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Abstract

Analyzing the nonlinear characteristics of dual-rotor systems under
thermo-mechanical (TM) coupling situations is critical, as operational
conditions should be accurately determined, to avoid potential thermally-
induced failures. This paper proposes the coupled TM model of a dual-
rotor system, which considers multiple nonlinearities and heat generation
of four bearings that couple the mechanical and thermal fields. Heat dis-
sipation controlled by lubricant flow rates is introduced into the model to
simulate different TM coupling degrees. Nonlinear phenomena and stabil-
ity evolution are analyzed by the modified incremental harmonic balance
method (IHB) at primary resonance regions. An increase in TM coupling
degrees can lead to more bifurcation points, resonance regions with lower
frequencies, larger vibration responses, and unstable regions. It can also
transform resonance hysteresis phenomena into more complex nonlinear
phenomena and some saddle-node bifurcation points into Neimark-Sacker
bifurcation points. The reason for these transformations is that the ef-
fective radial clearance (RC) of bearings changes with rotation speed and
thermal expansion. Temperature nonlinearities are induced by the ra-
dial bearing loads and the lubricant viscosity, which are investigated by
various generalized nonlinear thermal forces. These findings can help fur-
ther understand nonlinear coupled TM problems of complex dual-rotor
systems.
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1 Introduction

With the development of the aviation industry, dual-rotor systems have grad-
ually become the basic configuration for the rotating part of aero-engines [1].
Nonlinearities in the system are mainly induced by the bearings, which feature
time-varying nonlinear stiffness, lubricant friction, and cage instability. Non-
linear dynamic characteristic responses of dual-rotor systems, including reso-
nance hysteresis phenomena, hardening/softening characteristics [2], multiple
solutions [3], and vibration response evolution [4] have been analyzed in de-
tail at the primary resonance regions [5] or other combination resonance re-
gions [6, 7]. Besides, rotor systems often operate under the influence of multi-
physical excitation sources. The mechanical field coexists with thermal, fluid,
electro/magnetic fields, and possibly more. Many couplings may occur, such
as torsional-lateral vibration [8], thermo-mechanical (TM) [9], fluid-structure
[10, 11], and electro-mechanical [12] coupling phenomena. Higher operating tem-
peratures are commonplace in many rotor systems. Although rolling bearings
can sustain operating temperatures, their nonlinear stiffness is easily affected
by temperature variation, leading to intricate nonlinear characteristic variations
and vibration problems [13, 14]. Thermally-induced failures may occur in case
of preload change in rolling bearings, insufficient lubricant supply, and harsh
environmental conditions [15]. TM coupling stands as an important concern in
the analysis of optimal operational conditions for dual-rotor systems, owing to
the challenges in discerning the variation patterns of coupling characteristics.

There is a strong need for better modeling of rolling bearings, whose heat
generation is affected by dynamic characteristics and nonlinear stiffness is af-
fected by thermal characteristics, to establish a coupled TM model of a dual-
rotor system. During the last two decades, continuous models refinements ap-
peared in the heat generation and transfer literature. One of the first thermal
models is proposed by Bossmanns and Tu [16]. The analysis in [17] subsequently
examines the impact of bearing assembly tolerance on the spindle bearing com-
pliance, which considers both the Hertzian contact model and the component
deformation of the bearing components with temperature variation. Since then,
various complex coupled TM models have been established for deep-groove ball
bearings [18], cylindrical roller bearings [19], active magnetic bearings [20], foil-
air journal bearings [21], angular contact ball bearings [22], floating ring bearings
[23] and offset-halves journal bearings [24]. Bearing models with more than
two coupled physical fields are presented to analyze skidding behavior, over-
skidding behavior, and other transient nonlinear dynamic behaviors, e.g., the
coupled kinematic-Hertzian contact-thermo-elasto-hydrodynamic model in [25],
the coupled thermo-elasto-hydrodynamic model in [26] and the coupled fluid-
solid-heat model in [27]. Although most of the coupled models mainly focus on
the bearing and assembly components, their development lays the foundation
for investigating the rotor system’s nonlinear TM characteristics.

The analysis of coupled TM problems of rotors starts from one of the pio-
neering works of Goldman and Muszynska [28], which investigates the thermal
effects of rotor-to-stator rub on the rotor system’s vibration response. The TM
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problem is partially coupling-free, considering the slow variation of the thermal
process. A transient TM analysis is carried out in [29] to estimate the turbine
blade tip clearance of a small gas turbine engine. Liu et al. [30] investigated
the nonlinear dynamic characteristics of a computerized numerical control lathe
spindle-bearing system considering thermal effects. The vibration response of
a gear-rotor-bearing system is analyzed with steady-state temperature in [31].
Bifurcation characteristics of a rotor-bearing system are investigated in [32]
with temperature-dependent lubricant viscosity under different temperatures.
A functionally graded shaft-disk rotor system’s dynamic characteristics in the
thermal field are analyzed in [33], which presents the effects of thermo-physical
properties of the material on the vibration responses. All the results show that
the system stiffness and the lubricant viscosity affected by the temperature can
lead to more violent and complex variations in dynamic characteristics. The
nonlinear temperature variations of a dual-rotor system are analyzed in [34],
subjected to the dynamic load of the bearings, which shows the corresponding
nonlinear phenomena in temperature variations. Transient heat transfer and
core temperatures in closed compressor rotors are studied in [35, 36] and val-
idated by experiments. The above-mentioned literature mainly focuses on the
one-way coupling, assuming that the vibration responses and the temperature
affect each other unilaterally.

Due to the requirements for more precise predictions of simultaneous changes
in dynamic and thermal characteristics, some fully coupled TM problems of ro-
tor systems have been investigated since the late 2010s. A dual-rotor gas turbine
engine’s long duration blade loss are simulated in [37], which uses a nonlinear
ball bearing model with the Hertzian contact model and a thermal model with
the thermal expansion of bearing components during the blade loss event. The
effects of surface waviness on heat generation and component deformation of the
touchdown bearing is investigated in [38], based on the rotor supported by a deep
groove ball bearing and a pair of angular contact ball bearings. Effects of angular
ball bearings’ thermal deformations on the optical grinding motorized spindle’s
vibration response are presented in [39] to analyze the spindle-tool assembly
dynamics. Hu et al. [40] used the nonlinear tribo-dynamic model to analyze a
spur gear drive’s temperature rise and tooth wear caused by time-varying fric-
tion under loss-of-lubrication conditions. Based on the thermo-hydrodynamic
lubrication bearing model, Peixoto et al. [41] analyzed the nonlinear dynamic
characteristics of a turbocharger-bearing system. The interaction relationship
among the force, lubrication, and temperature for the rotor-bearing system of
a high-speed train is investigated in [42]. Gao et al. [43] analyzed the nonlinear
coupled TM characteristics of a simplified dual-rotor system with an inter-shaft
bearing by numerical iteration. The analysis of the heat generation and vibra-
tion response of the ball screw feed system is reported in [44]. It shows that
the coupling induces multiple jump phenomena and more bifurcation points in
the system. A closed-loop iterative modeling method is proposed in [45] to in-
vestigate TM characteristics of high-speed motorized spindle systems. Hassini
[46] studied the influence of a hot spot on the dynamic characteristics of a flex-
ible rotor supported by oil journal bearings and conducted spiral vibrations’
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stability discrimination in simulations and experiments. In [9, 47], Chang et
al. analyzed the nonlinear dynamic and thermal coupling characteristics of a
rotor-ball bearing system using a step-by-step iterative method and proposed a
modified incremental harmonic balance (IHB) method for solving coupled TM
problems of rotor-bearing systems in the frequency domain.

Most previous works are limited to the one-way coupling or low-dimensional
models without more than one nonlinear bearing in the rotor system, making
it difficult to investigate the TM coupling phenomena induced by the combined
effects of multiple bearings’ elastic restoring forces and heat generation in prac-
tical engineering applications. Moreover, analyzing the continuous evolution
patterns of nonlinear TM characteristics can be very challenging, since different
TM coupling degrees have not been simulated in literature, and the complex
coupled TM rotor model’s calculation time is unacceptably long caused by the
essentially different velocities of vibration responses and temperature variations
[48]. Besides, the unstable solutions are difficult to obtain, owing to multiple
nonlinearities and a high degree-of-freedom (DoF).

The motivation of this paper is to present a novel coupled TM model of a
dual rotor system with multiple nonlinear bearings. Herein, the two rotors are
supported by four nonlinear bearings, accounting for the influence of thermal
expansion on the bearings’ contact states. Meanwhile, the frictional heat gener-
ated by the bearings is transferred to the rotors, thus coupling the thermal field
with the mechanical field of the system. Based on the model, different TM cou-
pling degrees are simulated through heat dissipation controlled by lubricant flow
rates. The modified IHB method is employed to solve the governing equations of
the coupled TM model, obtaining all periodic solutions, including unstable ones,
which enable us to analyze the nonlinear phenomena and stability evolution in
dynamic and thermal characteristics. New phenomena are found, such as the
transformations from resonance hysteresis phenomena to more complex non-
linear phenomena and from saddle-node bifurcation points to Neimark-Sacker
bifurcation points. The results provide the theoretical foundation for designing
the operational conditions of rotor systems to suppress harmful vibrations and
temperatures.

