti)l2 + iy (t)* + 87 — t?) T
2Ipiy(t:)] |ops| 2’
<|P¢’Y(tz‘)2 + |piy(m)]* — (1 — fz‘)2>
2lpiy(ti)| |opil
iy () [* + [piy (ta) | + (1 — t)* — (i — ti)Q)
2|piy(ti)| lopil
12 ()2 2
lim inf Z(p;)],,) > lim inf arccos <|Opl| +lpiy()l — = )
i ' i 2[opi| [piy(7:)]

(2.11) 2|op; |2 — 4(|opi| — |piy(ts)])?
> lim_infarccos( o] (o] 5 Py (t:)D) > =.
i 2|op;|

> lim inf arccos
K3

lim inf A(pz)zgt;)) > lim inf arccos
4 N %

. T
> lim inf arccos < =3
(2

On the other hand, by four point comparison we have that

A0 (4)pioi(t) + £0G:(4)piBs(t) + L0 (t)piBi(t) < 2,

for any ¢ and t > 0 sufficiently small. Letting ¢ — 0 this implies
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L(pi) 20 + £(pi)2

) o
~(70) )+ L(pi)5r <2,

t;
i

v(ts)

for any i. Taking into account the previous lower bounds on the angles A(pi)v(r),

Z(pl)zgff)), Z(pi)S s, estimate (2.10) follows. O

We mention that the following Lemma 2.29 generalizes to arbitrary dimensions and
arbitrary diverging sequences the result in [121, Lemma 2.12], that appeared on arXiv
while the present paper was being completed. Later, we found that this property had
already observed in a work of Kleiner—Lott, [76, Page 2852, Appendix G].

Lemma 2.29. Let (X,d) be a noncompact N-dimensional CBB(0) metric space with N >
2. Let {p;} be a sequence diverging at infinity on X. Then every pGH limit of (X,d,p;)
splits a line.

Proof. Let us fix a base point o € X. Let us first prove the following claim: there exists
aray v : [0,4+00) — X such that y(0) = o such that

d(pi, )
1—+oo |0pi |

= 0. (2.12)

Indeed, let «; : [0, |op;|]] = X be a segment from o to p;, and let « : [0,400) — X be
the local uniform limit of +; as ¢ — +oo. Thus, 7y is a unit-speed ray from o. Let us now
prove (2.12).

Fix e > 0 and take ig(¢) > 1 such that for all i > ig we have |op;| > 1, and |v;(1)y(1)| <
. Let us fix i > 79. We can now estimate

d(pi,7) _ piv(lopiDl _ hillopil)y(lopi))]
lopil = |opi |opi

< (@) <e, (2.13)

where in the second-last inequality we used |op;| > 1 and the fact that for any two
geodesics «, 8 : [0,¢] — X with «(0) = 3(0) we have that

)81

[0,(] >t — :

is nonincreasing in ¢ as a result of item (2) of Definition 2.1. Thus (2.13) gives (2.12).

Let us now conclude the proof of the Lemma. Let (Y, dy,y) denote the pGH limit of
(X,d, p;), up to subsequence. Let us consider the ray v constructed as in the first part
of the proof. For every i sufficiently big, let us take ¢; such that d(p;,vy) = |p:sv(t;)|, and
7; > t; such that |p;v(7;)| = |ops|. Let us now distinguish two cases:

o If liminf, 4o d(ps,y) = 0, thus the pGH limit of (X,d,~(¢;)) is isometric to Y.
Notice that t; — +o00. Since v is a ray, if we consider 7;(t) : [—t;, +00) — X defined
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by 7 (t) := vi(t + t;), we get that it converges locally uniformly to a line in Y. Thus,
applying the splitting theorem, we get that Y splits a line.

o If liminf; 4. d(p;,y) > 0, we can apply Lemma 2.28. Let «, 8; be defined as in
Lemma 2.28. Let ao, B0 the local uniform limits of ay, 5; in Y. Notice that ey, oo
are two rays starting from y € Y. Thus, for every ¢t > 0 we have |a ()0 (t)] < 2t.
On the other hand, we can apply (2.9) to get that, for every ¢ > 0,

|t (£) Boo (£) ] > 2t

Thus the curve 6 : R — Y such that 6(t) = Boo(t) for t > 0 and (t) = aeo(—t) for
t <0 is a line, and Y splits thanks to the splitting theorem. O

Remark 2.30. The previous Lemma 2.29 fails in the class of RCD(0, N) metric measure
spaces. The example in [71, pp. 913-914], see also the discussion in [17, Section 1.4], is a
complete Riemannian manifold with Ric > 0 such that it does not split a line, and there
exists a pointed Gromov Hausdorff limit at infinity that is isometric to the same space.
Another example is given by the Grushin-halfplane with a properly chosen measure that
turns it into an RCD(0, N) space, see [52, Remark 3.9].

Lemma 2.31. Let (X,d) be a noncompact N-dimensional CBB(0) metric space with N >
2. Let {p;} be a sequence diverging at infinity on X. Let v : [0,400) — X be a ray
emanating from o € X such that

Let us assume that (X,p;) pGH-converges to (R x K, (0,kq)) for some compact K, with
ko € K. Then

limsupd(p;,v) < diam(K).

1—400
Proof. We can assume that ¢ := limsup,d(p;,y) = lim;d(p;,y) > 0. Let t; > 0 be
such that d(p;,v) = |[piv(t:)|, and 7; > ¢; such that |p;o| = |piy(7:)|. Let a; = [p;0],
Bi = [piv(7:)], and o; = [p;y(¢;)]. Passing to the pointed limit, «;, 8; converge to rays
from (0, ko) whose union is a line. Exploiting Remark 2.8 and Lemma 2.28, one sees that
the limit o, of g; is orthogonal to such line. Hence applying Proposition B.1 one easily
gets that the length of 04, is no more than diam K, implying the claim. O

Corollary 2.32. Let (X,d) be a noncompact N-dimensional CBB(0) metric space with
N > 2. Let {p;} be a sequence diverging at infinity on X such that (X, p;) pGH-converges
to (R x K, (0, ko)) for some compact K, with ko € K. Fizo € X.

Then the ray v : [0, +00) — X emanating from o given by the limit, up to subsequence,
of the geodesics [op;] satisfies lim; d(p;,~y)/|opi| = 0 and there exists a sequence t; — +00
such that (X,~(t;)) pGH-converges to R x K.
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Proof. The fact that lim; d(p;,v)/|op:| = 0 has been already observed in (2.12). Hence
the full statement follows by applying Lemma 2.31. O

Lemma 2.33. Let N > 2, and let (X,d) be an N -dimensional noncompact CBB(0) metric
space. Let p; be a diverging sequence of points on X such that (X, p;) converges in the
pGH topology to R x K, where K is compact.

Then X splits no lines if and only if X has one end.

Proof. If X splits no lines, then obviously X has one end. So assume X has one end.
Without loss of generality we can rewrite the space as X = R’ x Y, where Y does not
split lines, for some integer £ > 0. We aim at showing that £ = 0.

So assume by contradiction that ¢ > 1. The points p; have the form p; = (v;,y;).
Since (v,y) — (v —v;,y) is an isometry, we have that (X, (0,y;)) converges to R x K, so
let us assume that v; = 0 for any . If {y;} remains in a compact subset of Y, then X is
isometric to R x K, and thus it has two ends, that is impossible. Hence Y is noncompact
and y; diverges along Y, up to subsequence.

Fix a point o = (0,y0) and let v,¢; be given by Corollary 2.32. Hence, from Propo-
sition B.1, v = (0,0) and o is a unit-speed geodesic in Y from yo. Pick w € R? with
unit norm and consider a(t) := (tw,yo). Hence |a(t;)y(t;)|*> = 2t7. Define the curve

B 0,v/2t;] = X by
Bi(s) = (%tjiwv“ ((1 B ﬁ) t)) '

Hence 3;(0) = v(t;), B:(v/2t;) = a(t;), and |3/ = 1 almost everywhere, that is, 3; is a
geodesic from ~(t;) to a(t;). Up to subsequence, the lines t — (¢t —t;) converge to a line
7 through some (0, k) € R x K along (X,v(t;)), and the geodesics 3; converge to a ray
B from (0, ko).
An immediate computation shows that 47@0%@) = 7 for any i. Moreover such
)

angles pass to the limit by Remark 2.8, hence Z(0, ko)g((;)l = 7. But Proposition B.1

implies that B(t) = (£, ko) or B(t) = (—t, ko) for any t > 0, which implies Z(0, ko))" €

{0, 7}, giving a contradiction. O

Lemma 2.34. Let (X,d) be a noncompact N -dimensional CBB(0) metric space with N >
2. Let v : [0,4+00) — X be a ray emanating from o € X such that, for a sequence
t; = +oo, (X,v(t;)) pGH-converges to (Rx K, (0, kg)) for some compact K, with kg € K.

If X has one end, then the asymptotic cone to X is isometric to a halfline
([0, 400),deu) endowed with Euclidean distance dey.

Proof. We want to show that the ideal boundary X, of X contains only a point. Assume
by contradiction that there is a ray ¢ from o such that lim; .o |y(¢)o(t)|/t = > 0.
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We claim that there exists € > 0 and iy € N such that
|’7(tl‘)0'(ti)| < (1 — E)2ti Y1 > 1. (214)

Indeed, suppose instead that there is e; \, 0 and a subsequence ¢; such that
|v(ts;)o(ti;)] > (1 —g5)2t;, for any j. The sequence of blow-downs (X,d; = ti_jld,o)
pGH-converges to the cone (C(X),dc,0c) over Xo. The curves v;(t) = v(t;, t),
o;(t) := o(t;,; t) are rays from o in (X,d;) and, up to subsequence, converge to limit
rays Yoo, 0co il the asymptotic cone. Moreover (1 —¢;)2 < d;(v;(1),0,(1)) < 2, which
implies that do(Yeo(1),000(1)) = 2. Thus § = 2, and we get that for every ¢ > 0,
do(Yoo(t),000(t)) = 2t. Thus n : R — (X&) given by n(t) = vo(t) for t > 0 and
N(t) = 0oo(—t) for t < 0 is a line in C'(X ). Then Theorem 2.11 implies that X splits a
line, but, since X is assumed to have one end, this contradicts Lemma 2.33.

Consider now a sequence of geodesics «; from (t;) to o(t;). Observe that the length
L(a;) = |y(t;)o(t;)| ~ dt; = 400 by absurd hypothesis, as i — oo.

Let Aov(t;)a(t;) be a comparison triangle for Aoy(t;)o(t;). By (2.14) there is €1 > 0
such that

_ (2.14)
()5 = L0(t)g0y = e1>0  Vi>ig, (2.15)

where the first inequality follows by angle condition.
On the other hand, we claim also that there is €5 < 7 such that

21(t:)30,) < 2 (2.16)

for any sufficiently large i.

Indeed, suppose that, up to subsequence, lim; é'y(ti)g( ) =T Consider the sequence
of blow-downs (X, d; := t; 'd,0), which converges to the asymptotic cone C'(X.,) of X.
Similarly as above, the curves ~;(t) := v(¢; ), 0;(t) :== o(t; t) converge in the asymptotic
cone to limit rays e, 000 from a tip oc. Also the geodesics &;(t) := «;(¢; t) converge to
a geodesic @oo from o (1) to goo(1). Observe that L(ds) = § > 0 and then @y is non-
constant. By Remark 2.8 the angles 47(ti)§(ti), which are invariant under the rescaling
of the distance, pass to the limit, therefore Zv50(1)< (1y = 7 But this contradicts
Lemma 2.12.

Now we want to show that (2.15), (2.16) lead to a contradiction. Up to subsequence,
along the sequence (X,~(t;)) the curve «a; (resp. v;(t) := ~(t — t;)) converge locally
uniformly to a ray s from (0, ko) (resp. to a line 7o, through (0, %)) in R x K. Up to
subsequence, by Remark 2.8, angles pass to the limit and then 0 < g < Z(0, ko)li,‘;(@)” <
€9 < m, which contradicts the third bullet of Proposition B.1.

Therefore we conclude that § = 0, that is, every ray is equivalent to v and X, is a
point. O
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Remark 2.35. In the setting of manifolds with nonnegative Ricci curvature and linear
volume growth, it is known that the diameters of the level sets of any Busemann function
grow sublinearly [116, Theorem 1], and the asymptotic cone can be either a half-line or
a line, see also [115]. Moreover, in the same setting, an almost splitting theorem for
cylinders on level sets of a Busemann function is proved in [116, Theorem 34], where
the GH-closeness is in term of the diameters of the level sets of the Busemann function.
For statements analogous to the previous ones on RCD spaces, see [64,65]. After the
recent [123], it is known that the conclusion of Lemma 2.34 holds on one-ended smooth
manifolds with nonnegative Ricci curvature and linear volume growth.

3. Structure of asymptotically cylindrical CBB(0) spaces

Definition 3.1. Let (X,d) be a noncompact N-dimensional CBB(0) metric space. Let
F: X — R be a locally Lipschitz function and let v be a Radon measure on X. We say
that F' has measure Laplacian if there exists a Radon measure p on X such that for any
Lipschitz function f on X with bounded support, there holds

/VF-VdeN:—/fdu.

In such a case we write AF = p.
We say that AF > v if F' has measure Laplacian and

—/VF~VdeN2/fdu,
for any nonnegative Lipschitz function f on X with bounded support.

Definition 3.2 (Busemann function). Let (X, d) be a noncompact N-dimensional CBB(0)
metric space. Let 7 : [0,+00) — X be a ray emanating from o € X. For any t > 0 we
define F} : X — R by Fy(z) :=t —d(x,7v(t)).

