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ABSTRACT

In this paper, a new analysis for existence, uniqueness, and regularity of solutions to
a time-dependent Kohn-Sham equation is presented. The Kohn-Sham equation is a
nonlinear integral Schrodinger equation that is of great importance in many appli-
cations in physics and computational chemistry. To deal with the time-dependent,
nonlinear and non-local potentials of the Kohn-Sham equation, the analysis pre-
sented in this manuscript makes use of energy estimates, fixed-point arguments,
regularization techniques, and direct estimates of the non-local potential terms. The
assumptions considered for the time-dependent and nonlinear potentials make the
obtained theoretical results suitable to be used also in an optimal control framework.
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1. Introduction

One of the main issues in computational chemistry and physics is the curse of dimen-
sionality of the multi-particle Schrodinger equation. To tackle this problem the so-
called density-functional theory has been introduced by P. Hohenberg and W. Kohn
in 1964, and W. Kohn and L. J. Sham in 1965; see [12] [17]. This theory has been
extended to time-dependent problems by E. Runge and E. K. U. Gross in 1984 [23];
see also [27), 20, 22]. These theories allow one to describe the state of a multi-particle
physical system, represented by the solution of the multi-particle Schrédinger equa-
tion, by a density function corresponding to a system of nonlinear integral one-particle
Schrodinger equations. This is the time-dependent Kohn-Sham (TDKS) system of
equations that allows one to describe the state a system of N particles. In particu-
lar, the Kohn-Sham system is a set of N one-particle Schrédinger equations, which is
numerically tractable, in contrast to the full multi-particle Schrédinger equation; see,
e.g., [27,20% 2]. For this reason, the TDKS model became central in many applications
in computational chemistry and physics dealing also with optimal control problems,
see, e.g., [27) 20] Bl 6, 26l 24] 2] and references therein.

Nonlinear integral Schrodinger equations motivated also great interests in the math-
ematical community; see, e.g., [4] and the classical reference [7]. In these works, nonlin-
ear integral Schrodinger equations with time-independent potentials are treated using
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classical semi-group theory. We remark that the results of [4] [7] cannot be applied to
our problem as we consider explicitly time-dependent potentials that are not covered
in these references.

The classical approach based on semi-group theory, has been extended to the case
of time-dependent potential. We refer to [I3, Chapters 6 and 7| and, e.g., to the very
recent work [2I]. However, to use these results the potentials must be continuous
functions in time; see, e.g., Hypothesis (3) of Theorem 6.2.5 in [13] and Hypothesis
HO in [21]. This assumption is in general not suitable for concrete applications and in
optimal control theory, where the time-dependency of the potentials is due to time-
dependent control functions that are, in general, much less regular than continuously
differentiable functions.

To the best of our knowledge, a time-dependent model similar to the one considered
in this work, is only addressed in [14, [15] 16, 25]. In [I4], 15, 16] the authors prove
existence and uniqueness of solutions assuming that the potentials are continuously
differentiable in time. As mentioned above, this assumption appears too strong in
the context of control applications. An attempt to improve these results is made in
[25], where the authors try to obtain existence and regularity results by exploiting a
Galerkin approach combined with energy estimates. Unfortunately, the proofs of some
energy estimates derived in [25] are erroneous. The goal of this paper is to remedy to
this issue. In this work, we prove results that are very similar to the ones claimed in
[25], by slightly strengthening the assumptions on the boundary regularity of the space
domain and on the regularity of the nonlinear potentials. Our results are obtained using
proof techniques that are different from the ones used in [25].

To be more specific, the goal of this work is to prove existence, uniqueness and
regularity of solutions to the TDKS equation

10U (z,t) = —AV(x,t) + V(x,t)¥(x,t) + F(¥(x,t)) in Q x (0,7,
U (z,0) = ¥o(z) in £, (1)
U(z,t) =0 on I x (0,7),

where 2 C R3? is a bounded domain and ¥(z,t) € C. More details about this model
are discussed in Section 2] where we also state our main assumptions. Notice that (1))
is a single Schrodinger equation. The choice of having this single equation, rather than
a system of Schrodinger equations is only made to conveniently ease the notation.
However, the extension of our results to the case of a system of Schrodinger equations
is straightforward.

Our theoretical analysis proceeds as follows. In Section Bl we study an auxiliary
problem, namely a linear inhomogeneous Schrédinger equation with time-dependent
potentials. We prove existence and uniqueness of solutions to this equation by a
Galerkin approach and energy estimates. These existence results and the correspond-
ing energy estimates are then used in Section [ for proving existence and uniqueness
of a solution to (1) through a fixed-point argument. The solution obtained in Section
M is ‘regular’, in the sense that it lies in the space

L(0,T; Hy (9 C) n H*(;C)) N C([0,T]; Hy (2 C)),
while its time weak derivative is in L*°(0,7; L?(Q;C)). This result is obtained by

requiring in (1) that the boundary 0 is of class C*!, that the potentials V and
F are twice differentiable in space, and that the initial condition function ¥ is in



H}(;C) N H%(Q; C). These hypotheses are relaxed in Section [, where we assume
that the potentials are differentiable and the initial condition is in H{ () and prove
existence and uniqueness of solution in L?(0,T; H}(2; C)) with time weak derivative
in L2(0,T; H-'(Q;C)). This is achieved by combining the results of Sections B with a
regularization technique based on mollifiers.

Finally, we wish to remark that the results presented in this work can be extended
to the case of the Kohn-Sham adjoint equation, which is used in the framework of
optimal control problems governed by the TDKS equation. This adjoint equation can
be regarded, in some sense, as a linearized TDKS equation with inhomogeneous right-
hand side; see, e.g., [24] 26, 25].

2. Formulation of the TDKS problem and main assumptions

The goal of this work is to prove existence and uniqueness of solutions to the TDKS
equation

iV (z,t) = =AY (z,t) + V(x,t)U(x,t) + F(¥(x,t)) in Q x (0,7,
U(z,0) = ¥o(x) in Q, (2)
U(z,t) =0 o0n 02 x (0,T),

where ) C R? is a bounded domain and ¥(z,t) € C. The external potential V is
V(x,t) = Vo(z) + Vi(z)u(t) € R, (3)

where Vj, V,, and u are real functions. The nonlinearities of the model are expressed
through F', that is

F(0) = Va (V) + Vi (V) W, (4)

where Vp is the Hartree potential

2
Va(0)(e.0) = | vty 0F,, (5)

Rs T — Y

and Vi.(¥(x,t)) € R takes into account exchange and correlation potentials, whose
dependence on time and space variables is implicit through W. For further details
about the Kohn-Sham model, we refer to [25] and references therein. In the Hartree
potential, we introduced the operator € that extends ¥ from € to R3. Since 0 is
assumed to be of class C%!, this operator can be defined using the so-called Calderén
extension theory, as done in Section IV of [I] (see in particular Theorem 4.32).

