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Abstract

This paper analyses higher education dropouts dynamics through an innovative approach that integrates
recurrent events modelling and point process theory with functional data analysis. We propose a novel
methodology that extends existing frameworks to accommodate hierarchical data structures,
demonstrating its potential within a simulated setting. By analysing administrative data from student
careers at Politecnico di Milano, we explore freshmen dropout patterns across different bachelor’'s degree
programmes and schools. Specifically, we model dropouts as recurrent events occurring across both
programmes and schools using a Cox-based recurrent events model. Additionally, we leverage functional
data analysis and multilevel principal component analysis to unravel the latent effects of degree
programmes and schools on dropout trends, offering valuable insights for institutions seeking to implement
strategies aimed at reducing dropout rates. The proposed methodology offers a groundbreaking approach
to dropout analysis, opening a new perspective and avenues for modelling its dynamics.

Keywords: functional data analysis, multilevel principal component analysis, recurrent events, students dropout

1 Introduction

The higher education system is worldwide affected by high dropout rates. In this context, ‘drop-
out’ refers to students leaving the university world without completing their degree. From the per-
spective of a single university, dropout occurs when a student exits their academic programme
before earning the final qualification (Tinto, 1982). Despite efforts by European governments to
expand access to higher education, ensuring successful degree completion remains a challenge,
and dropout rates persist at around 30% across OECD member countries (OECD, 2019). In
Italy, this issue is particularly pronounced, with a significant proportion of students discontinuing
their studies, often within the first two years of enrolment. More than half of those who begin high-
er education fail to complete their degrees (Aina et al., 2018). Indeed, the percentage of adults with
a higher education degree in Italy is below the OECD average (Cannistra, 2024; OECD, 2019).
These high dropout rates not only lower the average skill levels of the workforce (Atzeni et al.,
2022), but they are also linked to a growing wage-skill gap (Katz & Murphy, 1992).

From an institutional perspective, high dropout rates represent a waste of resources. In fact, the
long-term returns—both in terms of human capital development and credentials awarded—are
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lost when students exit without completing their degree, despite the considerable investments
made by universities in teaching, recruitment, and student support. As a result, analyzing and re-
ducing university dropout rates has become a critical challenge for higher education institutions.

What makes managing this issue even more complex is the significant variation in dropout be-
haviour across degree programmes and schools. Even within the same university, dropout patterns
differ widely across academic disciplines. For instance, some programmes may experience higher
dropout rates during early semesters due to difficult coursework, while others might see students
leave later in their studies, near graduation. Additionally, dropout rates can vary between schools
within the same university, influenced by factors such as faculty engagement, availability of stu-
dent support services, and workload.

In the statistical literature, dropout has been mainly studied from a student perspective, by mod-
elling the student dropout event through classification methods (Hegde & Prageeth, 2018; Kehm
et al., 2019) or, more recently, by modelling the time to dropout through survival analysis tools
(Barragan et al., 2022; Gury, 2011; Min et al., 2011; Patacsil, 2020; Singer & Willett, 1993).
The latent effects of degree courses or different educational providers have also been investigated
through the use of multilevel and frailty models (Cannistra, 2024; Cannistra et al., 2022). In this
paper, we introduce a novel approach that conceptualizes dropout as a time-dependent, degree
course-specific phenomenon, shifting the focus from the individual to the degree course. By ex-
ploiting and combining students data, we aim to reconstruct the dropout curve by modelling drop-
out intensity as a counting process, capturing the temporal dynamics of dropout risk in terms of
cumulative hazard. We then propose a procedure to decompose this dropout curve into contribu-
tions from different academic units, highlighting how the various data levels influence the evolu-
tion of dropout.

To serve this purpose, we analyse administrative data from Politecnico di Milano (PoliMi) to
examine dropout patterns across its bachelor’s degree programmes. PoliMi comprises four distinct
schools: Architecture, Design and Engineering, further divided into the School of Civil,
Environmental, and Land Management Engineering and the School of Industrial and
Information Engineering, offering 23 different undergraduate programmes, referred to as degree
courses or simply courses. Our focus is on understanding dropout rates across these programmes,
exploring how they vary by degree programme and school over the first three semesters span, as it
is highly predictive of dropout risk, as seen in previous works (Cannistra, 2024; Cannistra et al.,
2022; Masci et al., 2024)."

Our approach builds on methodologies that integrate recurrent events modelling, point process
theory, and functional data analysis, extending the techniques proposed by Baraldo et al. (2013)
and Spreafico and Ieva (2021). In these studies, hospital readmissions and drug consumption over
time are analysed to predict outcomes related to heart failure telemonitoring in the former and
time-to-death in the latter. We extend and generalize this framework to account for the hierarch-
ical structure of the data (Pinheiro & Bates, 2000) given by units (students) organized within
nested groups or levels (degree programmes and schools), enabling a more detailed exploration
of dropout dynamics across different academic units. Specifically, the analysis comprises two
phases. In the first phase, we utilize historical dropout data to fit a counting process model
(Daley & Vere-Jones, 2002), enabling us to compute the realized trajectories of the cumulative
hazard process (compensators) underlying the dropout counting process. While many alternatives
are available for the modelization of recurrent events (Amorim & Cai, 2015), such as extensions of
Cox models (see, for instance, the Prentice, Williams and Peterson model Prentice et al., 1981,
Wei, Lin and Weissfeld model Wei et al., 1989, frailty models Therneau et al., 2000), models
for the mean number of events or their occurrence rate (Diao et al., 2014; Lin et al., 2000), multi-
state models (Andersen & Keiding, 2002), and virtual (effective) age models (Beutner, 2023;
Kijima et al., 1988; Pefia & Hollander, 2004), we employ the Andersen-Gill (AG) model
(Andersen & Gill, 1982), following the choice made in Spreafico and Ieva (2021). The AG model
extends the Cox proportional hazards model by incorporating the increments in event counts over
time, assuming that correlations between event times can be explained by prior occurrences, as

! We focus on a single university as it provides a naturally heterogeneous setting, encompassing multiple schools and

degree programmes with known various dropout patterns (Masci et al., 2024). This allows us to analyse diverse academic
environments while ensuring data consistency and comparability, which would be challenging in a scenario encompass-
ing multi-university data due to differences in data availability, institutional policies, and programme structures.
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well as through the specification of appropriate time-varying covariates, such as the count of pre-
vious occurrences (Amorim & Cai, 2015). In contrast to the alternative approaches, the AG model
represents recurrent events as a single counting process for each group, with a common baseline
hazard across events and without explicit modelling of event order. These features align with
our objective of estimating cumulative hazard trajectories, whereas the other approaches differ
in their handling of event dependence, ordering, or post-intervention dynamics, making them
less suitable for our study. This framework allows us to represent these events as non-stationary
stochastic counting processes that may depend on specific characteristics or labels, referred to as
marks (Daley & Vere-Jones, 2002; Spreafico & Ieva, 2021). At this stage, the longitudinal trajec-
tory of instantaneous dropout risk over time within a degree programme is treated as a function,
and functional data analysis techniques (Ramsay & Silverman, 2005) are employed to extract in-
sights from repeated dropout events as two-level functional covariates. These covariates are de-
rived through dimensionality reduction using Multilevel Functional Principal Component
Analysis (MFPCA) (Cui et al., 2023; Di et al., 2009), preserving most of the historical information
while effectively managing variability across two levels. In this first phase, our aims are twofold:
(i) to reconstruct the dropout curve in terms of cumulative hazard for each degree programme, and
(ii) to decompose this dropout curve into contributions from both the degree programme and
school levels using MFPCA, highlighting how different levels are associated to the evolution of
dropout risk. In the second phase, we adopt a predictive framework to investigate how this infor-
mation influences the subsequent risk of dropout among students, incorporating information spe-
cific to the dropout risk associated with each course or school. The aim of this second phase is to
assess the predictive value of the extracted functional covariates in forecasting future dropout
events at the student level. To model the association between functional and scalar predictors
and time-to-event outcomes, we adopt the functional linear Cox regression framework proposed
by Kong et al. (2018), which incorporates functional predictors within a high-dimensional Cox
model.

