ESAIM: COCV 29 (2023) 36 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2023026 WWW.esaim-cocv.org

ON THE RECONSTRUCTION OF CAVITIES IN A NONLINEAR
MODEL ARISING FROM CARDIAC ELECTROPHYSIOLOGY

E. BERETTA'®, M. C. CERUTTI?®, D. PIEROTTI?> AND L. RATTI®***

Abstract. In this paper, we deal with the problem of determining perfectly insulating regions
(cavities) from one boundary measurement in a nonlinear elliptic equation arising from cardiac elec-
trophysiology. Based on the results obtained in [9] we propose a new reconstruction algorithm based
on [-convergence. The relevance and applicability of this approach are then shown through several
numerical experiments.
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1. INTRODUCTION

In this paper, we tackle the inverse problem of reconstructing a cavity D within a planar domain 2 taking
advantage of boundary measurements of the solution of the following boundary value problem:

~Au+ud=f in Q\ D
1.1
%:0 on 9N U ID. (1)
on

The cubic non-linearity is mainly motivated by the mathematical modelling of the electrical activity of the
heart. We believe the techniques we develop here are applicable to more general non-linearities and we plan
to investigate thoroughly this matter in a forthcoming paper. Problem (1.1) is related, in particular, to the
detection of ischemic regions from boundary measurements of the transmembrane potential, [9]. These regions
are composed of non-excitable tissue, that can be modeled as an electrical insulator (cavity) [45], [51], [33].
Identification of ischemic regions and their shape is fundamental to perform successful radiofrequency ablation
for the prevention of tachycardias and of more serious heart disease. In the steady-state case the transmembrane
potential in the presence of an ischemic region satisfies exactly Problem (1.1). Hence, mathematically, the inverse
problem boils down in determining a cavity D from boundary measurements of the solution w. In [9] part of the
authors analyzed the well-posedness of (1.1) and uniqueness of the inverse problem under minimal regularity
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2 E. BERETTA ET AL.

assumptions on the unknown cavity. More precisely, they proved that one measurement of the potential u
on an open arc of 99 is enough to detect uniquely a finite union of disjoint, compact, simply connected sets
with Lipschitz boundary. The inverse problem is highly nonlinear and severely ill-posed since, as for the linear
conductivity problem, even within a class of smooth cavities only a very weak logarithmic-type continuous
dependence on data is expected to hold, see [1], [2].

In [12], the authors analyzed the mathematical model in the case of conductivity inhomogeneities of arbitrary
shape and size in the two-dimensional setting. In particular, the issue of reconstructing the inhomogeneity from
boundary measurements was addressed. The strategy used in [12] for the reconstruction from few data was
based on the minimization of a quadratic mismatch functional with a perimeter penalization term. In order to
derive a more manageable problem, the perimeter functional was relaxed using a phase-field approach justified
by showing the I'-convergence of the relaxed functional to the functional with perimeter penalization. In recent
years, this kind of approach has been successfully implemented in inverse boundary value problems for partial
differential equations and systems, see for example [12], [41], [53], [44], [30].

Here, we use a similar approach starting from the minimization of the following quadratic boundary misfit
functional with a Tikhonov regularization penalizing the perimeter of the set D:

J(D) = % /2 (U(D) — tmeas)2dor + aPer(D) (1.2)

where a > 0 represents the regularization parameter, u,,¢qs the measurements corresponding to some solution
of (1.1). Assuming the cavities D are in a class of uniformly Lipschitz sets, we prove the continuity of the
solutions of (1.1) with respect to D in the Hausdorff metric and, as a consequence, the existence of minima in
the same class, showing the stability of the functional with respect to noisy data and convergence of minimizers,
as a — 0, to the solution of the inverse problem.

We point out that we need compactness of the class of admissible cavities w.r.t. the Hausdorff topology in
order to prove e.g. existence and stability of minima. Moreover, we need to guarantee that the direct problem
is well posed for any set in the closure of the chosen class. Also notice that the uniform bound Lj to Lipschitz
constants of the sets (see Asm. 2.2 in Sect. 2) is fixed but arbitrary. For all these reasons, the assumption of
the cavity belonging to a uniform Lipschitz class, although possibly not optimal, is not as strong as it might
appear.

In the linear counterpart of the problem, it is natural to interpret cavities as perfectly insulating inclusions,
namely regions in which the conductivity of the medium is vanishing. This scenario (together with the case
of perfectly conducting inclusions, where the conductivity goes to infinity) is usually referred to as extreme
conductivity inclusions. For this reason, it is natural to interpret the cavity problem under exam as the limit
case of the inclusion detection, and hence to approximate it by means of inclusion detection problems associated
with very low conductivities ¢. This entails the introduction of an approximation of the forward problem (1.1),
leading to a solution map us and to the corresponding functional Js and minimization problem (see (4.7)).
Since the functional is not differentiable and its minimization is conducted in a non-convex space, we propose
as in [12] a Modica-Mortola relaxation of the functional Js via a family of smooth functionals J. s defined on a
suitable subset of H!(£2) to guarantee I'— convergence as € — 0 and as § — 0 to the functional J.

This theoretical convergence result motivates the choice to approximate the original regularized problem
(1.2) by minimizing the functional Js. for fixed, small values of  and e. The Fréchet differentiability of such
functionals ultimately suggests to employ a first-order optimization method to iteratively converge to a critical
point, satisfying (necessary) optimality conditions. As further motivated in Section 5, we can sequentially
perform the minimization of Js . for reducing values of € and 0 to obtain a candidate regularized solution of the
original cavity detection problem.

Nevertheless, there is a gap between the theoretical results and the numerical implementation: in particular,
unlike the conductivity case, the phase-field relaxation via J5. is not able to mitigate the non-convexity of
the original problem. Indeed, as explained above, we must assume that the cavity D is of Lipschitz class. To
guarantee such a regularity for the minimizers of the functionals Js, and to ensure the I'—convergence as € — 0,
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we are forced to set the minimization of Js . in a suitable non-convex subset K,, of H*(;[0,1]). This allows, on
the one hand, for a complete and thorough theoretical analysis of the relaxation strategy, but on the other one,
it still makes it impossible to minimize J5. by means of standard gradient-based schemes. However, numerical
evidence shows that it is possible to perform such a minimization on the whole space H'(€; [0, 1]) and still have
convergence to a function satisfying the desired additional regularity.

From a numerical standpoint, we can compare our strategy with other existing approaches in the literature
related with the linear counterpart of the problem, namely the cavity detection in the linear conductivity
problem. In such a context, phase-field techniques have been studied for the reconstruction of cavities (and
cracks) in the conductivity case in [52] and in the elasticity case in [7] and [6].

Among the several alternative strategies, we can perform a main distinction between algorithms that have
been originally developed for inclusion detection and later extended to the cavity case, and algorithms specifically
suited for the reconstruction of cavities.

Regarding the first family, we can trace back to the first algorithm, introduced by Friedman and Vogelius
in [32] for the detection of arbitrarily small (extreme) conductivity inclusions. It is based on the asymptotic
expansion of a suitable mismatch functional, and it has been further developed, by means of polarization tensors,
by Ammari and Kang in [4]. Subsequently, many other techniques originally designed for inclusion detection
have been extended to the cavity case. For example, the enclosure method, allowing for the reconstruction of
the convex hull of inclusions in electrical impedance tomography, has been formulated in the cavity case in
[39], whereas the factorization method, developed by Briihl and Hanke, has been investigated for the cavity
problem in [36], also comparing it to the MUSIC algorithm. Analogously, the level set method, allowing for
the reconstruction of an inclusion as a level curve of a suitable function that is iteratively updated, has been
successfully and efficiently implemented in [21]. Recently, also the monotonicity method, which exploits the
monotonicity of the Dirichlet-to-Neumann map to define an iterative reconstruction algorithm, has been studied
in the presence of extreme inclusions, see [23].

Among the second family of algorithms, namely the ones that are tailored for extreme inclusions detection
in the linear conductivity equation, we recall the method of fundamental solutions (see [15]), the algorithm
by Kress and Rundell involving nonlinear boundary integral equations (see [43]) and the conformal mapping
technique (see [42] and [49]).

The remaining part of the paper is structured as follows: in Section 2 we set the notation and introduce the
main assumptions regarding the forward problem and the class of cavities we aim at reconstructing. Section 3
is devoted to the analysis of the forward problem (1.1), both recalling the well-posedness results from [9] and
proving a novel result about the continuous dependence of boundary measurements with respect to cavity
perturbations. Section 4 outlines our approach to the reconstruction of cavities, studying the regularization
properties of (1.2) and thoroughly describing the phase-field relaxation. It also contains the main theorems of the
paper, namely the I'—convergence results for the relaxed functionals as § and e go to 0. Finally, Section 5 provides
a numerical counterpart of the proposed strategy, formulating and discussing two optimization algorithms, and
in Section 6 we report the results of some numerical experiments, assessing the effectiveness of such algorithms.

