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Abstract
The transfer matrix method has long been recognized as a computationally efficient ap-
proach for the eigenanalysis of discrete and continuous dynamic systems, particularly in
structural and rotor dynamics. In this study, the transfer matrix method framework is ex-
tended to incorporate parametric sensitivity analysis, providing the foundations required for
continuation-based investigations. Sensitivity analysis is performed by evaluating the para-
metric derivatives of eigenvalues and eigenvectors directly from the system’s characteristic
equation, clarifying the influence of parameter perturbations on system dynamics. To reduce
computational effort, the intermediate terms required for the generic sensitivity matrix are
accumulated and stored, enabling efficient evaluation of the overall sensitivity of the trans-
fer matrix to frequency. Eigenvector normalization within the sensitivity analysis resolves
the intrinsic non-uniqueness of eigenvectors and ensures consistent and stable computation
of their sensitivities. The availability of consistent eigenvalue and eigenvector sensitivities
naturally supports continuation procedures, enabling the systematic tracking of eigensolu-
tions as system parameters vary and facilitating the identification of characteristic behaviors
such as eigenvalue crossings and veering. Analytical sensitivity formulas inside the trans-
fer matrix method framework and eigenvector normalization are used to address numerical
challenges commonly encountered in transfer-matrix-based calculations. The methodology
is verified through benchmark examples of increasing complexity, demonstrating its abil-
ity to capture critical system trends while preserving the compact structure of the transfer
matrix formulation. Overall, the study demonstrates that integrating sensitivity analysis into
the transfer matrix method significantly enhances its effectiveness for parametric investiga-
tions and early-stage design evaluations of complex dynamical systems, naturally supporting
continuation-based analyses.
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1 Introduction

The computation and analysis of eigensolutions, including eigenvalues and eigenvectors,
are fundamental problems in multibody systems. These quantities directly determine the
dynamic characteristics of systems, such as natural frequencies and mode shapes. Sensitivity
analysis examines how they vary with respect to specific parameters, which is essential
for the design and optimization of multibody systems [1]. The theoretical foundation of
sensitivity analysis can be traced back to standard eigenvalue problems [2, 3]. A variety
of methods have subsequently been developed for multibody system dynamics sensitivity
analysis [4]. Sensitivity analysis methods can be categorized into numerical and analytical
approaches.

Numerical methods [5–8], such as the finite difference method (FDM) and the automatic
differentiation method (ADM), are generally straightforward to implement. However, FDM
may suffer from numerical instability and truncation errors, depending on the step size se-
lection. ADM is more efficient and accurate than FDM, but it requires the computation of the
derivatives of the system matrices, which can be computationally expensive for large-scale
systems.

Analytical eigensensitivity methods aim to derive explicit derivatives of eigenvalues
and eigenvectors. Classical and recent contributions have addressed eigenvector deriva-
tives, mode tracking, repeated eigenvalues, and analytical differentiation of eigensolu-
tions [9–11]. Related analytical sensitivity formulations have been developed for structural
and multibody-system applications [12, 13].

Among analytical approaches, the direct differentiation method (DDM) and the adjoint
variable method (AVM) are commonly used in gradient-based analysis and optimization.
DDM is conceptually straightforward and usually more accurate than finite differences, but
it may become computationally expensive for systems with many design variables [14].
AVM improves computational efficiency by introducing adjoint variables to avoid explicit
calculation of state sensitivities [15–17]; however, its application to eigenvector sensitivity
analysis remains challenging.

The transfer matrix method (TMM) offers a powerful alternative for analyzing eigenso-
lution sensitivity in mechanical systems thanks to its computational efficiency and modeling
flexibility. TMM originates from the pioneering work of Holzer [18] in 1921 and was later
popularized within the rotorcraft community by Myklestad [19] in 1945. Myklestad’s formu-
lation for bending-torsion analysis of rotating shafts was subsequently extended to the eige-
nanalysis of helicopter rotor blades. More recently, Rui et al. [20, 21] revitalized TMM and
extended it to general multibody dynamics problems [22, 23]. Today, TMM is considered a
powerful tool for mechanical system dynamics and is widely applied in many fields [24–26].
For one-dimensional multibody systems in particular, TMM can surpass the finite element
method (FEM) in computational efficiency by propagating state vectors through the system
using transfer matrices rather than assembling large coupled governing equations, signifi-
cantly reducing computational complexity [20, 21].

Recent studies have further extended TMM to increasingly complex multibody dynamic
systems [27]. For instance, a novel modeling and vibration analysis method [28] is devel-
oped for helicopter drivetrain systems to accurately predict dynamic behavior and coupling
characteristics. Wang et al. [29] introduced a linear multibody system TMM capable of
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addressing systems with ideal hinges and conservative forces, thereby broadening the appli-
cability of TMM. Ling et al. [30] proposed an enhanced TMM-based framework for ana-
lyzing the kinetostatics and dynamics of serial-parallel compliant mechanisms with curved
flexure hinges and irregular rigid bodies, demonstrating high modeling accuracy and effi-
ciency. Dai et al. [31] combined TMM with a semi-recursive modeling approach to inves-
tigate the nonlinear force-displacement relationships of negative-stiffness devices, showing
its potential for structural optimization and vibration control. Together, these developments
highlight the growing relevance of TMM in tackling diverse and challenging dynamic prob-
lems.

In the TMM framework, sensitivity analysis has been investigated through recursive for-
mulations that exploit the transfer path of multibody systems [32–34]. These approaches
avoid the assembly and differentiation of large global system matrices by propagating
element-level transfer matrices and their derivatives along the transfer path. They provide
an important foundation for TMM-based sensitivity analysis and show the potential of re-
cursive formulations for efficient derivative evaluation.

Despite these advances, eigensolution sensitivity within the TMM framework remains
insufficiently investigated. Unlike traditional modeling strategies that lead to linear eigen-
value problems, the final eigenvalue problems derived from TMM are often highly non-
linear functions of the eigenvalues. Existing TMM-based sensitivity approaches have pro-
vided important foundations. However, compact formulations remain insufficiently devel-
oped for nonlinear TMM characteristic equations, particularly those that consistently treat
both eigenvalue and eigenvector sensitivities and explicitly expose reusable transfer matrix
products.

To overcome these limitations, this work proposes a sensitivity formulation for transfer-
matrix eigenproblems that provides compact expressions for eigenvalue, eigenvector, and
internal-state sensitivities. The formulation is based on an explicit eigenvector normalization
strategy that converts the inherently singular eigenvector sensitivity problem into a slightly
augmented but nonsingular system that can be solved efficiently without resorting to null-
space projections or SVD-based treatments.

A further contribution is the analytical characterization of the underlying singular sensi-
tivity structure. The explicit direct solution is primarily used to elucidate the mathematical
properties of the problem and the role of the normalization condition, while the proposed
augmented formulation constitutes the preferred computational strategy.

The formulation also highlights the potentially amplified sensitivity of internal states
along the transfer chain and provides an efficient implementation that reuses intermediate
quantities already available in standard transfer-matrix analyses.

The paper is organized as follows. Section 2 reviews the fundamental theory of TMM
for eigenvalue problems and introduces the formulations of eigensolution sensitivity for
TMM models. Section 3 presents the transfer matrices required for analyzing a drive system.
Section 4 discusses the generalization and exploitation of eigensolution sensitivity. Section 5
provides three numerical examples, ranging from a basic disk-shaft system to branched gear
systems of increasing complexity. Finally, Sect. 6 summarizes the main findings.