The paper is organized as follows. In Section 2, the dynamic model of the
dual-rotor system as a discretized one-dimensional continuum is developed using
the finite element (FE) method. In Section 3, the thermal model is developed
using the lumped-parameter thermal network (LPTN) method. In Section 4, the
periodic solutions of the governing equations are computed using the modified
IHB method. In Section 5, the coupled TM dual-rotor system’s nonlinear char-
acteristics are analyzed and discussed. Finally, Section 6 draws the conclusions
and final remarks.

2 Dynamic model of the dual-rotor system

The object of this work is a dual-rotor system with a low-pressure (LP) rotor
and a high-pressure (HP) rotor. The rotors’ compressor disks and turbine disks
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are named as LPC, LPT, HPC and HPT disk, correspondingly. The system
is discretized into 18 dynamic nodes using the FE method (see Fig. 1), as a
discretized one-dimensional continuum. The LP rotor is supported by the 1#
ball bearing (at dynamic node 1), a linear elastic support (at dynamic node
4), the 3# roller bearing (an inter-shaft bearing between dynamic node 8 and
dynamic node 14) and the 4# roller bearing (at dynamic node 11). The HP
rotor is supported by the 2# ball bearing (at dynamic node 12) and the 3#
inter-shaft roller bearing. ω1 is the rotation speed of the LP rotor. ω2 = λω1 is
the rotation speed of the HP rotor, where λ is the speed ratio of the HP rotor
and LP rotor. Note that all bearing models are nonlinear with Hertzian contact
stiffness kb1, kb2, kr3 and kr4 corresponding to the bearing number. Dynamic
node 1’s geometric center is chosen as the coordinate origin O and coordinate
axis Oz aligns with the shaft centerline direction. The motion of each node
can be described with four DoFs: the vertical displacement x, the horizontal
displacement y, the rotational angle θx around the x axis, and the rotational
angle θy around the y axis. Consequently, the dynamic model has 72 DoFs.
During the modeling process, there are assumptions as follows:
• LPC disk, LPT disk, HPC disk, and HPT disk are rigid disks with gyroscopic
effects.
• The shaft element between two adjacent nodes is an annular hollow beam
with equal cross-section, and modeled using the Timoshenko beam model with-
out considering the torsional and axial vibration.
• The inner ring of the bearings and the rotation shaft have an interference fit.
Except for the inter-shaft bearing, the outer rings of bearings are mounted to the
rigid bearing housings. Rolling elements of the bearings do pure rolling between
the inner and outer rings without considering the interaction force between the
rolling element and the cage, the centrifugal force and the gyroscopic effect of
the rolling element.
• For different rotation speeds, the effective radial clearance (RC) of each
bearing vary dynamically under bearing components’ thermal expansion without
considering dimensional variation in other structures. The thermal expansion
of bearings and their assembly parts are linear functions of temperature.

Figure 1: Schematic diagram of the dual-rotor system.
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2.1 Nonlinear bearing models under thermal expansion

Bearings are usually simplified as linear supports or only the inter-shaft bearing
is established as a nonlinear model in the traditional dual-rotor system modeling
process. Although the linear bearing model can analyze dynamic characteristics,
it inevitably ignores the coupling effect between multiple bearing nonlinearities.
Besides, the friction torque of bearings is one of the main sources of heat gen-
eration. Nonlinear bearing models can better reflect the heat generation and
transfer, to further detect nonlinear characteristics under TM coupling.

Structure parameters of the bearing and assembly parts for the 1# ball
bearing and the 3# inter-shaft roller bearing are illustrated in Fig. 2 as the
representations of all bearings. Detailed system parameters are provided in
Appendix A.

Figure 2: Structure parameters of the bearing and assembly parts (a) for the
1# ball bearing. (b) for the 3# inter-shaft roller bearing.

Taking the 1# ball bearing as an example, the deformations of rolling ele-
ments and the inner ring under thermal expansion can be obtained as

ub = Γbdball(Tb − T∞), (1a)

ui = Γidbi(Ti − T∞), (1b)

where Tb, Ti and T∞ are the temperature of rolling elements, the inner ring and
ambient, respectively.

Since the outer rings of bearings are interfered by bearing housings or the
rotation shaft, it cannot expand without limitation. Its radial expansion can be
calculated as [49]

uo =
Γo

3

(1 + µ)dbo
dbo + dh

[(To − T∞)(2dbo + dh) + (Th − T∞)(2dh + dbo)] , (2)

where dh = 2rh, To and Th are the temperatures of the outer ring and the
bearing housing, respectively. For the 3# inter-shaft roller bearing, uo =
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Γo

3
(1+µ)dro

dro+dHP
[(To − T∞)(2dro + dHP) + (THP − T∞)(2dHP + dro)], where dHP = 2rHP

and THP is the temperature of the corresponding high-pressure rotation shaft
element.

The elastic deformation between the kth rolling element (k = 1, 2, · · · , Nball)
and rings under thermal expansion can be expressed as

δk = (x2i−1 − x2o−1) cos θk + (y2i−1 − y2o−1) sin θk − δe, (3)

where i and o denote the node number corresponding to the locations of the
bearing’s inner ring and outer ring, respectively. For example, i = 1 and x2o−1 =
y2o−1 = 0 are for the 1# ball bearing because the bearing housing is mounted
on the ground without deformation. i = 8 and o = 18 are for the 3# inter-shaft
roller bearing.

The effective RC of the bearing can be defined as δe = δ0 + δv. δ0 is the
initial RC. δv = −(ub + ui−uo

2 ) is the RC variation under thermal expansion.
θk = 2π

Nball
(k− 1) + ωct is the angular position of the kth rolling element at any

time t. Nball is the number of rolling elements. The bearing cage’s rotation
speed is expressed as ωc =

dbiωi+dboωo

dbi+dbo
.

The bearings’ elastic restoring forces can be calculated as

[

Fx

Fy

]

= kb1

Nball
∑

k=1

(δk)
n
H(δk)

[

cos θk
sin θk

]

, (4)

where Heaviside function H(·) =

[

1
0

]

(· > 0)
(· ≤ 0)

. The value of coefficient n is

dictated by the bearing contact type, n = 3/2 for ball bearings and n = 10/9
for roller bearings.

The radial bearing loads can be given as

Fb = kb1

Nball
∑

k=1

(δk)
n
H(δk) (5)

for calculating the friction torque to estimate the frictional heat of the system.

2.2 Motion equations

The motion equations of rigid disks are expressed as

Mdq̈d1 +ΩJdq̇d2 = Fd1 + Fgd1,

Mdq̈d2 − ΩJdq̇d1 = Fd2 + Fgd2, (6)

where qd1 =
[

x θx
]T

, qd2 =
[

y θy
]T

, Md =

[

m 0
0 Jd

]

and Jd =
[

0 0
0 Jp

]

. Ω is the rotation speed of the corresponding node. The excitation

force matrices Fd1 and Fd2 are induced by the eccentricities of disks, where the
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forces are written as Fenx = mω2e cosωt and Feny = mω2e sinωt, respectively.
m, e and ω are the mass, eccentricity and rotation speed of disks, respectively.
The excitation force matrices Fgd1 and Fgd2 are induced by the gravity of disks.

The motion equations of rotation shafts are expressed as

Msq̈s1 +ΩJsq̇s2 +Ksqs1 = Fs1 + Fgs1,

Msq̈s2 − ΩJsq̇s1 +Ksqs2 = Fs2 + Fgs2, (7)

where qs1 =
[

x1 θx1 x2 θx2
]T

, qs2 =
[

y1 θy1 y2 θy2
]T

, the matri-
ces Ms, Js and Ks are given in Appendix B. Ω is the rotation speed of the
corresponding node. The excitation force matrices Fs1 and Fs2 consist of the
elastic restoring forces of bearings given in Section 2.1. The excitation force
matrices Fgs1 and Fgs2 are induced by the gravity of rotation shafts.

By combining Eq. (6) and Eq. (7), the motion equations of the system are
expressed as

MMẌM + (CM +ΩJM)ẊM +KMXM + F̂M(X) = FM(t), (8)

where q(t) = [x1 θx1 . . . xn θxn y1 θy1 . . . yn θyn]
T denotes the

generalized coordinate vector, n = nDoFDynamic represents the number of dy-
namic DoFs. ( · ) and ( ·· ) denote derivatives with respect to time t. Ω is
the rotation speed of the corresponding node. The damping matrix CM is a
proportional damping matrix and given by CM = a0MM + a1KM. The non-
linear force matrix F̂M(X) consists of the elastic restoring forces of bearings on
the corresponding node. The harmonic matrix FM(t) consists of eccentricity
excitation forces and gravity of rotors on the corresponding node.

