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 A B S T R A C T

The Force Density Method enables the form-finding of reticulated shells by exploiting the equilibrium 
conditions of bar structures. An extended formulation is introduced in this contribution, tailored to gridshells 
that exhibit bending resistance in the vertical plane. The concept of force density is expanded to encompass 
not only axial forces but also bending moments and shear forces. Under this framework, it is shown that the 
translational equilibrium of nodes remains linear with respect to vertical coordinates, provided the gridshell 
has fixed footprint. A min–max problem is formulated using both sets of force densities to identify reticulated 
shells that satisfy equilibrium within a prescribed plan projection, while minimizing the peak reaction forces 
at restrained nodes. Vertical equilibrium of the unrestrained nodes is inherently satisfied, whereas horizontal 
equilibrium, rotational equilibrium, and total member length are enforced via equality constraints. To solve the 
problem, a smoothed approach is employed using a constrained minimization algorithm. Numerical simulations 
demonstrate that the bending capacity of the members significantly influences the equilibrium-driven form-
finding of compressive gridshells. Examples are provided showing bending-resistant reticulated shells that 
can transmit gravity loads without requiring horizontal reactions, across different types of geometry and 
connectivity of the grid.
. Introduction

Reticulated shells are structural systems characterized by a spatial 
etwork of interconnected linear elements that conform to a doubly 
urved surface. This configuration facilitates efficient load transfer pre-
ominantly through axial forces, thereby promoting material economy 
nd enhancing structural legibility [1]. While funicular forms can be 
erived analytically, the generation of diverse geometries typically 
alls for computational methods. Early explorations relied on physical 
odels (such as ropes, chains, and other flexible materials), to inves-
igate equilibrium shapes. However, numerical techniques provide a 
ore efficient and versatile framework for exploring the design space, 
nabling precise control and optimization of structural performance.
Among the various form-finding approaches discussed in the lit-

rature, see e.g. [2–8], the ‘‘Force Density Method’’ (FDM) [9] has 
chieved widespread adoption because of its algorithmic simplicity 
nd computational efficiency. By reformulating the nodal equilibrium 
quations in terms of ‘‘force densities’’ - defined as the ratio of internal 
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B. Tóth).

force to member length - the system becomes linear with respect 
to the nodal coordinates and decoupled across the three Cartesian 
directions. Consequently, by prescribing a set of force densities, one 
can generate statically admissible geometries through the solution of 
three linear systems, thereby enabling efficient and rapid exploration 
of funicular forms. Originally introduced as a conceptual design tool 
for pre-stressed cable networks, FDM laid the foundation for a wide 
range of applications and extensions. These span from cable struc-
tures and tensile membranes [10–12] to truss geometry and topology 
optimization [13,14], as well tensegrity systems [15–18] and compres-
sive gridshells [19]. Recent developments include extending FDM to 
form-finding of adaptive truss structures under multiple loading condi-
tions [20], as well as integrating it with energy principles to design 
flexible components [21]. Reference is made to [22] for a detailed 
understanding of the force density concept within the framework of 
nonlinear finite element analysis and to [23] for insights into the 
mathematical analogy between force density networks and electric 
circuits.
ttps://doi.org/10.1016/j.engstruct.2026.122377
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The linear version of FDM does not allow for directly incorporating 
local enforcements, such as prescribed coordinates for unrestrained 
nodes or bounds on element lengths and internal forces. To address this 
limitation, constrained variants of the method have been developed, 
typically employing iterative procedures to handle the nonlinearities 
introduced by these additional requirements, see [11,24–26]. These in-
clude the adoption of methods of structural optimization and gradient-
based minimization algorithms [27]. By adopting force densities as 
design variables, the sensitivity of key structural quantities can be 
expressed through Jacobian matrices, as originally derived in [9].

Focusing on optimal gridshell design based on equilibrium princi-
ples, FDM has been widely employed to achieve configurations with 
minimal thrust and efficient load paths. The concept of minimizing 
horizontal reactions at restrained nodes was first introduced in the 
context of limit analysis for masonry vaults, see e.g. [28–31]. According 
to [32], minimizing the total load path, defined as the sum of the 
absolute value of the internal force multiplied by the element length, 
directly correlates with minimizing structural weight within a fully 
stressed plastic design framework, see also [33]. A constrained version 
of FDM was proposed in [34], integrating total load path minimization 
with geometric constraints on member lengths and spatial positioning 
of unrestrained nodes. A min–max optimization strategy was intro-
duced in [35] to regulate the utilization of each structural element 
with respect to yielding and member buckling of reticulated shells, 
considering manufacturing constraints in additive manufacturing.

Minimum-weight design problems under stress constraints are typ-
ically addressed within the framework of classical plastic layout opti-
mization, which relies on the ground structure approach and assumes 
rigid-plastic material behavior, see e.g. [36–38]. Equilibrium-based 
solutions are sought while compatibility and constitutive laws are 
disregarded, focusing primarily on truss structures composed exclu-
sively of axially loaded members, with very few exceptions. Reference 
is also made to the optimal design of tensegrity structures under 
bending and their connection to discrete Michell trusses, see [39,
40]. A notable extension was proposed by [41], who introduced a 
grillage layout optimization method considering beams subjected to 
pure bending, explicitly excluding axial force contributions. More re-
cently, [42] explored plastic layout optimization for hybrid truss–beam 
systems in two-dimensional settings, opening new avenues for struc-
turally versatile solutions that leverage the enhanced flexibility and 
efficiency offered by hybrid configurations. As highlighted in [43], 
bending strength represents a desirable attribute in several applica-
tions of gridshell design. However, most research addressing bending 
behavior in conjunction with optimal form-finding is concerned on 
continuum shell optimization approaches [44], rather than discrete or 
reticulated systems. Reference is also made to the design of bending-
active gridshells, which exploit elastically bent structural elements to 
create complex curved geometries (see e.g. [45]), as well as to the form-
finding of hybrid tensegrity structures [46]. Flexible tensegrity systems 
extend the classical definition of tensegrity by allowing bending and 
buckling of compression members [47], offering desirable features for 
various applications, such as metamaterial design [48].

Within this framework, the present contribution introduces an ex-
tended formulation of the Force Density Method (FDM) aimed at the 
form-finding of gridshells exhibiting bending resistance in the vertical 
plane. Building upon the notion of ‘‘force density’’, the method is gener-
alized to encompass not only axial forces but also bending moments and 
shear forces. The introduction of axial and shear force densities reveals 
that the translational equilibrium of the nodes maintains a linear rela-
tionship with the vertical coordinates, provided the footprint remains 
fixed. The resulting equations are embedded within an optimization 
framework that employs both sets of force densities as design variables. 
Considering fixed plan projection of the nodes, vertical translational 
equilibrium is utilized to determine the elevation of unrestrained nodes, 
while equality constraints are imposed to enforce both rotational equi-
librium and horizontal translational equilibrium. The main aim of 
2 
this paper is to extend the FDM formalism to account for shear con-
tributions arising from bending resistance in the vertical plane. The 
proposed matrix-based approach enables efficient computation of gra-
dients, which facilitates the incorporation of constraints into iterative 
methods, as originally envisioned by [9] for addressing form-finding 
problems with additional nonlinear constraints. In this contribution, 
structural optimization is employed to tackle the arising equilibrium-
based problem, thereby developing a novel constrained form-finding 
approach (see e.g. [34] for studies on compressive networks), that is 
specifically designed to handle three-dimensional gridshells made of 
hybrid truss-beam components (see in particular [42] for the design 
of plane structures).

To evaluate the proposed method, a min–max optimization problem 
is formulated, seeking equilibrated reticulated shells of prescribed total 
length that minimize the magnitude of reactions at the restrained 
nodes. The objective is to identify layouts that promote a homogeneous 
distribution of reactions, ideally eliminating horizontal components. 
The problem is tackled using an interior-point solver [49], incorporat-
ing a smooth approximation of the max function as described in [50]. 
Numerical simulations demonstrate that the equilibrium-based form-
finding of structural gridshells is significantly influenced by the bending 
capacity of the members. Illustrative examples of bending-resistant 
reticulated shells capable of transmitting gravity loads without requir-
ing horizontal reactions are presented and compared against classical 
funicular solutions.

It should be noted that the proposed method retrieves equilibrium-
based solutions while neglecting the elastic behavior of the material. As 
discussed in the commentary on the numerical results, the validity of 
these outcomes should therefore be interpreted within the framework 
of plastic design, see also [51] for one of the few contributions of 
structural topology optimization under limit analysis. Nevertheless, 
the proposed methodology could be extended following the approach 
of [20], which incorporates elastostatics of trusses within the frame-
work of an FDM method, and [21], which exploits the principles of 
stationary potential energy and virtual work combined with FDM to 
address geometrically nonlinear elastic problems.