Let (-,-) denotes the usual inner product for L?(2;C) and || - || the corresponding
induced norm. The weak form of the TDKS equation is

i(0,7,®) = (VI, VD) + (VI,®) + (F(T),d) ae. in (0,T), (6)

for all @ € H}(;C). We look for a weak solution ¥ to (B]) that satisfies the initial
condition ¥(-,0) = .



Consider the following Banach spaces and the corresponding norms

T
X 1= [2(0,T; HY(: ©)). 915 = [ 190
T
X* = 120, H (€ 0)), 0% = / |0 (t)|2 1,
0
W(O.T) = {0 e X : & e X}, 1013 = B3 + '],
T
Y i= 12(0,T: L*(9;©)), @32 = / (1) 2dt,
0
Z = H§(Q;C) N H*(Q;C), @7 = Y [lo*®|?,
0< | <2
Yoo = L(0,T; L3(; C)), [@lly..., = ess supreioum |2 ()]
Yoo := L=(0,T; H' (25 C)), @]y, , = ess supye o)l ()] 1,
Y :=L>(0,T; %), [®||p := ess SUPte(o,T)”(I)(t)HH2-

Let us introduce our standing assumptions:

(A1) The domain 2 C R3 is bounded and 9§ € C%!.

(A2) Vp,V, € W2®(Q;R), where W2 (Q;R) is a standard Sobolev space; see, e.g.,
[8].

(A3) u e L®(0,T;R).

(Ad) Ty € Z.

(A5) For every ® € Z it holds that V,.(®)® € Z and there exist positive constants K
and K such that

[Vae(®)® = Vie(A)A] < K@ — Al (7)

”V:cC((I))(I) - VIC(A)A”HQ < kH(I) - A”H2 (8)

for any ®,A € Z.

Notice that the assumptions (A2), (A4) and (A5) will be relaxed in Section [l
Let us recall some facts and existing results that we will use in this work.

(B1) There exists an orthogonal basis for H}(€;C) which is orthonormal in
L2(;C). Since 0Q € C%! we can choose this basis to be {V¥;};, where
U, € ZN H3(Q;C) are eigenfunctions of the Laplace operator. This follows
from [9, Theorem 1 in 6.5.1 and Theorem 4 in 6.3.2] and [11, Theorem 2.5.1.1].
Throughout this paper {¥;}; is used to denote this basis.

(B2) For any integer m > 0 and some coefficients 71, ...,7, € C the functions U=
>t and AT vanish on 9.

(B3) For any ¥y € Z, we can define (y9); = (¥o,¥;), for j = 1,...,M and
Uy = > 7=1(70);¥;. Then the inequalities [Wo||2 < [Woll?, |AT|2 < [|[AT2
and ||Vl < |[V¥||? follow by Parseval-Plancherel’s theorem and the orthog-
onality properties of ¥;.

(B4) Consider the extension operator £. Since 92 € C?!, Theorem 4.32 in Section IV
of [I] guarantees that & is a continuous operator from W1?(€; C) to WP(R3; C)



and from W?2P(Q; C) to W2P(R3;C) for 1 < p < oc.
(B5) Consider the Hartree potential Vi and define f(®) := Vg (®)®. It follows from
[4, Lemma 5] that there exist positive constants C,, Cy, C,. such that

1£(@) = FM)I < Call@lFp + IAIF)I1® — Al V@, A € HY(Q;C),  (9)
1£(@)llz= < Coll @l @]l V@ € H*(Q5C), (10)

1£(@) = F(A)llz= < Cell@lI + A7) — Al V@, A € HX(;C). (11)

(B6) Consider the space Z. The norms || - |[|g2 and || - ||z := ||A - || are equivalent;
see, e.g., [10, Theorem 2.31]. We denote by C the positive equivalence constant
such that ||®|| gz < Cyz||®||z, VP € Z.

3. An auxiliary problem

Consider the auxiliary problem

10V (z,t) = —A¥(z,t) + V(x,t)U(x,t) + G(z,t) in Q x (0,T),
U(z,0) = ¥o(x) in Q, (12)
U(x,t) =0 on 092 x (0,T),

where G € Y := L>®(0,T; Z) is a given function. Problem ([Z) in weak form is
i(0;0,®) = (VI,V®) + (VI,d) + (G, ®) a.e. in (0,T) and V& € H}(Q;C). (13)

The goal of this section is to prove that this weak problem is uniquely solvable and to
obtain energy estimates for the corresponding solution. We proceed by using a Galerkin
approach. To this purpose, let us consider an integer m > 0, a finite-dimensional
space W, :=span{¥y,...,V,,}, where {U,}; is the basis introduced in (B1), and the
Galerkin approximation problem

(0, @) = (VUL V) + (VI D)+ (G, P) ae. in (0,7) and V& € W,,. (14)

If we make the ansatz W7, () = > 7%, v;(t)¥;, where the coefficients ~;(t) are time-
dependent functions, then (4] is equivalent to the following initial-value problem

#(t) = A(t)y(t) +g(t) in (0,7), (15)
7(0) =0,

where ¥(t) = [yi(t),...,ym(®)]", 79 € C™ is defined by (7yy); = (¥o,¥;) for
j=1,...,m, and A(t) € R™™ and g(t) € R™ are obtained by projecting the
right-hand side operators and functions of (I2]) onto W,,. The finite-dimensional prob-

lem (T3] is uniquely solvable by an absolutely continuous function 4. This follows by
Carathéodory’s existence theorem (since A € L'(0,T;R™ ™) and g € L*(0,T;R™));



see, e.g., [28]. Therefore, the Galerkin approximation ¥¢, has the following regularity
ve e C([0,T]; ZN H3(Q)), 0,9 e L*(0,T;Z N H3(Q)).
We now prove the following energy estimates for the Galerkin solution ¥¢ .

