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applications, for example, in the formulation of quaternionic quantum mechanics, in Schur analysis and
in fractional diffusion problems. In this paper we introduce and study the theory of poly slice monogenic
functions, also proving some Cauchy type integral formulas. Then we introduce the associated functional
calculus, called PS-functional calculus, which is the polyanalytic version of the S-functional calculus and
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1. INTRODUCTION

The theory of polyanalytic functions is an interesting topic in complex analysis. It extends the concept of
holomorphic functions to nullsolutions of higher order powers of the Cauchy-Riemann operator. Precisely,
n-analytic or polyanalytic functions are nullsolutions of the n-power of the Cauchy-Riemann operator. They
were introduced in 1908 by Kolossov see [43] to study elasticity problems. This stream of research was
then continued by his student Muskhelishvili and led to the book [47]. A rather complete introduction to
polyanalytic functions is in [14, 15]. In more recent times this class of functions was studied by various authors
and with no pretense of completeness we mention the works of Abreu, Agranovsky, Begehr, Feichtinger,
Vasilevski [1, 2, 3, 16, 50] and the references therein. Some famous Hilbert spaces of holomorphic functions
that were extended to the setting of polyanalytic functions are the Bergman and Fock spaces, see for example
[5, 6, 14] and the references therein.

Polyanalytic functions are important not only from the theoretical point of view, but also in the theory
of signals since they allow to encode n independent analytic functions into a single polyanalytic one using
a special decomposition. This idea is similar to the problem of multiplexing signals. This is related to the
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construction of the polyanalytic Segal-Bargmann transform mapping L?(R) onto the poly-Fock space, see
[5].

In quantum mechanics polyanalytic functions are relevant for the study of the Landau levels associated to
Schrodinger operators, see [5, 13]. They were used also in [4] to study sampling and interpolation problems
on Fock spaces using time frequency analysis techniques such as short-time Fourier transform (STFT) or
Gabor transforms. This allows to extend Bargmann theory to the polyanalytic setting using Gabor analysis.

The theory of slice hyperholomorphic functions started its full development from the beginning of this
century [27, 38]. It has had a quite fast developments due to several authors and the main results, regarding
the quaternionic setting, are contained in the books [10, 24, 36, 37] and the references therein, while for the
Clifford algebra setting we refer the interested reader to the book [30] and its bibliography. Nowadays the
function theory has expanded in several directions but it is in operators theory where it has found its most
profound applications and several monographs have been published in the last decade [9, 10, 22, 23, 30]. The
slice monogenic functions were introduced in [25, 26, 27, 28, 29] also in collaboration with D. C. Struppa,
and in this paper we generalize this class of functions to the poly analytic setting.

In order to state our results we need to explain the context in which we work and to highlight the
importance of this branch of operator theory which is called quaternionic and Clifford operator theory. First
of all we point out that the appropriate definition of the quaternionic spectrum for a quaternionic linear
operator has been open problem at least since the paper [19] of G. Birkhoff, J. von Neumann, in 1936 on
the logic of quantum mechanics, where the authors showed that quantum mechanics can be formulated also
on quaternions. Moreover, consider a generalization of the gradient operators such as

T =ia(x1, w2, 23)0:, + jb(x1, 2, £3)0, + kc(x1, T2, 3)00,

where a, b and ¢ are given real valued functions of the variables (1, r2,73) € R?, and 4,5,k are the imaginary
units of the quaternions. It is very interesting to observe that the spectral theory for vector operators like
the gradient operator V, or its generalizations such as the operator T' defined above, has been unclear since
long time, even before 1936.

Regarding the quaternionic spectral theorem we observe that some attempts have been done after the
paper of G. Birkhoff, J. von Neumann, but all the approaches suffered of the lack of an appropriate notion
of quaternionic spectrum. The turning point came in 2006 when it was introduced the S-spectrum and the
S-functional calculus which are a cornerstone of quaternionic and Clifford operator theory. The S-spectrum
was identified by purely hypercomplex analysis techniques and not on physical considerations, as it is widely
explained in the introduction of [23].

The spectral theorem for quaternionic normal operators based on the S-spectrum was finally proved in
2015 by Alpay, Colombo and Kimsey and published in 2016, see [7]. This theorem is the most important tool
for the formulation of quaternionic quantum mechanics and more recently there have been several efforts
to study the perturbations of quaternionic normal operators in [20], moreover, the theory of quaternionic
spectral operators has been developed in [33]. The theory of characteristic operator function has started its
development in this setting not too long ago and the main advances can be found in the book [9].

There are several applications of the spectral theory on the S-spectrum to fractional diffusion and frac-
tional evolution problems because it is possible to define the fractional powers of vector operators so that
we can generate fractional Fourier laws, see [22]. With this strategy we are able to write the fractional heat
equation modifying just the Fourier’s law and preserving the conservation of energy law.

Among the most developed areas in the slice hyperholomorphic setting there is the theory of slice hy-
perholomorphic reproducing kernel Hilbert spaces and more in general quaternionic Schur analysis has been
largely investigated in the last decade. The material is spread over several papers, but the interested reader
can find several results in the book [10] and in the references therein.

The importance of hypercomplex analysis in operators theory is not limited just to the slice hypercomplex
setting. In fact, using the classical theory of monogenic functions, see [34, 35, 40], A. Mc Intosh and
his collaborators [42, 44] developed the monogenic functional calculus, which is based on the notion of
monogenic spectrum. This monogenic calculus contains as particular cases the Weyl functional calculus
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and the Taylor functional calculus for commuting operators, see the book [45]. In harmonic analysis, the
monogenic functional calculus plays a crucial role as shown in the book [48] and the references therein.
Moreover, the monogenic function theory has applications in boundary value problems [41], and in Clifford
wavelets, singular integrals, and Hardy spaces as one can see in the book [46].

To complete this short introduction on the hypercomplex spectral theories we recall that there is a link
between the slice hyperholomorphic functions and the monogenic functions via the Fueter-Sce-Qian extension
theorem and that there is a link between the two spectral theories. This link is the so-called F-functional
calculus that generates a version of the monogenic functional calculus using the notion of S-spectrum, see
[32]. We recall that also the Radon transform is a bridge between the monogenic and generalized slice
monogenic functions, see [21].

This introductory part explains how the results of this paper have to be seen in the framework of hyper-
holomorphic function theories and the associated spectral theories.

In fact, here we extend the slice monogenic function theory and its S-functional calculus to the poly slice
monogenic setting, namely to the set of (suitable) functions in the kernel of the Mth-power of the Cauchy-
Riemann operator. The quaternionic counterpart of the function theory started with the recent works
[11, 12], while the corresponding functional calculus is introduced in this paper for the first time. In fact,
in this paper we begin a systematic study of the function theory, also proving the Cauchy formulas. These
formulas can be written using different Cauchy kernels which extend the one in the complex case. However,
the noncommutative context requires suitable techniques in order to prove the results. Furthermore, the
components of the kernels in their poly slice monogenic decomposition have different behavior at infinity.

Then, we define the so-called PS-functional calculus. It is the poly slice monogenic version of the S-
functional calculus and it coincides with it when the order is 1. This calculus is based on the S-spectrum,
see Definition 5.2, and it applies to (n + 1)-tuples of noncommuting operators (Ty, T4, ..., T,) written as the
paravector operator T' = Ty + Tiey + ... + T e,, where e, ..., e, are the units of the Clifford algebra R,,.
The quaternionic case is obviously a particular case. We prove several results and a crucial tool is given
by suitable modified S-resolvent operators for which we could also prove the resolvent equations. For some
results, like the product rules we assumed commutativity of the components of the operators.

The contents of the paper are organized as follows. In Section 2 we recall some preliminary results on the
theory of slice monogenic functions. In Section 3 we develop the theory of poly slice monogenic functions
and we show some properties. In particular, we prove a slice monogenic integral representation of poly slice
monogenic functions that will be used for a representation of the PS-functional calculus. In Section 4 we
prove the Cauchy formulas and we define a product of poly slice monogenic functions. In Section 5 we give
the formulations of the P.S-functional calculus via the PS-resolvent operators and the poly slice monogenic
Cauchy formula. In Section 6 we define and study the formulations of the PS-functional calculus via some
suitably modified S-resolvent operators. In Section 7 we show the equivalence of the two definitions of the
PS-functional calculus and we prove the product rules.

2. PRELIMINARY MATERIAL

In this section we recall some preliminary material useful to extend the theory of polyanalytic functions
to the slice monogenic setting. The classical polyanalytic functions are those functions f : Q@ C C — C of
class CM(Q), for M € N, such that

0; f(z)=0, forall z=u+ive, i=+v-1

where
_ 1 )
0; = o7 (O + z@U)M. (1)

A Cauchy-type formula for polyanalytic functions appeared for the first time in Théodoresco’s doctoral
thesis [49] and recalled in the paper [15]:

Theorem 2.1 ([15], Theorem 1.3). If a function f is polyanalytic of order M in a closed domain G bounded
by a rectifiable closed contour I', then the value of f at any point z of the domain G is expressed, using values
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of the function itself and its formal derivatives at points t of the boundary T, by the formula

M—1

1 1 _ 0"
)= 5 2 [0 )

The formula contains a finite sum in which appear the kernels

1
W[(Z,t):m(g—ae, éZO,,M—l

Another polyanalytic Cauchy formula is given by

M—1

=

16 = [ 3 D L = ) du B w),
992 y—o

where 02 is the boundary of the smooth bounded domain €2 in C, the infinitesimal arc length is denoted by

dw, and we have set

1 (Re(2))
L = — 4=0,..,M—1.
G =g "
We observe that when we define EM in (1) without the prefactor 1/2™ then in the Cauchy formula the
coefficients (—2)* have to be replaced by (—1)*.

In the quaternionic setting or, more in general, in the Clifford algebra setting, one can extend the notion
of holomorphic functions by considering functions in the kernel of a generalized Cauchy-Riemann operator,
thus obtaining the so-called regular or monogenic functions, or of its n-power, thus obtaining poly-regular
functions or poly-monogenic functions, see [17, 18].

We now recall the main definitions on Clifford algebras and the main facts on slice monogenic functions
that are necessary to introduce and develop the theory of poly slice monogenic functions. Let R,, be the real

Clifford algebra over n imaginary units ey, ..., e, satisfying the relations ese,, + emer = 0, £ # m, e7 = —1.
An element in the Clifford algebra will be denoted by > , eaza where A = {¢; ... 0.} € P{1,2,...,n}, £ <
... < £, is a multi-index and e4 = ey, eq, ... e, , g = 1. An element (zg,z1,...,7,) € R""! will be identified

with the element x = g + 2z = x¢ + ZLI xrep € R, called paravector and the real part xg of = will also
be denoted by Re(z). The norm of z € R™™! is defined as |z|> = 23 + 22 + ...+ 22. The conjugate of z is
defined by z = g — z = 29 — »_,_, 2¢e;. We denote by S the sphere

S:{g:elxl—l—...—l—enxn|:17%+...+:17,21:1};

for j € S we obviously have j> = —1. Given an element z = ¢ + 2 € R*""! we put j, = z/|z| if z # 0, and
given an element x € R"*!. The set

[2] :={y eR""! : y=uao+jlz|, j€S}

is an (n — 1)-dimensional sphere in R"*!. The vector space R + jR passing through 1 and j € S will be
denoted by C; and an element belonging to C; will be indicated by u + jv, for v, v € R. With an abuse of
notation we will write 2 € R**!. Thus, if U C R is an open set, a function f: U C R"t! = R,, can be
interpreted as a function of the paravector x.

In this paper we use the definition of poly slice monogenic functions that is the generalization of slice
monogenic functions in the spirit of the Fueter-Sce-Qian mapping theorem, see [32]. This definition is the
most appropriate for operator theory and the reason is widely explained in several papers and in the books
[22, 23]. The corresponding function theory in real alternative algebras is developed in [39]. The same
definition will be used for poly slice monogenic functions in the next section.

Definition 2.2. Let U C R"T!. We say that U is axially symmetric if [z] € U for every x € U.

Definition 2.3 (Slice monogenic functions). Let U C R™*! be an axially symmetric open set and let
U={(u,v) €R?:u+SvCU} A function f: U — R, is called a left slice function, if it is of the form

F(@) = folu,v) +ifi(uw)  forz=u+joeU
4



with the two functions fy, f1 : Y — R,, that satisfy the compatibility conditions
folu, =v) = fo(u,v),  fi(u,—v) = —fi(u,v). (3)
If in addition fy and f; are C' and satisfy the Cauchy-Riemann equations
Oufolu,v) — 0y f1(u,v)) =0 @)
v fo(u,v) + Oufi(u,v)) =0
then f is called left slice monogenic. A function f: U — R,, is called a right slice function if it is of the form
f(x) = folu,v) + f1(u,v)j forx=u+jvelU

with the two functions fo, f1 : U — R, that satisfy (3). If fo and f; are C* and satisfy the Cauchy-Riemann
equations (4) then f is called right slice monogenic.