By triangle inequality, F} is 1-Lipschitz and F; < F§ for any ¢t < s. The locally uniform
limit F(z) = lim;—, 4 Fi(x) is called the Busemann function associated to ~.

Remark 3.3. Let (X,d) be a noncompact N-dimensional CBB(0) and let F' be the Buse-
mann function associated to some ray . Then

e lip F(x) =1 for any point z € X,
e F has measure Laplacian AF > 0.
o For any r < R there exists a 1-Lipschitz surjective map ¥ : {F = R} — {F =r}.

Indeed lip F' < 1 being F' the uniform limit of 1-Lipschitz functions. Also let z;. :=
[zv(t)](g), for t,e > 0, and x € X. On a sequence t,, — 400 we have that z,, . — 2z €
OB (x) and
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F() = Pl _ o o) = Fiy (1,.0)

=1.
|z 2| n €

W = 1. The second item follows from [58, Propo-

sition 5.19]. Finally, the third item follows by the fact that F' is a convex function, see

Hence lip F(z) > limsup,_,,

[48], and then there exist well-defined gradient curves of F' starting from any point, see
[102, Proposition 2.12].

The next lemma follows from Lemma 2.34 together with a non-smooth version of
[70, Theorem 4.3]. An alternative proof consists in arguing by contradiction, exploiting
Lemma 2.34 and the monotonicity condition; details are left to the reader.

Lemma 3.4. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N > 2.
Let v : [0,4+00) = X be a ray emanating from o € X such that (X,~(¢;)) pGH-converges
to (R x K, (0, ko)) for some compact K, with kg € K. Suppose that X has one end. Let
F be the Busemann function associated to ~y.

Then {F < T} is compact for any T € R.

Remark 3.5. Using our convention of signs, it is known that —sup,, Fl,, where v are rays
emanating from a fixed point, is proper on Riemannian manifolds under the nonnegative
sectional curvature assumption [48], and similarly for nonnegatively curved Alexandrov
spaces. On manifolds with nonnegative Ricci curvature and linear volume growth every
Busemann function is proper, and this comes from [114, Theorem 19], while in general
it might be false due to the very recent example by J. Pan and G. Wei [99].

Lemma 3.6 (Monotonicity of diameters). Let (X,d) be a noncompact N -dimensional
CBB(0) metric space with N > 2. Let 7 : [0,+00) — X be a ray emanating from o € X.

Let F be the Busemann function associated to vy.
If there exists a sequence t; — 400 such that {F <t;} is compact for any j, then

diam{F = r} < diam{F = R},
for any r < R.
Proof. Apply the third item in Remark 3.3. O
Proposition 3.7. Let N > 2, and let (X,d) be a noncompact N-dimensional CBB(0)
space. Let v be a ray emanating from o € X. Let F be the Busemann function associated

to the ray 7. Let t, > 0 be a nonnegative real number such that d(g,v) = |qv(te)l|, for
any q € X. Then, for every g € X

Flq) > t,. (3.1)
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Let us further assume that there exists a constant C > 0 for which

d(p,v) < C,

for allp € X. Then, for every e > 0 there exists R > 0 such that for every q € X with
|go| > R we have

F(q) <ty +e. (3.2)

Proof. Fix ¢ € X, and let ¢; be as in the assumptions. Let ¢ > ¢, be an arbitrary real
number, and let us denote pg = y(t,)-
Let us first prove the lower bound. By the hinge condition on (pq)g(t) and the fact
that l(pq)g(t) = m/2 by Lemma 2.2, we get that
2 2 2 o (_lapgl®
0 < g + o OF < (- 0 (2255 1) and ehen

£ ta) (3.3)

|apy|?
t) < (t—t 1 .
lgy(t)| < (t—tq) ( + 2t —t,)2
From the last inequality, together with the fact that d(p,v) < C, we get that

02
2(t —tq)’

and taking t — 400 in the previous inequality we get F'(q) > t4, that is the sought lower
bound.
Let us now prove the upper bound.

Claim 1. For every ¢ > 0 there exists R = R(§) > 0 such that the following holds. For
every ¢ € X with |og| > R there exists T = T'(d, q) > 0 such that for every ¢t > T and for
every unit speed geodesics o, 8 connecting ¢ to o, and ¢ to y(t), respectively, we have

2402 4 25r(1 - 0) < |o(s)B(E, VE=T, vre(0lqr(t)), Vs € (0, ]ogl).

Let us prove the above Claim with some estimates that are similar to those in the proof
of Lemma 2.28. By the monotonicity condition, and the hinge condition, together with
Lemma 2.2, we have

s2 4+ 72 —|o(s)B(r)|? < log)? + |qv(t)]? — t2 - t?I + 2|gpg|* + (t —t)* — 12
2sr = 2logllgv(t)] B 2|ogl|q(t)]
_ (t —tq)tq |qpq|2
logllgy(®)| ~ logllgv(t)]

(3.4)

From the triangle inequality we have t, > |og| — |gp,|, and thus
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t

|og| log| -

Moreover, from the triangle inequality we also have

0] 2 (¢~ 1) ol = (1= 1) (1 220 (36)

Putting the second of (3.3), (3.5), and (3.6) in (3.4) we finally get

st —lo(s)p(r)P _ 1 (1 B quql) P 1 57
2s7 T+ gl loal /-~ loal(t —tg) 1 — lezal '

Now, inspecting the previous inequality, one immediately realizes that, since |gpq| =
d(gq,v) < C by assumption, for every fixed 6 > 0 one can find R such that the statement
of the Claim holds.

Claim 2. For every ¢ > 0 there exists R = R(e) > 0 such that the following holds.
For every ¢ € X with |og| > R, and that does not belong to the ray -, there exists
T = T(q,0) such that for every ¢t > T we have |gv(t)| > |og|, and

quq(t) <7/2+e.

Let us prove the above Claim with some estimates that are similar to those in the proof
of Lemma 2.28. First, by taking T large enough with respect to ¢ we can always choose
T in such a way that for every ¢t > T we have |¢y(t)] > |og|. By exploiting the hinge
condition and |gy(t)| > |og| we get

loal* + lapg|® — g _ lapal® + 15 + lapal® = t5 _ |qpq|

< = , 3.8)
Nogllapa] odlapa] od (
lapg? + 1y () = (t = t)? _ lapal® +lapg|® + (¢ —tg)* — (t —14)* _ lapg| _ |apy|
2|qpqllay(t)] - 2|qpqllgy(t)] lgy(t)| — og|
(3.9)

By using (3.8) and (3.9), and noticing that |gps| = d(g,7) < C, we can find R big enough
such that

min{ /g5 , Z¢)"}

2 2_ 42 2 2 (442
> min {arccos <0q| + lapd| 2], arccos (|qpq| + gy (t)]* = (t —t,) >

2|oq||gp,| 2|qpqllgy(t)]

>

)

ol
N | ™

(3.10)
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for every g € X that is not on v, with |og| > R, and for every ¢ sufficiently big depending
on g. Moreover, by using the Claim 1, see in particular the first inequality in (3.4), we
have that, by taking a possibly larger R, we can also ensure

2@ > 1 — % (3.11)

for every g € X that is not on v, with |og| > R, and for every ¢ sufficiently big depending
on ¢. Finally, by the four-point comparison, as in the end of Lemma 2.28, we get that

Zgy + éq;’q(t) + 28] < 2m.
By comparing the previous inequality with (3.10), and (3.11) we finally get

LGV < T +e,

which is the sought claim.

Let us now finish the proof of the upper bound. We can assume without loss of
generality that ¢ is not a point of the ray . Let us fix ¢ > 0. Let us consider ¢/ > 0
small enough such that the following implication holds

0§a§g+6':>—0cosa§s. (3.12)
Now, by using Claim 2, we can find R = R(¢’) > 0 such that for every ¢ € X with
log] > R that does not belong to the ray -, there exists T'= T'(q, §) such that for every
t > T we have

Lq;q(t) <7/2+¢€.

Now, by the hinge condition, by (3.12), and the fact that |gp,| = d(g,v) < C we have
that for every q € X with |og| > Rand t > T,

(t—t)* < lgpgl* + lgv(®)* = 2lgpqllg ()| cos L)

ap
< lgv(®)? (1 1 lapa

lgy@)12  lgv(@®)])’

and then, for ¢ sufficiently big,

) lqpq|? €
(t —tqg) < lgy(t)] (1 T T |q’y(t>|) - (3.14)
t-lgr®)] <t + 220l
ay
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Finally, taking ¢ — 400 in the previous inequality we get, by exploiting that |gp,| =
d(g,v) < C, and |gy(t)| = 400, that F(q) < t,+¢ for every ¢ € X with |og| > R; which
is the sought upper bound. O

Let us now prove a Lemma that provides a bound on the distance of points from a
ray in a CBB space whose asymptotic cone is a half-line.

Lemma 3.8. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N > 2.
Let v : [0,4+00) = X be a ray emanating from o € X such that (X,~(¢;)) pGH-converges
to (Y,y) := (R x K, (0,kp)) for some compact K, with ko € K.

Let us assume X has one end. Then

limsup max d(p,7v) < 4o0. 3.15
msup max (p.7) (3.15)

Moreover, if F is the Busemann function associated to -y, see Definition 3.2, we also
have that

lim sup max}d(p,y) < +o0. (3.16)

i—+oo {F=t;

Proof. Since X has one end, t; — 400, and without loss of generality we can assume
that t; is increasing.

Proof of (3.15). By using Lemma 2.34 we get that the asymptotic cone of X is a half-line.

As a consequence we get that

. maxgp, (o) d(p,7)
1m

i——+o00 tl

=0. (3.17)

Indeed, if not, we can find, for 4 sufficiently big, points ¢; € 0B (0) such that
d(gi,v(t:;)) > d(gi,7y) > t;9, for some § > 0. Then, in the realization of the convergence
of (X, ti_ld, 0) to the asymptotic cone, ¢; and ~(¢;) are converging to two different points
in the boundary of the unit ball centered at the tip of the asymptotic cone. Anyway, this
is not possible since the asymptotic cone is a half-line.

Let us assume, by contradiction, that up to subsequences we have

li d(p,~) = +oo0. 3.18
S, max, (p,7) = +o0 (3.18)

Let us denote by M; := mMaxyp, (o) d(p,v) and by d; := d/M; the rescaled distance.

Claim 1. We aim now at showing that for every € > 0, and » > 1, we have that, for
every i > ig,

B (y(t:)) C {p: di(p,7) <&} (3.19)
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In order to prove (3.19) let us prove that for every € > 0, and for every r > 1, we have
ic such that

d(o(t),7) < eM;, (3.20)

for every i > i., and for every segment o : [0,7] — X such that o(0) = 7(¢;), and
T S ’I“Mi.

If not, up to passing to subsequences, we have o; : [0, T;] — X such that 0;(0) = v(¢;),
T; <rM;, and for s; € [0,T;] we have d(o;(s;),v) > eM;. Notice that, since M; — +0o0
both s;,T; — 4o0c. Then, up to subsequence, o; locally uniformly converge to a ray
o :]0,4+00) = X in the limit Y emanating from y. Moreover v; := (¢t + t;) converge
to a line £ such that £(0) = y. By Proposition B.1 we either have that o = £|jp o) or
g = €|(—oo,0]~

Thus we have, where in the following we take the sign + when o = £|[0,+Oo) and the
sign — when o = £|(_ 0,

(O (t; £ 1))? U2 — g ()v(t: +1)|2
lim  lim (l_w>: i Tim o3 (B)y(t: £ 1)

i—+00 t—s0+ 2t2 i—4o0 t—0+ 2t2 (3.21)
= lim cos Zol(0)(yF) (t:) = 1,
i——+00

where we are using the convergence of angles, see Remark 2.8. Thus

=0.

lim lim
i——+00 t—0t

|oi(t)y(t: £ 1))
t

Notice that, for i sufficiently big, ¢; — s; > t; — rM; > t;/2, since M;/t; — 0. Then, for
1 sufficiently big we can estimate, by using the monotonicity condition in Definition 2.1
and the fact that s; < T; < rM;

< si— < M;

Mﬁtit)\ (3.22)

€ €
M, < d(o:(s; <lo:(s)v(t; + s.)| < s: i = e
eM; < d(oi(s:),7) < loi(si)y(ti £ si)| < si Rt o 5
which is a contradiction. Thus (3.20) is established. Now, from (3.20) we immediately
get the sought claim (3.19).

Let us now exploit the Claim 1, and in particular (3.19), to find the sought con-
tradiction. By the very definition of d; and M; we get that, for every 4, there exists
pi € 8Bg;/Mi (0) such that d;(p;,y) = 1. Let us denote 7;(-) := v(M;-) for every . Thus
there exists s; € [0,400) such that d;(p;,y) = di(pi,vi(si)) = 1. We can estimate, by

using the triangle inequality,

(3.23)

t;
1 = dilps,vi(s0)) > [di(pi 0) — di0,7i(51))] = ‘ﬁ s,

Thus,
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di(pi, (i) = di(pi, vi(ti/M;)) < dipis vi(si)) + di(vi(si), vi(ts /M) (3.24)
=1+ M; ' (Misi), (1) < 2 '
where in the last inequality we are using (3.23). Notice that, for ¢ large enough, the
previous inequality gives the sought contradiction. Indeed from (3.19) with » = 2 and
e =1/2, and from (3.24), we deduce that for i large enough we have p; € B3 (y(t;)) C
{p: di(p,7y) < 1/2}, and thus d;(p;,y) < 1/2, while on the contrary we have d;(p;,v) = 1.

