TOWARDS A BREZIS-OSWALD-TYPE RESULT FOR FRACTIONAL
PROBLEMS WITH ROBIN BOUNDARY CONDITIONS

DIMITRI MUGNAI, ANDREA PINAMONTI, AND EUGENIO VECCHI

ABSTRACT. We consider a boundary value problem driven by the p—fractional Laplacian with
nonlocal Robin boundary conditions and we provide necessary and sufficient conditions which
ensure the existence of a unique positive (weak) solution. The results proved in this paper can
be considered a first step towards a complete generalization of the classical result by Brezis and
Oswald [6] to the nonlocal setting.

1. INTRODUCTION

The celebrated result by Brezis and Oswald [6] states that, given 2 C R™ open and bounded with
smooth boundary and f: © x [0,00) — R a “nice function” (see below for the precise definition)

such that the map u @ is decreasing in (0, 00), the problem
—Au = f(x,u) inQ,
(1.1) u>0,u#0,

u=20 on 0f).

has at most one solution, and such a solution exists if and only if

(1.2) )\1(—A — do(l’)) <0
and
(1.3) A=A — do () > 0,

where \j(—A — a(x)) denotes the first eigenvalue of —A — a(z) with zero Dirichlet condition and

(1.4) ap(z) = lulJIB f(a;, w) and  deo(x) := ilT?o f(a;,u)

After the paper of Brezis and Oswald [6] there has been a wide interest in providing necessary
and/or sufficient conditions for the solvability of more general problems, aiming at considering
different operators and boundary conditions. In particular, we refer to [3,9,15-17,21,26] for the
case of semilinear Dirichlet problems, and to [2,5,7, 13,20, 22] for an extension to quasilinear
problems with Dirichlet boundary conditions, even in the nonlocal case. Finally, we want to
mention the paper [18] where the authors considered the case of Robin boundary conditions for a
quite general class of quasilinear operators. Having in mind the last mentioned paper, we wish now
to extend the Brezis-Oswald result to a fractional setting in presence of nonlocal Robin boundary
conditions. To the best of our knowledge, this is one of the first contributions aiming at considering

such kind of boundary conditions in the nonlocal framework.
1
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Let us now properly introduce the problem we are interested in. Let 1 < p < oo and let 2 C R”
be an open and bounded set with smooth boundary. We consider

(=A)ju = f(x,u) in Q
(1.5) u>0,u#0,

Nspu+ B(@)|ulP?u=0 inR"\Q,

where

(—A)su(az) =c, spP-V- |’LL(1’) — u(y)‘p—Q(u(x) — u(y)) d

’ R o =yl ’

denotes the standard fractional p—Laplacian, while

u(z) — u(y)|P~2(u(z) — u
Nogle) = oz [ O U0 w0,

o =y

is the nonlocal normal derivative associated to (—A)j, see [1,4,8,10,24,25] and [14] for its intro-
duction in the case p = 2 and ¢, s is a suitable positive normalization constant only depending
on n,s and p. Finally, 8 is a nonnegative given function. We would like to point out that the
Neumann operator N ou recovers the classical Neumann condition as a limit case, and has a clear
probabilistic and variational interpretation as well, see [14] for the details.

In order to extend the previous result to our setting, we encounter several difficulties, which
make our studies not trivial. First, the fact that we consider a nonlinear nonlocal operator in
presence of nonlinear and nonlocal boundary conditions of Robin type requires the introduction of
an appropriate function space to work with. Second, and probably more complicated, we have to
prove a maximum principle following a rather uncommon path to prove positivity of weak solutions
of our problem. We must mention that this technique has been recently used in [10] in a different
context, and it is heavily based on previous results contained in [11]. Third, we completely miss a
regularity theory for weak solutions. For this reason, we can prove the uniqueness and the existence
part, the necessity of the analogue of (1.2), but not the validity of the necessity of the analogue of
(1.3). However, if we knew that any solution to problem (1.5) were bounded, we would have the
complete analogue of the classical Brezis-Oswald result, see Theorem 1.2 for the precise statement
of our main results.

Let us start making precise our framework. Let 2 C R™ be an open, connected and bounded
set with smooth boundary 9. We further assume that R™ \ 02 is made of a finite number of
connected components. In other words, there exists a positive integer M such that

M
R™\ 0Q = ] G,
i=1
with C; C R™ open and connected for every ¢ = 1,..., M. We notice that there exists ig €

{1,..., M} such that Q = C;,. We now fix the standing assumptions on the reaction term f and
on f:

(f1) f:Q xR — R is a Carathéodory function.

(f2) For all ¢t > 0, f(-,t) € L>(£2) and there exists ¢; > 0 such that

1f(z,t)] < (1 +P7h for a.e. z € Q,and all t > 0.

(f3) For a.e. x € €, the function t — £d) §s strictly decreasing on (0, 00).

(B1) B e LR Q) and B>0.
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Aiming at providing necessary and sufficient conditions which ensure the existence of a unique
positive (weak) solution of (1.5), we need to consider the eigenvalue problem for (—A); plus an
indefinite potential £ € L°°(2) in presence of fractional Robin boundary conditions, namely

(1.6) (~A)pu+ E@)uf?u = MulP2u, @,
Nspu + B(z)|ulP~2u = 0, in R™\ Q0.

