
Computational Mechanics
https://doi.org/10.1007/s00466-026-02829-z

ORIG INAL PAPER

A hybrid reduced-order and high-fidelity Discontinuous Galerkin
Spectral Element framework for large-scale PMUT array simulations

Michelangelo G. Garroni1 · Paola F. Antonietti1 · Ilario Mazzieri1 · Nicola Parolini1 ·Omer M. O. Abdalla2

Received: 18 March 2026 / Revised: 22 June 2026 / Accepted: 7 July 2026
© The Author(s) 2026

Abstract
Piezoelectric Micromachined Ultrasonic Transducers (PMUTs) are essential for next-generation ultrasonic sensing and imag-
ing due to their bidirectional electromechanical behavior, compact design, and compatibility with low-voltage electronics. As
PMUT arrays grow in size and complexity, efficiently modeling their coupled electromechanical-acoustic behavior becomes
increasingly challenging. This work presents a novel computational framework that combines model order reduction with
a Discontinuous Galerkin Spectral Element Method (DG-SEM) paradigm to simulate large PMUT arrays. Each PMUT’s
mechanical behavior is represented using a reduced set of vibration modes, which are coupled to an acoustic domain model to
describe the full array. To further improve efficiency, a secondary acoustic domain is connected via DG interfaces, enabling
non-conforming mesh refinement, with variable approximation order, and accurate wave propagation. The framework is
implemented within the SPectral Elements in Elastodynamics with Discontinuous Galerkin (SPEED) software, an open-
source library. A key contribution of this work is the introduction of a novel parallel computational framework based on
a domain decomposition procedure, high-order polynomial discretizations, METIS graph partitioning, and MPI communi-
cations. This new feature enables efficient large-scale wave propagation simulations involving very large PMUT arrays on
distributed-memory architectures. The proposed methodology addresses key challenges in meshing, supporting high-fidelity
simulations for both PMUT transmission and reception phases. Numerical results demonstrate the framework’s accuracy,
scalability, and efficiency for large PMUT array simulations.
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1 Introduction

Piezoelectricity is the property of certain materials to gener-
ate an electric potential when subjected to mechanical stress
and, conversely, to deform elastically when an electrical
voltage is applied. These phenomena are referred to as the
direct and inverse piezoelectric effects, respectively. InPiezo-
electric Micromachined Ultrasonic Transducers (PMUTs),
this coupled mechanical behavior enables both ultrasonic
wave emission and reception: an applied alternating voltage
induces diaphragm vibrations that radiate acoustic waves,
while incident pressure waves deform the membrane and
generate electrical signals. Thin piezoelectric films such as
Lead Zirconate Titanate (PZT), Aluminum Nitride (AlN),
and Scandium-doped Aluminum Nitride (ScAlN) are com-
monly integrated into multilayer diaphragms to achieve
efficient electromechanical transduction [17].

With technological progress, systems increasinglydemand
higher miniaturization, complexity, and automation. Ultra-
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Fig. 1 Cross-section of a representative PMUT stack, illustrating the
multilayer structure in which each layer has a defined thickness and
distinct material properties

sonic devices have followed this trend, particularly through
the development of Micromachined Ultrasonic Transducers
(MUTs) using Micro-Electro-Mechanical Systems (MEMS)
technology, which allow compact, high-performance sys-
tems [7, 14]. Among them, PMUTs have gained significant
attention due to their advantageous electrical properties
and compatibility with low-voltage electronics [17]. Their
Complementary Metal-Oxide Semiconductor compatibility
enables integration of sensing and control electronics on a
single substrate, supporting the development of miniaturized
and efficient ultrasonic systems [7]. Figure1 provides a rep-
resentation of a multilayered PMUT stack cross-section.

Compared to bulk piezoelectric transducers, PMUTs ben-
efit from batch microfabrication, resulting in compact arrays
with improved yield and reduced cost. In contrast to capac-
itive MUTs, they do not require high bias voltages and
exhibit lower impedance, simplifying electronic interfacing
and improving energy efficiency [7, 14].

These advantages have enabled PMUT arrays to find
applications in medical imaging, fingerprint sensing, sonar,
non-destructive testing, flow measurement, and underwater
communication [7, 14, 17].

As PMUT arrays grow in geometric complexity and face
increasingly demanding operational constraints, the numer-
ical models required to simulate their behavior accurately
become significantly more computationally intensive. Con-
sequently, there is a pressing need to develop innovative
modeling strategies that deliver fast, accurate, and reliable
tools capable of keeping upwith the rapid evolution of PMUT
technology [1].

The multiphysics nature of PMUT operation-combining
structural deformation, piezoelectric coupling, electrical
excitation, and acoustic radiation-makes modeling partic-
ularly challenging. Early analytical formulations based on
classical plate and membrane theories provided closed-form
estimates of resonance frequencies and modal behavior, but
these simplified approaches cannot capturemultilayer stacks,
non-uniform electrode layouts, residual stresses, or fluid
loading effects encountered in practical devices [7, 24].

To overcome these limitations, high-fidelity Finite Ele-
ment Method (FEM) simulations have become the refer-
ence tool for detailed PMUT analysis. Three-dimensional
multiphysics FEM models simultaneously solve structural
mechanics and piezoelectric equations, enabling accurate
prediction of mode shapes, displacement amplitudes, and
electromechanical coupling coefficients across geometric
and material parameters [13, 25]. Symmetry-based reduc-
tions and parametric sweeps are frequently employed to
optimize diaphragm geometry and piezoelectric layer thick-
ness [10, 28]. For realistic performance evaluation, structural
models are often coupled with acoustic domains through
pressure acoustics or fluid–structure interaction formula-
tions. These coupled simulations allow estimation of radiated
pressure fields, radiation impedance, directivity patterns, and
bandwidth in air- or liquid-loaded conditions [11, 22, 24,
30]. Such analyses are crucial for air-coupled sensing and
imaging arrays, where acoustic loading significantly affects
resonance frequency and damping characteristics. Beyond
linear frequency-domain analysis, nonlinear and transient
multiphysics simulations have been explored to investigate
complex dynamic phenomena. Time-domain coupling of
piezoelectric, structural, and fluid equations has been used
to model acoustic streaming and micropump actuation in
ScAlN-based devices, revealing nonlinear mode interactions
and even chaotic behavior under specific excitation regimes
[16, 29]. These studies highlight the limitations of purely
linear modal approximations when operating at large ampli-
tudes.

While full 3Dmultiphysics FEM provides high predictive
accuracy, it becomes prohibitively computationally expen-
sive for large parameter sweeps and extended PMUT arrays.
To address this issue, reduced-ordermodeling strategies have
been developed. Modal superposition techniques project the
electromechanical response onto a truncated basis of dom-
inant eigenmodes extracted from high-fidelity simulations,
significantly reducing computational cost while preserving
accuracy [10, 17]. Equivalent circuit models based onMason
or Butterworth–Van Dyke formalisms [9] offer further sim-
plification by translating electromechanical behavior into
electrical analogs suitable for system-level analysis [8, 28].
At the array level, modeling complexity increases due to
mutual acoustic coupling, mechanical crosstalk, and phase
synchronization effects. Hybrid analytical–numerical formu-
lations and reduced-dimensional acoustic models have been
proposed to approximate inter-element interactions with-
out explicitly resolving all structural degrees of freedom
[8, 20, 31, 33]. Large-domain acoustic simulations typically
incorporate absorbing boundary treatments such as perfectly
matched layers (PMLs) to prevent artificial reflections [6, 12,
15, 32].

Despite substantial progress, key challenges remain: bal-
ancing computational efficiency and predictive accuracy for
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large arrays, accounting for fabrication variability and resid-
ual stresses, capturing nonlinear behavior at high excitation
levels, and ensuring stable acoustic–structure coupling in
time-domain simulations. These limitations motivate the
development of scalable numerical frameworks that combine
model reduction with high-performance wave propagation
solvers.

Unlike existing approaches, which typically rely on either
fully resolved multiphysics models or simplified acoustic
approximations [21], this work introduces a novel com-
putational framework that combines reduced-order PMUT
models, Discontinuous Galerkin (DG)-based acoustic cou-
pling, and large-scale parallel computing. The resulting
methodology enables accurate and scalable simulations of
PMUT arrays with a complexity that is beyond the reach
of current state-of-the-art techniques, see [2]. We consider
an efficient model order reduction approach derived from
[17] to reduce the computational complexity associated
with simulating large PMUT arrays. The proposed novel
framework is based on first solving the three-dimensional
eigenvalue piezoelectric problem on a reference PMUT [2],
from which a reduced set of significant vibration modes is
extracted. Themechanical response of each transducer is then
expressed as a linear combination of thesemodal shapes. The
modal displacements are interpolated within a purely acous-
tic domain that models the PMUT arrays as bi-dimensional
membranes. The proposed framework is implemented and
validated in SPEED [4], an open-source software developed
for large-scale wave propagation phenomena in complex
three-dimensional media. Our framework integrates the Dis-
continuous Galerkin Spectral Element Method (DG-SEM)
with domain decomposition and high-order polynomial
approximation to ensure geometric flexibility and high-order
accuracy. A key contribution of this work is the development
of a distributed-memory parallel implementation, presented
here for the first time, specifically designed to enable large-
scale wave propagation simulations involving very large
PMUT arrays. The framework leverages METIS [19] for
mesh partitioning andMPI for inter-process communication,
while explicit time integration provides excellent scalability
and computational efficiency onHigh-PerformanceComput-
ing (HPC) architectures. The primary challenges addressed
include an optimized mesh generation and partitioning strat-
egy, as well as the optimization of algorithmic operations
to ensure both high-performance and accuracy in the simu-
lations. By improving these aspects, the proposed approach
leads to scalable, high-fidelity modeling of complex PMUT
arrays in both transmission (TX) and reception (RX) phases.