Previous studies focused on PoliMi data have addressed various aspects of student dropout pre-
diction and quantification (Cannistra et al., 2022; Diaz Lema et al., 2024; Masci et al., 2024;
Ragni et al., 2025), with some of them specifically examining the impact of hierarchical structures
(i.e. grouping factors, such as degree programmes) on the time to dropout within the first few se-
mesters of enrolment up to the full three years of bachelor degree. The tools commonly employed
in this context include shared frailty Cox proportional hazard models (Cook et al., 2007;
Kleinbaum & Klein, 1996), where the frailty term represents a constant factor shared among clus-
ters (e.g. degree programmes), which affects the baseline hazard multiplicatively, accounting for
unobserved heterogeneity within clusters and allowing for a more detailed understanding of the
dropout risk across different academic programmes. Our study extends previous research by of-
fering a more refined analysis of dropout behaviour over time, specifically examining how dropout
dynamics evolve both within and between degree programmes and schools. A key advancement is
the incorporation of the dropout history into the predictive framework differently from the shared
frailty model, which simplifies this information into a single measure. By modelling dropout be-
haviour over time—identifying peaks at different stages of the academic journey—and analyzing
how these patterns vary across degree programmes and schools while considering student charac-
teristics, we can generate insights that can help institutions develop targeted strategies to reduce
dropout rates.

In this perspective, two key elements of novelty need to be highlighted. First, we introduce the
use of multilevel FPCA to decompose the dropout curve constructed from the compensator func-
tion. This novel application allows us to separate the contributions of different academic units (e.g.
programmes and schools) to the overall dropout dynamics, providing a richer understanding of
how these factors influence dropout risk over time. Second, and more importantly, our approach
represents a completely new perspective in the dropout literature, where most studies focus on
classification-based predictive models or, in more sophisticated cases, time-to-event models, al-
most exclusively at the student level (see, for instance, Arulampalam et al., 2004; Gury, 2011;
Min et al., 2011; Patacsil, 2020; Plank et al., 2008; Vallejos & Steel, 2017, and Masci et al.,
2024 for a discussion). In contrast, our approach models dropout dynamics at the degree course
level, capturing historical temporal patterns that can later be included for predictions at student
level.
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The paper is structured as follows. Section 2 outlines the employed methodology, providing a
recap of the framework and extending it within a multilevel context. Section 3 reports on a simu-
lation study that illustrates the application of the proposed methodology within the multilevel
framework. In Section 4, we introduce the PoliMi dataset, detailing the cohort selection and study
design. Section 5 presents the results obtained from applying the proposed methodology to the
PoliMi case study. This study is complemented by a nonparametric bootstrap analysis designed
to quantify uncertainty and assess the influence of the first estimation step on the second, as
well as by a benchmark analysis comparing the results with natural alternatives. Discussion and
concluding remarks are provided in Section 6. The code” is openly accessible at https:/github.
com/alessandragni/DropoutMultilevelFunct.

2 Methodology

In this section, we outline the methodology following three consecutive steps: recap on model for-
mulation for recurrent events and compensator reconstruction (Subsection 2.1), compensator de-
composition through multilevel principal component analysis (Section 2.2) and the development
of a predictive model (Section 2.3). The core methodological contribution of this work regards the
extension to the multilevel setting of the decomposition of recurrent events in counting processes.

2.1 Recap on the model formulation for recurrent events and

compensator reconstruction

Let Nji(¢), with ¢ € [0, T], denote the stochastic process counting the dropout events observed up to
time ¢, where j=1, ..., J; indexes the lower-level units and i=1, ..., I indexes the higher-level
units, or clusters, with the total number of lower-level units given by Zle Ji=n (Cook et al.,
2007). The process Nj;(¢) is adapted to the filtration {F;},c(0.1}, that is the history of realizations
of the process itself. Assuming Nj;(¢) is a class D submartingale, the Doob-Meyer (D-M) decompos-
ition theorem (Meyer, 1962) states that M,,( )= N,,(t) Ajj(t) is a zero-mean, uniformly 1ntegrable
martingale. Here, Aj(2) / o Yii(s)4ii(s) ds is the unique predlctable non-decreasing cadlag® and in-
tegrable compensator (or cumulatlve hazard process), with 4;i(¢) being the hazard function and Yj;(¢)
the at-risk process (i.e. equals value 1 when unitj in cluster 7 is at risk at time ¢ and 0 otherwise, under
independent censoring); their product defines the intensity process i;‘,-(t) = Y;i(2)4;(1).

Building on the formulation for marked point processes described in Spreafico and Ieva (2021),
we consider events whose cumulative number up to time ¢ are recorded by the counting process
N;i(t), where events can be further characterized by marks, represented by random variables w;;.
These marks provide additional information about each event, such as the size or magnitude
(Daley et al., 2003; Last & Brandt, 1995). In this framework, the intensity process depends not
only on time ¢ but also on the mark w;;. Assuming conditional independence of jump times and
marks, the intensity function factorizes as follows Z:(z, w,,) ”g t)fij(®;), where 7 ((t) 1s the
ground intensity process of the counting process and fii is the multivariate density fanction of
the marks @;;. Proper modelling of compensators and particularly of 2;(#, ;) allows for an accur-
ate reconstruction of Nji(t), as M;(t) represents the residual of the process in the D-M
decomposition.

Several models for /l;';-(t) are available in the literature on counting processes (Aalen et al., 2008;
Andersen et al., 2012; Pefia & Hollander, 2004). Employing the model introduced by (Andersen
& Gill, 1982), and assuming that f;j(w;;) depends on z;(¢) (which represents time-dependent fea-
tures related to the marks w;;), we obtain:

Aty @i) = Yis(t) Ao(t) exp{f’x;} exp{07z;(1)}

1
= Y;i(t) Ao(2) exp{BTx; + 07 z;(1)). )

Here, x;; is the column vector of covariates of the /" unit in i*" cluster, Zo(#) is the baseline hazard
function, and f# and @ are Q- and P-dimensional column vectors of coefficients, respectively, and T

Analysis are performed through the statistical software R (R Core Team, 2022).
i.e. right-continuous with left limits.
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stands for the transpose. Following Spreafico and Ieva (2021), the mark density f;i(w;;) is implicitly
incorporated through the exponential term involving z;;(), which captures the influence of the
marks on the process. Thus, both x;; and z;(z) serve as covariates. The former contains baseline
covariates that can be observed throughout the process, while the latter is composed by the time-
dependent covariates associated with the marks and is non-measurable with respect to the filtra-
tion at time zero. Then, # and 0 are estimated in the model fitting by partial likelihood maximiza-
tion (Andersen & Gill, 1982), while the baseline cumulative hazard can be estimated through
Breslow estimator (Breslow, 1975) as a step-function Ay (#) and then smoothed into Ay () as de-
scribed in Baraldo et al. (2013).

Let now [tk R tk”ﬂ] fork = 0 .5 Nji( ) be the intervals whose extremes are the jump times for
each unit j in cluster i, being #;/ t 0 and tN =T. Then Aj(z) /o s, w;j) ds can be estimated

by approximation as follows (see computatlon in the online supplementary material, Section S1):

Nj(t7) -
Rty =" exp (BTxy+ 02yl N[ Aoty a 1) = Ro(e")]. 2)
k=0

where a A b = min {a, b}, N;i(t”) represents the number of occurrences that have happened strictly
before time ¢, and # and @ are the estimated vectors of coefficients.