3 Thermal model of the dual-rotor system

The thermal model of the dual-rotor system is developed using the LPTN
method. The thermal field of the system is discretized into 66 isothermal el-
ements represented by thermal nodes (see Fig. 3). Hence, the thermal model
is described with 66 DoFs. The heat transfer networks of the bearing and as-
sembly parts for the 1# ball bearing and the 3# inter-shaft roller bearing are
illustrated in Fig. 4 as the representations of all thermal resistance connection
cases among the isothermal elements. Thermal resistances of ambient Ramb,
shaft Rshaft and bearing housing Rhousing are constant thermal resistances, be-
cause they are not time-varying at a fixed rotation speed. On the other hand,
bearing thermal resistances Rbear change with the radial bearing loads. Lubri-
cant thermal resistances Rlub change with the lubricant viscosity. During the
thermal modeling process, there are assumptions as follows:
• The rolling elements, the inner ring and the outer ring of a bearing, are
modeled as three lumped-mass isothermal elements because their Biot number
is small enough (Bi ¡ 0.1).
• The bearing cages do not have separate thermal nodes, and their masses are
added to the rolling elements.
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• The heat of the system comes from the frictional heat generated by multi-
ple bearings without considering the heat transferred to the system from the
combustion chamber or other structures.
• The heat transfer process consists of heat conduction and heat convection
without considering heat radiation at a lower temperature.

Figure 3: Thermal node distribution of the dual-rotor system.

Figure 4: Heat transfer networks of the bearing and assembly parts (a) for the
1# ball bearing. (b) for the 3# inter-shaft roller bearing.
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3.1 Heat generation of bearings

The total friction torque of bearings is given by [50]

M = Ml +Mv, (9)

where friction torques Ml and Mv are estimated as

Ml = flFbDm, (10)

Mv =

{

10−7fv(νn)
2/3

Dm
3

160× 10−7fvDm
3

νn ≥ 2000
νn < 2000

, (11)

where fl and fv are coefficients corresponding to the bearing design and lubri-
cant type. Dm is the bearing’s pitch diameter, and n = 60

2π |ωi − ωo|.
Lubricant’s viscosity-temperature relationship can be estimated as [51]

ν = ν0e
−β(TL−TL0), (12)

where ν0 is the initial viscosity at the initial temperature of lubricant TL0.
The heat generation of bearings can be expressed as

Qgl = 10−3|ωi − ωo|Ml, (13a)

Qgv = 10−3|ωi − ωo|Mv, (13b)

Qg = Qgl +Qgv, (13c)

where Qgl and Qgv are frictional heat from the load and the lubricant, respec-
tively. Qg is in watt.

3.2 Heat dissipation of lubricants

The heat efflux of the system mainly includes the direct heat dissipation during
the flow of lubricants and the heat transfer to the environment. The process of
heat dissipation of lubricants can be modeled at corresponding nodes (thermal
node 63 to 66) and be expressed as

Qd = −ρlqlcl(TL − TL∞), (14)

where ql is the lubricant flow rate of the system, TL∞ is the lubricant cooling
temperature of the system, and the unit of Qd is watt.

3.3 Thermal resistances

Thermal resistances are important to investigate the heat transfer process. For
ball bearings, thermal resistances between a single rolling element and rings can
be estimated as [52]

Rone =
1

4kDballa
Ψ+

1

4kDringa
Ψ, (15)
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where Ψ = 2
πK1(e,

π
2 ), K1(e,

π
2 ) and a denotes the elliptical contact area’s com-

plete elliptic integral of the first kind and semi-major axis, respectively.
For roller bearings, it can be similarly estimated as

Rone =
2aroller
πkDroller

frec(ε) +
2aroller
πkDring

frec(ε), (16)

where frec(ε) = sinh−1 1
ε + 1

ε sinh
−1 ε + ε

3

[

1 + 1
ε3 −

(

1 + 1
ε2

)3/2
]

, ε = aroller

2b ,

aroller is the length of the rectangle contact area, and b is the rectangle contact
area’s semi-width.

Due to the connection of Rone being in parallel, we can obtain equivalent
thermal resistances as

Rbi =
Rone

bi

nb
, (17a)

Rbo =
Rone

bo

nb
, (17b)

where nb denotes the average number of loaded rolling elements.
The system’s other thermal resistances can be estimated using the formulas

in Table 1. Herein, Rin and Rout are annular structures’ internal and external
radius. L denotes the structure’s characteristic length. S and A denote the area
of heat conduction and heat convection, respectively. Convective heat transfer
coefficient h is given by experiments or the Nusselt number Nu in literature.
Re denotes the Reynold number. Pr denotes the Prandtl number. Ta denotes
the Talyor number. us =

1
3ωc and x is the diameter of bearing housings.

Table 1: Thermal resistances of the system.
Resistance types Heat conduction

One-dimensional heat conduction R =
ln(Rout/Rin)

2πkDL

Flat wall heat conduction R = L
kDS

Resistance types Heat convection R = 1
Ah

= 1
A

· L
kl·Nu

Nu between lubricants and balls [50] Nu = 0.33Re0.5Pr0.4

Nu between lubricants and cylinders [53] Nu =
(

0.35 + 0.34Re0.5 + 0.15Re0.58
)

Pr0.3

Nu between lubricants and rings [54] Nu =











2

0.167Ta0.69Pr0.4

0.401Ta0.5Pr0.4

Ta < 41
41 ≤ Ta < 100

100 < Ta

Nu between shafts and ambient [55] Nu =











0.00308Re + 4.432

Re0.37

30.5Re−0.0042

Re<7300
7300 ≤ Re < 9600

9600 ≤ Re

h between lubricants and inner housing [50] h = 0.332kDPr1/3
(

us
νx

)1/2

h between ambient and outer housing [18] h = 15 W/(m2 · K)

3.4 Heat balance equations

The energy balance principle is used to obtain the system’s heat balance equa-
tions. With connection to Nj thermal nodes, the pth thermal node’s equation
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can be expressed as

Nj
∑

j

Tp − Tj

Rp−j
= Qp −mpcp

dTp

dt
, (18)

where Tp, Qp, mp and cp are the temperature, net heat influx, mass and specific
heat capacity of the pth node, respectively.

Note that the heat balance equations should be rewritten into the same form
as the motion equations to be suitable for the solving methodology. To better
represent TM coupling in the governing equations and analyze nonlinear phe-
nomena in thermal characteristics, we define the generalized thermal damping
matrix, generalized thermal stiffness matrix, and generalized nonlinear thermal
force matrix in heat balance equations corresponding to their counterparts in
motion equations. The temperatures, nonlinear thermal resistances, or nonlin-
ear net heat influx at the corresponding thermal nodes calculate generalized
nonlinear thermal forces. Then, the heat balance equations are presented as

CTṪ+KTT+ F̂T(T) = FT, (19)

where the temperature vector is T = [T1 T2 . . . Tp . . . Tn]
T (p = 1 ∼

n), in which n = nDoFThermal represents the number of thermal DoFs. The
generalized thermal damping matrix CT, generalized thermal stiffness matrix
KT are given in Appendix C. The generalized nonlinear thermal force matrix
F̂T(T) consists of generalized nonlinear bearing thermal forces Fbear related to
Rbear, generalized nonlinear lubricant thermal forces Flub related to Rlub, and
generalized nonlinear heat generation/dissipation thermal forces Fheat related
to Qg and Qd. The thermal constant matrix FT consists of the ambient tem-
perature T∞ and the lubricant cooling temperature TL∞ with corresponding
coefficients.

4 Solving Methodology

The modified IHB method, presented by authors in the previous work [9], en-
ables the simultaneous solution of motion and heat balance equations. Herein,
it is utilized to investigate nonlinear characteristics of the coupled TM dual-
rotor system. We further divide the preset error tolerance into the dynamic
and thermal parts, in accordance with the dimensional differences of vibration
responses and temperature variations. It can avoid potential divergence situa-
tions and improve the computational efficiency of the governing equations for
complex systems with a high DoF.
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4.1 Modified IHB method

The method requires a time-scale transform τ = ω1t as

ẊM =
dXM

dτ

dτ

dt
= ω1X

′

M, (20a)

ẌM =
dẊM

dτ

dτ

dt
= ω2

1X
′′

M, (20b)

Ṫ =
dT

dτ

dτ

dt
= ω1T

′

, (20c)

where (
′
) and (

′′
) denote derivatives with respect to dimensionless time τ .

Governing equations are obtained by combining the motion equations Eq.
(8) with the heat balance equations Eq. (19) simultaneously as

ω2
1MX

′′

+ ω1CX
′

+KX+ F̂(X) = F(τ), (21)

where X =

[

XM

T

]

, M =

[

MM

0

]

, C =

[

CM +ΩJM

CT

]

, K =
[

KM

KT

]

, F̂(X) =

[

F̂M(X)

F̂T(T)

]

, F(τ) =

[

FM(τ)
FT

]

.