The remainder of the paper is organized as follows. Section 2 
introduces the problem formulation, focusing on both the equilibrium 
equations expressed in terms of force densities and the resulting con-
strained optimization problem, while Appendix provides an analytical 
derivation of the sensitivities. Section 3 presents numerical examples to 
assess the effectiveness of the proposed methodology. Finally, Section 4 
concludes the paper by summarizing the key findings and outlining 
directions for ongoing research and development.

2. Problem formulation

Fundamentals of the ‘‘force density method’’ (FDM) [9] are recalled 
in Section 2.1, dealing with the equilibrium of networks of bars that 
withstand the load using axial forces only. In Section 2.2, the equi-
librium of gridshells that are bending-resistant in the vertical plane is 
dealt with. A set of shear force densities, due to bending, is introduced 
and used in conjunction with the axial force densities peculiar to FDM. 
In Section 2.3, the arising equations are embedded within a multi-
constrained formulation of structural optimization for form-finding of 
bending-resistant reticulated shells with fixed footprint.

2.1. Equilibrium of networks of bars using the force density method (FDM)

A three-dimensional network is considered, which is made of 𝑚 bars 
and 𝑛𝑠 nodes. Denoting by 𝑂𝑥𝑦𝑧 a Cartesian reference system, the nodal 
coordinates are collected in the arrays 𝐱𝑠, 𝐲𝑠, and 𝐳𝑠, for the 𝑥, 𝑦, and 
𝑧 axes, respectively.

The topology of the spatial network is described by the connectivity 
matrix 𝐂𝑠. In view of the developments presented in Section 2.2, 𝐂𝑠
may be written as the sum of two matrices, 𝐂  and 𝐂 . The entry 𝐶
𝑠1 𝑠2 𝑠1,𝑗𝑖
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Fig. 1. A two-dimensional structure composed of three branches and four nodes, where nodes 1 and 2 are unrestrained, and nodes 3 and 4 are restrained. 
Derivation of 𝐮 and 𝐰 based on Eqs. (1).
is defined as +1, if 𝑖 is the first node of the 𝑗th element; otherwise it is 
equal to zero. The entry 𝐶𝑠2,𝑗𝑖 is defined as −1, if 𝑖 is the second node 
of the 𝑗th element; otherwise it is equal to zero. As in [9], the subscript 
𝑠 refers to the whole set of 𝑛𝑠 nodes, the subscript 𝑓 addresses the 
set of restrained nodes 𝑛𝑓 , and vectors/matrices with no subscript are 
those of unrestrained nodes (𝑛 = 𝑛𝑠 − 𝑛𝑓 ). Accordingly, the coordinates 
of the unrestrained and restrained nodes are stored in the arrays 𝐱, 
𝐲, 𝐳 for unrestrained nodes, and 𝐱𝑓 , 𝐲𝑓 , 𝐳𝑓  for restrained nodes. The 
corresponding subsets of the connectivity matrix are denoted by 𝐂 and 
𝐂𝑓 , respectively.

The vectors 𝐮, 𝐯, 𝐰 collect the difference in coordinates between the 
ends of each bar along the 𝑥, 𝑦, and 𝑧 axis, respectively: 
𝐮 = 𝐂𝑠𝐱𝑠 = 𝐂𝐱+𝐂𝑓 𝐱𝑓 , 𝐯 = 𝐂𝑠𝐲𝑠 = 𝐂𝐲+𝐂𝑓 𝐲𝑓 , 𝐰 = 𝐂𝑠𝐳𝑠 = 𝐂𝐳+𝐂𝑓 𝐳𝑓 , (1)

see Fig.  1. The vector 𝐥 gathers the bar lengths, being 𝑙𝑗 =
(

𝑢2𝑗 + 𝑣2𝑗+

𝑤2
𝑗

)1∕2
 the length of the 𝑗th element. Upon introduction of 𝐔 = diag(𝐮), 

𝐕 = diag(𝐯), 𝐖 = diag(𝐰), and 𝐋 = diag(𝐥), the equilibrium equations 
for the unrestrained nodes of the network may be written as: 
𝐂𝑇𝐔𝐋−1𝐚 = 𝐩𝑥, 𝐂𝑇𝐕𝐋−1𝐚 = 𝐩𝑦, 𝐂𝑇𝐖𝐋−1𝐚 = 𝐩𝑧, (2)

where 𝐚 gathers the bar forces and 𝐩𝑥, 𝐩𝑦, 𝐩𝑧 collect the components of 
the point loads at the unrestrained nodes along the Cartesian axes. The 
𝑗th column of the equilibrium matrices 𝐂𝑇𝐔𝐋−1, 𝐂𝑇𝐕𝐋−1 and 𝐂𝑇𝐖𝐋−1

have null entries, except for the indexes corresponding to the nodes of 
the 𝑗th bar. These entries retrieves the components of the unit vector 
of the axial force at the first and at the second node of the bar, 𝐧(1)𝑎,𝑗 and 
𝐧(2)𝑎,𝑗 respectively. Indeed, for any positive (tensile) axial force acting in 
the 𝑗th bar, one has: 

𝐧(1)𝑎,𝑗 = −𝑛𝑥,𝑗 𝐞𝑥 −𝑛𝑦,𝑗 𝐞𝑦 −𝑛𝑧,𝑗 𝐞𝑧 = −
𝛥𝑥𝑗
𝑙𝑗

𝐞𝑥 −
𝛥𝑦𝑗
𝑙𝑗

𝐞𝑦 −
𝛥𝑧𝑗
𝑙𝑗

𝐞𝑧, 𝐧(2)𝑎,𝑗 = −𝐧(1)𝑎,𝑗 . (3)

In the above equations, 𝐞𝑥, 𝐞𝑦, 𝐞𝑧 are unit vectors aligned with the axes 
of the Cartesian reference system, 𝑛𝑥,𝑗 , 𝑛𝑦,𝑗 , 𝑛𝑧,𝑗 are the direction cosines 
of the 𝑗th bar, and 𝛥𝑥𝑗 , 𝛥𝑦𝑗 , 𝛥𝑧𝑗 refer to the difference in coordinates 
between the ends the bar, see Fig.  2(left).

In the 𝑗th bar, the so-called ‘‘force density’’, hereafter referred to as 
‘‘axial force density’’, reads 𝑞𝑗 = 𝑎𝑗∕𝑙𝑗 . The axial force density vector 
collects the ratio axial force to length of the bars, i.e.: 
𝐪 = 𝐋−1𝐚. (4)

Upon introduction of Eq. (4), Eqs. (2) become: 

𝐂𝑇𝐐𝐂𝐱 + 𝐂𝑇𝐐𝐂𝑓 𝐱𝑓 = 𝐩𝑥 , 𝐂𝑇𝐐𝐂𝐲 + 𝐂𝑇𝐐𝐂𝑓 𝐲𝑓 = 𝐩𝑦 , 𝐂𝑇𝐐𝐂𝐳 + 𝐂𝑇𝐐𝐂𝑓 𝐳𝑓 = 𝐩𝑧 ,

(5)
3 
where 𝐐 = diag(𝐪) has been used, along with Eqs. (1). The above 
equations are linear in 𝐱, 𝐲, and 𝐳, and are uncoupled in the three 
directions. Hence, provided that they can be inverted, given the connec-
tivity matrix, the load, and the coordinates of the restrained nodes, any 
equilibrium shape of the network is straightforwardly governed by 𝐪. 
As shown in [9], the matrix of coefficients is positive/negative definite 
for tensile/compressive networks without isolated points having fixed 
nodes that are restrained in the three directions, see also [23].

2.2. Equilibrium of reticulated shells that are bending-resistant in the verti-
cal plane

Gridshells addressed herein are endowed with bending resistance in 
the vertical plane, being subjected to loads that are applied at the nodes 
only. In addition to the element-wise constant axial forces of funicular 
networks, constant shear forces and linear bending moments can arise 
in the members. The shear forces in the members are gathered in the 
vector 𝐬, whereas the bending moments acting at the first and second 
node of each element are collected in vectors 𝐛1 and 𝐛2, respectively. 
The adopted sign convention is such that the shear force is positive 
when acting upward at the first node (and downward at the second), 
whereas positive moment are those giving tension in the lower part of 
the cross-section.