Proof of (3.16). By Lemma 2.33 we get that the asymptotic cone of X is a half-line. We
now claim that

lim sup —d (p,7)

=0. (3.25)
R—+00 e X\ Br(o) 0P|

Indeed, if not, we have a sequence of diverging points p,, such that d(p,,~) > d|op,| for
all n € N, and for some 6 > 0. Thus we have |p,v(lopn|)| > d|op,|, and rescaling the
|~ we get that the boundary of the ball of radius one in the asymptotic
cone has at least two points, which is a contradiction because it is a half-line.

metric by |opy,

Now, since the level sets of F' are compact, see Lemma 3.4, we get that there exist
R; — +oo such that {F =t;} € X\ Bg,. Now by the triangle inequality, see in particular
(3.5), and by (3.1) we have that for every ¢ € {F = ¢;} the following inequality holds

d(cm)) .

|og]

uF@zszqO

Thus, by exploiting the previous inequality we get that for every i € N and ¢ € {F =¢;}
we have

dlg,y) _dlgy) 1

o logl 1%
[og]

Hence, by also using (3.25), and the fact that {F = t;} C X \ Bp, for a sequence of
R; — o0, from the previous inequality we conclude that

lim  max 90 g (3.26)
imtoo {F=t;} t;

which is the analog of (3.17).
Let us assume, by contradiction, that up to subsequences we have

li d(p, ) = +00. 3.27
| max, (p,7) = +o0 (3.27)

Let us call M; := max p_;,;3d(p,7). Observe that M; < 4oc by Lemma 3.4. Denote
d; :=d/M].
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Claim 2. We aim at showing that for every € > 0, and r > 1, we have that, for every
i > i,

’

Bri(y(t:)) C {p: di(p,7) < e} (3.28)

Notice that the proof of the previous claim can be done arguing verbatim as in the
proof of (3.19), where we only exploited (3.17), whose analog we proved in (3.26), and
(X, y(t:)) = (R x K, (0, ko)).

Claim 3. For every ¢ there exists z; € {F = t;} and 7, € [0,+00) such that 1 =
di(xs,v) = di(xs, v(1;)). We claim that

. . t=7 —d(z, (1))

=0. (3.29)

In order to prove (3.29), let us introduce two symbols that will simplify the notation.
We denote by or(1) an arbitrary function of p € X such that for all € > 0 there exists
R. > 0 such that for every ¢ € X \ Bg_(0) we have |og(1)] < e. Moreover, we denote
by 0% (1) an arbitrary function of p € X, and ¢ > 0 such that for all ¢ > 0 there is an
R. > 0 such that for every ¢ € X \ Bgr_(0) we have |0%(1)] < ¢ for every t > T,, where
T, might depend on q.

By the computations in (3.4) and (3.7), together with the information in (3.25), we
get

log|? + [qy(t)|? — ¢
2|oq||q(t)]

< —1+0%(1).
Furthermore, by the computations in (3.8) and (3.9), together with (3.25), we deduce

that

log|* +d(q,7)? — 2
2|og|d(q,)

< ogr(1),

and

d(g,7)” + gy () ]> = (t — t4)?

2d(q,7)lq(t)] < oll):

where ¢, > 0 is any real number such that d(g,~) = d(q,7(¢,)). Using the previous three
inequalities, together with the four-point comparison, as done, for example, in the end
of the proof of Claim 2 of Proposition 3.7, we conclude that

d(g )+l = (t—t)* _ (1. (3.30)

2d(g,7)]g7(?)] —oR

Thus, since d(q,7)*/(d(q,7)lgv(t)]) = 0k (1) by (3.25), from (3.30) we get
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(v ()] = (= t) (O + (= tg) _ larv(O)* = (E—t)* _ (1. (3.31)

d(q,7)lgy(t)] dig. ey "

From the triangle inequality, see (3.6), and the inequality in the second line of (3.3), we
get

d(¢,7) _ lov®l _ d(q,7)?

1-— 1+ ———
[ty = bty 2t tg)?
and thus
lgy(@)] + (t —tq) ¢
IR 7 ") 1 4 oly(1). (3.32)
gy (1) f
From (3.32) and (3.31), we finally get
) —(t—t

d(q,7)

Now, (3.29) is a direct consequence of (3.33) and how 7; is defined.

Let us now exploit the previous claims to find the sought contradiction, and then
conclude (3.16). By using the notation in the Claim 3 above we have

ti  F(x) . t—d(x,y(t) t—7; —d(z;, (1)) Ti

K2

and thus, by exploiting (3.29), we conclude

ti —T;
M}

lim
1—+o00

Thus, for ¢ large enough, we have

di (i, (i) < di(@s,y(73)) + di(v(7),v(t:)) < 2.

In particular, choosing r = 2,¢ = 1/2 in (3.28), for i large enough we have z; €
BS’(’y(ti)) C{p e X :d(p,v) < 1/2}, which is a contradiction since d}(x;,7) =1. O

Putting together the previous results, we obtain the following theorem, which charac-
terizes CBB(0) spaces having a pGH limit at infinity equal to a cylinder over a compact
space as those spaces which are tubular neighborhoods of some line or ray.

Theorem 3.9. Let N > 2, and let (X,d) be a noncompact N -dimensional CBB(0) metric
space. The following are equivalent.
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(1) There exists a diverging sequence of points p; on X such that (X,p;) converges in
the pGH topology to R x K, where K is compact.

(2) Either X is isometric to R x K, or X has one end and there exists a ray v :
[0,400) = X and a constant C such that

d(p,y) < C forallp e X.

Proof. Implication (2)=-(1) is trivial. Implication (1)=-(2) easily follows combining
Corollary 2.32, Lemma 3.8, and Lemma 3.6. In fact, if X has one end, the previous
results yield a ray v : [0,400) — X emanating from a point o and a uniform upper
bound on the diameter of any level set of the Busemann function associated to . Since
any level set {F =t} contains ~y(t), for ¢ > 0, the claim follows. O

Theorem 3.10. Let N > 2, and let (X, d) be a noncompact N -dimensional CBB(0) metric
space such that HN (B1(x)) > vg > 0 for some vy > 0 for every x € X. Let v : [0, +00) —
X be a ray such that, for some constant C > 0,

d(p,v) <C, forallp e X.

Let t; — +oo and assume that (X,v(t;)) pGH-converges to (R x K, (0, ko)) for some
(N — 1)-dimensional compact CBB(0) space K.

Let us denote by f : R x K — R the coordinate function f(t,k) =t. Let F; := F —t;.
Then the following hold.

e For every j € N and every T > 0, the set {F; < T} is compact.
e Iy converges locally uniformly to f along the pointed sequence of converging metric

spaces. In particular, for any s, s1,s2 € R with s1 < sa, we have that

{F; <s} = {f <s}, in Li,.-strong,

(3.34)
{s1 < Fj < s2} = {s1 < f < s2}, in L*-strong.
e For any s € R, the set {F < s} has finite perimeter and
Per({F < s1}) < Per({F < s2}), Y s1,82 € R with s1 < s2, (3.35)
lim Per({F; < t}) = hrf Per({F < s}) = HV 1K) vVt eR. (3.36)
7 s—+o00

Moreover, if Per({F < 5}) = HN~Y(K) for some 5 € R, then there exists so > 5 and
a connected component {F = 5} of ({F = 5},dint) such that ({F = so},d|{p=s,})
and ({F = 5}4,dint) are isometric to K, and (X \{F < so},d|x\{r<s,}) is isometric
to ({F = so} x [0,+00),d|{p=sy} ® deu), which is isometric to K x [0,400).
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In particular X \ {F < so} splits isometrically as a connected cylindrical end® and

HYHK) = HYTH{F = so}) = Hin ' ({F = 5}a),

int

where HY: ! is the (N — 1)-dimensional Hausdorff measure on ({F = 5}4,din;) and
dint s the intrinsic distance on {F = s}.
e Ifq; is an arbitrary sequence of diverging points on X, then up to subsequences (X, q;)

pGH-converges to R x K.

Proof. Observe that the assumption implies that X has one end. The first item follows
from Lemma 3.4. Since HY(Bi(z)) > vy > 0 for some vy > 0 for every z € X, the
convergence of (X, v(t;)) to R x K holds in pmGH-sense by [53]. The fact that F; locally
uniformly converges to f immediately follows from Proposition 3.7. The functions F}; are
uniformly bounded in balls Bg(y(t;)) and are 1-Lipschitz by Remark 3.3. It is then
possible to derive local convergence in L'-strong of the sublevels {F; < s} to {f < s}
for any s € R, see for example the proof of [12, Proposition 3.2], and (3.34) follows.

Recalling Remark 3.3, by [36, Proposition 6.1] we get that there exists a set of full
measure S C R such that {F < s} is a set of finite perimeter for any s € S. Moreover,
in the notation of [36], we have (VF - vip.4})ine = —1 at Per({F < s},-)-a.e. point, for
any s € S. Hence we can apply that Gauss—Green formula in [36, Theorem 5.2], invoking
[36, Theorem 4.11], to get

0< / dAF = Per({F < s3}) — Per({F < s1}),
{s1<F<s2}

for any si,s9 € S with s;7 < s3. By lower semicontinuity of perimeters, choosing a
sequence (s7)n \y s1 < s2 with (s}), € S, we deduce that

Per({F < s1}) < Per({F < s2}), (3.37)

for any s1 € R, 59 € S with 51 < s9, and that {F < s} has finite perimeter for any s € R.
Therefore we can apply the Gauss—Green formula in [36, Theorem 5.2] again integrating
by parts AF on {s1 < F < s2} for any s1 < s with s; € 5,52 € R to get

0< / dAF = /—(VF V{F<s,})ine dPer({F < sa},-) — Per({F < s1})
{s1<F<s2}
SIVE - vip<s,})intl| oo Per({F<s,},) Per({F < s2}) — Per({F < s1})
< Per({F < s2}) — Per({F < s1}).
(3.38)

8 We observe that, arguing as in the proof of Proposition 5.14, one can prove that {F < so} is an
isoperimetric set, up to choosing a greater sg. In particular the end of X is a cylinder over the boundary
of an isoperimetric set.
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Therefore we finally get that for any s1, s € R with 51 < s9, taking any s’ € (s1,82) NS,
there holds

Per({F < s1}) (327) Per({F < s'}) (Sgg) Per({F < s2}),

proving (3.35).

Now by (3.34), and exploiting Remark 2.16, we have that liminf; Per({F; < s}) >
Per({f < s}) = HNY(K), for any s € R. We want to show that equality actually
holds. Indeed, if by contradiction, up to subsequence, there holds lim; Per({F; < s}) >
HN"L(K) for some s € R, then for s, > s we estimate

HN({s < f < s2}) = (52— s)HVN HK) < li]r_n(SQ —s)Per({F; < s})

S2
(3.35)
< limsup/Per({Fj < t})dt = limsup HY ({{s < Fj < s2})

J J
s

3.34
G20 4N (s < f < s0}).
This proves that lim; Per({F; < s}) = HY~1(K) for any s € R. Moreover we find

Per({F < s}) 325) Per({F < s +t;}) = Per({F; < s}) v j,

hence limsup,_, ., Per({F < s}) < limsup,_, . lim; Per({F; < s}) = HNV1(K). On the
other hand

lim inf Per({F < s}) U2 Par({F < 1,)) = Per({F, <0}) V3,
hence liminf,, o Per({F < s}) > lim; Per({F; < 0}) = HN"!(K), completing the
proof of (3.36).

Suppose now that Per({F < 5}) = HV~1(K) for some 5 € R, hence the same holds
for any s > § by (3.35). Recalling (3.38), this implies that AF = 0 on Q = X \
{F < s}. Hence we can apply Theorem 2.18 (notice that X \ {F < 5} has only one
unbounded connected component as X has one end). In the notation of Theorem 2.18
and letting Q := X \ {F < s}, we get the existence of a connected component {F = s},
of ({F = 5},din) such that the unbounded connected component €, of the completion
of X \ {F < s} with respect to the induced intrinsic distance is isometric to ({F =
5ta % [0,+400),ding ® deu). For 5o > 5 sufficiently large, we have that d|{p>s,—1} = d by
Theorem 2.18. Hence ({F = 5}q,dint) is isometric to K and HN~1(K) = HY ' ({F =
5ta)- B

Let @ : Q, — {F = 5}, %[0, +00) be the isometry given by Theorem 2.18. Computing
the Busemann function at points of {F > so} N §~2a with respect to d or d is equivalent,
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thus @ sends level sets {F = p} N Q, into level sets of the Busemann function of the ray
P 07|[5,00) in ({F = 5}q X [0, 4+00), dint ®dew), for p > sg. Hence the product structure of
Qq implies that ®({F = p}NQa) = {F = 5}a x {¢(p)} for some ¢ : [sq, +00) — [0, +00),
for p > sg. Since ® is an isometry, we get that ({F = so} N ﬁa’d|{F:so}m§a) ={F =
50} N Qs dl gy 1, ) I8 isometric to ({F = 8}, dint)-

Since d = d in a neighborhood of {F = so} N Qq, we deduce that HYN"1({F =
50} N Q) < +00 and

HYL{F = 50} N Q) = HYTH{F = 5}a) = HYU(K). (3.39)
Since €2 has only one unbounded connected component, up to choosing a greater sy, we
have that {F = so} C Q4. Thus {F = 5o} N Q4 = {F = s0}, which completes the proof
of the rigidity in the third item.

