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A B S T R A C T

Automatic remeshing holds promise for reducing mesh dependency in numerical simulations. However, its 
current application in limit analysis primarily relies on triangular meshes. Existing mesh refinement schemes are 
often not general enough to accommodate complex discretizations. To address this, the paper introduces a 
dissipation-based automatic remeshing strategy for finite element limit analysis, which supports meshes with 
arbitrary element shapes and enables interfacial velocity discontinuities and selective refinement. The element 
deformation is assumed to be homogeneous. The approach is applied to analyze the collapses of the weightless 
cohesive-frictional strip footing and of a masonry arch bridge interacting with the backfill. The results obtained 
both indicate the reliability and effectiveness of the proposed remeshing procedure, showing competitive effi
ciency when compared with a global uniform refinement. Applying remeshing to polygon discretizations is 
crucial since it can effectively release the locking effect induced by the constant-strain assumption inside the 
elements, and the converged load prediction can gain precision comparable to the triangular one. Polygon el
ements exhibit great efficiency in large-scale applications, requiring only 1/5 – 1/2 of processing time when 
compared with triangular meshes. Regular polygons are more recommended given the lower sensitivity to the 
initial mesh. The proposed procedure broadens the applicable scenarios of remeshing in limit analysis, providing 
also a paradigm for mesh refinement in other mesh-based simulations.

1. Introduction

Fast determination of the load-carrying capacity of the system de
serves great consideration especially when performing structural safety 
assessments. Limit analysis is a promising and standard framework that 
has demonstrated a great edge in that regard, requiring only a few 
mechanical parameters. In the last century, inspired by finite element 
analysis, continuous modeling has gained a wide application in limit 
analysis [1], where discretization is employed to approximate the 
structural continuum domain, and the prescribed velocity field is 
assigned for each element. This approach was soon generalized to 
feature the velocity discontinuities in the continuum [2,3], being more 
suitable to describe the failure mechanism of the system. Despite the 
involvement of the discontinuities, the problem can be stated as stan
dard Linear Programming (LP) optimizations on the condition that the 
associated flow rule holds, whether applying Upper Bound (UB) or 
Lower Bound (LB) theory (see [2–4]), and robust algorithms to solve 
these optimizations are accessible thanks to the boom of Operations 
Research (OR). Typically, the problem can be solved efficiently in a 

single step even in a large-scale scenario. Recently, this theoretical 
framework has absorbed more advanced techniques such as the mesh
less method [5], high-order element [6], nodal smoothing [7], etc., 
broadening its application to more complicated modeling with rein
forcement [8], crack propagations [9,10] or large deformation [11,12]. 
An important application of this approach in recent decades regards the 
collapse analysis of masonry systems. Many researchers employed it to 
understand the behavior at collapse of typical structural elements 
belonging to masonry historical buildings, such as walls [13], vaults [14,
15], or domes [16]. Even the study of the introduction of different 
strengthening technologies—both innovative and traditional—is 
possible within limit analysis, adopting some ad-hoc simplified hy
potheses [17]. On the other hand, this approach has also gained 
particular popularity in the geomechanics field, for instance for slope 
stability problems [18–20] or in soil-structure interaction studies [21,
22].

Because of the involvement of the continuum discretization, to 
investigate the mesh dependence of the results is paramount, an issue 
which is, however, basically left in the background for most of the 
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literature (see [11,12] as an example). Performing automatic remeshing 
could be more efficient in reducing mesh dependence than the global 
refinement adopted in the traditional mesh sensitivity analysis. This 
technique has been widely employed in many mesh-based analyses [23,
24], particularly useful when the problem involves cracking [25,26] or 
high-rate large distortion [27]. Those advances have been gradually 
migrated to the applications of finite element limit analysis. Neverthe
less, remeshing proposed in recent decades for limit analysis has proved 
to be suitable for triangular meshes with regular geometric domains (e. 
g., [28]). However, its robustness in general and practical scenarios 
requires more demonstrations from application studies. In these con
tributions, the element selection naturally refers to a dissipation- or 
deformation-based indicator, given that the error-based estimator 
commonly used in elastic cases may not be accessible in plastic limit 
analysis, and the bulks with higher dissipation or deformation will be 
chopped priorly. A straightforward idea for the selection is to consider 
the first n bulks with higher dissipation [29,30], whereas a more precise 
procedure could be including the elements into the refinement set in 
descending order of dissipation, until the sum of the dissipation in the 
set exceeds a given threshold [31–33], which is typically a percentage of 
the total system dissipation. Another interesting indicator for the 
remeshing is represented by the gap between lower- and upper-bound 
solutions in terms of collapse multiplier [34–36]. However, the 
computational cost of such analysis could represent an issue, because 
both lower- and upper-bound optimizations should be solved in each 
round of the refinement, doubling the effort. Besides the element se
lection, the element refinement scheme adopted in the remeshing pro
cedure lacks further discussions and comparative studies. Uniform 
subdivision of the element is widely adopted in the h-refinement strat
egy, whereas it could bring about a local explosion of the element 
amount (see [37,38]). Several works also used the centroid division, but 
moving the integration points accordingly, to improve the computa
tional precision of the element energy (e.g., [31]). Adaptive adjustment 
of the discretization is necessary for better accuracy in more compli
cated cases. Prior knowledge of the collapse mechanism is sometimes 
required though, to assign target domains proper refinement schemes 
[39,40]. More automatically, a direct optimization of the global mesh is 
possible. For instance, Milani and Lourenço have presented in [41] a 
Sequential Linear Programming (SLP) scheme of mesh adaptation, with 
a discretization constituted by Bézier elements, where the coordinates of 
the control points were included as unknowns for optimization. In 
another cluster of contributions, a global error indicator has been pro
posed to measure the deviation induced by the discrete approximation 
(see [42,43]). Through minimizing this indicator, an adaptive update of 
the mesh can then be completed through a heuristic search or an opti
mization algorithm. Nevertheless, as expected, such adaptive and global 
manipulation on the mesh could sometimes be time-consuming.

Besides the popular triangular mesh, we have also proposed another 
option for discretization in the previous paper [44]: a constant-strain 
polygon element. It has demonstrated great edges in modeling com
plex slip-lines, improving also the flexibility of the mesh configuration. 
However, the interior locking effect induced by the constant-strain 
assumption could make the collapse load highly overestimated in 
some cases [44]. Applying the remeshing procedure could be more 
essential in this scenario for it can theoretically release the locking ef
fect. Since the triangular elements are less suffering from locking, 
particularly when the interfacial discontinuities are allowed, we can 
conduct the remeshing to iteratively split polygon bulks with large 
dissipation into small triangles. Eventually, the global locking of the 
system should gradually be precluded and the load prediction should 
converge to a precise level. Unfortunately, available refinement for the 
polygon bulks is quite limited in the current literature. We only note 
several applications of uniform subdivision or simple triangularization 
directly migrated from the triangular case [23,45–47].