The necessity of considering indefinite (and possibly unbounded!) weights is a consequence of the
fact that, by (1.9), we have

—00 < ap(z) <400 and  — 00 < ao(x) < +oo for a.e. x € Q,

where the nonlocal quasilinear analogous of the functions defined in (1.4) are

(1.7) ao() = im L% and an (@) = tim L5

w0 up~l utoo uP~1 ’

Of course, in the extremal cases, concerning problem (1.1), we would have
M(—A —ag(z)) = —00 and A (—A — Geo(x)) = +00.
We stress the following immediate consequences of (f1), (£2) and (f3), (see also [18]):

(1.9 KO0 > 1) 2 16D lmy = e,
for a.e. x € Q and for every t € (0,1] and
(1.9) ao(e) 2 N2 > o ()

for a.e. x € © and for every t > 0 and
(1.10) f(z,0)>0

for a.e. x € Q. To simplify the notation, for any couple of functions u, v, we set

. Cnsp [u(@) — u@)I"~*(u(z) = uly)(v(=) = oY)
ot =232 f[ i

2 |z — y|rtep

With this at hand, we define weak solutions of (1.5) and (1.6) (see [14] and [25]): we say that
ue Xg 2P is a weak solution of (1.5) if

(1.11) He (1, 0) /f 2 u(@))o(z) da — /Rn\ﬂB(:E)|u(:v)|p_2u(m)v($) da,

for every v € X >P_ Analogously, we say that u € Xg’p is a weak solution of (1.6) if
(1 12)

Y|P3 z)dr = w(x)|P2u(z)v(z) de— z)|u(z) P~ %u(z) da
Haplis )+ [ @@ utepe@ de =2 [ )l Pu@p@ o= [ f@ur )
for everyveXZ,’.

Remark 1.1. Using (1.12), (f3) and the positivity of 3, it is easy to prove that if f(x,s) <0 for
all s € R and a.e. x € Q, then (1.6) admits only the trivial solution. Hence, it is easy to deduce
that f(x,s) >0 for a.e. x € Q and all s € (0,k) for some k € (0, +00].

We refer to Section 2 for the definition and main properties of the function space Xg’p . The
following is our main result
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Theorem 1.2. Let (f1), (f2), (f3) and (B1) hold. Then problem (1.5) admits at most one solution.
Moreover, a solution exists if

(113) )\1(_&07ﬁ75’p) < 0 < )‘l(_aOO)/BWS)p)a

and if a solution exists, then A\i(—ag,S,s,p) < 0. If p = 2 and any solution is bounded, then a
solution exists if and only if (1.13) holds.

As already pointed out, the lack of a suitable regularity result for solutions of problem (1.5)
does not allow to provide the precise analogue of the Brezis-Oswald result.

The paper is organized as follows: in Section 2 we introduce the appropriate functional space
where we look for solution of (1.5) and we prove a few important properties needed later on, like
a sort of strong maximum principle for weak solutions. In Section 3 we provide a few results
concerning the eigenvalue problem (1.6). Finally in Section 4 we prove the existence of solutions

of (1.5).

2. FUNCTIONAL SETTING AND MAXIMUM PRINCIPLE

From now on, we will work in the following fractional Sobolev space, suitably modeled to deal
with fractional Robin boundary conditions. Precisely, given § € L>°(R™\ ), we define the function
space

Xé’p = {u : R" — R measurable : HUHXZ,"’ < —I—oo},

upg .—/updas+// _u()|dd +/ BlluPdx
il o= [ e [ sy [ 1ol

=: HUHLP(Q) + [ ]s,p + HuHLp(B;Rn\Qy

1/p
. Ju(z) — uly)”
[u]sp = </R2”\(CQ)2 o — gt dxd ) )

is strictly related to the Gagliardo seminorm

1= (B i)

We stress that X;’p is a real vector space, and we further note that for 8 = 0, this space coincides

with the one introduced in [10, 14] for g = 0.
We want now to collect several technical results needed in the upcoming sections.

where

We observe that

Lemma 2.1. The space Xg,’p 1s a reflexive Banach space for every 1 < p < oo.
Proof. We set

Y := LP(Q) x LP(R™\ Q) x LP(R?"\ (CQ)?).
We endow Y with the norm

[WlI§ == ll(vi(2), va(2), va(, v)) I

/]1)1 \pdw/ v ]pda:+//2 st P ey
n\ R2n
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We notice that (Y, || - ||y) is a reflexive Banach space. We now consider the map T : Xg/p —-Y
defined as

T(u) := <u’ BL/Py, |u(;v)—u(y)|> i

o — gl

By construction, we have that

ITCIy = llullse,
and hence T is an isometry from X;’p to the reflexive space Y. This concludes the proof. 0

Lemma 2.2. The embedding X;’p — L9(2) is compact for every q € [l,pg), where

pn

phi={n—ps
00 if n > ps.

if n < ps,

Proof. From the definition of || - || XyPs We easily get that
||u”1£p(9) + [u]g,p < ||“”1;(5P7
for every u € Xg’p. Now, since 2 x 2 C R?"\ (CQ2)?, we also have that

[u]” < [ulf -

Since the classical fractional Sobolev space W*P(Q2) compactly embeds in L?(12) (see [12, Theorem
7.1]), the proof is complete. O

For any u € X;’p and € > 0, define the truncation
(2.1) u = min {u, é
We prove a technical Lemma which will be very useful hereinafter.

Lemma 2.3. Let ui,us € X357, ur,us > 0 and set

where uy ¢, uz . are as in (2.1). Then

s7p
UEXﬁ .

Proof. Since the function R 5 ¢ — min{|¢|,1/e} is 1—Lipschtz we have

(2.2) |ue(2) = ue(y)] < fu(z) — u(y)l;

which immediately implies that u;. € Xg’p . By the Lagrange theorem, it is readily seen that for
any a,b > 0 and for every r > 0, we have

(2.3) la” —b"| < r|la—b|max{a""!, " 1}.
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Then, since e?~! < (u1. +)P~! and up. < 1, by (2.3) we have

bo(x) )
(@) + T (uly) + et

(ur(y) + )Pt — (uy(z) + )Pt
(ur(w) + )P~ H(ur(y) + )Pt
(ur(y) + )Pt — (uy(z) + )Pt
(u1(z) + )P~ (ur(y) +e)pt

o U‘IZ),E('CE) _ul2)75(y) uP
(ur(@) Lep1 | 2

(y)

D 1
< pmpluze(a) —uze (W)l +

p
< 82177_2|U2,5(33) - U2,e(y)|
p—1
eb

ur(z) — wa(y)]

" P (u(y) + ep 1

max {(ul (Jj) + €)p727 (ul (y) + €)p72} (ul (CL‘)

By (2.2), for every p > 1 we can estimate the last quantity by

L () — i ()]

p p—
62197,2’”2(95) —ua(y)| + -2

Thus the Gagliardo seminorm of v is finite. Moreover,
D p—1
Ug e Uy 1

— <
(ur + et (u +e)p1 2= gp2'®

hence,

/Qw <or! (/Q

where C(p, ) > 0. A similar argument works for [|v||zs(srn\0)- This finally gives that v € X3. [

uh
(ur + )t

P
+/QIU1,EV’> < C(p,e)l[uallLro) + luall o)) < 400,

The rest of the section is devoted to the proof of a strong maximum principle for weak solutions
of either (1.5) or (1.6). The main idea is taken from [10, Lemma 2.2], which in turn heavily relies
on [11, Lemma 1.3].