It remains to prove the last item. Up to passing to subsequence, by assumption there
are 7; /* +oo such that d(g;,v) = |g;v(r;)] < C, hence (X,~(7;)) pGH-converges to
some product R x K’, where K’ is compact. Up to further subsequences, we can assume
that 7;_1 < t; < 7; for any j. By Remark 3.3 we find a sequence of 1-Lipschitz surjective
functions U, : {F = 7;} — {F = t;}. By uniform convergence of sequences of functions
F — 7; and F' —t; proved above, an Arzela—Ascoli argument implies the existence of a
1-Lipschitz surjective map ¥ : K’ — K. Analogously, there exists a 1-Lipschitz surjective
map @ : K — K'. Hence K and K’ are isometric, see, e.g., [17, Lemma 4.5]. O

In the case of manifolds with nonnegative Ricci curvature, or for arbitrary RCD(0, N)
spaces, the picture depicted in Corollary 3.11 is more complicated. In fact, there exist
Riemannian manifolds with nonnegative Ricci curvature and linear volume growth such
that the diameters of the level sets of a Busemann function are unbounded, [114, Example
26]. On the other hand, as mentioned in the Introduction, it was recently proved in [123]
that on smooth manifolds (M, g) with Ric > 0 and inf,ep HY (Bi(z)) > 0, conditions
(1) and (2) in the next Corollary 3.11 are equivalent.

Corollary 3.11. Let N > 2, and let (X, d) be a noncompact N -dimensional CBB(0) metric
space such that HN (By(z)) > vo > 0 for some vg > 0 for every x € X. Let o € X. Then
the following are equivalent.

(1) limsup,_,, . HY(B,(0))/r < +o0;

(2) for any diverging sequence of points p; € X such that (X, p;) pGH-converges to a
limit (Y,y), it holds that Y is isometric to a product R x K, where K is compact;

(3) there exists a diverging sequence of points p; € X such that (X, p;) pGH-converges
to a limit R x K, where K is compact.

(4) There exists a constant C > 0 such that I(V') < C for every V > 0.
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If any of the previous items holds, then there exists a unique compact CBB(0) space K
such that any pGH limit of X along a sequence of diverging points is isometric to R x K.

Proof. We observe first that on any noncompact RCD(0, N) space (Z,d,m), for any
z € Z the estimate m(B,(z)) > C(N,m(Bi(z)))r holds for any r > 1. Indeed, this
follows by performing the proof of [112, Theorem 4.1] verbatim exploiting the Laplacian
comparison from [58, Corollary 5.15]. We skip this proof, whose strategy is however
analogous to the first implication below. In particular, an RCD(0, N) space with finite
measure is compact.

(1)=(2). We know from [58, Corollary 5.15] that the squared distance function d2
from o has measure Laplacian Ad? < 2NHY. Let z € X, r € (0,|ox|), and define

r1 = |ox| — r and r9 := |ox| + r. Integrating the function
1 loy| <71,
f) =19 557 (r2 = do(y)) 71 < |oy| <ra,
0 T2 S |0y|7

with respect to Ad?, by chain rule (see [58, Eq. (4.16)]), we get

2NHN (B,,(0)) > / fdAd? = — / Vf-(2d,Vd,) dHY

d
=2 / % |Vd,|? dHY
o —T1
B"‘2 (O)\Brl (0)

v

mHY (Bry(0) \ By, (0)) = mHY (B (2)).

T2 —T1 T2 —T1

Letting ¢ > limsup, _, | . HY (B, (0))/r, we find that

lox| + r

HN (B, (z)) < 4cN T (3.40)

lox| — 7

for any « € X such that |oz| > Rg and any r € (0, |ox]|), for some R, large enough.

Let now p; and Y as in (2). By Lemma 2.29 we know that Y is isometric to
some product R x K. Plugging = = p; in (3.40), by volume convergence we get that
HY (B, (y)) < 4cNr for any r > 0, hence K must have finite total measure. Since K is
CBB(0), it must be compact.

(2)=(3). Trivial.

(3)=(1). By Theorem 3.9, either X is isometric to R x K, or X has one end and
there exists a ray « : [0,+00) — X from o and a constant C' such that d(p,v) < C for
all p € X. Without loss of generality we can assume the second alternative. Hence there
exist ¢; — +oo such that (X, ~(t;)) pGH-converges to R x K, and Theorem 3.10 applies.
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Let r > 0, z € B,(0) and t,, > 0 such that d(x,y(¢;)) = d(z,v). Hence t —d(z,v(t)) <
t— (t —ty —d(z,v)) <ty + C, for any t > 0 sufficiently big. Hence the Busemann
function F' of the ray v satisfies F(z) < t, + C. Moreover, |zy(r)| < 2r and |zvy(t)| >
t—r—|zy(r)| >t — 3r for any ¢t > r, hence t, < max{r,C + 3r} = 3r + C. Therefore
F(z) < 3r +2C, and thus we proved the containment

B.(o) C {F < 3r +2C},

for any r > 0. Since sublevel sets of F' are compact, F' has a global minimum m € R.
Hence, by Theorem 3.10, coarea formula, (3.35), (3.36), we conclude that

3r+2C
HN (B, (0)) < HN({F < 3r +2C}) = / Per({F < s})ds

< HNY(K)(3r 4+ 2C — m).

(3)=(4). If X has one end, it directly follows from Theorem 3.9 and the third item of
Theorem 3.10 (see also the third item of Theorem 5.13 for comparison). If X has at least

two ends, then X is isometric to R x K and the statement follows from Lemma A.5.
(4)=(1) or (3). Let V(r) := inf e x HY (B,(x)). For v > 0, let us define

p(v) :==inf{r >0:V(r) > v}.
Arguing verbatim as in [78, Theorem 7.4], since the proof there only uses the Bishop—
Gromov inequality and the relative isoperimetric inequality, both available in our setting,

we have that there exists a constant C':= C(N) such that the following holds. For every
v > 0 we have

I(v)>C

eIk (3.41)

We now claim that limsup,._, , . V(r)/r < +00. Indeed, if it is not the case, for every M
we find rg > 1 such that for every r > ro we have V(r) > Mr. Then, for every v > Mr,
we have that V(v/M) > v, and thus ¢(v) < v/M. Hence, for v > Mry, we have

v v CM
(v) 2 Cga(2v) - OQU/M 2

This implies that lim,_, 1 o, I(v) = 400, which is against to our assumption on I. There-
fore

limsup V (r)/r =: Cy < +o0.

r—+00
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We now prove that if limsup, _, . H"(B,(0))/r = +o0, then there is a diverging
sequence of points ¢; € X such that (X, ¢;) pGH-converges to a limit R x K, where K
is compact. This would conclude the proof of the implication (4)=-(1) or (3).

So, let us now assume limsup,_,, . H" (B, (0))/r = +oc. In particular we have r; —
+oo0 such that HY(B,,(0))/r; — +00 as i — +o0. Let us take p; € X such that

V(ri) > HN (B, (pi)) —i ™"
We now claim that

|opi|
T

— 400 (3.42)

If not, up to subsequences, there is a constant C' such that lop;| < Cr;. Thus, by using
Bishop—Gromov inequality, we have, up to subsequences

HY (B, (0)) < HY (Bigryy (92) < (C+ DVHY (B, () < (C+ )N (2Cor; +i7Y)

which is in contradiction with the fact that H™ (B, (0))/ri — +o0.

Let us now prove that there exists a constant C' for which the following holds. For every
i large enough, we have p; € (r;/4,3r;/4), and q; € OB, (p;) such that H™ (By(q;)) < Ch
for every h € (0,7;/4).

Let us notice that up to subsequences we have

T

/Per(Bp(pi)) dp = HN (B, (pi)) < 2Cor;,
0

and then, by using the Hardy-Littlewood maximal inequality, we have that there exists
a constant C' > 0 such that for every ¢ > 0, and every ¢ we have

p+h
t ! p € (0,r;) : sup ][ Per(Be(p;))dé >t <Cr;.

h>0
p—h

Thus choosing ¢ = 4C' in the previous inequality we conclude that for i large enough
there exists p; € (r;/4,3r;/4) such that

pith
HY (Bp, (i) \ By, -1 (pi)) = / Per(B;(p;)) ds < 8Ch, Vh € (0,r:/4).
pi—h

Then taking an arbitrary ¢; € 0B,, (p;) we have, by the triangle inequality, that for every
i and every h € (0,r;/4), we have



G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940 47

HY (Br(ai)) < HY (Bp,4n(pi) \ Bp,—n(pi)) < 8Ch,

and thus the claim is proved with C := 8C.

Let now (X,d,§) be a pGH limit of (X,d, ;) up to subsequences. By the results of
[53], since HN (B (x)) > vo for every x € X, we get that (X,d, #",§) is the pmGH limit
of (X,d,H",q), and then, by the volume convergence and the fact that p; — 400, we
conclude that H™ (By,(§)) < Ch for every h > 0.

Since

(3.42)
logi| > |opi| — |pigi| = |opi| — 74 ﬁ +00,

we get that X splits as R x K, see Lemma 2.29. From the latter volume estimates on
B (g), we get that (K,dg) is a CBB(0) space with finite volume. Hence, it is compact,
and we have proved (3).

Finally, the claimed uniqueness on the pGH limits at infinity follows from the last
item of Theorem 3.10. O

4. Volume non-collapsedness of 2-dimensional CBB(0) spaces

As pointed to us by A. Lytchak, the forthcoming Lemma 4.1 is likely to hold in
arbitrary dimensions by using the gradient flow of the Busemann function of a ray. Since
we will not need it at this level of generality, we provide a direct and elementary proof
of it in dimension 2.

Lemma 4.1. Let (X,d) be a noncompact 2-dimensional CBB(0) metric space. Then, for
every o € X, there exists C' > 0 such that

diam (9B, (0)) > C, for all r > 1.

Proof. Assume by contradiction that there is an increasing sequence r; ,* +o0 such that
diam(0B,,(0)) — 0. Hence, rescaling distance by 1/r; and passing to the limit we get
that the asymptotic cone to X is (isometric to) a halfline ([0, +00), dey)-

Fix a ray v from o. We observe that

1
lim — d(z,v) = 0. 4.1
e o BB 10 b

Indeed, if x, maximizes in (4.1), as (X,d/p) — ([0, +00),dcy), we see that d(z,,v)/p <
d(z,,v(p))/p — 0as p — oo, as z, and y(p) converge to the same point in the asymptotic
cone.

We want to show that 0B,(0) = {v(p)} for some p large enough. Suppose instead
that for any p > 0 there is a point z, € 9B,(0) \ {7(p)}. Let 7 > p and let o = [y(7)z,].
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Choosing 7 > 3p there is T' € (0, 7] such that d(z,,v) = |z,7(r — T)|. Observe that
p=lox,| <d(z,,7v)+ (r —T), and thus

(4.1)
lzpy(T)] < fzpy(r =)+ T < 2d(zp,7) +7—p ="0(p) —p+7<T, (4.2)

for any p large enough.
Ast— f(t) :=d(a(t),y(r—1t))/t is nonincreasing, L(a) = |z,v(7)| < 7 by (4.2), then
f(z,v(7)]) > 0 is well-defined, and thus a Ny = {y(7)}, for any p large enough.

For large p, we also have that o C X'\ B: (0). Indeed, if a(t) € Bs (o), letting t1 € (0,1)
such that a(t1) € 0B,(0), we would get

[2p7(7)] = L(@) = [y (7)e(t)] + L@ty z,r(y) 2 7 = p+ lalt)at)] + |a(t)z,]

>T—p+ Qg =T,

contradicting (4.2). Since for p large enough we have a C X \ Bg (o), and (4.1) implies
that d(z,7) < |ox|/10 for any x € X \ B, (0), then d(a(t),~) < |oa(t)]/10 for any p > p
large enough. Thus the distance d(a(t),) is never achieved at o, for t € [0, [z,v(7)|].

Finally we want to show that, for given p, choosing 7 large enough guarantees that
d(a(t),) is never achieved at y(7), for ¢t € (0, |z,7(7)|]. Indeed, let r; > p for suitable j
and define 7; = r; + 1, let w; € dB,,(0) N a. For large j, we have that Zv(7;)s’ < 5.
Indeed, any pGH limit of (X,v(7;)) is of the form (R x X’,(0,2’)) and the absurd
assumption implies that w; — (—1,2’) along (X, (7)) = (R x X', (0,2’)). Convergence
of angles from Remark 2.8 implies that Zv(7;)s” — 0 as j — +o00. So, for j > j, large
enough, choosing any 7 = 7; implies that Zy(1)o? < 5 and thus Lemma 2.2 implies that
d(a(t),7) cannot be achieved at v(7), for t € (0, |,v(7)]].

All in all, for p large and 7 > p of the form 7 = r; 4+ 1 for j > j,, we have proved that
any = {vy(7)}, d(a(t),v) is not achieved at o or v(7), for ¢t € (0,|z,v(7)|]. Hence we are
in position to apply Proposition C.1 with o = «, getting that

(0, [z,7(T)]) 3 = d(a(t),7)

is concave.

Now select j, < jo < j1 < j such that r;; > pand take 7 =r; +1. Let tg > 1 > s> 0
be the first time that o intersects 9B, (0), B, (0), 0B, (0), respectively. By concavity
we have that

d(@p,7) —d(alto),y) _ d(a(tr),7) —d(als),7)
[z, (T)] = to - ti—s '

By the absurd assumption, diam(9By, (o)) < D for any k. Moreover |z,y(T)| —ty =
[2,0(to)] < [ozy| + loa(to)| = p+ 13,. Hence
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d(a(t1),7) +d(a(s),7)

d<xp,'7) < d<a<t0)a7) + (P+ Tjo)

tl — S
diam(9B,.. (0)) + diam(9dB,.. (o
< diam(aBTm (0)) + (p —+ ’I"jo) ( Jl( 23 — ( J( ))
< diam (9B, (0)) + (p+75) 7
L=

We first pass to the limit j — +o0, keeping other indices fixed. Hence t; EN 400 and
s 2 1. Then

d(z,,7) < diam(9B,;, (0)).