The remainder of this paper is organized as follows. Sec-
tion2 formulates the acoustic problem coupled with the
modal equations of the PMUT, addressing both the trans-

mission and reception scenarios. This section also includes
a discussion on Perfectly Matched Layer (PML) [6, 12],
highlighting its role in eliminating spurious reflections at the
boundaries of the computational domain.

Section 3 presents the numerical discretization of the
coupled problem in both space (using the DG-SEM) and
time with Newmark scheme. Section4 presents the domain
decomposition strategy employed for efficient mesh parti-
tioning, which is critical for handling large-scale PMUT
arrays. Section5 focuses on the implementation optimiza-
tion designed to accelerate computations involving non-
conformingmeshes. Section6presents representative numer-
ical results that validate themethodology and demonstrate its
performance for large PMUT array simulations, and includes
the evaluation of the scalability of the proposed approach on
parallel computing architectures. Finally, in Sect. 7 we draw
some conclusions and discuss future perspectives.

2 Multi-physics problem formulation for
large PMUT array simulations

In this section, we introduce the general formulation of the
coupled problem. Let� = �in∪�out be a three-dimensional
open Lipschitz domain, and T ∈ R

+ be the final time.
The boundary of the acoustic domain � is decomposed as
∂� = �PMUT∪�N∪�ABC, consisting of disjoint�PMUT, �N

and �ABC parts. �PMUT is the portion of the boundary where
the action of PMUTmembranes is accounted for,�N iswhere
homogeneous Neumann conditions are imposed, and �ABC

is the remaining part of the boundary where absorbing con-
dition are considered. Additionally, �I represents an internal
interface between the sub-domain �in and �out, cf. Fig. 2.
The splitting of �in and �out enables the treatment of the
two subdomains as potentially non-conforming regionswhile
simultaneously allowing the assignment of distinct material
properties within each subdomain. Moreover, the possible
inclusion of the subdomain �PML, as it will be described in
the following section, can ensure the proper implementation
of a Perfectly Matched Layer, thereby enabling the effective
absorption of outgoing waves and the mitigation of artificial
reflections at the truncated computational boundary.
In � = �in ∪ �out, with �in ∩ �out = ∅, we consider the
following problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ptt = ∇ · (c2∇ p), in � × (0, T ] ,

pt = p = 0, in � × {0} ,

∇ p · n = 1

c
pt, on �ABC × [0, T ] ,

∇ p · n = 0, on �N × [0, T ] ,

p|�in
= p|�out

, on �I × [0, T ] ,
(
∇ p|�in

− ∇ p|�out

)
· nI = 0, on �I × [0, T ] ,

∇ p · n = fPMUT, on �PMUT × [0, T ] ,

(1)
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Fig. 2 A three-dimensional
view of the domain
decomposition (left) and the
corresponding two-dimensional
slice with boundary labels
(right) for problem (1). For the
sake of completeness, in these
pictures, we consider the
presence of �PML. When
�PML = ∅, then �PML reduces
to �ABC

where p(x, t) denotes the acoustic pressure, κ = ρc2 is
the bulk modulus with ρ = ρ(x) the acoustic density and
c = c(x) is the sound speed in the medium. A first-order
absorbing boundary condition is imposed on �ABC, while a
hard wall boundary condition is set on �N. Continuity of the
pressure and of its normal derivative is imposed on �I. The
terms n and nI represent the unit outer normal to the domain
� and to the domain �in, respectively. The acoustic problem
is thus coupled with the piezo-electro-mechanical problem,
describing the behavior of PMUTs, by the term fPMUT. Due
to the large number ofmembranes typically employed in real-
istic scenarios, solving the full physics of the PMUTsmay be
computationally unaffordable. Thus, it is preferable to con-
sider model order reduction techniques, where the behavior
of bi-dimensional PMUT membranes is described by ordi-
nary differential equations. Here, we consider the model
discussed in [17], where the following steps are considered
to obtain the reduced formulation. For a three-dimensional
PMUT membrane, the constitutive law of piezoelectricity,
written in terms of elastic displacement and electric poten-
tial, is discretized by means of finite elements. Next, a static
condensation procedure is applied to the resulting ODE sys-
tem, cf. [17, Eq. (8)], to get a differential problem of the
form MÜ + KU = 0, where M is the mass matrix and K
is the stiffness matrix of the coupled piezoelectric problem,
and U the unknown membrane displacement. Let us denote
with Um , with m ∈ {1, . . . , Nm}, the array of nodal values
representing the mth piezoelectric displacement eigenmode
of a single, isolated PMUT membrane. These eigenvectors
represent a mass-normalized orthogonal basis, namely:

UT
mMUm = 1, UT

mKUm = ω2
m, ∀m,

UT
n MUm = 0, UT

n KUm = 0, ∀n �= m,

whereωm is the corresponding natural frequency of modem.
When considering an array of Np PMUTs, we denote the

displacement field of the kth PMUT as Uk(x, t), with k ∈
{1, . . . , Np}. It is possible to represent this displacement on

a reduced basis of Nm modal vectors as:

Uk(x, t) =
Nm∑

m=1

qk,m(t)Uk,m(x),

where Uk,m denotes the mth mode shape assigned to the kth
PMUT, and qk,m(t) is the corresponding generalized modal
coordinate. Projecting themechanical balance equations onto
each retained mode, one obtains the ordinary differential
equation for qk,m introduced in [17]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̈k,m = −ω2
k,mqk,m +

∫

γk

pUk,m · n dσ + ηk,mφk , in (0, T ] ,

φk = φk,0(t)1{0≤t≤t̄}(t) + 1

C

∑

m
ηk,mqk,m1{t̄<t≤T }(t), in [0, T ] ,

∇ p · n = −κ
∑

k,m

q̈k,mUk,m · n, on γk × [0, T ] ,

qk,m = q̇k,m = 0, at t = 0.

(2)

The total boundary portion occupied by all PMUTs is given
by �PMUT = ⋃

1≤k≤Np
γk , with γk denoting the boundary

portion occupied specifically by the kth PMUT. In this cou-
pled formulation, φk(t) is a low-voltage activation function,
C is the piezoelectric capacitance of the PMUTs, ωk,m is
the natural frequency of mode m for the kth PMUT, while
ηk,m is the electro-mechanical coupling coefficient relating
the applied potential φk to mode m. Due to their nature,
PMUTs are able to capture both the transmission and recep-
tion phases. Setting t̄ ∈ (0, T ), for t ≤ t̄ the voltage φk,0 is
applied to produce an acoustic pressure, while for t > t̄ it is
directly produced by the pressure on the surface γk .

Remark We stress that the reference eigenmodes Um and
eigenvalues ωm are computed for a single reference PMUT
membrane in a pre-processing phase, as reported in [17].
These are then mapped to the array elements as Uk,m and
ωk,m to serve as the input for the acoustic simulation, as
explained in the sequel.
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2.1 Boundary treatment by Perfectly Matched Layer
conditions

To correctlymodelwave propagation in unbounded domains,
we consider an additional layer�PML attached to�out where
PML conditions are imposed, cf. Fig. 2. Then, in agreement
with [12, 15], we modify the first equation of (1) describing
the acoustic wave propagation as follows

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ptt + α pt + β p = ∇ · (c2∇ p) + ∇ · � − γψ, in �PML × (0, T ] ,

�t = Z1� + c2Z2∇ p + c2Z3∇ψ, in �PML × (0, T ] ,

ψt = p, in �PML × (0, T ] ,

ψ = 0, in �PML × {0} ,

� = 0, in �PML × {0} ,

(3)

where �(x, t) represents the (vector) variable that intro-
duces additional diffusion to the problem, and ψ(x, t) is
an auxiliary variable enabling the formulation of the PML
damping in a purely local differential form in time. The
scalars α = (ζ1 + ζ2 + ζ3), β = (ζ1ζ2 + ζ2ζ3 + ζ3ζ1),
γ = ζ1ζ2ζ3, and the matrices

Z1 = diag(−ζ1,−ζ2,−ζ3),

Z2 = diag(α − 2ζ1, α − 2ζ2, α − 2ζ3),

Z3 = diag(ζ2ζ3, ζ3ζ1, ζ1ζ2),

are related to the specific damping profile ζi (xi ), i ∈ {1, 2, 3}
selected in the three spatial directions. The idea of the PML
equations is to provide additional damping and diffusivity to
the acoustic equation to shrink the waves’ amplitude before
they touch the external boundary of the PML, i.e., �ABC. In
this paper, in agreement with [12], we choose the following
damping profile

ζi (xi ) = ζ̃i

⎛

⎝
(|xi | − hi )

�i
−

sin
(
2π(|xi |−hi )

�i

)

2π

⎞

⎠1{hi≤|xi |≤hi+�i }(xi ),

where for each i th direction, i ∈ {1, 2, 3}, hi denotes half of
the thickness of the propagation domain and �i the thickness
of the PML. The function ζi (xi ) vanishes with continuity
at the interface �PML with the purely acoustic domain, and
the quantity ζ̃i is related to the sound speed c in the acoustic
medium, the thickness of the PML, and the relative reflection
coefficient R of the acoustic wave at the PML interface, as
follows

ζ̃i = c

�i
log

(
1

R

)

, i = 1, 2, 3.