If f is a left (or right) slice function such that fy and f; are real-valued, then f is called intrinsic.

We denote the sets of left, right and intrinsic slice monogenic functions on U by SM(U), SMgr(U) and
N (U), respectively.

Remark 2.4. The set N'(U) is contained in both SM(U) and SMg(U).
Definition 2.5. We define the notion of j-derivative by means of the operator:
0= 5 (0~ 0.
For consistency, we will denote by
3y =5 (0, +00)
the Cauchy- Riemann operator associated with the complex plane C;, for j € S.

Using the notations we have just introduced, the condition of left slice monogenicity will be expressed, in
short, by 0;f = 0. Right slice monogenicity will be expressed, with an abuse of notation, by fd; = 0.

Definition 2.6. Let U be an open set in R"*! and let f: U — R,, be a slice monogenic function. Its slice
derivative Og is defined as

sn={ 408 szt g

Lemma 2.7 (Splitting Lemma). Let U C R™*! be an azially symmetric open set and let f € SM(U). For
every j =j1 €S let ja,...,jn be a completion to a basis of R,, satisfying the defining relations jrjs + jsjr =
—20,5. Then there exist 2"~ holomorphic functions Fa : U NC; — C;j such that for every z = u + jv we

have
n—1

fi(2) =Y Fal2ias ja=ii ---ji;
|A|=0
where A =iy ...1s is a subset of {2,...,n}, withiy < ... <'is, or, when |A] =0, jg = 1. When f € SMg(U),
then the splitting lemma becomes

n—1
[ =3 jaFa(z), ja=iji i
|A|=0
The following formula is an immediate consequence of the definition of slice functions, see [39].

Theorem 2.8 (The Structure Formula or Representation Formula). Let U C R""! be an azially symmetric
open set.
(1) Let f € SML(U). Then, for any vector x = u+ j,v € U, the following formula holds:

f(gc):%[1—jjm}f(u—I—jv)—i—%[l—i—jjw}f(u—jv), forall u+jveU, jeS. (6)

(IT) Let f € SMg(U). Then, for any vector x = u+ j,v € U, the following formula holds:

flx) = %f(u +0)[1 - Jia] + %f(u —j)[1+iie], forall utjuev, jes, (7)
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Remark 2.9. Using the representation formula we can write the slice monogenic Cauchy kernels in terms of
the complex Cauchy kernel. For example for SL_l (s,x) we have
1 1 1 1
S 1(s.0) = _[1_. }_ _[1 . }
L (@) =g —el| 0 + 5 |1 el T3
where we set * = u + j,v, 2z = u+ jv, s = sg + js1, and where j is the imaginary unit of the complex plane
G;.
For slice monogenic functions we have two equivalent ways to write the Cauchy kernels.
Proposition 2.10. If x,s € R" ™! with x & [s], then

—(2® = 22Re(s) + [s|*) 7! (z = 3) = (s — @)(s” — 2Re(x)s + [2]*) ! (®)

and
(s* — 2Re(x)s + |z*) "' (s — 7) = —(z — 5)(2? — 2Re(s)z + |s]*) L. 9)
So we can give the following definition to distinguish the two representations of the Cauchy kernels.
Definition 2.11. Let x,s € R"™! with = ¢ [s].
e We say that S} '(s, ) is written in the form I if
S; (s, x) := —(2* — 2Re(s)x + |s|*) "' (z — 3).
e We say that S} '(s,z) is written in the form IT if
Sy (s, ) := (s — z)(s? — 2Re(x)s + |z[*) 7.
e We say that S;'(s,z) is written in the form I if
Sp'(s,z) == —(z — 5)(2* — 2Re(s)x + |s|*) "
e We say that S '(s,z) is written in the form IT if
Spl(s,z) := (s* — 2Re(x)s + |z[*) 7! (s — @).
Lemma 2.12. Let x,s € R™"! with s ¢ [2]. The left slice monogenic Cauchy kernel S;*(s,x) is left slice

monogenic in x and right slice monogenic in s. The right slice monogenic Cauchy kernel Sgl(s,x) is left
slice monogenic in s and right slice monogenic in x.

Definition 2.13 (Slice Cauchy domain). An axially symmetric open set U C R"*! is called a slice Cauchy
domain, if U N C; is a Cauchy domain in C; for any j € S. More precisely, U is a slice Cauchy domain if,
for any j € S, the boundary 9(U N C;) of U NC; is the union a finite number of non-intersecting piecewise
continuously differentiable Jordan curves in C;.

Theorem 2.14 (Cauchy formulas). Let U C R" ! be a slice Cauchy domain, let j € S and set ds; = ds(—j).
If f is a (left) slice monogenic function on a set that contains U then

1
f(z) = —/ S; (s, x)dsj f(s), for any e U. (10)
27 Jawncy)
If f is a right slice monogenic function on a set that contains U, then
1
flz)=— f(s)ds; Sg'(s,2), forany zeU. (11)
21 Jawncy)

These integrals depend neither on U nor on the imaginary unit j € S.

Theorem 2.15 (Cauchy formulas on unbounded slice Cauchy domains). Let U C R" ™! be an unbounded
slice Cauchy domain and let j € S. If f € SML(U) and f(00) 1= limy |00 f(x) exists and is finite, then

f(x) = f(o0) + ! ~/8(UO(C») S; (s, x)ds; f(s)  forany x€U.

2
If f € SMR(U) and f(o0) := lim ;o0 f() exists and is finite, then
f(x) = f(o0) + i/ f(s)ds; Sg'(s,z) forany xeU.
o
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3. POLY SLICE MONOGENIC FUNCTIONS

We can now give the definition of poly slice monogenic functions and develop the corresponding function
theory, which will be used to define the PS-functional calculus. This definition is the monogenic counterpart
of Definition 3.17 in [11].

Definition 3.1 (Poly slice monogenic functions). Let M € N and denote by CM (U) the set of continuously
differentiable functions with all their derivatives up to order M on an axially symmetric open set U C R"*1,
We let U = {(u,v) € R? : u+ Sv C U}. A function F : U — R,, is called a left slice function, if it is of the
form

F(z) = Fo(u,v) + jFi(u,v) foro =u+jvel
with the two functions Fp, F : U — R,, that satisfy the compatibility condition
Fo(u, —v) = Fy(u,v), Fi(u,—v) = —Fi(u,v). (12)
If in addition Fy and Fy are in CM(U) and satisfy the poly Cauchy-Riemann equations of order M € N
537 (O 100 (Fo(10) 4 JFi (,0)) =0, forall j €S (13)
then F' is called left poly slice monogenic function of order M € N. A function F': U — R,, is called a right
slice function if it is of the form
F(xz) = Fo(u,v) + Fi(u,v)j foro =u+juvelU
with two functions Fy, Fy : U — R™*! that satisfy (12). If in addition Fy and F; are in CM(U) and satisfy
the poly Cauchy-Riemann equations of order M € N
(Fo(u,v) + Fy (u,v)j)2iM(5u +j0,) =0, forall j€S (14)

then F is called right poly slice monogenic of order M € N. We will denote by PS} (U) and PSY (U) the
set of left and right poly slice monogenic functions on the open set U, respectively.

If Fis a left (or right) slice function such that Fy and Fy are real-valued, then F is called intrinsic. By
PN M(U ) we denote the set of poly intrinsic slice monogenic functions.

Remark 3.2. For the definition of slice monogenic functions we required that the pair (fo, f1) satisfies the
Cauchy-Riemann system. In the case of poly slice monogenic functions we follow the same idea by observing
that (for functions F' of class CM (U))

1 MM MM
o7 (O +io)MF =" < . > @) @) =" ( L )DMk,kij
k=0 k=0

where Dy 1 = (8u)M_]C (Bv)k. Due to the arbitrarity of j, the condition that F is left poly slice monogenic
translates into a system of two differential equations of order M for the pair (Fp, Fy) of R,-valued functions
(which reduces to the Cauchy-Riemann system when M = 1):

M M
M M
k_o(z:M) ( i )DMk,k — k_z(z:l“) ( I )DMk,k Fo(u,v)
, - (15)
M M
M M
+ |- Z (k)DMk,k-l- Z (k)DMk,k Fi(u,v) =0,
k=1(mod4) k=3(mod4)
M M
M M
> (k )DM—k,k - > (k )DM—k,k Fy(u,v)
k=1(mod4) k=3(mod4)
M M
M M
S () 2 (F)owe] B -0
k=0(mod4) k=2(mod4)
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With obvious meaning of the symbols, we have
Di Fy(u,v) — Do Fy(u,v) =0
Do Fo(u,v) + D1 Fy(u,v) =0
However, since this system is rather complicated to write, we prefer to use the above Definition 3.1.

We point out that the definition of poly slice monogenic functions extends to functions with values in a
Clifford Banach module in a very natural way. As in the quaternionic case, one can give the very useful
definition of (strong) slice monogenicity, see [10] for vector-valued functions.

Definition 3.3 (Poly slice monogenic functions vector-valued). Let U C R™*! be an axially symmetric open
set and let
U= {(u,v) eR*:u+SvcU}.

A function f : U — X with values in a left Clifford Banach module X, is called a left slice function, if is
of the form

F(z) = Fo(u,v) + jFi(u,v) fore =u+jvelU
with two functions Fy, Fy : U — X, that satisfy the compatibility condition (12). If in addition Fy and Fy
are in CM(U) and satisfy the poly Cauchy-Riemann equations (13), then F is called (strongly) left poly slice
monogenic.

A function f: U — Xpg with values in a right Clifford-Banach module is called a right slice function if it

is of the form

F(z) = Fo(u,v) + Fi(u,v)j foro =u+jvelU
with two functions Fy, Fy : U — Xp that satisfy the compatibility condition (12). If in addition Fy and Fy
are in CM (U) and satisfy the poly Cauchy-Riemann equations (14), then f is called (strongly) right poly slice
monogenic.

We have the following proposition.

Proposition 3.4. Let M € N and let F € PSY(U) (resp. PSY(U) or PNM(U)). Then F € PSY+M (1))
(resp. PS%JFMI(U) or PNMM(U)Y) for all M’ € N.

Proof. Tt is a direct consequences of the definition. 0
Remark 3.5. The restriction of a function I to the complex plane Cj is denoted by Fj.

Theorem 3.6 (Poly splitting lemma and poly decomposition). Let U C R"*! be an axially symmetric open
set.

(Ia) (Poly splitting lemma). Let F' € PSY(U). Then, for everyj=j1 €S let ja,...,jn be a completion
to a basis of R,, satisfying the defining relations j;js + jsjr = —20,s. Then, there exist 2"~ polyanalytic
functions Fa : U NC; — Cj such that, for every z = u+ jv, we have

n—1
Fi(z)= Y Fa(@ia, ja=li i,
|A|=0
where A =iy ...15 is a subset of {2,...,n}, with i1 < ... < s, or, when |A] =0, jp = 1.
(Ib) (Poly decomposition). The function F € PSY(U) if and only if there exist uniquely determined
functions fo, ..., far—1 € SMp(U) such that, for far—1 # 0, we have the following decomposition
M—1
F(z)= Y 7"fi(z), Voel. (16)
k=0

(Ila) Let F € PSY(U) . Then, for every ji,...,jn € S as above there exist 2"~ polyanalytic functions

Fa :UNC; — Cy such that, for every z = u + jv, we have

n—1
Fi(z)= > jaFa(z), ja=ji - ii,
|A|=0

where A =1y ...15 s a subset of {2,...,n}, with iy < ... </, or, when |A| =0, jg = 1.
8



(ITb) The function F € PS%(U) if and only if there exist uniquely determined functions fo, ..., far—1 €
SMRg(U) such that, for far—1 # 0, we have the following decomposition

M —
=Y ful@)T", Vel (17)
k=0

Proof. We consider the case (Ia) and (Ib) since the other ones follows with similar arguments.

Step (Ia). For every j = j1 € S let jo,...,jn be a completion to a basis of R,, satisfying the defining
relations jjs + jsjr = —20,s. Then there exist 2”71 functions F4 : U N C; — C; such that for every
z=u+jv

n
=Y Fal@jar ja=ii i,
|A|=0
where Fj(z) is the restriction to U N C;, and A = i1...4, is a subset of {2,...,n}, with i1 < ... < i, or,
when |A] =0, jg = 1.
But since F is a left poly slice monogenic function, the functions F4(z) are complex polyanalytic functions
of order M.