2 Formulation

2.1 Transfer matrix method

In the TMM, a multibody system is decomposed into simpler elements consisting of bodies
and hinges, whose dynamic behavior is expressed in the form of fundamental transfer ma-
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trices. The overall transfer equation of the system is obtained by successive multiplication
of the transfer matrices of the individual elements, according to the system topology [35].
The characteristic equation is then derived from the overall transfer equation by applying
boundary conditions to formulate the eigenvalue problem.

Let the state vector of an arbitrary element i be denoted by zi . The relationship between
the state vectors at two ends of the system is described as

zO = UizI , (1)

where zO and zI are the state vectors of the output end O and input end I , respectively, and
Ui (s) is the transfer matrix of element i, which may depend on a complex parameter s ∈ℂ,
the Laplace variable.

In a directed chain graph with n nodes (n > 1), labeled sequentially as i = 1,2, . . . , n,
select node 1 as the input end and node n as the output end. The overall transfer matrix of
the system can then be expressed as

zn = Π1
i=nUiz1. (2)

The general system equation can be written as

[︁
Π1

i=nUi −I
]︁
{︄

z1

zn

}︄

= 0, (3)

or

Uallzall = 0. (4)

By imposing the boundary conditions, Eq. (4) reduces to

Ūallz̄all = 0, (5)

where the reduced state vector z̄all contains only the boundary state variables not eliminated
by the constraints, i.e., zall = Bz̄all. Here, B is the transformation matrix that selects the
admissible subspace of zall, and Ūall = UallB is the corresponding reduced transfer matrix
obtained by eliminating the unnecessary columns.

The eigenvalues and eigenvectors of the system are finally determined by enforcing the
nonlinear eigenvalue condition

det
(︁
Ūall(s)

)︁= 0 (6)

and solving for the values of the Laplace variable s that satisfy it.
In the applications discussed in the rest of the manuscript, non-dissipative systems are

considered. Consequently, the Laplace variable s only assumes imaginary values, i.e., s =
jω, with ω ∈ ℝ. As such, the dependence of the transfer matrices on the frequency ω will
usually be considered.

2.2 Eigensolution sensitivity

The sensitivity of an eigensolution to system parameters can be analyzed by considering the
problem

Ū(ω)z̄ = 0 (7a)
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nHz̄ = 1 (7b)

where, for simplicity, the subscript “all” is omitted and (·)H denotes the complex conjugate
transpose.

Equation (7b) represents a suitable normalization of the eigenvector. Choosing a unit
Euclidean norm, i.e., n ≡ z̄, is a valid (and often recommended in the literature) option
when the eigenproblem of Eqs. (7a)–(7b) is solved as a nonlinear1 problem in the unknowns
z̄ and ω (as discussed, for example, in [36]). However, this choice is less convenient for
sensitivity analysis. In that context, it is preferable to rescale and rotate the eigenvector
such that a selected component has unit real part (unit L∞-norm normalization) and zero
imaginary part. A convenient choice is to select the component with the largest magni-
tude, here indicated as the kth element, such that abs(z̄(k)) ≡ max(abs(z̄)). This yields a
real-valued vector n whose elements are zero except for the kth one, which is equal to
unity.

Let (ωℓ, z̄ℓ) denote the ℓth eigensolution, i.e., ωℓ renders matrix Ū singular, with
the eigenvector z̄ℓ lying in its nullspace. The eigenvector is then re-normalized as
z̄ℓ := z̄ℓ/z̄ℓ(k), such that, after re-normalization, z̄ℓ(k) ≡ 1. Differentiating Eqs. (7a)–(7b)
with respect to a generic parameter p yields

Ūz̄ℓ/p + Ū/ωωℓ/p z̄ℓ + Ū/p z̄ℓ = 0 (8a)

nTz̄ℓ/p = 0, (8b)

where nT is used instead of nH since n is real-valued. Equations (8a)–(8b) consti-
tute a complex-valued linear problem of order size(z̄) + 1 in terms of the sensitivities
(ωℓ/p, z̄ℓ/p). Equation (8b) is now a complex scalar constraint, which independently en-
forces the real and imaginary parts of z̄ℓ/p(k) to vanish. The system can therefore be rear-
ranged as

[︄
Ū Ū/ωz̄ℓ

nT 0

]︄{︄
z̄ℓ/p

ωℓ/p

}︄

=
{︄−Ū/p z̄ℓ

0

}︄

. (9)

Equation (8b) thus ensures that the eigenvector varies consistently with the parameter per-
turbation while preserving a real, unit-valued kth component.

2.2.1 Direct solution

Since z̄ℓ is the eigenvector of Ū that corresponds to the eigenvalue ωℓ, the matrix Ū is sin-
gular (of rank n− 1, unless the eigenvalue has higher multiplicity, which we do not consider
here; see [36] for a complete discussion of this topic). Therefore, Ūz̄ℓ ≡ 0. Consequently,
Eq. (9) cannot be solved in closed form using the matrix inversion lemma (or Woodbury
identity) and its variants [37].

As discussed in [36], a workaround is to introduce a non-zero scalar γ in the bottom-right
corner of the matrix:

[︄
Ū Ū/ω z̄ℓ

nT γ

]︄{︄
z̄ℓ/p

ωℓ/p

}︄

=
{︄−Ū/p z̄ℓ

0

}︄

, (10)

1Without loss of generality, in the following examples, the nonlinearity of the eigenproblem with respect
to frequency ω is polynomial, although different forms are possible; e.g., exponential, in the case of a time
delay.
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solve the problem, and then take the limit for γ → 0. The resulting solution is

ωℓ/p = − 1

γ
nTz̄ℓ/p (11a)

(︄

Ū − 1

γ
Ū/ωz̄ℓnT

)︄

z̄ℓ/p = −Ū/p z̄ℓ, (11b)

with γ → 0.
Applying the generalized inversion of the sum of singular matrices described in [38]

(via the SVD and spectral decomposition, along the lines of the discussion in [36]; see
Appendix 6 for details), one obtains

(︄

Ū − 1

γ
Ū/ωz̄ℓnT

)︄−1

= G + xγ yH, (12)

where G, x, and y are defined in Eqs. (A.9a)–(A.9c) and (A.18a)–(A.18c) by analogy with
Eq. (8) of [38]. The solution of Eqs. (11a)–(11b) is then

z̄ℓ/p = − (︁G + xγ yH
)︁

Ū/p z̄ℓ

limγ→0= −GŪ/p z̄ℓ (13a)

ωℓ/p = 1

γ
nT
(︁
G + xγ yH

)︁
Ū/p z̄ℓ =

(︄
1

γ
⟋⟋nTG + nTxyH

)︄

Ū/p z̄ℓ, (13b)

where in Eq. (13b) the term nTG ≡ 0T since n lies in the nullspace of GH (see Corollary 1
in [38] and Eqs. (A.10d) and (A.19d)). Thus, the solution does not depend on γ , which does
not enter the definition of G, x, or y.

2.2.2 Computation of system matrix sensitivity

The sensitivity of the system matrix is obtained by differentiation as

Ū/p = (UB)/p = U/pB, (14)

since B is constant.
If the matrix Uk of only one element depends on the parameter p, then

U/p = [︁ (︁Πk+1
i=nUi

)︁
Uk/p

(︁
Π1

i=k−1Ui

)︁
0
]︁
, (15)

while dependence on frequency affects multiple matrices, resulting in

U/ω = [︁∑︁n

k=1

[︁(︁
Πk+1

i=nUi

)︁
Uk/ω

(︁
Π1

i=k−1Ui

)︁]︁
0
]︁
. (16)

If multiple element matrices Ui depend on p, Eq. (15) can be generalized in analogy
with Eq. (16). We adopt the convention that Πb

i=aUi = I if a < b. The zero block on the
right results from the derivative of the corresponding identity matrix block, which is con-
stant.