Expanding Eq. (21) around a trial solution X0 using Taylor expansion as

ω2
1MδX

′′

+ ω1CδX
′

+KδX+ F̃(X0)δX = r, (22)

where δX = X −X0, F̃(X0) =
∂F̂(X)
∂X

∣

∣

∣

X=X0

, r = F(τ) − ω2
1MX

′′

0 − ω1CX
′

0 −

KX0 − F̂(X0).
According to truncated Fourier series, the periodic solution of the ith DoF

can be expressed as

Xi = a0 +
s
∑

j

(aj cos jπ + bj sin jπ) (i = 1 ∼ nDoF), (23)

where s represents the number of periodic solution’s truncated harmonic terms,
determined by the specific dynamic problems of interest. nDoF denotes the
total DoFs of the system (nDoF = nDoFDynamic + nDoFThermal).

Solution vectors X and δX can be denoted as

X = GA, δX = GδA, (24)

whereG = diag
(

D · · · D
)

,D = ( 1 cos τ · · · cos sτ sin τ · · · sin sτ )
denotes the trigonometric basis vector, and diag( · ) denotes diagonal matrix.

A =
[

A1 · · · Ai · · · AnDoF

]T
, δA =

[

δA1 · · · δAi · · · δAnDoF

]T

denotes the Fourier coefficient matrices, whereAi =
[

a0 a1 · · · as b1 · · · bs
]T

i
.

Substituting Eq. (24) into Eq. (22), we can transform the incremental
equations into the algebraic equations

JδA = R. (25)
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The residual vector’s modified solution procedure is given as

R =
1

π

∫ 2π

0

GTGdτηr, (26)

where 1
π

∫ 2π

0
GTGdτ is a constant matrix. η

r denotes the Fourier coefficient
matrix of r.

Jacobian matrix is defined as J = J0+ J̃. The linear part’s modified solution
procedure is given as

J0 =
1

π
ω2
1

∫ 2π

0

DTD
′′

dτ ⊗M+
1

π
ω1

∫ 2π

0

DTD
′

dτ ⊗C+
1

π

∫ 2π

0

DTDdτ ⊗K,

(27)

where ⊗ is the Kronecker product operator. 1
π

∫ 2π

0
DTD

′′

dτ and 1
π

∫ 2π

0
DTD

′

dτ
are constant matrices.

The nonlinear part’s modified solution procedure is given as

J̃ =
1

π

∫ 2π

0

GT(Hη
F̃)Gdτ = SηF̃, (28)

where S = 1
π

∫ 2π

0
DTD ⊗ Edτ is obtained using fast Fourier transformation

(FFT). ηF̃ denotes the Fourier coefficient matrix of F̃ and obtained using the
discrete Fourier transform (DFT) and the inverse Fourier transform (IDFT).

Substituting the trial solution X0 = GA0 to Eq. (25), we can obtain the
first iteration solutions and continually update the Newton-Raphson iterative
procedure

δA(k) = J−1R, A(k+1) = A(k) + δA(k), X(k+1) = GA(k+1), (29)

until the residual vector norms of the dynamic and thermal part are less than
the preset dynamic and thermal error tolerance, respectively. Upon convergence,
the periodic solution of Eq. (21) is given by X = GA.

Herein, the preset error tolerance of the dynamic part is 10−8, and the
thermal part is 10−3.

4.2 Floquet theory

We utilize the Floquet theory, a stability discrimination method, to investigate
the stability evolution and bifurcation characteristics of the system’s nonlinear
phenomena.

The incremental equations Eq. (22) can be rewritten as

H
′

= B(τ)H, (30)

where H =
[

δX δX
′ ]T

. B(τ) is the state matrix and reflects the connection
between the variable vector and its derivative vector.
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According to the Floquet theory, the transition matrix can be defined as

E =

∫ 2π

0

eB(τ)τdτ . (31)

As it is impossible to analytically obtain the transition matrix for rotor
systems modeled by several DoFs [56, 57], we apply the single-iteration pass
(SIP) algorithm to evaluate the transition matrix. For the SIP algorithm, the
transition matrix can be estimated by dividing numerous equal intervals in a
period (each interval should be sufficiently small). Hence, a period T is divided
into Nk intervals denoted by τk. In the kth interval (∆k = τk − τk−1), the state
matrix B(τ) can be replaced by Bk and expressed as

Bk =
1

∆k

∫ τk

τk−1

B(ζ)dζ. (32)

Then, the approximate transition matrix can be obtained by

ESIP =

Nk
∏

k=1

(

I+

Ni
∑

i=1

(∆kBk)
i

i!

)

. (33)

Based on the relationship between the eigenvalues of the transition matrix
and the unit circle in the complex plane, the stability and bifurcation charac-
teristics of each periodic solution can be analyzed as follows:
• If all eigenvalues are inside the unit circle, the periodic solution is stable.
Otherwise, it is unstable.
• If an eigenvalue crosses the unit circle from the positive real number +1,
there exists a transcritical, symmetry-breaking, or saddle-node bifurcation.
• If an eigenvalue crosses the unit circle from the negative real number −1,
there exists a period-doubling bifurcation.
• If a pair of eigenvalues crosses the unit circle from elsewhere, there exists a
Neimark-Sacker bifurcation.

5 Results and discussion

This section demonstrates and analyzes the evolution of the nonlinear dynamic
and thermal characteristics of the dual-rotor system as the TM coupling degree
increases. By setting different lubricant flow rates ql to control the heat dis-
sipation of the system, five TM coupling degrees are simulated as: the lowest,
low, medium, high and highest TM coupling degrees with ql = 20 L/min, ql =
10 L/min, ql = 5 L/min, ql = 2 L/min and ql = 1 L/min, respectively. Unless
otherwise specified, the ambient temperature and the lubricant cooling temper-
ature are both 25 ◦C. Generalized nonlinear thermal forces are further shown
to investigate the nonlinearity sources in thermal characteristics. The effect
of global temperature increase is also investigated by nonlinear characteristic
analysis with a lower lubricant cooling temperature.
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5.1 Selections and convergence analysis of truncated har-

monic terms

The truncation of harmonic terms is a crucial step in applying the modified IHB
method to solve governing equations, as it significantly impacts the accuracy
of the results. To address this, we compared the results obtained by setting
the truncation of harmonic terms from the first-order up to the fourth-order.
Steady-state temperatures after heat balance can be represented by the direct-
current component of harmonic terms. Vibration responses are mainly excited
by F(τ). The nonlinear characteristics of the primary resonance regions are the
focus of our study. Therefore, the frequency components are set as ω1

2 , λω1

2 ,
ω1, λω1 in the case of the first-order truncated harmonic. For the kth-order
truncated harmonic, the frequency components range from ω1

2 to kλω1, and the
trigonometric basis vector D can be set as

D =
(

1 cos 1
2τ cos λ

2 τ cos τ cosλτ cos 2τ cos 2λτ · · · cos kτ cos kλτ
sin 1

2τ sinλ
2 τ sinτ sinλτ sin2τ sin2λτ · · · sinkτ sinkλτ

)

.

(34)

Fig. 5 shows the comparisons of the amplitude-frequency responses and the
temperature variations among different truncated harmonic terms. We select
the 3# inter-shaft roller bearing (dynamic node 8 in Fig. 5(a) and thermal node
58 of its rolling elements in Fig. 5(c)) and the HPC disk (dynamic node 14 in
Fig. 5(b) and thermal node 41 in Fig. 5(d)) as representative positions for the
system.

The vibration response amplitudes of the dynamic nodes are denoted as

Amplitude =

√

√

√

√

∫ T

0

(

(x(t)− x̄)
2
+ (y(t)− ȳ)

2
)

dt

T
, (35)

where x̄ and ȳ are average vertical and horizontal displacements in a time period
T , respectively. It can be found that the vibration responses and temperatures
obtained by the first- and second-order truncated harmonics at the resonant
peaks are larger than those in the other two cases. To further analyze the con-
vergence of truncated harmonic terms, the four sets of points, A, B, C, and
D, corresponding to four different speeds, ω = 400 rad/s, ω = 484 rad/s, ω =
530 rad/s and ω = 584 rad/s, are set, respectively. Fig. 6 presents the resid-
ual comparisons of the governing equations among four selections of truncated
harmonic terms.

The residuals of the governing equations are calculated as

Residual = F(τ)− ω2
1MX

′′

− ω1CX
′

−KX− F̂(X). (36)

As shown in Fig. 6, it can be observed that for the HPC disk, regardless
of whether the rotation speed is near the resonant peaks, the residuals of the
motion equations and heat balance equations always remain at a relatively small
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Figure 5: Result comparisons among four selections of truncated harmonic
terms. (a) and (b) Amplitude-frequency responses of the dynamic node 8 and
14. (c) and (d) Temperature variations of the thermal node 58 and 41.

magnitude. It indicates that setting higher-order truncated harmonics offers
very limited improvement in accuracy. However, for the 3# inter-shaft bearing,
the equations exhibit larger residuals near the resonant peak. Specifically, for
points B1, B3, D1, and D3, the residual magnitude significantly decreases as the
order of truncated harmonics increases, converging at the third-order harmonic.
Considering both computational accuracy and efficiency, subsequent results are
calculated using the third-order truncated harmonic.