The inverse of the reflection coefficient R has to be selected
large enough to avoid the wave being reflected at the inter-
face, but it has to be kept small enough to have a less

steep function ζi (xi ) in the transition region between the
interface �PML and the end of the PML. In the following,
R ∈ [10−5, 10−4].

The full set of unknowns and parameters defined in Eqs.
(1), (2), and (3) is reported in Table 1.

3 Space discretization: Discontinous
Galerkin Spectral Element Method

The numerical discretization of (1) is based on a DG-SEM,
which allows both for high-order polynomials of SEM and
grid flexibility of the DG method [4] (Fig. 3).

We next discuss the derivation of the DG-SEM formula-
tion by assuming, without loss of generality, that�PML = ∅.
Let � = �in ∪ �out be a polygonal domain and consider
its partition Th = Tin ∪ Tout, s.t. Tin ∩ Tout = ∅ with Tin
and Tout containing hexahedral elements Kin and Kout of
different granularity hin and hout, respectively. By defining
Nin, and Nout, the number of elements in each partitions,

one has Tin =
{
K j
in

}Nin

j=1
and Tout =

{
K j
out

}Nout

j=1
, respec-

tively. Let K̂ = [−1, 1]3 be the reference element, and let
XKa : K̂ → Ka be a trilinear invertible map with posi-
tive Jacobian JKa such that ∀ Ka ∈ Ta, Ka = XKa(K̂ ), for
a = {in, out}, with X−1

Ka
: Ka → K̂ . Next, we define the

internal faces as F = K
j
in ∩ K

k
out for certain j ∈ {1, ..., Nin}

and k ∈ {1, ..., Nout} and collect them in FI . Similarly,

we define the boundary faces F = K
ja
a ∩ ∂� for certain

ja ∈ {1, ..., Na} and collect them in FB . Moreover, we split
FB asFB = FB

N∪FB
ABC∪FB

PMUT, where Neumann, absorb-
ing, and coupling conditions (with PMUT membranes) are
imposed, respectively. Note that boundary faces are compli-
ant with this subdivision.

Consider now two adjacent elements K− ∈ Tout and
K+ ∈ Tin, sharing a face F ∈ FI and define n+ and n−
to be the outward unit normal vectors to the face F from K+
and K−, respectively. Figure4 provides a visual representa-
tion of two adjacent elements.
For each face F ∈ FI and for any sufficiently regular scalar
function u and vector v we define the jump operator [[·]] and
the average operator {{·}} by

{{u}} = 1

2
(u+ + u−), [[u]] = u+n+ + u−n−,

{{v}} = 1

2
(v+ + v−), [[v]] = v+ · n+ + u− · n−,

where± denotes the trace on u and v takenwithin the interior
of K±, respectively. Similarly, for each face F ∈ FB we set
{{u}} = u, [[u]] = un and {{v}} = v, [[v]] = v · n.
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Table 1 The three tables report
the unknowns and the
parameters of Eqs. (1), (2), and
(3) with the corresponding units
of measurement

Unknown Symbol Unit

Pressure p [Pa]

mth modal coordinate qm [m]

Voltage φ [V]

PML auxiliary function ψ [Pa s]

PML auxiliary function � [Pa m s−2]

Acoustic parameter Symbol Unit

PML damping function α, Z1, Z2 [s−1]

PML damping function β, Z3 [s−2]

PML damping function γ [s−3]

Acoustic speed c [m s−1]

PMUTs parameter Symbol Unit

Natural frequency of mode m ωm [rad s−1]

Electro-mechanical coupling coefficient ηm [Cm−1]

Bulk modulus κ [Pa]

Piezoelectric capacitance C [F]

Applied potential φ0 [V]

Fig. 3 Example of mesh employed in the DG-SE approach. Different
mesh sizes and polynomial degrees are employed for �in and �out,
resulting in a non-conforming mesh

Fig. 4 Representation of two adjacent hexahedra K+ and K− with the
shared face F and the corresponding normal vectors n+ and n−

For a = {in, out} we consider the space

V ra
a =

{
v ∈ C0

(
�a

) : v
∣
∣
Ka

◦ X−1
Ka

∈ Qra(K̂ ), ∀Ka ∈ Ta
}

,

where Qra(K̂ ) is the space of polynomials of degree less
than or equal to ra ≥ 1 in each coordinate direction. Next,
we introduce

VDG =
{
v ∈ L2 (�) : v

∣
∣
�a

∈ V ra
a

}
,

and provide the semi-discrete formulation: ∀ t ∈ (0, T ] find
ph = ph(t) ∈ VDG s.t.

m( p̈h, vh) + a(ph, vh) + d( ṗh, vh)

= −κ

Nm∑

m=1

∫

�PMUT

q̈mUm · nvh dσ, ∀ vh ∈ VDG, (4)

with ph(0) = ṗh(0) = 0 and where, for any 1 ≤ m ≤ Nm ,
it holds

q̈m(t) + ω2
mqm(t) =

∫

�PMUT

ph(t)Um · n dσ + ηmφ(t)

∀ t ∈ (0, T ] . (5)
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For any ω, v ∈ VDG, the bilinear forms in (4) are defined as:

m(ω, v) =
∑

Ks∈Tin∪Tout

∫

Ks

ωv d�,

a(ω, v) =
∑

Ks∈Tin∪Tout

∫

Ks

c2∇ω · ∇v d�

−
∑

F∈FI

∫

F
{{c2∇hω}} · [[v]] dσ

−
∑

F∈FI

∫

F
{{c2∇hv}} · [[ω]] dσ

+
∑

F∈FI

∫

F
γF [[ω]] · [[v]] dσ,

d(ω, v) =
∑

F∈FB
ABC

∫

F
cωv dσ,

(6)

(7)

(8)

where ∇h represents the broken gradient and the parameter

γF = αc̄2 max(rin,rout)2

min(hin,hout)
, with c̄ being the harmonic average of

c on F and with α a sufficiently large positive parameter at
our disposal, see, e.g., [5].

3.1 Algebraic formulation and time integration

Let {ψi }Nh
i=1 be the Lagrangian basis functions for VDG, cf.

[3], and setvh(x) = ψi (x), and ph(x, t) = ∑Nh
j=1 p j (t)ψ j (x)

in (6)–(8). Rearranging the terms in matrix form, the semi-
discrete algebraic formulation of problem (4)–(5) reads: for
any t ∈ (0, T ] find p(t) = (p1(t), ..., pNh (t))

T ∈ R
Nh and

q(t) = (q1(t), ..., qm(t))T ∈ R
Nm , s.t.

M p̈(t) + K p(t) + C ṗ(t) = f (q̈(t)),

q̈(t) + Wq(t) = g( p(t), φ(t)),

(9)

(10)

with p(0) = ṗ(0) = 0, q(0) = q̇(0) = 0. In (9),
M ∈ R

Nh×Nh is the diagonal mass matrix associated with
m (·, ·), i.e., the matrix representation of the L2 inner prod-
uct, evaluated with reduced integration, K ∈ R

Nh×Nh is the
stiffness matrix related to a (·, ·), C ∈ R

Nh×Nh is the matrix
encoding the absorbing conditions d (·, ·), while f ∈ R

Nh is
the vector describing the forcing term acting on �PMUT, i.e.,

f i (t) = −κ

Nm∑

m=1

q̈m(t)
∫

�PMUT

Um(t, x) · nψi (x) dσ,

1 ≤ i ≤ Nh . (11)

In (10),W ∈ R
Nm×Nm is thematrixW = diag(ω2

1, ..., ω
2
Nm

)

and g ∈ R
Nm is such that

gm(t) =
Nh∑

j=1

p j (t)
∫

�PMUT

ψ j (x)Um(x) · n dσ

+ηmφ(t) 1 ≤ m ≤ Nm . (12)

Next, we let S ∈ N
+ be the number of sub-intervals of

length �t in which the time interval [0, T ] is divided in such
a way that tn = n�t, n ∈ {0, . . . , S}. Equations (9)–(10)
can be discretized with the following second-order predictor-
corrector Newmark scheme, shown inAlgorithm 1. Note that
a similar scheme is employedwhen a PML boundary is intro-
duced in the computational model.