Step (Ib). We show that the function F'(x) defined in (16) is poly slice monogenic. First of all, we
note that F is a slice function since it is the sum of slice functions. Then, by the definition of poly slice
monogenicity and the product rule, we have that

1 1
k=0

Viceversa, let us assume that F(z) = F(u+jv) = Fy(u,v) + jFi(u,v) is a left poly slice monogenic function
of order M, i.e. the pair (Fo, F1) is an even-odd pair satisfying (15). By fixing a basis eq, ..., e, of R,, we can
write F; = Z‘ A|=0 F; aeq, i =0,1 where the functions F; 4 are real-valued, and by the l1near independence
of the basis elements e, the system (15) can be rewritten in terms of the 2" real components F; 4 of F;,
i =0,1. Thusif F(u+jv) = Fy(u,v)+jFi(u,v) is left poly slice monogenic, each function Fa = Fy 4 +jF1 4
is a slice function and polyanalytic. By the classical result applied to the Cj-valued function F4, we have

M—1

Fa(u+jv) =Y (u—jv)* fra(u+jv)

k=0
where the functions fj, 4 are Cj-valued, satisfy the Cauchy-Riemann system and are even-odd in the variables
u, v by direct verification. We thus obtain

n

M-1
Flu+jv) = Z Fa(u+jve Z Z u—ju)F fealu+jv)ea

|A|=0 |A]=0 k=0
M-—1

=Y (u—jv)* falu+jv)
k=0

where we set fi = E|nA|:0 fr,aea. The functions fj, are evidently left slice monogenic and this concludes

the proof. O
Definition 3.7. The functions fo, ..., far—1 € SM(U) that appear in Theorem 3.6 in the poly decomposi-
tion (Ib)
M—1
F(z) =Y "fiu(z), Vel
k=0

are called the (left monogenic) components of the left poly slice monogenic function F. Similarly, we will
call the functions fo, ..., far—1 € SMg(U) in (IIb) the components of the right poly slice monogenic function
F.

9



Assumption 3.8. In the sequel, when dealing with a function F in PSY (U) or PS¥ (U), we always assume
that F'is written via its poly decomposition.

Proposition 3.9. Let U C R""! be an azially symmetric domain and let M € N. Then we have:
(I) F € PSY(U) is intrinsic if and only if all its left slice monogenic components are also intrinsic.
(Il) F € ’PS%I(U) is intrinsic if and only if all its right slice monogenic components are also intrinsic.

Proof. We prove (I). We use the poly decomposition in Theorem 3.6 to write
M—1
Fx) =Y 7 fila),
k=0
where fj are the left slice monogenic components for all &k = 0,.., M — 1. First, we observe that if all the
functions fj, are intrinsic, then F' will preserve any complex plane U NC; that is to say that F(U NC;) C C;,
so it is intrinsic.

For the converse, let us assume that F' = Fy + jF} is intrinsic so that Fy, I} are real valued. This means
that in the decomposition F' = Z‘"A‘:O(FO,A + jF1 a)ea there is only the term corresponding to ey = 1 and
expanding in the form F(u + jv) = Zi\igl(u — ju)* fi(u + jv) the functions f, are Cj-valued, see the proof
of Theorem 3.6 (Ib), and so they take C; into itself and so they are intrinsic. O

Remark 3.10. (I) Observe that since f(z) is slice monogenic, for ¢,k € N, for k > ¢, we have that
k!

B (@) = B () Julo) = (k= 10k =2) - (b = £+ P fula) = gy o),
and 5jé (" fr(z)) =0, for k < ¢.
(IT) Similarly, for ¢,k € N, for k > ¢, we have
(fe@)T) 3" = ful@) (@) = k(k — 1)(k —2)... (k — £+ 1) fu(x)T* " = (k’%!@!fm)f”,

and (fi(2)7*)3; =0, for k < .

The next result was already proved for quaternions, we revise its proof in more details here for the sake
of completeness.

Proposition 3.11. Let U C R™t! be an azially symmetric open set and M € N. Then, denoting by Fg or
gF the pointwise product, we have the following statements.

(Ia) Let F € PNM(U) and g € SMy(U). Then, Fg belongs to PMY (U).

(Ib) Let F € PMY(U) and g € N(U). Then, gF belongs to PMY (U).

(Ila) Let F € PNM(U) and g € SMg(U). Then, gF belongs to PM¥ (U).

(Ib) Let F € PMY(U) and g € N(U). Then, Fg belongs to PMX (U).

(IIT) Let F € PN (U) and g € N(U). Then, gF = Fg belongs to PNM (U).

Proof. We prove just step (Ia). In much the same way we can prove the other points. So we assume that
F e PNMU), ge SMp(U) and j € S and we set z = u + ju. We will prove that
8" (Fg)(u+vj) = 0. (18)
Indeed, first we note that since F' is intrinsic, we have F(U N C;) C Cj. In particular, by the Leibniz rule,
the equality
9(Fg)(u+jv) = FOj(g)(u + vj) + F(F)g(u + vj)

holds. We note that since F' is poly slice monogenic of order M and g is slice monogenic we have 51(9) =
0 and 0j(F') # 0. Thus, we obtain

9 (Fg)(u+jv) = 0(F)g(u + vj).
Then, since F' is intrinsic we can use the Leibniz rule M times and get

3 (Fo)u+jv) =" (F)3(g9)(u+vi) + 35 (F)g(u+vj).
10



Therefore, it follows that the formula (18) holds since F' € PA™M (U) and g € SM(U). Hence, the pointwise
product Fg is poly slice monogenic of order M on U.
O

Using the explicit poly decomposition of a given poly slice monogenic function F' of order M, see As-
sumption 3.8, we can give it an integral representation using the Cauchy formula for the slice monogenic

components { fi(z)}k=o,... m—1-

Corollary 3.12 (Slice monogenic integral representation of poly slice monogenic functions). Let U C R™+!
be a slice Cauchy domain. Let j € S and set ds; = ds(—j).
(1) If F is a (left) poly slice monogemc function of order M on a set that contains U then

/ (s, x) dsj fr(s), for any x € U. (19)
a(UNC;) k ‘

(I1) If F is a right slice monogenic function on a set that contains U, then
/ Z fr(s) dsj Sp* (s, 2)T", for any x € U. (20)
auney) =
The integrals in (19) and (20) depend neither on U nor on the imaginary unit j € S.

Proof. We consider the case (19) since (20) can be obtained with similar considerations. So (19) follows by
replacing the Cauchy formula for the slice monogenic components { fi(z)}x—o.... . pm—1 given by

1
fr(x) = — Sy (s, x) dsj fr(s), forany zeU
21 Jawney)
M-1
into the poly decomposition formula F(z) = Z Z* fi(x). O
k=0

Similarly we can prove the case of unbounded domains.

Theorem 3.13 (Slice monogenic integral representation of poly slice monogenic functions on unbounded
slice Cauchy domains). Let U C R"*! be an unbounded slice Cauchy domain and letj € S. Let F € PSL(U)

with poly slice decomposition
M—1

F(z) = Z Z" fi ()

k=0

and the components fr € SMy(U) are such that the limits lim|, o0 fr(z) = fr(00) exist and are finite for
all k=0,....,.M — 1. Then, we have

M-1 M 1
F(z) = Z T fr (o0 / 758, (s, 2) dsj fr(s) for any x € U.
k=0 a(UNGC;) k 0
Let F € PSr(U) with poly slice decomposition
M-1
fr(z)z*
k=0

and the components fr € SMg(U) are such that the limits lim ;oo fi(z) = fi(c0) exist and are finite for
all k=0,...,.M — 1. Then, we have
M—1

ka x—l—— (UC)Zf()dSJS Y(s, z)z* for any xeU.
%) k=0

Remark 3.14. Observe that we have two possibilities to write the Cauchy kernels, using the form I or the
form II.
11



The following result is a direct consequence of the form of the slice function, i.e.,
F(x) = Fo(u,v) + jFi(u,v) forr=u+jvelU

with the two functions Fp, Fy : U — R,, that satisfy the compatibility condition (see the definition of poly
slice monogenic functions). We recall it for the reader’s convenience.

Theorem 3.15 (Poly Structure (or Poly Representation) Formula). Let U C R™"! be an azially symmetric
domain.

(I) Let F € PSY(U). Then, for any vector & = u + j,v € U, the following formula holds:

1 1
F) =3 [1 —jwj}F(u +i)+ 5 [1 +jmj}F(u —jv), forall u+juel, jes. (21)
(II) Let F € PS¥(U). Then, for any vector x = u + j,v € U, the following formula holds:
1 1
Flz) = 5F(u+jv) [1 —jxﬂ + 5 F(u—jv) [1 +jxj}, for all u-+juel, jes. (22)

In the following we use the notation R"+1 = R"*! U {oo}. Then, we first recall the Runge’s theorem for
slice monogenic functions which was proved in [31]. We refer to this paper also for the terminology.
Theorem 3.16. Let K be an azially symmetric compact set in R" "1 and let A be a set having a point in

each connected component of R\ K. For any axially symmetric open set U D K, for every f € SMp(U)
and for every € > 0 there exists a rational function v whose poles are spheres in A such that

|f(z) —r(z)] <e,
for all x € K. Similar considerations hold for every f € SMpg(U).

Now, we are going to use Theorem 3.16 to prove the poly slice monogenic counterpart of the Runge’s
theorem. First, we give the definition of poly slice monogenic rational function.

Definition 3.17. We say that a left poly slice monogenic function R(z) is rational if the left slice monogenic
components 7 (x) in the decomposition

M-—1
R(z) =Y #'r(z), VoeU (23)
k=0

are rational. We say that a right poly slice monogenic function R(z) is rational if the right slice monogenic
components 7 (x) in the decomposition
M—1
R(z) =Y rp(x)7", VaelU (24)
k=0
are rational.

Theorem 3.18 (Poly slice Runge’s theorem). Let M € N. Let K be an azially symmetric compact set in
R™*L and let A be a set having a point in each connected component of R*+1\ K. For any azially symmetric
domain U D K, for every F € PS%(U) and for every € > 0 there exists a left poly rational function R
whose poles are spheres in A such that

[F(z) — R(z)| <e,
for all x € K. The same approzimation holds for F € PS%(U). In the case F is intrinsic the rational
functions R are also intrinsic.

Proof. We show just the case when F € PSY (U), the other statements follows in much the same way. We
note that K is a compact, in particular K is bounded so that it is contained in some ball centered at the
origin, i.e., K C B(0, p), for some p > 0. Furthermore, since F is poly slice monogenic of order M on the
domain U, we know the validity of the poly decomposition (Ib) in Theorem 3.6 with all {fx}o<r<ar—1 that
are slice monogenic functions on U and fp;—1 # 0. In particular, since K is contained in U, we also have

M—1

F(z) =Y 7"fi(z), VzeK. (25)
k=0



Then, we can apply the Runge’s theorem 3.16 on each slice monogenic function fi. Thus, for all k£ =
0,...., M — 1, we know that, for every € > 0, there exist a rational function r; whose poles are spheres in A
such that

i) — ()] < e (ﬁ) , (26)

Jj=0

for every z € K. Now, we consider the poly slice monogenic rational function given by

= Z Tiry(x), Ve U.

Let € > 0. Then, we have

M-1 M—1
|F(2) = R(@)l = | > 7*(ful2) = ril2)| < D Jel*Ifu(@) = ru(2)],
k=0 k=0

for every x € K. Therefore, we apply the inequality (26) to each slice monogenic component and get

|F(z) = R(2)| < == <Z| |k> (27)

k=0

for every x € K. However, we know that K C B(0, p). So we have |z| < p, for any x € K. In particular,
this shows that

M—1 M—1
> ket > o
k=0 k=0

for every x € K. Therefore, inserting this fact in the inequality (27) we obtain that |F(z) — R(x)| < ¢, for
every x € K. O

4. CAUCHY FORMULAS AND PRODUCT OF POLY SLICE MONOGENIC FUNCTIONS

In this section we develop the Cauchy formulas for poly slice monogenic functions. These will be used in
the next section to define the PS-functional calculus for noncommuting operators.

Lemma 4.1 (Poly Cauchy integral formula). Let U C Rt be a slice Cauchy domain, assume that F €
PSY(U) and G € PSY (U) for some M € N. Then we have

M-—1
/ 3 (~1)'G(s)3) T ds 3 F(s) = 0, (28)
aUng) 7

=0
where dsj = ds(—j) and 9; := (8, + jOy) for j € S.

