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A B S T R A C T   

The tensile properties of sintered Cf-ZrB2/SiC UHTCMCs were investigated for different lamination sequences, 
revealing ultimate strengths of 570 MPa (0◦/0◦), 120 MPa (0◦/90◦), and 40 MPa (90◦/90◦). The results facilitated 
modeling the material’s non-linear tensile response, characterized by a remarkably prolonged plateau with 
pseudo-plastic behavior, followed by stiffness recovery before ultimate failure. A simplified analytical model was 
developed to predict this behavior originated by residual thermal stresses and inelastic phenomena. A complete 
constitutive law was then developed and implemented in a FE model, utilizing a bi-phasic approach including 
Drucker-Prager plasticity and orthotropic ductile damage. Two-step analyses were performed, starting with a 
thermal step to represent the buildup of a self-equilibrating RTS state in the material phases, followed by a 
mechanical simulation. This demonstrated the model’s efficacy in capturing the non-linear response in both 
homogeneous and cross-ply lay-ups, contributing to advancements in materials engineering and the design of 
UHTCMCs-based hot structures.   

1. Introduction 

Atmospheric reentry is one of the critical phases in the operative life 
of reusable space vehicles, due to the harsh condition which combines 
ultra-high temperature with oxidative environment at low oxygen par
tial pressure [1–4]. Ultra High Temperature CMCs (UHTCMCs) are 
special composites with a dense matrix made of ultra refractory ce
ramics, the so called UHTCs (broadly borides and carbides of early 
transition metals). A number of studies has been published in the last 
five years on sintered UHTCMCs, concerning microstructure, mechani
cal and ablation behavior [5–20] and among them, ZrB2-based 
UHTCMCs have shown the best tradeoff between oxidation/ablation 
resistance and density. In a previous work, it was outlined that the 
substantial coefficient of thermal expansion (CTE) mismatch, robust 
bonding at the fiber/matrix interface, and the pressure-assisted sintering 
process collectively resulted in a residual compressive strain along the 
longitudinal direction of the fibers. This compressive strain was effec
tively counterbalanced by the UHTC-matrix, maintaining an average 
residual tensile stress close to the theoretical critical value [21]. 

Moreover. considering the analysis of tangent stiffness evolution in 
bending tests it was also hypothesized that the tensile stresses within the 
UHTC matrix, close to the strength of corresponding monolithic ceramic, 
led to premature damage in the matrix allowing the release of the 
compressive stresses in fiber [21]. Such phenomenon could be consid
ered the driving mechanism for the ductile response of the material, 
which was evidenced both in bending and tensile tests performed on 
laminates with a homogeneous [0]n lay-ups: the stress vs. strain curve 
presents a knee with a remarkable reduction of the tangent modulus 
followed by a final recovery of the stiffness before the final failure [21, 
22]. 

Such type of response led to a peculiar S-shape response, which had 
been observed and related to RTSs in other CMCs, such as in [23,24], but 
with much lower variation in the tangent moduli of the materials. 
Moreover, the experimental results in [21,22] clearly indicate that this 
behavior tend to disappear in tests performed at high temperature, thus 
confirming the role of the RTSs in phenomenon. 

The relevancy of these non-linear effects in the material response 
motivate the development of analytical and numerical approach for 
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quantitative predictions, which are deemed particularly important for 
the design of UHTCMCs elements with structural role considering a 
damage tolerant approach, that is taking into account the possibility that 
part of the structure could exceed the limit of linear response, due to 
reasons such as manufacturing defects, damages, or low-energy impacts. 

Actually, numerical approaches were implemented to model the 
presence of RTS in Cf − ZrB2/SiC UHTCMC, with a Reference Volume 
Element (RVE) method [25] or at the mesoscale [20,26]. Moreover, a 
RVE method was used to study the toughening mechanisms of pyrolytic 
carbon interface layer [27]. However, these models were not aimed at 
interpreting and modelling the role of RTSs and of matrix and 
fiber-matrix interface damage on the peculiar non-linear response of 
UHTCMCs for engineering applications. 

The present work was focused on a more systematic characterization 
of the tensile response of UHTCMCs laminates, considering loading- 
unloading cycles on [0]8, [0/90]3S, and [90]8 lay-ups to obtain the 
data necessary for the development of a macroscale non-linear model of 
the material. Specimens were sintered in one of the largest machines 
available in Europe that allows to produce disks of 400 mm diameter 
[12]. In this way all the mechanically tested specimens were extracted 
from the same sintered piece despite their large dimensions. 

For the development of the model, the study of the non-linear phe
nomena and the qualitative interpretations given in [21,22,28,29] 
pointed towards the need of representing the self-equilibrating RTS state 
built in the material during the manufacturing and the adoption of 
non-linear response for the matrix phase. 