2.2 Multilevel functional principal component analysis for compensator
decomposition

After reconstructing compensators through a marked point process formulation for recurrent
events, Aij(t) can be regarded as functional data objects, allowing the application of functional
data analysis techniques (Ramsay & Silverman, 2005).

Given the high-dimensional nature of these data and the hierarchical setting given by the fact
that each unit j is nested within a cluster i, we aim to decompose functional variability and reduce
dimensionality, while getting insights. To achieve this, we apply MFPCA (Cui et al., 2023; Di
et al.,, 2009). MFPCA integrates classical FPCA (Ramsay & Silverman, 2005), which selects
only the relevant components of an appropriate orthonormal basis expansion, with standard
multilevel mixed models. This approach effectively decomposes the observed data according to
two levels of functional variation. Specifically, from the one-way functional ANOVA (Di et al.,
2009) follows that

Aij(t) = u(t) + Vilt) + Wii(t) + €;(2) (3)

+ Z fzk¢]e + Z (z]l¢] + fz] ) (4)

where, in Eq. (3), u(t) is a fixed functional effect, V() and W;;(¢) are mean 0 stochastic processes
(uncorrelated between each other) and ¢;; is a white noise process with variance assumed to be o2,
that appears only when functional data are observed with errors. Eq. (4) follows from
Karhunen-Loéve (KL) expansion (Karhunen, 1947; Loeve, 1948), where ¢Zl)(t) and ¢§2)(t) are re-
spectively level 1 (i.e. cluster level) and level 2 (i.e. unit level) eigenfunctions (fixed functional ef-
fects), and &, and j; are respectively level 1 and 2 principal component scores (zero mean random
variables, uncorrelated between each other).

Moreover, one may truncate the decomposition by pre-specifying at both levels the Percentage
of Variance Explained (PVE) as explained in Di et al. (2009), resulting into

+ Zék(bk + Z(z;l¢l + fz/ ) (5)
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being K and L the number of principal components finally identified respectively at level 1 (clus-
ter) and level 2 (unit). Other interesting indicators defined in Di et al. (2009) are the total ex-
plained variance between-clusters and within-clusters, and the proportion of variability
explained by level 1.

2.3 Cox regression model with functional compensators

The compensator decomposition in previous sections allows to extract dropout information fo-
cussing on the observation period S = [0, T], where the units are at level j, clustered within level
i. As a last step, we include this functional information into a functional Cox regression model
Kong et al. (2018) which considers another cohort, where the units are now at the level b, for
h=1, ..., Hjj, nested within level j again nested within level i, so that 7, = Z Z, | Hjj is
the total number of units.

Let (T}, 0j,) denote the observed pair of variables representing the time-to-event data, where
T, = min{Cjp,, T,,h} with T,,h being the true event time and Cjj, the censoring time. The inicator
variable is defined as d;;, = 1 if T,,h < Cjjn, and 0 otherwise. Then the functional compensators are
included in the Cox model as follows:

M (8| Wi, Aij) = no(2) exp{ywis, + [(Ai(s)als) ds}

K L
=115(1) eXP{?’TWim + /s [Z g () + )¢ iil¢§2)(s)i| e ds} (6)
k=1 I=1
K L
= ng(t) exp{yTwi,-h + Z f,-ka(kl) + Z Cz’jlaﬁz)}
k=1 =1

fori=1,...,Lj=1,...,Jiand h =1, ... H; where n,,,(t | wyp, Ajj) denotes the hazard function
for unit  at time ¢, 7, is the baseline hazard function, y is a g-dimensional vector of parameters to
be estimated, w;, is a vector of covariates available at unit level h,o:S — R is a functional par-
ameter. The second line follows from Eq. (5), so that #§(z) = 5o (¢) exp {/ u(t)a(s) ds} and last equal-
ity is given by rewriting a(s) according to different representatlons into the two different
orthonormal bases ¢§:) and ¢(IZ), thanks to the orthonormality property; the subscripts are added
in order to distinguish the two projections.

3 Simulation framework

In this section, we aim to test the methodology described above, in Sections 2.1 and 2.2.
Specifically, after simulating unit-level intensities with shapes based on specific similarities within
clusters and generating the Non-Homogeneous Poisson Processes (NHPPs) from these intensities,
we show that compensator reconstruction using AG models recovers the within-cluster
similarities.

In Subsection 3.1, we begin by simulating intensities 2;(¢) following a procedure similar to Cui
etal. (2023) and Dietal. (2009). We employ a one way functional ANOVA model to capture simi-
larities within clusters and integrate Aj(z) fo u) du to obtain compensator-like shapes, trans-
lating the intensity functions into cumulative hazard functions, and we simulate event times from
the Z7(2). In Subsection 3.2.1, we fit AG models to the simulated event data, and reconstruct the
compensator A,,( ). Finally, in Subsection 3.2.2 we evaluate the consistency of the information
captured by MFPCA before and after NHPPs extraction. We aim to show that cumulative hazard
reconstruction using AG models preserves the essential information captured by the MFPCA.

The Cox regression model with functional compensators is not included in the simulation study,
as it closely follows the framework developed in Kong et al. (2018) for the functional linear Cox
regression model.
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3.1 Data-generating process

Let 27(#) be an intensity function measured over a continuous variable ¢ € [0, 1] for observation j
within cluster i, for j=1, ..., J; and i=1, ..., I, generated by a modified one-way functional
ANOVA model (Morris et al., 2003) as follows:

—

M) = p(t) +2 i (Zf,k;b +Z§,,,¢, ) + €5 )) (7

where u(t) = 200, & ~ N'(0, 2"), i ~ N(0, 2%)) and ¢ ~ N(0, 62).

For our data generation, we draw inspiration from the simulation study described in Section 4 of
Di et al. (2009), introducing a few modifications to make the generation of the intensities more
suitable for our specific context. Firstly, we include a constant u(#) to increase the frequency of
events in the NHPP generated by 47(¢). Additionally, we scale level 1 and 2 components by a
cluster-dependent constant, enhancing the differentiation between-groups and, consequently,
the cumulative intensities. Lastly, we assign a higher standard deviation to the true eigenvalues
at level 1 compared to level 2, further distinguishing clusters and reducing within-cluster
variability.

The decision to simulate the intensities rather than directly simulating the cumulative hazard
function stems from the specific characteristics required for the cumulative hazard (increasing
monotonicity and ensuring that A;;(0) = 0). Simulating scores from a normal distribution while
maintaining these properties is not possible. Therefore, we opt to simulate the intensities to ensure
these essential characteristics are preserved.

As a baseline scenar10 we assume J; =4 units for each cluster i, withi=1, ..., I, with I = 20
leading to n = Z 1 Ji=80 umts and K =L =4. The chosen value of the elgenvalues are /Ik
0.9 fork=1, ..., Kand i =0.2""forI=1, ..., L, while the chosen value of the eigenfunc-
tions, chosen followmg (Cui et al., 2023; Di et al., 2009), are

190, 85" (2), ¢ (), 1) (2)) = (V2 sin(2at), V2 cos(2at), v/2 sin(4nt), V2 cos(4nt)}  (8)

(97(0), 62(1), ¢5(2), $(0)) = (1, V/3(2t = 1), V/5(612 = 61+ 1), V/7(20£ — 30> + 12¢ — 1)} (9)

at levels 1 and 2, respectively, observed on an equally spaced grid {1/T, 2/T, ..., (T -1)/T, 1},
with T = 103. Moreover, we assume x(t) = 200 and o = 0 (absence of noise Or measurement error).
Afterwards, we compute the cumulative hazard function as Aj;(z) f o/ (1) du. In Figure 1, we dis-
play the simulated intensities /l,./( ) (panel (a)) and the cumulative hazards Aij(t) (panel (b)) on the
y-axis, evaluated over the time grid {1/T, 2/T, ..., (T —1)/T, 1} shown on the x-axis, represent-
ing time £.