Proof. By writing G = Z‘nA‘:O eaGa, F = Z‘nA‘:O Faea, see the proof of Theorem 3.6, (Ib), the result
follows from the analogue theorem for polyanalytic functions of a complex variable. O

4.1. Cauchy formulas with kernels PgSZl and PgS’El. The poly slice monogenic Cauchy kernel are
described in the next result:

Definition 4.2 (Cauchy kernels P[SZl and PgSgl ). Let £ € N. We define the left poly slice monogenic
Cauchy kernels P,S; " and P,Sy" of order £ + 1 by

e(s —x ¢

e(s —x ¢
_ _w(ﬁ — 2Re(s)z + |s|?) "Nz —3), s¢]x]

PS; (s 2) 1 =
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and right poly slice monogenic Cauchy kernels of order £ is defined by

e(s —x))*
PgS’ﬁl(s,I) D= (R(T))Sg}e(s,x)

Re(s —x))*
= —%(x —5)(x* — 2Re(s)z +|s]*)7Y, s ¢ [z].
Remark 4.3. Observe that, in both cases, we have used the slice monogenic Cauchy kernels written in form I
so that the PS-functional calculus will work for paravector operators with noncommuting components. For
the function theory it is also possible to use slice monogenic Cauchy kernels written in form II, but in this

case to define the PS-functional calculus we are limited to commuting operators.

Lemma 4.4. Let £ € N and let x,s € R"*" with s ¢ [x]. The kernel PyS; ' (s,z) is left poly slice monogenic
in x and right poly slice monogenic in s of order £ + 1. The kernel PgSEl(S, x) is left poly slice monogenic
i s and right poly slice monogenic in x of order £ + 1.

Proof. For £ € N. For all s,z € R""!, we set
R _ 4
Pys,z) = Les = o)
!
Then, Py(s, ) is a slice function, intrinsic and poly slice monogenic of order £+ 1 with respect to the variables

2 and s. By a direct computation, for s ¢ [z], the product Py(s, x)SZl(s, x) is left poly slice monogenic in
and right poly slice monogenic in s of order ¢ + 1. Using similar arguments we treat P (s, x)Sgl(s, x). O

Theorem 4.5 (The poly slice Cauchy formulas with kernels PgSL_l and PgS}}l). Let U C R™"*! be a slice
Cauchy domain. For j € S set dsj = ds(—j) and 0 := (0, +j0y).
(1) If F is a left poly slice monogem'c function on a set that contains U then

/ (—2) PS; (s, ) ds; EEF(S), for any xeU. (29)
277 a(UNC;) z 0
(II) If F is a right poly slice monogenic function on a set that contains U, then
1 = =
F(z) = —/ Z (=2)F(s)9; ds; PiSg" (s, ), for any xeU. (30)
27 uncy) —p

The integrals (29) and (30) depend neither on U nor on the imaginary unit j € S.

Proof. Consider (I). It is a consequence of the Lemma 4.1 and of Theorem 3.15. We now use the poly
splitting lemma (Ia). Let F' € PS%(U), and for every j = j; € S let jo,...,jn be a completion to a basis
of R, satisfying the defining relations j,js + jsjr = —2d,5. Then there exist 2"~ polyanalytic functions
Fa :UNC; — Cj such that, for every z = u + jv, we have

n—1
Fy(2) = Y Fa(2)ia, ja =i i,
|A|=0

where A =iy ...is is a subset of {2,...,n}, with i; < ... < g, or, when |A] =0, jp = 1. So we can write

M—1
1 1 (Re(s—2))"
7 Z:/ 255 dsd; Fa(s), zeUNC;
4 a(UNcy) 2( ) 27j (s — z) 7 i Fa(s) 5

and also
M-1 n—1
1 (Re(s—=2)) , —¢ .
Z Falz JA—— (-2)* — ( (gl ) ds; 0; Z Fa(s)ja, 2z€UnNCG;.
|A]=0 aUNGy) =g sz ' |A|=0
Thus we can write Fj(z) and Fj(Z) as
M—1
1 1 R — ¢ —
Fi(z) = — (—2)* (Re(s = 2)) ds; ;' F(s), zeUNC;,
] o — 7 j O] j
a(UNC;) 1= §—% :
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and
M-1 -
F(z) = 1 = 1 (Re(s—7%))

21 Jowney) s—Z 4

4
ds; 3, F(s), ZeUNC;,

where we set © = u + j,v, 2 = u+jv, s = so + js1, and where j is the imaginary unit of the complex plane
C; on which we integrate. Now we use the poly monogenic representation formulas and the two Cauchy

formulas for Fj(z) and Fj(Z) on the complex plane C;. Specifically, we use

1 . 1 . _
F() = 5[1 =i ) + 3 [1 + 50| B3)
so we have
M—1
1 1 1 (Re(s —2))* —¢
F(x)—§[1_hﬂ2—/ (~2y L (ﬂ " 45,3 F(s)
T Jaunc;) = §—z
M—1
1 1 1 (Re(s—2)" , —¢
+_1+J1J_/ —2é — ds; O, FS,
2[ }271' a(UNnCy) 620( )s—z ! i% Fs)
and also
M-1
1 1 1 (Re(s—2))* Y
F(;v):2—/ (=23 |1~ i ( (ﬁ ) 45,35 F(s)
T Jounc;) 1= < :
M—1
1 1 (Re(s—2))" , —¢
+2—/ (—2)* [1 +sz} ( (w ) ds; 8, F(s)
T Jouncy) =
Finally we get
M—1

(Re(s—2))' _, e
F(z) = — / (—2) =L 5 (s, ) ds; O F(s)

2 a(UNG;) ; il L I
where we have replaced the poly slice monogenic Cauchy kernel

(Re(s — x))* (Re(s —2))* 1 (Re(s —2))¢ 1

S (s = %[1 _jzj} 7 * %[1 +j“] z! z

s§—2Z s —Z

written via the poly slice monogenic representation formula.

O

Definition 4.6. We say that a poly slice monogenic function is poly slice monogenic function at infinity if

its slice monogenic components are slice monogenic at infinity.

Theorem 4.7 (Poly slice monogenic Cauchy formulas on unbounded slice Cauchy domains with kernels
P,S; ' and PSp'). Let U € R™ ! be an unbounded slice Cauchy. For j € S set ds; = ds(—j) and 0; =

5 (D +j00).- -
(I)Let F € PS1(U) with poly slice decomposition
M-1

F(z) = Z T fi ()

k=0

and the components fr € SMy(U) are such that the limits lim|, o0 fr(z) = fr(00) exist and are finite for

all k=0,....,.M — 1. Then, we have
M-1 M—1

F(z) = Z 7F £ (00) + %/ Z (—2) P St (s, ) ds; EEF(S) for any xeU.

k=0 a(UNC;) =

(II) Let F € PSg(U) with poly slice decomposition

M-1
F(z) = Z fr(z)z"
k=0

15



and the components fr € SMp(U) are such that the limits lim ;|00 fu(z) = fi(00) exist and are finite for
allk =0,....,M —1. Then we have
1 — -,
Z fi(o0 —i— — (=2) F(s)d; dsj PiSg* (s, ) for any xeU.
A(UNGC;) =0
Proof. Let us consider (I). For sufficiently large r > 0, the set U, := U N B,(0) is a bounded slice Cauchy
domain with 2 € U, and H\ U,, C U. By Theorem 4.5

M—1
F(x) ~ L / Z (—2) PS; (s, ) ds; EZF(S)
27 Jow,ncy) =5
M—1

1 _
- (—2)'P,S; (s, ) ds; 3 F(s)
2m Jowne,) =5

1 M—1

— (=2) PS5, ) ds; EEF(S), for any z e U.
21 Ja(s,(0)ncy) =5

The Cauchy theorem for poly slice monogenic functions implies that we can vary r without changing the
value of the second integral. Letting r tend to infinity, we find that the monogenic components converge to
fr(00) and we obtain the statement, since

1 M—1 M—
lim —/ —2)P,S7 (s, x) ds; 8 F
M5 Lo %( ) PuST (s, ) ds; kz::

O

Remark 4.8. There is a more direct proof of the Cauchy formulas with the Cauchy kernels PgSZl and PgS’};l.

In fact, the integrals
k—1

[ S RS ) ds B )
wne;) =

can be computed directly. As an example consider k = 2.

1

Jk((E) = %

B =gz [ st (306 + o9)
— (~2)(Re(s) — z0)S7 " (5,2) ds; fa(s)
T Jauncy)

using the relation S;'(s,2)s — 257 (s, #) = 1 and the Cauchy theorem we get

1 _ 1 _
Jo(z) = _f/aw . )SLl(s,x)dsj fi(s) + %/8([] : )SLl(s,x)dsj fo(s)
NC; neG;

2T
so we obtain Jo(x) = Tf1(z) + fo(z).

4.2. Cauchy formulas with kernels HgSZl and HgSEl. As one may easily compute, the components of
P;S; ! (and of P,Sp') in the poly slice monogenic decomposition do not have a finite limit for || — oo, for
every fixed s and so they are not poly slice monogenic at infinity. Thus we introduce other kernels whose
components are poly slice monogenic at infinity.

Definition 4.9 (The Cauchy kernels HgS’Zl and HgS’El). Let ¢ € N. We define the left poly slice monogenic
Cauchy kernels of order £+ 1 by

10,57 (s, ) : = glkzi: ( ) (s, 2)(—=5)"

:_% () (z° — 2Re(s)z + |s|*) "z —5)(=5)"F, s ¢&[a]
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and right poly slice monogenic Cauchy kernels of order ¢ 4 1 is defined by

£
Syt (s, ) : = %Z (f;) (=) * Sk (s, )T

¢
1 l
=—— <k> (—=8)*(x — 5)(2* — 2Re(s)z + |s|>)7'T*, s ¢ [z].
Lemma 4.10. Let £ € N and let z,5 € R with s ¢ [2]. The kernel T;S; ' (s, z) is left poly slice monogenic
in x and right poly slice monogenic in s of order { + 1. The kernel HgSEl(s, x) is left poly slice monogenic
i s and right poly slice monogenic in x of order £ + 1.

Proof. Consider the kernel HgSZl(s, x). The statement is a direct consequence of the definition of poly slice
monogenicity and of the poly decomposition of poly slice monogenic functions. In fact, HgSZl(s, x) is of the
form

S, ' (s,2) = Zz/}g(s, z)5¢ 7k
where the components
170\ _4 _
Ye(s,x) := E(k)kaLl(s,x)(—l)g k

are right poly slice monogenic function in the variable s for s ¢ [x]. The order £41 is clear from the definition.
To see that the kernel TI;S} ! (s, ) is left poly slice monogenic in x it is more convenient to write S; *(s, ) in
the form II and reasoning in a similar way. The case of HgSgl(s, x) follows with similar considerations. [J

Lemma 4.11. For s ¢ [z] the kernel 1,5} (s, :v) is the unique left (resp. right) poly slice monogenic
extension in x (resp. s) of the kernel my(z,s) = %(2 — 8)*(s — 2)7', 2,8 € Cj, for z # s. Analogously, for
s ¢ [x], the kernel TSy (s, x) is the unique right (resp. left) poly slice monogenic extension in = (resp. s)
of the kernel my(z,5) = (2 — 5)'(s — 2)7', z,s € Cj, 2z # s.

Proof. When z = z € Cj it is evident that the restriction of TI,S; * (s, x) to C;j is m¢(2, s). Since IT,S; (s, 2) =
& Zi:o (i)EkSL_l(s, 7)(—3)*"* and its slice monogenic components are unique, the assertion follows. O

Theorem 4.12 (Cauchy formulas with the kernels I1,S; ' and II;S;"). Let U C R"*! be a slice Cauchy
domain. Forj €S set ds; = ds(—j) and 9; := $(dy + jO,).
(I) If F is a left poly slice monogenic function on a set that contains U then

=5 / Z ,S; ' (s, ) ds; EKF(S), for any xe€U. (31)

(I1) If F is a right poly slice monogenic function on a set that contains U, then

M—1

1 —
F(s)(?jl dsi 1Sy (s, @), forany xe€U. (32)

F(x)=—
2m Jowney) =5

The integrals (29) and (30) depend neither on U nor on the imaginary unit j € S.

Proof. Tt follows in much the same way as the case of the poly slice Cauchy formulas with kernels PgSZl and
PgS}}l (see Theorem 4.5) using the poly splitting lemmas by taking x, s € C;. Then the assertion follows by
the poly representation formula, the polyanalytic Cauchy kernel 7, used by Théodoresco see (2) and Lemma
4.11.