Such approach required the decomposition of the material into two 
simplified constitutive phases with different CTEs, in a way similar to 
the Binary models developed by Cox et al., [30,31], which was suc
cessfully assessed for a C/SiC [32] and SiC/SiC CMC [33]. The pecu
liarity of the Binary Model is the decomposition of the material in two 
idealized constituents to separately model the properties of a rein
forcement phase and an effective medium phase. In a similar way, Air
oldi et al. developed a bi-phasic modeling technique that allows the 
modelling of both in-plane and out-of-plane nonlinearities in polymeric 
and graphitic matrix composites [34]. 

Before developing the model, a quantitative analytical interpretation 
of the response was formalized by using a simple analytical micro
mechanical approach based on the rule of mixture. Thereafter, a com
plete bi-phasic model of the material, including an elastic-plastic 
damageable matrix phase, was developed and implemented in consti
tutive law to be used in the commercial Abaqus/Explicit finite element 
solver code, simulating both the build-up of RTSs in the two idealized 
phases and the subsequent mechanical response for unidirectional and 
cross-ply laminates. 

This article is organized in six sections. After this introduction, the 
material and the specimens are presented and discussed, including a 
microstructural analysis of the Cf − ZrB2/SiC UHTCMCs. Then, the re
sults of the experimental tensile characterization at room temperature 
are reported, with particular attention to the nonlinear behaviors and 
the residual deformations in a third section. In the fourth section, an 
analytical interpretation of the material nonlinearities and residual 
strain based on RTS is presented. In the fifth section, a finite element bi- 
phasic approach is implemented in Abaqus/Explicit code, which from 
one hand has to be predictive of the nonlinear stress trends of the ma
terial and on the other hand has to represent, clarify, and extend the 

analytical interpretation here presented. The findings of the activity are 
finally summarized in the sixth section. 

2. Materials and specimens 

2.1. Specimen production 

Cf- ZrB2 -SiC UHTCMCs were produced by slurry impregnation and 
sintering according to previous works [12,13,35,36]. Discs with a 
diameter of 400 mm underwent consolidation through spark plasma 
sintering, followed by precision machining to produce a comprehensive 
array of bars with varying lengths and shapes, extending up to 200 mm. 
These bars were prepared for subsequent tensile characterization, as 
detailed in Table 1. 

2.2. Tensile test campaign 

Tensile tests at room temperature were performed on three different 
family of specimens with lamination sequences [0]12, [0/90]12, [90]12, 
called T0, T090 and T90, respectively. ASTM C1275–15 was used as 
reference. The aim was to investigate the in-plane elastic response, the 
nonlinear behaviors, and the failure properties of UHTCMC. The 
numbers, lamination sequences and dimensions of the specimens are 
reported in Table 1. T0 and T90 specimens were dog-bone shaped, while 
T090 was not. In the T090 specimen, it was decided to analyze the 
progressive damage accumulation in the whole volume of the specimen, 
trying to avoid the specific state of stress in the zone of section variation 
could lead to a localization of damage. Four 4mm thick tapered tabs 
laminated by using glass/epoxy plies with lamination sequence [45]13 
where sticked to the specimens, two at each extremity, using a 
hot-curing Scotch Weld AFK 163–2 K structural adhesive epoxy tape. 
The tapering was produced by machining a laminate with an angle of 
14 ± 1◦ as prescribed by the standard. Tabs were needed to distribute 
the stress introduced by the testing machine clamps into the specimen, 
avoiding unwanted stress concentrations. An example of each family of 
specimens is reported in Fig. 1. 

An MTS 810 Material Testing System was used together with an 
extensometer placed on the specimen and an acquisition system that 
sampled the applied force, the crosshead displacement, and the exten
someter signal. A sampling frequency of 10kHz was set and a fixed 
crosshead displacement velocity of 0.5mm/min was imposed. Several 
loading/unloading cycles were performed in each test to evaluate the 
presence of residual deformations. 

Table 1 
Specimen ID and corresponding fiber architecture, geometry and tensile configuration.  

Specimen Number Lamination sequence Dogbone shape Length 
(mm) 

Gage length 
(mm) 

Thickness 
(mm) 

Width 
(mm) 

Gage width 
(mm) 

T0  5 [0]8 Yes  200 144 2.47 ± 0.01 10.00 ± 0.03 7.97 ± 0.03 
T090  4 [0/90]3s No  200 − 3.98 ± 0.04 10.00 ± 0.06 −

T90  5 [90]8 Yes  100 36 2.48 ± 0.01 10.01 ± 0.03 8.02 ± 0.05  

Fig. 1. Example of UHTCMC tensile specimens, one per each family, T90, T0, 
and T090, with fiberglass tabs to avoid excessive stress concentration. 
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2.3. Microstructural features of the coupons 

The microstructure of sintered UHTCMCs was analyzed on polished 
and fractured surfaces by field emission scanning electron microscopy 
(FE-SEM, Carl Zeiss Sigma NTS GmbH Öberkochen, Germany). Volu
metric fiber amount was measured by image analysis (Image-Pro 
Analyzer 7.0, v.7, Media Cybernetics, USA) of polished sections. In 
particular, an area of about 200 × 2500μm2 at 2000x magnification was 
mapped for 0◦/0◦ material and an area of 200 × 4000μm2 for 0◦/90◦

material to cover the entirely thickness of the specimens. In case of 0◦/ 
90◦, Vf was measured only on the micrographs with out-of-plane fibers. 