The Newmark time-integration method is employed with
γ = 1/2 and β = 0. For this choice, the scheme is
second-order accurate, and the corresponding update rela-
tions reduce to the explicit leapfrog formulation. Since
the method is explicit, it is conditionally stable under the
Courant-Friedrichs-Lewy (CFL) condition

�t ≤ KCFL
hmin

max(c(x))
, x ∈ �, (13)

being hmin the minimum Gauss–Legendre–Lobatto node
spacing across all mesh elements [23], and KCFL the CFL
constant to be determined (cf. Sect. 6.1).

Algorithm 1 Newmark time integration scheme

1: Set q0 = q̇0 = q̈0 = 0 and p0 = ṗ0 = p̈0 = 0 and compute the
voltage φ0

2: for n = 0, ..., S do

3: Predictor (PMUT ): set qn+1 ← qn + �t q̇n + 1
2�t2 q̈n

4: Predictor (PMUT ): set q̇n+1 ← q̇n + 1
2�t q̈n

5: Solve (PMUT ): q̈n+1 ← −Wqn+1 + g( pn, φn)

6: Corrector (PMUT ): q̇n+1 ← q̇n+1 + 1
2�t q̈n+1

7: Predictor (acoustic): set pn+1 ← pn + �t ṗn + 1
2�t2 p̈n

8: Predictor (acoustic): set ṗn+1 ← ṗn + 1
2�t p̈n

9: Solve (acoustic): p̈n+1 ← M−1( f (q̈n+1) − K pn+1 −
C ṗn+1)

10: Corrector (acoustic): ṗn+1 ← ṗn+1 + 1
2�t p̈n+1

11: Update: qn ← qn+1, q̇n ← q̇n+1, q̈n ← q̈n+1

12: Update: pn ← pn+1, ṗn ← ṗn+1, p̈n ← p̈n+1

13: end for

4 Parallel implementation strategies for
PMUT simulations

In the context of HPC, achieving competitive runtimes for
large-scale simulations is of paramount importance. This
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requires fully leveraging the computational capabilities of
parallel codes on multi-core clusters. A key challenge in this
context is the efficient distribution of computational work-
load across cores, which often involves adopting domain-
partitioning strategies tailored to the specific requirements
of the simulation. In this work, we address a particularly
challenging load-balancing problem arising from the need to
account formultiple constraints simultaneously. Specifically,
our goal is to balance the computational cost associated with
the

1. boundary conditions for the PMUTs-array;
2. acoustic propagation in �out ∪ �PML;
3. connectivity setup for non matching grids on �I.

Additionally, we aim to ensure that the membranes rep-
resenting the PMUTs, namely the boundary �PMUT, are
not split across multiple cores, as such fragmentation can
degrade both performance and efficiency due to increased
inter-process communication and loss of structural coher-
ence. To this end, we propose a tailored partitioning strategy
that respects the structural integrity of the PMUTs while dis-
tributing the simulation load evenly across processing units.
This approach enhances the scalability of the simulation
framework and ensures efficient utilization of HPC resources
without compromising the accuracy of the underlying dis-
cretization.

4.1 Setup of the computational domain structure

The computational domain considered in the present case
study consists of three main regions. The first one, which
is referred to as inner domain, �in, contains the PMUT
array and constitutes the region of primary geometrical and
physical interest. The second one, which is referred to as
outer domain,�out, represents the acousticwave propagation
region. The third one, �PML, describes the external diffusive
layer where Perfectly Matched Layer conditions are applied
in order to mimic an unbounded medium.

For geometric fidelity and accuracy requirements asso-
ciated with the vibrating membranes, the grid in �in must
be highly refined. Imposing a mesh of comparable resolu-
tion throughout �out would lead to a prohibitive number
of elements-potentially on the order of billions-thus render-
ing the computation intractable with standard computational
resources. To reduce the overall number of degrees of
freedom while preserving the required accuracy near the
membranes, a coarser discretization is therefore adopted in
�out.

Accordingly, the inner and the outer subdomains are
meshed independently, allowing for local refinement in �in

and a coarser mesh in the propagation region �out. Confor-
mity is instead imposed between �out and �PML to ensure a

consistent treatment of the absorbing layer. Theuseof distinct
discretizations in �in and �out results in a globally noncon-
formingmesh. Toproperly couple the two regions, an internal
interface�I is introduced between�in and�out, enabling the
matching of the finer and coarser meshes across the subdo-
main boundary.

4.1.1 Load balancing strategy forÄout ∪ ÄPML

The two domains �out and �PML are partitioned directly
using Metis 5.1.0 [19]. The idea is to exploit multiple times
a Metis routine, namely METIS_PartMeshDual, that
receives as input the set of hexahedra composing the two
regions and returns the ownership of the mesh elements to
the computational cores. The routine can be directly applied
to the full set of mesh elements composing �out and �PML

if the primary interest is to balance the number of hexahedra
among the unit processes. However, in most cases, we will
obtain an unbalanced workload for the processors, since not
all processors will compute the integral terms on FI in (7),
cf. Fig. 5 (left).

To overcome this bottleneck, we first split �out into two
subdomains: �DG containing the hexahedral elements that
share a face with �I and the remaining ones. Next, to equally
distribute elements over processors, we call three times
METIS_PartMeshDual: one for �PML, one for �DG and
one for the remaining part �out \ �DG. Figure5 shows the
�DG layer connected to the outer domain �out (middle) and
a schematic representation of the Metis partition (right).

4.1.2 Mesh generation and load balancing strategy forÄin

The concept behind themesh generation for the inner domain
is to define a set of fundamental unit blocks that can be com-
bined to form the complex membrane pattern of the PMUT
array. In general, the membranes are not arranged in a Carte-
sian x–y grid but are only aligned along the x-direction, as
shown inFig. 6. Ifwedefine row the set ofmembranes aligned
along x and column the set of PMUTs that winds along y,
then each row in the array is offset relative to the previous one
by a distance determined by the pitch of the PMUT, dp, that
is, the distance of the centers of two neighboringmembranes,
see Fig. 6.

While element partitioning for �out ∪�PML is performed
by employing theMetis library, for the inner domain�in, we
consider a different strategy. Indeed, we need a sufficiently
refined mesh for �in to accurately capture the geometry of
the PMUT membranes and to properly resolve the applied
voltage input signal on them. On the other hand we need to
balance among processors: (i) the hexahedral elements that
share a face with �I, (ii) the number of PMUT membranes,
and (iii) the remaining elements. Moreover, an additional
issue to face in simulations involving a large computational
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Fig. 5 Schematic illustration of the outer domain decomposition: non-optimized partitioning (left), DG layer �DG (middle), optimal partitioning
(right). The set of processors is {P1, P2, P3, P4} = {•, •, •, •}. (color figure online)

Fig. 6 Top view of a minimal example of inner domain �in. The ele-
mentary structures originating �in are depicted with different colors.
The circular regions represent the membranes γk belonging to �PMUT,
while the remaining part is �N. (color figure online)

domain is generating and extracting the mesh (to be parti-
tioned) in a single step due to RAM limitations. To account
for all these constraints, the main approach proposed in this
study is to cut themesh into smaller blocks and provide a tool
to merge them into a single mesh directly within the code,
since the number of membranes involved is extremely large,
reaching more than ten thousand PMUTs. Consequently,
generating the completemesh in a single step is often imprac-
tical due to memory limitations and time resources.

The proposed strategy, which simultaneously considers the
constraints imposed byPMUTarrays and the requirements of
load balancing, is to generate a set of elementary files, { f els },

with s ∈ {1, . . . , N el
sub}, each containing the mesh of a sub-

domain of the inner region �in. These subdomains are then
assigned to individual computational processes, which col-
lectively reconstruct the complete array structure. Because
PMUT arrays are designed according to a predefined pat-
tern, multiple processes can adopt the same elementary file,
applying an appropriate coordinate shift to give rise to the
global arrangement. Figure7 (left) provides an example of
how those blocks appear.

In this way, four main constraints are directly satisfied:
the PMUTs are distributed among different cores, keeping
them entirely on the same process unit, the load balance of
the inner domain is guaranteed, the DG faces on the finer
side are well balanced, and the RAM limitation is overcame.
Figure6 illustrates a minimal example of the inner domain,
along with the elementary structures used in its construction.

Next, we detailed the procedure developed to address the
mesh generation and partitioning in �in, when the number
of PMUTs Np is sufficiently large. Let Np,row denote the
number of PMUTs in a row, and let Nblock = Np,row + 1
represent the number of elementary blocks required to form
a complete row in the inner domain. The procedure begins
by verifying that the number of computational cores Nproc

is an integer multiple of Nblock, i.e. Nproc = MNblock with
M ∈ N

+. Upon failure, the system raises an exception in
order to avoid unfavorableworkload imbalances, particularly
within the finer regions of the mesh.