This paper will establish a more solid and automatic remeshing 
procedure for limit analysis, compatible with general polygon 

discretizations. The structure of this paper will be organized as follows: 
in Section 2, after the brief recall of the limit analysis formulation of the 
constant-strain polygon, we will set out to establish the iterative 
remeshing procedure, where the high-dissipated elements will be iter
atively refined. We will propose specific refinement for polygon bulks 
and triangular elements. Section 3 will take the weightless cohesive- 
frictional strip footing problem as a benchmark for comparative 
studies to investigate the underlying improvement of the procedure 
configuration. We will compare the effect of different refinements for 
the triangles, followed by configuration comparisons when applying 
polygon discretizations, through which the optimal remeshing config
uration will be concluded. Section 4 will head to a more practical 
problem: the collapse of Prestwood Bridge. The remeshing approach will 
be applied to the backfill region of the bridge. In this case study, the 
performance of triangular and polygon discretizations combined with 
local remeshing will be understood, with an additional contrast to the 
classic global refinement. The paper closes with a discussion of the re
sults and several concluding remarks in Sections 5 and 6, respectively.

2. Methodology

Below we will elaborate on establishing the automatic remeshing 
procedure for continuous limit analysis modeling. We first recall briefly 
the governing formulation of the homogeneous deformable element 
(proposed in [44]). The remeshing procedure applying to general dis
cretization will then be proposed based on iteratively solving this 
formulation. Note that in the paper we enable the velocity discontinu
ities across the element edges for a more general purpose, since as 
pointed out by Sloan and Kleeman [3], the case without interfacial 
discontinuities can be conveniently realized through an extra constraint 
of zero interfacial plastic multiplier. Furthermore, some papers have 
reported the merit of involving velocity jumps, which usually bring 
about a more conservative prediction [3,48], while the collapse mech
anism may sometimes deviate if the discontinuities are not aligned with 
the actual slip-lines. We will demonstrate and discuss this aspect in the 
result section.

2.1. Brief recall of limit analysis theory for homogeneous deformable 
element

The limit analysis formulation will be established based on the Upper 
Bound (UB) theorem, namely from the kinematic point of view. Duality 
theorem in the UB optimization can get access to the static solutions (e.g. 
interfacial resultants and element stresses). In this theory, the element 
shape is not restricted to be triangular. They can be arbitrary polygon 
shapes for a more complex discretization purpose. 

ui( ri) := ui
R

(
ri)+ ui

C

(
ri) = Hi

P

(
ri)ui
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We start with the deduction of compatibility for the element with a 
general polygon shape. Due to assuming the homogeneous deformation 
for the element (i.e. constant-strain field), its velocity field ui(ri) can be 
explicitly represented as a superposition of rigid body motion ui

R (ri) and 
constant-strain mode ui

C (ri) (Eq. (1)). We introduce the mapping matrix 
HP to project the centroid unknowns uP to the field of the entire bulk 
(Eq. (2)).

Then, the computation of the interfacial discontinuities is straight
forward. We assign each interface j two nodes overlapped by the 

Y. Hua and G. Milani                                                                                                                                                                                                                          International Journal of Mechanical Sciences 297–298 (2025) 110349 

2 



adjacent bulks (Fig. 1) and each node has normal and tangential dis
continuities. Namely, we need four freedoms (denoted as Δuj

n,1, Δuj
t,1,

Δuj
n,2, Δuj

t,2) for each interface. These unknowns can be calculated by 
projecting the velocity difference of each overlapped node pair to the 
local interfacial frame (Eq. (3a)). Eventually after the assembling, we 
can obtain a relation between the interfacial discontinuous q and the 
element unknowns uP , associated by the compatibility matrix AT

P (Eq. 
(3b), first equation, left-hand side). The right-hand side of the compat
ibility equality is the computation of the same velocity jump q but from 
the plasticity multiplier p, according to the associated flow rule. Here, 
we employ the well-acknowledged Mohr-Columb friction model [49], 
which can be represented by a linear operator NT (see [50,51] for de
tails). The dissipation of the interfaces PC

D can also be computed from the 
plasticity multiplier p and interfacial cohesion vector c0 (see the second 
equality in Eq. (3b)). 

Ai
j,P =

⎡

⎣
QjHi

P

(
ri

1
)

QjHi
P

(
ri

2
)

⎤

⎦

T

,Qj =
[
ej

n ej
t

]T
, i = a, b (3a) 

AT
P uP = NTp,p ≥ 0, PC

D = cT
0p (3b) 

Fc(σ, τ) = c − σtanφ − τ = 0 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅→
to normal stress space Fc(σ) = 0

Fc(σ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
σx − σy

)2
+ 4τ2

xy

√

+
(
σx + σy

)
sinφ − 2ccosφ

(4a) 

Ft(σ, τ) = σI − σt = 0 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅→
to normal stress space Ft(σ) = 0

Ft(σ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
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(4b) 

σ = σm + ssinφ, τ = scosφ, σI = σm + s, σII = σm − s

σm =
1
2
(
σx + σy

)
, s =

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
σx − σy

)2
+ 4τ2

xy

√ (4c) 

The constitutive model for the element plasticity is again the stan
dard Mohr-Coulomb relation but with linearization [3,52] (Fig. 2a). The 
yield surface is analytically defined in Eq. (4a) when Fc is set equal to 
zero, which indicates that all the allowed stress states are bounded by 
the cone defined by frictional angle φ and cohesion c (see Fig. 2a). 
Deducing backward the normal stress space (using Eq. (4c)), the 
static-allowed domain is a quadratic cone. We use several linear planes 
to approximate the real limit surface to avoid the inclusion of nonline
arity. Eq. (5d) gives the coefficients (Ak

c , Bk
c , and Ck

c) of the planes for the 
p-plane linearization (k denotes the coefficients for the kth plane). We 
can also adopt a constitutive relation equipped with an additional 

Fig. 1. Compatibility condition of the constant-strain polygon. (a) Definition of rigid body and homogeneous deformation modes. (b) Joint j with two adjacent 
polygon bulks a and b, interface compatibility.

Fig. 2. Limit surface of 2D Mohr-Coulomb friction model with linearization. (a) No tension cutoff. (b) With tension cutoff.
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tension cutoff in the σ-τ space, defined by the tension limit σt (Fig. 2b, 
Eq. (4b)), which enables an extra conic constraint to the normal stress 
space. Eq. (5d) gives the corresponding linearizing coefficients (Ak

t , Bk
t , 

and Ck
t ) [53,54]. After the implementation of the linearization, both 

element constitutive models (with or without tension cutoff) can be 
unified as the same linear constraint (Eq. (5a)), where the constitutive 
operator M consists of all the coefficients of linearization (Eq. (5c)). The 
cohesion force vector ci contains the integral of the cohesion stress c or 
cutoff stress σt over the element volume (Eq. (5b)). Remark that this 
constitutive law can also be stated as a conic constraint without 
approximation. The limit analysis formulation will correspondingly 
become a Second-Order Conic Programming (SOCP). Although the 
SOCP solving algorithm has become mature in recent decades, this paper 
still employs linearized constitutive relations for the sake of simplicity. 