Lemma 2.4. Let u € X;’p be a weak solution of (1.5) or (1.6). Assume that uw > 0 in R™. If
Bgr(zo) C R™\ 09, then for every B,(zo) C Bprja(wo) and for every § € (0,1), there erists a
positive constant C > 0 independent of §, such that

/T(a:o) /A |z — ;’"“p . (ZE;; Ig)

e { By(z0) if Br(wo) CQ,
= Q if Bp(zo) C R™\ Q.

p
dxdy < Cr"*P(1 4 rP),

where

Proof. We start with u solution of (1.5), the remaining case can be treated in a similar way and
we omit the proof. Let r € (O, %) and let 6 € (0,1). We further consider a smooth function

¢ € C§°(Bsy/2) such that
(i) 0<o <

(ii) ¢ =1 in By (xp);
(iii) ’D(f)‘ < Cr~lin Bgr/g(.fvo) C BR(.CC()).



Let us now define the function
vi=(u+ 5)1*p¢p.

We stress that v € X;’p , hence it can be used as a test function in (1.11) finding

Hop(u,v) = / f(z,u(z))v(z) de — /Rn\(z Bx)u(z)P v(z) da

oy, @@y
= | s, @)+ o1 Amd“)meJVAd'

(2.4)

On the other hand, in the proof of [11, Lemma 1.3] it has been showed that there exists a positive
constants C' > 0, independent of 9, such that for every u the following inequality holds:

(2.5)
(g )

[u(@) — u()I"*(u(z) = uly)(v(=) o) _ < 1
Now, in order to complete the proof, we need to consider a couple of different cases:

|.CE _y|n+ps |x _y|n+sp

e Case 1: Br(zg) C Q;
e Case 2: Br(zo) CR"\ Q.

First, notice that for any r > 0 we have

_ p
// ‘(z)(x) f—(’—yz‘ dxdy S Crn—sp
Bu(0)xBr(zo) T — y[" TP

for some ¢ > 0, see the end of the proof of [11, Lemma 1.3].
Let us start with Case 1. From (2.5), by integrating in R?" \ (CQ)? and by recalling the
properties of ¢ and (2.4), we get that

// 1 <u(az) + 5)
s In
BT(CCo)XBT SL‘O |‘T - y‘ P (y) + (5

o [ o), @@y
/f @) 1 o1 *Aémﬂ<%wm+ww4d

p

dxdy < Cr"*P — H, (u, %)

= Cr" P 4 (I) + (I1)

for a, possibly different, C' > 0. We proceed by estimating (I) and (I7) with quantities independent
of 0. We start noticing that, since Bs,./2(z0) C Br(zo) C €, then

(II) = 0.

o = g
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We now focus on (I). By (1.10), f(z,0) > 0. Hence

B 00y W) S woe)
(”‘/m{u:@ T +/ﬂm{0<u<1} (ula) + o)1 ™ +/m{u>1} (ulz) 1 o1
W@ e wloy
S/m{o<u<1} (ula) 1+ o)1 ¥ +/m{u>1} (ula) + o)1

w@pt (1 uley oy
SLn{o<u<l}cf<u<x>+5>p role)’ dot l/m{u>1} (alx) 101 ¢

p—1 P
< cr|2N{0 <u <1} Nsupp(¢)| + 2¢1 /m{ - W

< cr|2N{0 <u <1} Nsupp(¢)| + 2¢1[2 N {u = 1} Nsupp(¢))|
< 2max{cy, 2¢ }[Q N supp(¢)|
< 2max{cy, 261}‘331”/2('%'0)‘7

dzx

where the constant ¢y > 0 has been defined in (1.8). We then get

// 1 (u(ac) + 5) P
In
By (z0)x Br(z0) ’x —y|mtep u(y) +0

< Cr"™P 4 2max{cy, 2¢1 }| By j2(w0)|-

dxdy

This completes the proof when Case 1 holds.
Let us now consider Case 2. Due to the assumptions, we have that Bz, jo(70)N§2 = (). Therefore,

8 N[ e ey

”( Jor e 1)‘ /Rn\gﬁ()w(:c)w)fo—ld
u(ey oy
") lula) + o)1

/(R"\Q)OBM/z(ﬂfo)
Therefore, from (2.5), since ¢ =1 on B,(xg), we have

// 1 <u(w) + 5> P
In
r(20)xXQ |z — y|tsp u(y) + 6

p—1 P
< Gy g / ﬁ(x)M dx + c// M drdy
(RMQ)NBs,. 2 (o) (u(z) +6)P By o(wo)x |7 — y["+eP

n

r
diSt(BR(CC()), Q)sp '

dxdy

< Cr" P 4| B[ poo v\ | Bsr 2 (z0) | + C

This concludes the proof.

Lemma 2.5. Letu € Xg’p be a weak solution of either (1.5) or (1.6). Assume further that v > 0
in R™ and that uw Z 0 in C; for everyi=1,..., M. Then

u>0, forae xinR".
Proof. Let us suppose that u vanishes on a set of full measure, namely
|Z| = [{z € R" : u(z) =0} | > 0.