Subsequently, a connectivity structure Ai , for i = 0, ...,
Nproc − 1, is constructed for each process i to define adja-
cency relationships. This ensures that each process i has
precise knowledge of its neighboring domains labeled in Ai ,
and thereby enabling efficient reconstruction of the global
mesh connectivity. As an example, we can retrieve the mesh
depicted in Fig. 6 by setting Nblock = 3, and M = 3 in Fig. 7.
The corresponding blocks Bn,m and the core-ownership Ln,m

of each block, for n = 1, ..., Nblock, m = 1, ..., M , can be
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grouped in the following matrices, respectively:

B =
⎡

⎣
B3,1 B3,2 B3,3

B2,1 B2,2 B2,3

B1,1 B1,2 B1,3

⎤

⎦ , L =
⎡

⎣
2 5 8
1 4 7
0 3 6

⎤

⎦ ,

from which the adjacency structure Ai , ∀i = 0, . . . , 8, is
derived

A0 = [
1 3 4

]
, A1 = [

0 2 3 4 5
]
, A2 = [

1 4 5
]
,

A3 = [
0 1 4 6 7

]
, A4 = [

0 1 2 3 5 6 7 8
]
, A5 = [

1 2 4 7 8
]
,

A6 = [
3 4 7

]
, A7 = [

3 4 5 6 8
]
, A8 = [

4 5 7
]
.

So far, all the elementary files f eli are independent of each
other, due to the fact that nodes, faces, and hexahedra have a
local numeration starting from 1. Then, we need an algorthm
tomerge all elementary blocks and define a global numbering
for the mesh elements. We start by writing all nodes lying on
shared interfaces �s

n,m , for n = 1, ..., Nblock, m = 1, ..., M ,
cf. Fig. 7 (right), in specific files Si , i = 0, ..., Nproc − 1. A
quicksort algorithm orders the nodes according to the coordi-
nates x , y, and z; in this way, the procedure for matching the
nodes’ IDsof different interfaces�s

n,m that represent the same
physical surface is fast and affordable. Notice that this step
must be performed sequentially, and the connectivity struc-
tures Ai provide a way to speed up the procedure. Rank zero
keeps its original identifiers, while all other processes receive
the identifiers of shared nodes from neighboring ranks with
smaller IDs, ensuring that each common node is assigned
a unique identifier and duplicates are removed. This proce-
dure leads to non-continuous local numbering due tomissing
identifiers. A final global renumbering step is then performed
across all mesh files to restore continuity and establish a con-
sistent global numbering of nodes, faces, and elements. The
full procedure is synthetically shown in Algorithm 2.

Algorithm 2 Inner domain partition and merging algorithm
Require: Nproc multiple of Nblock
1: for i ∈ {0, . . . , Nproc − 1} do
2: Construct core-connectivity structure Ai
3: Assign to core i its mesh file f eli
4: Renumber nodes, faces, and elements of f eli
5: Sort and store blocks’ interface nodes in file Si
6: for j in Ai s.t. j < i , i �= 0 do
7: Match nodes in file Si and S j
8: Retain node IDs of file S j and discard IDs in Si
9: end for
10: end for
11: Renumber nodes according to global IDs

5 Fast assembly of interface terms for
non-matching grids

The nonconformity between the inner and outer discretiza-
tions entails the construction of an interface mesh on �I =
∂�in ∩ ∂�out, defined as the geometric intersection of two
hexahedral meshes with different resolutions. The number
of resulting DG interfaces increases with the number of
membranes under consideration. Efficiently identifying and
matching interface elements becomes a critical task before
the numerical solution of the governing equations can be
carried out. While this strategy provides clear advantages in
terms of geometric flexibility and reduction of the number of
degrees of freedom, it also introduces significant challenges.
In particular, a fast neighbor-matching algorithm is required
to determine pairs of elements sharing DG interfaces, with
the dual objective of reducing preprocessing overhead and
improving performance during the time-stepping loop. In
this work, we address these issues and propose an opti-
mized methodology for interface construction and matching
on �I, significantly reducing the computational burden asso-
ciatedwith the intersection process. Note that the intersection
faces F ∈ FI between the coarse and the fine bound-
aries are defined starting from the quadrature nodes located
on the surface with the finer resolution. These quadrature
nodes therefore determine the connectivity between elements
(without explicitly computing the geometric intersection of
the faces), which is a crucial aspect for the evaluation of the
integrals in (7), cf. [18]. In particular, we focus our attention
to the terms in (7) of the form

∫

F
g−(x) f +(x) dσ, (14)

being F = ∂K+ ∩ ∂K− and where superscript ± denotes
the restriction of polynomial functions g and f toK+ or K−,
respectively. To compute the integral in (14), we recall that
every element K of the mesh is the image through a trilinear
map XK of the reference element K̂ = (−1, 1)3. Therefore,
using the change of variables x = XK±(x̂) it holds

∫

F
g−(x) f +(x) dσ

=
∫

F̂
g−(XK−(x̂−

)) f +(XK+(x̂+
))|JXK+ (x̂+

)| dσ̂ ,

being F̂ (a portion of) a face of ∂ K̂ mapped through XK−
or XK+ to F , see Fig. 8. The above integral is thus evaluated

using a suitable quadrature rule with Nq nodes and {ωq}Nq
q=1

weights as follows
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Fig. 7 Schematic representation
of the mesh partitioning into
blocks Bn,m (left) and the
corresponding interfaces �s

n,m ,
with n = 1, . . . , Nblock and
m = 1, . . . , M , used for block
merging (right). The blocks
illustrate the content of the
elementary files f els owned by
the computational processes.
Repetition of these blocks along
the x- and y-directions allows
the computational domain to be
extended to an arbitrary size

∫

F̂
g−(XK−(x̂−

)) f +(XK+(x̂+
))|JXK+ (x̂+

)| dσ̂

≈
Nq∑

q=1

g−(XK−(x̂−
q )) f +(XK+(x̂+

q ))|JXK+ (x̂+
q )|wq

=
Nq∑

q=1

ĝ−(x̂−
q ) f̂ +(x̂+

q )|JXK+ (x̂+
q )|wq ,

where wq , for q = 1, .., Nq are suitable weights and since
g−(xq) = ĝ−(x̂−

q ) and f +(xq) = f̂ +(x̂+
q ).

In our process, we first define xq ∈ F as the image
of quadrature nodes x̂q ∈ F̂ through XK+ , i.e., xq =
XK+(x̂+

q ), and then, we map them back by using XK− to

find x̂−
q ∈ F̂ , i.e., x̂−

q = X−1
K−(xq), cf. Fig. 8. So, in practice,

we implicitly define F and F̂ through quadrature points.
To accelerate the aforementioned computation, informa-

tion regarding element faces ∂K+ and ∂K− in FI is stored
in two separate files. A third file contains the coordinates of a
single vertex of each face ∂K− belonging to Tout. The algo-
rithm for face-matching proceeds as follows: the finer faces

∂K+ loop over their quadrature nodes {xq}Nq
q=1, and look for

the coarser face containing the current node x j .

In this scenario, where hundreds of thousands of faces
appears, to narrow the number of faces among the preselected
ones,wefirst consider all the coarse faces ∂K− whose normal
n− is opposite, up to a tolerance, to that of the current fine face
n+. Hence, the search for the correct neighboring element is
reduced to a smaller set of faces. Then, among the latter,
we consider the ones whose vertex VK− lies within a circu-
lar neighborhood Cr (x j ) of the quadrature node of the finer
face, with radius r = max{diam(∂K−), diam(∂K+)} + ε,
ε > 0. If those conditions are satisfied, the face is selected
among the possible ones intersecting ∂K+.

Finally, to properly find the face ∂K− sharing the node
x j with ∂K+, a Newton–Raphson routine checks whether
the quadrature point lies within the element K−, computing
its reference position in [−1, 1]3. This procedure is shown in
Algorithm 3, and Fig. 9 provides a visual explanation.