The product forms in Eqs. (15) and (16) explicitly expose the accumulated transfer matrix
products that appear on the left and right of each local derivative. For clarity, these products
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can be denoted as

Lj

k = Πk+1
i=j Ui , Rk = Π1

i=k−1Ui . (17)

The accumulated products Lj

k and Rk , with Lk ≡ Ln
k , are used in both the generic parameter

sensitivity matrix U/p and the frequency sensitivity matrix U/ω. Therefore, they can be com-
puted recursively, stored, and reused for different derivative evaluations, avoiding redundant
reconstruction of the same intermediate transfer products.

It should be noted that Ui/ω is non-zero only for transfer matrices that explicitly depend
on ω. As will be discussed later, this dependence arises only in specific components, namely
those associated with inertia or other dynamic effects.

2.2.3 Eigenvector sensitivity propagation

Once an eigensolution and its sensitivity have been computed, they can be used to propagate
both the eigenvector and its sensitivity throughout the system.

The transfer relation between states k and k + 1, expressed as

zk+1 = Ukzk, (18)

implies that the state k + 1 can be reconstructed as

zk+1 = (︁Π1
i=kUi

)︁
z1 = Rk+1z1, (19)

or
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

zk+1

zk

. . .

z3

z2

z1

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢
⎢⎢
⎢⎢
⎢
⎣

UkUk−1 . . .U2U1

Uk−1 . . .U2U1

. . .

U2U1

U1

I

⎤

⎥
⎥⎥
⎥⎥
⎥
⎦

z1 =

⎡

⎢
⎢⎢
⎢⎢
⎢
⎣

Rk+1

Rk

. . .

R2

R1

I

⎤

⎥
⎥⎥
⎥⎥
⎥
⎦

z1, (20)

as a function of the state z1. The state z1, in turn, is reconstructed by combining the elements
at node 1 of the reduced state z̄ and any associated boundary conditions at the same node.
In practice, however, the state at the internal nodes can be reconstructed more efficiently in
an incremental manner, directly using Eq. (18).

The sensitivity of the incremental state transfer is therefore given by

z(k+1)/p = Ukzk/p + (︁Uk/ωω/p + Uk/p

)︁
zk. (21)

The absolute sensitivity of the state transfer can be written as

z(k+1)/p = (︁Π1
i=kUi

)︁
z1/p +

k∑︂

j=1

(︂
Π

j+1
i=k Ui

)︂(︁
ω/pUj/ω + Uj/p

)︁ (︁
Π1

i=j−1Ui

)︁
z1

= Rk+1z1/p +
k∑︂

j=1

Lk
j

(︁
ω/pUj/ω + Uj/p

)︁
Rj z1, (22)

as a function of the state z1 and its sensitivity, z1/p . Nevertheless, as for the state reconstruc-
tion itself, the sensitivity propagation can be computed more efficiently in incremental form
using Eq. (21).
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3 Illustrative application: simple drive system

The proposed sensitivity analysis is demonstrated on systems composed of simple tor-
sional elements, namely rigid disks and torsionally flexible shafts. Although essentially
one-dimensional, this type of problem retains the full conceptual complexity required for
illustration.

To this end, the transfer matrices of these elements and their contributions to the sensitiv-
ity analysis are first presented. A more extensive library of transfer matrices for multibody
system elements can be found in [21].

3.1 Massless shaft

The transfer matrix of a massless shaft is

US =
⎡

⎣1
ℓ

GJp

0 1

⎤

⎦ , (23)

where ℓ is the shaft length and GJp its torsional stiffness. For convenience, GJp/ℓ is repre-
sented by a scalar stiffness coefficient k.

The partial derivative of the transfer matrix with respect to k is

US/k = ∂US

∂k
=
⎡

⎣0 − 1

k2

0 0

⎤

⎦ . (24)

The parameter k = GJp/ℓ can be decomposed into its physical constituents, yielding

∂US

∂GJp

= ∂US

∂k

∂k

∂GJp

= US/k

1

ℓ
(25a)

∂US

∂ℓ
= ∂US

∂k

∂k

∂ℓ
= −US/k

GJp

ℓ2
, (25b)

with ∂k/∂GJp = 1/ℓ and ∂k/∂ℓ = −GJp/ℓ2.
While treating GJp as an independent parameter is legitimate (e.g., when modifying the

shaft section to alter its stiffness), varying the shaft length may introduce additional geo-
metric compatibility constraints. For example, in a drive line composed of multiple shafts
connected by flexible joints and supports, altering one shaft’s length typically requires cor-
responding adjustments in neighboring shafts to preserve the overall drive line length. In
such cases, multiple transfer matrices may depend on the same parameter.

Finally, the partial derivative of the transfer matrix with respect to ω as required by
Eq. (8a) is zero: US/ω = 0.

3.2 Rigid disk

The transfer matrix of a rigid disk with inertia J is

UD =
[︄

1 0

−ω2J 1

]︄

. (26)
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Its partial derivative with respect to J is

UD/J = ∂UD

∂J
=
[︄

0 0

−ω2 0

]︄

, (27)

and with respect to ω is

UD/ω = ∂UD

∂ω
=
[︄

0 0

−2ωJ 0

]︄

. (28)

3.3 Combination of one rigid disk and one massless shaft

3.3.1 Eigenproblem

Consider the system

U = [︁USUD −I
]︁=
⎡

⎣1 − ω2
J

k

1

k
−1 0

−ω2J 1 0 −1

⎤

⎦ , (29)

with clamped-free boundary conditions (free input, clamped output); the corresponding ma-
trix B is

B =

⎡

⎢
⎢⎢
⎢
⎣

1 0

0 0

0 0

0 1

⎤

⎥
⎥⎥
⎥
⎦

, (30)

since the only surviving variables are the tip rotation and the root reaction torque. Thus,

{︄
zI

zO

}︄

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

θtip

Ttip

θroot

Troot

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=

⎡

⎢
⎢⎢
⎢
⎣

1 0

0 0

0 0

0 1

⎤

⎥
⎥⎥
⎥
⎦

{︄
θtip

Troot

}︄

= Bz̄. (31)

The problem reduces to
⎡

⎣1 − ω2
J

k
0

−ω2J −1

⎤

⎦

{︄
θtip

Troot

}︄

=
{︄

0

0

}︄

, (32)

with unit-norm-eigenvector eigensolution

ω = ±
√︄

k

J
, z̄ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1√
1 + ω4J 2

− ω2J√
1 + ω4J 2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (33)

The eigenvector is defined up to multiplication by a unit-norm complex factor ejψ , with
arbitrary anomaly ψ .
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3.3.2 Sensitivity matrix

The sensitivity problem requires computing Ū/ω according to Eq. (16),

U/ω = [︁⟋⟋⟋US/ωUD + USUD/ω 0
]︁=
⎡

⎣−2ω
J

k
0 0 0

−2ωJ 0 0 0

⎤

⎦ . (34)

Multiplying by B gives

Ū/ω = U/ωB =
⎡

⎣−2ω
J

k
0

−2ωJ 0

⎤

⎦ , (35)

so that the sensitivity problem matrix is
[︄

Ū Ū/ωz̄

nT 0

]︄

=

⎡

⎢⎢⎢
⎢⎢
⎢⎢
⎢
⎣

1 − ω2
J

k
0 −2ω

J

k

1√
1 + ω4J 2

−ω2J −1 −2
ωJ√

1 + ω4J 2

(ω4J 2 + ω4 − 1)
√

1 + ω4J 2

ω4J 2 − 1

ω2
√

1 + ω4J 2

J (ω4J 2 − 1)
0

⎤

⎥⎥⎥
⎥⎥
⎥⎥
⎥
⎦

. (36)