Theorem 3.1. (Energy estimates for the auziliary problem) Let G € Y. Then for
almost all t € (0,T) there exist positive constants Cy, Cia, Con, C3a, K_1 and
K_5 (independent of m) such that

95,017 < exp(T)[Iwoll? + TGN, ] (16)
V5, (1)]2 < exp(CoT) [|90o|* + TIIGIE._ . (17)

|AW (£)]]* < exp(C1aT) [IIA%H2 + T [Coa|[Vol* + Os,AIIGII%]], (18)
105, ()| < K1, (19)

10,97, ()| < K2, (20)
where K_1 depends on ||Glly.., and ||Wo||g:, and K_5 depends on ||G|¢ and [[Wol| .
Proof. By testing (I4) with ® = U2  we get
W(0p W5, V) = (VWG VT ) + (VI U5) + (G, 97,
whose imaginary part is

1d

5 7 1 ¥m @ = m(G(0), ¥5, (1) < |G @] < %\IG\I%OO,O + %H‘P?n(t)\lz-

The estimate (16) follows by Gronwall’s inequality in differential form and (B3).
To prove (IT), we compute

%IIV‘I’%@W = 2Re(VO, V7, (1), VUL, (1)) = 2Re(0, V7, (1), —AW7, (1)), (21)

where we integrated by parts and used the fact that 0, U2 (¢) = 0 on 92 for almost all
tin (0,7). Equation (I4]) in strong form is

B, = iAUL, — iV —iG. (22)



Substituting ([22]) into (21I), we get

LW (1) = 2Rl (1) — iV (1) () — (1), AW (1)

- 2Re[ i| AT (¢ H2 (V)W (1), AT (1)) + (G (1), A%(t))}
= 2Re[i(V ()05, (1), AWE, () + (G (1), A, (1)
= 2Re[ Z )) V\Pa ( )) - Z(VG(t)v V\P?n(t))],

which implies that

d a a a
ZIVELOI < VORI + VGO + 2V, @)1
<2 VVIEIL O + VGO + [2+ 2| VIS IV e, @)
<|GIT., +2[1+IVIZ + CRelIVVIE IV )17,
where || - || denotes the usual norm in L>°(0,7; L*°(Q2)), and Cpp is the Poincaré-
Friedrichs constant. The estimate (I7) follows by using Gronwall’s inequality in dif-

ferential form, (B3) and setting Cy = 2[1 + [|[V||% + C3.[|[VV]Z].
To prove (8], let us consider

%llﬁ‘l’ﬁq(tﬂl2 = 2Re(A0 V7, (1), AWL, (1)), (23)
Substituting ([22]) into ([23]), we obtain

A5, ()2 = 2Re( @V (1)), AV (1)

= 2Re(=V(0:¥7, (1)), V(ATT,(1)))
= 2Re(=V (iAW, (1) — iV, () —iG(1)), V(AYE, (1)) (24)

) -
= 2Re ||V (AL ()2 — i(AV (O W5(1) + AGEH), AW (1)
— 2Re[—i(A(V (1) W5 (1)), AV, (1) — i(AG(L), AV (1)),

where we used the fact that U2 (t) € H?(Q;C) (see (B1)), & (t) = 0, AVe (t) =0
and G(t) =0 (G(t) € Z) on 0N for almost all ¢ in (0,7"). Hence, we get

%HA%(@\P — 2Re| ~i(AV (1)U, (1) + V(DAY (E) + 29V (H)VE4 (1), AVS, (1))
—i(AG(t), ATE, (1))
< 2|V loo AT ()1 + 2| AT, ()[|AV () ¥7, () + 2VV () V(1)
+IAGOI? + [|Awy, (1))
< 2+ 2V IA¥7, O + IGIS + 8IVVIIZ V5, (0]
+ 2 AVIE N5, (O



Using the Poincaré-Friedrichs inequality (to estimate |02, (¢)[|? by [|[V¥%,(¢)]?) and
(7)), we obtain

L 1aws, (o) < [2+ 20Vl 25, ()]
+ [8IVVIE + 203 AV %] exp(CoT)||V T
[1 + T[SIVVIL + 203 | AV 2] exp(Cy T)] IGIIE
Cr Al AL (O + Coal| VT + C5 4 lGI12.

where

Cra =2+ 2|V,

Coa = [BIVVIE +2CEp|AVI[] exp(CeT),

Csa = [1+T[BIVVIE + 20} £l AVIL] exp(CoT) .

The result (I8) follows by using Gronwall’s inequality in differential form and (B3).
Next, we prove (I9). Consider any ® € H{ () such that ||®||z: < 1 and the equation
(I4]). We then write

[(0:W7, (1), @) < [(VW5,(2), VO)| + [(V () W75, (1), @) + [(G(2), @)
< VL O+ IV oo 5, @1 + 1G],
for almost all t € (0,T"), where (-, -) denotes the duality brackets. Using (I6]) and (I7),
we obtain that there exists a constant K_; independent of m (but depending on G

and Uy) such that

[0: W5, ()| -1 = sup [0y, (), )| < K_y.
PEH(0): [|B]| 1 <1

Finally, let us prove (20). Testing (I4) with ® = 9,¥% (¢), we obtain
005, ()7 = (—AWE (1), 0,95, (2) + (V (1) 5, (1), 0 Y7, (1) + (G, 007, (1)),
This implies
0.5, )7 < (IALZ @+ [V [|oo 125, Ol + GO 10025, (1)]
and hence
10: W (D] < [|AVZ O] + IV ]oo 105 (O] + 1Gll5-

The result (20) follows using the other energy estimates. O

We are now ready to prove existence and uniqueness of a weak solution to the
auxiliary problem (I3)).



Theorem 3.2. (Ezistence and uniqueness of a solution to the auziliary problem) For

any G € Y there exists a unique weak solution ¥ € W(0,T) to (I3) (with ¥(0) = ¥y)
that satisfies the energy estimates of Theorem [31 and such that

Ve, 8,9elLl®0,T;L*(%C)) and U e C([0,T);HL(Q;C)).