The previous inequality holds for any jo > j, with r;, > p. Letting now jo — 400, we
deduce that d(z,,7v) =0, i.e., 0B,(0) is a point and it coincides with {y(p)}.

Therefore we proved that 0B,(0) = {y(p)} for any p large enough. Hence X \ B5(0) =
v\ Bs(o) for some p > 0. By monotonicity condition, any two geodesics [y(p + 1)z],
[v(p + 1)y], for any z,y € B;(0), must coincide on the common interval of definition,
as they coincide on the time interval [0, 1]. Hence X coincides with the ray 7, implying
that X has Hausdorff dimension equal to 1, that contradicts the hypothesis. O

We mention that an alternative proof of the forthcoming Theorem 4.2 is sketched in
[121, Remark 2.13], that appeared on arXiv while the present paper was being completed.

Theorem 4.2 (Volume non-collapsedness). Let (X,d) be a 2-dimensional CBB(0) metric
space. Then there exists vg > 0 such that

H*(Bi(z)) = vo,
forallz € X.

Proof. Without loss of generality, X is noncompact, it has no lines and AVR(X) = 0.
Suppose by contradiction that there is a sequence z; € X such that H2(Bi(z;)) \
0. Hence z; diverges along X. Up to subsequence, we can assume that (X,z;) pGH-
converges to a limit (Y,yo). By [63, Theorem 1.2], dim(Y) < 1. By Lemma 2.29 we
deduce that (Y, y0) = (R, yo) is (isometric to) a line. By Corollary 2.32 we find o € X,
a ray v from o, and times t; /* +oo such that (X,~(¢;)) — (R,y1) in pGH sense. By
Lemma 4.1, there is C' > 0 such that diam(0B, (o)) > C for any r > 1. Hence

Je>0 : Vidp; € 0B, (0) : d(pi,y) > 2e. (4.3)
Indeed, if [py(sp)| := d(p,v) < §; — 0 for any p € 0By, (0) along some (non-relabeled)

subsequence, then [py(t;)| < [py(sp)| + [sp — ti| < 2[py(sp)| < 26; for any p € 0By, (0).
Hence diam (9B, (0)) < 46; — 0, that is impossible.
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Denote |p;v(s;)| := d(p;,7). By Lemma 2.33, X has one end, and then |s; — ¢;] <
Ipiv(s:)] = d(ps, ) < Cp by (3.15). Hence we can write that (X,~(s;)) = (R,0) in pGH
sense. By (4.3), the geodesic «; := [y(s;)p;] is defined on [0, 2¢] for any i. Let w; := a;(e).
Hence w; converges, up to subsequences, to w € {e,—¢} C R, and Lemma 2.2 and
Remark 2.8 imply that

7r :
5= 2(80) (g 40) - £07 € {0,~},

reaching a contradiction. O
5. Isoperimetric problem

First, let us recall some notions about the boundary of non-smooth spaces. In the
setting of the non-collapsed RCD(K, N) spaces (i.e., the reference measure is #” ), there
are two notions of boundary. The first introduced by De Philippis—Gigli in [53], according
to which

9*X =8SN-T\ SN-2,

where we refer to [53] for the definition of the singular strata S*. Notice that for every
x € SN=1\ SN¥=2 the tangent cone is unique and isomorphic to Rf, see [35, item (iii),
Theorem 1.4]. In particular, we also have, by the volume convergence [53], that the
density of HY at every point in SV =1\ S¥~2 is 1/2, and < 1/2 for every z € *X by
the lower semicontinuity of the density.

In [68] a new notion of boundary 90X for the non-collapsed RCD(K, N) spaces (i.e.,
the reference measure is HV) has been introduced [68, Definition 4.2]. As noticed in that
paper, this notion agrees with the notion of boundary in the Alexandrov setting, which
is studied, e.g., in [101].

In the setting of arbitrary non-collapsed RCD(K, N) spaces (i.e., the reference measure
is H™V) it is known that the notion of having nonempty boundary is independent of the
definition of boundary we choose, see [35, Theorem 6.6]. In the setting of Alexandrov
spaces with curvature bounded from below it has been proved in [35, Item (iii) of Theorem
7.4] that, whenever 0*X # 0, we have that 0*X = 0X, so that the two notions of
boundary fully coincide on Alexandrov spaces with curvature bounded from below with
*X #1.

Finally, by [35, Theorem 1.6], we know that the pmGH limit X of non-collapsed
RCD(K, N) spaces X; (i.e., the reference measure is H™V) with uniform bounds on the
volume of unit balls, and without boundary 9*X;, has no boundary 0*X. We remark
that some of the results obtained in the RCD setting in [35] were already known in
the Alexandrov setting. E.g., the non-collapsing of the boundary along pGH limits, and
the volume convergence of the boundary in [67, Theorem 9.2, Remark 9.13], and [56,
Theorem 1.3], respectively.
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Before giving the proof of Theorem 5.5, let us record here the following fact, which
implicitly plays a fundamental role in the proof of Theorem 5.5. The next corollary
immediately follows from Lemma 2.29, the last item of Theorem 3.10, the boundary
stability result from [35, Theorem 1.6] and the non-collapsing of boundaries from [67].

Corollary 5.1. Let (X,d) be a 2-dimensional CBB(0) metric space. Then the following
holds.

(1) If 0X is empty or bounded, then either all the pGH limits at infinity are isometric to
the Euclidean plane R?, or all the pGH limits at infinity are isometric to R x St(p)
for a fixed p > 0;

(2) If 0X is unbounded, then either all the pGH limits at infinity are isometric to
R x [0,£] for a fized €, or all the pGH limits at infinity are either isometric to R?,
or R x [0, 400).

We now state a Lemma analogous to the classical Morgan—Johnson result [93], and
that will be employed to possibly pull-back the mass lost at infinity when exploiting
the direct method of the Calculus of Variations to solve the isoperimetric problem. The
proof easily follows as in [93, Theorem 3.5] by Bishop—Gromov monotonicity, taking into
account the rigidity from [35, Theorem 8.2].

Lemma 5.2. Let N > 2, and let (X,d,H") be a noncompact non-collapsed RCD(0, N
space (i.e., the reference measure is H¥ ) metric space. Let us denote RY := [0, 400) x
RN=1 the N-dimensional halfspace.

Let us assume 0*X # 0. Then, for every x € 0*X, and for any V > 0, there exists
a ball BX C X centered at x such that HN(BX) = V and Per(BYX) < Per(Bgx (V)),
where BRII(V) is the ball of center 0 and volume V in ]Rﬂ\_'. Moreover if equality holds
in the previous inequality we have that every ball B centered at x compactly contained
in BX is isometric to a ball of the same radius centered at a boundary point of Rf,

Remark 5.3. Notice that Lemma 5.2 gives the following result. For every noncompact
non-collapsed RCD(0, N) space (i.e., the reference measure is H") X with nonempty
boundary 0*X # (), we have

Ix(V) < Igy(V), WV >0.

Moreover, if equality holds for a volume Vj, we have that there exists a radius py such

— —RN
that for every x € 9* X the ball B;i (z) is isometric to B, " (0), and it is an isoperimetric
set. This recovers in a more general setting [78, Corollary 6.17].

Lemma 5.4. Let (X, d) be a noncompact N -dimensional CBB(0) metric space with N > 2
such that HN (Bi(z)) > vg for some vg > 0 for any x. Let v : [0,+00) — X be a ray
such that, for some constant C > 0,



52 G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940

d(p,v) <C,  forallpe X,

and let F be the Busemann function associated to . Let 0 := HN"1(K) where K is the
compact fiber of any pGH limit at infinity of X.°
Then, for every V > 0, there exists s € R such that

HYN{F <s}) =V, Per({F < s}) <.
Moreover if for some s € R we have
Per({F < 5}) =9,

then there exists so > 5 such that ({F = so},d|{p=s,}) is CBB(0) and (X \ {F <
so},dx\{F<so}) 15 isometric to ({F = s} x [0,400),d|{p=s,} @ deu).

Proof. The assumption implies that X has one end. From Lemma 3.4 we have that for
every s € R, {F < s} is compact. Since X has infinite volume, and since the function
p — HN({F < p}) is continuous, we get that for every V > 0 there exists s such that
HN({F < s}) = V. Now the fact that

Per({F < s}) <,
is a direct consequence of the third item of Theorem 3.10, as well as the rigidity part. O

We are now ready to exploit our previous results to prove that on 2-dimensional
CBB(0) metric spaces the isoperimetric problem has always solution.

Theorem 5.5. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space. Then for
every V > 0 there exists an isoperimetric region of volume V.

Proof. First, notice that as a consequence of Theorem 4.2 we get that for some vy > 0
we have H2(By(z)) > vg for every x € X. Let V > 0. If we take a minimizing (for
the perimeter) sequence of bounded sets of finite perimeter of volume V' and we apply
Proposition 2.25 we get that either all the mass stays in X or it escapes to precisely one
pGH limit at infinity.

If all the mass stays in X, then we end up with an isoperimetric set of volume V', and
we are done. Otherwise, there exists a pGH limit at infinity X, of X and a set of finite
perimeter £ C X, which is isoperimetric for its own volume in X, and such that
HN(E) =V, and Ix(V) = Per(E). By Lemma 2.29 we get that X, splits a line, and
thus X is isometric to R x X', where X’ is a one-dimensional CBB(0) metric space.
Thus, due to the characterization of 1-dimensional CBB metric spaces, see [3, Theorem

9 The latter is well-defined by Theorem 3.10.
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15.18], X is isometric to either R?, R x [0, +00), R x S(p) for some p > 0, or R x [0, /]
for some ¢ > 0. Thus we have four cases:

(1) X = R2. Since E is an isoperimetric set, we deduce it is a ball of volume V. By
applying the non-smooth version of Morgan—Johnson’s result [93, Theorem 3.5], see
[21, Proposition 3.3], we get that for any ball B C X of volume V' we have

Ix(V) < Pex(B) < Per(E) = Ix (V).

Thus, every ball of volume V is an isoperimetric set and we are done.'’

(2) Xoo 2 Rx[0,+00). Since F is an isoperimetric set, we deduce it is, up to isometry of
Xoo, aball in R x [0, +00) centered at 0, see [111, Pages 5-6]. Then by [35, Theorem
1.6] we have 0X # (), and we can argue as in (1) exploiting Lemma 5.2.

(3) Xoo =R x S(p). Since E is an isoperimetric set, we deduce it is, up to isometry of
X oo, a geodesic ball of R x S that is isometric to a Euclidean flat ball, or a cylinder
[a,b] x St(p), see [111, Pages 5-6] and [100]. Then, in the first case we argue verbatim
as in item (1) above and we are done. In the second case, either X = R x S'(p),
and we are clearly done, or X has one end. In the latter case, by using Theorem 3.9
and Lemma 5.4, arguing as in item (1), we get a contradiction.

(4) Xoo 2 R x [0,4]. Since F is an isoperimetric set, we deduce it is either a geodesic
ball centered on the boundary, or a slab [a,b] x [0, ], see [111, Pages 5-6]. Then in
the first case we argue verbatim as in item (2) above, while in the second case we
argue verbatim as in item (3) above, substituting S*(p) with [0,¢]. O

A direct outcome of the Theorem 5.5, which to the authors’ knowledge was unknown,
is the following.

Corollary 5.6. Let X be either an unbounded convexr body in R?, or the boundary of
an unbounded convex body in R3 (endowed with intrinsic distance). Then X admits
isoperimetric regions for every volume V > 0.

From the Theorem 5.5 and the classification of low-dimensional RCD spaces [75], we
get existence of isoperimetric sets on any RCD(0, 2) space, possibly collapsed. The proof
of the next corollary easily follows by Theorem 5.5 and by the fact that, in case (X,d, m)
is a collapsed RCD(0,2) space, then its essential dimension is either 0 or 1 [53,38,33],
and the case of essential dimension equal to 1 can be treated directly exploiting [45,
Theorem A.2].

10 Actually, if this is the case, by the classical rigidity of Morgan—Johnson’s result [93, Theorem 3.5], see
also [53, Corollary 1.7], we can even deduce that all the balls of volume V' < V in X are isometric to flat
Euclidean balls.



54 G. Antonelli, M. Pozzetta / Journal of Functional Analysis 289 (2025) 110940

Corollary 5.7. Let (X,d, m) be an RCD(0, 2) metric measure space. Then for every V > 0
there exists an isoperimetric set of volume V in X.

Remark 5.8. Notice that K = 0 in Corollary 5.7 cannot be relaxed. Indeed, there are
examples of 2-dimensional surfaces with uniformly bounded but not non-negative sec-
tional curvature such that no isoperimetric regions exist for every volume V', see, e.g.,
[18, Example 3.5], [106].

On 2-dimensional CBB(0) spaces without boundary we can deduce that isoperimetric
regions either have connected boundary or are isometric to truncated cylinders (0,b) x

St(p)-

Theorem 5.9. Let (X, d) be a noncompact 2-dimensional CBB(0) metric space with 0X =
(). Let E be an isoperimetric set. Then one of the following alternatives holds.

(1) OF is connected.
(2) There exist b,p > 0 such that X is isometric to a right cylinder R x S(p) and
E = (0,b) x SY(p), up to translation along the factor R.