Using the eigensolution of Eq. (33) yields

[︄
Ū Ū/ωz̄

nT 0

]︄

=

⎡

⎢
⎢⎢
⎢⎢⎢
⎢
⎢⎢
⎣

0 0 ∓2

√︄
J

k(1 + k2)

−k −1 ∓2

√︄
kJ

1 + k2

(J 2k2 − J 2 + k2)
√

1 + k2

J 2(k2 − 1)

k
√

1 + k2

J 2(k2 − 1)
0

⎤

⎥
⎥⎥
⎥⎥⎥
⎥
⎥⎥
⎦

. (37)

3.3.3 Sensitivity to shaft stiffness

For sensitivity with respect to the shaft stiffness k:

U/k = [︁US/kUD + US⟋⟋⟋UD/k 0
]︁=
⎡

⎣ω2
J

k2
− 1

k2
0 0

0 0 0 0

⎤

⎦ . (38)

The corresponding right-hand side is

{︄−Ū/k z̄

0

}︄

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−ω2
J

k2

1√
1 + ω4J 2

0

0

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (39)
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Substituting the eigensolution of Eq. (33) gives

{︄−Ū/k z̄

0

}︄

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1

k

1√
1 + k2

0

0

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

, (40)

and the sensitivity solution is

ω/k = ± 1

2
√

Jk
z̄/k =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− k
(︁
1 + k2

)︁3/2

− 1
(︁
1 + k2

)︁3/2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

, (41)

which coincides with the direct evaluation of the sensitivity of Eq. (33).

3.3.4 Sensitivity to disk inertia

For sensitivity with respect to the disk inertia J :

U/J = [︁⟋⟋⟋US/J UD + USUD/J 0
]︁=
⎡

⎣−ω2
1

k
0 0 0

−ω2 0 0 0

⎤

⎦ . (42)

The corresponding right-hand side is

{︄−Ū/J z̄

0

}︄

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ω2
1

k

1√
1 + ω4J 2

ω2
1√

1 + ω4J 2

0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (43)

Substituting the eigensolution of Eq. (33) yields

{︄−Ū/J z̄

0

}︄

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

J

1√
1 + k2

k

J

1√
1 + k2

0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (44)

and the sensitivity solution is

ω/J = ∓ 1

2J

√︄
k

J
, z̄/J =

{︄
0

0

}︄

, (45)

which again coincides with the direct evaluation of the sensitivity of Eq. (33).
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4 Generalization and exploitation of eigensolution sensitivity

Considering the definitions of Lk and Rk of Eq. (17), the sensitivity matrix with respect to a
generic parameter p, Eq. (15), can be rewritten as

U/p = LiUi/pRi . (46)

For the massless shaft of Sect. 3.1, this yields

U/p =
[︄

Li11 Li12

Li21 Li22

]︄[︄
0 −1/k2

0 0

]︄[︄
Ri11 Ri12

Ri21 Ri22

]︄

=
[︄−Li11Ri21/k2 −Li11Ri22/k2

−Li21Ri21/k2 −Li21Ri22/k2

]︄

, (47)

with p := k of shaft i.
Similarly, for the rigid disk of Sect. 3.2, one obtains

U/p =
[︄

Li11 Li12

Li21 Li22

]︄[︄
0 0

−ω2
ℓ 0

]︄[︄
Ri11 Ri12

Ri21 Ri22

]︄

=
[︄−ω2

ℓLi12Ri11 −ω2
ℓLi12Ri12

−ω2
ℓLi22Ri11 −ω2

ℓLi22Ri12

]︄

, (48)

with p := J of disk i.
The extension to more complex systems follows the same procedure. In all cases, the

sensitivity matrix U/p appears on the right-hand side of the linear problem in Eq. (9). As a
consequence, analyzing the sensitivity of an eigensolution provides direct insight into how
variations in specific parameters influence the system dynamics and can therefore guide
design choices.

As an example, consider the sensitivity with respect to the stiffness of a massless shaft
under free-free boundary conditions. The corresponding boundary-condition matrix is

B =

⎡

⎢
⎢⎢
⎢
⎣

1 0

0 0

0 1

0 0

⎤

⎥
⎥⎥
⎥
⎦

, (49)

so that the sensitivity matrix reduces to

Ū/p =
[︄−Li11Ri21/k2 0

−Li21Ri21/k2 0

]︄

, (50)

and the right-hand side of Eq. (9) becomes

−Ū/pzℓ =
{︄

Li11Ri21/k2z̄ℓ1

Li21Ri21/k2z̄ℓ1

}︄

. (51)
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Sensitivities with respect to rigid-disk inertia or under different boundary conditions can be
computed analogously.

If the objective is to minimize the effect of a change in the stiffness of a rod, the optimal
choice is the rod that yields the smallest norm of the corresponding right-hand-side vector.
Conversely, to maximize the effect of a stiffness variation, one should select the rod that
produces the largest norm.

5 Numerical validation and examples

Three numerical examples are presented in this section to verify the proposed approach
and demonstrate its applicability to complex systems. The first example is a two-degree-of-
freedom disk-shaft system to demonstrate the basic concept and verify the eigensensitivity
formulation. The second one is a branched drive train system with only torsional motion,
which illustrates the treatment of branched transfer paths and geometric constraints. The last
one is a six-branched gear system used to assess the applicability of the proposed approach
to complex systems.

5.1 Finite element modeling

For verification and correlation purposes, a simple finite element model of the problems
under study has been developed. Consider a set of kinematic variables θd ∈ ℝ

nd , represent-
ing the rotations of the nd disks, and a set θs ∈ ℝ

ns , representing the rotations of the ns

shafts. Let Jd ∈ℝ
nd×nd be a diagonal matrix containing the inertia moments Ji of the disks,

i = 1, . . . , nd , and Ks ∈ ℝ
ns×ns a diagonal matrix containing the torsional stiffness coeffi-

cients GJj/ℓj of the shafts, j = 1, . . . , ns . Let Td ∈ ℝ
nd×n be the matrix that maps the disk

rotations to the n independent generalized coordinates q ∈ ℝn, such that θd = Tdq. In par-
ticular, if the rotation of disk j is related to that of disk i by the gear ratio ni,j , then Tdi,i

= 1
and Tdj,i

= ni,j . Similarly, let Bs ∈ ℝ
ns×n be the relative rotation matrix such that θs = Bsq;

if shaft k connects disks i and j , then Bsk,i
= −1 and Bsk,j

= 1.
Defining J = TT

dJdTd and K = BT
s KsBs , the structural dynamics problem reads

Jq̈ + Kq = 0, (52)

and the associated generalized eigenproblem is

(︁−ω2J + K
)︁

q = 0. (53)

This can be cast as a nonlinear problem by introducing the eigenvector normalization con-
dition

nHq = 1, (54)

where the normalization vector n is analogous to that discussed in Sect. 2.2. The correspond-
ing sensitivity problem for the eigensolution {ωℓ,qℓ}, assuming unit multiplicity, is given
by

[︄−ω2
ℓJ + K −2ωℓJqℓ

nH 0

]︄{︄
qℓ/p

ωℓ/p

}︄

=
{︄− (︁−ω2

ℓJ/p + K/p

)︁
qℓ

0

}︄

. (55)
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Fig. 1 Disk-shaft system layout

The sensitivities of the mass and stiffness matrices are J/Ji
= TT

dJd/Ji
Td and K/kj

=
BT

s Ks/kj
Bs , with kj = GJj/ℓj , and Jd/Ji

being all zeros, except for the (i, i) diagonal el-
ement equal to 1, and Ks/kj

being all zeros, except for the (j, j) diagonal element equal
to 1.