Proof. Consider a sequence of Galerkin approximations {¥% },,. By Theorem [B.1]
each function of this sequence lies in W (0,7 and in particular ¥¢, € L%(0,T; Z) and
0, V% €Y. The energy estimates of Theorem [B1] together with (B3) guarantee that
our Galerkin sequence is uniformly bounded in these spaces by constants that depend
only on the data of the problem. Since W (0,T), L?(0,T; Z) and Y are Hilbert spaces
(hence reflexive), there exists a subsequence {U7, }; that converges weakly in W (0, T')
and L%(0,T; Z) to a weak limit ¥ € W (0,T) N L2(0,T; Z) with {0: 97,  }; converging
weakly in Y to at\f’. Moreover, the sequence {\Ifﬁnj }; converges strongly in Y (by the
compact embedding of W(0,7T) in Y; see, e.g., [3,[19]). Using the linearity of operators
and functionals in (I3)), one can show that the limit U satisfies ([I3) with \/17(0) = Wy;

see also [9] for similar arguments. Hence, U is a weak solution to (@3)). Now, since for
given positive constants C'y and Cs the sets

Sy :={® e L*0,T;2) : |®®t)||g> < Cy ae. in (0,T)}
Sy ={PeY : ||®(t)| <Cae. in (0,7)}

are weakly clgsed, we have U € S1 and 81«@’ € Sy. With the same argument we
obtain that W satisfies the energy estimates of Theorem [B.Il Hence, ¥ € Y and
oV € L>®(0,T; L*(Q;C)). Moreover, since Z is compactly embedded in Hj(Q;C),
the space Wao(0,T) := {® € YV : 9,® € L>(0,T; L2(€; C))} is compactly embedded
in C([0,T); HL(Q;C)); see [3, Theorem 11.5.16]. Therefore, v e C(0,T); H(9;0)).
To prove uniqueness, we proceed by contradiction and assume that there exists
another function ¥ € W(0,T), distinct from U, that solves (@3). If we define 0V :

T — \If it is possible to show that this function satisfies the equation

i(0;00, ®) = (VOU,VP) + (VT, d) ae. in (0,T), V& € H}(Q;C) (25)
with 0¥ (0) = 0. The energy estimate (I0) remains valid for (25) and implies that
|0¥|ly = 0, which is a contradiction. Hence, the uniqueness of ¥ follows. O
4. Analysis of the full TDKS problem
In this section, we wish to show existence and uniqueness of a solution to (@). We
denote here the set Y by Y7 := L>°(0,T’; Z) to stress the dependence on the final time

T.
Consider a fixed positive constant B, and define

Co(T, B,) := exp(C1AT) | Bo + || AT ||? + TC2 A || VTol?], (26)

where the constants C; o and Cy A are the ones given in Theorem [3.I1 For any T ¢



(0,T] we define
Sp,(T) :={® € Y5 : [|(t)]|z < Cs(T, Bs) ae. in (0,7)}. (27)

Notice that, in view of the equivalence between the norms Il z2 and || - ||z (see (B6))

the set Sp (T ) is a ball in YA centered in zero and having radius depending on T and
B..

Let F' be the nonlinear function given in (). Using (B5), (A5), [21) and (B6), we
have that for any A € Sp_(T) the following estimates hold:

IF (A2 = Vi (M) A(E) + Vae(A()AE) ] 2
< GlIA G IA®) 12 + KA 22
< GylIA®) |} + KA 2 (28)
< GCHIA®)G + KCZ|A®)] 2
< CyC3C(T, Bo)® + KCzCo(T, Bo),

where K is given in (A5), Cz in (B6) and B, in (B5); The estimate (28) implies that
F (A) S ?T

Next, we introduce the map A : Sp_(T) — YA defined by A(A) := U, where U € ?f
is the unique solution to

i(O,0, ®) = (VU, V) + (VI, ®) + (F(A),®) ae. in (0,7T) (29)

for all ® € H}(Q;C) and with T(0) = Wy. Notice that, since F(A) € i}’f’ this problem

is uniquely solvable in ?f by Theorem Therefore, the map A is well defined. Let
us prove the following property of A.

Lemma 4.1. For any T* € (0,T] such that

T < Bo . (30)
Cg,A [CbC%CQ (T, Bo)3 + KCzC, (T, BO)]

the set Sp, (T™) is invariant under A, that is A(A) € Sp, (T*) for any A € Sp,(T™).

Proof. Take any A € Yr. and consider ¥ = A(A). Since F(A) € Y., we can use the
energy estimates of Theorem Bl In particular, using (I8]), ([28) and (B0, we obtain

1017 < exp(CLaT™

~—

I1A%0|[2 + T*[CoallV¥o | + Caal FA)IE, ]

< exp(Cr,aT”

~—

1AW +T*Co,a |V W0

+ exp(Cy AT*)T*Cs A [ChC3CH (T, Bo)? + KCzCo(T, B,)]”
xp(C1,AT™ _HA‘I’OH2 + T*Cz,AHV‘IJOH + exp(C1,AT™) Bo

Co(T*, Bo)

| /\

\_/

for almost all ¢ in (0,7), and the claim follows. O
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The next lemma shows that the map A : Sp (T) — Sp, (f) is a contraction for a
sufficiently small T € (0, T*].

Lemma 4.2. Consider T* € (0,T] such that B0) holds. There exists a T** € (0, T*]
such that for any T € (0,T**] the map A : Sp,(T') — Sp,(T) is a contraction (with
respect to the norm || - ||¢ ).

Proof. Consider any two functions A; and Ay in Sp, (T*) and define the function
U := A(A;) — A(Az). This function solves the problem

(9,00, ®) = (VOU, VD) + (VU ®) + (F(A1) — F(As),®) ae. in (0,7*)  (31)

for all ® € H}(;C) and §¥(0) = 0. Since F(A1) — F(Ay) € Y7+, we can use the
energy estimate (I8]) to write

169 ()17 < exp(CraT)T*Csall F(A1) = F(A2)]3, - (32)

Let us estimate the term ||F(Ay) — F(AQ)H% . Using (B5) and (Ab), we get

T*

(A1) = F(A2)lg,. < 1F(A1) — fF(A2)llg,.. + Vac(A1) A1 — Vae(A2)Aslg, .
< Ce(MlZ, + A2 )AL — Aallg,, + KA1 — Aslg, .,

¥

where K is as in ®) and C, as in (). Since Ay, Ay € Sp,(T*), we have ||A;(t)]|% <
Co(T*, B,), for j = 1,2. Therefore, one obtains

IF (A1) = F(A2)llg,. < Coo(TH)||A1 — Azllg. ., (33)
where Coo (T*) = K + 2C.Co(T*, B,). Using (33) into (B2), we get

16L(@)]IZ < Coo(T)? exp(Cr AT T*CaallAr — Asf|2 . (34)
This implies that

AL = A(A) g, = l16¥l5,., < g(T™)A1 = Aol .,

where

§(T") = CzCoo(T*)/exp(C1 AT*)T*Cs .