O

Theorem 4.13 (Poly slice monogenic Cauchy formulas on unbounded slice Cauchy domains). Let U C R**+!
be an unbounded slice Cauchy. For j € S set dsj = ds(—j) and 0j :== 3(9y +jOy).
17



(I) Let F € PS1(U) with poly slice decomposition

M—-1

Fa)= Y 7 filx)

k=0

and the components fr € SMy(U) are such that the limits lim| o0 fr(z) = fr(00) exist and are finite for
all k=0,....,.M — 1. Then, we have

M—1 M—-1

_ —k i/ 1 ot
F(z) = Z Z" fr(c0) + 27 Lo % 11,5, (s, x) ds; 0y F(s) for any xeU.

(II) Let F € PSg(U) with poly slice decomposition
M-1
= Z fx (,T)fk
k=0

and the components fr € SMgr(U) are such that the limits lim ;oo fi(z) = fi(00) exist and are finite for
all k=0,...,.M — 1. Then we have

1
r) = go fr(oo)m 27T/ A Z y )8 dsi 1Sy (s, ) forany zeU.

Proof. Consider (I). Recall that we assume the components f, € SMp(U) of F € PSr(U) are such that
the limits lim ;o fr(z) = fr(o0) exist and are finite for all k = 0,..., M — 1. For sufficiently large r > 0,
the set U, :== U N B,.(0) is a bounded slice Cauchy domain with z € U, and R**'\ U, C U. By 4.5

M—1
1/ 1 =
F(x) =— 11,57 (s, z) ds; O; F(s
()27r (Um(C)g ZL( )JJ()
1
__w/ ZHgS (s,)ds; O; F()

UﬁC)ZO

1
—/ ZHZS (s,z)ds; 0 F() forany zeU.
a(une,) 1=o

The Cauchy theorem for poly slice monogenic functions implies that we can vary r without changing the
value of the second integral. Letting r tend to infinity, we find that it equals Z,Igvigl Z* f1,(00) and we obtain
the statement. 0

Remark 4.14. Also for the Cauchy formulas with the kernels stgl and HgSgl the integrals

/ ZH@S (s,2) dsJBZF(s)
17}

uncy) 1=

can be computed directly. As an example consider the case k = 2, so we have

1

21 Jawnc;)
1

21 Jownc;)

L(x) = Sp'(s,2)ds; (511(5) + fols))
(S (s.2)(=5) + TS; (5,2) ) dsy fu(s)

and so we get I>(z) = Tf1(x) + fo(x) using the Cauchy formula of slice monogenic functions.
18



4.3. Poly ®-product and ®g-product. We conclude this section with the product of poly slice mono-
genic functions. We note that given two poly slice monogenic functions F' and G of orders N and M, we
can use the poly decomposition formulas to define a natural product. This product take out of the class but
it will be useful for the product rule of the PS-functional calculus.

Definition 4.15 (Poly ®-product and ® g-product and pointwise product ). Let U C R™*! be an axially
symmetric open set and M, N > 1.
(1) Let F € PSY(U) and G € PSY(U) and let

N—-1 M-—1
F(z)= > #fi(x) and G(z)= Y Fg(z), forallzel,
k=0 k=0

be their poly decompositions for fo,..., fnv—1 and go, ..., gpr—1 € SML(U). We defined the poly ®-product
of F' and G by:

N+M—2

(FerQ)(z)= > = ( > (e 9h)($)> , (33)
£=0 k+h=¢

where %7, is the x-product of left slice monogenic functions.

(I) Let F € PSY(U) and G € PSH(U) and let

N-—-1 M-—1
F(z)= > fe(x)@ and G(z)= Y ge(x)z*, forallzel,
k=0 k=0

be their poly decompositions for fo, ..., fy—1 and go, ..., gpr—1 € SMR(U). We defined the poly & p-product
of F' and G by:

N+M-—2
(F@rG)(z)= Y ( > (fexr gh)(l“)) T, (34)
£=0 k+h=¢

where *p is the star-product of right slice monogenic functions.

(ITT) Let F € PNY(U) and G € PSY(U) and let

N—-1 M—1
F(z)= > 7fi(x) and G(z)= Y Fg(z), forallzel,
k=0 k=0

be their poly decompositions for fo, ..., fy—1 € N(U) and go, ..., gpr—1 € SM(U) . The pointwise product
of F and G is defined by:

N+M-2
(FG)(z) = Y fl( > (fkgh)($)> - (35)

=0 k+h=¢
Similarly we define the pointwise product for F € PSY (U) and G € PN Y (U).

Remark 4.16. Tt is clear that the pointwise product of two poly slice monogenic functions does not preserve
the poly slice monogenicity, but, as we will see, it does when we consider intrinsic functions.

Theorem 4.17. Let U € R"*! be an azially symmetric open set and M, N > 1.
(I) Let F € PSY(U) and G € PSY(U) and let

N+M-—-2
(FoLG)(x):= > ( > (et gh)($)> : (36)

=0 kth=¢
the poly ®r,-product of F and G. Then (F ®1, G) € PSY TN -1(U).
(II) Let F € PSR (U) and G € PSY (U) and let

N+M—-2
(F®rG)(x) = Y ( > (fe*n 9h)($)> !, (37)

£=0 k+h=¢

be the poly ®g-product of F and G. Then (F ®r G) € PSY ™ "1U).
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Proof. Let us prove (I). With similar computations we get (IT). Observe that, in (36), the function
he(z) =Y (fi*1 9n)(@)
k+h=(
is slice monogenic in U for all ¢, by definition, so the function

N+M—2
(FoLG)(x)= > 7'hx),
£=0
belongs to PS %"’N -1 (U) thanks to the poly decomposition theorem. O

As a consequence of the previous result we have the case of intrinsic functions which will be used for the
product rule for the PS-functional calculus.

Corollary 4.18. Let U C R™*! be an axially symmetric open set and M, N > 1.
(I) Let F € PNY(U) and G € PSY(U). Then we have

N+M—2
(FoLG)() = F@)G(x)= Y @ < > fk(ﬂ?)gh(x)> : (38)
=0 kt-h=¢
and FG € PSYTN-1(U).
(II) Let F € PSN(U) and G € PNY (U). Then we have

N+M-2
(ForG)(@) = F@)Ga)= ) < > fk(w)gh(w)> 7, (39)

£=0 k+h=¢
and FG € PSHTN-1(U).

Proof. Tt is a direct consequence of the product theorem for slice monogenic functions, i.e., it is the case
when the slice monogenic *-product becomes the pointwise product. ]

5. FORMULATIONS OF THE PS-FUNCTIONAL CALCULUS VIA THE IIS-RESOLVENT OPERATORS

In the sequel, we will consider a Banach space V' over R with norm | - ||. It is possible to endow V with an
operation of multiplication by elements of R,, which gives a two-sided module over R,,. A two-sided module
V over R, is called a Banach module over R, if there exists a constant C' > 1 such that ||val| < C||v|||al
and |lav]| < Clal|jv| for all v € V and a € R,,. By V,, we denote V ® R,, that turns out to be a two-sided
Banach module over R,,. An element in V}, is of the type > , va ®ea (where A =iy ...0,, 00 € {1,2,...,n},
i1 < ... <1, is a multi-index). The multiplications of an element v € V,, with a scalar a € R,, are defined by
va=7) ,va®(eqa)and av =) , va® (aea). For simplicity, we will write > , vae instead of ) , va ®ea.
Finally, we define |03, =>4 llvall{

We denote by B(V) the space of bounded R-homomorphisms of the Banach space V to itself endowed

with the natural norm denoted by || - |[gv). Given T4 € B(V), we can introduce the Clifford operator
T =3 ,eaT4 and its action on v = Y vgep € V;, as T'(v) = >, g Ta(vp)eaep. The operator T is a
right-module homomorphism which is a bounded linear map on V. )
In the sequel, we will consider an important subclass of Clifford operators, the ones of the form T =
To—l—Z?ZI e; T} are called paravector operators, where T; € B(V') for j = 0,1,...,n. The subset of paravector
operators in B(V;,) will be denoted by B%*(V,,). For Clifford operators T' =" , eaT we define ||T||z(v,) =
> allTallvy and in particular when 7' is a paravector operator we have ||T'||zo.1(v,) = >_; |7} 5(v)- Note
that, in the sequel, we will omit the subscripts B%*(V,,) or B(V,,) in the norm of an operator. Note also
that [|TS]| < ||T]||S], finally we denote by Z the identity operator. We recall this crucial result which is
the heart of the spectral theory on the S-spectrum because it shows the notion of S-spectrum and of S-
resolvent operators. The subset of B%*(V;,,) that consists of those paravector operators T' = T + Z?Zl e; T}
with commuting components Ty, ...,7T,, will be denoted by BCO’l(Vn). Finally we will use the notation
T = TO — Z?:l ejTj.

We recall some facts on the S-functional calculus that we will use in the sequel.
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Theorem 5.1. Let T € B%1(V,,) and let s € R™ ! with |T|| < |s].
(i) The left S-resolvent series equals

—+o0
> 1msTm = —(T% = 2Re(s)T + |s|°Z) (T - 51).
m=0

(i) The right S-resolvent series equals

+o0
S s = (T = ST)(T? = 2Re(s)T + |s°T) .

m=0

Definition 5.2. Let T € B%'(V,,). For s € R"™!, we set

Q,(T) :=T? — 2Re(s)T + |s|*Z.
We define the S-resolvent set pg(T") of T' as

ps(T) := {s € R" . Q(T) is invertible in B(V,)}
and we define the S-spectrum og(7T) of T as
o5(T) := R" ™\ ps(T).

For s € ps(T), the operator Q,(T)~! is called the pseudo S-resolvent operator of T at s.
Definition 5.3. Let T € B%1(V},). For s € ps(T), we define the left S-resolvent operator as

Sp(s,T) = —=Q4(T) T - 51),
and the right S-resolvent operator as

Sg'(s,T) = —(T —31)Q(T) "

Lemma 5.4. Let T € B%Y(V,,).

(1) The left S-resolvent operator Szl(s, T) is a B(Vy,)-valued right-slice mponogenic function of the variable
s on ps(T).

(II) The right S-resolvent operator Sp'(s,T) is a B(Vy,)-valued left-slice monogenic function of the vari-
able s on ps(T).

Definition 5.5. For T' € B%1(V,,), we denote by SM(0s(T)), SMg(cs(T)) and N(os(T)), the set of all
left, right and intrinsic slice monogenic functions with og(7T) C U, where U is a slice Cauchy domain such
that U C dom(f) and dom(f) is the domain of the function f.

Definition 5.6 (The S-functional calculus). Let T € B%!(V,,) for j € S set dsj = ds(—j). Then we have the
formulations of the S-functional calculus. We define

f(r):= i/ Sgl(s,T) ds; f(s), forall feSMp(os(T)), (40)
27 Jawney)
and
f(T):= L F(s)ds; Sg'(s,T), forall feSMp(os(T)). (41)
21 Jawncy)

Remark 5.7. The definition of the S-functional calculus is well posed because the integrals (40) and (41)
depend neither on U nor on the imaginary unit j € S. This is also independent of the fact that the components
of the operator 7" commute or not among themselves.

The S-resolvent equation is useful to prove several properties of the S-functional calculus. So it is natural
to ask if it is possible to obtain an analog of the classical resolvent equation

A=Al = A7 = (A=A = (= A7) (p=2) ", ApeC\o(4), (42)

where A is a complex operator on a Banach space. The generalization to this non commutative setting,

involves both the left and the right S-resolvent operators and the analogue of the term (Al — A)~! — (ul —

A)7H) (=) ~! which is the difference of the resolvent operators (A — A)~% — (I — A)~! multiplied by the
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Cauchy kernel (u — A)~! for the S-functional calculus becomes the difference of the S-resolvent operators
Sgl(s, T)— Sgl(p, T) entangled in a suitable way with the slice monogenic Cauchy kernels. In fact we have:

Theorem 5.8 (The S-resolvent equation, see [8]). Let T € B®Y(V},) and let s,q € ps(T) with q ¢ [s]. Set
Q:(q)7 ! := (¢*> — 2Re(s)q + |s|*) L. Then the equation

Sz (s, T)S; (@, T) = [(Sg' (s, T) = Sy (0, 1)) a =5 (Sg' (s, T) = S (¢, T))] Qs(g) ™" (43)
holds true. Equivalently, it can also be written as
Sp (1), (@, T) = Qu(s) ™ [(S (@ 7) = Sp' (s, 1)) 7= s (S (0. T) = Sp' (s, 1))] . (44)

The S-resolvent equation is a consequence of the left and the right S-resolvent equations:

Theorem 5.9. Let T € B%Y(V,,) and let s € ps(T). The left S-resolvent operator satisfies the left S-resolvent
equation

S;Ns,T)s =TS (s,T) =1 (45)
and the right S-resolvent operator satisfies the right S-resolvent equation
sSp'(s,T) — Sp'(s,T)T = T. (46)

We point out that the equations (45) and (46) cannot be considered the generalizations of the classical
resolvent equation. Only the equations in Theorem 5.8 have the properties of the classical resolvent equation
(42). The product rule is a consequence of the S-resolvent equation.