5.2 Disk-shaft system

A two-degree-of-freedom disk-shaft system and its topology graph are shown in Fig. 1. The
parameters of the system are given as follows: J1 = 1 kg·m2, J2 = 2 kg·m2, and k = 1 · 104

N·m/rad.
The state vector of the disk-shaft system is

zi =
{︄

θi

Ti

}︄

. (56)

The general equation of the disk-shaft system is

z1 = U1U2U3z3

=

⎡

⎢
⎢
⎣

1 − ω2
J2

k

1

k

ω4
J1J2

k
− ω2J1 − ω2J2 1 − ω2

J1

k

⎤

⎥
⎥
⎦ z3, (57)

where U1 and U3 are constructed according to Eq. (26) and U2 according to Eq. (23). It can
be rewritten as

[︁
U1U2U3 −I

]︁
{︄

z3

z1

}︄

= 0. (58)

Considering free-free boundary conditions, namely

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

θ3

T3

θ1

T1

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=

⎡

⎢
⎢⎢
⎢
⎣

1 0

0 0

0 1

0 0

⎤

⎥
⎥⎥
⎥
⎦

{︄
θ3

θ1

}︄

, (59)
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i.e., T1 = T3 = 0, the eigenproblem becomes

Ūz̄ =

⎡

⎢⎢
⎣

1 − ω2
J2

k
−1

ω4
J1J2

k
− ω2J1 − ω2J2 0

⎤

⎥⎥
⎦

{︄
θ3

θ1

}︄

= 0. (60)

Solving det(Ū) = 0 yields the non-zero solution

ω = ±
⌜⃓

⎷⃓k

(︄
1

J1
+ 1

J2

)︄

, z̄ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

J1
√︂

J 2
1 + J 2

2

− J2
√︂

J 2
1 + J 2

2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, (61)

which evaluates to ω = 122.475 rad/s for the given parameters.
The other eigenfrequency is zero, corresponding to a rigid-body mode,

ω = 0, z̄ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1√
2

1√
2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (62)

According to Sect. 2.2, the sensitivity of the positive eigenfrequency with respect to the
design parameters is

ω/k = 1

2

⌜⃓

⎷⃓1

k

(︄
1

J1
+ 1

J2

)︄

(63a)

ω/J1 = − 1

2J 2
1

⌜⃓
⃓⃓

⎷⃓

k

1

J1
+ 1

J2

(63b)

ω/J2 = − 1

2J 2
2

⌜⃓
⃓⃓

⎷⃓

k

1

J1
+ 1

J2

, (63c)

i.e., the same results one would obtain by directly differentiating Eq. (61).
Substituting the parameter values into Eqs. (63a)–(63c) yields the sensitivity values, as

shown in Table 1. Results obtained by the proposed method are compared with FDM, ap-
plying a disturbance ratio Δp = 10−4p to each parameter separately. The excellent agree-
ment verifies the accuracy of the proposed method; minor discrepancies are attributed to the
perturbation ratio in FDM. Figure 2 illustrates the evolution of the eigenfrequency and its
sensitivities with respect to design parameters.

5.3 Branched drive train system

A branched drive train system and the corresponding topology graph are shown in Fig. 3.
The system parameters are given in Table 2, where ni,j denotes the gear ratio between disks
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Table 1 Disk-shaft system: eigenfrequency sensitivity with respect to design parameters (units are rad/s per
the units of the respective parameters)

Method Eigenfrequency k = 104 N·m/rad J1 = 1 kg·m2 J2 = 2 kg·m2

ω/k , Eq. (63a) ω/J1 , Eq. (63b) ω/J2 , Eq. (63c)

Analytical ω = 122.475 rad/s 6.12372 · 10−3 −40.8248 −10.2062

TMM ω = 122.475 rad/s 6.12372 · 10−3 −40.8248 −10.2062

FDM ω = 122.475 rad/s 6.12375 · 10−3 −40.8250 −10.2063

Fig. 2 Disk-shaft system: eigensolution sensitivities

i and j , such that ωj = ni,jωi . The general equation is

z1 = U1U2U3U4U5z5 + U1U2U3U6U7z7. (64)
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Fig. 3 Branched drive train
system layout

Considering the geometric constraint at the joint, Eq. (64) can be rewritten as

[︄
U1U2U3U4U5 U1U2U3U6U7 −I

Ug1 −Ug2 0

]︄
⎧
⎪⎨

⎪⎩

z5

z7

z1

⎫
⎪⎬

⎪⎭
= 0, (65)

where Ug1 = U3U4U5/n2
2,3 and Ug2 = U3U6U7/n2

2,5 are the transfer matrices used to con-
strain the two branches at the joint.

Considering free-free boundary conditions, namely

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ5

T5

θ7

T7

θ1

T1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢
⎣

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1

0 0 0

⎤

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥
⎦

⎧
⎪⎨

⎪⎩

θ5

θ7

θ1

⎫
⎪⎬

⎪⎭
, (66)

i.e., T1 = T5 = T7 = 0, the eigenproblem becomes

Ūz̄ = 0 =

⎡

⎢⎢⎢
⎣

Ū11 Ū12 −1

Ū21 Ū22 0

Ū31 Ū32 0

⎤

⎥⎥⎥
⎦

⎧
⎪⎨

⎪⎩

z5

z7

z1

⎫
⎪⎬

⎪⎭
, (67)
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Table 2 Branched drive train
system parameters Inertia (kg·m2) Stiffness (103 N·m/rad) Gear ratio

J1, J2, J4, J6 = 2 k1 = 20 n2,3 = 5

J3, J5 = 1 k2, k3 = 5 n2,5 = 10

Table 3 Branched drive train system eigensolutions

Eigenfrequency Normalized disk rotation (rad)

(rad/s) θ1 θ2 θ3 θ4 θ5 θ6

50.000 2.220 · 10−16 1.246 · 10−17 −6.237 · 10−17 0.894 −1.246 · 10−16 −0.447

84.632 −0.267 −0.076 0.378 0.203 0.758 0.406

102.060 −0.961 0.024 −0.121 −0.023 −0.244 −0.047

Fig. 4 Branched drive train system mode shapes

where Ū11 = 1 − σ3 − J4n
2
2,3 ω2

(︃
1
k1

− σ1+σ3−1
k2n2

2,3

)︃
− σ1,

Ū12 = 1 − σ2 − J6n
2
2,5 ω2

(︃
1
k1

− σ1+σ2−1
k3n2

2,5

)︃
− σ1,

Ū21 = σ4 − J1 ω2 − J4n
2
2,3 ω2

(︃
σ4−J1 ω2+σ6

k2n2
2,3

− σ7 + 1

)︃
+ σ6,

Ū22 = σ4 − J1 ω2 − J6n
2
2,5 ω2

(︃
σ4−J1 ω2+σ5

k3n2
2,5

− σ7 + 1

)︃
+ σ5,

Ū31 = − 1
n2

2,3

(︂
J4 ω2

k2
− 1
)︂

, Ū32 = − 1
n2

2,5

(︂
J6 ω2

k3
− 1
)︂

,

and σ1 = J2 ω2/k1, σ2 = J5n
2
2,5 ω2/k1, σ3 = J3n

2
2,3 ω2/k1, σ4 = J2 ω2 (σ7 − 1), σ5 =

J5n
2
2,5 ω2 (σ7 − 1), σ6 = J3n

2
2,3 ω2 (σ7 − 1), σ7 = J1 ω2/k1.