The average thickness of the single layer was calculated excluding 
the machined outermost layers of all the specimens produced for the 
mechanical tests. 

Typical microstructures of sintered 0◦/0◦ and 0◦/90◦ materials are 
illustrated in Fig. 2. Both composites showed the absence of macro- 

porous and the typical strong fiber/matrix interface characterized by 
the jagged borders [37]. The main difference between the two com
posites consisted in the fiber/matrix distribution. On one hand, 0◦/0◦

composite showed a lower fiber dispersion as evidenced in Fig. 2a by the 
dark spots that are groups of fibers. On the other hand, 0◦/90◦ composite 
showed thicker layers of unreinforced matrix regions that appear be
tween the infiltrated preforms (see Fig. 2b). These differences led to a 
higher fiber amount in the 0◦/0◦ composite (45% vs 43%, in Fig. 2c and 
d it can be seen also the variation of fiber amount through the entire 
thickness) and higher layer thickness in the 0◦/90◦ composite (about 
300 µm vs 330 µm). This difference in thickness could be explained with 
the settling down of the fibers in 0◦/0◦ composite when the pressure is 
applied during the manufacturing process. In the case of 0◦/90◦ com
posite, the presence of transverse fibers limits the displacement of the 
longitudinal ones. It is widely acknowledged that the mismatch in CTE 
between the ceramic matrix and fiber results in micro-cracking within 

Fig. 2. SEM images of polished cross-section of a (a) T0 and (b) T090 specimen. The light grey areas and the dark grey areas correspond to the matrix and the pitch- 
derived carbon fibers. The insets show zooms along the (a) longitudinal direction and (b) transverse direction of a single unidirectional layer. The average thickness 
of a single layer, together with the average thickness of the tensile specimens, is reported beside the low magnification micrographs. The area highlighted with 
dashed line was mapped with micrographs at 2000x and used to measure the volumetric fiber content (FVC). Each measured FVC-value is reported as a bar in the 
graphs (c) and (d) above to the investigated area. In the y-axis the max, weighted mean and min FVC-value is reported. 

Table 2 
Density (ρ), porosity (P), fiber volumetric content (Vf ) with longitudinal (0◦) and transversal (90◦) orientation, layer thickness (t), dynamic Young’s (E) and shear 
modulus (G) of the two ∅400mm disks produced with lamination sequences oriented at 0◦ and 0◦/90◦.  

Material ρ P Vf T E G 

0◦ 90◦

(g/cm3) (%) (%) (%) (μm) (GPa) (GPa) 
0◦/0◦ 3.83 ± 0.05 9 45 0 304 ± 42 324 ± 4 47 ± 1 
0◦/90◦ 3.67 ± 0.10 13 20 23 329 ± 52 130 ± 8 37 ± 4  
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the matrix, perpendicular to the fiber axis, along with RTS that can be 
significantly intensified through enhanced matrix densification and 
strong matrix/fiber interfaces [21,22,38–41]. Table 2 

3. Experimental results 

Experimental results are reported in Table 3, while representative 
stress-strain curves of T0, T090 and T90 tensile test are presented in  
Fig. 3. Curves showed a good repeatability in terms of trend and failure 
stress and strain. Furthermore, the T090 specimens exhibited strength 
values comparable to those previously observed in a nominally identical 
composite demonstrating the process’s repeatability and reliability [22]. 
Conversely, T0 specimens showed unexpectedly high strength value, as 
evidenced by the ratio of strength values (σ0◦/0◦/σ0◦/90◦ =

568MPa/121MPa = 4.7). T0 specimens showed the expected peculiar 
behavior, in which a very stiff elastic behavior in the first range of 
applied strain (EI = 272GPa), followed by a linear strain-softening 
plateau with reduced tangent modulus (EII = 63GPa). It must be 
noted that both tangent moduli are smaller than the elastic modulus of 
the fibers, weighted on their volumetric fraction (E∗

f = EfVf = 780GPa×
0.45 = 351GPa). Then, after a certain threshold, a stiffness recovery 
effect was observed with an increased tangent modulus (EIII = 256GPa) 
that reaches values comparable with the one in the first liner part of the 
curve (EIII/EI = 0.94). A similar stiffness recovery ratio was observed in 
similar UHTCMC during bending [21] and tensile [22] tests. A brittle 
failure was observed with a sudden and complete loss of load bearing 
capability. As expected by the “springs’ theory”, loading/unloading 
curves showed large residual deformation and the slopes of the 
unloading curves, obtained after the plateau, are larger that EI (about 
340 GPa vs. 272 GPa) and closer to the elastic modulus of the fibers, 
weighted on their elastic fraction [29]. 