By assumption there exists a point xg € R™ for which the following holds:



e there exists a radius R > 0 such that Br(z¢) C R" \ 0€;

e there exists r € (0, R/2) such that |B,(z9) N Z| > 0 with
(2.6) u#0 in By(xo).
Now, we follow the proof of [10, Theorem 2.3]. To this aim, let us define the function

Fs(z) :==1n (1 + u(;)) , forany § >0, z € R".

Recalling that, by definition of the set Z, Fs(y) = 0 whenever y € Z, we have that
(2r)tsp <u(x) + 5) P
F5(x)|P = |Fs(x P< 2 \In| —F—
B = Fy(e) = Bl < o200 o (420
(r + |z — @) P
o=y

9

for every x € B,(x¢) and y € B,(z9) N Z, while

|Fs(2)|P = |Fs(z) — Fs(y)|P <

for every x € R" \ B, (x0) and y € By(z9) N Z.
Then, integrating the previous inequalities (in y) over B,.(z¢) N Z, we get

(2r)ntsp 1 N <u(:1c) + 5> P
1Z 0 Br(x0)] JB, (o) [2 = yI"P [ \uly) +6
u(z) + 6\ "
(i)

if z € R™\ B,(xp). Therefore, integrating now (in z) over the set

A= Br(l’o) if BR(Jio) cQ -
= Q if Bp(zo) C R\ O,

n-+sp
[imrirs R ]t
!ZﬂB (o) (o)X A [T — ’” b

in the first case, and

/ |Fs(z)|P de < (2r + dist(Q, By (wo) + diam(Q>)n+Sp // 1
A - |Z N B,(x0)] B (wo)xA 1T — Y[

Y

|5 ()P <

if x € By(xp) and

|[Es ()" <

(r + |z — xo|) TP / 1 J
Y
By (z0) |

|Z N By (xo)] x — y|mtep
)

yields

dydz

(Mi; Ij;) p

u(z) + 6\ "
n

u(y) + 0
in the latter. In any case, we can now apply Lemma 2.4 which provides the existence of a positive
constant C, > 0 (independent of § but depending on r) such that

C

Fs(x)|Pde < ———————.
s < s p s

Letting § — 0T we finally obtain that

dydx

u=0 a.e. in A.

If A= B,(z¢), this is in contradiction with (2.6), while the case A = {2 cannot take place, since
is one of the C;’s. Therefore u > 0 a.e. in R". O

We are now ready to state a strong maximum principle for weak solutions of (1.5) or (1.6).
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Theorem 2.6. Assume (f1) and let u € Xg’p be a weak solution of either (1.5) or (1.6). Assume
further that uw > 0 in R™. Then either
u=0 oru>0 forae xecR"

Proof. If u = 0, there is nothing to prove. Thus, let us assume that v # 0. Due to Lemma 2.5, it
is enough to show that u # 0 on every C;. To this aim, let us assume by contradiction that there
exists ¢ € N such that u = 0 on C;. Since C; is open (and connected), we can take ¢ € C§°(C5).
In particular, we notice that ¢ € X3” and hence we can use it as a test function in (1.11) (or
analogously in (1.12)). By doing so, we get

Hop(u, ) = / fz,u(z))y(x) de —/ B(z)u(x)P~Yep(x) dx, for all ¥ € C5(C5).
R™\Q
Therefore, if i # iy, we get
%Amw——%wzj@Vléqmnwm——z;%pW@,ﬁwﬂwGQﬂQ)

o |LL‘ — y|n+sp
Thus
o s,p/ |l’ — |n+sp = 5(y)u(y)p‘1 for a.e. y € CZ-

Since u =0 in 3, we get that u=01in 2.
Thus, we are reduced to consider the case i = ig. By testing (1.11) with u itself, we get

Hep(u,u) = /Qf(x,u(a:))u(x) dx — /Rn\g B(z)u(x)?

=—/' Bx)u(z) <0,
R™\Q

where the last inequality follows from the fact that § > 0 and v > 0 (in R™ \ ©). On the other

hand,
1 u(z) — uly)”
Hsp(u,u) = ~cns, // L) = BT g dy >0,
(1) = Genap R2m\(CQ)? | — y[" P
which yields that
Hep(u,u) =0 and / B(x)u(z)? dz = 0.
R\

This implies that HUHX;*“ =0, so that

u=0, fora.e. zeR"
This yields a contradiction and the theorem holds. U
Remark 2.7. We stress that the proofs of Lemma 2.4, Lemma 2.5 and Theorem 2.6 in the case

of the eigenvalue problem (1.6) follow precisely the same scheme and are even easier than those in
the case of solutions to (1.5), and for this reason we omit them.

3. THE FIRST EIGENVALUE
In this section we provide a few results concerning the auxiliary eigenvalue problem (1.6).

Proposition 3.1. Let £ € L>®(Q2) and assume (B1). Then problem (1.6) admits a smallest eigen-
value A\ (&, B,s,p) € R which is simple and the associated eigenfunction do not change sign in
R™. Moreover, every eigenfunction associated to an eigenvalue X > \1(&, B, s,p) is nodal, i.e. sign
changing.
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Proof. Let v : X3” — R be the C'—functional defined by

) = U, + [ @prdes [ s

for all u € X7, define M C Xg’p as the C'— Banach manifold defined by

M = {uGXZ’p:/ |u\pd1::1},
Q
and set

(3.1) (&, B, s,p) ==inf {y(u) : u € M}.
Of course, since £ € L>®(2) and § > 0, we immediately have
>\1(£7 65 S,p) > _H5||L°°(Q)

Let {up}n>1 € M be a minimizing sequence for (3.1), that is y(un) L A1(&, 3, s,p). Being
¢ € L>(9), we immediately get that {u,}n,>1 C X3” is bounded and so we may assume that there
exists e; € M such that

(3.2) Uy — €1 In X;’p

as n — o0o. In particular, by Lemma 2.2,

(3.3) u, — ey in LI(Q) for every q € [1,p?).
By (3.2), we have

(3.4) o [61]§,p+/ B(x)|e1|Pdz < liminf | 5P [“n]p+/ B(@)|un[Pdz |,
2 R™\Q n—+00 2 R™\Q
and, by (3.3),