The rotational equilibrium of the branches of the network implies 
that: 
𝐬 = 𝐋−1(𝐛2 − 𝐛1), (6)

see Fig.  2(right).
To address the translational and rotational equilibrium of the nodes, 

the unit vectors of the relevant bending moments and shear forces must 
be retrieved. The vectors of unit lengths that correspond to positive 
bending moments at the first and at the second node of the 𝑗th member 
are denoted by 𝐧(1)𝑏,𝑗 and 𝐧

(2)
𝑏,𝑗 , respectively. Considering that both vectors 

are orthogonal to 𝐞𝑧 and to the element axis, one has: 

𝐧(1)𝑏,𝑗 = −
𝑛𝑦,𝑗

√

𝑛2𝑥,𝑗 + 𝑛2𝑦,𝑗
𝐞𝑥 +

𝑛𝑥,𝑗
√

𝑛2𝑥,𝑗 + 𝑛2𝑦,𝑗
𝐞𝑦, 𝐧(2)𝑏,𝑗 = −𝐧(1)𝑏,𝑗 . (7)

For the same member, 𝐧(1)𝑠,𝑗  and 𝐧
(2)
𝑠,𝑗  are the unit vectors of the shear 

force at the first and at the second node. Accounting that both vectors 
are perpendicular to 𝐧(1)𝑏,𝑗 = −𝐧(2)𝑏,𝑗 and to the element axis, one has: 

𝐧(1)𝑠,𝑗 = −
𝑛𝑥,𝑗 𝑛𝑧,𝑗

√

𝑛2 + 𝑛2
𝐞𝑥 −

𝑛𝑦,𝑗 𝑛𝑧,𝑗
√

𝑛2 + 𝑛2
𝐞𝑦 +

𝑛2𝑥,𝑗 + 𝑛2𝑦,𝑗
√

𝑛2 + 𝑛2
𝐞𝑧, 𝐧(2)𝑠,𝑗 = −𝐧(1)𝑠,𝑗 . (8)
𝑥,𝑗 𝑦,𝑗 𝑥,𝑗 𝑦,𝑗 𝑥,𝑗 𝑦,𝑗
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Fig. 2. Unit vectors of the internal forces at the member ends to address: networks of bars (left); reticulated shells that are bending-resistant in the vertical plane 
(right). Unit vectors 𝐧(1)𝑏,𝑗 and 𝐧(2)𝑏,𝑗 correspond to bending moments acting in the vertical plane and giving tension in the lower part of the cross-section.
Elaborating on Eqs. (3) and (8), using Eqs. (1) and (6), the trans-
lational equilibrium of the unrestrained nodes may be written as: 

𝐂𝑇𝐔𝐋−1𝐚 − 𝐂𝑇𝐔𝐖𝐋−1
𝑥𝑦𝐋

−2(𝐛2 − 𝐛1) = 𝐩𝑥,

𝐂𝑇𝐕𝐋−1𝐚 − 𝐂𝑇𝐕𝐖𝐋−1
𝑥𝑦𝐋

−2(𝐛2 − 𝐛1) = 𝐩𝑦,

𝐂𝑇𝐖𝐋−1𝐚 + 𝐂𝑇 (𝐔2 + 𝐕2)𝐋−1
𝑥𝑦𝐋

−2(𝐛2 − 𝐛1) = 𝐩𝑧,

(9)

where 𝐋𝑥𝑦 = diag(𝐥𝑥𝑦), being 𝑙𝑥𝑦,𝑗 =
(

𝑢2𝑗 + 𝑣2𝑗
)1∕2

. Using Eqs. (1) and (7), 
the rotational equilibrium reads: 
𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦 𝐛1 + 𝐂𝑇

2 𝐕𝐋
−1
𝑥𝑦 𝐛2 = 𝐜𝑥, −𝐂𝑇

1 𝐔𝐋
−1
𝑥𝑦 𝐛1 − 𝐂𝑇

2 𝐔𝐋
−1
𝑥𝑦𝐛2 = 𝐜𝑦, (10)

where 𝐜𝑥 and 𝐜𝑦 collect the components, along the 𝑥 and 𝑦 axes respec-
tively, of the moments applied at the unrestrained nodes. Couples about 
the 𝑧 axis are not compatible with the equilibrium of the considered 
type of gridshells.

Looking at Eq. (9), two ratios can be conveniently introduced for 
the 𝑗th bar, i.e. 𝑚1,𝑗 = 𝑏1,𝑗∕𝑙2𝑗  and 𝑚2,𝑗 = 𝑏2,𝑗∕𝑙2𝑗 . These may be regarded 
as ‘‘shear force densities’’, being −𝑏1,𝑗∕𝑙𝑗 and 𝑏2,𝑗∕𝑙𝑗 the shear force due 
to 𝑏1,𝑗 and 𝑏2,𝑗 , respectively, see Eq. (6). Gathering 𝑚1,𝑗 and 𝑚2,𝑗 in the 
vectors 𝐦1 and 𝐦2, respectively, one has: 

𝐦1 = 𝐋−2 𝐛1, 𝐦2 = 𝐋−2 𝐛2. (11)

Using Eq. (11), Eqs. (9) become: 
𝐂𝑇𝐔𝐪 − 𝐂𝑇𝐔𝐖𝐋−1

𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑥,

𝐂𝑇𝐕𝐪 − 𝐂𝑇𝐕𝐖𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑦,

𝐂𝑇𝐖𝐪 + 𝐂𝑇 (𝐔2 + 𝐕2)𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑧,

(12)

whereas Eqs. (10) read: 

𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐋

2𝐦1 + 𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐋

2𝐦2 = 𝐜𝑥, −𝐂𝑇
1 𝐔𝐋

−1
𝑥𝑦𝐋

2𝐦1 − 𝐂𝑇
2 𝐔𝐋

−1
𝑥𝑦𝐋

2𝐦2 = 𝐜𝑦.

(13)

Eqs. (12) are not linear in the nodal coordinates, unless gridshells 
with fixed footprint are dealt with. Linearity can be recovered also in 
the case of two-dimensional structures lying in the 𝑥𝑧 or 𝑦𝑧 plane. The 
latter case will be disregarded hereafter, focusing on reticulated shells 
with fixed horizontal coordinates of the nodes, i.e. 𝐱 = 𝐱 and 𝐲 = 𝐲.

Dealing with prescribed footprint, matrices 𝐔, 𝐕, and 𝐋𝑥𝑦 have fixed 
entries. Using Eqs. (1), the third block of Eqs. (12), which prescribes the 
4 
translational equilibrium along the vertical direction, reads: 

𝐂𝑇𝐐𝐂𝐳 + 𝐂𝑇𝐐𝐂𝑓 𝐳𝑓 + 𝐂𝑇 (𝐔2 + 𝐕2)𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑧. (14)

Given a feasible set of ‘‘axial force densities’’ 𝐪 and ‘‘shear force 
densities’’ 𝐦1 and 𝐦2, Eq. (14) can be used to retrieve the vector 𝐳
describing the form of an equilibrated gridshell. A feasible set of ‘‘force 
densities’’ is such that: (i) 𝐪, 𝐦1, and 𝐦2 fulfill the first and the second 
block of Eqs. (12), i.e. the translational equilibrium of the nodes along 
the 𝑥 and 𝑦 axes, see also [13], and (ii) 𝐦1 and 𝐦2 also fulfill Eqs. (13), 
i.e. the rotational equilibrium of the nodes.

Linearity of the translational equilibrium with respect to the nodal 
elevations holds for reticulated shells with a fixed footprint (i.e., fixed 
horizontal coordinates of the 𝑛𝑠 nodes), regardless of the type of re-
straints applied at the 𝑛𝑓  restrained nodes. In this work, following the 
original formulation of the FDM in [9], restrained nodes allow reaction 
forces of arbitrary direction. However, the FDM equilibrium equations 
can be readily specialized to accommodate other types of restraints by 
separately considering the sets of nodes restrained in the 𝑥, 𝑦, and 𝑧
directions (see, for example, the implementation in [35]). 