Following Pasupathy (2010), through the thinning method we simulate event times for a NHPP
over [0, 1], where the process is characterized by the time-varying intensity function 23(#), replicat-
ing the procedure 100 times.

Furthermore, we consider alternative settings of J;, I and T to the baseline scenario, in
order to quantify the impact of sample size and the clustering scheme on the proposed simu-
lation.  Specifically, we select in turn [={10,30,50}, J;={4,10,50} and
T ={200, 1000, 5000}. Furthermore, following Cui et al. (2023), we also consider unbal-
anced design, where the number of units per clusters is drawn from Poisson(J;) with a min-
imum of 1 unit per cluster.

The estimation accuracy is quantified for each of the 100 replications using the mean integrated
squared error (MISE) defined in Cui et al. (2023) as MISE(¢"")) = 2T)7"|§{L. — ¢\ 112 and
MISE(¢'?)) = (2T)~ ||¢trua - ¢(f|2t>te d||12: for the two eigenfunctions at levels 1 and 2, respectively,
where || - || stands for the Frobenius norm.
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Cluster = = - 14 ----- 17 -=-- 20 Others Cluster = = - 14 ----- 17 -=-- 20 Others

Figure 1. Simulated intensities /ljj(t) (a) and cumulative hazards Aj(t) (b), with clusters 14, 17, and 18 highlighted
using different colours and line types due to their outlying shapes, which stand out from the general patterns
observed in other clusters. (a) 2:(1). (b) A(t) =fé/17;(u)du-
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Figure 2. Estimated Ao(t) (a) and f\,,(t) (b). In (b), clusters 14, 17, and 18 are highlighted using different colours and
Iinektypes dugz to their outlying shapes, which stand out from the general patterns observed in other clusters.
(a) Aq(t). (b) Aj(t).

3.2 Results

3.2.1 Compensator estimation

We apply the pipeline described in Section 2.1, where in the AG model in Eq. (1) we employ the
number of events recorded up to that time interval for unit j in cluster i as a time-dependent
covariate.

The baseline cumulative hazard, Ao(z), along with Ag(#) is estimated. Additionally, f\,-,-(t) is de-
rived according to Eq. (2). These functions are depicted in Figure 2 for a single replicate of the
event time generation, in the baseline scenario, where the x-axis represents time ¢ and the y-axis
reports Ao () (panel (a)) and f\i,-(t) (panel (b)). By visual inspection, we observe some information
loss due to the stochastic nature of NHPPs in the simulation of event times. Nonetheless, cluster
behaviours remain distinguishable and can still be effectively recognised and characterized.

3.2.2 Multilevel functional principal component analysis

As final step of our simulation study, we implement the decomposition described in Section 2.2.
We recall that in Eq. (7) we simulate intensities 4() employing the eigenfunctions in Eqs.
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q)1,|rue(t) T QZ,lrue(‘) ¢|.lrue(t) T ¢2,|rue(t)

Figure 3. First two eigenfunctions at levels 1 and 2 (left and right panels, respectively), computed from simulated
Aj(1) represented in Figure 1 (b).
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Figure 4. Mean of the two estimated eigenfunctions at levels 1 and 2 (left and right panels, respectively), computed
from the reconstructed f\,](t). The solid curves represent the mean eigenfunctions averaged across 100 simulation
replicates, while the thin transparent lines correspond to the eigenfunctions estimated in each individual replicate.

(8)—(9). However, our primary interest lies in Aji(¢). Therefore, we first decompose Aji(¢) using Eq.

($), to get ;ﬁgzrue and &gzt)rue' At this stage, we obtain 4 functional principal components at level 1

and 2 atlevel 2. To determine the number of principal components at both levels, we set the PVE to
0.99, following the default setting in the mfpca . face function from Cui et al. (2023). In Figure 3,
we show results of MFPCA on functional compensators related to the first and second principal
components in the baseline scenario, respectively, for levels 1 and 2. Specifically, the x-axis repre-

sents time ¢, while the y-axis shows the estimated eigenfunctions &(kl,%rue (¢) (left panel) and ‘%,Zt)rue (2)
(right panel).

On the other hand, after the simulation of the NHPP as described in previous section and having
computed Aj(#) according to Eq. (2), we apply the same multilevel functional decomposition to
A 3(1) 1(2) . . . . e
Ajj(t), to get ¢k,fitted and ¢I,fitted' This step is replicated 100 times, to better measure the variabil

ity due to the event time simulations. Here, across the 100 replicates of the event time generation in
the baseline scenario, we consistently obtain 3 functional principal components at level 1 and 2 at

level 2, and the magnitude of the eigenvalues reduce. If we analyse the eigenfunctions gz(k”ﬁtte d(t)

and (zﬁzf)itte d(zf) shown on the y-axis of Figure 4, respectively in the left and right panels, with the

x-axis representing time #, similar pattern can be observed, both for levels 1 and 2. Moreover, the
estimated eigenfunctions in Figure 4 seem to successfully recover the main temporal features of the
true eigenfunctions shown in Figure 3. At level 1, the first eigenfunction exhibits an inverted
U-shaped pattern with a mid-interval peak, while the second captures a negative sinusoidal behav-
iour. At level 2, the first eigenfunction reproduces a linear downward trend, and the second shows
a pronounced increase toward the end of the interval. Overall, the reconstructed compensators
closely match the original simulated shapes up to sign alignment, despite minor discrepancies aris-
ing from event times sampling and model fitting. In particular, the principal trends, as well as the
locations of maxima and minima, are well preserved after reconstruction, although small phase
shifts are observed, slightly displacing peaks to the right in the reconstructed eigenfunctions of

Figure 4. Furthermore, we notice that gz(zl)fitte d is the eigenfunction that accumulates the most vari-

ability over the 100 replications, where the noise is to be imputed to the event times generation.
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Table 1 presents the simulation results for various combinations of J;, I and T, under both bal-
anced and unbalanced designs. For each configuration, the mean, standard deviation (SD), and
median of the MISE(¢")) and MISE(¢?)) are reported across 100 replications. The results show
that the MISE decreases noticeably as I increases, indicating that having more groups leads to
more accurate estimation due to the larger amount of independent information. In contrast, the
effect of increasing J; is less systematic, suggesting that additional within-group observations con-
tribute less to improving estimation accuracy, with the MISE in fact tending to increase slightly as
Ji increases. The impact of T (number of time points) is generally smaller, suggesting that the es-
timators stabilize at moderate T; this result is in line with those in Table 3 of fast-MFPCA paper
(Cui et al., 2023). Across all configurations, ¢*' consistently achieves lower MISE values and
smaller variability than ¢!, confirming that most of the randomness induced by the thinning pro-
cess is mainly captured by the first level. As expected, the balanced design generally yields slightly
better performance than the unbalanced one, although the differences diminish for large I and J;.

Overall, the results presented in this section indicate that camulative hazard reconstruction via
AG models preserves the essential information captured by MFPCA, demonstrating that for a
NHPP with cluster-similar intensities, the cumulative hazard reconstruction using AG models ef-
fectively retrieves the simulated shapes, retaining the crucial information captured by MFPCA pri-
or to process extraction.