Theorem 5.10 (Product rule). Let T € B%Y(V,,) and let f € N(os(T)) and g € SMy(os(T)) or let
f € SMgr(os(T)) and g € N(og(T)). Then
(fo)(T) = f(T)g(T).

In this section we give the formulations of the poly slice monogenic version of the S-functional based on
the poly slice Cauchy formulas. This calculus that will be indicated by PS-functional calculus

Definition 5.11 (The IIS-resolvent operators I1,S; ' (s, T) and TI;S;'(s,T)). Let T € B%*(V,,) and s €
ps(T). We define the left poly S-resolvent operator (for short ITLS-resolvent operator) of order ¢ + 1, for
¢eNas

14

11,57 zélz() C (s T)(~3)'

k
-3 (Yt em @ -,

k=0

and the right poly S-resolvent operator (for short right I1S-resolvent operator)

(s

( )wH - sme.m) T

1

I,S5" =7

=
i ~
=]

1
04

OMN

where Q4 (T) := T? — 2Re(s)T + |s|*Z.

Lemma 5.12. Let T € B%Y(V,,) and let £ € N. Then we have:
(I) The poly left S-resolvent HgSZl(s,T) is a B(Vy,)-valued right poly slice monogenic function of the
variable s on ps(T) of order £+ 1.
(IT) The poly right S-resolvent HgS}}l(s,T) is a B(V,,)-valued left poly slice monogenic function of the
variable s on ps(T) of order £ + 1.
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Proof. Consider case (I). It is a direct consequence of the definition because it is of the form

4
S, (5, T) = tbe(s, T)5F
k=0

where the components
s, 7) o= ()T 1)

are right B(V,)-valued slice monogenic function in the variable s on pg(T), recalling that V,, = V ®@ R,,.
Apply Theorem 3.6 which still holds for function B(V,,)-valued we get the statement. The order £+ 1 is clear
from the definition. Case (II) follows with the same considerations. O

We can define the left and the right PS-resolvent equations for T € BC%'(V;,), that is when T has
commuting components. This will have consequences on the product rules.

Definition 5.13. Let M € N and let T € B%Y(V,,). We denote by PSY (05(T)), PS¥ (65(T)) and
PNM (o5(T)) the set of all left, right and intrinsic poly slice monogenic functions F or order M, respectively,
with o5(T) C U, where U is a slice Cauchy domain such that U C dom(F) and dom(F) is the domain of
the function F.

Using the Cauchy formula of poly slice monogenic functions we give the definition of the PS-functional
calculus.

Definition 5.14 (The PS-functional calculus (I)). Let 7' € B»Y(V,,), M € N, for j € S, set dsj = ds(—j),
0; == 3(0y +j0y) let 1,87 " (s,T) and I,Sy" (s,T) be the IIS-resolvent operators, for £ = 0,...,M — 1. We

deﬁne
M—1

1 _
F(T) = 5 3 Sy (s, T) ds; 3 Fls), forall F e PSH(os(T)), (47)
a(UNC;) =0
and
M-—1
1 _
F(T) = — 3" F(5)3; dsi TSR (s, T), forall F e PSH (os(T)). (48)

27 Jawney) =
The following theorem shows that the definitions of the PS-functional calculus are well posed.

Theorem 5.15. Let T € B (V,,), M €N, forj €S, set dsj = ds(—j), 0 == 3(0u+j0y) and let T1,S; ' (s, T)
and HZSR (s,T) be the I1S-resolvent operators, for £ =0, ..., M —1. Then the integrals (47) and (48) depend
neither on U nor on the imaginary unit j € S.

Proof. Recall that we work under Assumption 3.8. The independence of the integrals (47) and (48) from
the open set U is standard. We treat the case of F' € PS(0s(T)), for functions in F € PSr(os(T)) the
proof is similar with obvious changes. If U’ ¢ U, then O := U N U’ is a slice Cauchy domain that contains
o5(T). We can hence find a third slice Cauchy domain U"” with og(T) C U” and U” € O = UNU’. The
above arguments show that the integrals over the boundaries of all three sets agree.

To show the independence of j € S we choose two units i,j € S and two slice Cauchy domains U,, Us; C
dom(F) with og(T) C U, and U, C Us. (The subscripts ¢ and s are chosen to indicate the respective
variable of integration in the following computation). We start from the definition of the PS-functional
calculus integrating on 9(Us N C;):

M—1

F(T) := 11,57 (s, T) ds; 3, F(s),

27T a(U.NC) =5

where F(s) = E,Ig\/[:?)l 3 f1.(s). We recall that

3 (3 fiuls)) = — S ls), for k>



and ag (5" fr(s)) = 0, for k < €. So we have that

7 (X 00) = L (10) -

=0 k=¢{

M—-1

e,

since for k < ¢ the terms 0; ( 24 ! 5" fr(s )) are zero. Now consider F'(T") written as

M—1 M—1 kol

F(T) = /Umtc Z I,S; ' (s,T) ds; Z C _'@!gkfefk(s).

= k=t

We can write it more explicitly (putting a label (¢ =1,2,...., M — 1) in front of the integrals to identify them
in the sequel) as

M-—1
F(T)= (¢t = 0)i oS} ' (s,T) ds; 5" fr(s),
21 Jaw.ncy) P
Fe=1) 45, sy 3 g
=1)— S, Sj kS
27 Jo.ncy) oL D= (k1)
1 M1 (49)
+£_2—/ S, (s, T) ds; —_5k2f,
( )271' A(UNGy) 20 ( ) J £ (k—2)' k()
+ (f =M — 1)i/ H]w_lSL_l(S,T) de (M — 1)!f]\4_1(8).
27 Jow.nc;
Now we replace the explicit expressions of the II;S-resolvent operators
HOSZI(SaT) = Szl(SaT)a
LS, (s,T) = S; (s, T)(=3) + TS, (s, T),
_ 1 —1 A2 o
IS (s, T) = 5 (S5 (s, T)(=5) +2T" S (5. )(=5) + T 57 (5, 7)) 50,
M-—1
o 1 M—l k M—1—k
18701 = gy 2 ()T SE e
and we get
1 M-1
F(T):(éz())—/ S; (s, T) ds; 5 1. (s),
21 Jow.ncy) P
1 M—1 K
+£=1—/ S (s, T)(—=5) +TS; (s, T)) ds AR 8
=057 [ e, (ST + TS T)) ds DD TR A
1 1 /.4 _\2 1,1 _
Y (0=2)— —,(SL (5,T)(=3)% + 2T Sy (s, T)(—3) + T S; )) ds;
2w A(UsNC;) 2!
M-—1
k' o
X (k—2)'$ fr(s)
k=2

S(=M- 1)% /{)(Umj) (ﬁ S (Mk— 1>Tk3L1(s,T)(_§)M1k) s,

x (M — 1)l far_1(s).
24



Now in the integral for (¢ = 0)

1 M—-1

Ji=gy := — S (s, T) ds; 5" fi(s)
(£=0) o aU.NCy) L J kgo
we separate the term with fy(s) and we write it as
1 _
Ji—0y = Ro — o= 51 (s, T)ds; fo(s)
21 Jow.ncy)

where Ry contains all the other terms. The terms for (¢ = 1) are separated as
J(gzl) =R+ — / TSL_I(S,T) ds; f1 (s)
a(U,NC;)

where R; contains all the other terms. We proceed in the same manner also for (¢ = 2) and for the rest of
the terms to get

1 -2
Jie=2) = Re + o T°S; ' (s,T) ds; fa(s)
T Ja(UsNCj)
1 —M—1
Jo=p—1) == Ry—1 + 5= T S; (s, T)dsj far—1(s).

21 Jaw.nc;)

Finally consider the sum of the terms in Z p 5 R;. It turns out to be zero and this can be seen by gathering

in the sum ZJ o R the terms that contain fy, f1 .... fy—1. In each of these sums have the addends that
cancel. This shows that we are left with

Z T — /aw . S; (s, T) dsj fr(s).

Repeating the above computation with the imaginary unit i € S on 9(U,; N C;) we obtain
Mol
Z T~ / Sp'(q,T) dg; fi(q)
-0 T Ja(U,nc;)

but since the S-functional calculus is independent from the imaginary units i and j in S we get the statement.
O

Remark 5.16 (The case M = 3). For the reader’s convenience, in order to understand in which way the
terms in the proof of the previous result combine, we write explicitly the case M = 3. We recall that the
explicit expressions of the II;S-resolvent operators are given in (50) and the function F(s) is of the form

F(s) =3 fa(s) +5/1(5) + fo(s)-

So we have

/a ZHeS s,T)ds; 0; ( fa(s )+§f1(s)+f0(3))

U.NC) 155

and we split in 3 terms

F(T) = (= 0)5- /6 o, ToSEH ) s (32£2(5) +51(5) + fols))

Fe=1)5 TS (s, T) dsy (2502(5) + fi(5))
T Ja(UsnC;)
1 B

+(E=2)5 a(U.NC;) M25," (o, T) do (QfQ(S))
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and, replacing the I, S-resolvent operators, the addends become

Ji=0) 1 SL_l(s, T) ds; (§2f2(s) +35h (s))

(U.NC;)
1

27 Jaw.ncy)

S1 (s, T) ds; (fO(S))

where the last integral gives fo(7T), thanks to the S-functional calculus. Now consider

J(Z DR 217T d(UsNC;y) (SL_I(S,T)(_E)) ds; (2§f2(5))
% B(U.NC;) (SL_I(S’T)(_E)) ds; (fl(s))
i % O(U.NCy) (TSgl(s,T)) ds; (QEfQ(S))
35 ey (5707 (560,

where the last integral gives T f(T). For J(gzg) we have

ﬁ#mFEEQWQM(;S(Sﬂ())d%@ﬁ@»
%;awﬁw(w 9T (5, 7)(=5) ) ds; (2/(s))
1

— T°S; (s, )) ds; (2f2(s)),

2w a(UsNCy) (2' J

where the last integral give the term T f2(T). Finally consider all the terms that remain. Observe that all
the terms in the sum with f; cancel and the terms that contain f; cancel out as well.

Remark 5.17. To prove that the integrals (47) and (48) do not depend on the imaginary unit j € S we can
also use the poly slice monogenic Cauchy formula. This strategy to show that the PS-functional calculus is
well posed is more similar to the one used for the S-functional calculus. We just give the hints because the
computations are longer with respect to the proof that we have given above. With the same notations on
the domains as in the proof above we observe the following: the set Uy := R\ U, is an unbounded axially
symmetric domain with U_; C ps(T). The left PS-resolvent operator is right poly slice monogenic on pg(T')
and at infinity, since

+oo
. n_—n—1 __
Jan, 575, T) = Jimm 3 7757 =0

and the left S-resolvent operator is slice monogenic. Now observe that the IIS-resolvent operator

I,S;* £|Z<> (s, T)(=35)*

has operator valued slice monogenic components, and they go to zero, i.e.,

¢! k

So we can represent it with the Cauchy formula for unbounded slice Cauchy domains and it is right poly
slice monogenic on the S-resolvent set pg(T'). We have

1)~k o
=V <€) TkSL_l(S,T) — 0, for s— oc.

WSg (5,7) = 5 / ans T)3" dg T S7 (. 5)
o

(UsnCi) o
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because HgSZl(s, T) is poly slice monogenic up to order M > ¢, for any s € Ug. From S’Igl(q, s) = —Sgl(s, q)
we find that the Cauchy kernel

1,554 5.0 = o S () (9t

m!
k=0

can be written as

¢
1 m Nk o— _
—— > (Pt
I &
So keeping in mind that d(Us N C;) = —9(U, N C;) we have the chain of equalities

M—-1

1 1 5t
F(T) = o /Q(US ) > M,S; (s, T) ds; 3 F(s)

nG) =g

1 M1y M—1 ,

= — — 0,57 q, T Fi’ndqi I1,,S51(q,s)) ds; 0 F(s
o ey 2= Gor / D AR 71(0.9)) sy F(s)
1 = ¢

= 0,5, (q,T) & dgs 11,87 (s, q) ) ds; 95 F(s)
27 6Uﬂ(C)ZO( /awmcr:)mzo ) Y
1 / 1

= II,S; 8 dq1 / 1L, S, squ@F()

A(ULNC:) Z L ( a(U.NC;y) lz% ! )
where we have used Fubini’s theorem and with some very long computatlons we obtain
M—1
F(T) = o /mC 3 s 0 T e F0) = / 3 10,57 (0.T) da B F ).