Mσ̃ − z1 = c1, z1 ≤ 0, σ̃i := |Ei|d
[

σi
x σi

y 2τi
xy
]T (5a) 
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T
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(5b) 
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⎧
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Ak
c = sinφ + cosak

Bk
c = sinφ − cosak

Ck
c = sinak

,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ak
t = 1 + cosak

Bk
t = 1 − cosak

Ck
t = sinak

, ak = 2πk

/

p, k = 1, 2,⋯, p

(5d) 

The plasticity flow of the element is again associated with the 
constitutive, which can be represented by MT (left-hand side of Eq. (6)). 
The right-hand side of Eq. (6) is the compatibility of element deforma
tion, deducing the deformation description from centroid unknowns of 
the bulk. In this case, the deformation compatibility mapping is a simple 
boolean selection matrix to extract the constant strain variables from the 
global unknown list. The element dissipation term shares the same 
representation as the interfacial one (given in the third equality of Eq. 
(6)). 

MTλ = BTuP ,Bi = [O3×3 I3×3 ]
T
, λ ≥ 0, PE

D = cT
1λ (6) 

min − fT
DuP + cT

0p + cT
1λ

s. t. fT
L uP = 1

AT
P uP = NTp, p ≥ 0

MTλ = BTuP , λ ≥ 0

(7) 

max α
s. t. AP x + Bσ̃ = αfL + fD

Mσ̃ − z1 = c1, z1 ≤ 0
Nx − z0 = c0, z0 ≤ 0

(8) 

Eventually, we can state the Upper Bound limit analysis formulation 
for this element as a standard Linear Programming (LP) (Eq. (7)), with 
the constraints of compatibility and flow rule for interfaces (Eq. (3b)) 
and elements (Eq. (6)), as well as a positive work condition for the 
external load [55]. In the objective function, we take into account all the 
dissipations induced by gravity, interface discontinuities, and element 
deformation. Observing the duality of the optimization problem (7)
brings us to the static form of the UB formulation in terms of virtual 
power (Eq. (8)), providing information on the interfacial resultants and 
element stresses. In this optimization problem, we maximize the load 
multiplier of the system, subject to the constraint of the equilibrium and 
two constitutive constraints regarding interfaces and elements. The 
automatic remeshing can be further developed based on iteratively 
solving these two formulations, implemented as so-called sequential 
linear programming.

Despite enabling the velocity jumps, the overlapped nodes use the 
same index recorded in the database, given the merit of storage reduc
tion and quick adjacency searching. This could further benefit the 
implementation of the remeshing, speeding up the procedure. When 
computing the matrices, we introduce another system of indices for 
nodal, interfacial, and element unknowns, where the velocities of the 
overlapped nodes are labeled separately. A reciprocal mapping of these 
two index systems has been built for a quick query, when necessary.

2.2. Establishment of automatic remeshing procedure

We now proceed to establish the automatic remeshing procedure to 
reduce the mesh dependence of the limit analysis results. The criterion 
of the refinement selection is based on the dissipation energy of the 
element deformation (index γi defined in Eq. (9a)). The element dissi
pation can be computed through the inner dot of the element cohesion 
vector c1,i (defined in Eq. (5b)) and the corresponding plastic multiplier 
vector λi provided by the upper bound solution. In each iteration, we 
take priority to break the bulk with large deformation (set EI

re), namely, 
the element whose index exceeds the predefined threshold αeγmax 
(Fig. 3a). Here, we also penalize the element with a small area (see the 

Fig. 3. Element selection criterion in each iteration of automatic remeshing. (a) Based on element dissipation. (b) Based on interfacial dissipation.
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second term in Eq. (9a)) to avoid repeatedly refining the elements of the 
concentration-effect region. Another group of candidates for refinement 
comprises the elements that are contiguous to the interfaces with large 
dissipation (set EJ

re in Eq. (9b)). Similarly, we compute the dissipation for 
each interface according to the interfacial cohesion and multiplier vec
tors (c0,j and pj) and select those with the dissipation exceeding the 
threshold αcPdj,max. The elements associated with those joints will be 
included in the set for refinement, but with the exclusion of the elements 
that take those interfaces as edges (Fig. 3b, Eq. (9b)). Eventually, the 
elements that will be refined in this step (Ere) will be the union of the 
above two element sets (Eq. (9c)). Users are allowed to adjust two 

threshold parameters αe < 1 and αc < 1 to control the selection based on 
the interfacial or element dissipation, respectively. A smaller choice of 
αe or αc will certainly involve more elements being refined in one step 
while the large ones may give rise to a low convergence speed. The 
assignment of these two thresholds could be quite critical in practice. 

EI
re :=

{

i|γi > αemax
i∈E

{γi}

}

, γi :=
Pi

de
∑Ne

i=1Pi
de⏟̅̅̅̅̅⏞⏞̅̅̅̅̅⏟

dissipation

⋅
|Ei|

∑Ne
i=1|Ei|

⏟̅̅̅̅̅⏞⏞̅̅̅̅̅⏟
area penalty

,Pi
de = cT

1,iλi
(9a) 

Fig. 4. Remeshing scheme for polygon and triangle elements at each iteration. (a) POLY: centroid refinement. (b) TRI: centroid refinement. (c) TRI: Mid-point 
refinement. (d) TRI: Edge-split method.

Fig. 5. Resolving the non-conformity in the mesh after the implementation of the element refinement scheme.

Jre :=

{

i|Pi
dj > αcmax

i∈J

{
Pi

dj := cT
0,jpj

}}

,EJ
re := {i|Ei associated with joint j ∈ Jre} (9b) 
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Ere = EI
re ∪ EJ

re (9c) 

After clarifying the selection of the element in each step, we propose 
specific refinement schemes for the elements. Selected non-triangular 
elements will be split into triangles (Fig. 4a), with an additional node 
assigned at the centroid. Regarding the triangular case, we propose three 
different schemes. The first approach is the direct application of the 
centroid refinement scheme previously for the polygons (Fig. 4b), 
bringing about the same subdivision to the adoption of [31]. The rest 
two are inspired by the proposal from Christiansen and Pedersen [28] 
for the structured mesh. The mid-point approach, the most popular 
scheme adopted in recent contributions (see for instance [37,38]), is a 
uniform and symmetric refinement (Fig. 4b). We add a node at the 
midpoint of each edge of the triangle, generating four similar 
sub-elements. As a result, the direction of the new interfaces always 

remains parallel to the original edge after such refinement. The 
edge-split refinement is simpler and more direct (Fig. 4c), where the 
element is split at the middle of the longest edge. The generation of the 
new elements is the fewest among all the three approaches. Several 
applications of such refinement have been recently presented (see [29,
30,32]).