On the other hand, by comparing the equation residuals at the two positions,
the 3# inter-shaft bearing and the HPC disk, it can be found that the residuals
for the 3# inter-shaft bearing are consistently many orders of magnitude larger
than those for the HPC disk. This is because the system experiences greater
nonlinear forces at this position. Fig. 7 shows part of the nonlinear forces of the
3# roller bearing, which includes time-varying and average radial bearing loads
and generalized nonlinear heat generation thermal forces. Since the nonlinear
forces are more than two orders of magnitude larger than the corresponding
residuals, these results can be considered acceptable for the dynamic node 8
and the thermal node 58.

5.2 Nonlinear dynamic characteristic analysis

The eccentricity excitation forces of the LP rotor and the HP rotor are the main
reasons for the resonances of the system. The 3# inter-shaft roller bearing
connects the LP rotor and the HP rotor, and its inner ring is located at the
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Figure 6: Residual comparisons of the governing equations among four selections
of truncated harmonic terms. (a) A1, A2, A3 and A4 at ω = 400 rad/s. (b) B1,
B2, B3 and B4 at ω = 484 rad/s. (c) C1, C2, C3 and C4 at ω = 530 rad/s. (d)
D1, D2, D3 and D4 at ω = 584 rad/s.

Figure 7: Part of the nonlinear forces of the 3# roller bearing. (a) Time-varying
and average radial bearing loads at the dynamic node 8. (b) Time-varying and
average generalized nonlinear heat generation thermal forces at the thermal
node 58.
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dynamic node 8, resulting in more significant variations in vibration responses
at this position. Therefore, we select the amplitude-frequency response of the
dynamic node 8 as the representative of all dynamic nodes, to perform a more
comprehensive analysis of the nonlinear dynamic characteristics. In order to
facilitate subsequent analysis, we define δvk, ubk, uik, uok to represent the radial
expansion of rolling elements of the kth bearing, where k = 1, 2, 3, 4 corresponds
to the bearing number.

Let us start the nonlinear dynamic characteristic analysis from the lowest,
low, and medium TM coupling degrees with ql = 20 L/min, ql = 10 L/min
and ql = 5 L/min. Fig. 8(a) shows there are two resonant peaks (RP) in the
amplitude-frequency response curves. As the lubricant flow rate decreases, the
resonant peaks shift towards lower frequencies, and the amplitudes of the vibra-
tion responses become larger. From Fig. 8(b), it can be found the relationship
among the RC variations is δv4 > δv3 > δv1 > δv2 for the lowest TM coupling
degree. The absolute values are all within 1 µm, which means that the thermal
characteristics have little effect on the dynamic characteristics. Particularly,
the RC variations of the 1# ball bearing and 2# ball bearing are still negative
and decrease with rotation speed increase. The situations are opposite for the
3# roller bearing and 4# roller bearing, which is more in line with our un-
derstanding from previous work. In the case of low TM coupling degree, the
relationship among the RC variations is δv4 > δv3 > δv2 > δv1. δv1 and δv2
gradually increase as the rotation speed increases, and the value of δv2 changes
from negative to positive. Continuing to decrease the lubricant flow rate to ql =
5 L/min, the relationship among the RC variations has become δv4 > δv2 > δv1
> δv3. In this case, the effective RCs of all bearings become larger, equivalent
to reducing the stiffness of the bearings.

Fig. 9 shows the nonlinear dynamic characteristics of the system under the
high TM degree. Two bifurcation points (BP) first emerge in Fig. 9(a). BP1

represents the periodic solution where the system transitions from a stable state
(the blue solid line) to an unstable state (the red solid line). Conversely, BP2

represents the periodic solution where the system transitions from an unstable
state to a stable state. In Fig. 9(c), the blue dot represents the start rotation
speed, and the red dot represents the end rotation speed. The gradient color
from blue to red represents the direction of the eigenvalue crossing the unit
circle. According to the Floquet theory, BP1 and BP2 are both saddle-node
bifurcation points. A resonance hysteresis phenomenon and a bi-stable inter-
val are manifested between the rotation speed range corresponding to the two
adjacent bifurcation points. The reason for emerging with the nonlinear phe-
nomenon is that the effective RCs increase rapidly, even more than five times
the initial RCs of the 2# and 4# bearing at ω = 620 rad/s (see Fig. 9(b)).
The relationship among the RC variations remains constant, staying at δv4 >
δv2 > δv1 > δv3. δv1 and δv2 move closer to δv4, and gradually away from δv3
compared with the case of Fig. 8(b).

In the case of ql = 1 L/min, the nonlinear dynamic characteristics for the
highest TM coupling degree undergo further drastic changes, as shown in Fig.
10. Compared with the case of ql = 2 L/min, there first emerges two saddle-
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Figure 8: Nonlinear dynamic characteristics under the lowest, low and medium
TM coupling degrees with ql = 20 L/min, ql = 10 L/min and ql = 5 L/min,
respectively. (a) Amplitude-frequency response of the dynamic node 8. (b) RC
variations of the four bearings.

Figure 9: Nonlinear dynamic characteristics under the high TM coupling degree
with ql = 2 L/min. (a) Amplitude-frequency response of the dynamic node
8. (The blue solid line represents the stable solution, and the red solid line
represents the unstable solution). (b) RC variations of the four bearings. (c)
Relationships between the eigenvalues and the unit circle of the bifurcation
points.
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node bifurcation points BP1 and BP2 near the 2nd RP and exhibits a small
resonance hysteresis phenomenon. The saddle-node bifurcation points in Fig.
9(a) evolve into Neimark-Sacker bifurcation points BP3 and BP4 according to
the manner in which their eigenvalues cross the unit circle (see Fig. 10(c)).
It transforms the bi-stable region to the unstable region with higher vibration
response amplitudes than the value of the resonant peak. From Fig. 10(b) and
Fig. 9(b), it can be found that the effective RCs of the bearings are nearly twice
as much. The RC variation velocity of the 2# ball bearing continues to rise with
the increase in coupling degree, eventually surpassing the 4# ball bearing.

Figure 10: Nonlinear dynamic characteristics under the highest TM coupling
degree with ql = 1 L/min. (a) Amplitude-frequency response of the dynamic
node 8. (The blue solid line represents the stable solution, and the red solid
line represents the unstable solution). (b) RC variations of the four bearings.
(c) Relationships between the eigenvalues and the unit circle of the bifurcation
points.

Particularly, Fig. 11 shows the amplitude-frequency responses of 1# ball
bearing (dynamic node 1). Due to its special position within the system, its
nonlinear dynamic characteristics exhibit more significant changes as the TM
coupling degree increases. The bi-stable interval in Fig. 11(a) has a larger and
broader range of amplitude variations compared to Fig. 9(a). In the case of ql
= 1 L/min, the amplitude of the unstable region at [ωBP3

, ωBP4
] penetrates the

stable region at [ωBP2
, ωBP3

], transforming the resonance hysteresis phenomenon
into the looping phenomena in Fig. 11(b).

Fig. 12 shows the orbits and vibration modes (the zigzag lines go through
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Figure 11: Amplitude-frequency responses of the dynamic node 1 (a) under the
high TM coupling degree with ql = 2 L/min. (b) under the highest TM coupling
degree with ql = 1 L/min. (The blue solid line represents the stable solution,
and the red solid line represents the unstable solution).

the orbits) of the LP rotor and HP rotor at the primary resonant peaks under
different TM coupling degrees. The black upper and lower triangles denote the
locations of the bearings. Due to the consideration of the gravity of the rotors,
the overall vibration response is negative. The HP rotor has the same vibration
modes as the LP rotor behind the linear elastic support (dynamic node 4 to 11)
because of the influence of the inter-shaft bearing force. As the TM coupling
degree increases, the system’s vibrations become more intense, and the dynamic
nodes’ orbits exhibit different degrees of distortion.

As discussed earlier, the RC variations of four bearings can be diverse under
different lubricant flow rates. However, the relationship among the radial ex-
pansion of the rolling elements, the inner ring and the outer ring of each bearing
is still ordered as uo > ui > ub, as shown in Fig. 13. When the radial expansion
of the outer ring is not large enough, resulting in it being less than the sum of
the radial expansion of the rolling elements and the inner ring (see Fig. 13(a)),
the bearings’ RC will manifest as a negative value. Furthermore, this difference
is amplified with the increasing rotation speed, as exhibited in Fig. 8(b). In
Fig. 13(b) and Fig. 13(c), the decrease of the lubricant flow rate rapidly in-
creases the radial expansion of every bearing component, with the outer ring
experiencing the fastest growth.