Since the map T g(f ) is continuous and monotonically increasing in [0, 7*] with
g(0) = 0, there exists a T** € (0,7*] such that g(T**) < 1, and we obtain

[A(AL) = A(A)lg,.,. = 169l <g(T)[[A1 = Aolly,...,

which shows that the mapping A : Sp, (T**) — Sp,(T**) is a contraction. O

Remark 1. The results of Lemmas [£1] and still hold if one assumes (&) to hold
only on bounded subsets of Z.
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We are now ready to show existence of a unique solution to the TDKS problem ({@l).

Theorem 4.3 (Existence and uniqueness of solution to the TDKS problem). There
exists a unique solution U € W(0,T) to (B) with ¥(0) = Wq. In particular, it holds
that

VeV, 8WelL®0,T;L*Q;C)) and W e C([0,T); HS(;C)).

Proof. We proceed in 4 steps.

Step 1: Existence and uniqueness for sufficiently short time interval.

Consider the problem (@) defined on a time interval [0,77*], where T7* € (0,7*] is
chosen sufficiently small as in Lemma[4.2] By Lemma4.2] the mapping A : Sp, (T7*) —
Sp, (T7) is a contraction. Therefore, the Banach-Caccioppoli fixed-point theorem [8], 9]
implies that there exists a unique solution U1 € Sp, (T7*) to the problem ().

Step 2: Existence for the entire time interval [0, 7.

We follow the same procedure used in [9, Section 9.2.1] to construct a unique solution
to @) on [0,T]. Since U1(t) € Z for almost all ¢ in [0,77*], we can assume that
\T/l(Tl**) € Z (upon redefining T7* if necessary).

Now, we define a new problem which is identical to (@), but defined on the time
interval [T7*,T] and having initial condition \T/g(Tl**) = \Tll(Tl**). By repeating the
same arguments as in Step 1, one can show that there exists a T5* € (17*,T] such
that the new problem is uniquely solved on [T7*,T5*] by Uy which lies in a ball
similar to Sp, (17*) whose radius depends on the length of the interval [T7*,735™].
Since Wy(t) € Z for almost all ¢ in [T}*, T3], we can assume that Wy(T3*) € Z (upon
redefining 73 if necessary).

This argument can be repeated recursively. At the k" recursion step we obtain the
existence of the solution Wy to (6) on [17*,,T}*] with initial condition Wy (17*,) =
(I\/k_l(Tk*jl). In Step 3 we prove that a finite number of these intervals [T;*,, 7]
are sufficient to cover the whole interval [0, 7], that is UM [T7*,, T;*] = [0, 7], with
15" = 0, a positive finite integer M, and a solution ¥ & Y to @) on [0,T].

Step 3: Existence of a finite covering of [0, 7).

In Step 2 we created a sequence {77}, and claimed that there exists a finite positive
integer M such that UYL, [T7*,,T7*] = [0,T]. To prove this result, we look at the
differences T,gl =Ty =T, for k = 1,2,... and notice that choosing 7} is equivalent

to choose T g. In fact, at the k*" recursion step the solution \/I}k is defined on [T}, T},
and a simple time shift allows us to pose the corresponding problem on [0, 7; g] (instead
of [T7*,,T7*]). We denote by U, the (shifted) solution defined on [0, 7¢] and notice
that Uy, (t) = \le(Tﬁl +1). Therefore, to prove the existence of a finite M it suffices to

construct a sequence {7}, with Y22, T = co and such that each T is sufficiently
small in the sense of Lemmas [£.1] and To be more precise, we will construct a
sequence {Tg}k that converges to zero “sufficiently slowly” and then choose B, ) =
O(T?). Moreover, our choices of {7} and { B, x} will satisfy

B
T]g < o,k

< _ : (35)
Cs.a[CoC3Co (T, Bo )3 + KCyCo (T, Boy)]?

12



and

ge(T) < 1, (36)
where
Cok(T, Bo) = exp(C1aT) | Boj + ax(1+ TCs)|,
Gr(T) 1= C7Clo x(T{)\exp(C1 AT TEC (87)
Cook(Tf) i= K +2CcCo 1(T}, Bo y),
where we defined aj := ||Ux(T, 4)||%. Notice that the conditions ([B5) and (B8) are

exactly the ones considered in Lemmas [£.1] and R
Following the proof of Theorem B.1] setting G = F(¥}) and using (28], one gets

ap < exp(Cl,AT,g) [ak_l(l + T]gCQA) ( )
N 38
+TECs A (Cbcgco,k(:rg, Boy)® + KCzCo (T2, Bok))] .

To ease the notation, we define Cy; := Cy A /C1 A, C31 := C3A/C1 A, and T,f = CIZ’CA,

where {by }1 is a sequence to be defined. These definitions allow us to rewrite (B8] as

ar < f(ak—1,b%, Bo ), (39)

where

flak—1,bg, Bo ) := exp(by) [ak—l(l + Ca1by)

b 3~ b
+ biCs1 (CbC%Co,k(TITA, Bok) + KCZCo,k(T]TA, Bo,k)ﬂ -

A direct inspection reveals that the map B,y — f(ak—1,bk, Boy) is continuous and
monotonically increasing.

Since we aim at constructing a convergent-to-zero sequence {T,gl}k and B, =
O(T?), we make the following ansatz: the sequence {Bsj}x is bounded by a posi-
tive global constant B. Since f is monotonically increasing in B, j, the boundedness
of {Bo}r implies that f(ar_1,bx, Box) < f(ar—1,bx, B).

Let us consider the two sequences {ay}x and {b }r. Without loss of generality, we
consider the case in which {ay} is possibly growing and {by }; converges to zero. Our
goal is to construct a sequence {by}r that converges to zero “slowly enough”, while
{ap}r grows “slowly enough”. This is necessary to satisfy (35), where the left-hand
converges to zero, while the right-hand side could grow as k — oco. We then assume
that ax > 1 and by < 1 for k large enough.