The approach presented above could be generalized to reticulated 
shells with a fixed footprint that also exhibit bending resistance in the 
horizontal plane and torsional resistance. The resulting shear forces 
would generate force vectors at the ends of each member lying in the 
horizontal plane, with orientations depending solely on the (prescribed) 
direction cosines 𝑛𝑥,𝑗 , 𝑛𝑦,𝑗 in the 𝑗th member. Their contributions 
would be incorporated into the first and second blocks of Eqs. (12), 
corresponding to the translational equilibrium of nodes along the 𝑥 and 
𝑦 axes. Torsion could be treated analogously to axial force. The intro-
duced bending moments and torsion would enter Eqs. (13), governing 
rotational equilibrium about the 𝑥 and 𝑦 axes, while an additional 
block of equations would be required to enforce rotational equilib-
rium about the 𝑧 axis. Globally, this generalization would double the 
number of parameters and increase the number of constraints by 𝑛 to 
ensure admissibility. Therefore, the remainder of this paper focuses on 
gridshells that are bending-resistant in the vertical plane, providing an 
algorithm to retrieve equilibrium-based solutions suitable for plastic 
design, see Section 1. The proposed approach is expected to more accu-
rately capture the behavior of vertically loaded gridshells characterized 
by negligible torsional stiffness and minimal bending stiffness in the 
horizontal plane of their members and/or connections. 
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2.3. Form-finding of bending-resistant gridshells with fixed footprint

The framework presented in Section 2.2 can be straightforwardly 
embedded within formulations of structural optimization to address 
the form-finding of gridshells that are bending-resistant in the ver-
tical plane while maintaining a fixed plan projection. Dealing with 
compressive gridshells, the following statement is considered: 
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

min
𝑞𝑗≤0, 𝑚1,𝑗 , 𝑚2,𝑗

𝑓 (𝐪,𝐦1,𝐦2, 𝐳) (15a)

s.t. 𝐂𝑇𝐐𝐂𝐳 + 𝐂𝑇𝐐𝐂𝑓 𝐳𝑓 + 𝐂𝑇 (𝐔2 + 𝐕2)𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑧, (15b)

𝐂𝑇𝐔𝐪 − 𝐂𝑇𝐔𝐖𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑥, (15c)

𝐂𝑇𝐕𝐪 − 𝐂𝑇𝐕𝐖𝐋−1
𝑥𝑦 (𝐦2 −𝐦1) = 𝐩𝑦, (15d)

𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐋

2𝐦1 + 𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐋

2𝐦2 = 𝐜𝑥, (15e)

𝐂𝑇
1 𝐔𝐋

−1
𝑥𝑦𝐋

2𝐦1 + 𝐂𝑇
2 𝐔𝐋

−1
𝑥𝑦𝐋

2𝐦2 = −𝐜𝑦, (15f)

𝑔(𝐪,𝐦1,𝐦2, 𝐳) = 0. (15g)

The vectors 𝐪, with 𝑞𝑗 < 0 ∀𝑗, 𝐦1 and 𝐦2 gathering the ‘‘axial force 
densities’’ and the ‘‘shear force densities’’ make the set of the unknown 
parameters, known as ‘‘design variables’’. The vector 𝐳 collects the 
so-called ‘‘state variables’’, see e.g. [27], whereas 𝐱 = 𝐱 and 𝐲 = 𝐲.

In Eq. (15b), the translational equilibrium of the unrestrained nodes 
in the vertical direction is used to compute the state variables related to 
the force densities, see Eq. (14). Feasibility of the set of design variables 
with respect to the translational equilibrium in the horizontal plane 
and to the rotational equilibrium is enforced by means of the equality 
constraints in Eqs. (15c–d) and Eqs. (15e–f), respectively. Reference is 
made to the first and the second block of Eqs. (12) and to Eqs. (13), 
respectively.

In Eq. (15a), 𝑓 is the objective function, whereas 𝑔 represents 
the left-hand side of a constraint, e.g. an equality constraint, both 
depending, in general, on the design and the state variables.

Among the different problems that may be formulated within an 
equilibrium-based framework, see e.g. [19,35,42], a min–max problem 
is considered in this contribution that aims at minimizing the magni-
tude of the reactions, given the total length of the network. Denoting 
by 𝑟𝑥,ℎ, 𝑟𝑦,ℎ, 𝑟𝑧,ℎ the Cartesian components of the force reaction at the 
ℎth of the 𝑛𝑓  restrained nodes, the objective function reads: 

𝑓 = max
ℎ=1,…,𝑛𝑠

(

𝑟2𝑥,ℎ + 𝑟2𝑦,ℎ + 𝑟2𝑧,ℎ
)0.5

= max
ℎ=1,…,𝑛𝑠

𝑟ℎ = 𝑟𝑚𝑎𝑥, (16)

whereas: 

𝑔 =
𝑚
∑

𝑗=1
𝑙𝑗 − 𝑙𝑡,𝑚𝑎𝑥, (17)

where 𝑙𝑡,𝑚𝑎𝑥 is the prescribed total length of the network. The vectors 
gathering the Cartesian components of the force reactions can be 
straightforwardly computed from the state variables 𝐳 and the force 
densities by writing the translational equilibrium of the restrained 
nodes, i.e.: 
𝐫𝑥 = 𝐂𝑇

𝑓𝐔𝐪 − 𝐂𝑇
𝑓𝐔𝐖𝐋−1

𝑥𝑦 (𝐦2 −𝐦1),

𝐫𝑦 = 𝐂𝑇
𝑓𝐕𝐪 − 𝐂𝑇

𝑓𝐕𝐖𝐋−1
𝑥𝑦 (𝐦2 −𝐦1),

𝐫𝑧 = 𝐂𝑇
𝑓𝐖𝐪 + 𝐂𝑇

𝑓 (𝐔
2 + 𝐕2)𝐋−1

𝑥𝑦 (𝐦2 −𝐦1),

(18)

see Eqs. (12), whereas 𝑔 depends explicitly on 𝐳 only, see Section 2.1.
The arising nonlinear optimization problem will be solved by means 

of an interior-point approach [49], primarily due to its availability 
in [52]. Alternative mathematical programming approaches could also 
be implemented, see e.g. [27,36,53] for discussions and implementa-
tions related to structural optimization in elastic and plastic design 
problems. Since the statement in Eq. (15) involves several sets of 
linear and nonlinear equality constraints, methods that enable their 
direct implementation should ideally be preferred. Indeed, reticulated 
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shells satisfying Eq. (15b) are directly processed at each iteration of 
the optimization algorithm, while Eqs. (15c–g) are enforced as equal-
ity constraints throughout the solution procedure. The Kreisselmeier–
Steinhauser aggregation function (𝐽𝐾𝑆 ) [50] is used to construct a 
smooth approximation of 𝑟𝑚𝑎𝑥, involving all the restrained nodes. When 
𝜌 ≥ 1, the function: 

𝐽𝐾𝑆 (𝐫) = 𝑟𝑚𝑎𝑥 +
1
𝜌
ln

𝑛𝑓
∑

ℎ=1
𝑒𝜌

(

𝑟ℎ−𝑟𝑚𝑎𝑥
)

(19)

provides an upper bound for the maximum value 𝑟𝑚𝑎𝑥 over the 𝑛𝑓
values arranged in the vector 𝐫 = [𝑟1 𝑟2 … 𝑟ℎ … 𝑟𝑛𝑓 ]

𝑇 . Eq. (19) has been 
recently employed in structural optimization with linearized buckling 
criteria [54,55], proving effective in handling possible switching of the 
characteristic roots and in preserving smoothness of its derivative also 
in case of repeated eigenvalues. Following [56], a relatively large value 
of the aggregation parameter has been adopted, 𝜌 = 100, preserving 
accuracy in the approximation of 𝑟𝑚𝑎𝑥 without compromising stability 
of the numerical procedure.

Gradients are computed analytically elaborating on the derivation of 
Jacobian matrices in [9], see Appendix. Hessian matrices are computed 
numerically.

3. Numerical examples

A few numerical examples are addressed to test the equilibrium-
based formulation presented in Section 2.3, considering funicular net-
works vs. bending-resistant reticulated shells for given connectivity and 
fixed footprint. Indeed, the formulation in Eq. (15) reduces to a form-
finding procedure for spatial trusses when using 𝐦1 and 𝐦2 vectors 
such that 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 ∀𝑗. Vertical loading is considered in 
the examples that follow, meaning that 𝐩𝑥, 𝐩𝑦, 𝐜𝑥, and 𝐜𝑦 are vectors 
with null entries.

The adoption of Eq. (16) as objective function aims both at re-
ducing the so-called ‘‘thrusts’’, i.e. the horizontal components of the 
reaction, and at achieving an even distribution of the reactive forces 
at the restrained nodes. Arcuated structures are often characterized 
by non-negligible horizontal components of the reactions and a non 
homogeneous request in terms of bearing capacity of the supports. As 
shown next, bending resistance can be exploited in reticulated shells to 
mitigate both issues while preserving an arcuated geometry.