(3.5) / () unPdz / £(x)er[Pd.
Then, (3.4) and (3.5) imply v(e1) < A1(&, 5, s,p). Finally, since e; € M by (3.1), we get

’Y(el) = )\1 (£7 /67 S7p)‘
By the Lagrange multiplier rule we immediately get that A\ (€, 8, s, p) is an eigenvalue for problem
(1.6), and precisely the smallest one, with associated eigenfunction e; € X;’p . Finally, notice that

Y(Jul) < v(u) for all u € X3,

and so we may assume that e; > 0 in R™. Since [le1]|z»(q) = 1 by construction, we can then apply
Theorem 2.6 to conclude that
e1(x) >0, forae zeR"

Now, we prove that e; is simple. Thus, let ey € Xg’p be another eigenfunction associated to
M(&, B, s,p). Now, take € > 0, define
| { 1 }
€2 = 1NN €2, — ¢,
€

P
e
2, . By Lemma 2.3 we know that v € Xj3. Thus, we can use v as test

(e1 +¢)P -1
function in the problem solved by e;. Setting

Jp(t) == [t]P72t, teR,

and take v =
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we get

(3.6)

o Jp((er +e)(x) — (e1 +€)(y)) <(q?§)%1(w) - (cqu)%l(y)) N
2 //IR%\(CQ)2 ]:1: — ’n+2s xray

p

e
= \i(£, 8,5, p-1 / 7d / R
1(575829)/961 (€1+€p CED s el (e1 +¢e)p—1 + Rn\Qﬂel (e1 +e)p~t v
By Picone’s inequality (see e.g. [5, Proposition 2.2]), we get

T((er+)(@) = (e +2)w) <(€1 ) e <y>> < feacle) = eacly)

Moreover, since the map ¢ — min{|¢|, 1/¢} is 1—Lipschitz, we obtain

Tl +9)@) = (e1 +)®) <(1+)<m> - m<y>> < lea(a) — ex(u)]"

Hence, passing to the limit as ¢ — 0 and by applying the Fatou Lemma in the left had side of
(3.6) and the Lebesgue Theorem in the right hand side, we find

eb(x el
Jp(ei(z) —e1(y)) ( ng )) _ pz(ly) >
er (@) e () ddy

cnS
> M(&, 8, 8,p / da;— / fe dm—i—/ Begdaz = 7771)[62]5,;)‘
Rn\ﬂ

By the Picone inequality we can estimate the left hand side of (3.7) obtaining

e5(z) e5(y)
Jpler(z) —ex(y)) < - — )
Cn,s,p 6117 (‘T) 611) (y) Cn,s,p
(38) e / /R o — drdy < 2oy,

Hence, all previous inequalities are actually equalities. In particular, the Picone inequality implies

@) _ ea(r) o pon \ (CQ)?,

el(y)  e2(y)
and so, by choosing alternately x,y € Q or z,y € R™ \ Q, we can conclude that there exists a € R
such that e; = aes in R™, as claimed.

Now, suppose that A > A1 (&, B, s, p) is another eigenvalue of (1.6) with associated LP—normalized
eigenfunction u € X, and assume assume by contradiction that u has constant sign, say u > 0.
Then, starting from the equation solved by u and using

_lene)”
(u+e)p—1
as test function, acting similarly as for reaching the equality after (3.7) and (3.8), we get
c
e, = [ o [ cetdo+ [ gehdo = DE2ferl, + (A= M(€ B p))
2 Q Q R7\Q 2

which is absurd, since A > A1(&, 3, s,p), and thus v must change sign. ]
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Remark 3.2. Uniqueness of positive eigenvalues is not strange, even in our general situation, and
it parallels analogous results for fractional problems, e.g. see [23].

Before going on with our result, we need to recall the following Locality Theorem, proved in [25,
Theorem 2.8]:

Theorem 3.3. Let u be a weak solution of (1.5). Then, N;,u+ BlulP~2u =0 a.e. in RV \ Q.
Proposition 3.4. Let (u,\) € X3” x R be an eigen-pair. Then u € L=(R") with |ul| poo@y) =
||U”Lo<>(m-

Proof. The first part of the proof follows as the corresponding ones for Dirichlet problems given
in [19] and the one for Neumann problems in [25], and for this reason we’ll be sketchy.

Being both £wu are solutions to the eigenvalue problem, it is enough to prove that u; = max{0, u}
is bounded in §2, and to prove this, it is enough to show that

U] Loo(@) < 1 provided that ||ui ||y <0
for some 0 > 0; but this assumption can be done without loss of generality, due to the homogeneity

of the problem.
Then, for any integer k > 0 set

wi = (u— (1—27%)),.
We notice that wy € X;’p for any k > 0.
Moreover, the following inequalities can be easily proved:

w41 < wg in R™

u(z) < (28 — Dwy(z) for a.e. z € {wy > 0}
Moreover, {wy, > 0} C {wy > 2~ *+D} and
(3.9) [o(@) = v(y) P2 (v4(2) = v4(y)) (v(x) = 0(y)) = Jvs(a) — v ()P

for all z,y € R™ and every function v, see [18].
Now, by using (3.9) with v = u — (1 — 27%71), we get

p Ip(u(@) — u(y)) (Wi+1(2) = wWi1(y))
oklip < //JR%\(CQ)2 |z — y|"tep ey,

and taking wy41 as test function in (1.6), it implies

C
MR [y 110 <A / 2w e
2 wk+1>0}

By adding the inequality

D -1
/wk+1dx§/ uP"  wg g de,
Q {wk:1>0}

obtained by using that 0 < w41 < w in the set {wi—; > 0}, we obtain as in [11] and [25]
Jwnralyere <O +1) [ @ lugde,
{wk41>0}

Now proceed as in [11] to get that u € L*>(€2). B
In order to conclude, from Theorem 3.3, we have that for x € RY \ Q with u(z) > 0 and non
constant (otherwise the conclusion is trivial) we have