Algorithm 3 Face matching procedure
1: Fix tol > 0
2: for ∂K+ s.t. ∂K+ ∩ �I �= ∅ do
3: for xq with q = 1, ..., Nq do
4: for ∂K− s.t. ∂K− ∩ �I �= ∅ do
5: if |n+ + n−| < tol and VK− ∈ Cr (x j ) then
6: Compute reference position x̂ j with the Newton-

Raphson method
7: if x̂ j ∈ [−1, 1]3 then
8: K− is a neighbour of K+
9: end if
10: end if
11: end for
12: end for
13: end for

6 Numerical results

This section presents the numerical results obtained from the
PMUT array simulations. We first consider the case of a sin-
gle PMUT configuration, which serves as a reference case for
the proposed computational model. Once themodel’s consis-
tency is established, we investigate more complex scenarios
involving multi-element PMUT arrays. The simulations are
performed under two distinct operational conditions: a pure
transmission (TX) framework,where the focus is on the emit-
ted acoustic field, and a transmission–reception (TX–RX)
framework, which additionally assesses the PMUTs sensing
and reception capabilities.
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Fig. 8 The figure shows the
physical hexahedra K− and K+,
sharing the common face F ,
together with their quadrature
nodes xq , and the corresponding
reference hexahedra K̂± and
their reference nodes x̂±

q

6.1 Single PMUT excitation in TX phase

The first analysis focuses on a single PMUT, i.e. Np = 1
in (2), operating in transmission mode. An alternating low-
voltage signal of the formφ(t) = A sin(2π f t)g(t) is applied
to the surface of the PMUT, which is free to vibrate over the
upper boundary of the computational domain. The modu-
lation function g(t) is introduced to ensure a smooth onset
and offset of the excitation signal, thereby minimizing spuri-
ous frequency components and numerical artifacts associated
with abrupt signal imposition. The function is defined as fol-
lows:

g(t) = exp(1 − α(Td − t))1{0≤t<Td/2}
+ exp(1 − α(t))1{Td/2≤t≤Td }, (15)

where α(τ) =
(

1 − 2β(τ)1+2n

1 + β(τ)2n

)−2

, with β(τ) =
(2τ/Td − 1) and n = 10. The excitation parameters are
set to an amplitude of A = 1.0V, a driving frequency of
f = 2.5MHz, and a total duration of Td = 5 µs. The imposed
voltage is plotted in Fig. 11 (left). The computational domain
comprises the PMUT surrounded by an acoustic medium for
wave propagation, which extends for 2000 µm both in the
radial and z directions. The radius of the PMUT is 65 µm.
To avoid spurious reflections, first-order absorbing bound-
ary conditions are imposed along the lateral and bottom
boundaries of the acoustic domain, while a hard-wall con-
straint is imposed at the top surface supporting the PMUT
as in (1), cf. Fig. 10. A time step �t = 2 × 10−4 µs and a
second-order polynomial degree in space are selected. The
final time is set to T = 12 µs. Water is employed for both
the inner and outer domains, hence the material density and

Fig. 9 Example of the matching algorithm of DG faces. The red and
blue grids refer to the coarse and fine faces, respectively, and the grey
dots are the Gauss-Legendre quadrature nodes of the finer faces. The
blue-filled face is a representative fine face, and the center x j of the
circle is its quadrature node considered; the red-filled faces are those
selected by the algorithm. Notice that considering only one vertex of the
coarse face instead of all four increases the number of residual faces,
but it avoids excessive RAM consumption. (color figure online)

the velocity of acoustic waves are ρ = 1 × 10−3 kgm−3 and
c = 1481m s−1, respectively. The first three axially sym-
metric modes, i.e., Nm = 3 in (2), are considered.

Figure11 illustrates the temporal profile of the smooth
input voltage applied to the PMUT surface, together with the
resulting pressure excitation at the center of the membrane.
The results are compared with a COMSOL Multiphysics
V6.3 simulation of the PMUT array, where the device is
modeled using a hybrid solid-shell approach: thin passive
layers are represented using 2D first-order shear deforma-

123



Computational Mechanics

Fig. 10 Test case of Sect. 6.1. Mesh configuration used for the single PMUT simulation. Panels a–c show the lateral, top, and zoomed top views,
respectively. The PMUT, highlighted in panel (c), is excited by an input voltage signal applied to its upper surface

Fig. 11 Test case of Sect. 6.1. Time evolution of the input signal imposed on the PMUT surface (left), and output pressure computed at the PMUT
center (right). SPEED and COMSOL signals are in blue and red, respectively. (color figure online)

tion theory shell elements, while the PZT layer and the
silicon substrate are retained as 3D solid elements. Displace-
ment continuity is enforced across shell–solid interfaces.
The front encapsulation is modeled as an acoustic fluid with
impedance-matched properties, and the surrounding acous-
tic domain solves the linearized acoustic wave equation [2].
This configuration provides an accurate approximation of
a full 3D model while reducing computational cost, and
the comparison demonstrates close correspondence between
the two simulation frameworks. It is important to empha-
size that this single-element comparison is intended solely
as an accuracy validation benchmark. For isolated or small-
scale configurations, COMSOL’s specialized local solver
remains highly optimized and faster. However, the primary
advantage of the proposed approach lies in its high scal-
ability within parallelized computing environments. While
large-scale PMUTarray simulations quickly become compu-
tationally unfeasible in COMSOL due to memory limits and
scaling bottlenecks, SPEED leverages parallel architectures
to efficiently handle large-scale, multi-element configura-

tions that are otherwise out of reach (cf. Sects. 6.3 and6.4).
Figure12, instead, provides a visualization of the acoustic
wavefield propagation on an x–y plane extracted at a depth
of z = −1000 µm, together with the temporal evolution of
the pressure at P = (0 µm, 0 µm,−1000 µm). The compar-
ison with COMSOL further confirms the consistency and
agreement between the two simulations.

From a physical standpoint, the output pressure waveform
at the center of the membrane firmly tracks the electrical
excitation during the initial cycles, demonstrating efficient
electromechanical coupling. However, as time progresses,
structural inertia and the acoustic radiation impedance of the
surrounding fluid medium introduce a minor phase lag and
a smooth decaying tail once the electrical excitation ceases.
The spatial wavefield slice in Fig. 12 clearly illustrates the
transition from a highly localized near-field pressure fluctu-
ation directly below the membrane into a classical spherical
acoustic wave as it propagates into the bulk fluid, validating
the model’s ability to capture diffraction limits.
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Fig. 12 Test case of Sect. 6.1. Snapshot at t = 4 µm of a slice in the x–y plane (left), and output pressure computed at the P =
(0 µm, 0 µm,−1000 µm) for SPEED and COMSOL (right)

Fig. 13 Test case of Sect. 6.1. Three dimensional surface plots showing
the time evolution of the PMUTmembrane displacement field U1(x, t)
in µm at three time instants: t1 = 0.0 µs, t2 = 1.0 µs, t3 = 4.0 µs. The

plots show neutral (flat), positive (upward), and negative (downward)
deflections, respectively. The maximum amplitude of the displacement
is 0.0176 µm

To illustrate the dynamic behavior of the structural
response, Fig. 13 presents the reconstructed displacement
field U1(x, t) of the PMUT membrane across three distinct
time instants. At t = 0.0 µs, the membrane resides in its
undeformed state, aligned entirely at the zero-plane. As time
progresses, the spatial evolution driven by the modal coordi-
nates q1,m(t) becomes distinct: at t = 1.0 µs, the membrane
exhibits a uniform upward deflection (U1 ≥ 0), while at
t = 4.0 µs, it transitions into a completely downward dis-
placement phase (U1 ≤ 0). The visual transition between
the positive and negative operational regimes is distinguished
across the three subplots, highlighting the fundamental mode
shape profiles scaling over time.

To validate the numerical stability of the proposed time-
stepping scheme and determine the operational threshold
of the CFL condition in Eq. (13), a parametric analysis
was conducted. Figure14 illustrates the temporal evolu-
tion of the acoustic pressure for different KCFL values. The
results demonstrate that the numerical simulation remains
perfectly stable, maintaining a well-bounded oscillatory
behavior without numerical dissipation, for values up to

KCFL = 0.20526 (represented by the grey curve). However,
a strict stability threshold is encountered immediately there-
after: at KCFL = 0.20527 (indicated by the magenta curve),
high-frequency numerical oscillations rapidly emerge and
grow exponentially around t ≈ 6.5 µs. This sharp transition
into numerical instability clearly identifies the critical CFL
limit for our explicit integration scheme, confirming that the
time step must be strictly bounded below this threshold to
ensure a physically meaningful and stable solution. In our
simulations, we enforce a time step �t = 2 × 10−4 µs, i.e.,
KCFL = 0.13164, to be conservative.