The permanent deformation and the load plateau are typical of 
plastic and pseudo-plastic materials, even if it is worth nothing that they 

were observed on a specimen with an orientation dominated by the fi
bers, which notoriously have an elastic behavior. The same features 
were observed in T090 specimens, which exhibit a significantly longer 
plateau, though the final stiffness recovery is extended for a lower 
deformation range, thus leading to a significantly lower value of ulti
mate strength. The yielding stress at the end of the first elastic part [21] 
was lower than that of T0 specimens. As previously observed [22], the 
linear strain-softening plateau is larger than the T0, thus causing larger 
residual deformations, while a shorter strain hardening was observed, 
bringing rapidly to the failure of the specimen. In this case, the slope of 
unloading curve is closer to the elastic one and the failure happened 
brittlely and closer to the plateau. The specimens T90, which behavior is 
dominated by the matrix, showed a very low strength value and a brittle 
behavior, with strains at failure that are of an order of magnitude lower 
than the other kinds of specimen. A higher scattering is present in the 
failure strength and strain data, typical of statistical materials like ce
ramics. Considering that both the ZrB2/SiC matrix and the carbon fibers 
typically show an elastic behavior up to the failure, the pseudo-plasticity 
observed could be addressed to the interaction of the two phases, which 
are subjected to significant RTS at the beginning of the mechanical 
loading [21,27,28]. The next sections of the paper will delve into such 
aspect to propose a quantitative model to explain both the 
pseudo-plastic plateau and the stiffness recovery observed in the re
sponses, in agreement with the observation proposed in [21,28,29]. 

4. Development of a simplified analytical model 

Considering the ultra-high temperature reached during the forming 
process and the difference in the CTEs [29], it reasonable to suppose the 
presence of severe RTS, as also reported in literature[42–45], with a 
tensile stress of state in the matrix phase of about 600 MPa [21] and a 
compressive one in the fibers that depends on fiber architecture [22]. 

Table 3 
Results of the tensile tests: elastic modulus of three stages (EI , EIIandEIII); yield strength (σy); ultimate strength (σU); yield strain (εy); ultimate strain (εU).  

Specimen EI EII EIII σy σU εy εU  

(GPa) (GPa) (GPa) (MPa) (MPa) (µε) (µε) 

T0 272 ± 4 63 ± 5 256 ± 11 36 ± 6 568 ± 28 122 ± 28 3419 ± 78 
T090 131 ± 17 8 ± 1 99 ± 49 17 ± 3 121 ± 36 150 ± 23 5905 ± 407 
T90 74 ± 3 - - - 40 ± 12 - 597 ± 207  

Fig. 3. Representative stress-strain curves of T0, T090 and T90 tensile test. The slopes of the loading/unloading curves are reported in figure.  
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From these evidences and the observations carried out in [21,22,28, 
29], an analytical model was developed by applying a simple analytical 
approach, where the pseudo-plastic phenomena are related to the 
presence of RTS and to development of matrix damage. 

The response of the composite in the direction of the fiber rein
forcement and the interaction between the fiber and the matrix can be 
studied by using a simplified unidimensional micromechanical model, 
based on the assumption of identical strain, ε, in the fibers and matrix 
phases (i.e. iso-strain condition). Being E the Young moduli, V the 
volumetric fraction, and the c,m, f subscripts referred to the composite, 
the matrix, and the fibers respectively, the stress in the composite ma
terial can be expressed with a rule of mixture, as indicated in Eq. (2): 

σc = Vf σf + Vmσm = sf + sm (2)  

Where sf and sm represent the contributions to the stress in the composite 
provided by fiber phase and the matrix phase. These contributions 
include the RTSs developed during the manufacturing, compression of 
the fibers and tension of the matrix, which constitute a self-equilibrating 
stress state. 

The main objective of this simplified model is to corroborate that a 
strain-softening response attributed to the matrix and the presence of 
RTSs can explain both the pseudo-plastic plateau and the stiffness re
covery obtained in the experimental tests in T0 specimens, still main
taining a perfectly linear elastic response for the fiber. Hence, the stress 
sf and the stress increment dsf for a strain increment dε at fixed tem
perature can be expressed as: 

sf = Vf σRTS
f + Ẽf ε (3)  

dsf = Ẽf dε (4)  

Where ̃Ef = Vf Ef is the effective elastic modulus of the fiber phase in the 
reinforcement direction. The matrix phase is also subjected to significant 
RTSs and could have already developed damages since the 
manufacturing step. However, when a mechanical elongation is imposed 
to the composite, the matrix phase undergoes a further degradation, 
being subjected to the coupled action of the residual stress state and the 
stress originated by the mechanical loading. In the simplified model, 
such degradation can be represented by introducing a dependence of the 
matrix elastic modulus on the applied elongation, according to the 
following expression. 