A Taylor expansion of b — f(a,b, B) in b = 0 reveals that

f(a,b,B) = a+ b(A+ Ba+ Ca® + Da®) + O(b*a®),
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for some positive constants 21\, B , C , D. Therefore, ([89) becomes
ar < ap_1 +bp(A+ Bag_1 + Ca?_, + Da}_)) + O(b3ai_,). (40)

Now, we choose b, = ﬁ, which clearly satisfies by, < 1 and b, — 0, and obtain
k—1

A B C D
ka + + )

1
)

<ap_1(1
ar, < ag 1< + ka}_, + ka? | kap— (41)

~

1
k—1
B ENk ~
< ak_1<1 + E> < ag (1 + %> < agexp(FE),

for some positive constant E, where we used that ax_; > 1. The estimate (41
shows that the sequence {ay} is bounded if we choose {bj}, as b = ——. This
k—1

means that the sequence ap = H\Tfk(T,g)HQZ is bounded if one chooses T{ = ClikA =
1 . Therefore, by — 0 and T,gl —0as k — oo, and > ;o T,f = oc0. We

kCh Al Wk 1 (T2,
found a suitable candidate {T,f}k for our purposes.

It remains to show the existence of a sequence {B, }}; that is bounded (according
to our ansatz) and that satisfies (35]) and (36]). Let us look at (B3]). Since the sequence

{HE’MT,?)H%}R is bounded, the denominator of the right-hand side of (35 is bounded.
Therefore, it is possible to find a B, = O(T}) such that (B5) is satisfied for any k.
Let us consider ([B6]). A direct calculation allows us to obtain that

ar(TE) < (T,
where

GT) = C2{ K +2C. exp(C1,aT}) %

X [B + ap eXp(E\)(l + C27AT]§)] }\/exp(CLATg)TgC&A,

which is continuous, monotonically increasing in T,gl and g(0) = 0. Therefore, it is
sufficient to redefine T,f by dividing it by an appropriate positive constant to obtain
that (36]) holds.

We have created a sequence {T,gl} r whose elements satisfy the conditions of Lemmas
(41l and and such that the corresponding series diverges. Therefore, there exists a
finite positive integer M such that 2211 T,f =T.

Step 4: Uniqueness and regularity of the constructed solution.

Uniqueness of such solution follows by the same arguments used in Theorem [B.2] but
with (I8) replaced by a similar energy estimate obtained using Gronwall’s inequality
and the Lipschitz continuity conditions (@) and ().

The regularity of ¥ follows from the fact that, by Theorem and (28)), on each
subinterval of the finite covering of [0,7] the solution ¥ satisfies energy estimates
similar to the ones of Theorem [B.11 O
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5. Less regular initial condition and potentials

In the previous sections, we assumed (A2), (A4) and (A5), which essentially require
the potentials Vj, Vy, Vie and the initial condition function W, to be twice weakly
differentiable. Is it possible to exploit our results to obtain existence and uniqueness
of a solution also in case of less regular potentials?

If the initial condition function W is less regular, then it is natural to expect less
regularity of the corresponding solution. In general, a Schrodinger equation “trans-
ports” in time the regularity of the initial condition. Some maximal regularity results
are proved in [7], where the unique solution has the same space regularity of the initial
condition. An extreme case is also shown in [22], where the authors prove that, for
a simple Schrodinger equation defined on a bounded one-dimensional space domain,
an initial condition in L? (outside the domain of the Hamiltonian) leads to a solution
(so-called ‘mild solution’) that is continuous but nowhere differentiable in time and
continuous but nowhere differentiable in space for almost all times. For these reasons,
in this section we prove existence and regularity results in case of a less regular initial
condition ¥y € H(Q;C).

The proofs of the results presented in the previous sections strongly rely on the reg-
ularity assumption on the potentials Vy, V,, and V. being twice weakly differentiable.
In this section, we prove existence and regularity results for our problem (@) in the
case when weakly differentiable potentials W := Wy + W,w and W, are added to the
right-hand side of our equation, i.e.

(0,0, 3) = (VU, V) + (V + W)U + Wye(T), ®) + (F(T), D) ae. in (0,T), (42)

for all ® € H}(Q;C).
More precisely, we consider the following new assumptions.

(A2b) Wo, W, € WL (Q; R).

(A3b) w e L>®(0,T;R).

(Adb) Ty € HI(Q;C).

(A5b) For any ® € H}(Q; C) it holds that W,.(®)® € HE(2; C) and there exist positive
constants K7 and K9 such that

[Wee(®@)P — Wae(A)A] < K[| — Al (43)

[Wae(®)® — Wae(A)A| g < Ko||® — Al s (44)

for any ®, A € H}(Q;C).

Because of the above discussion, we expect existence of a solution which is a function
in H}(Q;C) almost everywhere in (0,7). To show this, we will need the following
technical lemma.

Lemma 5.1. There exists a positive constant GH such that
IV (Vi (@)®) — V(Vir (WA < Crr (19 5 + [1A]1F7) [© = Al (45)

for any ®, A € H*(Q;C).
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Proof. We prove the statement for any ® A € H'(R3;C). Once this is achieved, the
estimate (@3] follows easily by considering £(®) and £(A) for any ®, A € HY(Q;C)
and using the continuity of the extension operator £. In this proof, (-,-) denotes the

inner product for L?(R3;C) and || - || the corresponding norm. Similarly, || - ||z: and
|| - ||z denote the usual norms for H!(R?;C) and L>°(R3;C).
Let z(x) := | - For any three functions a,b,c € H(R3), we write
Vi((ab) * z)c] = ((ab) x 2)Ve + ((Va)b) x z)c + ((aVb) * z)c. (46)

Using Cauchy-Schwarz and Hardy’s inequalities (see, e.g., [29, Lemma 4.1] and [4]),
we obtain

((ab) % 2)(@)] = |( \_H ||H, ‘H < Culall|[ v
((Va)b) « 2)(a)] = <Va "] < Ivall| == < culvanivel. @

[((aVb) * 2)(x)] = (Vb,

- ,>(<||vz;||H‘ ,H<0H\|Va||uvzau

for almost all = € R3.
The triangle inequality yields the estimate

IV(VE(2)®) = V(Va (M)A < [V (VA (2)(S = M) + [[V((VE(P) — VH(A))A”(’ZLS)

where the two terms on the right-hand side must be suitably bounded.
Consider the term ||[V(Vg(®)(® — A))||. The relations {6) and 7)) allow us to
compute