2. NOTATION AND MAIN ASSUMPTIONS

We consider the following inhomogeneous Neumann problem

9u_y, on 9(Q\ D). 2.1)

{ ~Au+ud=f, inQ\D
on

where n is the outer unit normal to 2\D. In what follows we will use the notation

Qp =Q\ D.
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Let us first recall the definition of Lipschitz (or C%!) regularity.

Definition 2.1 (Lipschitz or C%! regularity).
Let © be a bounded domain in R?. We say that a portion S of 92 is of class C%! with constants ¢ and Ly, if
for any P € S, there exists a rigid transformation of coordinates under which we have P = 0 and

QN B,,(0) = {(x1,22) € B,y (0) : 5 > 1h(x1)},

where ¢ is a C%! function on (—rg,79) C R such that

¥(0) =0,
[l con (B, 0)) < Lo

We say that e domain Q is Lipschitz (or a C%!) with constants rg, Lo, if 9Q € C1.
We can now state our main set of assumptions.
Assumption 2.2. Q C R? is a bounded Lipschitz domain with constants g, Lo.
Assumption 2.3. X C 012, an open arc, is the portion of boundary that is accessible for measurement.

Assumption 2.4. The cavity D is the union of at most M disjoint, compact, simply connected sets and has
Lipschitz boundary, i.e. D € D defined by

D={3IN<M|D= Uj»vlej C Q,0D € C%' with constants 79, Lo}

where, V1 < j < N, Dj is compact and simply connected; moreover we assume dist(D,, D;) > dy Vi # j and
dist(D, 0Q) > 2dy > 0.

Assumption 2.5. The source term f in (2.1) satisfies

feL>Q), f>0, supp(f) C Qq, = {z € Q : dist(x,00) < dp}. (2.2)
We will denote by

Per(D) = TV(xp, ) = sup {/ xp(z)divp(z)dz : p € CH(Q,R?), |p| < 1} )
Q
In particular, if D € D we have that
Per(D) = H'(9D) < 400

where H!'(0D) is the one-dimensional Hausdorff measure of dD.
In the sequel AAB := (A\B) U (B\A) will indicate the symmetric difference of the two sets A and B. Finally,
let us recall the definition of the Hausdorff distance between two sets A and B:

dp (A, B) = max{sup inf dist(z,y),sup inf dist(y,x)}.
rcAYEDB yEB z€eA

Remark 2.6. Throughout the paper, for the sake of brevity, we will denote with v the indicator function of
some set D C © and we will use Per(D) or TV (v) depending on the situation.

We will use several times throughout the paper the following compactness result
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Proposition 2.7. D is compact with respect to the Hausdorff topology.

Proof. Let us first consider the case M =1 i.e. D € D is compact and simply connected. Let {Dy}3*, C D
be a sequence of sets in ). Then by Blaschke’s Selection Theorem (see for example Thm. 3.1 in [29]) there
exists a subsequence that we still indicate by {Dy}72, converging in the Hausdorff metric to a compact set D.
Furthermore, as a consequence of Theorem 2.4.7, Remark 2.4.8 and Theorem 2.4.10 of [37], {0Dy}32 , converges
in the Hausdorff metric to 0D and 9D is Lipschitz with constants rg, Lo and is connected, which implies that
D is also simply connected. So, D € D which concludes the proof.

If M >1and Dy - D = U;-V:le7 where, Vj, D; is simply connected and its boundary is Lipschitz with
constants 7y, Ly. Because of the uniformity of the Lipschitz property, for sufficiently large k& we have that
Dy = U;V:1Dj7k, i.e. Dy has the same number of disjoint connected components ad D. Moreover, for any fixed
J,» Djr — Dy, possibly up to a subsequence. Finally, by the definition of Hausdorff distance we conclude that
d(Dj, D;) > dy for any i # j. O

3. ANALYSIS OF THE DIRECT PROBLEM

3.1. Well posedness and main estimates

We first recall a well posedness result for problem (2.1) proved in [9] (in a more general setting) together with
some estimates on the solution which will be useful in the subsequent discussion. Note that, by assumptions 1,
3, the domains (2p have Lipschitz boundaries for any D € D. Then we have:

Theorem 3.1. Suppose that Assumptions 1 — 4 hold. Then problem (2.1) has a unique solution u € H'(Qp).
Furthermore, the following bounds hold:

lullir @y < C01llny + 1£115,) (3.1)
1/3
0<u(z) < (ess sup f) ae. z€Qp. (3.2)
Qp

where C' = max{1,|Qp|/?} and (H') = H (Qp)’ is the dual space of the Sobolev space H'(Qp).

The proof follows by suitable Sobolev estimates and by the maximum principle, see [9] Proposition 3.4 and
Theorem 3.5.

3.2. Continuity properties of the solutions with respect to D

Let us consider the weak formulation of Problem (2.1)

Vu~V¢>—|—/Q u3¢>:/9 fo, Yo € HY(Qp). (3.3)

Qp

By Theorem 3.1, there is a unique solution up € H'(Qp) of (3.3) which is uniformly bounded in H*(Q2p)
and in L>°(Qp) by constants depending only on f (for a given ).

In this section, we will prove the continuity of the trace map D — u D‘E for domains in the class D defined
in assumption 3; more precisely:
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let D,, € D be a sequence of sets converging to D in the metric defined by the Hausdorff distance dy and let
Up = Up,,, U = up. Then

lim / [ty —ul> =0. (3.4)
by

n—roo

The proof of our claim will require some intermediate steps.
To begin with, by known results on approximation of bounded Lipschitz domains (see e.g. [55] Thm. 1.12)
one can construct, for any ¢ > 0, a subset D, such that Q, := Q\D, satisfies the following properties

1. Qg CQ, CC Qp and 99, is C*! (actually smooth)
2. |Qp\ Q| <o.

Then, by the convergence of D,, to D in the Hausdorff metric (see the proof of Prop. 2.7 above) there exists
a positive integer n, such that Q, CC €lp, for every n > n,.
Note that
12D, \ Q| < |20\ Q| +|D\ Du| < 0+ 0(1), (3.5)

for n — oo.

Then we have

Theorem 3.2. Let u, uy,, Q,, n, be defined as above. Then, for any ¢ > 0 there exists o(€) > 0 such that, for
every ¢ < o(€) and n > n,,

un — ullgr(o,) <e€. (3.6)

Proof. Since u, u,, solve (3.3) respectively in Qp and in Qp, and recalling that supp f C Qq, C Q,, we have
/ Vu-Vo+udp = Vi, - Vo +ud .
Qp

QDn

V¢ € H(Q) (note that by our assumptions on the domains, any ¢ € H'(Qp) or in H(Qp, ) is the restriction
of a function in H*(2)).

By the decompositions p = Q, U (QD \ Qg), Qp, =Q, U (QDn \Qg)7 we have

/ Vu-v¢+u3¢+/ Vu-Vo+uep
QQ QD\QQ

:/ Vun~v¢+uf;¢>+/ YV, - Vo +ud .
2, 2, \ 2
By rearranging terms:

/ V(u—un) - Vo + (4 = up)¢
QQ

= / Vu-Vo+udgp+ / Vi, - Vo +ud . (3.7)
QD\Qe QDn\Qe
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Let ¢,n € H'(Q) be a function satisfying
Bon |Qg = (u— uy) ’QQ'
The existence of ¢,, for every ¢ (and n) follows by the extension property which holds for the Lipschitz

domain ,. Moreover, by the uniform bounds on u, u, in €, and by the continuity of the extension operator,
we readily get

[bon

lm10) < C, (3.8)

where the constant C' depends only on €2, and f. Actually, by properties 1 and 2 above and since Qp is Lipschitz
we can take C' independent of o.

By choosing ¢ = ¢, ,, in (3.7) we obtain

/Q V(u—1up)  V(u—up) + (u—u,)?(w? + v, +u?)

=- / V- Voon+udden + / Vg - Vdgn + U dgn. (3.9)
Qp\Q, Qp, \Qp

We now estimate the integrals at the right hand side. First, since u € H*(Qp) N L>(2p) we get by (3.8)
and by Holder inequality

1/2

1/2
‘/ Vi Veyn + udpn gCl(/ |Vu|2> +Colp\ 9,7,
QD\QQ QD\QQ

with Cj, Oy independent of ¢ and n. By Property 2 and by the integrability of [Vu|?, we can now write

<y 0(1) + Cy 01/2 , (310)

’ / Vi Vogn +1u3bgn
QD\QQ

for o — 0. By similar estimates of the second term at the right hand side of (3.9) and taking into account (3.5)
we obtain

‘ / Vuy, - v¢g,n + ui(bg,n
Qp, \Q

N\ 1/2 1/2
SC’l( [V, ) +Cy (0+0(1)) "7,
QDn\Qe
Claim:
the u,,’s can be extended to  in such a way that the sequence |Vu,|? is uniformly integrable in .