Ẽm = Ẽm(ε) (5)  

where Ẽm is the secant Young’s modulus of the matrix phase (that is the 
matrix modulus weighted by the corresponding matrix volumetric 
fraction). Considering Eq. (5), the stress sm and the stress increment dsm 
for a strain increment dε can be expressed as: 

sm = VmσRTS
m + Ẽm(ε)⋅ε (6)  

dsm = Ẽ
t
m(ε)⋅dε (7)  

Where Ẽ
t
m = dsm/dε is the tangent modulus of matrix phase, which link 

the increment of mechanical stress to applied elongation. Thus, 
assuming a linear elastic behavior of the fiber phase, the increment of 
stress in the composite can be written as: 

dσc = Et
cdε = Ẽf ⋅dε + Ẽ

t
m(ε)⋅dε (8)  

Et
c = Ẽf + Ẽ

t
m(ε) (9) 

From Eq. 9, it can be deduced that if the tangent modulus of the 
matrix phase evolves and becomes negative, the tangent modulus of the 
composite can be lower than the fibers stiffness contribution. 

Ẽ
t
m(ε) < 0⇒Et

c < Ẽf (10) 

In the limit case a Et
c = 0, that is a perfectly horizontal plateau can be 

obtained when the negative slope of the matrix phase undergoing strain- 
softening matches the stiffness of the fiber phase: 

Ẽ
t
m(ε) = − Ẽf (11) 

This formulation makes explicit the influence of the volume fraction 
of the fiber phase on the tangent modulus of the composite during the 
release of RTSs, which decreases for decreasing volume fractions. This 
effect could explain the lower tangent modulus observed in the plateau 
of the tensile curves of T090 specimens. 

From the quantitative point of view, the analytical model was used to 
reconstruct the behavior of the T0 tensile curve, as shown in Fig. 4. The 
plot was obtained by attributing to Ẽm0 and to Ẽf reasonable values, 
which were evaluated through the decomposition procedure that will be 
explained in detail in the following Section 4.1. The trend of the tangent 
modulus of the matrix was shaped considering that the mechanical 
deformation beyond a certain threshold activates the onset of a damage 
mechanism that leads to a strain softening regime with a negative 
tangent modulus. In the physical interpretation of the phenomenon 

Fig. 4. Comparison between the experimental T0 tensile curve and the curves of the composite, matrix, and fibers stress, obtained by the analytical approach 
illustrated above. 
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[21], such damage evolution is promoted by the combined effect stress 
exerted by fibers, which are compressed due to the presence of RTSs and 
by the additional stress induced by the applied elongation. As this RTS 
state is relaxed, due to the increasing elongation, also the total stress 
acting in the matrix is reduced and the damage mechanisms in the 
matrix are arrested, ending the softening regime. Consequently, the 
strain-softening regime in the matrix phase is terminated, the com
pressed fibers are no more able to elongate against the matrix resistance. 
Consequently, the stiffness of the material is recovered in the final 
portion of the response [21]. For this simplified rheological unidimen
sional model, a hypothetical very simple matrix response was calibrated 
so to match the response of the [0] tensile test. The response obtained is 
represented by the dashed green line reported in Fig. 4, while the 
response of the fiber is considered linear elastic as represented be the 
blue dashed lines in Fig. 4. The response of the composite according to 
the analytical model shows that the proposed interpretation can explain 
the trend of the overall nonlinear curve, as evidenced in Fig. 4. 

If the dependence of the tangent modulus of the matrix phase on the 
elongation can be modelled by damage mechanics, the following rela
tion can be written, introducing a scalar damage factor D(ε): 

Ẽm(ε) = (1 − D(ε) )⋅Ẽ0
m

(12)  

Where Ẽ
0
m is the initial elastic modulus of the matrix phase at the end of 

the manufacturing. Then, the increment of the stress in the matrix phase 
can be written as: 

dσm = Ẽm(ε)⋅dε + dẼm(ε)⋅ε =

⎛

⎝Ẽm(ε) +
dẼm(ε)

dε ε

⎞

⎠dε = Ẽ
t
m(ε)⋅dε (13) 

In the frame of damage mechanics, by using Eq. 12, the relationship 
between the tangent and the secant modulus can be written as in Eq. 14: 

Ẽ
t
m(ε) = Ẽm(ε) +

dẼm(ε)
dε ε = Ẽm(ε) −

dD(ε)
dε Ẽ

0
m⋅ε (14) 

Although Eq. 14 can be used to evaluate a hypothetical damage 
evolution law in the matrix, it must be remarked that the model pre
sented so far is unidimensional and tailored to capture only the response 
of T0 specimens. Moreover, damage mechanics cannot explain the 
permanent residual deformation obtained in the experiments. A more 
detailed and complete model, also including plasticity, was developed, 
and implemented in a finite element code, with the aim of capturing the 
nonlinearities of both the [0] and the [0/90] coupons, including devi
ation from linearity, the plateaus, and final stiffness recovery. 

5. Bi-phasic finite element model 

A mesoscale finite element model was set up with the aim of vali
dating the interpretation of the nonlinear behavior of the UHTCMC 

based on the presence of RTS, presented in Section 3. The model must be 
capable of capturing those behaviors both for T0 and T090 specimens. 
T90 specimens showed a matrix-dominated behavior, perfectly elastic 

and brittle not related with RTS, so their modelling was not included in 
this work. The model was implemented in SIMULIA Abaqus/Explicit 
code on a representative geometry of few elements. 