In particular, in case X s not isometric to a Fuclidean 2-dimensional right cylin-
der, the boundary of every isoperimetric set is connected. In the case (1) above, OF
is parametrized by a Lipschitz curve homeomorphic to S'.

Proof. Notice that there exists vg > 0 such that H?(Bj(z)) > vg > 0 for every z € X,
see Theorem 4.2. Let E be the isoperimetric set in the assumption. Let V := HY (E),
and P := Per(F). Recall E is bounded and open, up to choice of representative. Let ¢
be a mean curvature barrier for E/, Remark 2.21. Assume OF is not connected in X. By
Theorem 2.19 we know that OF is a topological manifold, hence OF has finitely many
connected components, which are compact by boundedness. Take {21, {25 two connected
components in OE and let P; := HN~1(Q;) for i = 1, 2. It holds that P; > 0 for i = 1,2,
as any component of OF is parametrized by a nonconstant Lipschitz closed curve by
Theorem 2.19. Notice that since JF has finitely many compact connected components
Q;, we have that d(£2;,Q;) > do > 0 for any i # j.
Hence there exists € > 0 small enough such that if we define

A ={ze X\ E:d(z,N) <t}
QY = {z € E:d(x,Q) < t},

for every t € (0,¢), then d(x,Q;) = d(z, F) on Q}, and d(z,Qs) = d(z, X \ E) on Q5.
Let us define

f(t) :=Per(Q, X\ E), g(t):=Per(Q%, E).
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By integrating (2.3) we get the bounds
fA) <Pi(l1+c-t), gt) <P(l-c-t),

for every t € (0,¢), compare with (2.4), and (2.5). Recall that by Theorem 2.20 we have

¢ > 0. Our aim is now to show that ¢ = 0. So, let us derive a contradiction if ¢ > 0

under our assumptions. First, notice that there exists n < € small enough such that, by

continuity, for every a € (0,1) we can find ¢;,t, such that HN (Q}') = HV(QR) = a.
Claim. If ¢ > 0, for every a € (0,7), and i < £ small enough, we have Pit; < Pats.
In order to prove the claim let us first prove that for £ > 0 small enough we have

Py Py
g (E§> < Flf(f)-
To show this, let us introduce some notation. Let E! := Q} UE, E} := (X \ E) U Q.
Let B1(t) := HN(EY), and fi(t) := Per(E?), for i = 1,2. Notice that by coarea formula

B1(0) = Py. Moreover 1(0) = V. From the very definition of the isoperimetric profile
we have, for ¢ small enough,

I(B1(t) < f1(t) = f(t) + P — P

Let us now prove the sought inequality on g, f above. If it is not true we then have
& — 07 such that

Py P
g ) > 22 5(E).
g (P2§z> ) f(&)
Thus, by exploiting the inequality on g, and the one on f; above we get

P P P P
P (1 _ Ff> > (Fﬁ) > 21(6) > 2 U(E) - P+ Py

Py I(B1(&i)) — 1(B1(0))
- P &i

(5.1)
+ Plc S 0

Taking ¢ — 400 in the previous inequality, and since I has right-derivative, see Theo-
rem 2.24, we conclude that

21 (V) P+ Pie <0,

which is a contradiction with ¢ > 0 and the fact that I’ (v) > 0 as a consequence of
the fact that I is non-decreasing, see Theorem 2.24. Thus the sought claim with f, g
is proved. Let us now show the Claim. By contradiction Pit; > Psty. Then, by using
coarea formula and the previous bounds we get that if ¢1,¢2 are small enough, which we
can always ensure by taking n small enough,
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Po
to 7y b2

P, P,
= N ta = = —1 _1 <
a=H"(Q?) /g(s)ds O/ g( 219) 2d197

ty

ty
P\ P N/t
< — — = ) =
_/ﬁ(&ﬂ)&dﬁ</fwmﬁ HN(Q1) = a,
0 0

(=)

(5.2)

which is a contradiction.

Now let us exploit the Claim to see that we cannot have ¢ > 0. If ¢ > 0, by the Claim
we can find ¢,y sufficiently small such that HN(Q!) = HN(QY), and Pit; < Pats.
Thus, for tq,ts sufficiently small, the competitor F' := E U Qﬁl \ ng has volume V, and

Per(F) — Per(E) < f(tl) — P+ g(tg) - P < C(P1t1 — Pth) <0,

by using the claim and the fact that ¢ > 0. This is a contradiction with the fact that F
is isoperimetric.

Then we have that ¢ = 0. Let us now distinguish two cases.

If X has at least two ends, then by the splitting theorem and the classification of
1-dimensional CBB spaces [3, Theorem 15.18] we get that X is as in (2). By the classifi-
cation of isoperimetric sets in these spaces, see [111], we get that either E is a geodesic
ball with connected boundary, or, up to translation in the R factors, the set in (2). So
this case is proved.

Let us now deal with the remaining case in which X has one end. By Lemma 2.27, the
set 2 := X \ E is connected and unbounded. Applying the rigidity part in Theorem 2.20,
and using the fact that Q is connected, imply that the space (Y,diy) given by OF
endowed with intrinsic distance is connected, and thus JF is connected, against the
standing assumption of the proof. Hence the two alternatives follow.

The rest of the statement follows from (1), (2) and Theorem 2.19. O

Remark 5.10. The proof Theorem 5.9 works also in case 0X # ), provided OF has finitely
many connected components.

Remark 5.11. Let X be a 2-dimensional CBB(0) metric space. Let E be an isoperi-
metric set. As a consequence of Theorem 2.19, for every z € OF \ 0X we have
(X,r; ', 2, E) — (R?,dey,0,{z2 > 0}) in the pointed Gromov—Hausdorff sense as
i — 400, see Definition 2.3 and Definition 2.4. Hence, all the € OF \ 0X are regular
points in X. As a consequence, if we take X a 2-dimensional CBB(0) metric space with
singular points, then

U OF + X.

FE isoperimetric
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We stress that there are examples [98] of 2-dimensional CBB(0) metric spaces with
dense singular points. In particular it is in general not possible to foliate open subsets
of a CBB(0) space by boundaries of isoperimetric sets.

The following Theorem 5.12 and Theorem 5.13, which are a direct by-product of our
study, give a full generalization of [78, Theorem 6.20 and Theorem 6.21] to the case of
Alexandrov spaces of arbitrary dimensions. Notice that this is a non-trivial generalization
of the results in [78], which dealt with the case of convex bodies in R™. Also, compare item
(4) in Theorem 5.13 with the analogous statements in [109, Theorem 4.1 and Theorem
4.13].

Theorem 5.12. Let N > 2 and let (X,d, HY) be a noncompact non-collapsed RCD(0, N)
metric measure space. Let us assume that all the pGH limits at infinity of X are either
RY, or RVN=1 x [0, +00).

Then HN (B (z)) > vo for every x € X, for some vy > 0, and isoperimetric regions
exist for all volumes.

Proof. The proof easily follows by direct method applying Proposition 2.25 and exploit-
ing the classical Morgan—Johnson type estimate [21, Proposition 3.3] or its boundary
version Lemma 5.2. O

As mentioned in the Introduction, after this work was posted on arXiv, X. Zhu [123]
partially addressed Problem 1.2. In particular, combining his results with the proof of
Theorem 5.13 we provide below, the author has obtained a version of Theorem 5.13 on
smooth manifolds with nonnegative Ricci curvature, linear volume growth, and volume
of unit balls uniformly bounded from below away from zero [123, Theorem 4.2].

Theorem 5.13. Let N > 2 and let (X,d) be an N-dimensional noncompact CBB(0)
metric space such that H™ (By1(x)) > vo for every x € X for some vg > 0. Let us assume
that there exists a pGH limit at infinity of X that is isometric to R x K for a compact
K, and that X has one end.'' Then the following hold.

(1) All the pGH limits at infinity of X are isometric to R x K. Denote 0 := HN~1(K);
(2) There exists a constant Vo := Vy(vo, N,Q) such that isoperimetric regions exist for

every volume V > Vy;
(8) For every V > 0 we have that

(V)< 2.

1 If it has at least two ends, then it is isometric to R x K by the splitting theorem.
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If for some V' the equality is attained, then it is attained for all V > V' and there
exists an isoperimetric set ) of volume H™ (Q) > V' such that (9, d|aq) is CBB(0)
and (X \ Q,d|x\q) is isometric to (02 x [0, +00),d|sq @ deu)-

(4) If E; is a sequence of isoperimetric sets with HN(E;) — +oo, z; € OFE;,
and (X,d,z;) pGH-converges to (R x K,dey ® di, (0,k0)), then E; converges to
(—00,0) x K in L{

e and OE; converges to (—o0,0) x K in Hausdorff distance, in a

realization of the pGH-convergence. Moreover there exists a sequence of isoperimet-
ric sets ; € Q41 such that U;Q; = X, and there holds

lim I(V)=1%2.
V=400

Proof. First, thanks to Theorem 3.9, since X has one end, there is a ray - such that
d(p,v) < C for every p € X. Thus, we can find ¢; — +oo such that (X,d(y(¢;)) pGH-
converges to R x K. Thus, item (1) directly comes from the fourth item in Theorem 3.10.

Let us now prove item (2). Let Vj := Vy(vo, N,D) be the constant provided by
Lemma A.5. Let V' > Vj. If we take a minimizing (for the perimeter) sequence of bounded
sets of finite perimeter of volume V' and we apply Proposition 2.25 we get that either all
the mass stays in X or it escapes to precisely one pGH limit at infinity. If all the mass
stays in X we are done, since we obtain an isoperimetric set of volume V. Otherwise,
there exists a pGH limit at infinity X, = R x K, due to item (1), and a set of finite
perimeter £ C X, which is isoperimetric for its own volume in X, and such that
HN(E) =V, and Ix(V) = Per(E). Since V > V;, from Lemma A.5 we get that, up to
translation in the R factor, E = (0,a) x K, for some a > 0. Now applying the last part
of Lemma 5.4 we have that there is a set G C X, which is a sublevel set of the Busemann
function F, such that HY(G) = V, and Per(G) < . Thus

Ix (V) < Per(G) < 20 =Per(E) = Ix(V),

which is a contradiction. Thus, in the hypotheses above, in the minimization process
there is no loss of mass at infinity, and thus an isoperimetric region of volume V in X
always exists.

Let us now prove item (3). Again by Lemma 5.4 we get that for every V > 0 there
exists G 1= {F < s} C X such that H¥(G) = V and Per(G) < 0. Thus I(V) < U for
every V > 0. In addition, if equality holds for V' > 0 then it holds for every V > V'
because [ is nondecreasing, see Theorem 2.24. Let us now prove the rigidity part in item
(3). Assume there is V/ > 0 such that I(V’') = 2. Thus, applying Lemma 5.4, there
exists § € R such that, being F' the Busemann function associated to v,

U =I(V') < Per({F < 5}) <.

By (3.35) and (3.36) we have that {F < s} is isoperimetric for any s > §. Taking
O :={F < sg} for sg > 5 given by Lemma 5.4 implies the desired rigidity.
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Finally we prove item (4). Let E; be a sequence of isoperimetric sets with HY (E;) —
+o0, and let x; € JFE; such that |ox;| > |oz| for any € OFE;. Up to subsequence,
assume that (X, d, z;) pGH-converges to (R x K, dey ®dx, (0, ko)). Since I is concave and
nondecreasing, see Theorem 2.24, and uniformly bounded by U, the Lipschitz constant
of I on [Vh,+00) is bounded and tends to zero as Vj — +o00. Hence by Corollary 2.23
we deduce that the sets E; are (A;, R;)-minimizers with A; — 0 and R; — +o0. By the
first item in Remark 2.16, up to subsequences, E; converges in L110C toaset E CR x K.
Since A; — 0 and R; — +o0, exploiting the approximation from the second item in
Remark 2.16, we have that E is a perimeter minimizer in the sense of Lemma A.6.

Moreover HN(E) = +o00 and Per(E) < liminf; Per(E;) = limy_, 1 I[(V) < U by
lower semicontinuity, see Remark 2.16. By (2.7), the measure Per(FE, -) satisfies uniform
(N — 1)-dimensional density estimates, hence OF must be bounded.

By the choice of z;, Lemma A.6 implies that E = (—00,0) x K. It now follows as in
[91, Theorem 2.43] that E;NBg(x;) (resp. E; N Bgr(x;)) converges in Hausdorff distance
to EN Br((0,ko)) (resp. OE N Br((0, ko)) = {0} x K) for any R > 2diam K and that
perimeter measures Per(E;, )L Br(z;) converge in duality with continuous functions
with bounded support in a realization of (X,d,z;) = (R x K, dey ® d, (0, ko)).

Fix a ray 7 from an origin o € X. Let Ry > 2(2 + diam K) and let ¢; be such that
|z;v(t:)] = d(zi,7). Let F be the Busemann function associated to . By Proposition 3.7
we have that t; < F(x;) < t; + ¢; for large i, with ¢; — 0. By the second item in
Theorem 3.10 and the choice of Ry we have {t;, —2 < F' < t; +2} C Bpg,(z;) for large i.

Hence convergence in Hausdorff distance of the boundaries to the boundary {0} x K
implies that

OF; ﬂBRO(J}i) C {ti -0 < F <t +(Sl} C {ti —2< F<t +2} C BRO(-ri); (53)

for large i, for some ¢; N\, 0. We claim that {F' < t;—2} C E;. Indeed we have convergence
in Hausdorff distance of Bg,(z;) \ E; to Br,((0,k)) \ E. By Lemma 2.27, if we could
join a point z € {F < t; — 2} \ F; to a point in X \szi‘ﬂ(o) with a curve contained in
X \ E; for any i large, passing to the limit the sequence of curves we would get a limit
curve contained in X \ E that intersects {—2} x K, that is not possible.