In the discussion that follows, results referred to as ‘‘FDM’’ layouts 
are funicular networks that have been found using Eq. (15) with no 
shear force density (𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 ∀𝑗), whereas ‘‘EFDM’’ is 
used to address reticulated shells with bending resistance.  For the 
two-dimensional example presented in Section 3.1, the lower bound for 
the (negative) axial force densities is set to −25 kN/m, while the side 
constraints for the shear force densities in the EFDM simulations are 
defined as −50 kN/m ≤ 𝑚1,𝑗 ≤ 50 kN/m and −50 kN/m ≤ 𝑚2,𝑗 ≤ 50 kN/m 
∀𝑗, unless otherwise specified. For the three-dimensional examples dis-
cussed in Sections 3.2 and 3.3, the lower bound for the (negative) axial 
force densities is set to −10 kN/m, while −10 kN/m ≤ 𝑚1,𝑗 ≤ 10 kN/m 
and −10 kN/m ≤ 𝑚2,𝑗 ≤ 10 kN/m ∀𝑗 is used in the EFDM simulations, 
unless stated otherwise. In each optimization run, the initial guess 
for the minimization variables (i.e. the force densities) is chosen as 
the average of the corresponding lower and upper bounds. The initial 
values of the state variables (i.e. the vertical coordinates of the nodes) 
are computed by inverting Eq. (15b), using the initial values of the 
design unknowns.  Vector plots of the force reactions and diagrams of 
the internal forces, i.e. axial force 𝑁 (in kN), shear force 𝑉  (in kN), 
and bending moment 𝑀 (in kNm), are given. The same scaling factor 
is used to illustrate results for the same example (when representing 
the magnitude of the vector reactions and plotting diagrams for the 
same type of internal force). For the considered numerical tests, the 
main input parameters and significant output values of reactions and 
internal forces are summarized in Table  1.
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Table 1
Main input parameters and significant output values of reactions and internal forces for the optimal FDM/EFDM layouts presented in Section 3: length in footprint 
of the network 𝑙𝑡,0, prescribed total length of the network 𝑙𝑡,𝑚𝑎𝑥, resultant of the applied vertical load 𝑃 , peak value of the force reaction 𝑟𝑚𝑎𝑥, value of the objective 
function at convergence 𝑓𝑐 , peak value of the horizontal component of the force reaction (thrust) 𝑟ℎ,𝑚𝑎𝑥, peak value of the compressive axial force 𝑁𝑚𝑎𝑥, shear 
force 𝑉𝑚𝑎𝑥, and bending moment 𝑀𝑚𝑎𝑥.
 𝑙𝑡,0 𝑙𝑡,𝑚𝑎𝑥 𝑃 𝑟𝑚𝑎𝑥 𝑓𝑐 𝑟ℎ,𝑚𝑎𝑥 𝑁𝑚𝑎𝑥 𝑉𝑚𝑎𝑥 𝑀𝑚𝑎𝑥  
 (m) (m) (kN) (kN) (kN) (kN) (kN) (kN) (kNm)  
 Section 3.1  
 FDM - Fig.  3 4 6 15 8.45 8.45 3.89 8.45 – –  
 EFDM - Fig.  4 4 6 15 7.50 7.50 0.00 3.84 6.80 8.00  
 EFDM - Fig.  5(left) 4 6 15 8.24 8.24 3.42 7.98 2.08 1.68  
 EFDM - Fig.  5(right) 4 6 15 8.31 8.31 3.58 7.97 2.34 2.00  
 Section 3.2  
 FDM - Fig.  6 220 253 121 4.12 4.13 3.76 4.12 – –  
 EFDM - Fig.  7 220 253 121 2.75 2.76 0.00 2.41 2.73 7.64  
 EFDM - Fig.  9(left) 220 253 121 3.48 3.49 2.78 3.48 1.46 2.70  
 EFDM - Fig.  9(right) 220 253 121 3.68 3.68 3.12 3.68 1.11 1.76  
 Section 3.3  
 FDM - Fig.  13 251.31 289 72.13 9.06 9.06 7.86 8.30 – –  
 EFDM - Fig.  14 251.31 289 72.13 4.51 4.51 0.00 1.08 2.01 3.33  
 FDM - Fig.  15 223.82 257.39 68.72 8.13 8.14 6.91 7.35 – –  
 EFDM - Fig.  16 223.82 257.39 68.72 4.30 4.30 0.00 1.46 1.60 (−)26.50 
Table 2
Design of a single arch with FDM/EFDM: prescribed 𝑥-coordinates (in m) and sets of computed 𝑧-coordinates (in m) for the achieved optimal solutions (due to 
symmetry, only the nodes in the left half of the arch are considered).
 (all Figures) 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8 𝑥9  
 −2 −1.75 −1.50 −1.25 −1 −0.75 −0.50 −0.25 0  
 𝑧1 𝑧2 𝑧3 𝑧4 𝑧5 𝑧6 𝑧7 𝑧8 𝑧9  
 FDM - Fig.  3 0 0.48 0.90 1.25 1.54 1.77 1.93 2.03 2.06 
 EFDM - Fig.  4 0 0.12 0.29 0.53 0.82 1.14 1.47 1.81 2.17 
 EFDM - Fig.  5(left) 0 0.31 0.61 0.94 1.26 1.59 1.87 2.09 2.19 
 EFDM - Fig.  5(right) 0 0.28 0.56 0.84 1.12 1.40 1.68 1.96 2.24 
Fig. 3. FDM design of a single arch: shape, reactions and axial force diagram.
It is remarked that all the layouts presented next fulfill the enforced 
set of constraints (within the prescribed tolerance of 10−6), i.e. they are 
equilibrium-based solutions to the form-finding problem.

3.1. A single arch

At first, a two-dimensional example is considered working in the 
𝑥-𝑧 plane. The optimal shape of an arch is investigated, considering 
a structure made of 𝑚 = 16 branches and 𝑛𝑠 = 17 nodes. The 
two nodes at the end of the arch are restrained in both directions, 
whereas a vertical load 𝑝𝑧,𝑗 = −1 kN is applied at each one of the 
𝑛 = 15 inner unstrained nodes. The resultant of the vertical load is 
𝑃 = 15 kN, acting downward. The three-dimensional implementation 
of FDM/EFDM presented above is tested by seeking sets of optimal 𝑧-
coordinates for the unrestrained nodes, while the 𝑥-coordinates remain 
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prescribed. Each one of the branches has (fixed) length in footprint that 
equals 0.25m. Anti-funicular polygons are sought that minimize the 
magnitude of the reactions at the supports with a total length 𝑙𝑡,𝑚𝑎𝑥 =
1.5 𝑙𝑡,0, being 𝑙𝑡,0 = 4m the length in footprint of the arch. Table  2
reports the prescribed 𝑥-coordinates and the computed 𝑧-coordinates 
for the optimal solutions presented in this section. The FDM layout, 
i.e. the results found from the solution of Eq. (15) admitting axial 
force densities only, is given in Fig.  3(left). Each branches behaves like 
a bar, implying that force reactions at support are aligned with the 
segments stemming from the restrained nodes, see the black arrows in 
the picture. According to the diagram of the axial forces represented 
in Fig.  3(right) the magnitude of the compressive force monotonically 
increases from the key of the arch to the supports, where it equals the 
magnitude of the reactive forces (8.45 kN).
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Fig. 4. EFDM design of a single arch: shape, reactions and internal force diagram.
Then, Eq. (15) is run allowing both for axial force densities and 
shear force densities. Hinge supports are prescribed enforcing that 
𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 if the relevant end of the 𝑗-bar is one of the 
two unrestrained nodes. The EFDM result is the hybrid truss-beam 
structure depicted in Fig.  4, along with the diagrams of the internal 
forces, i.e. axial force, shear force and bending moment. Although the 
FDM and the EFDM layouts have the same total length 𝑙𝑡,𝑚𝑎𝑥 and a 
similar height of the mid-span node, their structural behavior and shape 
are quite different. In the EFDM layout, the shear forces acting in the 
branches stemming from the support allows for the arsing of a no thrust 
solution, where each one of the two (vertical) reactions is half of the 
magnitude of the total load (7.50 kN). Overall, a mixed hybrid truss-
beam behavior is reported. The diagram of the axial force is non-trivial, 
with the largest compressive forces (3.84 kN) arising two elements far 
from the supports. The magnitude of the shear force monotonically 
decreases from the hinge supports to the mid-span node, whereas the 
bending moment increases from zero to its maximum value (8 kNm, as 
per the rotational equilibrium of half of the structure). The continuity 
of the bending moment across the nodes connecting adjacent branches 
confirms that the entries of 𝐦1 and 𝐦2 fulfill, at convergence, the 
rotational equilibrium of (the first block) of Eqs. (13).