Simply implementing the refinement scheme, the adjusted mesh will 
contain hanging nodes. Although such mesh non-conformity is allowed 
since interfacial velocity jumps have been taken into account in the limit 
analysis formulation, adopting a conforming mesh is usually more 
robust given the better continuity of slip-lines. For that purpose, after 
refining the target element, we immediately adjust the bulks around this 
element to keep the mesh conform. Below we give the scheme to resolve 
these hanging nodes (Fig. 5). For the polygon with non-conforming 
nodes, the centroid refinement is first implemented, followed by 
applying the edge split to the triangular patches with non-conformity 
(Fig. 5a). We directly implement the mid-point refinement to the tri
angles with hanging nodes on all three edges (Fig. 5b), and the rest cases 
can be resolved by sequentially applying the edge split method along the 
non-conforming edges once or twice (Fig. 5c and 5d).

Gathering all the previous steps, the whole iterative remeshing 
scheme can be stated as Algorithm 1. Implementing this loop, we 
continuously refine the discretization until the ultimate capacity of the 
structure finally converges to a stable value. Implementing this pro
cedure, we will first conduct a series of comparative studies through the 
strip footing problem, for a better understanding of its performance. 
Then, the approach will be applied to analyze the collapse of a 2D ma
sonry arch bridge with full consideration of backfill to test its robustness 
in a more practical scenario.

3. Comparative study on different procedure configurations

In this section, we investigate the collapse of weightless cohesive- 

Algorithm 1 
Iterative remeshing scheme.

1. Get the initial solution by solving Eqs. (7) and (8); 

Initial sol.→
{

u[0]
P , σ̃[0]

,x[0] ,z[0]0 ,z[0]1 ,p[0] ,λ[0],α[0]
}

2. Initial setting: e = 1, tol=0.001, k = 0;
3. WHILE e > tol
4. k = k + 1;
5. Define the element set for refinement Ere through Eqs. (9a)–(9c).
6. Refine element set Ere through refinement scheme ΤC/ΤM/ΤE (Fig. 4).
7. Resolve the non-conformity in the new mesh (Fig. 5)
8. Solve the new model through Eqs. (7) and (8) and get a new solution u[k]

P
, p[k], λ[k], α 

[k] 

New sol.→
{

u[k]
P , σ̃[k]

,x[k],z[k]0 ,z[k]1 ,p[k] ,λ[k],α[k]
}

9. Calculate error e = |α [k] – α [k–1]|/α [k–1]

10. END

Fig. 6. Weightless cohesive-frictional strip footing benchmark. (a) Geometric features, load and boundary conditions. (b) Initial unstructured triangular mesh.

Fig. 7. Initial solution within the application of remeshing for the weightless cohesive-frictional strip footing problem, unstructured triangles, p = 24. (a) Interfacial 
dissipation. (b) Element dissipation.

Y. Hua and G. Milani                                                                                                                                                                                                                          International Journal of Mechanical Sciences 297–298 (2025) 110349 

6 



frictional strip footing, a simple but solid benchmark with analytical and 
numerical investigations [3], to test the effectiveness of this approach. 
We start from the unstructured triangular mesh to compare the perfor
mance of three refinement schemes proposed for triangles (see Fig. 4), 
and the best-performed scheme will be concluded. Secondly, we will test 
the robustness of the procedure when using polygon elements, where the 
necessity of resolving mesh non-conformity (Fig. 5) or filtering the small 
element (Eq. (9a)) will be additionally investigated.

3.1. Different element refinements: unstructured triangular mesh

Fig. 6 illustrates the geometry and boundary conditions of the strip 
footing subjected to a unit-width-surface (B = 1000 mm) pressure. The 
friction angle φ is 30◦ and the effective cohesion c is 1 MPa, taken in 
agreement with Sloan and Kleeman [3] for comparing purposes, despite 
that such cohesion could be quite high for a common geotechnical 
material. In any case, the results can be linearly scaled down to smaller 
cohesion cases if needed, given the system linearity. The constitutive 
model for the element deformation adopted is Mohr-Coulomb with no 
tension cutoff (Fig. 2a) and we keep the linearizing precisions equal to 
24, as suggested in [3]. We start from the same initial solution (Fig. 7) 
predicted from a coarse unstructured triangular mesh (generated by 
“MESH2D” [56]), followed by the implementation of the remeshing 
procedure with different element refinements (see Fig. 4). The threshold 

factor for the selection criterion αe/αc is 0.4/0.6. Given the comparative 
purpose of this benchmark study, for each case, the procedure will stop 
at the 10th iteration whether the convergence criterion is reached or not, 
to control the computational budget at an acceptable level.

Fig. 8 gives the convergence curves of these 10 iterations for different 
refinement schemes, and the corresponding final predictions are 
collected in Table 1. The curve results have demonstrated the effec
tiveness of the proposed procedure. The system capacity prediction 
decreases by 15–28 % after those 10 iterations. However, the conver
gence speed and efficiency of employing different element refinements 
are discrepant. The performance of the centroid refinement is lower than 
our expectation. The final converged pressure is 23.2 % overestimated 
from the analytical solution. Such noticeable overestimation could stem 
from the fact that this refinement cannot help generate continuous 
cracking paths during the iteration. In the final iteration, we can note 
that numerous cracks propagate radially from the nodes but are not 
connected to configure a contiguous path (Fig. 10a and 10b). None
theless, it should be remarked that the characteristics of the disconti
nuity pattern generated by this scheme are naturally different from the 
continuous spiral slip-line assumed in the theoretical solution of the strip 
footing [57], resulting in a limited improvement of the collapse load 
prediction. The profit of this scheme could be different when applied to 
other collapse cases featuring radial or concentrated slip-lines.

In contrast, the mid-point refinement can give birth to better 

Fig. 8. Comparison among different triangular refinements during the remeshing procedure for the strip footing problem: convergence of ultimate pressure.

Table 1 
Summary of the results and computational cost for the three refinement schemes, weightless cohesive-frictional strip footing problem with the application of automatic 
remeshing.

Remesh scheme Indicator qf,[1] 

[MPa]
qf,[10] 

[MPa]
Drop of load (%) a Item count bDOF Time cost t (s) cq [MPa]

Centroid refinement Eq. (9c) 43.9 37.126 15.431 12,129 174,824 46.970 30.14
Mid-point refinement Eq. (9c) 32.222 26.601 13,516 195,218 231.072
Edge-split method Eq. (9c) 31.807 27.547 3553 51,548 12.621

[30] 32.236 26.570 2597 37,220 8.327
[32] 32.651 25.624 1989 28,496 5.391
[28] 33.144 24.502 2031 28,820 6.106

a The item here indicates the elements and interfaces used in the analysis.
b DOF represents the degrees of freedom used in the analysis.
c q denotes the analytical solution of weightless cohesive-frictional strip footing [3].
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connective interface configurations since all the new joints are parallel 
to the original edges. The continuity of the initial mesh is well inherited 
during the iterations (Fig. 10c and 10d). The accuracy of the final pre
diction is thus very acceptable (about 6.9 % over the analytical solu
tion). However, we would remark that some elements near the surface 
pressure are repeatedly split into tiny sizes, giving rise to an explosion of 
the item amount and analysis time in the late several iterations. In the 
last iteration, the time cost for the mid-point refinement can reach four 
times that of the centroid refinement (see Fig. 9 and Table 1).