D(U,NCy) o

So we conclude that the poly shce_monogenlc Cauchy formula gives the independence on the imaginary units
in the sphere S because we chose U; C Us. The computations above to show all the cancellations are slightly
more complicated with respect to the one in the prove that we have given above.

We start by proving some basic results related to the PS-functional calculus introduced in Definition 5.14

Proposition 5.18 (Linearity of the PS-functional calculus). Let T € B%*(V,,) and M > 1. Then, we have
(1) If F,G € PSY (05(T)), then we have:

(F+G)(T)=F(T)+G(T), (FN(T)=F(T)\, foralXeR,.
(2) If F,G € PS¥ (05(T)), then we have:
(F+G)(T)=F(T)+G(T), (A\F)T)=NF(T), forall\eR,.
Proof. This follows directly by construction of the PS-functional calculus in Definition 5.14. 0

Remark 5.19. So far, we always made use of the poly decomposition (16) of a function F' € PSQ/[(U) in terms

of fo, ..., fpr—1 € SMp(U). When the components are polynomials or power series fy(z) for £ =0, ..., M —1,
then

x) = Zx“A&u, with  Ag, €R,, for uelNy, (=0,..,M—1.
u=0
So, for fy;—1 # 0, we have the decomposition

M—-1 oo
x) = Z 7t Zx“Ag,u, Vo € U, (51)
£=0 u=
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where U is the set of convergence of all the series fy(z), for £ =0, ..., M — 1. Analogous considerations hold
for the right case (17), and we have

Flz)=Y (ZALM“)#, Vz € U (52)

The following theorem shows the compatibility of the P.S-functional calculus with the poly slice monogenic
polynomials and series with respect to the slice monogenic components. That is when we consider, for
example, the expansion (51), the PS-functional calculus gives

M-—1 00
=N Ty T4,
£=0 u=0
when F' is defined on the S-spectrum of T

Theorem 5.20. Let T € B%1(V,,) where we set T = Ty —> 1€ Let M €N, forj €S, set dsj = ds(—j)
and 0 := %(&L +j0y). Let 1,S; ' (s,T) and 1,S;" (s, T) be the TIS-resolvent operators, for £ =0,..., M — 1,
and suppose os(T) C U, where U is a slice Cauchy domain.

(I) Then when F is the series expansion in (51) we have

1 M—1 , M-l oo
— ,S; (s, T) ds; 05 F(s) = T TUAg,.
2 Jownc;) g ’ o =0 uz:;)
(IT) Then when F is the series e:rpansion in (52) we have
M—1 00 ,
/ PF dsy IS5 (. 7) = 3 (3 AT
a(UNG) z 0 =0 " u=0
Proof. Tt follows from the definition with some computations. 0

Remark 5.21. From Theorem 5.20 we see a first difference with respect to the S-functional calculus for
intrinsic functions. In fact, for the PS-functional calculus it is not enough that F' is an intrinsic function to

have that
M—1 00 M—1 0o
ST Tk = > (Y Ap )T
£=0 u=0 =0 u=0

but we have to require that 7' has commuting components, i.e. T € BC"'(V},).

The following theorem is important to prove the product rule.

Theorem 5.22 (The intrinsic PS-functional calculus (I)). Let T € BC*'(V,,) and set ds; = ds(—j) and
0; = 3(0u +i0,). Let F € PNM(0s(T)). Let 11,S; " (s,T) and I;Sy"(s,T) be the ILS-resolvent operators,
for £ =0,...,M —1, and suppose o5(T) C U, where U is a slice Cauchy domain. Then the left and the right
formulations of the PS-functional calculus define the same operators; i.e., we have

F(T) = / e ZZ% 11,57 (s, T) ds; By F(s) ”

1 M—1 p
= F(s)0; dsjI1SE' (s, T).

21 Jawney) =

Proof. Tt is a consequence of the Theorem 3.18, when we approximate the intrinsic function F' by a sequence
of rational functions F,, we have
M—1

1 / 1 = 1
— M,S; (s, T) ds; 0; F (s) = —/ F,(s)0; ds; ISz (s,T)
™ Jowncy) gzg ! 21 Jawncy) ; Lo
for T € BC"*(V,,) and from the continuity of the PS-functional calculus we get the statement. O
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6. FORMULATIONS OF THE PS-FUNCTIONAL CALCULUS VIA THE MODIFIED S-RESOLVENT OPERATORS

There is an alternative way to define the PS-functional calculus: instead of using the Cauchy formula for
poly slice monogenic functions, we can use the integral representation of slice monogenic function. In order
to apply this strategy we need to define the modified S-resolvent operators and their related modified S-
resolvent equation. As we have seen the PS-resolvent operators are poly slice monogenic, while the modified
S-resolvent operators are slice monogenic.

We define the modified S-resolvent operator series.

Definition 6.1. Let T € B%1(V,,) and let s € R"™! with ||T|| < |s| and B € B(V},). We call

ionBs—m—l, and +fs—m—lBTm
m=0 m=0

the modified left (resp. right) S-resolvent operator series expansions.

Theorem 6.2. Let T € BY1(V,,) and let s € R"*! with |T|| < |s| and let B € B(V,,).
(i) The modified left S-resolvent operator series equals

+oo
> TmBsT ! = —(T% — 2Re(s)T + |s|*Z)"(T'B — B3).

m=0

(i) The modified right S-resolvent operator series equals
+oo
> s 'BT™ = —(BT — 5B)(T” — 2Re(s)T + |s°Z) .
m=0

Proof. Tt follows directly from the relations

+oo
> q"BsT'"™ = —(¢* — 2Re(s)q + |s]*) "' (¢B — B3), (54)
m=0

and
—+oo
> s7'MBg™ = —(Bq —5B)(q” — 2Re(s)q + |s|*) 7, (55)
m=0

which hold for s,q € R""! with |q| < |s|, replacing ¢ by T and ||T|| < |s|. See [8] for more details. O

Definition 6.3 (The modified S-resolvent operators). Let T € B%*(V;,) and let B € B(V,,). For s € ps(T),
we define the modified left S-resolvent operator as

S; (s, T; B) := —Q4(T) (T B — B3),
and the modified right S-resolvent operator as
Spt(s,T; B) := —(BT —3B)Q4(T) !,
where Q4 (T) := T? — 2Re(s)T + |s|*Z.
Lemma 6.4. Let T € B%Y(V,,) and let B € B(V,,).
(I) The modified left S-resolvent operator Sy (s,T; B) is a B(Vy,)-valued right-slice monogenic function
of the variable s on ps(T).

(11) The modified right S-resolvent operator Sp'(s,T; B) is a B(Vy,)-valued left-slice monogenic function
of the variable s on ps(T).

Proof. Tt is can be proved by a direct computation as in the case of the S-resolvent operators. 0

Some more interesting relation can be obtained when B € B(V,,) commutes with T and this fact will be
crucial in the sequel.
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Lemma 6.5. Let T € B%Y(V,,) and suppose that B € B(V,,) commutes with T. Let s € ps(T). Then we
have

Sy (s, T B) = BS, (s, 1),
and

Sp'(s,T;B) = Si'(s,T)B.
Proof. Since TB = BT the statement follows from the fact that (T'B — B3) = B(T —3Z) and Q4(T)"'B =
BO4(T)~ L. O
Theorem 6.6. Let T € B%'(V,,) and suppose that B € B(V,,) commutes with T. Let s € ps(T). The
modified left S-resolvent operator satisfies the modified left S-resolvent equation

S; (s, T;B)s —TS;'(s,T;B) = BS;'(s,T)s — TBS; *(s,T) = B (56)
and the modified right S-resolvent operator satisfies the modified right S-resolvent equation
sSp'(s,T; B) — Sp'(s,T; B)T = sSp* (s, T)B — Si' (s, T)BT = B. (57)

Proof. Since 2Re(s) and |s|? are real, they commute with the operator T'. Therefore

TQ(T) = Qs(T)T
and in turn

Qu(T)'T =TQs(1)™"
Thus we have
S;Y(s,T;B)s — TS, *(s,T; B) = — Qs(T)"Y(TB — B3)s + TQ,(T) (T B — B3)

=Q.(T)™ ' (=(TB — B3)s + T(TB — B3))

=Q,(T)'BQ,(T) = B,
where we have used the fact that B and T' commute. The modified right S-resolvent equation follows by
similar computations. O

Theorem 6.7 (The modified S-resolvent equation). Let T € B%(V,,) and suppose that B € B(V,,) commutes
with T and let s,q € ps(T) with q ¢ [s]. Then the equation

Sg'(s,T)BS; (¢, T) = [(Sg'(s,7)B—=BS; (a.T))q~35(Sg'(s,T7)B~ BS;'(¢,T))] Qs(0)™"  (58)
holds true. Equivalently, it can also be written as

Sp' (s T)BS. (¢, T) = Qu(s)™" [(BS, (0, T) = S’ (5, T)B)T = s (BS, (0, T) = Sy’ (s, T)B)], (59)
where Qs(q) := ¢® — 2Re(s)q + |s|*.
Proof. We show that

Sg'(s,T)BS; Y (¢.T)Qs(q) = [(Sg'(s,T)B—BS;'(q,T))q¢—5(Sx"'(s,T)B— BS;'(¢,T))], (60)
which is equivalent to (58). The modified left S-resolvent equation (56) implies

BS;'(¢,T)q = BTS;*(¢,T) + B.
Applying this identity in the third and fifth equality and using the fact the T'B = BT
5_1(5 T)BS_l( T)Qs(q)

7 (5, T)BS; (¢, T)(¢* — 2s0q + |s]?)
Sp'(s,T)[BS; (¢, T)a)q — 25055 " (s, T)[BS; (¢, T)a] + |s|*Sz" (5, T)BS; (4, T)
(saT)[BTS "(¢.T) + Blg — 25053 (5,T)[BTS; (¢, T) + B] + |s|*Sg" (s, T)BS; " (4. T)
Sg'(s,T)T[BS; (¢, T)q] + Sg'(s,T)Bq — 25055 " (s, T)BTS; *(q,T) — 2s0S;" (s, T)B

+ s | Sg'(s,T)BST ( T)

= SE'(s,I)T[BTS; " (q,T) + B] + Si'(s,T)Bq — 2505 " (s, T)BTS; *(q,T) — 2505y (s, T)B

+1s|*Sg (SvT)BSL ( 7).
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So, the above relation becomes
Sp'(s,T)BS; ' (¢,T)Qs(q) = Si* (s, T)TBTS; ' (¢,T) + Si'(s,T)TB + Si" (s, T)Bq
— 25085 (s, T)BTS; ' (¢, T) — 25053 (s, T)B + |s|*Sg " (s, T)BS; ' (¢, T).
Now we replace the term Sp'(s, )BT by sSy' (s, T)B — B, two times, in the above formula using the right
S-resolvent equation (57) written as
Sp'(s,T)BT = sSy"(s,T)B — B.
We get the equality
Sl (s, T)BS; ' (¢.T)Qs(q) = [Sg' (s, T)BT|TS; (¢, T) + [Sx' (s, T)TB] + Sy" (s, T)Bq
—2s0[Sz" (s, T)BT|S; (¢, T) — 25085 (s, T)B + |s|*Sz" (s, T)BS; *(q,T)
and replacing (57) in the above equation one more time in two places indicated in parenthesis we get
Sp'(s,T)BS; ' (¢.T7)Qs(q) = [sS;"(s,T)B — B|TS; ' (¢, T) + [sSi' (s, T)B — B] + S;'(s,T)Bgq
—2s0[sSz"(s,T)B — B]S; "(q,T) — 250S7" (s, T)B + |s|*Sg " (s, T)BS; *(q,T)
so we get
Sp'(s,T)BS; (¢, T)Qs(q) = s[Sg' (s, T)BT|S; *(q,T) — BTS; (¢, T)
+ [sSz'(s,T)B — B] + S;'(s,T)Bq
—250[sS5"(s,T)B — B]|S; ' (q,T) — 2505z (s, T)B + |s|*Sg" (s, T)BS; (¢, T).
Replacing one more time we have
Sgl(s,T)BSgl(q,T)Qs(q) = s[sSgl(s,T)B - B] Sgl(q, T)
— BTS;'(q,T) + [sSz"(s,T)B — B] + Sz (s,T)Bq
—250[sS5"(s,T)B — B|S; ' (q,T) — 25053 " (s, T)B
+[s[*Sx" (s, T)BS; (4. T)
so we obtain
Sp' (s, T)BS, (¢, T)Qs(a) = 5*Sp (5, T)BS, (¢, T) = sBS (4, T)
— BTS;'(¢.T) + sSi'(s,T)B — B+ Si'(s,T)Bq
— 250885 (s, T)BS; (¢, T) + 280BSL ' (¢, T) — 2505z (s, T)B
+|s]2Sz" (s, T)BSL (g, T).
Now we gather some terms in order to get
Sg' (s, T)BS; (4, T)Qs(q) = (s> — 2s0s + [s|*)Si ' (s, T)BS ' (¢, T)
—sBS;'(¢,T) — BTS;'(q,T) + sSz*(s,T)B — B+ S;'(s,T)Bq
+2s0BS; (q,T) — 2505 " (s, T)B
and
Sg (s, T)BS; (4, T)Qs(q) = (s> — 2505 + [s|*) Sk (s, T)BS (¢, T)
—sBS; ' (q,T) — BTS; " (¢,T) + sSi"(s,T)B — B+ Sz'(s,T)Bq
+2s9BS; '(q,T) — 2505z (s, T)B.
Since —sBS; *(q,T) + 2s0BS; ' (¢,T) = 35BS} '(q,T) we have
S (5, T)BST (4, T)Qs(q) = (5 — 2508 + |s[2)S7 (s, T) BST (q, T)
+3BS; ' (¢.T) — BTS; *(q,T) + sSi"' (s, T)B — B + S;'(s,T)Bq