5.1. Material decomposition and superimposed mesh 

Mesoscale bi-phasic approaches proved to be a stable and reliable 
tool for the simulation and prediction of both in-plane and out-of-plane 
nonlinear behavior of fiber reinforced composite materials [30,33,34]. 
They are based on the separation of the composite properties in two 
different idealized phases. The first one is the idealized fibers phase, 
which represents the continuity of the reinforcement and carries stress 
only in the reinforcement direction. The second one is the idealized 
matrix phase, which is an equivalent medium that represents the 
matrix-dominated behavior of the composite [30,33,34]. A bi-phasic 
approach was used for the material studied in this work, based on the 
formulation presented in Airoldi et al. [34]. In that case, the two 
idealized phases are superimposed and share the same volume. For a 
unidirectional composite, the elastic constitutive law results in Eq. 17, 
where Dij are the components of the stiffness matrix and the apexes f and 
m stand for idealized fiber and matrix phase respectively.  

To obtain the properties of the two idealized phases, a decomposition 
algorithm was used, which is widely described in Ref.[34]. In the 
application to the UHTCMC materials studied in this paper, the 

Table 4 
Input data used for numerical modelling, where Eij are the elastic moduli, Gij are 
the shear moduli, and υij are the Poisson’s ratios. Transversal isotropy was 
assumed such as E22 = E33 and υ12 = υ13. For sake of simplicity, G12 = G23 =

G31 was assumed.  

Property Source 

E11 272GPa Tensile tests of T0specimens 
E22 = E33 74GPa Tensile tests of T90specimens 
υ12 = υ13 0.1 Tensile tests  

Table 5 
Decomposed elastic properties for a 0◦ oriented ply in T0 and T090 composite.   

0◦ oriented ply in T0 0◦ oriented ply in T090 

Idealized fibers phase 
stiffness matrix Df =

⎛

⎝
198556 0 0

0 0 0
0 0 0

⎞

⎠MPa 

Df =

⎛

⎝
163152 0 0

0 0 0
0 0 0

⎞

⎠ MPa 

Idealized matrix 
phase Young’s 
modulus 

73783MPa 73783MPa 

Idealized matrix 
phase Poisson’s 
ratio 

0.082 0.082  

⎡

⎢
⎢
⎢
⎢
⎢
⎣

σ11

σ22

σ33

τ12

τ23

τ31

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Vf Ef 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Dm
11 Dm

12 Dm
13 0 0 0

Dm
21 Dm

22 Dm
23 0 0 0

Dm
31 Dm

32 Dm
33 0 0 0

0 0 0 Dm
44 0 0

0 0 0 0 Dm
55 0

0 0 0 0 0 Dm
66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ε11

ε22

ε33

γ12

γ23

γ31

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(17)   
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algorithm was adapted to obtain an isotropic idealized matrix phase. 
The input data for the decomposition algorithm are reported in Table 4. 

However, the different characteristics of the plies in T0 and T090 
specimens, discussed in Section 2.3, required two different evaluations 
of the fiber phase stiffness Vf Ef , to represent the fiber contribution in 
both T0 and T090 specimens. In agreement with the morphological 
differences observed between T0 and T090 specimens, the stiffness of 
the T090 fiber phase Vf Ef was obtained by reducing the one of T0, 
making a series of assumptions based on the evidence described in 
Section 2.3. The difference of compaction of the plies gives reason for a 
reduction of fibers volumetric fraction in T090 of about 10%. Addi
tionally, the other morphological differences (outer plies thickness, 
porosity, …) makes possible considering a further reduction of about 
8%, so that a final reduction of 17.8% was assumed to match the elastic 
properties of both T0 and T090 with the same isotropic matrix and 
different fiber contributions. Table 5 

5.2. FEM implementation 

The bi-phasic model described was implemented in two different 
FEM models inside the SIMULIA Abaqus/Standard environment, to 
simulate the tensile behavior of T0 and T090 specimens. As already 
mentioned, material decomposition allows to define two idealized 
phases that share the same volume. For this reason, the mesh of each 
model is composed of two layers of C3D8R solid elements that are 
superimposed, sharing the same nodes: a layer represents the fiber, 
characterized with an orthotropic elastic material model available in the 
solver code, and the other one representing the idealized matrix, which 
was characterized by developing a user material subroutine (VUMAT) 
described in the next sections. Only representative elements of the 
laminates were developed, avoiding unnecessary computational costs 
and the complications inherent to the simulation of RTSs build-up with 
models including the tabs. 

For the T0 model, a geometry with dimensions L1mm× W1mm×

T0.8mm, meshed with two superimposed sets composed by four ele
ments, was used. For the T090 model, a geometry with dimensions 
L1mm× W1mm× T4mm, meshed with two superimposed sets composed 
by twelve elements, was used. It should be observed that the thickness of 
the external elements is smaller than the one of the internal elements, to 

respect the original proportion of the T090 specimens (see Section 2.3). 
The two meshes are shown in Fig. 5. 