Proof. The function u,, is a weak solution of the Neumann problem

9u =0, on 0fp, ,

{ —Au, =f—ud, inQp,
on

By the estimates of the previous section the right hand side of the above equation satisfies

ess sup |f —ul| < C,

Dn



8 E. BERETTA ET AL.

with C independent of n. Then, known regularity results for the Neumann problem in Lipschitz domains [40],
[27] imply that u, € H*?(Qp, ) with uniformly bounded norm. Moreover, u,, has an extension (still denoted
by uy,) to Q satisfying

lunllgsrz@) < C

(see [35], Thm. 1.4.3.1). Hence, by Sobolev imbeddings {u, }nen is a relatively compact subset of H(Q); in
particular, |Vu,|? is relatively compact in L'(2) and therefore is uniformly integrable. O

The above implies that estimate (3.10) holds for both terms on the right hand side of (3.9).
Hence, by taking ¢ < g(¢) small enough and n > n, large, we have

/ V(u—1up) - V(u—up) 4+ (0 —u,)?(u? + v, +u2) < €.
QQ

Finally, since u? + uu,, + u2 > 3u? and ||u g, > 0, by Poincaré inequality (Thm. A.1 in [10]) we get
n 4 ( 9)
||'LL — un||2Hl(Qg) S CEQ,

for some constants C' independent of p, n. Then, the result follows by redefining C'*/2¢ — e.

We can now prove

Corollary 3.3. Let ), Qq, be defined as in Section 2 and let D,,,D C Q, n =1,2,... such that D, € D, and
D,, — D in the Hausdorff metric. Let u € H'(Qp) and u, € H*(Qp,) be the solutions of (3.3) in Qp and in
Qp, respectively. Then,

lim ||u, — ul|g2(z) = 0. (3.11)

n— oo

Proof. Note that D € D by the proof of Proposition 2.7. Fix € > 0 and let ¢ < g(¢), n > n, such that (3.6)
holds. Then, by standard trace theorems

/z [un, —u* < C |luy, — U||§{1(Qd0) < Cllun — “H?Hl(ﬂg) <€

and the corollary follows.
O

Remark 3.4. Let D,, D, be as in Corollary 3.3, but assume that D, — D € D in measure in ), that is
|D,AD| — 0 (see [5], Rem. 3.37). Nevertheless, by Proposition 2.7 the sequence D,, has compact closure in
the Hausdorft topology. Hence, there exists a subsequence D,,, which converges in the Hausdorff metric. Then
the subsequence necessarily converges to D, since D has (Lipschitz) continuous boundary; hence, the above
corollary applies to this subsequence.

Remark 3.5. Since we are considering the case of domains that are uniformly Lipschitz it is also possible to
derive the continuity of solutions with respect to perturbations of the cavities in the Hausdorff topology in the
framework of Mosco convergence, see Theorem 7.2.7 in [20] and [24].
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4. RECONSTRUCTION OF CAVITIES

In [9] the authors prove uniqueness for the inverse problem, i.e. that assuming it is possible to measure the
solution u to (2.1) on ¥ the cavity D is uniquely determined. In this section, we deal with the problem of
reconstructing the cavity presenting a new rigorous algorithm based on I'-convergence. We start by formulating
a minimization problem for a functional J depending on the cavity D as a variable. First, let u = u(D) be the
unique H!(Qp) solution of the boundary value problem (2.1). Then, we minimize a quadratic misfit functional,
measuring the discrepancy on the boundary between the solution u(D) and the measured data, endowed with
a regularization term that penalizes the perimeter of the cavity D: i.e.,

min J(D): J(D) = %/Z(u(D) — Upeqs)2do + aPer(D), (4.1)

where D and Per(D) are specified in Section 2, and a > 0 is referred to as the reqularization parameter, which
balances the contribution of the quadratic mismatch term and the regularization term in J.

In Section 4.1, we show that the minimization problem (4.1) satisfies several desirable properties and can be
interpreted as a regularization strategy for the inverse problem of determining D from w,¢qs- In Section 4.2, we
propose an approximation of problem (4.1) by perturbing the solution map w(D) appearing in it. The resulting
problem is later relaxed by a phase-field approach presented in Section 4.3. Finally, in Section 4.4, we prove
the convergence of the introduced approximate functionals to the original J in the sense of the I'-convergence,
which also entails the convergence of the associated minimizers.

4.1. Regularization properties of the minimization problem

The minimization problem (4.1) can be interpreted as a regularized counterpart of the inverse problem of
determining D from t,eqs. In particular, in the following three results, we prove that for every a > 0 the
functional J admits a minimum, that the minimizers are stable with respect to perturbations of the datum
Umeas and that, if the amount of the noise on the measurements converges to zero and the parameter « is
suitably chosen, the solutions of (4.1) converge to the unique solution D of the inverse problem.

Proposition 4.1. For every a > 0 there exists at least one solution to the minimization problem (4.1).

Proof. Assume {Dy}r>0 € D is a minimizing sequence. Then there exists a positive constant C' such that
J(Dy) <C, Vk
and in particular
Per(Dy) < C, VEk.

Then by compactness (see for example [5], Thm. 3.39) there exists a set of finite perimeter Dy such that, possibly
up to a subsequence,

|DiADg| — 0, k — oo.

Then by the lower semicontinuity property of the perimeter functional (see [31], Sect. 5.2.1, Thm. 1) it follows
that

Per(Dy) < liminf Per(Dy).
k—oo
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Moreover, by Remark 3.4 and Proposition 2.7 we may assume that the sequence also converges in the Hausdorff
metric to Dy € D. Hence, by Corollary 3.3 it follows that

/(u(Dk) — umeas)zdo — / (u(Dg) — umeas)2da as k — oo.
b b

Finally,

< Timi _ .
J(Dy) < hkn—1>£f J(Dy,) klgrolo J(Dy,) DHéfD J(D)

and the claim follows. O

Proposition 4.2. The solutions of (4.1) are stable w.r.t. perturbation of the data Umeas i.e. if {uy} C L*(3) —
Umeas M L?(X) as k — oo then the solutions Dy of (4.1) with datum uy, are such that, up to subsequences,

dp(Dg, D) — 0, ask — o,
where D € D is a solution of (4.1), with datum Umeqs-
Proof. Observe that for any Dy,

1 2 1 2
3 /E(U(Dk) — ug)*do + aPer(Dy) < 3 /2(U(D) — uy)“do + oPer(D), VD € D

Hence, Per(Dy) < K and hence, possibly up to subsequences, we have that
dy(Dy, D) — 0, k — o0
for some D € D and

Per(D) < lim inf Per(Dy,).
k—o0
Furthermore, by Corollary 3.3
uw(Dy) — u(D), k — oo in L*(%),

implying

J(D) < lim inf1 (u(Dy,) — uy,)*do + aPer(Dy,)

k—o0 )
1 1
< lim = / (u(D) — ug)?*do + aPer(D) = = / (u(D) = Umeas)?do + aPer(D), VD € D.
k—o0 2 by} 2 »
and the claim follows. O

Now we prove that the solution to the minimization problem (4.1) converges as o — 0 to the unique solution
of the inverse problem defined at the beginning of this section.

Proposition 4.3. Assume a solution D € D to the inverse problem corresponding to datum Upeqs exists. For
2
any 1> 0 let (a(n))p>o0 be such that a(n) = o(1) and % is bounded as n — 0.
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Furthermore, let D,, be a solution to the minimization problem (4.1) with o = «(n) and datum u, € L*(X)
satisfying ||Umeas — Un|lL2(sy < n. Then

D, — D

in the Hausdorff metric as n — 0.

Proof. Consider the solution D to the inverse problem corresponding to the datum wmeqs. By definition of D,

L 2 1 u D — U 2 g arer )
§Awww—%pw+ﬂm@w§2é(w) 2)2do + aPer(D) -
; .

=5 / (Umeas — un)Qda + aPer(D) <n?+ aPer(f))
s

In particular
n? ~
Per(D,) < — +Per(D) < C
o
Hence, arguing as in Proposition 4.1, possibly up to subsequences,
dH(Dn,DQ) — 0, as n— 0

for some Dy € D. Passing to the limit in (4.2) as n — 0 we derive

/W@H—%ﬂb%&
>

hence, also

%/(U(Dn) — Upmeas ) do < /(u(D,]) - u,,)zda + / (Umeas — u,,)QdU — 0.
= = Y

By Corollary 3.3, from last relation we have
u(Dg) = Umeas ON 2

and by the uniqueness of the inverse problem proved in [9] this implies Dy = D which concludes the proof. []

Before concluding the section, we observe that the minimization problem (4.1) can be equivalently formulated
in terms of the indicator function v of D as follows

yren)'g]l)1 J): J(v) = 3 /E(u(v) — Ueas)2do + aTV(v), (4.3)

where
Xo1={v e BV(Q) :v(x) = xa, a.c. in Q,D e D},

u(v) := u(D) where v = xp and u(D) is the solution of the boundary value problem 2.1. As a consequence of
the proof of Proposition 4.1, the functional J is lower semicontinuous with respect to the L! topology.
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4.2. Filling the cavity with a fictitious material