Fig. 8-13 show the nonlinear dynamic characteristic evolution of the dual-
rotor system under different TM coupling degrees. It can be found that the
higher TM coupling degree will shift the primary resonance regions into a lower
frequency direction and induce larger vibration responses. On the other hand,
as the TM coupling degree increase, the dual-rotor system will emerge with
more bifurcation points and an increased number of, as well as larger, unsta-
ble regions. Sometimes, saddle-node bifurcation points can even transform into
Neimark-Sacker bifurcation points, leading the resonance hysteresis phenom-
ena to more complex nonlinear phenomena. We know that the fundamental
reason for coupled TM effects on the nonlinear dynamic characteristics is the
continuous variation of the effective RC of the bearing with rotation speed. The
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Figure 12: Orbits and vibration modes of the LP rotor and HP rotor at the
primary resonant peaks (a-c) under the lowest, high, and highest TM coupling
degrees with ql = 20 L/min, ql = 2 L/min, and ql = 1 L/min, respectively.

relationship among the RC variations for the four bearings shows that it is not
fixed when the TM coupling degree is not high enough. In the case of sufficient
lubricant flow rate, the relationship is related to the sensitivity of the bearing
to heat variation of the system, which is dependent on the structure parame-
ters, material parameters, and temperatures of bearing components. It is worth
mentioning that δv fluctuates and can even be negative and decrease with rota-
tion speed increase, which does not necessarily have a higher value in the high
rotation speed range or resonant peaks. In the case of insufficient lubricant flow
rate, the relationship among the RC variations stabilizes at the order as δv4 >
δv2 > δv1 > δv3, and δv no longer fluctuates arbitrarily. This is because the TM
coupling degree is high enough, and the temperatures of bearing components
become the dominant determining factor in δv. Understanding the evolution
patterns of the effective RCs, with the increase in TM coupling degrees, can
help determine appropriate lubricant flow rates and safe temperature ranges for
the system, to avoid setting operating speeds in unstable regions.

5.3 Nonlinear thermal characteristic analysis

Before analyzing the nonlinear thermal characteristics of the system, the overall
temperature variations of thermal nodes with rotation speed are demonstrated
in Fig. 14. The maximum value of the temperature at each rotation speed
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Figure 13: Radial expansion of the rolling elements, the inner ring and the outer
ring of the four bearings (a-c) under the lowest, high, and highest TM coupling
degrees with ql = 20 L/min, ql = 2 L/min, and ql = 1 L/min, respectively.
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(including bi-stable regions) is presented in Fig. 14(a) and Fig. 14(b). With
the decrease of lubricant flow rate, the maximum temperature of the system
increases sharply and many thermal nodes have larger temperature variations.
Temperature variations of the four bearings with rotation speed are presented
in Fig. 14(c), which have significant nonlinear phenomena in accordance with
the nonlinear dynamic characteristics (see black square parts). The relationship
is Tb > Ti > To for the 1# and 2# ball bearings. On the other hand, Tb, Ti

and To of the 3# and 4# roller bearings are very close.

Figure 14: Overall temperature variations of thermal nodes with rotation speed
(a) under the lowest TM coupling degree with ql = 20 L/min. (b) under the
highest TM coupling degree with ql = 1 L/min. (c) Temperature variations of
the four bearings with ql = 1 L/min. (d) Temperature sort of thermal nodes at
ω = 620 rad/s with ql = 20 L/min. (e) Temperature sort of thermal nodes at
ω = 620 rad/s with ql = 1 L/min.

To analyze the temperature relationships among various thermal nodes and
assess the effects of lubricant flow rate on the temperature of thermal nodes in
detail, Fig. 14(d) and Fig. 14(e) show temperature sorts of thermal nodes at
ω = 620 rad/s with ql = 20 L/min and ql = 1 L/min. Red numbers represent

25



thermal node numbers. According to the positions of thermal nodes and their
temperature, the thermal sorts can be divided into five parts named A1 ∼ E1

from low to high temperature for ql = 20 L/min, and six parts named A2 ∼ F2

from low to high temperature for ql = 1 L/min. From Fig. 14(d), it can be
found that the rolling elements of the 2# ball bearing (thermal node 55) have the
highest temperature, and the rolling elements of the 1# ball bearing (thermal
node 52) has the second highest temperature. The lubricant temperature of
the 3# roller bearing (thermal node 65) has the lowest temperature. Part A1

includes the inner ring, outer ring, and assembly parts of the 3# roller bearing.
Part B1 includes the lubricant of the 1# ball bearing (thermal node 63), the
HPC disk, the HPT disk, as well as the midsection of the LP and the HP shafts.
Part C1 includes the lubricants of the 4# roller bearing (thermal node 66) and
the 2# ball bearing (thermal node 64), the LPC disk, as well as the inner ring,
outer ring and assembly parts of the 1# ball bearing. Part D1 includes the inner
ring, outer ring, and assembly parts of the 2# ball bearing. Part E1 includes
the LPT disk, as well as the inner ring, outer ring, and assembly parts of the
4# roller bearing.

In summary, the relationship among the temperatures of the system can be
ordered as 4# roller bearing position (E1) > 2# ball bearing position (D1) >
1# ball bearing position (C1) > most part of the LP and the HP shafts (B1) >
3# roller bearing position (A1) in the case of ql = 20 L/min. On the other hand,
the relationship among the temperatures of the rolling elements of the bearings
is 2# ball bearing > 1# ball bearing > 4# roller bearing > 3# roller bearing.
The relationship among the temperatures of the lubricants of the bearings is
2# ball bearing > 4# roller bearing > 1# ball bearing > 3# roller bearing.

For ql = 1 L/min in Fig. 14(e), the highest and the lowest temperatures
occur at the same thermal nodes compared with Fig. 14(d). There have been
some changes in the relationship among the temperatures of the system as 4#
roller bearing position (F2) > 2# ball bearing position (E2) > 1# ball bearing
position (D2) > LPC disk and LPT disk position (C2) > most part of the LP
and the HP shafts (B2) > 3# roller bearing position (A2). The relationship
among the temperatures of the rolling elements of the bearings is 2# ball bearing
> 4# roller bearing > 1# ball bearing > 3# roller bearing. The relationship
among the temperatures of the lubricants of the bearings is 4# roller bearing
> 2# ball bearing > 1# ball bearing > 3# roller bearing. The main effects of
the lubricant flow rate decrease on the system temperature can be summarized
as (1) The temperature of the LPC disk becomes higher than that of the 1#
ball bearing position, the temperature of the LPT disk becomes lower than
that of the 4# roller bearing position. They constitute a new part C2. (2)
Temperature rises of the 4# roller bearing position and 2# ball bearing position
are apparently higher than that of the 1# ball bearing position and 3# roller
bearing position. This influence is also reflected in the rise of δv according to
Fig. 8(b) and Fig. 10(b). (3) The temperature of rolling elements of the 4#
roller bearing becomes higher than that of the 1# ball bearing.

According to the above analysis, it can be inferred that the 4# roller bearing
needs an independent lubricant inlet channel with the maximum lubricant flow
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rate. In contrast, the 3# roller bearing needs an independent lubricant inlet
channel with the minimum lubricant flow rate if the lubricant flow rate for
each bearing can be variable. It can distribute lubricant more reasonably and
suppress the temperature increase of the system, to avoid the occurrence of
more complex nonlinear dynamic characteristics.

Nonlinear temperature variations of the thermal node 58 under different TM
coupling degrees are demonstrated in Fig. 15. Comparing Fig. 15(b) with Fig.
9(a), BP1 has a higher temperature and a lower vibration response amplitude
than that of BP2. However, the entire temperature variation curves show the
same bifurcation points and hysteresis phenomena at corresponding rotation
speeds.

Figure 15: Nonlinear temperature variations at the thermal node 58 (a-c) under
the lowest, high, and highest TM coupling degrees with ql = 20 L/min, ql =
2 L/min, and ql = 1 L/min, respectively. (The blue solid line represents the
stable solution, and the red solid line represents the unstable solution).

According to Eq. (19), the generalized nonlinear thermal force matrix F̂T(T)
is an important component of the heat balance equations. It can be inferred
that the nonlinear phenomena in temperature variations result from the joint ef-
fects of generalized nonlinear bearing, lubricant, and heat generation/dissipation
thermal forces. Fig. 16-20 demonstrate time-varying and average nonlinear
forces for the highest TM coupling degree with ql = 1 L/min to detect nonlin-
earity sources in thermal characteristics. For example, time-varying and average
radial bearing loads with rotation speed are shown in Fig. 16. We define Fbk to
represent the time-varying radial loads of the kth bearing, and F̄bk to represent
the average radial loads of the kth bearing, where k = 1, 2, 3, 4 corresponds to
the bearing number. The definition rule remains the same and is not specifically
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mentioned in the following descriptions.
From Fig. 16, it can be found that the radial bearing loads vary signifi-

cantly with time at each rotation speed in time-varying results. The nonlinear
phenomena of radial bearing loads are shown in average results, which increase
sharply at resonant peaks, corresponding to the amplitude of the vibration re-
sponses. The 1# ball bearing has the lowest radial loads and the most different
looping phenomenon among the four bearings. It is a special case because there
is a linear support at the dynamic node 3, and the local structure reduces the
radial bearing load of the 1# ball bearing. The 3# roller bearing has the same
radial load variations as the 2# ball bearing and the 4# roller bearing be-
cause it is an inter-shaft bearing. For more accurate coupled TM results, the
time-varying characteristics should be considered in the calculation procedures
of bearing thermal resistances and the frictional heat from the load. There-
fore, the nonlinear characteristics are also transferred into generalized nonlinear
bearing thermal forces (see Fig. 17).

Figure 16: Time-varying and average radial bearing loads (a-d) of the 1# ball
bearing, 2# ball bearing, 3# roller bearing and 4# roller bearing, respectively.
(The blue solid line represents the stable solution, and the red solid line repre-
sents the unstable solution).