! |u(x Y|P~ 2 |u(x )P 2u(y)
Bla)u(x)’™" + u(z / ‘x_ ’N-‘rps / |x_ |N+;Ds dy.
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\u y)[P2u u(y) ,
Iﬂf—y\ s Y

NP2 < lull oo ()

|u(zx
‘I _ ‘N-i-ps

On the other hand, if x € RV \ Q with u( ) < 0 we have

()( () u(z) P2 + /IU|x_ |N+Jj 2dy> /Iu - |N|jpj (y)dy,

u(z y)P—?
[wll o / dy
> _ y|N+p >
u(x) P72 [[ull oo () -

> e
B+ / e

Being g nonnegative, we have

and so

4. EXISTENCE AND UNIQUENESS OF POSITIVE WEAK SOLUTIONS

In this section we prove the existence of positive weak solution to problem (1.5), and for this
reason from now on we set f(x,u) = f(z,0) for all u <0.

Formally, weak solutions of (1.5) coincide with the critical points of the the functional I : X 3" —
R U {oo} defined as

Cn,s |U(LU) - u(y)|p 1
4.1 I(u) = 2P // —t = dxdy + — ulP — | F(x,u)dx,

where "
F(x,u) ::/ f(zx,s)ds.
0

In order for I to be differentiable, we need to prove that I is well defined and that the Nemytszkii
operator associated to f along u € X3”, f,, defined pointwise as f,(z) := f(z,u(z)), is such that

fu € (LPE(Q))’ . For this purpose, we need the next two lemmas.

Lemma 4.1. If (f1), (f2) and (1) hold, then the functional defined in (4.1) is well defined on the
space X;’p.

Proof. First, we notice that

|u(z) —u(y)
//R?n\(CQ)Q dedy < CHUHXS p-

| / Blul?| <
R7\Q

Moreover, we have that

1
18 g

< C(p, HBHL“’(R"\Q))HUHZ;(ZW'
Finally, recalling (f2),

/QF(.T, u)dx| <

e [ (ul+ ) de < ¢ (HUHXSP T uuuxsp) .
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Lemma 4.2. If (f1), (f2) and (B1) hold, then every critical point of I is a weak solution of (1.5).
Proof. Let us take ¢ € R such that || < 1 and u,v € Xg". Certainly u +ev € X3”. Since,

_ Cnsp |(u+ev)(@) = (ut )
I(u+ev) = //R%\(CQ)2 dxdy

2 o=yl

1
—/F(:U,u—I—sv)dx—i—/ Blu + ev|?,
Q P Jrn\Q

we have that s s
lim (u+ev) — I(u)

=: Ay + Ay + As.
e—0 IS

Now,
(4.2)

_ p _ p
e>0 2 R27\(CQ)2 |z — y|ntsp R2n\(CQ)2 [T — Y[

Jme [y @) - b e - o) -,
R27\(CQ)

2 2e—0 glz — y|ntep
— p—1 —
ey ) o 0) = 00)
2 JJren\(c0)2 |z — y[rtep
Similarly,
1 P |ylP
(4.3) Ag = / S lim [u+eoff = Jul? dr = / BlulP~ v dx
P R7\Q e—0 IS R7\Q
and
F - F
As = lir% (z,uev) (=, u)gdx
(4.4) Y c
= / —(z,u)vdr = / flz,u)vde.
o Ou Q
Combining (4.2), (4.3) and (4.4), we reach the desired conclusion. O

Now, let us consider the following auxiliary functional:
(4.5)

) - —u(y)P 1 1
I(u) := Cp// dedy—l— / |ulP dz + / Blul? dx — / K(z,u)dx,
2 JJrem\(cay |z —y|mtep pJo P Jrmo Q

where

(4.6) K(x,u) ::/ k(z,t)dt,
0
and
— f(z,0) <0,
(4.7) k(z,t) = { flz,t) +tP~1 t>0.
As for I, I is well-defined on Xg’p as well. Moreover, if u > 0 (a.e. in Q), then
(4.8) I(u) = I(u).

Notice that I has the advantage of being (essentially) the sum of the p—power of the norm in
Xg)’p plus a nonlinear term with p—growth. In addition I and I coincide on positive functions.
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Lemma 4.3. Let us assume (f1), (f2), (f3), (81) and

(4.9) A (—aoo, B, 8,p) > 0.

Then the functional I defined in (4.5) is coercive.

Proof. We argue by contradiction assuming that the functional I is not coercive. Then, there exist
a sequence of functions {uy, tnen C X;’p and a positive constant M > 0 such that

(4.10) HunHX;,p — 400 asn — 400,
and
(4.11) I(up) < M for every n € N.

Now, from (4.6) and (4.7) there exists ¢ > 0 such that

p
/K(%u) i < C/ <|u| N |“) dr < e(ull? gy + 1),
Q Q p

where in the last step we used Holder inequality and the boundedness of the set 2. Therefore,
from (4.5) (applied to u,), we get that

Cn,s, 1
(4.12) Tp[ nlf + = ||un||L,,(Q)+p/Rn\Q [unl? dz < c(|Junll]pq) + 1),

where ¢ > 0 now depends on M as well. In particular, by (4.10), this yields that ||u,||zs) — +oo
as n — +oo.
We now set

Unp

Yn 1= € X:P mneN.

lunlLr (o)
From (4.12), and by the very definition of y,,, we have that

Cns,p 1 ” NHLP(Q)
9 | n”Lp Q)[yn]p + ];HunHip( Q) Yn|" dx < C(HUnH LP(Q) +1),

for every n € N. Therefore, dividing by ||un||z»(q) and reassembling the constants, we get

1 1
O+l 4o [ BmPdr<e(1+—5—).
P Jrm\Q Hun”m(g)

for every n € N and some C > 0. Since ||un || r»(q) — +00, this implies that Hyong,p is a bounded

sequence. By Lemma 2.1 and Lemma 2.2, (possibly passing to a subsequence) there exists y € X;’p
such that