In order to address the minimization problem (4.3) numerically we will follow the approach proposed in [16]
for a topological optimization problem in linear elasticity, which consists in first filling the cavity D with a
fictitious material of very small conductivity 6 > 0 and considering, for v € Xy 1, the transmission boundary
value problem

—div(as(v)Vu) +vu® = f in Q
4.4
% =0, on 09}, 44
on
where as(v) = + (1 — d)v.
Note that, from Proposition 2.1 in [12], problem (4.4) has a unique solution us = us(v) € H*() for any fixed
4 > 0. Also, under Assumption 2.5 on f one can extend the truncation argument introduced in [9] to derive a
similar estimate as (3.2) in Section 3 obtaining

[usl|zoe @) < C (4.5)

and using the variational formulation for us and estimate (4.5)

/Qa(s(vg)‘Vu(;F <C (4.6)

where C' does not depend on 4.
It is now natural to replace the minimization problem (4.3) with the following one:

Ugl)i{gl Js(v) : Js(v) = %/E(u(;(v) — Umeas ) do + aTV (v). (4.7)

In the sequel we will use the following continuity result for solutions to Problem (4.4) with respect to v € X 1
in the L! topology. More precisely:

Proposition 4.4. Let f satisfy Assumption 2.5 in Section 2. Then if {v,} is a sequence in
X ={ve LY ([0,1]):v =1 ae. in Qq,} such that v, — v € X in L1(Q) it follows that

/(ug(vn) - Umeas)2d0' — / (U(S(E) - umeas)2d07 as n — o0
b3 by

where uj(vy,) denotes the solution to (4.4) corresponding to v = v, and us(V) denotes the solution to (4.4)
corresponding to v = T.

Proof. Let w, = u, —u where, to simplify the notation, we have set @ := us(7) and u,, := u}(v,). Then an easy
computation shows that w, is solution to the problem

—div(as(vn)Vwy) + vngnw, = div((as(v,) — as(0))Va) — (v, — 0)a° in Q

48
Mn _ o on o0, (48)
on

where ¢, = u2 + u,u + u>. Multiplying the equation by w,, and integrating by parts over {2 we obtain



ON THE RECONSTRUCTION OF CAVITIES IN A NONLINEAR MODEL ARISING FROM CARDIAC ELECTROPHYSIOLOGY 13

/Q a5 (vn)|Vaon ? + /Q Ungnt? = /S2 (a5(vn) — a5(D)) Vi - Viwy — / (v — D)0, (4.9)

Q
I::/ag(vn)|an|2+/vnqnwn
Q Q
Then

125/|an|2+/ g >5</ V2 + / qnwg> > € (IVwnl2agey + lwaloy,)) - (410)
Q Qa

Last inequality on the right hand side follows by an application of Poincaré inequality (see Thm. Al in [10]).
In fact, setting g, = del o Xy, and w, = deO gnwy we have

Set

wnlZa ) < 2S2VwnlFay + 192 [T2).

Observe now that

1
w2 < / Gnw?
deo an Qg

and that

Hence,

3
/ anZ/ ﬂ2:7n0>07

as, if mo = 0 this would imply @ = 0 a.e. in Qg4,. Then, the equation for w and v =1 a.e. in 4, would imply
f =0 a.e. in 94, which is a contradiction. Therefore

and

||wn||%2(szdo) <C (”an|%2(9) ‘F/Q anz>
do

which trivially implies the last inequality in (4.10). Moreover, again by Poincaré inequality

el < € (IVwlEa oy + Nouli ) < [ las(on) = as@lIValVunl + [ (o0 =0)7 il (@10
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1/2 1/2
<C <(/ |vr, —v2|Vu2> + (/ |vn, —u|2|u6> ) lwnll 1) (4.12)
Q Q

which gives

1/2 1/2
wallmi@) < C ((/ |on 7JIQIVuF) + (/ [0 v|2u|6> ) .
Q@ Q

Finally, since v,, — 7 a.e. in €2, applying the dominated convergence theorem we get that as n — oo
lwn |l g1 @) — 0

which implies that
|wnlL2(z) — 0

and the claim follows.

4.3. Phase-field relaxation

In practice it is still difficult to address the minimization problem (4.7) numerically because of the non-
differentiability of the cost functional and the non-convexity of the space Xo 1. So, we will consider a further
regularization in which the total variation is approximated by a Ginzburg-Landau type of energy and the space
Xo,1 is substituted with a more regular convex space of phase field variables. This kind of approach has been
used extensively in shape and topology optimization and also in the context of inverse problems (see for example
[12), [41], [16], [53], [44], [30]).

Hence, we introduce a phase field relaxation of the total variation which will allow to operate with more
regular functions with values in [0, 1] and formulate a relaxed version of Problem (4.7) similarly as in [12].

To this purpose, we define the following subset of H!(£2)

K={ve  H (20,1]):v=1a.e. in Qg,}.
For every € > 0, we will consider the optimization problem:

1

; . _ = _ 2 2, Vo200 N2
{}I’él}rcle]g’g(’l}), Jse(v) = 2/E(u5(v) Umeas) da—&—oz/Q (75|Vv| + Ev (1—-v) )7 (4.13)

where 7 is a suitable normalization constant. We have the following

Proposition 4.5. For every fized 6 > 0 and € > 0, the minimization problem (4.13) has a solution vs., € K.
Furthermore, if u”,.s — Umeas in L?(X) and vg . denotes the solution of Problem (4.13) with datum ui,e,s, then

possibly up to a subsequence, we have that vi . — vs. in HY(Q) where vs. € K is solution of Problem (4.13)
with datum Umeqs -

We omit the proof of Proposition 4.5 since it can be found in [12], see Propositions 2.6 and 2.7 therein.

At this stage it is natural to address the following two problems: the possible I'-convergence of Js. to Js
(defined in (4.7)) as € — 0 and the I'-convergence of Js to J (defined in (4.3)) as 6 — 0. This would imply,
thanks to the fundamental theorem of I'-convergence that minima of J could be approximated by minima of
Js. for € and ¢ sufficiently small. In order to prove the convergence in € we need to adapt the proof of Modica
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Mortola to our case but, compared to the analysis in [30] and [12], here the functional Js is defined on a subset,
Xo1 C BV (Q), of characteristic functions of more regular domains. For this reason, we are forced to restrict
the relaxed functional Js5. to some suitable subset of K.

For n € (0,1) let us define

K,={vek:{v>n}=Qp a.e for some D € D}
Note that though Qp is an open set the definition makes sense since D has zero Lebesgue measure. Though

this set is not convex let us notice that it is a weakly closed subset of C with respect to the H*(£2) topology
guaranteeing the existence of minima of the functional Js. in K,. In fact, we can prove

Lemma 4.6. Let {v;} € K, be a sequence converging weakly in H*(Q) to an element v. Then v € K,).

Proof. Let us define Qp, := {vy > n}. By Proposition 2.7, possibly up to a subsequence, we have that

Dy — Do € D and 0Dy — 0Dy
in the Hausdorff topology. Then, Dy also converges to Dy in measure which implies that

XQp, — XQp,
in L1(Q) and almost everywhere in . Let us now show that
{v>n}=Qp,, ae.

In fact, since

nXep, <k <0+ (1—n)xap,

and noting that vy, possibly up to a subsequence, converges a.e. to v, passing to the limit pointwise we have

nXap, < <0+ (1-n)xap, ae.

From the left-hand side inequality it follows that Q2p, C {v > n} while from the right-hand side inequality we
get that {v >n} C Qp, concluding the proof. O

As an immediate consequence we get

Corollary 4.7. For every fired § > 0 and € > 0, the minimization problem

in J
min Jse(v)

:Lneas — Umeas N LQ(Z) and UZ;L,G denotes a
solution with datum ug, .., then possibly up to a subsequence, we have that vy, — vse in H(Q) where vs. € K,
18 a solution with datum Umeqs.

where Jj5 . is defined in (4.13) has a solution vs.. Furthermore, if u

4.4. Analysis of the I'—limits

We now investigate the asymptotic properties of the introduced functionals: in particular, we first concentrate
on the limit of J5. as ¢ — 0, in the sense of I'—convergence. The proof of the next theorem will clarify our
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choice of the subset K,,. For v € L*(§), consider the following extensions of the cost functionals

j (U) B Jg(’l]) ’Lf’l) S XO.,l (4 14)
’ oo otherwise in L'(Q) '
and of (4.13)
Joo(v) = Jse(v) ifvek, (4.15)
be oo otherwise in L'(Q) .

Then

Theorem 4.8. Consider a sequence {e;} s.t. e — 0 as k — +o00. Then, the functionals j@ek converge to Js
in L'(Q) in the sense of the I'—convergence.

Proof. Write
JN(;,E(U) = Fs(v) + G (v)

where
1 2
F5(v) := 3 (us(V) — Umeas ) do
)

for any v € L*(2) and
o 2, Y 201 N2
Ge(v) = /Q (75|VU\ + v (1—-v) )

for v € K,; and oo otherwise in L' (£2).

Then from the continuity of Fs(v) in L(Q) derived in Proposition 4.4 it is enough to show I'-convergence of
G. as € — 0 to TV(v). Then by Remark 1.7 in [28] it follows that J;. I-converges to Js as ¢ — 0.