Substituting the parameters from Table 2 yields eigenfrequencies for the first three tor-
sional modes: 50 rad/s, 84.632 rad/s, and 102.06 rad/s. The results are identical to those
obtained by FEM, demonstrating the accuracy of the TMM. The normalized eigenvectors
are shown in Table 3, with the mode shapes illustrated in Fig. 4.

The first mode is dominated by torsional oscillation between θ4 and θ6, with a significant
phase difference, while the rotations of the remaining components are comparably negligi-
ble. The second mode displays a more complex oscillatory pattern, with more participation
of multiple disks. The third mode is dominated by the oscillation of disk J1, indicating its
role in this higher frequency mode.

As the FDM and TMM results are numerically identical, only the TMM results are re-
ported in Table 4, confirming the accuracy of the proposed TMM formulation. Figure 5
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Fig. 5 Branched drive train system: eigenfrequencies and their sensitivities with respect to inertia parameters
J1, J4, J6

shows the frequencies and the corresponding sensitivities with respect to inertia J1, J4, J6.
Figure 6 exhibits the frequencies and the corresponding sensitivities with respect to stiffness
k1, k2, k3.

The sensitivity analysis could provide critical design insights by quantifying the influ-
ence of each parameter on the system’s eigenfrequencies. The analysis demonstrates that
the eigenfrequencies are not uniformly sensitive to all inertial parameters. Instead, a distinct
decoupling of inertial influence is observed, where specific inertias predominantly affect
specific modes. The first eigenfrequency is most sensitive to changes in inertia J4. As shown
in Fig. 5(b), the increase of J4 leads to a marked decrease in ω1. The second eigenfrequency
is especially sensitive to J5 compared with other inertial parameters and J6 to a lesser ex-
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Fig. 6 Branched drive train system: eigenfrequencies and their sensitivities with respect to stiffness parame-
ters k1, k2, k3

tent. The third eigenfrequency ω3 is predominantly governed by J1. As is clearly shown in
Fig. 5(a), ω3 drops rapidly, as J1 increases.

A similar phenomenon is observed for the stiffness parameters in Fig. 6. The first eigen-
frequency is moderately sensitive to k2, while slightly affected by k3 and completely insen-
sitive to k1. The second eigenfrequency is mainly sensitive to k3. It is worth noting that the
stiffness k1 influences both ω2 and ω3. For the early stages of design, if one wishes to shift
a particular natural frequency to avoid resonance, this study identifies the most effective
parameters to modify.
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Fig. 7 Six-branch gear system layout (adapted from [39])

5.4 Six-branched gear system

A six-branched gear system adapted from [39] is considered to verify the applicability of the
proposed formulation to a complex system. The model, shown in Fig. 7, contains multiple
geared branches.

According to the topology of the model, node 1 is selected as the root node, while nodes
8, 22, 36, 50, and 52 are treated as the tip nodes of the five branches. The transfer relation
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from the tip nodes to the root node can be expressed as

[︁
U11 U12 U13 U14 U15 −I

]︁

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

z8

z22

z36

z50

z52

z1

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

= 0, (68)

where U11 = UD1US1UD2US2 · · ·UD7US7UD8,

U12 = UD1US1 · · ·US5UD6UD9US9 · · ·US21UD22,

U13 = UD1US1 · · ·US5UD6UD23US23 · · ·US35UD36,

U14 = UD1US1 · · ·US5UD6UD37US37 · · ·US49UD50,

U15 = UD1US1 · · ·US5UD6UD51US51UD52.

Considering the geometric constraint at node 6, the branch states should satisfy the com-

patibility relations at the geared joint. Without loss of generality, taking the branch con-

nected to node 8 as the reference branch, the geometric constraint can be reformulated as

⎡

⎢
⎢⎢
⎢
⎣

Ug8 −Ug22 0 0 0 0

Ug8 0 −Ug36 0 0 0

Ug8 0 0 −Ug50 0 0

Ug8 0 0 0 −Ug52 0

⎤

⎥
⎥⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

z8

z22

z36

z50

z52

z1

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

= 0, (69)

where Ug8 = US6UD7US7UD8
n2

6,7
, Ug22 = UD9US9···US21UD22

n2
6,9

, Ug36 = UD23US23···US35UD36
n2

6,23
, Ug50 =

UD37US37···US49UD50
n2

6,37
, Ug52 = UD51US51UD52

n2
6,51

.

Combining Eqs. (68) and (69) yields the expanded characteristic equation

U(ω,p)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

z8

z22

z36

z50

z52

z1

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

= 0. (70)

For free-free boundary conditions, the torques at the tip and root nodes vanish, i.e., M8 =
M22 = M36 = M50 = M52 = M1 = 0. Consequently, the corresponding torque components
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Table 5 Six-branch gear system
natural frequencies Mode Present (rad/s) FEM [39] (rad/s) FEM [40] (rad/s)

1 26.8305 26.8301 26.8301

2 78.8965 78.8936 78.8965

3 78.8965 78.8960 78.8965

4 93.6697 93.6692 93.6667

5 103.5667 103.5667 103.5604

can be eliminated from the boundary state vector, yielding
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ8

M8

θ22

M22

θ36

M36

θ50

M50

θ52

M52

θ1

M1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

⎤

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ8

θ22

θ36

θ50

θ52

θ1

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

= Bz̄, (71)

where B is the boundary matrix that retains the torsional displacement components and
eliminates the corresponding torque components under the free-free boundary conditions.

The system transfer equation is converted into the reduced characteristic equation in
terms of the independent boundary coordinates. Solving det(Ū) = 0 yields the non-zero
natural frequencies of the system.

The comparison of the low natural frequencies in Table 5 demonstrates the accuracy
of the present formulation for the six-branch gear system. The frequencies obtained by the
present method agree well with the FEM results reported in [39] and [40]. The maximum rel-
ative deviation is only 0.0061% among the listed modes, indicating that the present method
is capable of accurately computing the dynamic characteristics of complex systems.

Figure 8 shows the corresponding mode shapes of the first five modes. Although the
second and third modes have the same frequency within the reported numerical precision,
their mode shapes are distinct.

For the parameters considered in this study, namely p = Ji or p = ki , the boundary
conditions are independent of p. Therefore,

Ū/p = U/pB, Ū/ω = U/ωB. (72)

Following Sect. 2.2, the relationships for the eigenvector sensitivity ∂ z̄ℓ/∂p and the cor-
responding frequency derivative ωℓ/p are established as follows:

{︃
z̄ℓ/J1

ωℓ/J1

}︃
=
[︃

Ū Ū/ω z̄ℓ

nT 0

]︃−1 {︃−Ū/J1 z̄ℓ

0

}︃
, (73)

{︃
z̄ℓ/k10

ωℓ/k10

}︃
=
[︃

Ū Ū/ωz̄ℓ

nT 0

]︃−1 {︃−Ū/k10 z̄ℓ

0

}︃
. (74)
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Fig. 8 Six-branch gear system: mode shapes
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Fig. 8 (Continued)

Table 6 Six-branch gear system: eigenfrequency sensitivity with respect to the original parameters (units are
rad/s per the units of the respective parameters)

Eigenfreq. ωℓ/J1

J1

ωℓ
ωℓ/J1 ωℓ/k10

k10

ωℓ
ωℓ/k10

ω1 26.8305 −2.216 · 10−4 −3.964 · 10−1 2.731 · 10−9 1.628 · 10−3

ω2 78.8965 0 0 1.379 · 10−6 2.797 · 10−1

ω3 78.8965 0 0 1.726 · 10−7 3.501 · 10−2

ω4 93.6697 −1.421 · 10−7 −7.280 · 10−5 4.325 · 10−7 7.388 · 10−2

ω5 103.5667 0 0 0 0

Selected parameters: J1 = 4.8 × 104 lb · in · s2 and k10 = 1.6 × 107 lb · in/rad.