6.2 Single PMUTwith an obstacle in TX-RX phase

In general, PMUTs are designed to be used in both the
transmission and the receivingphases, i.e., to trigger the prop-
agation of the acoustic signal up to a specific target and to
capture the response that they receive back from the target
itself. To this aim, the following simulation deals with both
TX and RX phases.
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Fig. 14 Test case of Sect. 6.1. Stability analysis under varying KCFL.
The simulation remains stable up to the optimal value KCFL = 0.20526
(grey curve), while a marginal increase to KCFL = 0.20527 (magenta
curve) triggers exponential numerical instability near the end of the
simulation timeline. Curves are vertically offset for visual clarity

An obstacle representing the target is put inside the acous-
tic propagation domain as shown in Fig. 15. The setup is the
following: an AC low-voltage φ(t) = A sin(2π f t)h(t) is
used with

h(t) = exp(1 − α(Td − t))1{0≤t≤Td },

where α(τ) is defined as in the test case of Sect. 6.1, with
voltage parameters A = 2.0V, f = 2.5MHz, and a total
duration Td = 1 µs. The acoustic water domain is a cylinder
of radius r = 2000 µm composed of three layers of height
h1 = 3c, h2 = 25 µm, and h3 = 1000 µm, respectively,
where h1 is exactly the distance traveled by the acoustic
wave in a time equivalent to 3Td and c = 1481m s−1 is the
wave speed in water. In this way, the acoustic pressure wave
fully reaches the obstacle with radius robs = 1700 µm placed
at a distance h1 from the PMUT center, and the pressure
is received back from the membrane after a time equiva-
lent to 6Td (see Fig. 16). From time Td up to the final time
T = 12 µs, the PMUT is left in open-circuit conditionwith no
externally applied voltage. The resulting mechanical vibra-
tions and reflected pressure waves induce a voltage across

the electrodes via the direct piezoelectric effect. Absorbing
boundary conditions are imposed on the lateral and bottom
sides of the outer cylinder, while a homogeneous Neumann
condition is enforced on the top side and on the obstacle’s
surface.

Physically, this dual-phase setup mimics an authentic
pulse-echo ultrasonic sensing cycle, tracking both the voltage
and the corresponding pressure computed at the PMUT cen-
ter, as shown in Fig. 16. The open-circuit condition imposed
after the pulse duration Td alters the PMUT behavior, allow-
ing the membrane to transition from an active actuator to a
passive sensor in the receiving phase. From Td up to t = 6Td ,
the voltage amplitude decays progressively as the pressure on
the PMUT surface reduces. The subsequent delay of 6Td cor-
responds exactly to the bidirectional acoustic time-of-flight
through the water layers to the obstacle and back, i.e., 2h1/c.
Consequently, the minor increase in values captured after
t > 6Td in both the voltage and pressure plots, cf. Fig. 16,
provides evidence of the direct piezoelectric effect, where the
reflected acoustic wavefront physically deforms the mechan-
ical layers of the PMUT, transforming structural strain back
into a readable electrical potential. Finally, the reduction in
the reflected peak amplitude relative to the transmitted wave
characterizes the geometric spreading losses and acoustic
energy scattering caused by the finite radius of the cylinder
obstacle.

Figure 17 presents two snapshots of the iso-contours of
the acoustic pressure; the one on the left is a snapshot at
time t = 3Td , where the waves move towards the obstacle
represented in green, while the picture on the right highlights
the pressure waves that reach the PMUT surface at time 6Td
after the reflection.

Figure18 illustrates the reconstructed displacement field
U1(x, t) of the PMUT membrane in the TX-RX configura-
tion at three operational stages. At t1 = 1.0 µs, themembrane
reaches a prominent upward deflection corresponding to
the minimum pressure value of the initial excitation. At
t2 = 6.0 µs, the structural state transitions into a down-
ward deflection phase precisely as the back-reflected acoustic
signal is received. Subsequently, at t3 = 10.2 µs, the mem-

Fig. 15 Test case of Sect. 6.2.
Geometry used for the single
PMUT simulation with an
obstacle in TX-RX phases.
Panels a–c show the geometry
employed, the thickness of the
cylinder layers, and a zoom of a
representative obstacle for
graphical reasons, respectively
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Fig. 16 Test case of Sect. 6.2. Time evolution of the input signal imposed on the PMUT surface (left) with a zoom on the region for t ∈ [5, 10] µs,
and output pressure computed at the PMUT center (right). The time instant t = 6Td is highlighted with a dashed line

Fig. 17 Test case of Sect. 6.2.
Snapshots of the acoustic
pressure waves contour plot: on
the left, the one hitting the
obstacle (in green), on the right,
the one that travels back up to
the PMUT

brane exhibits a secondary positive deflection representing
the point where the returned signal undergoes attenuation
(∼ 1 × 10−4 µm). This comparison directly underscores the
multi-scale amplitude evolution inherent to the complete
transmission-reception cycle.

6.3 Multi-array PMUT simulation

In general, absorbing boundary conditions are well-suited
for simulations where wave propagation is predominantly
orthogonal to the boundary. This approach is particularly
effective when the computational domain is spherical or
cylindrical, namely, when the shape of the boundary matches
the shape of the propagating waves (cf. Sects. 6.1 and 6.2).
However, classical absorbing conditions can lead to undesir-
able internal reflections in domains with corners. Figure19
illustrates the influence of the PML on a single-element array
within a computational domain featuring corners. The two
images correspond to the same simulation performed with
and without �PML. In the absence of this layer, wave reflec-
tions arising at the domain boundaries lead to noticeable

distortions in the wavefront, thereby compromising the accu-
racy of the numerical solution. Conversely, when the PML
is applied in combination with standard absorbing boundary
conditions, spurious reflections are effectively suppressed,
allowing for a smoother andmore physically consistent prop-
agation of acoustic waves within the domain.

Multi-array simulations involve a large number of mem-
branes. This section focuses on the simulation of the 64-
element array, cf. Fig. 21. Each PMUT array consists of 184
membranes arranged in two adjacent columns of 92 each, dis-
tributed according to the configuration illustrated in Fig. 6.
This configuration and the physical parameters used in the
sequel have been taken from [26, 27].

The central idea behind this type of simulation, regardless
of the number of arrays employed, is to define an acous-
tic propagation domain with a Cartesian geometry rather
than a spherical or cylindrical one. Using Cartesian coor-
dinates significantly reduces the total number of degrees
of freedom required for the mesh compared to alternative
geometries. Hard-wall conditions are imposed on the top
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Fig. 18 Test case of Sect. 6.2. Three-dimensional surface plots showing the time evolution of the PMUT membrane displacement field U1(x, t) in
µm for the TX-RX configuration at three time instants: t1 = 1.0 µs, t2 = 6.0 µs, t3 = 10.2 µs

Fig. 19 Test case of Sect. 6.3. Schematic representation of a slice of the
acoustic domain�in∪�out and the surrounding perfectlymatched layer
region �PML. The upper figure corresponds to the simulation without
the PML, while the lower figure shows the solution obtained when the
PML is included. The dashed line represents the interface �PML

surface �N. A Perfectly Matched Layer encloses the compu-
tational domain, with absorbing boundary conditions applied
along the outer boundary �ABC, see Eq. (1). Each array
operates independently; PMUTs in different arrays may be

driven by distinct voltage excitations. In the following sim-
ulation, the applied voltage signal follows the expression in
Eq. (15), with parameters f = 2.5MHz and A = 7.0V,
over a total activation time of Td = 4 µs. All arrays simulta-
neously begin and end the transmission phase. The domain
consists of two regions described in Sect. 4, i.e., an inner and
an outer domain. In the inner region, the material properties
are defined as ρin = 1140 kgm−3 and cin = 1130m s−1. The
outer region corresponds to water, characterized by ρout =
1000 kgm−3 and cout = 1481m s−1. The inner domain has
a thickness of hin = 500 µm. The perfectly matched layer
extends over a distance equal to one wavelength in water,
λw = 592.4 µm, and the overall dimensions of the domain are
lx = 22 874.4 µm, ly = 15 570.64 µm, and lz = 12 940.4 µm
along the x , y, and z directions, respectively. The radius of
the PMUT is rp = 65 µm, and the distance between two
adjacent PMUT centers, known as pitch, is dp = 150 µm.
Figure21 contains the geometrical information of the simu-
lation. The time step of the simulation is �t = 2 × 10−4 µs,
and a second-order polynomial degree in space is considered.
The final time is set to T = 15 µs. The number of elements in
the mesh is 33.8M, and the degrees of freedom are 262.6M.
Figure22 illustrates the membrane excitation after 0.2 µs and

Fig. 20 Test case of Sect. 6.3. Three-dimensional surface plots showing the spatial evolution of the array-centered PMUTs displacement field
Uk(x, t) in µm at two time instants: t1 = 0.4 µs, t2 = 10.4 µs
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the resulting acoustic wave propagation within the computa-
tional domain along the three spatial directions. The pressure
field is accurately capturedwithin the computational domain,
as shown by the alternating pattern of positive and negative
planar pressure waves. Ten probes placed at P = (0, 0, z),
with z ∈ {−500 µm, . . . , −9500 µm}, allow for evaluating
the acoustic pressure signal in both the near and far fields
(see Fig. 23).

The physical implications of scaling up to a 64-element
array are demonstrated in the directional characteristics of the
acoustic field. Unlike the isolated spherical wavefronts pro-
duced by a single PMUT, the closely spaced multi-element
array triggers constructive spatial interference. This origi-
nates a highly directional planar acoustic beam traveling
along the z-axis,which is essential formedical imaging appli-
cations requiring high lateral resolution. This phenomenon
is further highlighted by the probe data in Fig. 23: the probes
nearest to the array (z = −500 µm to −3500 µm) capture
the complex and fluctuating pressure variations character-
istic of the acoustic near-field, where individual element
wavefronts are still interfering. Conversely, at deeper probes
(z > −5500 µm), the signals smooth out into a stable profile,
marking the transition into the acoustic far-field dominated
by steady beam directional propagation and geometric atten-
uation.