Let us prove I'-convergence of G, as ¢ — 0.

(i) We first prove the liminf property i.e. for every sequence £;, — 0 and for every sequence {v;} C L'(Q)

Ll
s.t. vg — v,

TV(v) < limkinf Ge, (vg).

Consider a sequence vy converging in L'(Q) to a function v € LY(Q) as g, — 0 for k — co. We can assume
that {vi} € K, since otherwise the claim would follow trivially. Moreover, by [MM] we know that v = xq,, for
some D C 2 with finite perimeter and TV (v) < liminfy, G, (vi).

Finally, by reasoning as in the proof of Lemma 4.6 we obtain the following relation a.e.

nXQDO < XQp < n+ (1 - U)XQDO;
for some Dy € D, from which it follows that a.e.

Xep = X2p, € Xo,1-
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(ii) Let us now prove the lim sup property: for any v € L'() there exists a sequence {v} converging to v in
L'(Q) as k — +oo such that

limsup G, (vk) < TV (v).
k

Let us first observe that the above inequality can be checked on a suitable dense set of X 1, see for example
Remark 1.29 of [17]. Therefore, we may only consider the set

L£={xa,,DCQ, DeD, dD € C}.

Actually, by Theorem 1.12 in [55] (see in particular properties (ii) and (iii)) it follows that for any set D € D
there exists a sequence of smooth domains Dy, € D (i.e. Yk, Dy, is C* and satisfies assumption 3 with constants
ro, Lo) such that

0D; — 0D in the Hausdorff metric as k — +oo

In particular, this implies
(1)

XQp, — Xop in L' Q) as k — +o0

HY(ODy,) — HY(OD), as k — +oo

In order to check the limsup property on L, we follow the standard approach by constructing a suitable
recovery sequence. Hence, let us consider the Cauchy problem

g =g(l—g)inR
9(0) =n€(0,1)
Note that the solution is globally defined, 0 < g < 1 and g has limits 0 and 1 for ¢t - —oc0 and t — +00

respectively. Now, for any 8 > 0 we take Mz > 0 such that g(Mg) <1 — S and g(Mg) < 0 and consider the
function

1, te (Mg+1,00)

(1 —g(Mp))(t — Mp) + g(Mg), t € [Mg, Mg +1]
g98(t) :== { 9(t), t € [-Mpg, Mg]

g(=Mp)(t + Mg +1), t € [-Mg — 1, —My]

0, te (*OO,*Mg — 1)

Let us now fix v € £ i.e. v := xq, with D smooth and define the signed distance from 9D

—infycap d(z,y), z € D
p(x) = 9.
infycop d(z,y), v € Qp.
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Then we can define

1, in {z € Q: p(z) > (Mg + 1)e}
vep(@) = 4 g (22), in {o € Q. [ple)] < (Mg + e}
0, in {z€Q:p(x) <—(Mg+1)}.

A crucial observation is that for every positive and small enough €, 8, the function v, g € IC,).

In fact, by definition we have v. 5 € H'(;[0,1]) and v, g(z) = gg(0) = g(0) = n for z € dD. Moreover, since
g is a strictly increasing function of the signed distance from 90D (and by recalling that |0D| = 0) we readily
get {v. g > na.e} =Qp, with D € D, so that the claim follows.

Now, by standard arguments, see for example [47] and [48], we can find a sequence {v., g, }32, (with 8 —
0, e — 0) converging in L'(2) to v and satisfying the lim sup property.

O

As a consequence, from the equicoerciveness of the functionals G. and by the I'-convergence, see for example
Theorem 7.4 in [28], we derive the following convergence result for the solutions of Problem (4.15).

Corollary 4.9. Assume 6 >0, € > 0, and let vs. be a minimum of the functional (4.15). Then there exists a
sequence €, — 0 as k — 400 and a function vs € Xo,1 such that vse, — vs in LY(Q) and vs is a minimizer of

(4-14).

Remark 4.10. It can be proved that all the previous results, starting from Proposition 4.5, also hold by
replacing in the relaxed functional G¢(v) the potential v?(1 — v)? with any positive function vanishing only for
v=0and v =1

We are now left with proving the I'-convergence of Js to J as defined in (4.3). To this aim we need to prove
some preliminary results. The first concerning properties of the set X ; and the second regarding continuity
properties of solutions to 4.4 as § — 0 that we derive adapting the proof of Theorem 4.2 in [53].

Lemma 4.11. The set Xo,1 is closed in the L'(Q) topology.

Proof. Consider a sequence {v,,} € Xo1 and assume that v, — v in L' (2). Then, possibly up to subsequences,
Un = Xap, — v pointwise a.e. in 2 where D,, € D. Hence, it follows that v = xq,, for some measurable set D.
Also, by Proposition 2.7 it follows that, possibly up to subsequences, D,, converges in the Hausdorff topology
to Do € D. Obviously, this also implies that xp, — xp, in L'(Q). Hence, up to a set of measure zero D = Dy
implying that v € X ;.

O

Proposition 4.12. Under Assumptions 2.2-2.5 in Section 2, let {vs, }n>1 be a sequence of elements in X1
converging in L*(2) as 6, — 0 to v. Then v = xq, a.e. with D € D and the traces on ¥ of the corresponding
solutions to (4.4), us, (vs,)|s, converge strongly in L?(X) to i|s, where @ is the solution to problem (2.1) with
cavity D.

Since the proof of Proposition 4.12 is long and rather technical and instrumental to get the I'— convergence
result, we have preferred to put it in the Appendix.

The previous proposition can be used to prove the I'-convergence, as d,, — 0, of the functionals Js defined in
(4.14) to the limit functional

- JWw) ifve Xpq
J(v) { (v) fveXo J() = l/E(U(v) 7Um€a8)2dU+OZTV(’U), (4.16)

oo otherwise in L'(Q), 2

where u(v) is the solution of (2.1) with cavity D such that v = xq,,.
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Theorem 4.13. Consider a sequence {0,} s.t. 8, — 0. Then, the functionals Js, converge to J in L'(Q) in
the sense of the I'-convergence.

Proof. (i) We first prove the lim inf property i.e. for every sequence d,, — 0 and for every sequence {vs, } C L*(£2)

1 ~ ~
s.b. s, Lo, J(v) < liminf, Js, (vs, ). Consider a sequence vs, converging in L!(Q) to a function v € L'(£2)
as 0, — 0 for n — oo. Then we can assume that

Js, (vs,) < C. (4.17)

In fact, if lim inf,, J(; (vs ) 400 then the lim inf property trivially follows. Hence, possibly up to a subsequence,
liminf,, Js, (vs,) = lim,, J5, (vs,) < +oo which implies 4.17. Then vs, € X1 and

TV(vs,) < C
and by the lower semicontinuity of the total variation with respect to the L' convergence we have that

TV(v) < liminf TV (vs,) < C (4.18)

n—-+oo
Also, possibly up to subsequences, since vs, = xap, — v a.e. in €2, it follows that v = xq, and v =1 in Qg,.

Furthermore, by Lemma 4.11 we have that v € Xy ;. Finally, since vs, € Xp,1, we can use Proposition 4.12 to
conclude that

/ ‘uén (Uén) - umeas|2 — / |’U,(U) — Umeas 2 (419)
> b

as n — +o0o. Hence, using (4.18) and (4.19) we have

J(v) <liminf Js_ (vs,). (4.20)

n—-+oo
(#1) Let us now prove the following property equivalent to the lim sup property: for any v € L'(Q) there exists
a sequence {vs, } converging to v in L'(Q) such that limsup,,_, ., Js, (vs,) < J(v).

Let v € L'(Q). Then if J(v) = +oco then the property trivially follows. So, we can assume that v € X .
Consider now the following sequence {vs, }n>0 = {v}n>0. Then

lim sup Js,, (vs, ) = lim sup/ lus, (V) — Umeas|? +a TV (v)

n——+0o n—-+00

and by Proposition 4.12, possibly up to subsequences, it follows that

limsup/ \u(;n(v)fumeas|2 = lim /|u(5n(v)7umea5|2:/ \u(v)—umeas|2
n—+oo J¥ n—+0o0o /v )

where u(v) is the solution of (2.1) corresponding to v = xq, and hence we finally obtain that

limsup Js, (vs,) = lim / lus, (V) — Umeas|® +a TV (v / [u(v) = Umeas|* +a TV (v) = J(v)

n— 400 n—-4oo

concluding the proof. O



20 E. BERETTA ET AL.

From [5] it follows that the functionals J; are equicoercive in L' (2) and hence as a consequence of the above
theorem and the fundamental theorem of I'-convergence (see for example Thm. 7.4 of [28]) we have

Corollary 4.14. For any § > 0 let vs be a minimizer of (4.7). Then there exists a sequence §, — 0 as n — +00
and a function v = xq, € Xo1 such that vs, — v in L'(Q) and D is solution to Problem (4.1).