For p = J1, only the derivative of the disk matrix associated with J1 is nonzero. For
p = k10, only the derivative of the shaft matrix associated with k10 is nonzero. All remaining
element-matrix derivatives vanish. Substituting these element-level derivatives into the sen-
sitivity equation yields the derivatives of the eigensolutions. In this way, both the eigenvalue
variation and the eigenvector variation caused by a parameter perturbation can be evaluated
within the TMM framework.

The inertia J1 and stiffness k10 are selected to illustrate the influence of an inertial pa-
rameter and a stiffness parameter on the eigensolutions. The eigenfrequency and eigenvector
sensitivities with respect to the selected parameters are summarized in Table 6 and Table 7.
The eigensolution sensitivity curves with respect to two representative parameters are shown
in Fig. 9. The frequency variation is reported in terms of the ratio ω∗/ω, while the modal
variation is measured by 1 − MAC, where the superscript (·)∗ denotes the perturbed value
and MAC denotes the modal assurance criterion between the reference and perturbed eigen-
vectors. 1 − MAC remains close to zero when the mode shape is nearly unchanged.

For the inertia parameter J1, the first mode exhibits the highest sensitivity. As J1 in-
creases, the first natural frequency decreases markedly, whereas the remaining modes are
only slightly affected. The corresponding 1 − MAC curve further indicates that the eigen-
vector variation is primarily associated with the first mode. For the stiffness parameter k10,
the second natural frequency is the most sensitive. As k10 increases, the second natural fre-
quency undergoes the largest variation. The fourth mode also shows a visible but weaker
dependence on k10, whereas the remaining modes are nearly unchanged. These results indi-
cate that the proposed approach can accurately predict the low-frequency dynamic charac-
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Table 7 Six-branch gear system: components of eigenvector sensitivity with respect to parameters J1 and
k10

Eigenvector Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

z8/J1 2.929 · 10−8 0 0 1.188 · 10−11 0

z22/J1 2.558 · 10−8 0 0 −1.141 · 10−10 0

z36/J1 2.559 · 10−8 0 0 −1.140 · 10−10 0

z50/J1 2.559 · 10−8 0 0 −1.138 · 10−10 0

z52/J1 2.558 · 10−8 0 0 −1.141 · 10−10 0

z1/J1 −4.441 · 10−8 0 0 −1.119 · 10−9 0

z8/k10 4.726 · 10−12 3.437 · 10−10 0 −1.012 · 10−10 8.447 · 10−16

z22/k10 −2.166 · 10−11 −4.009 · 10−10 1.021 · 10−10 −9.115 · 10−10 −1.371 · 10−15

z36/k10 5.427 · 10−12 −3.229 · 10−10 −5.097 · 10−11 4.834 · 10−10 −1.747 · 10−15

z50/k10 5.426 · 10−12 −4.981 · 10−10 −5.088 · 10−11 4.825 · 10−10 0

z52/k10 5.428 · 10−12 −5.005 · 10−10 −5.103 · 10−11 4.842 · 10−10 0

z1/k10 4.685 · 10−14 8.696 · 10−12 0 −2.539 · 10−12 0

Selected parameters: J1 = 4.8 × 104 lb · in · s2 and k10 = 1.6 × 107 lb · in/rad.

Fig. 9 Six-branch gear system: relative eigenvalue and eigenvector sensitivity with respect to inertia param-
eter J1 and stiffness parameter k10

teristics of the complex system and capture the influence of individual parameters on both
eigenvalues and eigenvectors.
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6 Conclusions

This work presented a sensitivity formulation for transfer-matrix eigenproblems capable of
evaluating eigenvalue, eigenvector, and internal-state sensitivities within a unified frame-
work.

A key aspect of the formulation is the explicit eigenvector normalization strategy, which
removes the intrinsic indeterminacy of the eigenvector sensitivity equations and leads to a
compact augmented system that can be solved efficiently using standard linear factoriza-
tions. The proposed computational procedure avoids the need for explicit null-space con-
structions, spectral decompositions, or singular-value-based treatments of the singular oper-
ator.

The analytical derivation of the direct solution of the singular sensitivity problem pro-
vides additional insight into the mathematical structure of the formulation. Although this
direct solution is not intended as the preferred numerical implementation, it clarifies the role
of the normalization condition and explains the solvability and conditioning properties of
the augmented system adopted in practice.

The proposed approach is verified through several numerical examples of increasing
complexity, demonstrating its applicability to complex systems. The results further show
that the sensitivity of internal states may become significantly amplified along the transfer
chain, even in cases where eigenvalue sensitivities remain comparatively moderate. This
behavior, which is naturally captured by the proposed formulation, is relevant both from a
physical interpretation standpoint and for robust numerical design and optimization proce-
dures.

Because the sensitivity equations reuse intermediate transfer-matrix products already
available during the eigensolution process, the resulting implementation remains well suited
for repeated parametric analyses, continuation procedures, and gradient-based applications.

The present study is limited to non-dissipative systems. Extending the formulation to
complex eigenvalues and damping parameter sensitivities will be considered in future work.

Overall, the work contributes both a practical computational framework and a clearer
structural interpretation of sensitivity propagation in transfer-matrix eigenproblems.

Appendix: Inversion of linear combination of complex singular
matrices

Following [38], where the inversion of the non-singular sum of singular matrices was for-
mulated, the complex-valued problem of Eq. (11b) can be expressed as follows. Consider
the problem

Ã = A + eDfH (A.1)

where, in the context of Sect. 2.2,

A ∈ℂ
n×n := Ū ∈ℂ

n×n (A.2a)

e ∈ℂ
n×k := −Ū/ωz̄ℓ ∈ℂ

n×1 (A.2b)

D ∈ ℂ
k×k := 1

γ
∈ℝ (A.2c)

f ∈ℂ
n×k := n ∈ℝ

n×1, (A.2d)

with n > r ≥ 1 and k = n − r (in the present case, r = n − 1 and k = 1).
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A.1 Singular value decomposition

Consider the complex SVD of matrix A ≡ Ū; then

A = U𝚺VH = [︁Ur Uk

]︁
[︄

𝚺r 0

0 0

]︄[︄
VH

r

VH
k

]︄

= Ur𝚺rVH
r , (A.3)

with Ur ,Vr ∈ ℂ
n×r and Uk,Vk ∈ ℂ

n×k , and UHU = I, VHV = I, which implies UH
r Ur = I,

UH
k Uk = I, and UH

r Uk = 0, and VH
r Vr = I, VH

k Vk = I, and VH
r Vk = 0, and finally 𝚺r ∈ ℝr×r

diagonal, with strictly greater than zero diagonal elements. We can rewrite matrix Ã as

Ã = A + eDfH = Ur𝚺rVH
r + eDfH = [︁Ur e

]︁
[︄

𝚺r 0

0 D

]︄[︄
VH

r

fH

]︄

. (A.4)