Time-varying and average generalized nonlinear bearing thermal forces of the
2# ball bearing and the 3# roller bearing are demonstrated in Fig. 17. Tak-
ing the 2# ball bearing as an example, there are Fbearo2 = To2−Tb2

Rbo2
, Fbeari2 =

Ti2−Tb2

Rbi2
and Fbearb2 = −Fbearo2−Fbeari2. Due to the nonlinear time-varying tem-

perature and thermal resistances, generalized nonlinear bearing thermal forces
have complex nonlinear time-varying characteristics with rotation speed, espe-
cially at the resonant peaks. Particularly, Fbeari3 decreases from positive values
to negative values with the increase in rotation speed. It means that the Fbearo

and Fbeari are not always negative according to the temperature relationship
among the rolling elements, the inner ring and the outer ring. Unlike radial
bearing loads, the shapes of generalized nonlinear bearing thermal force curves
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are closer to temperature variations of thermal nodes. They maintain an overall
trend of either increase or decrease, rather than sharply increasing only at the
resonant peaks.

Figure 17: Time-varying and average generalized nonlinear bearing thermal
forces (a) of the 2# ball bearing. (b) of the 3# roller bearing. (The blue solid
line represents the stable solution, and the red solid line represents the unstable
solution).

Fig. 18 shows the time-varying and average viscosities of lubricants with
rotation speed for the four bearings. The viscosities decrease with the increase
in rotation speed due to the temperature-viscosity relationship of lubricants in
Eq. (12). The reason for no significant variations in time-varying viscosities is
that there are only small fluctuations in the temperature of lubricants.

Lubricant thermal resistances are calculated based on the lubricant viscosity.
Hence, the nonlinear characteristics are significant in average results, but time-
varying characteristics are not obvious, as shown in Fig. 19. Similarly taking the
2# ball bearing as an example, there are Flubb2 = Tb2−TL2

RbL2
, Flubo2 = To2−TL2

RoL2
,

Flubi2 = Ti2−TL2

RiL2
, Flubh2 = Th2−TL2

RhL2
and FlubL2 = −Flubb2 − Flubi2 − Flubo2 −

2Flubh2. The 3# roller bearing does not have Flubh according to Fig. 4. It can
be found that Flubh2 decreases with the increase in rotation speed and is still
negative. Flubb2 is the absolute dominant component of FlubL2, because it is far
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Figure 18: Time-varying and average lubricant viscosities of the four bearings.
(The blue solid line represents the stable solution, and the red solid line repre-
sents the unstable solution).

larger than Flubo2, Flubi2 and Flubh2. On the other hand, the shapes and values
of Flubo3, Flubi3 and Flubi3 are fairly close. The reason for the relationships and
variations of these generalized nonlinear lubricant thermal forces can be found
in Fig. 14(e).

Time-varying and average generalized nonlinear heat generation/dissipation
thermal forces of the 2# ball bearing and the 3# roller bearing are demonstrated
in Fig. 20. For the heat generation nonlinear forces, Qgl has similar nonlinear
time-varying characteristics as the radial bearing loads in Fig. 16. Qgv has
the similar nonlinear characteristics as the lubricant viscosity in Fig. 18. Qgv2

dominates the Qg2 without obvious time-varying characteristics. Conversely,
the difference between Qgl3 and Qgv3 is not very large, leading to significant
nonlinear time-varying characteristics in Qg3. The heat dissipation nonlinear
forces Qd are calculated based on the temperature of lubricants. Hence, their
nonlinear characteristics are very similar to the lubricant viscosity.

Nonlinearity sources in thermal characteristics are discussed by generalized
nonlinear thermal forces in Fig. 16-20. All nonlinearity sources can be divided
into two main categories. The first category includes the generalized nonlinear
bearing thermal forces and the frictional heat from the load. It is caused by
the radial bearing loads with significant nonlinear time-varying characteristics.
The second one includes generalized nonlinear lubricant thermal forces and the
frictional heat from the lubricant. It is caused by the lubricant viscosity with
the significant nonlinear characteristics. Additionally, the generalized nonlinear
heat dissipation thermal forces are caused by the temperature of lubricants and
have the same nonlinear characteristics as the second category. The various
shapes and values of generalized nonlinear thermal forces correspond to the
overall temperature variations and temperature sorts of thermal nodes, which
can be found in Fig. 14.
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Figure 19: Time-varying and average generalized nonlinear lubricant thermal
forces (a) of the 2# ball bearing. (b) of the 3# roller bearing. (The blue solid
line represents the stable solution, and the red solid line represents the unstable
solution).
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Figure 20: Time-varying and average generalized nonlinear heat genera-
tion/dissipation thermal forces with rotation speed (a) of the 2# ball bearing.
(b) of the 3# roller bearing. (The blue solid line represents the stable solution,
and the red solid line represents the unstable solution).
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5.4 Effect of global temperature increase

In addition to the flow rate of lubricants, the lubricant cooling temperature
can also affect the temperature of the system. Increasing the lubricant cooling
temperature can be considered as global heating of the system. In order to
highlight the effect of global temperature increase on the dynamic characteristics
of the system more clearly, a slightly simpler case of the high TM coupling degree
with ql = 2 L/min is selected as a comparison.

The nonlinear dynamic characteristics with ql = 2 L/min and the lubricant
cooling temperature 50 ◦C is shown in Fig. 21. Comparing Fig. 21 with Fig. 9
and Fig. 11(a), it can be found that the increased lubricant cooling temperature
leads to more bifurcation points, more nonlinear phenomena, and larger unstable
regions, besides the resonant peaks with lower frequencies and larger vibration
responses. There are four saddle-node bifurcation points (see Fig. 21(c)) in
the amplitude-frequency responses of the dynamic node 8 and 1. The BP1

and BP2 first emerge and create a new resonance hysteresis phenomenon. The
BP3 and BP4 remain at basically similar rotation speeds as the case of the
lubricant cooling temperature 25 ◦C. Comparing Fig. 21 with the case of
the highest TM coupling degree in Fig. 10, there are the same number of
bifurcation points. However, no Neimark-Sacker bifurcation points, unstable
regions with high vibration response amplitudes, or more complex nonlinear
phenomena emerge in the case of global heating, although it has larger effective
RCs of the four bearings, due to the effect of rotation speed on temperature
being relatively weakened when the system has reached a higher temperature,
leading to lower variation velocities and variation ranges of RCs in Fig. 21(b)
than that in Fig. 10(b).

Fig. 22 shows the nonlinear thermal characteristics with ql = 2 L/min and
the lubricant cooling temperature 50 ◦C. The lowest temperature is about 50
◦C, near the lubricant cooling temperature. The highest temperature is about
72 ◦C. This means that increasing the lubricant cooling temperature will raise
the overall temperature, but the temperature difference with rotation speed is
smaller than decreasing the lubricant flow rate in Fig. 14(b). For Fig. 22(b),
there are corresponding nonlinear phenomena of temperature variations in the
intervals of the bifurcation points. A small looping phenomenon appears at
[ωBP3 , ωBP4 ], which is different from the amplitude-frequency response curve.
Compared with the nonlinear temperature variations under different TM cou-
pling degrees, the shapes of temperature variations in Fig. 22(b) are closer to
that in Fig. 15(b) rather than in Fig. 15(c). It can be inferred that the lubricant
flow rate has a relatively significant effect on temperature variations compared
to the lubricant cooling temperature.

6 Conclusions and final remarks

The coupled TM model of a dual-rotor system is proposed, and its nonlinear
characteristics after thermal balance are analyzed systematically in this paper.
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Figure 21: Nonlinear dynamic characteristics with ql = 2 L/min and the lubri-
cant cooling temperature 50 ◦C. (a-b) Amplitude-frequency responses of the
dynamic node 8 and the dynamic node 1, respectively. (The blue solid line
represents the stable solution, and the red solid line represents the unstable so-
lution). (c) RC variations of the four bearings. (d) Relationships between the
eigenvalues and the unit circle of the bifurcation points.

Figure 22: Nonlinear thermal characteristics with ql = 2 L/min and the lubricant
cooling temperature 50 ◦C. (a) Overall temperature variations of thermal nodes
with rotation speed. (b) Nonlinear temperature variations of the thermal node
58. (The blue solid line represents the stable solution, and the red solid line
represents the unstable solution).
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The dynamic model is developed as a discretized one-dimensional continuum
using the FE method, and the thermal model is developed using the LPTN
method. Multiple nonlinearities and heat generation of four bearings are con-
sidered in the model, which couples the mechanical and thermal fields. Coupling
degrees are simulated by setting different lubricant flow rates to control the heat
dissipation of the system.