5. RECONSTRUCTION ALGORITHM

In this section, we describe a numerical algorithm which takes advantage of the relaxation strategy proposed
in Section 4 for the reconstruction of cavities. In the first subsection, we analyze an algorithm tackling problem
(4.13) — namely, the minimization of the functional Js . for fixed values of §,¢ - where we replace the potential
v2(1 —v)? in G.(v) by v(1 — v). This choice is in line with the assumptions of Remark 4.10 and is preferable
for numerical reasons, because of the efficiency of the implementation and of the superior performances in the
reconstruction. A similar algorithm, which was proposed in [30] for a linear equation, has already been studied
for the reconstruction of inclusions in the considered nonlinear counterpart in [12]: therefore, we summarize here
the main convergence results, and outline a more efficient implementation. In the last subsection, instead, we
propose an algorithm tackling problem (4.3), namely, the minimization of J and thus the (stable) reconstruction
of cavities.

5.1. An iterative algorithm for the relaxed problem

When fixing d,e > 0, the problem of minimizing Js. over K is analogous to what discussed for conductivity
inclusions in [12], in which § is replaced by the parameter k& denoting the physical conductivity inside the
inclusion. To minimize the relaxed functional Js., we can take advantage of its differentiability. In particular,
it is possible to prove the following result:

Proposition 5.1. (see [12], Prop. 2.10) Under Assumptions 2.2-2.5 in Section 2, for every fixed 6, > 0, the
operator us: K — H(Q) defined by (4.4)) is Fréchet-differentiable, and so is Js . : K — R. Moreover, for every
veK and ¥ € HY(Q) N L>(Q),

T )= [

O*@Vw@%VMMﬁ+/@*®w@ﬁmwﬂ
Q Q

N (5.1)
+2a€/Vu~V19+f/(172v)19;
Q € Ja

where ps: K — H(Q) is the solution map of the adjoint problem:

/ as(v)Vps(v) - Vi +/ as(v)3us(v)?ps(v)h = / (us(v) — Umeas )V Vip € HY(Q). (5.2)
Q Q a0

Taking advantage of the differentiability of Js. and of the convexity of K, we can derive the following
necessary optimality condition:

if v* € argminJse(v), then Js_(v*)[v—0v"]>0 Yvek (5.3)
vell

Notice that such condition is not sufficient, unless some other properties are verified, such as the convexity
of the functional Js.. We consider the following iterative algorithm, which takes advantage of the Fréchet
differentiability of Js.: in particular, the rationale of our strategy is to tackle the minimization of Js. by means
of a sequence of linearized problems at some iterates v(*). The subsequent iterate is computed by minimizing a



ON THE RECONSTRUCTION OF CAVITIES IN A NONLINEAR MODEL ARISING FROM CARDIAC ELECTROPHYSIOLOGY 21

functional which consists of the first-order expansion of J5 . around v*) plus a term which penalizes the distance
from v(*®), due to the local effectiveness of the linearization. A tentative update scheme would read as

. 1
v* D = argmin {2 lv = 0" 72y + T (0*)[o = v(k)]} , (5.4)
vell Tk

where {7} is a sequence of prescribed step lengths. Since J§ _ is evaluated in the previous iterate, (5.4) corre-
sponds to an explicit scheme, and in the absence of the constraint on K it would reduce to the explicit Euler
discretization of the gradient flow associated with J;5.. The explicit treatment of J, (§7 . is beneficial for numerical
reasons (due to the severe nonlinearity of the differential), but can lead to instabilities, which entails that the
choice of the steplenght 7, should be very conservative. As already exploited in [30] and in [12], we can provide
a semi-implicit treatment of the derivative by splitting it in a linear part and a nonlinear one, and evaluating
only the nonlinear part in the previous iterate. In particular, we define:

J5 (0®)o — v ®)] = /Q (1= §)Vus (0®) - Vps (0®) (0 — o)) + /Q (1= 8)us (®)ps (™) (0 — o)

Jrg/(172v(k))(va(k))+2a{—:/VU«V19,
€ Ja Q

where only the last term has been treated implicitly. Through this definition, we finally describe our iterative
scheme as:

. 1 J
SE+1) arg min {mlv ) ||%2(Q) + Jé75(v(k))[v - U(k)]} (5.5)

velkl

for prescribed timesteps 7. At each iteration, the algorithm requires to solve an inner minimization problem
associated with a quadratic functional on the convex set K, which can be treated by standard tools of convex
optimization. Unfortunately, since the functional Js. is in general non convex, the convergence of v®) to a
minimizer is not ensured: nevertheless, we aim to prove that, in the limit, the iterates reach a stationary point,
namely, an element v* which satisfies the (necessary) optimality conditions (5.3). As outlined in [30], expression
(5.5) resembles the discretization of a parabolic obstacle problem, and it is more generally reminiscent of De
Giorgi’s theory of minimizing movements for differentiable functionals (see [18], Chap. 7). Finally, analogously
to what is done in [30] and [12], we can prove the convergence to a stationary point only in a fully discretized
context.

Remark 5.2. Notice that we are minimizing the functional Js5. in K instead of KC,,. This discrepancy between
theory and practice is necessary for our purposes, since the non-convexity of the space IC,, would not allow to use
standard first-order optimization schemes. Nevertheless, numerical evidence from Section 6 will show that the
algorithm converges to a point belonging to K, thus, we can consider the minimization within K as a convex
relaxation of the original problem in /C,,.

5.1.1. Discretization of the forward and adjoint boundary value problems

In order to numerically solve the boundary value problem (4.4), we consider a finite element formulation,
which also entails a numerical approximation of the minimization problem (4.13) we are tackling.
In what follows, we introduce a a shape regular triangulation 7;, of €2, on which we define V;, ¢ H(Q):

Vh:{whEC(Q),wh|K€P1(K) VK € Tp}; Kn=Vp,NK,

where P; (K) denotes the space of polynomials of order 1 on a domain K. A discrete counterpart of is provided by
considering its weak formulation in V}, which can be interpreted as a nonlinear system of algebraic equations,
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and approximately solved by means of a Newton-Rhapson algorithm. Moreover, [12], Proposition 3.1 shows
that, if we consider an approximation v, € Kj of the indicator function v € I, and denote the discrete solution
associated with vy, as us p(vp), then us p(vn) — us(v) as the mesh size h reduces. We can analogously introduce
the approximate solution psp of the adjoint equation (5.2), and the discrete version Js. p of the functional
(4.13), together with its optimality conditions (5.3). Finally, [12], Proposition 3.4 guarantees that, choosing a
starting point v,(lo) € K, there exists a collection of timesteps {7} satisfying 0 < Tinin < Tk < Tmax such that
the sequence generated by (5.5) (where Js . is replaced by Js. ) converges in W1 up to a subsequence to a
point satisfying the discrete optimality conditions.

5.1.2. Implementation aspects

By means of [12], Proposition 3.4 and of the ancillary result [12], Lemma 3.2, we know that the discretized
functional Js . reduces along the iterates of (5.5) for a value of 7 which is sufficiently small, within an interval
[Tmin, Tmax). This suggest the possibility to enhanche the iterative algorithm with an adaptive choice of the
steplength 73, which allows to enlarge it - and therefore save iterations - or to reduce it to guarantee the
decrease of the functional across the iterations:

Algorithm 5.3. Reconstruction of critical points of Js .

1. choose an initial guess véo) € Ky and a step size 1

2. for k=0,..., Knax

o if k==0
o set f)}(jﬁl) = vgk);
else
o compute ’D,(fﬂ) from v,(f), jg’a’h(v,(f)) and 7, via (5.5);

e compute U57h(1~)2k+1)) and J(;,syh(f)ﬁfﬂ))

o if J5 (0) > J5 (i)
o reduce the steplength 7y;
else
o increase the steplength 7y;

(k+1) _ ,ﬁék-i-l)

o accept the iteration: v (k-+1) pktD)

and us p(vy, ) = usn(0), )
o compute p(;,h(v,(LkH)) and Jg@h(v,(f“))

o check the stopping criterion on vgﬁ_l)

and increase k;

The algorithm is moreover coupled with an adaptive mesh refinement routine: indeed, the iterates v,(lk) are

expected to show some regions of diffuse interface, approximating the jump set of the indicator function of the
true cavity. The thickness of such regions scales according to ¢: in order to precisely capture the support of the
gradient, without excessively increasing the total number of elements in 7Tj, we locally refine the mesh according
to the gradient of v,(f) every Nadaps = 30 steps. We nevertheless fix a minimum size hmin = 103,
Remark 5.4. In Algorithm 5.3, the (tentative) update f),(zkﬂ) is computed by solving the semi-implicit scheme
(5.5). As in [30] and in [12], this is done by means of the Primal-Dual Active Set algorithm, which requires a
small number of (sub)iterations. According to the interpretation proposed in [38], we can consider PDAS as
a generalized Newton’s algorithm for the solution of (5.5), where the constraint is included in the form of a
Lagrange multiplier. Alternatively, we observe that the explicit scheme (5.4) also admits the following alternative
formulation:

ptD) = proj,c(v(k) - TkVJ(;,g(v(k))) (5.6)
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where proji is the orthogonal projection on the compact set K and V.Js. (v(k)) is the Fréchet gradient of Js,
representing the Fréchet differential J(§78 (v(k)). This approach, which allows to avoid subroutines, has also been
investigated in [13], where it has been applied to a linear elasticity problem. In our case, preliminary tests have
not shown a significant discrepancy between the usage of PDAS or of (5.6), therefore we make use of the former.