4 Dataset

The data employed in this study were obtained from the administrative records of PoliMi, which
collect the academic progress of students enrolled in bachelor’s degree programmes (Mussida &
Luca Lanzi, 2022). These records encompass various aspects of students’ academic careers, includ-
ing enrolment and end-of-study dates, any changes in their enrolled degree programmes, and even-
tually incidents of dropout.* Additionally, information regarding the student’s history of passed
and attempted exams at different time points (semesters) is contained, including credits earned
within the European Credit Transfer and Accumulation System (ECTS) and weighted Grade
Point Average (GPA). While we are aware that psychological and social factors such as self-
confidence, motivation, parental education and family support are known to have impact on drop-
out behaviour, as highlighted in Rumberger (2011) and Tinto (1975), our analysis is constrained
to the available administrative records, which do not include such information. As a result, our
study focuses on academic and institutional factors that can be directly observed and measured
within the university’s data infrastructure. In this section, we delineate the cohort selection criteria
for our study (Subsections 4.1) alongside the study design (Subsection 4.2).

4.1 Cohort selection

For our analysis, we focus on bachelor’s students enrolled in academic years 2016/2017 and 2017/
2018, who maintained a consistent degree programme throughout their academic paths. We as-
sume that students enrolled in the 2017/2018 academic year were only marginally impacted by
Covid-19, which occurred during the last semester of their final year. Moreover, we omit fully re-
mote or single-cycle degree programmes, as the analysis focuses solely on traditional bachelor’s
degrees, which typically last between three and three and a half years.

In the first phase of the analysis, we utilize data from students with career start ay =
2016’ to construct the compensators. For these students, we track the dropout events occurring
within each course and school during a period S = [Ty, T4] that approximately corresponds to
the first three semesters since enrolment. In the second phase, we shift to the 2017’ cohort, using
data from the end of the first semester and historical information to enhance time-to-dropout pre-
dictions. The selection of the main variables to be included is informed by prior research, such as
Masci et al. (2024). Table 2 provides an overview of the key variables used in the second phase,
organized into four categories:

4 At PoliMi, students can withdraw at any point during their academic journey, rather than being restricted to doing

so only at the time of enrolment renewal, as is common in some other universities.
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Table 2. Overview of the variables considered in the analysis.

13

Variable

Description

Type

Measured at enrolment

- studentID

-origins

- gender

-highschool type

-highschool grade

- income

-agel9

-admission_score

- career start_ay

Student’s unique identifier
(anonymized)

Student’s geographic origins

Student’s gender
Type of attended high school

Student’s normalized high school grade

University fee bracket

Equals 1 if student’s age at enrolment >
19

PoliMi entrance test’s admission score

Student’s enrolment year

Categorical {1, 2, ...}

Categorical {Onsite, Commuter,
Offsite}

Categorical {Male, Female}
Categorical {Scientific,
Classical, Others, Technical}
Real number [60, 100]
Categorical
{Medium, Grant, High, Low}
Categorical {0, 1}

Real number [60, 100]
Categorical {2016, 2017}

Measured at end of 1st semester

-ECTSlsem

ECTS gained by end of 1st semester

Natural number >0

Grouping factors

- course Undergraduate programme Categorical {P01, P02, ..., P23}
- school A larger organizational unit grouping Categorical {sa, sB, sC, sD}
courses
Outcome
- time Time at which a student drops out after Real number [1,6]
Ist sem
- dropout Equals 1 if after 1st semester Categorical {0, 1}

a student drops within 6 sem, 0
otherwise

Note. in categorical variables, the first reported class represents the reference level.

e Variables measured at enrolment capture essential demographic and background character-

istics. These include geographic origin (origins, i.e. whether a student lives onsite, offsite,
or commutes to Milan), gender (gender), and age at enrolment (agel9, a binary
variable which equals 1 for students older than 19, and 0 otherwise). Socio-economic status
is approximated by the university fee bracket (income), which classifies students based
on their family’s financial situation into categories such as low, medium, high, or those
receiving grants. Educational background is represented by the type of high school attended
(highschool type) and the obtained highschool grade (normalized)
(highschool grade). Lastly, the PoliMi admission test score (admission score) re-
flects academic readiness at the time of university entry, although students may take this test
up to a year prior to their actual enrolment.

Variables measured at the end of the first semester focus on academic progress, particularly
the number of credits earned (ECTS1sem), a key predictor of dropout risk.

Grouping factors include the undergraduate programme (course) and broader organiza-
tional structure (school).

The time-to-event outcome variables pair (time, dropout) indicate whether a student
dropped out and, if so, the time at which the dropout occurred within three years after the first
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Table 3. Descriptive statistics for considered covariates after data pre-processing for career start ay='2017",
according to the dropout status.

Variable dropout =0 dropout =1
Type Name Mean (sd) Mean (sd)
Numerical admission score 66.99 (11.49) 63.52 (11.65)
highschool grade 83.90 (11.61) 76.62 (11.15)
ECTSlsem 19.49 (9.87) 4.67 (7.595)
Category N (Frequency) N (Frequency)
Categorical origins Onsite* 1031 (21.54%) 234 (26.53%)
Commuter 3422 (71.49%) 590 (66.89%)
Offsite 334 (6.97%) 58 (6.58%)
gender Male* 3197 (66.79%) 678 (76.87%)
Female 1590 (33.21%) 204 (23.13%)
highschool type Scientific* 3175 (66.33%) 546 (61.91%)
Classical 326 (6.81%) 54 (6.12%)
Others 607 (12.68%) 93 (10.54%)
Technical 679 (14.18%) 189 (21.43%)
income Medium* 986 (20.60%) 125 (14.17%)
Grant 1404 (29.33%) 287 (32.54%)
High 1766 (36.89%) 388 (43 99%)
Low 631 (13.18%) 82 (9.30%)
agel?9 0* 4267 (89.14%) 681 (77.21%)

1

520 (10.86%)

201 (22.79%)

*Reference category.

semester. The variable t ime is measured in semesters, starting from the end of the first semes-
ter, and ranges from 1 to 6, with three decimal places indicating the fraction of the semester at
which the event occurred. If a student does not drop out or graduate within the six-semester
window (three years following the end of the first semester), we assign t ime a value of six and
dropout a value of zero, treating the observation as right-censored at six semesters (meas-
ured from the conclusion of the first semester).

4.2 Study design

With focus on students enrolled in career start ay = ‘2016’ we include a three-semesters
observation period, denoted by S=[T,, Ty], with Ty =1 October ofcareer_start_ay’ and
Ty = ‘1 March of (career_start_ay + 2)’. The date of October 1 is chosen to exclude students
who dropped out within the first two weeks, potentially due to waiting for other university en-
trance test results,’ to ensure they do not affect the analysis. Instead, March 1 is selected as the
closing date, since at PoliMi the first-semester exams are generally completed by this time and
the new lectures have just begun. Moreover, we focus exclusively on the first three semesters
(516 days, approximately 17 months) because this period is highly predictive of dropout risk,
as seen in previous works (Cannistra, 2024; Cannistra et al., 2022; Masci et al., 2024).
Additionally, analyzing this time frame allows us to move the cohort into the subsequent academic
year and perform predictions starting from the end of the first semester, avoiding overlap between
cohorts. This ensures that future information is not used, ensuring practical implementation of the
proposed methodology. During this period, dropouts of students enrolled in the chosen
career start ay, course and school are daily monitored. We thus create a longitudinal
dataset, in a counting process fashion, tracking student dropout events across different
courses and schools. Each row represents a time interval between consecutive dropout events,
where the start and stop columns indicating the time (in days) between these events.