The motion and heat balance equations are solved simultaneously by the
modified IHB method. Periodic solutions, including unstable ones at primary
resonance regions, are obtained. The investigation of nonlinear phenomena
and stability evolution of the system is carried out with the increase in TM
coupling degrees. Nonlinearity sources in thermal characteristics are discussed
by generalized nonlinear thermal forces. The main conclusions are as follows:

(1) Besides shifting the resonance region into a lower frequency direction
and inducing larger vibration responses, the resonance regions will emerge with
more bifurcation points and larger unstable regions with high vibration response
amplitudes as the TM coupling degree increases. Resonance hysteresis phenom-
ena can evolve into more complex nonlinear phenomena. At the same time,
stable analysis reveals that some saddle-node bifurcation points can transform
into Neimark-Sacker bifurcation points.

(2) The relationship among RC variations under thermal expansion of the
four bearings is not fixed with sufficient lubricant flow rates. It will stabilize
as δv4 > δv2 > δv1 > δv3 in a high TM coupling degree, which is consistent
with the overall temperature sorts of the system. In the actual operational
conditions, the 4# roller bearing needs an independent lubricant inlet channel
with the maximum lubricant flow rate, and the 3# inter-shaft roller bearing
needs the minimum lubricant flow rate.

(3) The nonlinear thermal characteristics are induced by the radial bearing
loads and the lubricant viscosity. Generalized nonlinear bearing thermal forces
and the frictional heat from the load are calculated based on the radial bear-
ing loads with significant nonlinear time-varying characteristics. Generalized
nonlinear lubricant thermal forces, heat dissipation thermal forces, and the fric-
tional heat from the lubricant are calculated based on the lubricant viscosity or
lubricant temperature with significant nonlinear characteristics.

(4) Increasing lubricant cooling temperature can be considered as global
heating of the system. It will induce more nonlinear phenomena and more
bifurcation points. However, although it has larger effective RCs of bearings
compared to the case of the increase in TM coupling degrees, there may be no
evolution of bifurcation point types or unstable regions with drastic amplitude
changes. This is because the system initially reaches a higher temperature,
resulting in smaller variation ranges of RCs with rotation speed.

It is worth mentioning that the IHB method and other harmonic balance
methods cannot accurately obtain almost periodic and chaotic solutions. How-
ever, they can efficiently determine the bifurcation intervals of the responses
combined with the stability discrimination method. Future works will search
for evidence of the nonlinear characteristic evolution through experiments.
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Appendix

Appendix A

Structure parameters of the 1 # and 2 # ball bearings are given in Table A.1.
Structure parameters of the 3 # and 4 # roller bearings are given in Table A.2.
Structure parameters of the disks are given in Table A.3. Structure parameters
of the shafts are given in Table A.4. The speed ratio of the HP rotor and LP
rotor λ is 1.2. The stiffness of the linear elastic support (at dynamic node 4) is
1×108 N/m. Material parameters of the rotor are given in Table A.5. Material
parameters of the lubricant are given in Table A.6.

Table A.1: Structure parameters of the 1 # and 2 # ball bearings
Physical Parameter Variable 1 # ball bearing 2 # ball bearing

Inner diameter (m) db 140×10−3 134×10−3

Outer diameter (m) Db 200×10−3 200×10−3

Diameter of inner ring (m) dbi 150.95×10−3 144.775×10−3

Diameter of outer ring (m) dbo 189.05×10−3 189.225×10−3

Ball number Nball 22 20

Pitch diameter (m) Dbm 170×10−3 167×10−3

Width of bearing (m) Bb 24×10−3 22×10−3

Diameter of ball (m) dball 19.05×10−3 22.225×10−3

Hertzian contact stiffness (N/m3/2) kb 1.45×109 1.57×109

Initial radial clearance (m) δ0 1×10−6 1×10−6

Radius of housing (m) rh 113.891×10−3 113.891×10−3

Length of housing (m) lh 160.83×10−3 160.83×10−3

Length of part of housing (m) lhs 23.755×10−3 23.755×10−3

Inner radius of corresponding shaft element (m) rLP 53×10−3 54×10−3
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Table A.2: Structure parameters of the 3 # and 4 # roller bearings
Physical Parameter Variable 3 # roller bearing 4 # roller bearing

Inner diameter (m) dr 120×10−3 130×10−3

Outer diameter (m) Dr 160×10−3 180×10−3

Diameter of inner ring (m) dri 128×10−3 143×10−3

Diameter of outer ring (m) dro 152×10−3 167×10−3

Roller number Nroller 28 30

Pitch diameter (m) Drm 140×10−3 155×10−3

Length of roller (m) aroller 16×10−3 12×10−3

Width of bearing (m) Br 22×10−3 24×10−3

Diameter of roller (m) droller 12×10−3 12×10−3

Hertzian contact stiffness (N/m10/9) kr 1.89×108 1.46×108

Initial radial clearance (m) δ0 5×10−6 1×10−6

Radius of housing (m) rh - 103.188×10−3

Length of housing (m) lh - 75.465×10−3

Length of part of housing (m) lhs - 10.445×10−3

Inner radius of corresponding shaft element (m) rLP 56×10−3 50×10−3

Outer radius of corresponding shaft element (m) rHP 90×10−3 -

Table A.3: Structure parameters of the disks
Physical Parameter Variable LPC disk LPT disk HPC disk HPT disk

Mass (kg) m 101.4624 73.115 94.2194 78.436

Polar moment of inertia (kg·m2) Jp 6.4725 4.9238 2.900985 3.622343

Diameter moment of inertia (kg·m2) Jd 3.4921 2.9174 1.901732 1.945878

Eccentricity (m) e 1×10−6 14×10−6 1×10−6 2×10−6

Table A.4: Structure parameters of the shafts
Shaft element Inner diameter (m) Outer diameter (m) Length (m)

Dynamic node 1 to 2 106×10−3 140×10−3 12×10−3

Dynamic node 2 to 3 112×10−3 120×10−3 198×10−3

Dynamic node 3 to 4 112×10−3 120×10−3 406.8×10−3

Dynamic node 4 to 5 112×10−3 120×10−3 316.5125×10−3

Dynamic node 5 to 6 112×10−3 120×10−3 316.5125×10−3

Dynamic node 6 to 7 112×10−3 120×10−3 316.5125×10−3

Dynamic node 7 to 8 112×10−3 120×10−3 316.5125×10−3

Dynamic node 8 to 9 112×10−3 120×10−3 51×10−3

Dynamic node 9 to 10 112×10−3 120×10−3 27×10−3

Dynamic node 10 to 11 100×10−3 130×10−3 12×10−3

Dynamic node 12 to 13 108×10−3 134×10−3 11×10−3

Dynamic node 13 to 14 130×10−3 164×10−3 444.968×10−3

Dynamic node 14 to 15 130×10−3 164×10−3 299.94×10−3

Dynamic node 15 to 16 130×10−3 164×10−3 299.94×10−3

Dynamic node 16 to 17 130×10−3 164×10−3 123.43×10−3

Dynamic node 17 to 18 160×10−3 180×10−3 11×10−3

Table A.5: Material parameters of the rotor
Physical parameter Variable Bearing Shaft and bearing housing

Elastic modulus (GPa) E 210 210
Poisson’s ratio µ 0.3 0.3

Density (kg/m3) ρ 7.83×103 7.89×103

Specific heat capacity (J/(kg·K)) c 450 480
Thermal conductivity (W/(m·K)) kD 45 46.9

Linear expansion coefficient (K−1) Γ 12.03×10−6 12.03×10−6
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Table A.6: Material parameters of the lubricant
Physical parameter Variable Lubricant

Viscosity-temperature coefficient β 0.02339

Density (kg/m3) ρl 8.8×102

Specific heat capacity (J/(kg·K)) cl 1870
Thermal conductivity (W/(m·K)) kl 0.14

Thermal diffusivity (m2/s) αl 7.38×10−8

Appendix B

The mass matrix Ms is expressed as

Ms = MsT +MsR,

MsT =
ρAl

(1 + ϕs)
2









m1 sym.
m2 m5

m3 −m4 m1

m4 m6 −m2 m5









,

MsR =
ρI

l(1 + ϕs)
2









m7 sym.
m8 m9

−m7 −m8 m7

m8 m10 −m8 m9









, (B.1)

the inertia matrix Js is expressed as

Js = 2MsR, (B.2)

and the stiffness matrix Ks is expressed as

Ks =
EI

(1 + ϕs)l3









12 sym.
6l (4 + ϕs)l

2

−12 −6l 12
6l (2− ϕs)l

2 −6l (4 + ϕs)l
2









, (B.3)

where ϕs =
12EI
GκAl2 , G = E

2(µ+1) , κ = 1

7+6µ
6(1+µ)

[

1+ 20+12µ
7+6µ

(

Dd
D2+d2

)2
] . m1 = 13

35+
7
10ϕs+

1
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2), m5 = l2( 1
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1
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1
120ϕs
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120ϕs
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15 +
1
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1
6ϕs+

1
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2). For
each shaft element, ρ is the density, A is the area of the cross-section, l is the
length, E is the elastic modulus, I is the moment of inertia, µ is the Poisson’s
ratio, D is the outer diameter, d is the inner diameter.
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Appendix C

The generalized thermal damping matrix is expressed as

CT =


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0 m2c2 · · · 0 · · · 0
...

...
. . .

...
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...
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...
. . .

...
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...
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
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. (C.1)

The generalized thermal stiffness matrix is expressed as
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