5.2. An iterative algorithm for the regularized problem

In this section, we tackle the minimization of the functional J, namely, the stable reconstruction of cavities via
perimeter-based regularization. The core idea of our approach is to iteratively apply Algorithm 5.3 for decreasing
values of € and ¢, using the stationary point of the previous Js, ., as a starting point for the minimization of
the new functional.

Algorithm 5.5. Reconstruction of critical points of J

1. select initial values (&g, dg)

2. start from an initial guess U’(lo,o)
3. forn=0,1,...
(0,n) (*,m)

e apply Algorithm 5.3 on v, " until convergence to v,
e update (€,,41,0n41)
o set v}(lo’nﬂ) = v,(l*’”).

Despite it is impossible to prove the convergence of the iterates to a minimizer of J, such an algorithm is
motivated by several considerations.

Firstly, for large values of €, we conjecture that the (discrete version of the) functional Js. is convex, as it
has been proved in [22], Theorem 3.1 for a linear elasticity problem. In this case, Algorithm 5.3 is expected to
converge to a global minimum of J5. (see, e.g. [8], Corollary 27.10 regarding the projected gradient scheme).
This is also supported by numerical evidence: the first steps of Algorithm 5.5 are done efficiently, and provide
a good starting point for the ones with smaller €.

Secondly, the sequence of stationary points v,(f’") generated by Algorithm 5.5 is supposed to converge to
a stationary point of J. Notice that this is not guaranteed by the I'-convergence of the functional Js. to J
(separately in € and in J), because we cannot guarantee that vfl*’n) are minimizers. Nevertheless, e.g. [18],
Theorem 8.1 shows how to define a minimizing movement for a limit functional starting from a minimizing
movent along a sequence of functionals, and in particular [18], Chapter 11 and [54] provides conditions under
which a sequence of critical points converge to a stationary point for J. Unfortunately, the functionals Js.
and J do not match the required assumptions: in particular, J is not convex and not differentiable, due to its
definition on the non-convex space Xj 1.

6. NUMERICAL EXPERIMENTS

In this section, after a brief resume of the numerical setting for the simulations, we report and comment the
results of our numerical experiments. We first analyze the performance of Algorithm 5.3, particularly focusing
on the dependence of the solution on the choice of the parameters ¢ and . Then, we move to the study of
Algorithm 5.5, of which we assess the effectiveness even on complicated shapes, and the robustness with respect
to noisy data.

6.1. Setup

In all the experiments, we consider  C R? the unitary ball centered in the origin and assume to have access to
the measurement on I' = 0€). Both Algorithm 5.3 and 5.5 are tested making use of synthetic data: in particular,
the boundary datum upess is generated by solving the forward problem in the presence of the true inclusion,
and perturbing it with some additive Gaussian noise. To do so, we need to create an alternative mesh 7,* of
the domain 2 in the presence of the exact cavity and the associated finite element space V7. The value of
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F1GURE 1. Dependence of the reconstruction on .

the solution at the external boundary is then interpolated on the boundary of the mesh 7 which is used for
the reconstruction, and which does not contain any hole. Notice that this whole procedure also prevents the
presence of an inverse crime, which occurs whenever the exact data are simulated via the same model that is
employed by the reconstruction algorithm.

Moreover, we perform reconstructions from multiple measurements: namely, we assume that NVy,e,s measure-
ments u’,,,, are available, respectively associated to different sources f? in (2.1). In the expressions of J; . (and
analogously for .J), the data mismatch term is thus replaced by an average of the mismatch of every u%(v) with
respect to uf,.,,, where u}(v) is the solution of (4.4) in the presence of a cavity v and with forcing term f*. In

order to comply with Assumption 2.5 on f, we consider Np,e.s = 4 measurements associated with the sources

() = exp { el b } o) = Ry (cos (3 ) i (7))

which are well localized in space close to the points (z;,y;), that are sufficiently close to the boundary (and
far from the cavity) depending on Ry. Every datum u!,.,, is generated by considering the traces of the exact
solution associated to f? and adding random noise with Gaussian distribution with null mean and standard
deviation equal to Mnoise = Mnoise max{ui(x) : ¢ € T'}. Whenever not specified, we consider a 1% noise level:
Thoise = 0.01.

All computations are implemented with Matlab R2021a, running on a laptop with 16GB RAM and 2.2GHz
CPU. We acknowledge the use of the MATLAB redbKIT library [50] for the implementation of the finite element

assemblers.

6.2. Algorithm 5.3: numerical results

As depicted in Section 5, Algorithm 5.3 is a more efficient version of the one proposed in [12], to which we
refer for a complete numerical analysis. In the current study, we are mostly interested in reporting the behavior
of the reconstructed solution with respect to € and §.

The phase-field parameter e is strictly connected with the so-called diffuse interface region. Indeed, the
minimizer of Js. is expected to be different from {0,1} only in a small region, typically corresponding to a
tubular neighborhood of the boundary of a reconstructed cavity, whose width is proportional to €. A small value
of € is thus preferred, but requires a sufficient refinement of the mesh, which is attained without affecting the
efficiency of the algorithm by means of a local adaptive refinement. In Figure 1, we set § = 10~° and compare
the reconstructions associated with different values of §, ranging from 0.0125 to 0.05. In each graphic, we report
a contour plot of the reconstructed indicator function, together with a dashed line denoting the boundary of
the exact inclusion. It is possible to notice the dependence of thickness of the diffusion interface region from e.
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The fictitious conductivity d can be chosen independently of . If § is close to 1, equation (4.4) becomes
significantly different from a cavity problem (2.1), thus the reconstruction is expected to be less accurate;
whereas for much smaller values ¢ the forward problem becomes numerically unstable. In particular, it is easy
to show that the H! norm of us (v) is bounded by a term scaling as % Also in this case, nevertheless, a local

refinement in the region where the gradient of v,(lk) is steep is beneficial to reduce the ill-conditioning of the
problem. In Figure 2, we set ¢ = 0.025 and compare the reconstructions associated to different values of 4,
ranging from 107° to 1073.

In all the proposed examples, the regularization parameter « is chosen heuristically, and we use as a stopping
criterion the relative distance between the iterates. The number of iterations required to reach convergence
ranges between 100 and 200, which consists in a significant speedup with respect to the case without the step
adaptation, which often requires over a thousand iterations (see [12]).

6.3. Algorithm 5.5: numerical results

In the numerical implementation of Algorithm 5.5, we initialize €, 6 by €9 = 0.1 and 6y = 1072, and reduce
them by a factor 4 and 10, respectively. The initial guess for v’(lo,o) is a constant function of value 0. In Figure 3, we
show some results of the application of the combined algorithm for the minimization of Js . for the reconstruction
of a polygonal cavity.

In Figure 4, we report some additional results showing that the algorithm can effectively tackle the recon-
struction of more complicated domains, such as non-convex ones and ones consisting of more than a single

connected component.
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As a final study, we discuss the behavior of the proposed algorithm in the presence of higher noise level. As
previously explained, all the simulations analyzed so far are based on synthetic data perturbed by a Gaussian
noise with variance equal to the 1% of the peak value of the signal. In Figure 5, we report the reconstructions
associated with the same inclusion, but with larger level of noise ((a): 2%, (b): 5%). As depicted in (c), a higher
level of noise can be treated by increasing the value of the regularization parameter «, at the price of a lower
quality of the reconstruction.

7. FINAL REMARKS

We have analyzed the problem of reconstructing Lipschitz cavities from boundary measurements in a model
arising from cardiac electrophysiology. The reconstruction algorithm relies on a detailed investigation of the
dependence of the solutions to the direct problem on the cavities and is based on a phase-field approach that
we justify via I'— convergence of a relaxed family of functionals J. s to the original penalized misfit functional
J. This implies convergence of minima of Je,d to minima of J.

In order to prove our result we have to restrict the relaxed functionals to a non convex subset K, of the
convex set of admissible functions I, while in the numerical algorithm we need to minimize the approximating
functionals J, s over the whole convex set K; nevertheless, as discussed in Remark 5.2, numerical calculations
seem to indicate that the minima of the functional Js . in K belong to IC,,.
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Although we have not found a theoretical justification to this property, it could be useful to remark that the
I'— convergence of Js. to Js (Thm. 4.8) and the resulting convergence of the minima (Cor. 4.9) may also be
achieved on different subsets H C K.

In fact, by inspection of the proof of the above results, one finds that H should be a weakly closed subset of
H(Q) such that:

e if v, € H is such that v, — xq, in L'(Q), then D € D, where D was defined in Assumption 3;
e 7 contains the functions v. g defined in the proof of theorem 4.8) for some n > 0.