5 At PoliMi, lectures typically begin in mid-September.
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Following this, the focus is thus moved to the cohort of students with career start ay=
2017, particularly at the end of the first semester, and the primary outcome of interest is the cou-
ple of variables (time, dropout). To predict this outcome, we employ data collected at enrol-
ment, at the end of the first semester, and at the level of grouping factors, as shown in Table 2.
The choice is based on previous studies’ results (Masci et al., 2024), which indicate that the opti-
mal prediction window occurs within the first few semesters, as the inclusion of data from later
semesters provides minimal improvement in accuracy. Following preprocessing as described in
previous Section 4.1, our dataset consists of 5669 students, of which 882 dropped out.
Descriptive statistics for the over-described covariates after data pre-processing, are reported in
Table 3, according to the dropout status. Moreover, the model will incorporate information de-
rived from the analysis of the previous academic year’s data, adding valuable historical context
to enhance prediction.

5 Case study

We apply the proposed methodology to the case study involving the administrative dataset of
PoliMi. First, we present the compensator reconstruction and decomposition at degree course
and school levels (Subsection 5.1), then effectively implement a predictive model at
studentID-level (Subsection 5.2).

5.1 Compensator reconstruction and decomposition

For the analysis of dropouts as a marked point process, after cohort selection described in
Subsection 4.1 and having filtered the data to focus on a specified academic year (in our case,
career start ay=‘2016’), we establish start and stop dates for each dropout event that hap-
pened on distinct days and enumerate the cumulative occurred dropout distinct days (enum), as
well as the number of events (dropout count std) standardized by the number of students re-
mained enrolled in that course, that will perform as the mark of the counting process. Afterwards,
these covariates are employed for the AG model for recurrent events describing the dropouts, with
Demn = 0.018 (p-value = 0, HR = 1.021 [1.014; 1.029]) and fuzopout _count_sta = 0.094 (p-value = 0,
HR =1.099 [1.071; 1.128]), where HR stands for the hazard ratio and the values in square brack-
ets represent the associated 95% confidence interval.

The compensators are then reconstructed as described in Eq. (2). In Figure 5, we display the
baseline cumulative hazard Ag(z) (panel (a)) and the reconstructed compensators /A\,-,-(t) (panel
(b)), on two different scales, with the x-axis representing time ¢ measured in months over
S = [Ty, T1]. The behaviour of the curves is notable: there is a steep increase in dropout counts
at the beginning and end of the first year, particularly pronounced for specific degree courses.
This pattern can be explained by several factors. Early in the first year, high dropout rates are often
observed as students realize that the degree course they have chosen does not meet their expect-
ations, leading them to switch programmes or drop out. Additionally, many dropouts may occur
by the end of the first year because students find the coursework too challenging or the degree pro-
gramme not aligned with their career aspirations. This combination of early and end-of-year drop-
outs contributes to the distinct peaks observed in the cumulative hazard curves. Notable is the case
of a degree course in school sC. Although the pointwise distributions of A;(#) exhibit slight right-
skewness, the AG model accounts for the number of events standardized by the number of students
remaining enrolled in each course, already mitigating much of this heterogeneity. A log-
transformation could, in principle, further reduce this residual skewness before applying
MFPCA; however, we retained the original (untransformed) scale to preserve interpretability.
This choice does not adversely affect the stability of the decomposition of Eq. (4) and ensures op-
timal predictive performance of the model fitted in Section 5.2.

Afterwards, the compensators are decomposed as in Eq. (4). The number of principal compo-
nents at both levels is chosen by setting a proportion of variance explained equal to 0.99 (default).
As a result, two principal components are retained at both levels. At the higher hierarchical level

(denoted as level 1, corresponding to the school), the eigenvalues obtained are ):(11) =89.007 and
1= 0.900, explaining, respectively, the 98.99% and 1.00% of variability, while at the lower
2 p 8 p y y

hierarchical level (level 2, corresponding to the course), the eigenvalues are 2(12) =61.467 and
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Figure 5. In panel (a) we show the baseline cumulative hazard of the AG model for recurrent events for the marked
stochastic processes describing the dropouts. In panel (b), we represent the reconstructed compensators as in (2) of
the latter processes, each line representing a different degree course and each colour and line type representing a

different school, as indicated in legend. (a) Baseline cumulative hazard Ao(1). (b) Reconstructed compensators
/A\,'/(T).
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Figure 6. First two eigenfunctions at levels school and course levels (left and right panels, respectively),
computed from the obtained A;(t).

j.<22) =1.901, explaining, respectively, 95.93% and 3.00% of variability. Furthermore, the propor-
tion of variability explained by the higher hierarchical level, defined in Di et al. (2009) as

S AT A + o ), equals 58.39%.

Figure 6 illustrates the first and second eigenfunctions for each of the two levels, with the x-axis
representing time ¢ over S and the y-axis showing the corresponding estimated eigenfunctions,
&Sg)(t) and g;ﬁ}z>(t), displayed in the left and right panels for the first and second components, respect-
ively. To improve interpretability, as suggested in Ramsay and Silverman (2005), all panels in Figure 7
show the mean compensator functions () (solid line) on the y-axis along with perturbation curves
(dashed lines for positive perturbations and dot-dashed lines for negative) based on the MFPCA per-
formed on A,-,-(t), representing the eigenfunctions within one or three standard deviation (i.e. the
square roots of the eigenvalues) from the mean, respectively for first and second level. Indeed, /Al(]i) is

much higher than 1(2’), for both i = 1, 2. This difference in magnitude is reflected in Figure 7 with re-
spect to the mean compensator function /i(#). Moreover, the second principal component for level 2
exhibits significant variability, which may be attributed to the estimation process involving B-spline
basis functions in the MFPCA framework. These basis functions can potentially introduce artificial
fluctuations, especially in higher-order components. On the other hand, when the proportion of ex-
plained variance is reduced to 0.9, only a single principal component is retained at each level, suggest-
ing that most of the relevant dropout dynamics are captured by the first component alone.

The distribution of dropouts over time reveals distinct patterns across schools and degree
courses, each associated with varying dropout risks. As a contribution to the existing literature,
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Figure 7. Average compensators curves fi(t) =1NZ,J Aj(t) and their perturbations as indicated in legends, for 15¢
principal component for school level in left panel (a) and course level in right panel (b), and 2" principal
component for school level in left panel (c) and course level in right panel (d). (a) 15t PC level 1 perturbation of f(t).
(b) 15t PC level 2 perturbation of fi(?). (c) 2"¢ PC level 1 perturbation of a(t). (d) 2"¢ PC level 2 perturbation of /().

our analysis aims to disentangle the effects of schools from those of degree programmes. As result,
the first eigenfunctions (represented by the dashed lines in Figure 6) at both hierarchical levels are
positive and increasing, implying a deviation from the average dropout intensity (represented by
the solid line in Figure 7) along that eigenfunction’s shape, according to the sign of the computed
scores. Specifically, this means that schools and degree courses with a positive score on the first
principal component (dashed lines in Figure 7) are likely to experience a higher-than-average drop-
out rate, while those with a negative score (dot-dashed lines in Figure 7) are likely to see fewer
dropouts than average. Interestingly, the eigenfunction shape capturing dropout patterns differ
between the school and course levels: at the school level, there is a smoother increase toward
t ~ 13 months, while at the course level, small earlier peaks emerge around ¢ ~ 8, 10 months and
another sharper one around ¢ ~ 12 months. A possible explanation for these patterns lies in the
exam schedule at PoliMi. For the first-semester classes, students have two exam sessions in
January-February, two more in June-July, and a final opportunity in September. Similarly, for
the second-semester classes, there are two exam sessions in June—July, one in September, and
two more in January—February of the following year. As a result, students typically have several
chances to pass exams over the year. However, if students fail to pass the majority of their exams
by September, they may decide to drop out without renewing their enrolment and paying the new
instalment of the tuition fees. The second eigenfunctions at both hierarchical levels (represented by
the dot-dashed lines in Figure 6), though associated with less explained variance and thus poten-
tially more susceptible to estimation uncertainty, highlight additional temporal contrasts. At the
school level, those students enrolled in schools with a positive score (dashed curve in
Figure 7) tend to experience fewer dropouts during the first # ~ 12 months but more dropouts
in the third semester. A similar pattern emerges at the course level, though with greater oscilla-
tions, suggesting that some noise may also be captured. These patterns may reflect periods when
students enrolled in certain schools or courses encounter particularly challenging exams or key
academic milestones, which can lead to concentrated dropout events at specific stages of their
studies.