The edge-split method presents the lowest time cost (6–27 % of the 
rest two approaches), as the newly generated elements are the fewest. 
The growth of the total number of elements/interfaces and degrees of 
freedom used in the analysis is also flatter than in the other two cases 
(see Fig. 9). The direction of the interfaces generated by this refinement 
is much more diverse, thanks to its unsymmetric feature. The connec
tivity of the interfaces typically remains after several iterations though 
(Fig. 10e and 10f). As a result, such refinement improves the diversity of 
the underlying slip-lines that the mesh can capture, bringing about very 
conservative load prediction. The given load prediction is the lowest 
among all the three considered approaches, with a deviation of only 5.5 
% against the analytical solution. We also plot the converged solution 
given by the edge-split method (after 16 iterations), whose precision is 
further improved (2.5 % deviation). Such precision also exceeds the 
prediction from the finest structured triangular mesh reported in [3]. In 
summary, according to this benchmark study, the edge-split method is 
the best refinement scheme for the remeshing procedure. In the below 
application to the polygon mesh, we will employ only the edge-split 
method to refine triangular elements.

Figs. 8 and 9 also compare the usage of different element selection 
indicators. Reviewing the relevant literature, we select two indicators 
based on the dissipation [30,32] and one based on the plastic strain [28] 
to be compared with the indicator proposed in the present paper (Eqs. 
(9a)–(9c)), implementing the same edge-split refinement. The results 
indicate that typically, the selection of different indicators does not in
fluence much the final predictions. Nonetheless, the utilization of 
dissipation-based indicators is more recommended, since the 
strain-based selection gives a slightly higher collapse load against all the 
others. The indicator proposed performs in the best manner with respect 
to the precision of the converged solution, an advantage which could be 
attributed to the inclusion of the area filter. Small elements are filtered 

out when constructing the refining set to avoid repeated subdivisions. 
Such a feature could be beneficial in some problems with concentration 
effects, avoiding the iterative searching being trapped at a local optimal 
point. Later in the text, this aspect will be further compared and dis
cussed in detail applying the polygon discretization.

Nonetheless, we would finally note that the mechanism predicted in 
the edge-split case does not fully fit the actual solution, despite the ac
curate load prediction. The spiral boundary of the mobilized soil is not 
perfectly reproduced [57], for which the employment of the triangular 
elements could be blamed. Although the edge-split scheme proposed 
could bring in more slip angle variation, the discontinuity direction in a 
triangular mesh cannot be very diverse. Eventually, the generated in
terfaces after the remeshing are typically parallel or perpendicular to the 
edges of the initial mesh, and the potential slip direction is still too 
limited to represent a spiral boundary. We can only get a polyline slip 
boundary zig-zagging around the real spiral path. The results of the 
structured triangular meshes originally adopted by Sloan and Kleeman 
(see [3,44]) also produced a similar polyline slip boundary, basically in 
line with the triangular predictions presented in this paper. In contrast, 
we will soon illustrate below that using the polygon mesh can improve 
such deviated mechanism prediction. The centroid division of a polygon 
bulk naturally boosts the underlying slip directions in the system. A 
smooth polyline slipping path is apt to be generated and the theoretical 
spiral slip boundary can thus be perfectly reproduced.

3.2. Application to polygon mesh: mesh non-conformity or area filter

We proceed to investigate the performance of the remeshing pro
cedure when incorporating polygon meshes. Two polygon discretiza
tions with different shape regularities are taken into account, named 
random Voronoi and centroid Voronoi mesh, respectively, which are 
generated by the open-source package “lloydsAlgorithm” [58]. The 
threshold factor for the element selection criterion αe/αc is kept as 
0.4/0.6. In this analysis, we set the convergence tolerance as 10–2 and 
the procedure will quit only when the error of collapse load decreases 
below this tolerance. As mentioned above, we apply the edge-split 
method for the triangular element and the centroid refinement for the 
polygons. Initial solutions for the two polygon meshes are given below 
(Fig. 11). These initial solutions are highly overestimated compared to 
both triangle predictions and the analytical solution, which is a 

Fig. 9. Growth of the time cost, item count (elements plus interfaces), and degrees of freedom (DOF) during the remeshing procedure for the strip footing problem: 
comparison of different triangular refinements.
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Fig. 10. Collapse mechanism for the strip footing problem with the application of remeshing. Comparison of different refinement schemes for triangular elements, 
final predictions. (a) Interfacial dissipation, centroid refinement. (b) Element dissipation, centroid refinement. (c) Interfacial dissipation, mid-point refinement. (d) 
Element dissipation, mid-point refinement. (e) Interfacial dissipation, edge split approach. (f) Element dissipation, edge split approach.

Fig. 11. Initial solutions of weightless cohesive-frictional strip footing for the application of remeshing procedure, polygon meshes, p = 24. (a) Random Voronoi 
mesh. (b) Centroid Voronoi mesh.
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demonstration of interior element locking arising from the 
constant-strain assumption (also reported in [44]). When the number of 
the element nodes increases, the description of its kinematic mode 
through the constant-strain field is no longer sufficient.

The proposed remeshing procedure can significantly reduce such a 
locking effect since the large-dissipation polygon bulks are successively 
split into locking-free triangular elements during the iteration. In both 
random and centroid Voronoi cases, the drop in the collapse load pre
diction is remarkable (about 53–60 % of the initial, see iteration curve in 
Fig. 12 and result summary in Table 2). Moreover, we can appreciate a 
curved boundary of the mobilizing soil in the final predicted mecha
nisms (see Fig. 14a and 14b), being very analogous to the spiral one 
assumed in the analytical solution [57]. In contrast, the primary crack 
patterns predicted in the triangle cases are all long and straight (see 
Fig. 10). This demonstrates that employing polygon discretizations can 
take into account more underlying collapse mechanisms and slip-line 
patterns, owing to the great diversity of the interface directions gener
ated by the refinement.

The final collapse load from the centroid Voronoi mesh can get very 
comparable precision to the triangle case (about 3 %, see Fig. 12), with 
rather fewer iterations, element/interface count, and degrees of freedom 
required (Fig. 13). The deviation to the analytical solution is also 
acceptable (within 9 %). This may demonstrate the competitive effi
ciency of employing polygon elements against the traditional triangles 
in the remeshing procedure. Random Voronoi mesh gives a higher 
converged load (bias of 5.7 %) with also more iterations, indicating a 
lower efficiency of using irregular elements. The better performance of 
the centroid mesh could be attributed to its uniformity of element size. 
We can expect a homogeneous decrease of element dimension during 
the procedure and the angle among the new interfaces is also quite 
average (Fig. 14c and 14d). Oppositely, in the random polygon mesh, 

Fig. 12. Convergence of the collapse load during the remeshing procedure, 
weightless cohesive-frictional strip footing problem, comparison among 
different procedures.