The two surfaces normal to the pulling direction were constrained to 
two reference points using an equation that allows the transversal 
movement of the nodes. A two-step analysis was defined: the first step to 
simulate the temperature decrease after the forming process and the 
second one to simulate the tensile test. It is important to underline that 
both are stress-displacement steps, heat transfer is not included, and 
temperature have effects only by means of CTEs. In the first step, the left 
reference point was constrained to forbid any displacement, while the 
right one was allowed to translate only along the x direction. In this way, 
the specimen is allowed to shrink when a smoothed ramp of temperature 
with magnitude ΔT = − 1500◦C was applied to all the nodes [29]. Due to 
the CTEs mismatch the superimposed elements generate different ther
mal strains, but since they share the same nodes, they cannot shrink 
freely. In this way, RTSs are generated inside the elements. In the second 
step, the same constraints at the reference points were used, but in 
addition an imposed velocity was applied the right reference point. Two 
sections were defined for the two materials using the decomposed ma
terial properties, one orthotropic for the idealized fibers phase and one 
isotropic for the idealized matrix phase. Fiber material model includes 
only the elastic behavior, while for matrix material a nonlinear consti
tutive law was defined. 

5.3. Matrix constitutive law 

From the results of the experimental characterization, the UHTCMC 
showed a pseudo-plastic behavior with large deviation from linearity and 
permanent deformations. Given this evidence, a constitutive law based on 
the theory of plasticity was chosen. Additionally, the onset of a strain 
softening regime was required to activate the release of the RTSs in the 
fibers, as shown by the analytical model described in section 4.1. Hence, 
an orthotropic ductile damage law was implemented, to represent the 
orthotropic material degradation. This constitutive law was implemented 
in a custom routine inside the Simulia/Abaqus Explicit environment. 

5.3.1. Drucker-Prager plasticity 
Among the different plastic yielding theory, Von Mises yielding cri

terion is the simplest, but it cannot capture the yielding points of both T0 

Fig. 5. Superimposed meshes of (a) T0 specimen and (b) T090 specimen. Pulling direction is evidenced by black arrows. Superimposed meshes are composed of two 
layers of C3D8R elements that share the same nodes. 
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and T090, because the one of T0 is significantly higher than the one of 
T090. Considering that RTSs develop in the fiber direction, the RTSs in 
the idealized matrices phases of T0 and T090 differ considerably. In fact, 
in T0 RTSs are present in the 0◦ direction only, while in T090 they are 
present both in 0◦ and 90◦ directions. This biaxial state of stress of T090 
significatively increased the hydrostatic component of the stress tensor, 
making it significatively higher than the one of T0. So, a law capable of 
distinguishing a different yielding value for different pressure stress 
state was needed. The Drucker-Prager yielding criterion is the pressure 
dependent version of the Von Mises criterion and it has been already 
used in literature for similar applications [33]. It was implemented in 
the form: 

σMises = tanθ⋅p + d (18)  

Where the first component is the Mises stress, that represent the 
deviatoric part of the stress tensor, and is defined, as show in Eq. 19, p is 
the pressure stress defined as the negative of the hydrostatic part of the 
stress tensor, θ is the friction angle and d is the cohesion term. 

σMises =
̅̅̅̅̅̅̅̅̅̅̅̅̅
0.75J2

√
(19)  

Where J2 is the second invariant of the deviatoric stress tensor. In this 
law the evolution of the internal variables, i.e. the hardening curve, is 
represented by the cohesion term that evolves with the plastic equiva
lent strain. This equivalent acts as a scalar index of the amount of plastic 
strain and is obtained by integrating in time the plastic equivalent strain 
rate defined as shown in Eq. 20. 

ε̇pl
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3

ε̇pl
ij ⋅ε̇pl

ij

√

(20)  

5.3.2. Orthotropic damage 
An orthotropic damage law was defined on top of the yielding cri

terion to represent the loss of load bearing capability that depends on the 
orientation of the material. In coherence with the choice of an elasto
plastic model, a ductile damage law was chosen, in which the different 
directional components of damage, which in this case are d11 and d22, 
depend on the directional components of the plastic strain. Moreover, 
experimental evidence showed that in T090, in which a strong biaxial 
stress is present, the damage seems to be amplified with respect to T0. 
For this reason, a dependence of the damage from the biaxiality ξ was 
included. The biaxiality was expressed as: 

ξ =
σ22

σ11
(21) 

The final formulation of the damage law is shown in Eq. 23, where 
biaxiality acts as an amplifier of the damage. 

dij = (1 + A • ξ) • f
(
εpl

ij
)

(22)  

Where the damage functions f were defined in a tabular way and A a 
material constant. The damage directly affects the effective stress by 
degrading the undamaged or trial stress tensor, as shown in Eq. 24. 