Working with side constraints for the shear force densities, i.e. op-
erating on bounds of the design variables in 𝐦1 and 𝐦2, one can tune 
the flexural capacity of the structure under investigation. Recalling 
that 𝑚1,𝑗 = 𝑏1,𝑗∕𝑙2𝑗  and 𝑚2,𝑗 = 𝑏2,𝑗∕𝑙2𝑗 , the magnitude of the bending 
moment can be limited in each branch. The picture in Fig.  5(left) refers 
to an hybrid truss-beam structure that was found using a threshold 
equal to 10 kN/m for the unrestrained nodes of each element. The 
limited bending resistance does not allow for the arising of a no-thrust 
solution, but remarkably affects the overall shape. The picture in Fig. 
5(right) is concerned with a three-hinge layout, whose internal hinge 
was prescribed by enforcing 𝑚 = 0 and 𝑚 = 0 at mid-span. In terms 
1,𝑗 2,𝑗
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of magnitude of the reactions, the former solution performs marginally 
better than the latter.

A preliminary assessment of the numerical implementation of the 
method in three dimensions was done by replicating the above results 
after rotations of the geometry around the 𝑧 axis.

3.2. An arch grid

A system of parallel arches running in two orthogonal direction is 
considered, see e.g. [57]. The arch grid has a square footprint with 
side 10m. Each one of the arches is made of 12 branches with (fixed) 
length in footprint equal to 0.833m. The nodes along the perimeter are 
restrained in the three directions, whereas a vertical load 𝑝𝑧,𝑗 = −1 kN is 
applied at each one of the 𝑛 = 121 inner unstrained nodes. The resultant 
of the vertical load is 𝑃 = 121 kN, downward. Gridshells whose total 
length is 𝑙𝑡,𝑚𝑎𝑥 = 1.15 𝑙𝑡,0 are sought. The FDM layout achieved by using 
Eq. (15) with 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 ∀𝑗 is represented in Fig.  6(left), along 
with a vector plot of the reactions at the supports. The optimal anti-
funicular network consists of a system of arches whose rise smoothly 
increases as it approaches the keystone. The ratio of the horizontal 
to vertical component of the reaction decreases accordingly, whereas 
the magnitude is the same. In Fig.  6(right), the axial force diagram is 
represented. The maximum value is found at the support, where the 
axial force equals 4.12 kN in all the branches, whereas smaller forces 
arise at the top. The lowest compressive force equals 2.54 kN.

Then, bending-resistant reticulated shells are investigated by using 
Eq. (15) combined with prescription 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 if the relevant 
end of the 𝑗-bar is one of the restrained nodes along the perimeters. The 
EFDM solution resulting in the minimization of the maximum reaction 
magnitude is that represented in Fig.  7, along with a vector plot of 
the reactions and the diagrams of the axial force, the shear force and 
the bending moment. It is a no-thrust reticulated shell whose vertical 
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Fig. 5. EFDM design of a single arch with side constraints: shape, reactions and bending moment diagram, bounding 𝑚1,𝑗 and 𝑚2,𝑗 all over the structure (left), 
and prescribing an internal hinge at mid-span (right).
Fig. 6. FDM design of an arch grid: shape, reactions and axial force diagram.
reactions are all equals to 2.75 kN, which is the resultant of the applied 
load divided by the number of point supports.

Although both solutions were generated using the same total length 
condition, the optimal shape represented in Fig.  7 is quite different from 
the FDM layout depicted in Fig.  6. The parallel arches made of hybrid 
truss-beam elements are characterized by pointed features, recalling the 
geometry represented in Fig.  4. The resulting three-dimensional system 
consists of double-curvature portions which are connected through 
sharp edges. Looking at the diagrams of the internal forces along the 
parallel arches, the maximum shear action is generally found at the 
supports, whereas the regions of maximum bending moments are those 
at mid-span. Maximum axial forces (2.41 kN) occur at the springer of the 
central arches, i.e. those lying along the principal axes of the footprint 
as well as a few adjacent ones. The same branches exhibit the lowest 
shear forces compared to the other perimeter elements.

Because of Eqs. (15b-f), the internal forces and moments shown 
in Fig.  7 represent an equilibrated solution. Since compatibility and 
the constitutive law are disregarded, this solution does not necessarily 
coincide with the linear elastic one, unless a statically determinate 
structure is considered (see, for example, the three-hinge layout in 
Fig.  5, right). Assuming a perfectly plastic model with an associated 
flow rule and a satisfied yield condition, meaning that the cross-section 
stresses lie inside or on the yield surface in stress space, the resulting 
solution can be regarded as statically admissible, that is, a safe solution 
according to the lower-bound theorem of plasticity [27,36,51].

To provide a preliminary assessment of the results presented in Fig. 
7 and discuss their implications for applicability, a finite element model 
of the EFDM optimal layout was built using commercial software [58]. 
Structural steel (S275) and IPE 240 cross-sections were adopted for 
all members of the network, with the web oriented vertically. End 
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releases were introduced to model connections that do not allow the 
transfer of torsion and moments in the horizontal loading plane. First, 
a linear elastic solution was computed, applying vertical forces of 
−1 kN at the 𝑛 inner nodes and point forces of 2.75 kN at the 𝑛𝑓  nodes 
along the perimeter (i.e. the vertical reactions computed in the EFDM 
solution). In Fig.  8 the bending moments retrieved from the finite 
element solution are shown: a color map of the entire structure is 
provided along with the bending moment diagram for half of the outer 
and central arches. A very good agreement was observed between the 
EFDM result (maximum value 7.64 kNm) and the finite element analysis 
(maximum value 7.69 kNm).

A further investigation was carried out using the same model, 
replacing the point forces applied at the nodes along the perimeter 
with vertical cut-off bars having a compression threshold of 2.75 kN 
and ductile behavior. These elements behave as elastic struts below 
the limit and provide a perfectly plastic response above it. A nonlinear 
static analysis was then performed by gradually applying the point 
forces at the inner nodes. This approach allowed simulating the plastic 
redistribution of reaction forces across the cut-off bars, ultimately 
recovering the same results shown in Fig.  8. Hence, the internal forces 
and moments given in Fig.  7 can be interpreted as the stress state of 
the gridshell supported by ductile restraints that can transmit vertical 
forces exclusively, subject to an imposed compression limit.

Intermediate EFDM solutions can be generated operating on the side 
constraints of the design variables in 𝐦1 and 𝐦2. In Fig.  9(left) an 
hybrid truss-beam structure is shown that was found using a threshold 
equal to 3 kN/m for 𝑚1,𝑗 and 𝑚2,𝑗 𝑙 at the unrestrained nodes of each 
element. For the layout depicted in Fig.  9(right), the upper bound 
was instead set to 2 kN/m. In the former case, all the reactions equal 
3.48kN, the axial force lies within the range of 1.61 -3.48 kN, and 
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Fig. 7. EFDM design of an arch grid: shape, reactions and internal force diagram.
Fig. 8. EFDM design of an arch grid: bending moment representation (color map for the structure and diagram for two parts), as obtained through finite-element 
analysis.
the maximum bending moment equals 2.70kN. In the latter, all the 
reactions equal 3.68kN, the axial force varies from 2.02 kN to 3.68 kN, 
and the maximum bending moment is 1.76kN.