Table 2 
Results of the remeshing iterations for weightless cohesive-frictional strip footing with different procedure configurations, p = 24.

Element 
shape

αe αc Selecting 
criterion

Resolve non-conformity qf,[1] 

(MPa)
qf, [end] 

(MPa)
Drop of load (%) error 

(%)

Triangular 
mesh

0.4 0.6 With area filter Yes 43.90 31.85 27.45 5.67

Random 
Voronoi

0.4 0.6 With area filter Yes 74.66 34.57 53.70 14.70
No area filter Yes 32.82 56.04 8.89
With area filter No 35.54 52.40 17.92

Centroid 
Voronoi

0.4 0.6 With area filter Yes 83.58 32.71 60.86 8.53
No area filter Yes 31.88 61.86 5.77
With area filter No 32.95 60.58 9.32

aThe error of the predictions given here is compared to the analytical solution in [3]. For the weightless cohesive-frictional strip footing, the accurate ultimate pressure 
is 30.14 MPa.

Fig. 13. Growth of the time cost, item count (elements plus interfaces), and degrees of freedom (DOF) during the remeshing procedure, weightless cohesive-frictional 
strip footing problem, comparison among different procedures.
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Fig. 14. Collapse mechanism for the strip footing problem with the application of remeshing in polygon meshes. (a) Random Voronoi mesh, interfacial dissipation. 
(b) Random Voronoi mesh, element dissipation. (c) Centroid Voronoi mesh, interfacial dissipation. (d) Centroid Voronoi mesh, element dissipation.

Fig. 15. Collapse mechanism for the strip footing problem with the application of remeshing in polygon meshes, comparison among different procedures, final 
predictions. (a) Random Voronoi mesh, without area filter. (b) Centroid Voronoi mesh, without area filter. (c) Random Voronoi mesh, non-conforming mesh. (d) 
Centroid Voronoi mesh, non-conforming mesh.
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the procedure could repeatedly refine several tiny elements because of 
the large dispersion of the element size. We also notice the angle be
tween some of the interfaces almost vanishes (Fig. 14a and 14b) in the 
last several steps, which makes the refinement less effective.

Recall that in the established remeshing procedure (Algorithm 1), we 
have involved a filter of the element dimension (second term of γi in Eq. 
(9a)) in the selecting process to avoid the over-refinement of some small 
elements, with the resolve of the non-conformity induced by the element 
refinement (see Fig. 5). At the end of this section, we also give the 
remeshing process of the two polygon meshes without the area filter and 
the settlement of mesh non-conformity, respectively, as a short 
demonstration of the necessity of including these aspects.

Involving the dimension filter is quite essential in particular for the 
mesh with poor regularity. After the removal of the filter, we can see that 
the element size of the random Voronoi mesh has been reduced to a very 
low level at the end, and the predicted mobilizing soil is remarkably 
shrunk (compare Fig. 15a to Fig. 14b). Such over-refinement is also 
inefficient. As the curve results indicated (Fig. 13), removing the 
dimension filter leads to 5–8 times boosting the time consumption but 
with a precision improvement of only 1–3 % (Fig. 12). The elements/ 
interfaces and degrees of freedom required in the analysis also rise about 
4 times (Fig. 13). Comparatively, the prediction from the centroid mesh 
is less affected by whether this filter is involved (Fig. 15b). We still 
remark on the explosion of the computational cost after deactivating this 
filter though (Fig. 13).

Without settling the non-conformity does not make a remarkable 
difference in the final prediction. The final mechanism prediction of 
both two polygon meshes considered (compare Fig. 15c and 15d) are in 
good consistency. Using non-conforming mesh might only lead to 
slightly higher load prediction and lower convergence speed (see 
centroid case in Fig. 12), but the discrepancy is quite limited (e.g. within 
3 % regarding load prediction, see Table 2). Nonetheless, given the fair 
demand of this module for the computational budget, we will continue 
to settle the non-conformity of the mesh during the iterations.

4. Application study: collapse analysis of masonry arch bridge 
with fill

This section will apply the established approach to a more practical 

scenario: collapse analysis of a masonry arch bridge. Typically, fill 
material will be employed to cover the arch ring of the bridge up to the 
deck. However, this feature is commonly ignored or improperly 
considered in recent numerical simulations (e.g., [14]). Below we will 
employ the limit analysis to investigate this problem, featuring contin
uous modeling for the backfill part. The proposed remeshing procedure 
will be applied to the fill region.

We take Prestwood Bridge as a benchmark example since it has been 
on-site tested by previous researchers. The geometry, boundary, and 
load condition (Fig. 16), as well as the material features of the elements 
and interfaces (Table 3) are given below, according to the previous 
numerical works on this bridge [53,54]. The constitutive model for the 
backfill is Mohr-Coulomb criterion with tension cut-off (Fig. 2b). The 
vault of the bridge comprises a single ring of 80 bricks laid as header. 
The modeling of these bricks adopts the axial-deformable element pro
posed in [59], mimicking the bending behavior of beam elements. The 
constitutive for the brick deformation is No-Tension Material (NTM) 

Fig. 16. Geometry features, mesh, load, and boundary conditions of Prestwood Bridge. (a) Unstructured triangles. (b) Random Voronoi. (c) Centroid Voronoi.

Table 3 
Material parameters for the brick, backfill, and interfaces, Prestwood Bridge.

Elements Interfaces

brick Density ρb [kg/m3] 2000 Frictional angle Brick to brick φbb [◦] 37
Compressive strength σbc [MPa] 4.5 Brick to backfill φbf [◦] 37
Tensile strength σbt [MPa] 0 Backfill to backfill φff [◦] 37

backfill Density ρf [kg/m3] 2000 Cohesion Brick to brick cbb [MPa] 10–6

Frictional angle φf [◦] 37 Brick to backfill cbf [MPa] 0.01
Cohesion cf [MPa] 0.01 Backfill to backfill cff [MPa] 0.01
Tensile strength σft [MPa] 0 ​ ​

Fig. 17. Convergence of the collapse load during the remeshing procedure, 
Prestwood Bridge, axial deformable ring with quadrilateral linearization.
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with quadrilateral linearization (see [59] for more details). Despite 
supplementing the features above, the limit analysis formulation of this 
problem can still be written as the consistent Linear Programming (LP) 
as Eqs. (7) and (8). To test the robustness of the remeshing procedure for 
different element shapes, we again account for the unstructured trian
gular, random Voronoi, and centroid Voronoi discretizations (Fig. 16), 
employing the same mesh generator [56,58].