(413) y,—y in Xﬁ , Yo =y in LP(Q) and / BlylP do < liminf/ Blyn|P dx
R™\Q N0 JRrn\Q

Moreover, |yl|rr) = 1.
By (4.11) and the definition of I we get that

1 M K -ra u?’L
o (0 R N T s [ Ll g,
P Jrm\Q | Q

|u n”Lp(Q) H“n”Lp(Q)

M F + Yn n
”unHLP(Q) {un>0} HunHLp( Q) p {un<0} ||Un||Lp(Q)
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Using (1.10) we obtain

x, Ul
ary o (lall + ) < L L

[unll7o @)

where v := max{v,0}. If {u,}} C LP(Q) is bounded, then since y;% = Hu ” for all n € N and

using the fact that ||u,|| sy — oo we get yf — 0 in LP(€2), hence y < 0 and the contradiction
follows exaclt as in [18, Proof of Proposition 4]. If {u}} C LP(Q) is unbounded we may assume
that ||u} || »() — oo and proceeding again as in [18, Proof of Proposition 4] we get

= Nanll ey nnm

1 M F(z,uy) u+)
115 bt iy +UiP) 4 [ Bt o < et [ da
BN )5 Je [y Jo it
and
F + 1
(4.16) lim sup/ M dx < / oo () (y )P dx
n—oo Jo |lun HLP(Q) D J{y++£0}
where a is as in (1.7). Letting n — oo in (4.15) and using (4.13) and (4.16) we get
(@17 [P [ ey ds
R™\Q Q
If y* = 0, then from (4.13),(4.14) and the fact that
F(z,uy)

dr =0

lim
n—oo {y+:0} ||uﬁ||7£p(m

we conclude y = 0 which contradicts ||yl z») = 1. Therefore, y* # 0 and from (4.17) we have
A (—@oo, B,p) < 0 which is in contradiction with (4.9). O

Lemma 4.4. If (f1), (f2), (f3) and (81) hold, then I is sequentially weakly lower semicontinuous
(in short s.w.l.s.c.).

Proof. Let 11,1 : X *P 5 R be the C''—functionals defined by

_ p 1 1
I(u) := s // dedy + / lulP dx + / Blul? dx
2 R27\ (CQ)2 ‘$ — y’” SP P Jo P R™\Q

—/QK(x,u)d:n

It is easy to see that there exist two positive constants ¢,¢ > 0 such that for every v € X3°

and

51||u||X;,p < I(u)'/? < 52HU||X;7P. Moreover, proceeding exactly as in Lemma 2.1 we get that Ill/p

is a norm, which implies that Ill/p is s.w.l.s.c. along with I;. Since I = I + I, to prove the
sequential weak lower semicontinuity of I, we need to show that Iy is sequentially weakly lower
semicontinuous. To this end, let S € R and consider the set

Lg := {’U, S X;’p | IQ(U) < S}

We need to show that Lg is sequentially weakly closed. So, let {u,}, C Lg and assume that
U, — u hence by Lemma 2.2, u,, — u in LP(£2). This implies

uf —ut and T — u” in LP()
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and, possibly extracting a subsequence,

(4.18) ulf (z) = ut(z) ae. v € Q.
Proceeding exactly as in [18, Proposition 5] we get
(4.19) SZ—/K(:U,un)d:c:—/F(:L‘,u,f)dx —llut )7, /fa: 0)(
Q
1
@20 e = I ey

(4.21) /fa: 0)(—u )da:—)/f(a:,O)(—u)da:.

Also, from (4.18) and Fatou’s Lemma,

(4.22) lim inf <—/ F(m,ui{)daz) = —limsup/ F(z,ul)dr > —/ F(z,u")dz.
Q Q Q

n—oo n—00

Letting n — oo in (4.19) and using (4.20),(4.21) and (4.22), we get

SZ—/F(m,u*)d:c *HUJFH /fx 0)(
Q
O

We are now ready to prove a sufficient condition for the existence of a positive solution to
problem (1.5).

Proposition 4.5. If (f1), (f2), (f3), (B1) and
)\1(_0107/6757])) <0< )‘1(_@00716787]))

hold, then problem (1.5) admits a positive solution.

Proof. By Lemma 4.3 and Lemma 4.4 we know that there exists ug € X/‘?p such that

I(ug) = inf {f(u) tu € X;’p}.

Our first task is to show that it is possible to assume ug > 0. To this aim, let us assume that ug
is sign-changing. By Lemma 2.3, uj € Xg’p . Recalling (4.8),

I(“o) —I(uo)

+ _ .t P 1
9 R2n\ (C0)? ‘m _ y‘n sp Q P Jrn\Q
mn,s — b 1
Cnsp // luo () U(JJF(?J)‘ dady — / F(w,uar) dr + / |u0 | dx
2 R27\ (CQ)2 ’1’ — y!” sp Q p R7\Q

/\u0|pdx—/f:v0 —uy )
up),

u, = max{—ug,0} > 0.

IA

— F(uo)

where

Therefore ug is a non-negative solution of (1.5). Now, to simplify the notation, let us write directly

ug in place of uo We want to show that actually ug > 0. By Theorem 2.6, we know that

either ug > 0 or ug =0 in R”
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therefore to conclude it suffices to prove that I(ug) < 0. By (1.13) there exists ¢ € Xg’p such that
JoloP dz =1 and

(1.23) R I T

We can assume w.l.o.g. that ¢ > 0. We claim that we can also assume ¢ € L>(R"). Let k € N
and consider ¢, = min{¢, k} € L>(R"), by Lemma 2.3 ¢4 € X" and

I(on) = I(d%)

_ p
— C"SP// @ () fﬁgy)’ dxdy — / F(z, ¢r) dm’—i—l/ Blow|? dx
2 JJremcap  lr gt Q P Jrma

< o / /R o Ty /Q F(r.0)do+ /R W
= I(¢) = 1(9)

and the claim follows. We note that

lim inf 22\ u) > ao(7)
u—0 upP P

and proceeding as in [6, Proof of (15)] we get

liminf/ M > 1/ agd®.
=0 Jigzoy € P J{g#0}

liminf/ L(w,s(ﬁ) > 1/ app?
=0 Jpn P P J{¢#0}

Therefore using (4.23) we conclude that
F(x, e
S I R
n\Q Rn

Thus

ep

for any € > 0 small enough, which is I(e¢) < 0 and the thesis follows.
O

Theorem 4.6. If (f1), (f2), (f3) and (1) hold, then Problem (1.5) admits at most one positive
solution.