Hence we proved that 0E; = OE; N Br,(z;) for large i, hence the convergence of
perimeter measures in duality with continuous functions with bounded support implies
lim; Per(E;) = Per(E) = HY"1(K), and thus limy_, . (V) = 0. Finally, since also
{F < t; — 2} C F;, the desired exhaustion ; is constructed by taking a suitable subse-
quence of F;. O

With techniques similar to the previous Theorem 5.13, we can also prove the following
result.

Proposition 5.14. Let (X, d) be an N-dimensional noncompact CBB(0) metric space with
HN(Bi(x)) > vg > 0 for every x € X. The following are equivalent.
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(1) The isoperimetric profile I is eventually constant;

(2) FEither X is isometric to R x K for some compact K, or there exists an isoperimetric
set A such that (0A,d|pa) is CBB(0) and (X \ A,d|x\a) is isometric to (DA x
[0, 4+00),d[ga ® deu);

(3) Either X is isometric to Rx K for some compact K, or there exists an open bounded
set A such that (X \ A,d|x\a) is CBB(0) and it is isometric to (0Ax [0, +00),d|ga®
dcu)'

In particular, if any of the above holds, either X is isometric to R x K for some compact
K and there exists Vi > 0 such that for every V. > Vi isoperimetric regions of volume V
exist coincide with (0,a) X K for some a > 0, up to translations; or there exists Vo > 0
such that for every V. > Vi isoperimetric regions of volume V' exist, are unique, and
coincide with {x : d(x, A) < by} for some by > 0.

Proof. (2)=-(1). If X is isometric to R x K for a compact K, then the result follows
from Lemma A.5. In the other case we can argue as follows. Since all the pGH limits at
infinity of X are isometric to 9A x R, from item (2) of Theorem 5.13 we have existence of
isoperimetric sets for large volumes. Moreover, from item (3) of Theorem 5.13, we have
that I < HN=1(DA). Let us show that I(V) = HN~1(A) for every V >V, where Vj is
sufficiently big. We just sketch the argument, since it relies on a classical symmetrization
technique already present in Appendix A. By taking Vj sufficiently big, we have that all
the isoperimetric sets E of volume V > V; intersect X \ A in a H™-positive measured
set. By symmetrization, see Lemma A.1l, since F is isoperimetric, we can assume that,
for some function f,

ENnX\A={(z,t):zen(E\A),0<t< f(x)},

where 7 is the projection onto dA in the product dA x [0,400), where we identify 0A
and JA x {0}. By the same argument in the beginning of Lemma A.5 we have that, for
Vo sufficiently big, HN 1 (0A\7(E\ A)) = 0, and f € BV},.(0A). Now, as a consequence
of the inequality in [15, Theorem 5.1, item (b)], we get that

Per(E) > Per(E, X \ A) > HN71(9A).

Finally, for an isoperimetric set E of volume V' > Vj, since Per(E) = I(V) < HN=1(9A),
we get the equality in the previous inequality. Thus, by inspecting the equality cases,
taking into account also [15, Theorem 5.1, item (b)], we see that for Vj sufficiently
big, we have that for every V > V; the equality I(V) = HY~1(0A) holds, and
the unique isoperimetric regions of volume V is {z : d(z,4) < by} for some
by > 0. The last assertion comes since the last argument implies that we have the
equality in Per(E) = Per(E, X \ A) and in the inequality in [15, Theorem 5.1, item

(b)].
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(1)=(2). Let us assume there exists V{ such that for every V > V; we have I(V) = C
for some constant C' > 0. Let us consider the volume Vj+1. If there exists an isoperimetric
set E of volume Vp + 1, then, since I'(Vy+ 1) = 0, we get that its mean curvature barrier
c = 0, see the last part of Proposition 2.25. From the fact that I is non-decreasing, cf.
Theorem 2.24, and by using (2.20), we have that F; := {d(-, E) < t} is isoperimetric for
any t > 0. Moreover, since ¢ = 0, we can use the rigidity in Theorem 2.20, see also Theo-
rem 2.18, on X\ E. If X has at least two ends, we thus get that X is isometric to a product
R x K from the splitting theorem, and K is isometric to a connected component 0F, of
(OF, dint) from the previous rigidity. Thus K is compact. If instead X has one end, then
Q) := X \ E is connected by Lemma 2.27. In the notation of Theorem 2.18, we have that
d(-, E) = d(-, E) on Q by definition of intrinsic distance, hence By = {d(-, E) < t}. Recall-
ing that d=don {dg > tp} for some tg, the claim follows by taking A := E; for ¢t > tg.

If there is no isoperimetric set of volume Vj + 1, then a minimizing sequence (for the
perimeter) of sets of volume Vj + 1 must converge to an isoperimetric set with mean
curvature barrier ¢ = 0 in a pGH limit at infinity of space, see Proposition 2.25. From
Lemma 2.29, we get that such a limit splits as R x K. Hence, arguing as in the first part
of the implication (1)=-(2), we conclude that K is compact as above. Thus by Theo-
rem 5.13 we get existence of isoperimetric sets for sufficiently big volumes, and then we
can argue again as in the first part of the proof of (1)=-(2) to conclude.

(2)<=>(3). The nontrivial implication (3)=-(2) follows by arguing as in (2)=-(1).

The last part of the statement is a direct by-product of the proof above. 0O

Appendix A. Large isoperimetric sets in cylinders
Let us briefly recall the Steiner symmetrization process in our setting. Let us consider
the metric measure space (R X X,dey ® dx,H! ® m), and let E be a subset of R x X.
Given x € X, t € R, we denote
E,:={seR:(s,z) € E}, E':={yeX:(ty) € E}.
We denote

sym(E) := {(t,y) ERX X :|t| < %}

We say that a set £ C R x X is normalized when, for every x € X, E, is an open
segment whose midpoint is 0. It is easy to notice that when E is normalized, then

0<t<s= E°CE". (A1)

There holds the following result, compare with [84, Theorem 14.4] and [105, Section
5.1]. Since the proof is classical, we just sketch it.
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Lemma A.1. Let (R X X, dey, ® dx, H'® m) be a metric measure space. Let E C R x X
be a measurable set. Then the following hold:

o sym(E) is measurable, and (H' ® m)(sym(F)) = (H! @ m)(E);
e Per(sym(FE)) < Per(E).

Proof. The first item is a consequence of Fubini-Tonelli Theorem. The proof of the
second item can be reached arguing verbatim as in [92, Proposition 3], cf. with [105,
Theorem 5.6 and Corollary 5.7]. In particular, first one obtain that for every r > 0
the volume of the r-enlargement (sym(E)), is less or equal than the volume of the
r-enlargement E,.. Thus, the lower Minkowski content of sym(E) is less or equal than
the lower Minkowski content of E. By finally using the result in [8, Theorem 3.6] we get
the sought conclusion. 0O

Remark A.2.If (K,d,H") is a compact non-collapsed RCD(k, N) metric measure
space such that inf,c HN(Bi(z)) > v > 0, then we can find a constant C' :=
C(HN(K), k, N,v}) such that, for every measurable set E with H™(E) < HN(K)/2,

we have

Per(E) > C' max {”HN(E), (1N ()Y N} . (A.2)

This is an immediate consequence of the isoperimetric inequality for small volumes in
this setting, see, e.g., [21, Proposition 3.20 and Remark 3.21], and of the uniform positive
lower bound satisfied by the isoperimetric profile under these assumptions, see, e.g., [22,
Corollary 4.14].

Observe that if X = (R x K,dey ® dg,HV™!) is RCD(k,N + 1) and
infoex HYT(Bi(z)) > vg > 0, then inf,ex HYN (B1(2)) > vy > 0 for vy = vo/2, in-
deed B;((0,2)) C (—=1,1) x BE(2) for any z € K.

Remark A.3. Let (X X R,dx ®dey, m®H!) be a metric measure space. Let £ C X x R
be a measurable set. It directly follows from the definition that, for every a,b € R U
{—00, +00}, we have

b
Per(E, X X (a,b)) > /Per(ES) ds. (A.3)

a

Indeed, let us take f; € LIPo(X X (a,b)) such that f; — xg in L{ (X X (a,b)). Thus
for H'-a.e. s € (a,b) we have that f;|ps — xps in Li_(X). We further have, by using
Fatou’s lemma and the fact that for every s € (a,b) we have lipf; > lip(f;

loc

B.)
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b
lim inf / lipf; d(m ® H') = lim inf//lipfi(x, s)dm(z) dH(s)
1——+00 1—+00

X x(a,b) a X

//hmlnfhpfZ z,s)dm(x) dH (s)
(A.4)

> / / lim inflip(f] ) (. ) dm() A (s)
a X

b

> /Per(ES)ds.

a

Thus taking the infimum in the left-hand-side of the previous inequality we get the
sought claim.

The proof of the next two results is inspired from [109, Theorem 3.9 and Corollary
4.12], cf. [105, Section 7.2].

Proposition A.4. Let X = (Rx K, deu®df, HN 1) be an (N+1)-dimensional RCD(k, N+
1) metric measure space such that inf,cx HNT1(By(x)) > vo > 0, with K compact. Then
there exists a constant £ := ((HN (K),k, N,vo) such that the following holds.

For every normalized isoperimetric set E C R x X with HN (K \ E°) > 0, we have

Per(E) > ¢ - HNTY(E). (A.5)

Proof. Notice that (K,dx,H") is a compact RCD(k, N) metric measure space, and
HNH = H1@HN . Moreover, let us notice that since E is normalized, E is the intersection
of the subgraph of f € BV),.(K) and the complement of the subgraph of —f, see [16,
Theorem 3].

Let us consider 7 > 0 with the property that

N N
HV () > 2(K) vt e [0,7), HN (B < 2 Q(K) Vit € [r, +00).
By using (A.3), (A.2), and the co-area formula we get
Per(E) > Per(FE, (1, +00) x K) > CHYNTHE N (1, +0) x K), (A.6)

for C = C(HN(K),k, N,v9) > 0. Thus, if 7 = 0, the previous inequality, together with
the fact that E is normalized, gives the sought conclusion.

Let us then assume, from now on, that 7 > 0. Notice that, by comparing F, which is
an isoperimetric set, with a slab with the same volume, we get that
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Per(E) < 2HN (K).
By using the inequality in [15, Theorem 5.1, item (b)], we also get that
Per(E, (t,+00) x K) > HN (EY), (A7)

for every t > 0. Using the previous two inequalities we get that for almost every ¢t € [0, 7)
we have

HY(K\ EY) = #HN(K) — HY (EY)

A8
> Per2(E) — Per(E, (t,+00) x K) > Per(E, (0,) x K), Y

where in the last equality we are using that Per(E) > 2 Per(E, (0, 4+00) x K) from the
fact that F is normalized. By using (A.8), (A.3), and (A.2) together with the fact that
HN (K \ EY) < HN(K)/2 for every t € [0,7), we get that, calling f(t) := HN (K \ E),

we have

N—-1

7@ ZC/f(s) ¥ ds, (A.9)
0

for some C = C(HN(K), k, N,vy) > 0. By integrating the previous inequality and using
that f(t) > 0 for every t € [0, 7) by assumption, we get

WK > [ =0 = r< oY E)Y, (A.10)

where C = C(HN (K),k, N,v) > 0. Finally, since the slices E* are decreasing, we get,
from the coarea formula, from the estimate in (A.10), and from (A.7) with ¢ = 0, that

HNTHEN(0,7) x K) = /HN(ES) ds < THN(E®) < CPer(E), (A.11)

for C = C(HN(K), k, N,v) > 0. By summing together (A.6) and (A.11) we finally get
the sought claim. O

For results related to the forthcoming Lemma, see [54,41]. In [54] Lemma A.5 was
first proved for compact Riemannian manifolds K, and in [41] a version of Lemma A.5
was proved for smooth cylinders with density constant along the real factor.

Lemma A.5. Let X = (R x K, dey®dg, HV 1) be an (N +1)-dimensional RCD(k, N +1)
metric measure space such that inf,e x HYTH(By(z)) > vo > 0, with K compact. There
ezists a volume Vo := Vo(HN (K),k, N,v9) > 0 such that for every V > Vi the unique,
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up to translation along the factor R, isoperimetric region of volume V is (0,a) x K for
suitable a > 0.

Proof. Let 7 : R x K — K be the projection on K. Notice that 7 is 1-Lipschitz. Let
f:R x K — R be the projection on R.

Let us take Vy := 4HN(K)/¢, where / is chosen as in Proposition A.4. Since every
pGH limit at infinity of R x K is isometric to R x K, we get that, by exploiting the
asymptotic mass decomposition result in Theorem 2.22, for every V' > 0 the isoperimetric
problem has at least one solution for the volume V" and it is bounded, cf. the first part of
Theorem 2.19. Let E be one isoperimetric set with volume V > Vj. By the topological
regularity of E, see the first part of Theorem 2.19, up to take a representative of F, E
is open, and the essential boundary of E coincides with its topological boundary OF.

By Lemma A.1 we get that sym(F) is a normalized isoperimetric set and

Per(E) = Per(sym(E)) < 2HN(K), (A.12)

by comparing with a slab with the same volume. From Proposition A.4 and from the
choice of Vp, we get that HV (K \ (sym(E))°) = 0. Thus HV (K \ 7(E)) = 0, since
7(E) = m(sym(E)) = (sym(E))°. Thus for HV-almost every x € K, |7~ 1(z) N E| > 1,
and then |7=1(x) NOE| > 1, since E is bounded.