4.1. Application of remeshing procedure

Regarding the automatic remeshing procedure, we use the configu
ration with the best robustness and efficiency concluded in the previous 
benchmark study, i.e. employing centroid refinement for the polygons 
and edge-split method for the triangles with element dimension filter 
and settlement of mesh non-conformity. The threshold setting for the 
refinement selection αe/αc is the same 0.4/0.6. The convergence toler
ance reduces to 10–3. To also investigate the effect of initial mesh, we 
test 8 different meshes for each element shape case, featuring different 
initial sizes and randomness.

Fig. 17 illustrates the envelope region of these 8 iteration curves for 
each shape case, highlighting the one with the lowest converged load 
prediction. In Fig. 18, we give the counterpart curve plots regarding the 
time consumption. Table 4 summarizes the average and coefficient of 
variation of the final load predictions with different initial mesh con
figurations. Comparing the initial solutions from triangular and polygon 
discretizations, we can note the same locking effect observed in the 
previous strip footing problem. The collapse load predicted from the two 
polygon meshes is 37 % higher than the triangle result. Such over
estimation is moderated compared to that noticed in strip footing 

though, which should be attributed to the minor restriction of the 
boundary condition. The boundary of the two wings of the backfill is far 
away from the loading area. Note that all converged solutions provide a 
collapse load smaller than that obtained in [59] (Table 4), where the 
bridge was studied through a 2D upper bound limit analysis code not 
equipped with remeshing, indicating the effectiveness of the approach 
proposed.

The performance of the remeshing procedure is also very prominent 
when applied to this case study. The load decrease for all the meshes 
considered is significant during the refinement (about 11.7–33.8 %). 
The element refinement majorly takes place at two large dissipation 
regions of the backfill: the load dispersion zone at the right and the 
passive motion zone at the left. The collapse mechanism of the arches 
basically does not change during the iteration (see Figs. 19–21). Anal
ogously, the remeshing procedure effectively resolves the locking of the 
constant-strain polygon element, where the load drop in the polygon 
mesh cases is significantly higher than the triangle one (34 % vs. 10 %, 
see Table 4 and Fig. 17). Eventually, the converged load predicted from 
the polygon and triangular meshes can get comparable precision.

On the other hand, we note a more rapid growth of the time cost in 
the triangular case. In the last several iterations, it can reach almost 
twice to five times that of using the polygon meshes (Fig. 18), despite 
fewer iteration steps required for the convergence. This implies the 
higher efficiency of using polygon elements in a large-scale application, 
probably owing to its shape complexity. Similar to what we have 
observed in the strip footing, the centroid division of the polygons can 
remarkably increase the diversity of the interface direction in the sys
tem. As a result, complex and irregular slip-line patterns can be simu
lated through fewer elements. Oppositely, the interfaces in the 
triangular mesh are almost parallel and the produced cracks pattern is 
straight and regular. Therefore, despite the numerous elements used, the 
external enveloping crack of the passive motion zone cannot evolve into 
a continuous path at the end of the iteration (see Fig. 19e and 19f), 
suppressing the passive mobilization of the backfill to some extent. In 
the centroid Voronoi case, we can appreciate a slightly narrow refine
ment zone at the left with fewer elements (Fig. 21e and 21f).

Employing the irregular bulk gives rise to a slightly higher load 
prediction (about 2 %) while the accuracy is still acceptable. However, 
the element regularity demonstrates more influence on the efficiency of 
the remeshing iterations. Better shape regularity brings about a higher 
converging speed at the early stage as well as slightly fewer iterations 
required. This should be owing to better size uniformity of the dis
cretization. New triangular elements generated from the regular poly
gon will have uniform sizes with no severe distortion or excessive aspect 
ratio (compare Figs. 20 and 21), which makes the refinement more 
efficient. Element irregularity also introduces more randomness in the 
discretization. In the random Voronoi case, we can observe a larger 
envelope region during the iteration due to the initial mesh variation 
(Fig. 17), and the discreteness of the final converged load is also higher 
(Table 4). In addition, although the envelope area in the triangular case 
is the narrowest, the randomness of the final load prediction might be 

Fig. 18. Growth of the computational time during the remeshing procedure, 
Prestwood Bridge, axial deformable ring with quadrilateral linearization.

Table 4 
Discreteness of the load prediction due to the employment of different initial meshes.

Element shape aμ(Pu,[1]) 
(kN)

bCV(Pu,[1]) 
(%)

μ(Pu, [end]) 
(kN)

CV(Pu, [end]) 
(%)

Drop of load 
(%)

Prediction from [59] (kN)

Triangular mesh 239.537 3.31 215.169 1.18 10.17 225.747
Random Voronoi 334.496 6.05 219.978 2.03 34.24
Centroid Voronoi 329.925 6.52 216.256 1.00 34.45

a μ(⋅) represents the average of the variable.
b CV(⋅) denotes the coefficient of variation, defined as the standard deviation over the mean.
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higher than the polygon one.

4.2. Comparison to the global mesh refinement

Finally, we implement traditional global refinement, compared to 
the proposed local remeshing approach. A sensitivity analysis on the size 
of the backfill element is conducted, where the size varies from 0.05 to 
0.01 of the bridge span. Fig. 22 illustrates the curve of the load pre
diction as well as the corresponding computational time required. We 
collect all the critical results from the remeshing procedure and global 
refinement in Table 5 for comparison purposes. The required item count 
(elements plus interfaces) and degrees of freedom for each analysis are 
additionally provided.

It is obvious to appreciate from the summary of Table 5 the promi
nent efficiency of the remeshing procedure compared to the classic 
global refinement. Taking less than 1.5 % time consumption of the 
global refinement, the local remeshing approach can give rise to a more 
significant decrease in the load, with more conservative load predictions 
converging. The items and degrees of freedom required for the compu
tation could decrease by 40 % after applying the remeshing technique. 
Moreover, the simple usage of the global approach cannot resolve the 
locking effect of the polygon elements. In the two polygon cases, a sig
nificant overestimation of the collapse load when compared with tri
angularization is always present even though a very refined mesh is 
employed. However, the counterpart predictions applying local 
remeshing have both converged to a more conservative level. The low 
efficiency of the global refinement should stem from the assignment of 
the fine mesh at the low dissipation region, which is completely un
necessary (compare Figs. 19 and 21 with Fig. 23). In general, we can 
conclude that the proposed remeshing procedure can speed up the 
analysis particularly in a large-scale scenario, instead of the classic 
global approach.