Proof. Let up,uz be two weak positive solutions of (1.5). For € > 0, we define the truncations u;
as in (2.1).

For € > 0, we define the functions

U e
Pl,e (ul n 6)10—1 — Ule,
and
L
P2, ‘= (u2 _|_€)p—1 — U2,
By Lemma 2.3, we know that ¢; . € Xg’p fori=1,2.
Now, set

Jy(t) := [t|P~2¢.
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We test (1.11) with ¢ and @2 and we add the resulting identities, getting

,
s p(u1 (37) - Ul(y)) (ul + €)p_1 (l') - (ul + E)p_l (y)
(4.24) 2P / / . dzdy
2 JJren\cay o —y|rer
o [ Ty(ur(2) —wn(v) () —encw)) )
2 R27\ (CQ) |z — y[ntsp
P p
ul,e . ul,e
. Jp(ua(x) — ua(y)) (W(x) 7@2 F eyl (Z/))
+ TP // T dxdy
2 RQ"\(CQ) ‘ZL‘ - y‘n Sp
o [ el = () (i) ~ ) o,
R2n\ (CQ)? |z — y|Tsp

p
2,€ Uy e
/ fla,wm) (ul+5)pl —“1,e> + f(, u2) <(u2+5)p_1 - U2,s) da
D P
- Ua, _ uy,
_ /Rn\QB <|U1’p 2u1 <(u1+;)p_1 - Ul,s) + |U2‘P 2u2 <(u2+;)p_1 — u275>> dx.

We stress that

Ip(ui(z) —ui(y)) = Jp((wi +¢)(x) — (ui + €)(y)), fori=1,2.

Now, applying the discrete Picone’s inequality (see e.g. [5, Proposition 2.2]) and the fact that
t — min{|¢|,1/e} is 1—Lipschitz, we obtain

Tl +€)(@) = (w1 +£)(y) (wi)m - (ui><y>> < fuz(w) — us(y)”

and

p p
Uy e

To(u2 +2)(z) = (12 + £)(») <(u+)() - (Wf;),,_gy)) ORI



Proceeding as in [5] and recalling Remark 1.1, we pass to the limit in (4.24). This yields

Ul uj
Tolus() = 11 (0) { —25(@) = 22 (0
Cn.s 1
4.25 ’71)// dxdy
(4.25) 2 R27\ (CQ)2 |z — y[ntsp
_ Cnsp // (u1(x) — ul(y))pda:dy
2 RZn\(CQ)2  |T — Y|P
u? u?
Jp(’LLQ(.Z') - UQ(y)) ( pil (.Z') - pil (y)>
+ Cn,S,P // u u2 dxdy
2 R2n\ (CN)2 |z — y|ntsp

_ p
— Cn,s,p // (’U/Q(x) uj—(y)) dl’dy
2 JJgemcoye |z —y[rter
p ’LLp
Z / f(:l:)ul) ( 1;31 —’LL1> +f(fL',U2) ( pil —U2> dx
Q Uy Uy

— [ (M ) -

Using the Picone’s inequality in the left-hand side of (4.25) we obtain

0= [ (f(i,_@ ) f(i,_uf)) (8 ) d

u

Ug
f(=,t)

and the conclusion follows using the fact that ¢ — 5=

is decreasing on (0, 00).
Let us now prove the necessity conditions, adapting the analogous proofs in [6].
Lemma 4.7. Let u € X3" be a solution of problem (1.5). Then
A1(—ap, B, s,p) < 0.
Proof. By definition
Cnsppp / aolv|Pdz +/ BlofPda
2 P R7\Q

)\1(_0’0718787])) = ISHI;E ’
'UGXB’ L0 / "U’pd.%'
Q

then taking v = u we get

Cnsp aplu|Pdx + BlulPdx
s.p
2 ’ Q R7\Q

/ |u|Pdx
Q

On the other hand, since u solves (1.5), we have that

wesp,+ [ plde = [ fwuds
2 R7\Q Q

)\1(_(107 /67 5’p) <

21
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By Theorem 2.6, v > 0 in 2. Therefore,

/f(:):,u)udx</aoupdx
Q Q

and the conclusion follows. O

In the following Lemma we show the necessity of the analog of (1.3) in our case. We stress that
in this case both the boundedness of v and the linearity of the operator are crucial assumptions.

Lemma 4.8. Let u € X;’Q be a bounded solution of problem (1.5) with p=2. Then
M (=0, B, 8,2) > 0.

Proof. Set
[, [|ull o) + 1)
[ull o) +1

a(x) ==

Notice that a € L*>(Q) by (£3).
Now, set A = Ai(—a,f3,s,2) and let  be a solution of

(—A)Su—a(x)y =AY inQ,
>0 in €,
Nt + B(z)p =0 in R"\ Q.

Notice that by Proposition 3.1, such a 1 is uniquely determined up to a multiplicative constant.
Now, use v as test function in (1.5) and wu as test function in the equation solved by v and subtract

obtaining
/dm/wm:/f(x,u)¢dm—A/1/)ud:c.
Q Q Q

By the monotonicity property of f, we get

/Qf(:c,u)¢dx>/ﬂaoo(x)u¢dx,

so that A > 0. Moreover, since doo(z) > a(z) for a.e. x € Q), we get that
0< A= )‘1(_&’ B? S, 2) S )‘1(_&007/87 S, 2)a
and the conclusion follows. O

The proof of Theorem 1.2 now follows collecting all the previous results.
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