5.2 Prediction: Cox regression model with functional compensators

Given results in previous section, we now include information derived from compensators
into a predictive model, having first filtered the data to focus on career start ay =
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€2017’, and considered variables shown in Table 2 and preprocessed in Table 3, as described
in Section 4.

We aim to model the time-to-dropout up to 3 years after the first semester, using covariates at
the studentID-level and functional principal component scores derived from the cumulative
hazard of historical dropouts over time. We consider two principal components (K =2) at the
school level, and two principal components (L = 2) at the course level, even though the second
principal components carry low explained variability. The time-to-event data (T}, djj) corres-
pond to the couple (time, dropout) described earlier; the functional Cox model is thus the
one in Eq. (6). The vector of covariates w;j, at the studentID-level includes demographic and
academic information that could influence dropout risk, i.e. origins, gender,
highschool type, highschool grade, income, agel9, admission_score,
ECTS1lsem.

We fit the Cox regression model using a stepwise variable selection procedure based on the
Akaike Information Criterion (AIC) Bozdogan (1987), employing bidirectional selection.
Indeed, AIC-based selection is used in the functional regression literature and serves as an effective
alternative to thresholding the percentage of variance explained when determining the number of
retained FPC scores in estimation. Existing simulation studies and theoretical results provide a
general justification for its effectiveness (Kong et al., 2018; Yao et al., 2005).

The reduced model retains the variables origins, highschool type, income,
highschool grade, ECTSlsem and the principal components except for the second at the
course level. The results are further validated by fitting a Lasso-penalized (Tibshirani, 1996)
Cox regression model. The exclusion of the second principal component at the course level is
consistently supported by this alternative approach. Following notation in Eq. (6) explicit formu-
lation of fitted model is

iy (t | [origins, highschool_type, income, highschool_grade, ECTS1sen], Ai/)
=n5(2) exp{yl [(origins = Commuter)
+ p,l(origins = Offsite) + y;l(highschool_type = Classical)
+ y4I(highschool_type = Others)+
+ ysl(highschool_type = Technical) + y.l(income = Grant) + y-](income = High)+
2 1

+ ygl(income = Low) + yghighschool_grade + y;,ESCSisem + Z f,-koc(kl) + Z (i,-lagz) },

k=1 =1

(10)

being I(-) the indicator function. The estimated coefficients obtained from the analysis are pre-
sented in Table 4.

The obtained results align closely with expectations. Specifically, earning a higher number of
ECTS credits in the first semester and achieving a higher high school grade significantly reduce
the risk of dropout within the first three years of a bachelor’s programme (first semester excluded).
This finding is consistent with previous research, such as Masci et al. (2024), which underscores
the strong predictive power of first-semester credit accumulation in determining dropout risk.
Conversely, students from ‘Others’ and ‘Technical’ high schools, as well as high-income students,
exhibit a higher likelihood of dropping out. The model selection led to the exclusion of the
admission score variable, as its effect on dropout risk is likely mediated by the number of
ECTS credits earned in the first semester (ECTS1sem).

Notably, all coefficients associated with the retained score variables (two at the school level
and one at the course level) are statistically significant. This confirms that the information cap-
tured by compensators and multilevel principal component analysis effectively enhances time to

dropout prediction. In particular, the positive coefficient &(12) indicates that students enrolled in
courses with high scores on the first principal component at the course-level face an increased
risk of dropping out within three years. This result aligns with the trend observed in Figure 7b,
suggesting that courses characterized by above-average dropout rates are associated with a higher
probability of students leaving their programmes. On the other hand, both principal component
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Table 4. Estimates, standard errors, and P-values for the Cox regression model with functional compensators
defined in Eq. (10)

Parameter Estimate exp(Estimate) Std. Error p-value
71 (origins = Commuter) 0.099 1.104 0.078 0.206
7, (origins = Offsite) -0.215 0.807 0.151 0.155
73 (highschool type =Classical) -0.030 0.970 0.146 0.836
74 (highschool type = Others) 0.280 1.324 0.128 0.028
75 (highschool type = Technical) 0.176 1.192 0.088 0.045
¢ (income = Grant) 0.014 1.014 0.108 0.896
7 (income = High) 0.256 1.292 0.103 0.013
9 (income = Low) -0.123 0.884 0.143 0.391
79 (highschool grade) -0.007 0.993 0.003 0.040
910 (ECTS1sem) -0.145 0.865 0.005 0.000
oV (& - school-level score 1) -0.020 0.980 0.005 0.000
o (&, - school-level score 2) —0.885 0.413 0.172 0.000
al? (G - course-level score 1) 0.006 1.006 0.003 0.027

coefficients at the school level are negative and statistically significant. In particular, the coeffi-
cient &(21> suggests that students from schools with relatively high dropout rates in the first year but
lower-than-average dropout rates by the third semester are less likely to drop out, as shown in
Figure 7c. This protective effect is consistent with the construction of compensators, which are
based on the first three semesters, while dropout predictions are made from the end of the first se-

mester for the subsequent cohort. The sign of the coefficient &(11) may appear counterintuitive;

however, this could be due to its potential overlap with the information captured by &(12). As are-
sult, its weight in time-to-dropout prediction may reflect underlying similarities between these
components.

5.2.1 Model evaluation and comparison against natural alternatives

The selected model, whose results are reported in Table 4, achieves a loglikelihood of —6717.687,
a BIC (Schwarz, 1978) of 13523.54, an AIC of 13461.37 and a concordance index® of 0.847.
With the aim of quantifying uncertainty and examining the effect of the first estimation step on
the second, we apply a nonparametric bootstrap. This approach aims at better characterizing the
main distributions and drivers of the second-phase outcomes by resampling in the first phase.
Specifically, in the first phase of the analysis, which focuses on career start ay = 2016,
we sample with replacement within clusters from the original administrative dataset, which con-
tains information on whether students dropped out, before aggregating to the course level. We re-
peat the estimation procedure 1000 times to assess the stability and variability of our estimates.
The results are summarized through boxplots in Figure 8. Specifically, the y-axis shows the boot-
strap values, with separate panels corresponding to different components and levels. These plots
indicate that, even though the actual dropout counting process is not considered as bootstrap is
applied, the proportion of variability across components and levels (Figure 8a) remains coherent
with the non-bootstrapped case study results (red-dashed lines), even though the second compo-
nent at level 2 receives slightly less weight than the first. The same holds when we move forward
fitting the Cox regression model in the final predictive step, and we analyse the C-index and the
coefficients for school and course-level scores in Figure 8b. However, we observe some noise

®  The concordance index, or C-index (Harrell et al., 1982), is a commonly used method adapted for time-to-event

models and also accounting for censored data (Harrell’s C-index). It measures a model’s ability to correctly provide a
reliable ranking of the survival times based on the individual risk scores. It ranges from 0.5 (indicating random predic-
tion) to 1 (perfect prediction) and quantifies the probability that, for a randomly selected pair of comparable units, the
one with the higher predicted risk experiences the event earlier.
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Figure 8. Results of the nonparametric bootstrap procedure across 1000 resamples. Boxplots represent the
distribution of (a) level- and component-specific proportion of explained variance and (b) the Cox model outputs,
including the C-index and selected coefficients (school and course-level scores). Red-dashed lines indicate the
estimates from the original, non-bootstrapped case study.