*2)(@ = A

)
)% )|l |® = All + (@) x 2] L~ [V — VA| - (49)
|7 1@ — Allzze,

[V(VEa(@)(@ - M) = V(@
<|[V((®
< Cr(Ch)|

[
[

for some constant C7 depending on the Hardy’s inequality constant C'y.
Consider the term ||V((Vi(®) — Va(A))A)|. Notice that Vi (®) — Vg (A) can be
written as

Vi (®) — Vg(A) = (B(® —A)) x 2+ (A(® — A)) % 2
which then implies that
IV ((Vir(@) = Vir(W)A)]| < 1V [ ((@(@ = A)) % 2)A] ||+ ¥ [((K(@ = A)) x 2)A] |1
Using again (@B)) and ([@T), a direct calculation (similar to (@9)) allows us to obtain
IV (Vi (@) = Vir(A)A) < CorlCo) (191 + A3 1@ = Allrr,— (50)

where Cjy is a positive constant depending on Cp. The result ([d5]) follows by (48],
@9), [B0), and setting Cy := max{Cr(Cx),Cr1(Ch)}. O

16



We exploit the results obtained in Sections[3land M to prove existence and uniqueness
of a solution to (42)). Let us introduce the following smooth approximations; see,
e.g., [18, [I5]. Suppose that a non-negative smooth function ¢ with compact support
(¢ € C°(R?)) and such that [p, ¢ = 1 is given. Define

be(x) := e 3p(x/e),

so that [ps ¢e = 1 and |oc|lr = [|9l|z1; see, e.g., [I8]. Consider the smoothed initial
condition

\IIO,e = ¢e * 5(\1/0)
and the smoothed potentials
We(®) =g xEWR)  and Wiy (D) = ¢ % E(Wae( D)D),

for any ® € Z, where £ is the extension operator introduced in Section 2l Clearly, the
above convolutions are restricted on {2 and classical results [I8, Section 2.16] guarantee
that the corresponding approximation functions are smooth, that is ¥q ., We(®) and
Wae,e(®) are in C>°(Q; C) with

Im V.o =Ty, LUmW(P)=W(P) and lim Wy (D) = Wy (P)P
e—0 e—0 e—0

in L%(Q2). We define V. (V) := V¥ + W(¥) + Wy (¥) and consider the problem
(O, ®) = (VI, VD) + (Ve(V), D) + (F(P),®) a.e. in (0,7 (51)

for all ® € H}(;C) and ¥(0) = ¥ .
To use the results of Sections Bl and Ml we study the auxiliary Galerkin problem

(9,7, ) = (VI VD) + (V.(I2), D) + (G, ) ae. in (0,T) (52)

for all ® € W,,,, which is exactly (I4]) with V¥ replaced by V.(¥) and ¥, replaced by
Uy .. Notice that the smoothness of the regularized potential V. guarantees that (52])
is uniquely solvable by a solution having the same regularity of the solution to (I4l).

The first key step is to prove energy estimates for the solution to (52)) and study
the dependence of the obtained bounds on the regularization parameter e. For this
purpose, we begin with some preliminary lemmas.

Lemma 5.2. Consider the initial condition function Wy and its reqularization Vg .
There exist positive constants Cy, Cy and Cy (independent of €) such that for any e > 0
it holds that

[Wo.ell < CollenllL ms)l|Woll,
V0.l < Cillpallprrs)l[ollar, (53)
AW || < Co|| Vel L1 sy | Yol a1,

where g1 = Ge—q.
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Proof. The first estimate follows by a standard result for approximation by convolu-
tion (see, e.g., [18, Section 2.16]) and by the continuity of the extension operator.

The second estimate is obtained by exploiting the formula for the differentiation
of convolution and Young’s inequality. Indeed, we have VU, = V(¢ *x E(¥p)) =
¢ * VE(¥() and hence

[V, = l[ge x VE(Wo)[| < (|11 ms) [IVE(Po0) |2 (R2)
<|l¢1llpr @) I€(Yo)ll sy < Celldnllpr sy | Woll e,

where Cg is the continuity constant of the operator &; see (B4).

To obtain the third inequality, we do not differentiate twice ¥q (since it is only in
H(€;C)), but consider the distribution induced by VE(¥g) acting on the smooth
function ¢.. We then write

00, (02 00, E00)) = | D0,60a =)0, E(W0) 1),

for j = 1,2,3, which is the derivative of the distribution induced by VE(¥) and
applied to ®.. This formula allows us to compute

[AWg ]l = [IV - (de x VE(W0)) || < Col[ Vel L1 (@) [ Wollzr,

for some positive constant C that depends on Cg. O

Lemma 5.3. Consider the regularized potential V.. There exist three positive constants
Cs3, C4 and Cs (independent of €) such that for any € > 0 it holds that

IVe@) | < Cs IV lloo + 1161l ey (I oo + K] 21
IV V@D < Cal IVl o0 + 61122 sy (I 100 + K)] [ @11 11, (54)

JAVA@) < Cs IV ll00 + 9l oy (IW 1,00 + K) |01,

for any ® € Z, where the norms || - ||jc are the usual norms for the spaces
L>(0,T; W3>(Q;C)) forj =1,2.

Proof. The three estimates are obtained following the same arguments used in Lemma
together with the new assumptions (A2b) and (A5b). O

With the estimates of Lemmas and [5.3] at hand, we prove the following energy
estimates.

Theorem 5.4 (Energy estimates for the regularized problem). Let G € Y and con-
sider the solution V% to (B2)). For almost all t € (0,T) there exist positive constants
(independent of €) C, Cy and K_1 and a constant C. > 0 (depending on €) such that

198,12 < exp(@T) [CBl161 3 sy | ol + TUGIE., | (55)
95,0 < exp(CoT)[CRb1 3 e IV T + TIGIE. ] (56)
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AW, (6)[1* < exp(CT) |GV el[Tr sy [ Woll Fr + TIIGII%], (57)
1000, ()| -+ < K1, (58)

10095, (O < [[AVE @) + [[Ve(V5, @), D + |Glly (59)
where Cy, Cy and Cy are given in Lemma [5.2. Notice that K_; depends on |G|y, ,

and ||\If0||H1 .