It is remarked that both the FDM shape (see Fig.  6) and the three 
EFDM layouts (see Fig.  7 and the two pictures in Fig.  9) are char-
acterized by reactions that are all equal at the supports (within a 
tolerance of ±10−3 kN). This means that, at convergence, the vector 𝐫 in 
Eq. (16) is made of 𝑛𝑓  ‘‘repeated values’’ that were effectively handled 
by the adopted smooth aggregation function, see in particular [56]. The 
history plots of the objective function 𝑓 and of the feasibility of the 
constraints, i.e. the highest value among the right-hand side entries of 
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the enforcements in Eqs. (15c–g), are represented in Fig.  10. The picture 
on the left refers to the generation of the FDM layout in Fig.  6, whereas 
that on the right is concerned with the EFDM design found using the 
side constraints 𝑚1,𝑗 ≤ 2 kN/m and 𝑚2,𝑗 ≤ 2 kN/m at the unrestrained 
nodes. In both cases, the initial guess for the minimization variables 
does not satisfy the equality constraints, as indicated by the initial fea-
sibility values being greater than zero. Nonetheless, the minimization 
algorithm requires only a few iterations to reach the feasible design 
region. During the first iterations, constraint feasibility improves at 
the expense of an increase in the objective function; subsequently, the 
objective function gradually decreases toward an optimum where all 
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Fig. 9. EFDM design of an arch grid with side constraints: shape, reactions and bending moment diagram, bounding 𝑚1,𝑗 and 𝑚2,𝑗 all over the structure at 3 kN/m 
(left), and 2 kN/m (right).
Fig. 10. Design of an arch grid: history of the objective function and of the feasibility of the constraints using FDM (left), and EFDM with side constraints 
𝑚1,𝑗 ≤ 2 kN/m and 𝑚2,𝑗 ≤ 2 kN/m at the unrestrained nodes (right).
Fig. 11. Design of an arch grid with random initialization of the minimization unknowns: history of the objective function and of the feasibility of the constraints 
using FDM (left), and EFDM with side constraints 𝑚1,𝑗 ≤ 2 kN/m and 𝑚2,𝑗 ≤ 2 kN/m at the unrestrained nodes (right).
constraints remain satisfied. However, the EFDM approach introduces 
a greater number of constraints (to enforce rotational equilibrium at 
the nodes for non-zero 𝑚1,𝑗 and 𝑚2,𝑗), which in turn demands a higher 
number of iterations to ensure convergence. Apart from the total length 
constraint in Eq. (15g), the total number of equality constraints in the 
FDM optimization is 2 ⋅ 𝑛 = 242, see Eq. (15c–d), whereas in the EFDM 
run it is 4 ⋅ 𝑛 = 484, see Eq. (15c–f).
10 
The investigation was repeated using a random initialization of the 
design parameters within their respective lower and upper bounds, 
rather than adopting the average values as the initial guess. The history 
plots of the objective function and the constraint feasibility are shown 
in Fig.  11. The figure on the left corresponds to the FDM design, while 
the one on the right refers to the EFDM design obtained by imposing 
𝑚1,𝑗 ≤ 2 kN/m and 𝑚2,𝑗 ≤ 2 kN/m at the unrestrained nodes. The 
resulting solutions match those previously reported in Fig.  6 and in 
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Fig. 12. Grids used in the design of a gridshell dome (left) and a gridshell dome with oculus (right).
Fig. 13. FDM design of a gridshell dome: shape, reactions and axial force diagram.
Fig.  9(right), respectively (and their corresponding objective function 
values at convergence are identical). However, a larger number of 
iterations was required to achieve convergence compared to the pre-
vious optimization runs. Due to the nonlinearity of the optimization 
problem considered herein, the obtained solutions should generally be 
regarded as local minima. It is worth noting that, regardless of the 
type of optimality, every feasible solution achieved through Eq. (15) 
satisfies the equilibrium constraints and, provided the yield condition is 
fulfilled, corresponds to an admissible stress state within the framework 
of limit analysis. 

3.3. A dome

A gridshell dome spanning an area with radius equal to 5m is 
considered. The connectivity of a so-called ‘‘lamella’’ dome is inves-
tigated, as represented in Fig.  12(left), see e.g. [59,60]. The vertical 
load per unit of plan projection is 1 kN/m2. All the nodes along the 
perimeter are restrained in the three Cartesian axes. Point loads for the 
inner unrestrained nodes are computed accounting for their tributary 
area. The resultant of the applied vertical loads reads 𝑃 = 72.13 kN. 
Gridshells are sought whose total length is 𝑙𝑡,𝑚𝑎𝑥 = 1.15 𝑙𝑡,0.

At first, Eq. (15) is used prescribing 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 across 
all the branches of the reticulated shell. The FDM gridshell dome is de-
picted in Fig.  13(left), along with a vector plot of the support reactions, 
whereas the axial force diagram is represented in Fig.  13(right). The 
axial force increases from the top of the structure toward the supports. 
At each restrained node, the reaction equals the resultant of the axial 
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forces acting in the two connected branches. Its magnitude is 9.06 kN. 
The ratio of the horizontal (radial) thrust to the vertical reaction force 
is 1.74.

Then, Eq. (15) is used prescribing 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 only if 
the relevant end of the 𝑗-bar is located at an unrestrained node. The 
achieved EFDM layout is that represented in Fig.  14, along with a vector 
plot of the reactions and the diagrams of the axial force, the shear 
force and the bending moment. The bending-resistant pointed dome 
carries the vertical load without requiring thrust at the supports. All 
the reactions equal 4.51 kN, which is the resultant of the applied load 
divided by the number of supports. As in the diagram in Fig.  13(right), 
the axial forces increases from top to bottom, but the compressive force 
magnitudes of the EFDM solution are significantly lower. The shear 
forces also increase from the top of the structure toward the supports, 
reaching peak values nearly twice as large as the maximum axial force. 
As for the bending moment diagram, sagging moments are present 
throughout the branches. Peak values occur in the first half of the dome, 
beyond the elements that span from the supports, whereas the values 
at the tip are nearly half as large.

It is noted that the radial symmetry of the reticulated shells shown 
in both Figs.  13 and 14 emerges as a result of numerical optimization, 
without any a priori geometric prescription.

A final set of investigations is carried out on a gridshell dome with 
an oculus, i.e. incorporating a free edge, see [43]. The connectivity 
of the reticulated shell is shown in Fig.  12 (right). With respect to 
the ‘‘lamella’’ dome in Fig.  12(left), a central circular hole with a 
radius of 1.25m is introduced, and hoop elements are added along the 
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Fig. 14. FDM design of a gridshell dome: shape, reactions and axial force diagram.
Fig. 15. FDM design of a gridshell dome with oculus: shape, reactions and axial force diagram.
perimeter of the cavity. The restrained nodes are those lying along the 
outer perimeter, i.e. those located along the circumference of radius 
5m meters and center at the origin. As for the gridshell dome, the 
vertical load per unit of plan projection is 1 kN/m2, with a resultant 
equal to 𝑃 = 68.72 kN. Gridshells are designed to have a total length 
𝑙𝑡,𝑚𝑎𝑥 = 1.15 𝑙𝑡,0.

The FDM gridshell dome depicted in Fig.  15 was found by applying 
Eq. (15), with 𝑚1,𝑗 = 0 and 𝑚2,𝑗 = 0 imposed on all branches. The 
diagram of the axial force in the inclined branches, see Fig.  15(right), 
is very similar to that represented in Fig.  13(right). The hoop elements 
located at the cavity boundary are subjected to compressive forces of 
1.25 kN. At each restrained node, the horizontal (radial) thrust is 1.61 
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times the vertical reaction force, with the reaction magnitude equal to 
8.13 kN.

The presence of the oculus prevents bending-resistant reticulated 
shells pinned to the ground from achieving a significant reduction in 
reaction magnitudes. Therefore, Eq. (15) is applied permitting non-
zero values of 𝑚1,𝑗 and 𝑚2,𝑗 at both restrained and unrestrained nodes, 
i.e. searching among bending-resistant gridshells with fixed (clamped) 
boundary conditions at the base. The achieved EFDM layout is rep-
resented in Fig.  16. It supports the vertical load without requiring 
thrust at the supports, though this comes at the expense of developing 
moment reactions. At the restrained nodes, axial forces of 1.46 kN and 
shear forces of 1.60 kN combine to produce vertical reactions uniformly 
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Fig. 16. EFDM design of a gridshell dome with oculus: shape, force reactions and bending moment diagram.
Fig. 17. Design of a gridshell dome with oculus: lateral view comparing the FDM layout (left) and the EFDM layout (right).
Fig. 18. EFDM design of a gridshell dome with oculus: bending moment representation (color map for the structure and diagram for a part), as obtained through 
finite-element analysis.
equal to 4.30 kN. In the bending moment diagram, hogging moments 
are distributed along all cantilevered spiral branches of the structure. 
Their intensity increases from the apex toward the supports, where 
they accumulate into moment reactions transmitted to the ground. 
By vectorially summing the moments at the ends of the branches 
converging at the same restrained node, a resultant radial moment 
reaction is obtained, equal to 26.05 kNm.

The geometry of the thrust-free EFDM layout differs significantly 
from that of the FDM funicular network. A side-view comparison is 
provided in Fig.  17.

To verify the moment distribution presented in Fig.  16, finite el-
ement analyses were performed [58]. IPE 240 cross-sections were 
adopted for all members of the grid, with the web oriented vertically, 
and end releases were introduced to model connections that do not 
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allow the transfer of torsion and moments in the horizontal loading 
plane. Structural steel (S275) was assumed in the simulation. A linear 
elastic analysis was carried out by applying, at the 𝑛 inner nodes, 
the point forces used as input in the optimization process, and at the 
𝑛𝑓  nodes along the perimeters, vertical point forces equal to 4.30 kN 
and radial moments 26.05 kNm (i.e. the force and moment reactions 
computed in the EFDM solution). In Fig.  18, the bending moments 
retrieved from the finite element solution are shown: a color map of 
the entire dome is provided along with the bending moment diagram 
for a spiral branch. A very good agreement was observed between the 
EFDM result (peak value 26.50 kNm) and the finite element analysis 
(peak value 26.52 kNm). It is worth noting that the same result was 
achieved by performing a linear elastic analysis of the structure in 
which all loads were removed from the 𝑛𝑓  nodes along the perimeter 
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and replaced by displacement boundary conditions prescribing zero 
vertical displacements and rotations. Hence, the internal moments 
given in Fig.  16 correspond to the stress state of the gridshell dome 
supported by elements capable of sustaining only vertical forces and 
(radial) moments. 