Table 5. Model comparison metrics for the proposed model of Table 4 and simpler alternatives.

Model log-Likelihood  p-value BIC AIC C-index
Benchmark (Table 4) —-6717.687 13523.54 13461.37  0.847
a - Without both Y &zal! and Y1, Cyal®  —6742.974 0 13553.77 13505.95  0.842
b - Only school-level Yf_ &l —6723.302 0 13514.43  13466.60  0.846
¢ - Only course-level Y1, Cjal® —6731.864 0 13545.11 13487.73  0.845
d - Only school-level random-effects -6739.671 — 13565.71 13504.81  0.845
e - Only course-level random-effects -6718.186 — 13605.80 13486.33  0.846

Note. Metrics reported include log-likelihood, AIC, concordance index, and p-values of likelihood ratio tests (relative to
simpler models).

in the model coefficients compared to Table 4 and lower median C-index value, reflecting the ex-
pected information loss introduced by the bootstrap procedure.

To contextualize the performance of the model proposed in Table 4, we benchmark it against
a series of conceptually natural and simpler alternatives. We start with model a, that excludes
both school-level and course-level principal components. To disentangle the individual con-
tributions of each hierarchical component to the reported model, we then fit: model b that in-
cludes only school-level principal components and not course-level ones, and model ¢
including only course-level principal components and not schoo1l-level ones. Table 5 summa-
rizes the performance of these models in terms of log-likelihood, p-value of the likelihood ratio
test comparing 4, b, and ¢ against the baseline model, in which they are nested, along with BIC,
AIC and C-index. Removing both school- and course-level effects (model a) significantly
worsens model fit (higher BIC/AIC, lower C-index). Including only schoo1l-level effects (model
b) performs better than only course-level effects (model ¢). Overall, the baseline model (with
both effects) fits best, with school-level effects contributing slightly more to model perform-
ance. Furthermore, we compare our approach with a parametric frailty model, which is concep-
tually more appropriate than treating the grouping structure merely as a categorical variable,
and is also more computationally feasible in scenarios involving a very large number of groups.
Models d and e include, respectively, a school- and a course-level random effect, together
with the other covariates based on student information available at the end of the first semester,
as adopted in previous studies (Masci et al., 2024). A gamma frailty model was employed for this
comparison. Our proposed model demonstrates superior predictive performance in terms of
BIC, AIC, and C-index. Although the C-index values are comparable, this is consistent with pri-
or findings indicating that ECTS1sem is the primary predictive covariate. The improvement ob-
served in our benchmark model stems from incorporating dropout information across courses
and schools over the first three semesters of the previous academic-year cohort, rather than rely-
ing solely on static first-semester data.
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A further comparison aimed at checking whether the functional covariates effectively capture
more aspects of timing than a simple dropout rate at the course level is addressed in the online
supplementary material, Section S2.

6 Discussion

Addressing student dropouts is a critical concern for universities, both academically and financial-
ly. Each dropout represents an inefficient use of institutional resources allocated to recruitment,
teaching, and student support. Reducing dropout rates directly impacts both financial stability
and the overall effectiveness of educational systems.

One of the complexities in tackling this issue lies in the heterogeneous nature of dropout behav-
iour across degree programmes and schools. Different academic disciplines present unique chal-
lenges - some programmes may experience high dropout rates early on due to demanding
foundational courses, while others see increased dropouts as students’ careers progress.
Similarly, the dropout patterns can vary considerably across schools even within the same univer-
sity, influenced by factors such as faculty engagement and available student support.

In this paper, we present a novel approach to modelling dropout behaviour by examining occur-
rences over time within both degree programmes and schools. Our work has two main goals: (i) to
estimate the dropout trends over time and examine its variability across different degree pro-
grammes and schools, and (ii) to leverage this information at the student level to enrich dropout
prediction. To achieve these objectives, we utilize Cox-based regression for recurrent events to
model the counting process of the student dropouts, seen from the point of view of individual
faculties. In this initial phase, we employ an AG model, as supported by existing literature
(Spreafico & Ieva, 2021). However, it is important to note that other modelling choices, such
as those proposed by Baraldo et al. (2013), which build on Pefia et al. (2007), are also possible.
Selecting the appropriate model can be challenging; consequently, this first step of the analysis
could be replicated using alternative modelling approaches, allowing for further exploration of
our findings. On the other hand, by decomposing dropout patterns within programmes and
schools through multilevel functional principal component analysis, we provide a detailed view
of time periods in which dropout rates tend to spike. This approach offers a new perspective by
providing both visual and quantitative insights into when students are at the highest risk of leaving
their studies, allowing institutions to identify periods of high dropout rates throughout the first
three semesters and pinpoint the schools and faculties most affected by these trends.

Our predictive model incorporates historical dropout data on current time-to-dropout. By integrat-
ing information from previous cohorts, our approach provides an innovative tool to forecast future
dropout risks, which can support the implementation of targeted interventions. Indeed, this proced-
ure enables educational institutions to identify at-risk students earlier in their academic journeys,
based on a combination of baseline characteristics such as academic performance in first semester,
socioeconomic status, and prior high schools attended, alongside historical dropout trends specific
to each course and school. With these insights, degree programmes and schools can implement tar-
geted interventions aimed at reducing dropout rates and improving overall student retention and suc-
cess. For example, by implementing an early warning system, as suggested in Cannistra et al. (2022),
students with low credit accumulation in the first semester or those at high risk of dropping out, as
highlighted by our model, can be identified and proactively contacted via targeted emails promoting
support services, such as tutoring programmes. At PoliMi, tutoring sessions focused on specific ex-
ams, particularly in peer to peer format, have already demonstrated positive effects on student per-
formance and retention. In addition, other strategies are being explored, including enhanced
orientation initiatives designed to help students better understand the professional opportunities as-
sociated with their chosen degree programmes. Such efforts can facilitate more informed enrolment
decisions, increase student motivation, and reduce dropout.

While our model presents promising results, there is space for future refinement. First, the ana-
lysis could be validated across multiple academic years. Indeed, the previous academic year’s co-
hort is used to reconstruct compensators for the current cohort, reflecting the practical need to
inform predictions early in the academic trajectory. This approach implicitly assumes that dropout
patterns remain relatively stable from year to year, particularly during the first three semesters.
This assumption is supported by a quantitative stability check we performed, which showed
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that the estimated compensator patterns remain consistent across past cohorts. Nevertheless, we
acknowledge that external shocks, such as major curriculum changes or events like the COVID-19
pandemic, could invalidate this assumption and would require recalibrating the model.
Additionally, since the multilevel functional principal component analysis may find issue in disen-
tangle effects across schools and degree programmes, particularly given the limited number of
schools, different hierarchies could be evaluated. Finally, focussing on the first three semesters
—highly predictive of dropout risk—enables real-time forecasting of incoming cohorts, as the
compensator must be integrated over historical data. Extending the observation period beyond
this point did not significantly enhance predictions. However, while this approach effectively cap-
tures early dropouts at both the course and school levels, future research could examine the full
three-year undergraduate cycle for a more comprehensive understanding of dropout patterns.
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