To capture the collective array dynamics, Fig. 20 displays
the reconstructed multi-element displacement fieldUk(x, t),
with k ∈ {1, . . . , 16}, across 16 PMUTs in the central ele-
ments of the array at two different time instants: t1 = 0.4 µs
and t2 = 10.4 µs. The plots track the synchronized evolution
of the elements in both an upward and a downward phase.
Notably, while the fully excited elements display synchro-
nized, uniform displacement at t1 (left), the unexcited state
at t2 reveals minor acoustic crosstalk effects visible as resid-
ual, low-amplitudewave propagation across the array (right).

The simulation ran on a high-performance cluster consist-
ing of 40 CPU compute nodes. Each CPU node is configured
with two AMD EPYC 7413 processors, each featuring 24
cores, yielding a total of 96 threads per node. These nodes
are provisioned with 512 GB of RAM each, providing sub-
stantial memory capacity to support large-scale simulations
and data-intensive computations within a parallel computing
framework. By utilizing 21 nodes, and 1935 processes, the
simulation required approximately 12h to complete.

6.4 Performance comparisons and scalability test

A comparative performance analysis was carried out to
evaluate the effectiveness of the DG interface optimization
described in Sect. 5 and to quantify the computational and
communication overhead associated with the evaluation of
the integrals over�PMUT inEqs. (11) and (12), as discussed in
Sect. 4. The first test case employed a computational domain

Fig. 21 Test case of Sect. 6.3. Representation of the three-dimensional
view of the geometry employed for the 64-elements simulation. The
dots represent the probes at which the solution is computed. Notice that
the figure is not scaled

consisting of a 20-element array distributed across 315 pro-
cesses. Two configurations were investigated: one without
DG interface optimization and one with the optimization
enabled. In the absence of DG optimization, the setup of
318698 interfaces required approximately 160 000 s. By con-
trast, enabling DG interface optimization reduced the setup
time to approximately 630 s. This represents a reduction of
more than two orders of magnitude in interface setup time,
underscoring the critical importance of DG optimization
for improving scalability and significantly reducing prepro-
cessing overhead. The second test case was performed on
a computational domain comprising a single-element array
partitioned across 96 processes. In the first configuration, an
arbitrarymesh partitioningwas employed, with no constraint
enforcing the association of an entire PMUT with a single
process. Under this configuration, the solution of Eq. (10)
incurred an inter-process communication cost of approxi-
mately 0.167 s per timestep, arising solely from the exchange
of local contributions to the PMUT’s solution on each pro-
cess with all other processes. This communication overhead
substantially exceeded the pure computational cost, thereby
indicating poor parallel efficiency.

In the second configuration, the tailored partitioning strat-
egy described in Sect. 4 was adopted. This approach resulted
in an average synchronization waiting time of approxi-
mately 0.0008 s per PMUT per timestep for each process,
corresponding to a reduction of more than two orders of
magnitude. It is worth noting that, in the former configu-
ration, increasing either the number of membranes or the
number of processes leads to a corresponding increase in
communication time, whereas in the latter configuration,
the communication cost remains, on average, constant. This
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Fig. 22 Test case of Sect. 6.3.
The figure shows the snapshot
of the surface containing the
PMUTs at time t = 0.2 µs with a
zoom of the middle region (top),
and the solution at time t = 4 µs
depicted over 3 slices (bottom)

behavior is further illustrated by the scalability analysis pre-
sented in the following.

Overall, these results demonstrate that DG interface opti-
mization is essential for reducing preprocessing time in
large-scale simulations, while PMUTs performance is highly
sensitive to communication patterns and domain decom-
position strategies. Inappropriate partitioning can result in
communication-dominated runtimes, thereby severely limit-
ing parallel efficiency. These findings underscore the neces-
sity of balancedmeshpartitioning and efficient data exchange
mechanisms to achieve scalable and efficient parallel perfor-
mance.

Scalability refers to the ability of a computational sys-
tem to maintain or improve performance as workload and
resources increase. In high-performance and parallel com-
puting, it depends on the efficient use of processors, memory,
and communication, requiring well-designed parallel algo-
rithms, effective memory management, and controlled com-
munication overhead to ensure competitive performance. In
the specific context of the problem under investigation, the
main constraints that influence scalability are the ones dis-

Fig. 23 Test case of Sect. 6.3. The figure shows the acoustic pres-
sure computed at ten equispaced points P = (0, 0, z), with z ∈
{−500 µm, . . . , −9500 µm}

cussed in Sect. 4 and can be categorized into three main
factors:

1. PMUTs blocks: the scalability of the system is directly
affected by the configuration and number of PMUT array
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Fig. 24 Test case of Sect. 6.4. The figure shows the theoretical trend
(black) and the real one (blue) of the strong scalability test conducted
across four different simulations (left). The value on the y-axes is nor-

malized with respect to the time t0 of the first simulation. On the right,
the weak scalability test performed on five different simulations (color
figure online)

blocks. As the array size increases, the computational
load associated with the membrane becomes dominant.
Efficient data partitioning and optimized communication
between array elements are therefore essential to main-
tain scalability in large configurations.

2. Acoustic propagation domain: the computational com-
plexity of simulating the acoustic propagation domain
scales with both the spatial resolution and the physical
model. High-resolution domains require finer discretiza-
tion, leading to increased memory usage and processing
demands. Load balancing and domain decomposition
strategies are of paramount importance to ensure that the
computations remain scalable across multiple processes.
Moreover, simulations with the PML enlarge the DOFs
and hence require an additional complexity to be taken
into account.

3. DG interfaces: they represent another critical scalability
constraint. These interfaces govern the communication
and numerical flux exchanges between subdomains. As
the number of hexahedral elements increases, so does the
volume of interfacial data transfer, potentially leading to
communication bottlenecks. Maintaining scalability in
this context requires efficient inter-process communica-
tion schemes andoptimized data structures that ease rapid
access and exchange of boundary information.

Overcoming these challenges requires a combination of algo-
rithmic optimization, advanced parallelization strategies, and
system design to ensure that performance scales effectively
with increasing computational resources. A strong scalabil-
ity test is performed to assess the validity of the approach
discussed in the previous sections. Four simulations are con-
ducted within the same computational domain, exploiting
the cluster of the Mathematical Department of Politecnico

di Milano (DMAT), whose characteristics are reported in
the previous section. The number of processes selected is
22, 44, 88 and 176, respectively. In this way, communica-
tion and load balancing are performed both among processes
within a single node and between different nodes. Figure24
(left) shows the comparison between the theoretical and nor-
malized real-time resources required in the four cases. The
plot in logarithmic scale shows a very good trend compared
to the expected behavior. Moreover, a weak scalability test
was assessed over five different simulations proportionally
increasing both the number of degrees of freedom and the
number of processes, thereby preserving a fixed ratio of
approximately 140000 DOFs per process. Figure24 (right)
shows an almost ideal weak scalability, by holding the exe-
cution timestep constant.

7 Conclusions and future developements

This work presented a comprehensive methodology for the
efficient numerical simulation of large-scale PMUTs arrays,
based on a hybrid approach consisting of model order
reduction techniques and a high-performance Discontinuous
Galerkin Spectral Element framework implemented within
the SPectral Elements in Elastodynamics with Discontin-
uous Galerkin (SPEED) environment. By integrating the
mechanical modal behavior of individual PMUTs into an
acoustic domain discretized through high-order elements,
the proposed approach achieves a balance between accuracy
and computational efficiency. The resulting model success-
fully captures both transmission and reception phenomena,
enabling scalable and high-fidelity simulations of complex
array configurations. The implemented domain decomposi-
tion andoptimization strategies proved effective in enhancing
computational performance, ensuring that the framework
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remains suitable for massively parallel simulations involv-
ing thousands of transducers. The numerical results confirm
the robustness and scalability of the proposed approach,
making it a promising tool for the design and optimization
of next-generation PMUT-based ultrasonic systems. Beyond
the present developments, future work will focus on extend-
ing the current framework to account for thermoacoustic
effects, which are increasingly relevant as PMUTs operate
at higher power densities and within miniaturized environ-
ments. Incorporating thermo-mechanical coupling and heat
generation due to dielectric andmechanical losseswill enable
the study of temperature-induced frequency shifts, perfor-
mance degradation, and thermal noise in PMUT arrays.
Moreover, the integration of nonlinear thermoelastic mod-
els could provide deeper insight into self-heating phenomena
and their influence on both emission and reception behavior.
Such extensions would pave the way toward multiphysics
simulations capable of predicting the full electromechanical–
acoustic–thermal response of PMUT systems under realistic
operational conditions. Ultimately, these developments will
support the design of more reliable, energy-efficient, and
thermally stable ultrasonic microsystems, broadening their
applicability in demanding environments such as biomedical
diagnostics, industrial sensing, and harsh-condition monitor-
ing.
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