5. Discussion

Recall that the simple edge split method demonstrates exceptional 
performance against the other triangularization refinement in the 
comparative study of weightless cohesive-frictional strip footing. It can 
give very accurate converged load prediction (10 % deviation from the 
analytical solution) with the lowest time consumption. In contrast, as 
mentioned in the introduction, recent works have dominantly adopted 
the mid-point refinement approach when conducting the h-refinement 
(see [37,38]), which has been demonstrated to be not as efficient as 
expected according to our benchmark study. The computational cost of 
the mid-point refinement could be 4–5 times that of the edge split 
method, although their precisions can be comparable. Employing the 
mid-point refinement could be affordable providing that the disconti
nuities are not allowed in the formulation, which is the situation of the 
literature mentioned above. In that case, the refinement only increases 
the element unknowns, with no extra interface variables introduced. The 
corresponding growth of time consumption might still be acceptable. 
Once the formulation includes the interfacial velocity jumps, using such 
refinement will give rise to the explosion not only of the total number of 
the elements but also of that of the interfaces, resulting in very 
time-consuming analyses. Therefore, the mid-point refinement could no 
longer be a wise alternative for remeshing. Correspondingly, we notice 
that the edge split method is more popularly adopted in the literature 
that includes the interfacial velocity jumps in the limit analysis (see [29,
30,32]).

Internal locking of constant-strain polygon elements could be a 
crucial drawback that halts its application [44], which could be effec
tively resolved through the proposed polygon-to-triangle refinement. 
The converged load predictions from the polygon meshes are compa
rable to the triangle one, in both cases considered. This could, on the 
other hand, demonstrate that actually, using the constant-strain polygon 
in some low-dissipation regions does not degrade too much accuracy. 

Fig. 19. Collapse mechanisms obtained for the Prestwood Bridge applying automatic remeshing, unstructured triangular mesh, and axial deformable ring modeling 
with quadrilateral linearization. (a) Initial solution, interfacial dissipation. (b) Initial solution, element dissipation. (c) Middle stage of the procedure, interfacial 
dissipation. (d) Middle stage of the procedure, element dissipation. (e) Converged prediction, interfacial dissipation. (f) Converged, element dissipation.
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However, in the polygon cases, the element amount assigned in those 
regions is significantly reduced against the triangular case, due to the 
fact that unnecessary triangulation is avoided. Instead, we can use a 
much finer mesh in the high-dissipation area to improve the precision. 
This could explain the competitive efficiency of using polygon elements 
in the remeshing procedure. Furthermore, remeshing of polygon dis
cretizations can give rise to more diverse interface directions, differing 
from the parallel interfaces characterizing the triangular case. As we 
have discussed, such limited slip directions in the triangular mesh could 
lead to the deviation of the mechanism prediction (see Fig. 10). Polygon 
discretization has a great edge in this regard, a feature which could make 
it more robust in coping with some problems with complex slip-line 
patterns. The collapse mechanism with lower dissipation is more 
likely to be captured.

The limit analysis of Prestwood Bridge has been documented in 
many pioneering numerical contributions (see [53,54,59–61]) to un
derstand the role of backfill, for which typically a uniform triangulari
zation was adopted. It should be noted that our predictions, obtained 
with the remeshing technique, are always on the conservative side (see 
Table 4). The corresponding mechanisms are also accurate. Referring to 
a previous paper that uses exactly the same modeling strategies for the 
bridge [59], such improvement of the load prediction could reach 5 % 
(as illustrated in Fig. 17), demonstrating the profit of applying the 
remeshing procedure. Moreover, our predictions are also close to the 
previous experimental investigation [62], with a consistent collapse 
mechanism, although we highlight that the experimental collapse load 
should not be regarded as benchmark value, since experimental data 
cannot be considered a reference to validate numerical approaches 
characterized by the assumption of very specific mechanical and 
geometrical properties. The bridge has been standing for a long period 
with damages and existing cracks, and the corresponding material test 

for this bridge is not available. The material parameter adopted here 
refers to relevant numerical calibrations [53,54].

Future work will continuously investigate the robustness of this 
approach under more scenarios. As we have observed in the strip footing 
problem, the arrangement of the interfacial directions could be critical 
to the final collapse prediction due to including the interfacial discon
tinuities. The theoretical mobilization of the soil in the strip footing is 
impossible to represent by the interfacial pattern generated from the 
centroid refinement for the triangles, whose performance is thus limited. 
We will test more problems with different features of the slip-lines to 
comprehensively understand the performance of these three re
finements. Additionally, we note that some contributions have devel
oped adaptive techniques that can automatically adjust the direction of 
the interfaces [48,63], which could be absorbed in our future work to 
improve the robustness of this procedure.

6. Conclusions

This paper has explored suitable algorithms for remeshing in 
computational limit analysis with deformable elements, also allowing 
interfacial discontinuities. The approach is compatible not only with 
classic triangular elements but also with general arbitrary polygon dis
cretizations. The iterative remeshing is based on the dissipation of the 
elements. Implementing this approach, the weightless cohesive- 
frictional strip footing problem has been first taken into account as a 
preliminary benchmark to understand the performance of different 
procedure configurations. Then, the collapse of a masonry arch bridge 
with full modeling of the backfill has been considered. The aforemen
tioned case studies have demonstrated the effectiveness and robustness 
of the proposed remeshing procedure, even applicable to complex 
practical scenarios.

Fig. 20. Collapse mechanisms obtained for the Prestwood Bridge applying automatic remeshing, random Voronoi mesh, and axial deformable ring modeling with 
quadrilateral linearization. (a) Initial solution, interfacial dissipation. (b) Initial solution, element dissipation. (c) Middle stage of the procedure, interfacial dissi
pation. (d) Middle stage of the procedure, element dissipation. (e) Converged prediction, interfacial dissipation. (f) Converged, element dissipation.
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The comparative study on triangular refinements has demonstrated 
the best performance of the simple edge split method, as far as both 
precision and computational costs are concerned. The inclusion of an 
area filter in the element selection procedure has proved to be necessary 

for an efficiency increase. Applying polygon discretizations could bring 
about a more efficient analysis than traditional triangular meshing, on 
the condition of similar precision, particularly in large-scale scenarios. 
According to our investigation of the bridge collapse, the required time 

Fig. 21. Collapse mechanisms obtained for the Prestwood Bridge applying automatic remeshing, centroid Voronoi mesh, and axial deformable ring modeling with 
quadrilateral linearization. (a) Initial solution, interfacial dissipation. (b) Initial solution, element dissipation. (c) Middle stage of the procedure, interfacial dissi
pation. (d) Middle stage of the procedure, element dissipation. (e) Converged prediction, interfacial dissipation. (f) Converged, element dissipation.

Fig. 22. Prestwood Bridge, results obtained with uniform mesh refinement, axial deformable ring with quadrilateral linearization. (a) Collapse load. (b) Compu
tational time.
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cost of polygon meshes has been only 1/5–1/2 of the triangular coun
terpart. Polygon discretizations also perform more robustly in capturing 
complex slip-line patterns when predicting the collapse mechanism, 
given that the diverse potential slip directions can be generated from the 
element refinement. Those advances could imply the promising appli
cation of the polygon elements when incorporated with mesh adjust
ment techniques. In addition, the proposed remeshing can effectively 
reduce the inner locking of the polygon mesh induced by the constant- 
strain assumption.
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