A final remark relevant to the entire set of simulations reported in 
Section 3 concerns the adoption of the aggregation function in Eq. 19, 
used with 𝜌 = 100, as the objective function to provide a smooth 
approximation of 𝑟𝑚𝑎𝑥. For each optimization run, Table  1 reports both 
the peak value of the force reaction 𝑟𝑚𝑎𝑥 and the value of the objective 
function at convergence 𝑓𝑐 , with a relative error consistently smaller 
than 0.5%. 

4. Conclusion

An extended formulation of the force density method has been 
introduced to address the equilibrium-based form-finding of gridshells 
with a fixed footprint that exhibit bending resistance in the vertical 
plane.

Considering the effect of point forces applied at the nodes of the 
reticulated shell, constant shear forces and linearly varying bending 
moments can develop within the members, in addition to the constant 
axial forces typical of funicular networks. In this context, the ‘‘shear 
force density‘‘ has been defined as the ratio between the shear force 
induced by the bending moment at one end of the member and its 
length. Upon introduction of the axial and shear force densities, the 
translational equilibrium of the nodes has been shown to remain linear 
in the vertical coordinates, provided the gridshell has fixed footprint.

A min–max optimization problem has been defined over the two 
sets of force densities, aiming to identify – among the reticulated shells 
that satisfy equilibrium within a prescribed plan projection – those con-
figurations constrained to a prescribed total length that minimize the 
magnitude of the reaction forces at the restrained nodes. Vertical trans-
lational equilibrium has been used to determine the elevation of unre-
strained nodes, while equality constraints have been imposed to enforce 
both rotational equilibrium and horizontal translational equilibrium. 
An interior-point approach has been employed to address the emerging 
multi-constrained optimization problem, adopting a smooth aggrega-
tion to approximate the maximum function. Matrix-based expressions 
for sensitivity analysis have been derived.

Numerical simulations have been carried out to explore, within 
the same formulation, both funicular networks and bending-resistant 
layouts. By adjusting the side constraints on shear force densities, 
expressed as the bending moments at the branch ends divided by the 
square of their length, it is possible to control the bending resistance of 
the hybrid truss-beam branches in the arising solution. The funicular 
configurations emerge as special cases when the side constraints on 
shear force densities are set to zero. All the results obtained satisfy both 
translational and rotational equilibrium at the unrestrained nodes, and 
exhibit a uniform distribution of reaction forces at the restrained nodes. 
Examples of bending-resistant arches, arch grids, and gridshell domes 
have been presented, highlighting equilibrated solutions that transmit 
gravity loads without requiring horizontal reactions. The applicability 
of the proposed framework and the physical validity of the retrieved 
stress states have been discussed.

Differently from a ground-structure approach, see e.g. [38], the pro-
posed method does not search for feasible solutions within a prescribed 
set of bar layouts, but instead allows for a continuous variation of 
the vertical coordinates of the nodes. Rather than performing topol-
ogy optimization in conjunction with geometry projection to recover 
straight bars, see e.g. [53], the desired geometrical entities are directly 
handled in the adopted optimization approach, addressing hybrid truss-
beam members. In its current version, the implemented formulation 
does not allow for seeking the optimal distribution of cross-sections of 
hybrid members across the gridshells. An a posteriori member sizing 
procedure should be applied to ensure the required resistance based 
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on the retrieved stress state, see also the methods discussed in [5,13]. 
However, the proposed approach could be conveniently extended to 
incorporate the optimal design of cross-sectional areas as additional 
variables within the same minimization framework. 

The ongoing research primarily focuses on enhancing the proposed 
formulation by introducing local constraints to strictly control the 
allowable bending moments in the branches of the reticulated shells, 
while progressing toward the aforementioned extension of the frame-
work to optimize both geometry and topology of hybrid truss-beam 
gridshells.
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Appendix. Sensitivity computation

Dealing with funicular networks, the sensitivity computation with 
respect to the force densities in 𝐪 was originally provided in [9] for the 
vectors gathering the coordinates of the nodes, 𝐱, 𝐲, 𝐳, and the length of 
the bars, 𝐥. The adopted procedure can be straightforwardly extended to 
the computation of Jacobian matrices for reticulated shells with fixed 
footprint that are bending-resistant in the vertical plane. Addressing the 
third block of Eqs. 12, and enforcing that any changes 𝑑𝐪, 𝑑𝐦1, 𝑑𝐦2, 
and 𝑑𝐳 do not affect the state of equilibrium, one has: 
𝜕𝐳
𝜕𝐪

= (𝐂𝑇𝐐𝐂)−1(−𝐂𝑇𝐖), 𝜕𝐳
𝜕𝐦1

= (𝐂𝑇𝐐𝐂)−1(𝐂𝑇 (𝐔2 + 𝐕2)𝐋−1
𝑥𝑦 ),

𝜕𝐳
𝜕𝐦2

= − 𝜕𝐳
𝜕𝐦1

,

(A.1)

where 𝜕𝐰∕𝜕𝐳 = 𝐂𝑧 has been used, see Eq. (1), as well as the assumption 
of design-independent loads. Then, one has: 
𝜕𝐥
𝜕𝐪

= 𝜕𝐥
𝜕𝐳

𝜕𝐳
𝜕𝐪

= 𝐋−1𝐖𝐂 𝜕𝐳
𝜕𝐪

, 𝜕𝐥
𝜕𝐦1

= 𝜕𝐥
𝜕𝐳

𝜕𝐳
𝜕𝐦1

, 𝜕𝐥
𝜕𝐦2

= 𝜕𝐥
𝜕𝐳

𝜕𝐳
𝜕𝐦2

. (A.2)

The sensitivity of the constraints and of the objective function in 
Eq. (15) can be found exploiting matrix differentiation and the above 
results.

Upon introduction of 𝐌1 = diag(𝐦1) and 𝐌2 = diag(𝐦2), the 
sensitivity of the l.h.s of Eq. (15c), herein denoted by 𝐠1, may be written 
as: 
𝜕𝐠1
𝜕𝐪

= 𝐂𝑇𝐔 − 𝐂𝑇𝐔𝐋−1
𝑥𝑦 (𝐌2 −𝐌1)𝐂

𝜕𝐳
𝜕𝐪

,

𝜕𝐠1
𝜕𝐦1

= 𝐂𝑇𝐔𝐋−1
𝑥𝑦𝐖 − 𝐂𝑇𝐔𝐋−1

𝑥𝑦 (𝐌2 −𝐌1)𝐂
𝜕𝐳
𝜕𝐦1

,

𝜕𝐠1 = −𝐂𝑇𝐔𝐋−1𝐖 − 𝐂𝑇𝐔𝐋−1(𝐌2 −𝐌1)𝐂
𝜕𝐳 .

(A.3)
𝜕𝐦2
𝑥𝑦 𝑥𝑦 𝜕𝐦2
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Using 𝐕 instead of 𝐔 in above equations, one gets the sensitivity of 
the l.h.s of Eq. (15d). The derivatives of the l.h.s of Eq. (15e), herein 
denoted by 𝐠3, may be written as: 
𝜕𝐠3
𝜕𝐪

= 2𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐌1𝐋

𝜕𝐥
𝜕𝐪

+ 2𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐌2𝐋

𝜕𝐥
𝜕𝐪

,

𝜕𝐠3
𝜕𝐦1

= 𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐋

2 + 2𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐌1𝐋

𝜕𝐥
𝜕𝐦1

+ 2𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐌2𝐋

𝜕𝐥
𝜕𝐦1

,

𝜕𝐠3
𝜕𝐦2

= 𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐋

2 + 2𝐂𝑇
1 𝐕𝐋

−1
𝑥𝑦𝐌1𝐋

𝜕𝐥
𝜕𝐦2

+ 2𝐂𝑇
2 𝐕𝐋

−1
𝑥𝑦𝐌2𝐋

𝜕𝐥
𝜕𝐦2

.

(A.4)

Using 𝐔 instead of 𝐕 in above equations, one has the sensitivity of the 
l.h.s of Eq. (15f).

Similarly, the sensitivity of the vectors 𝐫𝑥, 𝐫𝑦, 𝐫𝑧 can be found by 
working on Eq. (18). Reference is made to [54] for the derivative of 
the aggregation function 𝐽𝐾𝑆 (𝐫) of Eq. (19).

Data availability

Data will be made available on request.
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