Proof. The estimate (B3 can be obtained as for (I6]), using Lemma [5.3] and the first
of (B3). In fact, by testing (52)) with ® = ¥¢, and taking the imaginary part, we obtain

1d

a 2
L s, o)

m(G(t), Uy, (1) + Im(Ve(¥7,), U7,)

=1
1 1
< SIGIR-, + S IV + 195, @)1

Multiplying both sides by 2 and using Lemma [5.3] to estimate the term ||V, (¥%)]?,
we get

d a a a AN\ a
EH‘I’m(t)H2 < NG5, + VeI + 215,01 < |G, + ClI @)1,

where C = C3 IV lloo + ll#1ll L2 ey (IW || o + Kl)]z + 2. The estimate (B5]) follows by
the Gronwall inequality and the first inequality of (53)).

Let us prove (B6l). Proceeding as in Theorem Bl we use (2I) and (52) in strong
form to obtain

d a . a a . a

D Iv g, ()1 = 2Re [ (VW5 (1), 1), TG, (1) — H(VG(), V0, (1)].
and the results follows using Lemmas 5.2 and [5.3] Poincaré-Friedrichs’ and Grénwall’s
inequalities.

Let us now prove (57). Recalling (23]) and using (52]) in strong form, we obtain (as
in (24)

d a . a a . a
SAWE (0)]F = 2Re[—i(A(VL(0E, (1), 1), A () — i(AG(), AV, (1)]
for almost all ¢ in (0,7"). We can now use (B4]) to write

d a 2 2 2 a 2
AW O < C2[IV 200 + IV el o) (W 1,00 + K2) | 105,
+ IAG() 2 + 2 A, (1))
<IGI}., +Cellawg, @),

2
where C, = 2 + C2 [HVH;OO + IVéell L mey (W l1,00 + Kg)] C%. The estimate (57)
follows by Grénwall’s inequality and Lemma
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Finally, the bounds (B8) and (B9]) are obtained as for (I9) and (20)), respectively,
and using Lemma [5.31 O

Notice that the energy estimates of Theorem [5.4] have two main properties. On the
one hand, the obtained bounds are independent of m (exactly as in Theorem [3.1]). On
the other hand, only the bounds in (55), (56) and (G8]) are independent of €, while the
others depend on the norm of V¢, which behaves as O(1/¢) for some positive a.

Since the bounds of Theorem [5.4] are independent of m, we can invoke our results
of Sections [3] and [ to conclude that for any € > 0 there exists a unique solution ¥, to
(EID). This is formally stated in the following theorem.

Theorem 5.5 (Existence and uniqueness of solution to the e-regularized problem).
For any € > 0 there exists a unique solution V. to (&1l such that

U, eV, 89U, e L®0,T;L*QC)) and W, e C([0,T); Hi (€ C)).

Moreover, there exist three positive constants C,, Cg and C, (independent of €) such
that for any € > 0 the following bounds hold

W) < Car VIO < Cp, N0 Ve(B)][r-2 <, (60)

for almost all t in (0,T).

Proof. The proof of existence and uniqueness of a solution V. follows exactly the
arguments considered in Sections [B] and [l For the sake of clarity, we sketch here the
main steps.

(a) The energy estimates of Theorem [5.4] allow us to show that there exists a unique
solution to the auxiliary problem obtained by replacing F(¥) with G € Y in

(1D, that is,
(00, @) = (VI, VD) + (V(V),®?) + (G, P) ae. in (0,T). (61)

(b) Given a final time 7**, one defines an H?2-ball Sp_(T**) (analogously to (27) and
using (57)), which is centered in zero and has finite radius depending on T**,
and a map ® — A(®) := U, where U solves the auxiliary problem (GI) with G
replaced by F'(®). By reducing the final time 7** to a sufficiently small value, one
proves that Sp_ (T™*) is invariant under A and that A : S (T**) — S, (T**) isa
contraction (as in Lemmal£.2land Theorem[4.3]). The Banach fixed-point theorem
implies that there exists a unique solution in Sp_ (77*) to the e-approximated
problem (&I]).

(¢) The obtained solution to (5Il) exactly satisfies the regularity claimed in the state-
ment of Theorem This is obtained (as in Theorem [£.3]) by noticing that the
nonlinear function F(¥) is uniformly bounded in H? for any ¥ in Sp_ (T**).

(d) The solution to (GBIl is extended on the time interval [0,7] by repeating the
previous three steps on a finite number of subintervals (of sufficiently small
length of order 77*) that cover [0,T].

It is clear that the solution W, satisfies on each subinterval considered in step (d)
the energy estimates given in Theorem [5.4] upon replacement of ¥¢ by ¥, and G
by F(V,), and upon redefinition of ¥Uy. However, these estimates have bounds that
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potentially depend on €, because they are obtained by estimating the H?-norm of
F(¥,).

To get e-independent bounds (60) we proceed as follows. We define an H!'-ball
Sp.(T*) (analogously to (Z7) and using (56)) centered in zero and having finite ra-
dius depending on T™**. If necessary, we further reduce T** to obtain a set S B, (T™)
such that the intersection Sp_ (T**) N Sp, (T**) is invariant under A. Lemma [5.1] and
@®) guarantee that ||[F(A(t))|z is uniformly bounded on Sp, (T**) by a constant in-
dependent of €. Therefore, the terms || F(V.)|ly, , and [[F'(¥.)|y., are bounded by
some constants independent of €. Hence, the estimates (60]) follow from Theorem [5.41
In particular, Theorem [5.4] allows us to get energy estimates (independent of €) on each
of subinterval of the finite covering constructed in (d). Since this covering of [0,7] is
finite the estimates (60]) are obtained by taking the maximum of the estimates over
the finite number of covering subintervals. O

Using Theorem [5.5] we prove existence of a unique solution to (42]).

Theorem 5.6 (Existence and uniqueness of solution to the TDKS problem). Under
the assumptions (A1), (A2), (A3), (A2b), (A3b), (A4b) and (A5b), there exists a
unique weak solution ¥ € W(0,T) to ([42).

Proof. Consider a sequence {ex}x such that e — 0. Theorem guarantees that
for any € there exists a unique solution W., to the regularized problem (52)). This
solution satisfies the bounds (60), which are independent of €. Therefore, the sequence
{¥c,} is bounded in W (0,T). This implies that there exists a subsequence {V¢, };

that converges weakly in W (0,7 and strongly in Y to a limit U. The continuity of
functions and operators on the right-hand side of ([@2]) allows us to show that W is a

weak solution to ([@2]). Uniqueness can be obtained by proceeding as in the proof of
Theorem B.2] and using (@3)), (@) and (7). O
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