σij =
(
1 − dij

)
• σtrial

ij (23)  

5.4. Model calibration 

A was set for the fibers phase, while a CTE = 8.3 • 10− 6 ◦C− 1 was 
set for the idealized matrix phase. It is important to underline that these 
CTEs were set constant using a value measured at room temperature, 
thus the RTSs amount obtained approximates the real one but remaining 
in line with the literature value [21]. To tune the Drucker-Prager 
yielding criterion, preliminary linear analyses were carried out and 

the history of the elastic response in the idealized matrix phase of 
both T0 and T090 was plotted into the meridian plane, defined by the 
pressure, the inverse of the volumetric stress, on the abscissa and the 

Fig. 6. Elastic response of the state of stress of T0 and T090 during the cooling phase and pulling phase in the meridian plane. The purple circles represent the state of 
stress when ambient temperature is reached, while the red rhombuses represent the yielding stress state. 

Fig. 7. Final curves of damage components dependent on directional compo
nents of plastic strain. 
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Mises stress on the ordinate, as shown in Fig. 6. At time zero, after the 
forming phase, the composite is completely unstressed. During the cool 
down phase, RTSs start increasing with two different slopes since the 
T090 has a bigger pressure component. It is worth noting that the cali
bration lead to the difference between the RTS at RT and the yielding 
stress of just a few tens of megapascals as experimentally observed in 
[21]. At points corresponding to the circles in Fig. 6, the specimens 
reached room temperature at the end of the cooling step, and they 
started to be pulled in the simulation of mechanical loading. At points 
corresponding to the rhombuses in Fig. 6, the specimens reached the 
experimental yielding point in the simulation of mechanical loading. 
The Drucker-Prager criterion must intercept both these two yielding 
points. Hence, a friction angle of 20◦ and a cohesion of 548 MPa were 
selected. Thereafter, tabular damage functions and the A constant in the 
damage laws (Eq. 22) were tuned with a trial-and-error process to 
capture the softening plateau and the sequent hardening of both T0 and 
T090. The two tuned damage functions for ξ = 0 are shown in Fig. 7. 
Hence, while the damage along fiber direction reaches a kind of satu
ration, the damage in the transverse direction increases continuously. 
Despite the simplification involved in the presented model, such 
behavior is reasonable. 

5.5. Numerical-experimental correlation 

The correlation between experimental and numerical curves ob
tained with the calibrated models are shown in Fig. 8. The numerical 
curves capture with a good approximation the trend of the two curves 
except for the strain-hardening part of the T0 curves, that is under
estimated of about 15%. This error is due to the damage introduced to 
represent the strain-softening regimen of the matrix, which lowers the 
stiffness of the matrix, causing a reduction of the elastic properties of the 
whole composite when the stiffness is recovered. Loading/unloading 
cycles were also performed to show the capability of the model to cap
ture the residual deformations with a small error due to the same reason 
as above. In Fig. 9, the capability of the model to qualitatively capture 
the dependence on ΔT of the cooling phase, thus the RTS, of the non
linearities are shown. The yielding points progressively increase with 
higher temperature, and consequently the strain-hardening is delayed, 
in line with the experimental observations of Ref.s [21,22,46]. 

6. Conclusions 

In this work, the nonlinear response of a unidirectional Cf − ZrB2/SiC 
UHTCMC produced by slurry infiltration and SPS, evidenced by a 
campaign of tensile tests on unidirectional and cross-ply specimens, was 
characterized and modelled. 

Quantitative models were developed assuming, in agreement with 
experimental observations and interpretations carried out in previous 
works, that the observed non-linear trends in the direction of fiber 
reinforcement were related to the interaction between the RTSs in the 
material at the end of the manufacturing and the degradation of the 
material surrounding the fibers, which lose the capability to keep the 
fiber in highly compressed stress state. 

The development of such models at the meso-scale, without the 
detailed reconstruction of the microstructure of the material, required 
the adoption of a bi-phasic point of view, based on the definition of 
idealized fiber and matrix phases. An analytical model indicated that the 
introduction of a strain-softening regime in the matrix response could 
capture the yielding, the plateau, and the final stiffness recovery and 
provided the analytical conditions to obtain such responses. The repre
sentation of the response both for unidirectional and cross-ply lamina
tion sequences required the consideration of the different types of RTS 
states in the two cases, which led to model the matrix with a pressure- 

Fig. 8. Comparison between numerical and experimental tensile curves of 
specimen T0 and T090. The first part of the curves where the specimens are 
strained without stress corresponds to the cooling phase of the simulations. 

Fig. 9. Temperature dependence of the numerical model. At decreasing ΔT the nonlinearities shift towards higher strain values, thus disappearing.  
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dependent yield criterion and an associated plastic flow. Damage evo
lution in the idealized matrix material was tuned to capture the yield 
stress, the slope in the plateau region, the extension of the plateau, and, 
with small discrepancy, the slope in the final phase of stiffness recovery 
in both the lay-ups. 

Such results confirm the validity of the qualitative interpretations 
provided in previous works and define the bases for a further develop
ment and implementation of constitutive models that could be used at 
the macroscale for the design of parts with UHTCMCs having significant 
structural roles. 
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