Under the assumption that the columns of A and e span ℂ
n, matrix [Ur , e] is invertible; in

fact,
[︄

UH
r

UH
k

]︄
[︁

Ur e
]︁=
[︄

UH
r Ur UH

r e

⟋⟋⟋UH
k Ur UH

k e

]︄

=
[︄

I UH
r e

0 UH
k e

]︄

, (A.5)

i.e.,

[︁
Ur e

]︁−1 =
[︄

I UH
r e

0 UH
k e

]︄−1 [︄
UH

r

UH
k

]︄

=
[︄

UH
r − UH

r e
(︁
UH

k e
)︁−1

UH
k

(︁
UH

k e
)︁−1

UH
k

]︄

. (A.6)

Similarly, under the assumption that the columns of AH and f span ℂ
n, matrix [Vr , f]H is

invertible; in fact,

[︁
Vr f

]︁−H =
[︄

VH
r

fH

]︄−1

=
[︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr Vk

(︁
fHVk

)︁−1
]︂
. (A.7)

The inverse of matrix Ã is thus

Ã−1 =
[︄

VH
r

fH

]︄−1 [︄
𝚺r 0

0 D

]︄−1
[︁

Ur e
]︁−1

=
[︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr Vk

(︁
fHVk

)︁−1
]︂
[︄

𝚺−1
r 0

0 D−1

]︄

×
[︄

UH
r − UH

r e
(︁
UH

k e
)︁−1

UH
k

(︁
UH

k e
)︁−1

UH
k

]︄

=
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂

+ Vk

(︁
fHVk

)︁−1
D−1
(︁
UH

k e
)︁−1

UH
k

= G + xD−1yH, (A.8)
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with

G =
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂
(A.9a)

x = Vk

(︁
fHVk

)︁−1
(A.9b)

y = Uk

(︁
eHUk

)︁−1
. (A.9c)

It is worth noticing that, along the lines of Corollary 1 in [38],

Ax = Ur𝚺r⟋⟋⟋VH
r Vk

(︁
fHVk

)︁−1 = 0 (A.10a)

yHA = (︁UH
k e
)︁−1

⟋⟋⟋UH
k Ur𝚺rVH

r = 0 (A.10b)

Ge =
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂
e

=
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r e − UH
r e
(︁
UH

k e
)︁−1

UH
k e
)︂

=
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r ⎯⎯⎯⎯⎯⎯(︁
UH

r e − UH
r e
)︁= 0 (A.10c)

fHG = fH
(︂

Vr − Vk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂

=
(︂

fHVr − fHVk

(︁
fHVk

)︁−1
fHVr

)︂
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂

=⎯⎯⎯⎯⎯⎯(︁
fHVr − fHVr

)︁
𝚺−1

r

(︂
UH

r − UH
r e
(︁
UH

k e
)︁−1

UH
k

)︂
= 0 (A.10d)

fHx = fHVk

(︁
fHVk

)︁−1 = I (A.10e)

yHe = (︁UH
k e
)︁−1

UH
k e = I. (A.10f)

The property of Eq. (A.10d) is used in Eq. (13b).

A.2 Spectral decomposition

Alternatively, consider the spectral decomposition of the complex matrix A resulting from
its eigenanalysis, namely

A = X𝚲X−1 = X𝚲YH, (A.11)

where X and Y = X−H respectively are the right and left eigenvector matrices and 𝚲 is
the diagonal matrix of the eigenvalues of A, under the assumption that A is diagonalizable.
Matrix A is assumed to be singular; thus, k = n − r eigenvalues are zero. Assuming the r

non-zero eigenvalues are listed first, the spectral decomposition can be rewritten as

A = [︁Xr Xk

]︁
[︄

𝚲r 0

0 0

]︄[︄
YH

r

YH
k

]︄

= Xr𝚲rYH
r (A.12)

with Xr ,Yr ∈ ℂ
n×r and Xk,Yk ∈ ℂ

k×k , and YHX = I, which implies YH
r Xr = I, YH

k Xk = I,
YH

r Xk = 0, and YH
k Xr = 0, and finally 𝚲r ∈ ℂ

r×r diagonal, with non-zero diagonal elements.
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We can rewrite matrix Ã as

Ã = A + eDfH = Xr𝚲rYH
r + eDfH = [︁Xr e

]︁
[︄

𝚲r 0

0 D

]︄[︄
YH

r

fH

]︄

. (A.13)

Under the assumption that the columns of A and e span ℂ
n, matrix [Xr , e] is invertible; in

fact,
[︄

YH
r

YH
k

]︄
[︁

Xr e
]︁=
[︄

YH
r Xr YH

r e

⟋⟋⟋YH
k Xr YH

k e

]︄

=
[︄

I YH
r e

0 YH
k e

]︄

, (A.14)

i.e.,

[︁
Xr e

]︁−1 =
[︄

I YH
r e

0 YH
k e

]︄−1 [︄
YH

r

YH
k

]︄

=
[︄

YH
r − YH

r e
(︁
YH

k e
)︁−1

YH
k

(︁
YH

k e
)︁−1

YH
k

]︄

. (A.15)

Similarly, under the assumption that the columns of AH and f span ℂ
n, matrix [Yr , f]H is

invertible; in fact,

[︁
Yr f

]︁−H =
[︄

YH
r

fH

]︄−1

=
[︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr Xk

(︁
fHXk

)︁−1
]︂
. (A.16)

The inverse of matrix Ã is thus

Ã−1 =
[︄

YH
r

fH

]︄−1 [︄
𝚲r 0

0 D

]︄−1
[︁

Xr e
]︁−1

=
[︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr Xk

(︁
fHXk

)︁−1
]︂
[︄

𝚲−1
r 0

0 D−1

]︄

×
[︄

YH
r − YH

r e
(︁
YH

k e
)︁−1

YH
k

(︁
YH

k e
)︁−1

YH
k

]︄

=
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂

+ Xk

(︁
fHXk

)︁−1
D−1
(︁
YH

k e
)︁−1

YH
k

= G + xD−1yH, (A.17)

with

G =
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂
(A.18a)

x = Xk

(︁
fHXk

)︁−1
(A.18b)

y = Yk

(︁
eHYk

)︁−1
. (A.18c)

The elements of the inverse of matrix Ã from this formulation are identical to those of
Eq. (A.9a)–(A.9c). Nonetheless, it is again worth noticing that, along the lines of Corollary 1
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in [38],

Ax = Xr𝚲r⟋⟋⟋YH
r Xk

(︁
fHXk

)︁−1 = 0 (A.19a)

yHA = (︁YH
k e
)︁−1

⟋⟋⟋YH
k Xr𝚲rYH

r = 0 (A.19b)

Ge =
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂
e

=
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r e − YH
r e
(︁
YH

k e
)︁−1

YH
k e
)︂

=
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r ⎯⎯⎯⎯⎯⎯(︁
YH

r e − YH
r e
)︁= 0 (A.19c)

fHG = fH
(︂

Xr − Xk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂

=
(︂

fHXr − fHXk

(︁
fHXk

)︁−1
fHXr

)︂
𝚲−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂

=⎯⎯⎯⎯⎯⎯(︁
fHXr − fHXr

)︁
𝚺−1

r

(︂
YH

r − YH
r e
(︁
YH

k e
)︁−1

YH
k

)︂
= 0 (A.19d)

fHx = fHXk

(︁
fHXk

)︁−1 = I (A.19e)

yHe = (︁YH
k e
)︁−1

YH
k e = I. (A.19f)

The property of Eq. (A.19d) is used in Eq. (13b).
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