Note that the first condition is needed in the proof of the lim inf property and the last one for the lim sup
property. It is not clear to us if it is possible to construct a subset A which is also convex (this would somehow
justify the ’convex relaxation’ argument of Remark 5.2).
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APPENDIX A

In this appendix we prove Proposition 4.12 where we make use of a suitable version of a Caccioppoli type
inequality which we prove below.

Theorem A.1l. (Caccioppoli type inequality) Let A = A(z), x € Bag be a symmetric n x n matriz, L and
elliptic. Let w € L°°(Bag) be a weight such that 0 < 6 < w <1 a.e. in Bag and u a solution in a weak sense to

—div(wAVu) + wu®.

Then

A

C .
/ w|Vul? < 2 wu?=0 in Bor (A1)
BR B2R

C
Proof. Let x € C§°(Bar), 0 < x <1in Bag, x =1in By and |Vx| < R on Bsyp.

In the weak formulation take as test function ¢ = uy?

- div(wAVu)uy? —|—/ wulx? =0
Bar 2B

i.e., integrating by parts,

—/ wAVu - uux2 + / wVu AV(UXZ) + / wu4X2 =0
8B2R BQR BZR

where the first term is = 0 because ot the definition of y. Then we have

/ wVuAVuy? + / wVuAVyx2u + / wuty? =0
BQR B2R

Bar
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using ellipticity condition and boundedness of A and of throwing away the last term (that is > 0) , we get
A wlvas [ 2ulvuavid ulx<2a [ ulval [V o
Bar B2r Bar
and using Young’s inequality the latest is
2A
<ef wimepx+ 2 [ wlupvap
Bar €

Bar

from which, using the properties of x,

IAC?
()\—e)/ w | Vul? < ()\—e)/ w|vut? < 29 / w [uf?
Br Bar €R Bar

8A C?
AQ

Taking for instance € = % the theorem is proved with C' = . O

Proof of Proposition 4.12

Proof. For seek of clarity we divide the proof in several steps.

First step. We start proving some weak convergence results. Let {vs, },>1 be a given sequence of elements in
Xo,1 converging in L'(Q) as &, — 0 to an element v.Then by Lemma 4.11 it follows that v € X¢ 1 i.e. v = xp
with D € D. Thus, vs, — v = Xq, in L}(Q), a.e. in Q and also,

Vas, = xap, as, = as, (Vn) =0 + (1 = dp)vn = Xap, a-e in Q and in LP(Q) (A.2)
for any p € [1,00]. Consider now wus, solution of Problem 4.4 for v = vs,. Then from (4.5), (4.6), we know

that the sequences {,/a,u,} and {,/a,Vu,} are uniformly bounded, respectively in L?(Q2) and in L*(Q;R?);
S0, possibly up to a subsequence,

Vas us, — @ in L*(Q) (A.3)
Vas, Vus, — V in L*(Q; R?) (A.4)

Second step. In this part we will show that the weak limits 4 and of V are a.e. equal to zero inside the cavity
D. In fact, observe that for any Baogr(y) C D we have a5, — 0 a.e. in Bog(y) and by dominated convergence
theorem

/ as, ugn — 0, (A.5)
Bar

and so

Vas, us, — 0

in L?(Bag(y). By uniqueness of the (weak) limit, from (A.3), we deduce that @ = 0, a.e. in Bag(y) and by the
arbitrariness of y it follows

=0, ae. in D. (A.6)
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In order to conclude a similar result for V' we apply the Cacciopoli type inequality (A.1)

/ a5n|Vu(5n|2 < C’/ a(;nu?;n. (A7)
Br

Bar

which entails
Vas, Vus, — 0in L* (Bg(y),R?)
and which implies
V=0, ae. D (A.8)
Hence, by the fact that a5, — xp a.e. in Q and by (A.3) and (A.4)) we also have that

as, us, — @ in L*() (A.9)
as, Vus, — V in L*(Q;R?) (A.10)

Third step. In this part of the proof we will show that % € H*(2p) and that Vi = V a.e. in Qp. Fix a > 0
and define the set D® = {x € Q|dist(x, D) < a} and let Ny := Ny(a) be such that for n > Ny D,, C D® and
as, = 11in Qpa. Then by (4.5) and (4.6) the following uniform estimate holds

us, |1 (2pa) < C (A.11)
which implies that, possibly up to a subsequence, that for some U® € H*(2pa)
us, — U in H(Qpa) (A.12)
and therefore strongly in L?(Qpa)

us, — U® in L*(Qpa). (A.13)

Now, from A.3 and recalling that as, =1 in Qp. for n > Ny we can infer that

/ug,”<p—>/ U (A.14)
Q Q

for any ¢ € L?(2) such that ¢ =0 in Q\Qpa. So,
U :/ e, Vo € L*(Q)
Qpa Qpa
which implies that
U® =dlap.

and hence

V(U*) = V(i|ap.) in L*(Qpa, R?). (A.15)
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Let now ¢ € H'(2) (observe that ¢ € H'(Qpa)Va > 0). From A.3 and A.4 it follows that for n > Ny

/(\/aénvuén Vo + \/as, us,p) = / (Vas, Vus, - Vo + \/as, us, )
Q

QpaU(D,\D)U(D\D%)

Hence, setting
/ (Vas, Vus, - Vo +y/as, us, ) = €n(a)
Da\D

and observing that by (A.3), (A.4) and (A.6), (A.8) one has that

/ WV, Vit i, ) = o).
D\ D@
we can write

/(\/aén Vus, - Vo + \/as, us,¢) = / (Vas,Vus, - Vo + \/as, us, ) + €,(a) + o(1).
Q

Qpa

Then again by (A.3) and (A.4) we can write

/(V~ch+ﬂga)+0(1) :/ (V(ilapa) - Vo + ) + €en(a). (A.16)
Q Qpa

and by (A.6) and (A.8) this last relation also implies that
/ (V- Ve + iig) +o(1) = / (Vi) - Ve + i) + en(a). (A17)
b Qpa

Finally, let us pick up a = a,, — 0 as n — oo in (A.17) and consider a sequence @, € H'(Qp) such that
Unlopa, = @ and with @, — @ in L?(Qp). Then the integral on the right-hand side of (A.17) can be written in
the form

/ (Vi - Vo + i) = / (Vi) - Vo + tnp) + €n(an).
Qpan Qp

We observe that by using Schwartz inequality (and the uniform estimate (A.11) we have that €, (ay), €, (an)
both converge to zero as n — oo. Hence,

/ (V-Ve+iup) = lim (Vi - Vo + tnyp)
Qp n

= Ja,
i.e. iy, — @ in H'(Qp) and Va=V.
Fourth step. We now show that 4 is the solution of the cavity problem (2.1) i.e.

/ Vﬁ-VgaJr/ Wy = fo for o€ HY(Qp) (A.18)
Qp Qp Qp
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Consider the weak formulations for us,
[ as.Vus, - Vor [asud o= [ fo for peni@) (A19)
Q Q Q
Consider p € H'(Qp) and extend it to » € H'(Q). Then subtracting (A.18) from (A.19) we obtain

/Q (as,Vus, — V) -Ve+ /Q (a(;nyugn — 7]3)()0 + /D as,Vus, - Vo + A a(;nugn@ =0 (A.20)

Because of the convergence results collected in the previous steps all the terms in (A.20) tend to 0 as §,, — 0.
Step 5. Let us finally prove the convergence of the traces in L? i.e.

lus, — illr2(s) — 0.

In (A.18) and (A.19) take the test function ¢ = (us, — @)x? € H'(2p) where x is the cutoff function such
that 0 < x <1in Qp, x = 1 in Qq, /5, x = 0 in Qp \ g, and [Vx| < .

Plugging ¢ into (A.19) and in (A.18) and subtracting the two equations, recalling that supp(f) C Qq,, we
obtain

V(us, — 1) - V[(us, — )x?% +/ (uy — @) (us, —W)x*>=0 (A.21)

Qg Qa,

i.€.

V(us, — @) Vx(us, — @)x + / (us, — 0)2(u2, +us,@i+ @2 =0 (A22)

/ V(us, — )2 + 2
Qg Qaq

Q‘i()

Applying Young’s inequality to the second term in (A.22) we obtain that

V(us, —u) - Vx(us, —a)x
Qd()

1
< W, 0Py [ [9xPlus, -aP (a23)
QdO

QdO

and combining the above back in (A.22), reordering terms, using the properties of x and the L™ estimates
on @ and us, we get

/ V(us, — D) <C [ Jus, —
Qg Qag

which implies
IV (us, —@)|* < Cllus, —ll72q
(Qag)
Qag /2

and therefore, using the fact that vs, =1 a.e. in Qg,, the fact that a5, =1 a.e. in {24, and the convergences
proved above, that

[us, — llmr(@qy,.) < Cllus, — tllL2(04y) = 0.
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Finally, by the trace inequality we conclude that

lus, — llr2(s) — 0.

concluding the proof.
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