We now claim that for H¥-almost every z € K, H!(7~!(z) N E) > 0. Assume it
is not the case, and let us call X’ := {z € K : H}(7~!(z) N E) = 0}. We have that
X' is measurable and H~ (X’) > 0. By the rectifiability results for sets of locally finite
perimeter recalled at the beginning of Section 2.3 we have that for H™V-almost every
p € OF, the following holds

HNTY(BX(p)NE) 1
li T = —. A.13
ri}g‘*’ wNJrlT’NJrl 2 ( )

Thus, since 7 is Lipschitz, there exists © € X’ a regular point of H~-density 1 in X’
such that there is p, € F for which n(p,) = z, and p, satisfies (A.13). Let us now fix
this z, and let 1 > 0 be small enough such that

1 1
HYH(BY (pa) N E) > ZwN+119N+1» HY(By (2) \ X') < 1—6WN+119N, (A.14)

and let us find a contradiction. First notice that, by Fubini,

HN Y EN Y (B (z)n X)) = / H (7 (y) N E)dHY (y) = 0.

BE (z)nX’

Thus, by also exploiting the previous equality, (A.14), and the coarea formula, we get
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1
1N a0 < HYTN B (pe) 0 B) = HYYU(BY (p2) N E N7 (B ()

=HYY(BY (p.) NENT Y(B (x) \ X))
f(pa)+9

A.15)
= / HN({f =t} nEna (B (2)\ X)) (

f(pz)—10

1
< 20HN(BE () \ X') < ngHﬂN“,

which is the sought contradiction. We remark that in the second-last inequality we are
using that

m({f =t} NnEnz By (x)\ X)) C Bjf (2) \ X,
and then

HY{f=tynEna (B (2) \ X)) = HY (r({f =t} N Ena "1 (Bf (2) \ X))
<HY (B (2) \ X).

We thus have proved that for H™-almost every x € K, H'(7~(z)NE) > 0. This now
readily implies that for H~-almost every x € K, [t~ 1(x) N OE| > 2, again using that £
is bounded. We now claim that for HV-almost every z € K, |7~ (x) N OE| = 2. Indeed,
if not, there is A C K with " (A) > 0 such that |[7~(z) N OFE| > 3 for all z € A. By
using the rectifiability of the boundary, the fact that Per(E,-) = HYN 'L JE and the
area formula for metric spaces [13, Theorem 8.2] applied to the projection map 7, which
has Lipschitz constant = 1, we infer

Per(E,R x A) > 3HN (A).

Moreover, by the same reasoning, we always have Per(E,R x (K \ A)) > 2HN(K \ A),
since for HN-almost every x € K, |7~*(z) N OE| > 2. Thus we infer, by summing the
previous two inequalities, that Per(E) > 2H™ (K), which is a contradiction with (A.12).

Hence |r71(z) N OFE| = 2, and H(7(z) N E) > 0 for HN-a.e. z € K. Thus, for
HN-ae. z € K, E, is an open and bounded interval. Thus E is the intersection of the
subgraph of a function v € BV, (K) with the complement of the subgraph of a function
u € BVioe(K), with u < v, see [16, Theorem 3]. By using [15, Item (b) of Theorem 5.1],
we can finally write

21N (K) > Per(E) = (\/1 +o2+V1+ gg) HN(K) + (|Dul® + [Do]*)(K) > 21N (K).
From the last chain of inequalities we infer that u, v are constant and thus F is a slab. O

We conclude with a characterization of perimeter minimizers with compact boundary
in RCD cylinders.
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Lemma A.6. Let X = (R x K, de,®@dg, HV 1) be an (N +1)-dimensional RCD(k, N +1)
metric measure space, with K compact. Let E C X be a perimeter minimizer, i.e., a set
of finite perimeter such that Per(E) < Per(F) whenever EAF is essentially bounded in
X. Up to choice of the representative E = EU) | assume that OE is bounded and that
HNH(E) = +o0.

Then, for some tg € R, either E = (—o00,tg) X K or E = (tg, +00) x K.

Proof. Like in the case of isoperimetric sets, it follows from the regularity theory in [74]
(see also [91]) and from the representation for the perimeter measure in [36] that E()
and E© are open and that Per(E,-) = HN L OFE. Without loss of generality, assume
that OF C (0,t1) x K for some t; > 0. Hence either (—00,0) x K C E or (—00,0) x K C
X \ E; similarly, either (¢;,+00) x K C E or (t;,+00) x K C X \ E. Without loss
of generality assume that (—o00,0) x K C E. Hence (t;,+o0) x K C X \ E, otherwise
E U (-1,t1 + 1) x K would be the whole space, contradicting the minimality of E.
Moreover P(E) < P(EU (—1,t; +1) x K) = HN(K).

Let 7 : Rx K — {1} x K be the projection on the slice {t; } x K. Hence 7| is surjective
over {t1} x K. Arguing as in the proof of Lemma A.5, the fact that P(E) < HY(K)
implies that for HV-a.e. point (t1,k) € {t1} x K there exists at most one point in
77 1((t1,k)) N OE. Hence [16, Theorem 3] implies that F is represented as the subgraph
of a BVjee(K) function f : K — R. Therefore P(E) < HY(K) and the inequality in
[15, Theorem 5.1, item (b)] implies that the total variation of f is zero, and thus f is
constant. O

Appendix B. Geodesics in products and cylinders

The next observation characterizes rays in cylinders over compact spaces, and its
proof, which involves classical arguments in Metric Geometry, is left to the reader.

Proposition B.1. Let (X1,d1) and (Xa,d2) be metric spaces and let (X, d) be the product
metric space X = X1 x Xo endowed with the product distance d*((z1,x2), (y1,y2)) =
d3(z1,y1) + d3(x2, y2) for any (x1,2), (y1,y2) € X. Assume that (X,d) is CBB(0). Let
v =(m,%):[0,T] = X be a geodesic. Then the following hold.

e L(vi) = di(7:(0),7(T)) fori=1,2.

o If |¥'|(t) =1 for a.e. t, then there exist ¢1,co > 0 such that |v}|(t) = ¢; for a.e. t for
i=1,2

e If X =RxK, K is compact and o : [0,+00) — X is a ray, then there is (to, ko) € X
such that o(t) = (to +t, ko) or o(t) = (to — t, ko).
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Appendix C. Concavity of distance from geodesics in dimension 2

We shall prove that the distance function from a geodesic on a 2-dimensional CBB(0)
space is concave. As pointed us to the authors by A. Lytchak, the forthcoming Proposi-
tion C.1 can also be obtained as a consequence of [122, Corollary 2.8], which in turn relies
on [101]. Indeed, one can consider the region bounded by the curves o and 7 in Proposi-
tion C.1 and by geodesics joining their endpoints. The assumptions imply that such set
is an Alexandrov space for which v is a boundary stratum, and thus [122, Corollary 2.8]
applies. However, we include a proof based on classical comparison arguments.

Proposition C.1. Let (X, d) be a 2-dimensional CBB(0) metric space. Let o : (a,b) — X
and v : [0,T] — X be geodesics such that 0 < d(o(t),y) < min{d(c(¢),7(0)),
d(o(t),v(T))}, for any t € (a,b). Then t — d(o(t),7) is concave.

We need to recall some basic facts about the first variation formula on Alexandrov
spaces. Let X,0,7 be as in Proposition C.1, and assume for simplicity that (a,b) =
(—ap,ap). Let ¢ = 0(0) and p € « such that d(c(0),~v) = d(c(0),p), and denote 5(r) :=
o(—r) for r € [0,ap). Let s; < 0 < t; be sequences s; — 07, t; — 07 such that [o(¢;)p]
and [o(s;)p] converge to some geodesics vy and v_, respectively. By [39, Theorem 4.5.6,
Corollary 4.5.7], it follows that

d(o(t:),p) —d(g,p)

—cos £ (0)o’(0) = tili_}n(% y = —cosf.,
d i)y —d )
—cos Zv"(0)5'(0) = lim (ols:).p) =dl@p) _ cosf_,
81%07 _Si

where

604 := min{Z5'(0)a’(0) : 7 geodesic from ¢ to p},
0_ := min{/%'(0)5'(0)z : 7 geodesic from ¢ to p}.

In particular 2+ (0)o’(0) = 0, £4"(0)6'(0) = 6_, and §_ < m — 0. Hence
cosf_ > —cosb,. (C.1)

The proof of Proposition C.1 is inspired by [2, Proposition 3.7], as the geodesic
in Proposition C.1 plays the role of a boundary for the 2-dimensional space X. The
argument is originally due to Perelman [101], see also [102, Theorem 3.3.1] for a different
proof.

Proof of Proposition C.1. We prove that

limsup (d(o(to + ), ) + d(o(to — h),7) — 2d(ar(to), 7)) /h* <0,

h—0t
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for any to € (a,b). This readily implies that d(o(t),v) is concave. We prove such claim
by constructing suitable upper touching concave functions.

We assume for simplicity that (a,b) = (—ap, ag), and we prove the claim for tg = 0.
Let si,ti, v+,7—, 04,0_ be as above. Denote q; := o(s;), ¢ := o(t;). Let Apgg;” and
ApGq; be comparison triangles in R? sharing the same edge [pq]. Let 4 be the line in
R? passing through p and orthogonal to [pg]; assume that 4(0) = p and that for ¢ > 0
the point (¢) lies on the same side of Apgg;" with respect to the axis [pg]. Without loss
of generality we can assume that p = 0 is the origin and that g € {0} x (0, +o0) C R2.
Finally let  : R — R? be the piecewise linear curve defined by

5(1) g+ (sinfy,—cosf )t t>0,
g =
G+ (sinf_,cosf_)t  t<O0.

We consider the function h(t) := |5 (t)7|, that is

h(t) = pq| — (cos 1)t >0,
|pg| + (cosO_)t ¢ < 0.

Hence h(0) = |pg| = d(0(0),~) and h is concave by (C.1).
We want to show that d(o(r;),y) < h(r;) for r; € {t;,s;}, for any i. We show the
latter for the times ¢;. In the following, [pg] denotes the inverse parametrization of -, .

By angle condition, Aq_g"+ < £ (0)o’(0) = 4"0(1) hence
3731 < h(ta), (C2)

for any i. Denote by 7; € 7 the projection of g~ on 7, so that |g; 7| = |g; 7:|.
+
Let p; € v\ {p} such that d(p,p;) = |pr;| and Zpgi < 5. By Remark 2.8, we know
+
that, up to subsequence, lim; Zpp: = Z[pq]’(0)y'(0) = 5. Since X has dimension 2, then

ApZ;r + Zpgi:r = g or Zp? Por = Zp + 5 (C.3)
Indeed, the previous alternative can be argued by passing to the tangent cone at p, which
is either the half-plane or R?, and distinguishing the cases Ap s<m /2 or Lp . > /2.

Suppose by contradiction that the second alternative in (C. 3) occurs along some (non-
relabeled) subsequence, then 3 lim; 4pq+ = 7. Observe that [pqi ] cannot intersect ~y for
positive times; indeed, if [pg;"|(to) = ’y(r;) for some tg > 0 and rg, then ry = r1+ty, where
p = 7(r1), and since t — d([pg;"](t),¥(r1 +t))/t is nonincreasing, then [pg;"](t) would
coincide with v(ry + t) for t > tg, and then q;r € v, which contradicts the assumption
0 < d(o(t;),). For the same reason, [pg] cannot intersect v for positive times.
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.
For large i, we have /pp. > 7/4 and 4p§+ > 3w /4. Hence, for some

p € (0, min{[pq|/2, |py(0)|/2, [py(T)|/2})

small enough, the ball B,(p) is homeomorphic to an open disk in the plane; indeed, the
+
inequalities satisfied by the angles Z/pj ,épg+ imply that the tangent cone of X at p is

R? and Perelman’s local structure theorem applies, see [40, Section 13.2, Theorem b)].
Hence v divides B,(p) in two open connected components A, Ay, and [pq] intersects

N
Aj only, up to renaming. Since Zpp; > 7/4 and Zp;1_+ > 37 /4, then [pg](t) € Ay for

t € (0,¢,); indeed if otherwise there is 7; — 0 with [pg;](7;) € A1, rescaling the distance
by Tj_l and passing to the tangent cone at p we would get that 4”3% < 7 /2. Therefore,

since [pg;"] does not intersect vy for positive times, then [pg;"](0, p) C As, for large i. But
[pg;] converges to [pg] uniformly, that gives a contradiction.

N
Therefore Apgi+ + Lpp = 5, for large i. Hence, letting Aﬁ(j;r p; be a comparison

triangle for qu;r p; which extends Aﬁ(j(jj to a quadrilateral, the angle condition implies

g o _ T q ™ G od
VA4 5~ équ <5 équ = Zp;; .
The previous inequality together, recalling that |pp;| = d(p, p;) = |pri|, implies

d(o(t),v) < d(g . pi) = | pil <1374l

for large 4. The analogous argument can be employed to show that d(o(s;),7) < h(s;),

for large i.
Now t;, s; are arbitrary infinitesimal sequences, so we can choose s; = —t; with ¢; such

that

i 3@ (), 7) +d(o(=ti), 7) — 2d((0). 7)

o 2

t d(o(—t —2d
i 4010:2) +4(0(-0).9) 240 0). )
t—0+ t

Hence

. d(o(t),7) +d(o(-t),7) — 2d(a(0),7)
h:i(b)lip e

< limsup h(t;) + h(—t;) — 2h(0)

2
i t;

<0. O
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