— 25085 (s,T)B.
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Recalling the S-resolvent equation
BS;'(q,T)g= BTS; ' (¢.T)+ B
we obtain
Si'(s,T)BS; (4, T)Qs(q) = (s* — 2505 + [s]*) SR (s, T)BS; (¢, T)
+3BS;'(q,T) — BS; '(q.T)q+ 555" (s, T)B + Sz (s,T)Bq
— 25085 (s, T)B
and so
Si'(s,T)BS; (4, T)Qs(q) = (s* — 2505 + [s[*) SR (s, T)BS; (¢, T)
+3BS;'(¢,T) — BS; '(q,T)q —3Sz"(s,T)B + S;'(s,T)Bg.
Finally we obtain
Si'(s,T)BS; (4, T)Qs(q) = (s* — 2505 +|s[* ) (s, T)BS; (¢, T)
+3BS; ' (¢,T) = BS; (¢, T)q — 553" (s, T)B + S (s, T) By
= (s* — 2s0s + 3] ) (s, T)BS; (¢, T)
+ (Sz'(s,T)B — BS; ' (¢,T))q —3(Sg" (s, T)B — BS; ' (¢, T)
and since s? — 2505 + |s]? = 0 we get (60). With similar computations we can show that also (59) holds. [J

Definition 6.8. (The modified S-resolvent operators) Let T € B%1(V,,) and s € pg(T). We define the
modified left S-resolvent operator of order ¢ € N as

=l =14 _ —

T S;Y(s,T) == T Qu(T)" YT —31), (61)
and the modified right S-resolvent operator of order ¢ € N as

Szl (s, T)T' = —(T —3I)Q,(T)"'T", (62)

where Q4 (T) := T? — 2Re(s)T + |s|*Z.

—
Remark 6.9. Observe that when T has commuting components the operator B := T commutes with T', so
in this case, by Lemma 6.5, we have

S;Ms TT) =T'S7 (s, 7),
and , ,
Spl(s,T;T ) = S (s, T)T .

We are ready for an alternative, but equivalent, definition of the PS-functional calculus.

Definition 6.10 (The PS-functional calculus (II)). Let T € B%(V,,) for j € S set ds; = ds(—j) and let
M € N. Then we have the formulations (II) of the PS-functional calculus. We define

M-1 M-1
1 —
F(T) = — N TS s, T)ds fu(s), forall F(s)= Y & fi(s) e PSY(05(T)),  (63)
2m Jowney) = =
and
1 M—1 M—1
F(T) := — fo(s)ds; SgX(s, T)T', for all F(s =Y fuls)s" € PSY (05(T)). (64)
21 Jowney) =5 e

Theorem 6.11. The definition of the PS-functional calculus (II) in (63) and (64) is well posed because the
integrals depend neither on U nor on the imaginary unit j € S.

Proof. The Definitions (63) and (64) are well posed since they are based on the S-functional calculus and
Lemma 6.4 that assures that the modified S-resolvent operators preserve the slice monogenicity. g

The linearity of the PS-functional calculus (II) is a direct consequence of the definition.
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Proposition 6.12. Let T € B%Y(V,,) and M € N.
(1) If F,G € PSY (05(T)), then we have:

(F+G)(T) = F(T)+ G(T), (FA)T)=F(T)\, for all A € R,
(2) If F,G € PS¥ (05(T)), then we have:

(F+G)T)=FT)+G(T), AE)T)=NF(T), foralXeR,.
Theorem 6.13. Let T € B®'(V,,) and let M € N. Then:
(I) When F is the series expansion in (51), we have

M—1 —1 00
1 =

> TS (s, T)ds; fuls Z ZT“Ak,u.
£=0 u=0

21 Jowney) =

(IT) When F is the series expansion in (52), we have

1 M—1 M—-1 oo
— fo(s)ds; S ( AT )
21 Jawnc;) ; ! ez uz
We recall that T = Ty — Z?:l e;T;.
Proof. Tt is a consequence of the S-functional calculus. O

Theorem 6.14 (The intrinsic PS-functional calculus (IT)). Let T € BCY!(V,,) and set ds; = ds(—j) and let

F be an intrinsic poly monogenic function F € PNM(US(T)), for M € N with components f;. Then the left
and the right formulations of the PS-functional calculus (II) define the same operator, i.e., we have

M—1 M—1
1 =l 1/
F(T)=— TS, (s, T)ds;j fe(s) = — ds; Sy STT 65
D=5 [y S TS D) =50 [ 37 o)y 7' 0.7) (65)

Proof. Tt is a consequence of the fact that T € BC™'(V,) and of the S-functional calculus for intrinsic
functions, i.e.,

! 1
%/B(Umcj)& (5,T) dsj fe(s) = 5~ /(Umcj) fo(s) ds; Sp'(s,T),

holds. O

f(T) =

7. EQUIVALENCE OF THE TWO DEFINITIONS OF THE PS-FUNCTIONAL CALCULUS AND THE PRODUCT
RULES

According to Proposition 3.11 we have some possibilities to obtain the pointwise product of a poly slice
monogenic function and a slice monogenic function that preserves the poly slice monogenicity. According
to such proposition we obtain the related product rules. Using a product that takes out of the class of poly
slice monogenic function of a given order, by Corollary 4.18, we obtain a more general product rule.

First we establish the equivalence of the definitions of the PS-functional calculus (I) and (II).

Theorem 7.1 (Equivalence of the definitions of the PS-functional calculus). Let T' € B%1(V,,), M € N, for
jES, setdsj = ds(—j), 0j := 2(0u +j0y). Let ,S; (s, T) and Sy (s,T) be the ILS-resolvent operators.
Then we have

1 / 1 =
=— II,S; (s, T) dsj 0; F(s)
T Ja(unc;) Z b !

£=0
1 M—1 (66)
/a(mc) 2 TS (s, T) dsj fuls), forall F(s ; ' fu(s) € PSY (05(T)),
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and

M—1
F(T) = x > F(s) )3, ds; 11,7 (s, T)
a(UNC;) 1=
(67)
M-—1

1

M—1
— fe(s)ds; Sy sTT, for all F(s fe(s)5" € PSY (05(T
o7 ey 2o )5S T) =X ¥(os(T).

Proof. Tt is a consequence of Runge’s theorems for slice monogenic and poly slice monogenic functions and
the continuity properties of the two formulations of the P.S-functional calculus. O

As a corollary of the above theorem we have the four possible representations of the operator f(T') when
F is an intrinsic poly slice monogenic function, i.e., when F' € PN (o5(T)).

Theorem 7.2 (The formulations of PS-functional calculus for intrinsic functions). Let T € BC"*(V4,),
M €N, forj €S, set ds; = ds(—j), 0 == 2(0u +jOu) and Let M € N, for j € S, set ds; = ds(—j)
and 9; := 1(0u +j0y). Let 11,S7"(s,T) and I,Sy'(s,T) be the I1S-resolvent operators. Then, for every
F e PNM(og(T)), we have

F(T) = /Unc Z 0,87 (s, T) ds; By F(s)

£=0
M—1

iﬂ/ ZTS (s,T)ds; fo(s)

a(UNG;) 1—o

M—-1

1 =
— g F(s)0; dsi TSR (s, T)
2r Jawney) =5 S

4
M—1

1

21 Jawney) =

fe(s) ds; S5 (s, )T,

Proof. Tt is a consequence of Runge’s theorems for slice monogenic and poly slice monogenic functions and
the continuity properties of the two formulations of the P.S-functional calculus. O

The following lemma will be crucial in the proof of the product rules.

Lemma 7.3 (See [8]). Let B € B(V,). For any q,s € R""! with q ¢ [s] and let f be an intrinsic slice
monogenic function and let U be a slice Cauchy domain with U C dom(f). By setting

Qu(q) ™" = (¢° — 2Re(s)q + [s]) "

then we have

1

21 Jawney)

f(s)ds; (5B — Bq)Qs(q)~" = Bf(q)

for any q that belongs to U and any j € S.

Using Proposition 3.11 we obtain the first set of product rules for the PS-functional calculus.

Theorem 7.4 (Product rule (first case)). Let T € BC"*(V,,) and M € N.
(Ia) Let F € PNM(05(T)) and g € SMy(os(T)). Then (Fg)(T) = F(T)g(T).
(Ib) Let F € PM} (05(T)) and g € N(os(T)). Then (gF)(T) = g(T)F(T).
(Ila) Let F € PNM(US(T)) and g € SMpr(os(T)). Then (¢F)(T) = g(T)F(T).
(IIb) Let F € PMY (05(T)) and g € N'(05(T)). Then (Fg)(T) = F(T)g(T).
(III) Let F € PNM(0s(T)) and g € N(os(T)). Then we have

(gF)(T) = (Fg)(T) = F(T)g(T) = g(T)F(T).
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Proof. We will show point (Ia). The other claims follow in much the same way. So for F € PN (o5(T))
and g € SMp(og(T)) using the PS-functional calculus (IT) for F' and the S-functional calculus for g we

have
1

g(T) = — S; (s, T)dsjg(s), forall feSMp(os(T)).
21 Jowncy)
Let U, and U be bounded slice Cauchy domains that contain og(7') such that U, C Us and Us C dom(F) N
dom(g). The subscripts ¢ and s refer to the respective variable of integration in the following computation.
We choose j € S and we set I’y := (U, N C;) and T, := d(U, N C;) for neatness. So for I € PN M (o5(T))
by Theorem 6.14 we can represent F' as

_iwfa Z fu(s) ds; S5 (s, T)T".

uncy) 1=
When we consider the product
—k 1
F(T S [ Y h@ds ST o [ S e ) dagla)
27T I, kzo J ot r, L J
so we write
_ =k
e =5 [ Z fulo)dsy 5 [ 876, TS 7)oyl (69)

. . . =k . .
Now we use the modified S-resolvent equation with B = T that commute with T', since the paravector
operator T' has commuting components we have the modified S-resolvent equation

Sp' (s T S7 (0, 7) = | (7' DT T80 1)) a =5 (S5 (s DT T8 (0. 7)) ] Qs(@)™
(70)
we replace it (70) in (69) to get

PI = [ 3 sy J szt nT* ~T s m)a
s k=0
—5(551(8, T - TS (a, T))} Q.(q) " dg; g(q)

but also

F(T)g(T / S flods [ sat s nT 000 dyota)

s k=0
ka s) ds; W/F T°5; (g, T)qQx(q) " dg 9(q)

1

1 —
"o ) ka(s)dsig [ 5Si 1T 0 daata)
s k=0 q

1 M—1 1 . )
o ) Z:; fi(s) dS.i%/FqukSLl(qu)Qs(Q) " dg; 9(q).-

Now the integrals with the right S-resolvent operator are zero, in fact we can write them as

1 M—-1

%/p D fuls)ds, %/F Sz (5T 4Qu(a)" das 9(a)

s k=0

/1“ Z fr(s)ds; Sp (s T —/F {qgs(q)—l dqjg(q)} _0

s k=0
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by the Cauchy theorem because qu( )~ and g(q) are slice monogenic. Similarly it is

[ 3 s [ 35T 0 data) =0

Is k=0

so we remain with

F(T)g /ka dSJ2 /TkSL_l(q,T)qu(Q)’lqu‘g(q)

Is k=0

L R 1
T /F kZ:O fils) ds 2T /1“q SIS (4, T)Qs(q) ™ dg; 9(q)

and also we obtain

F(T)g(T) = o / ka s)dsj 5 / (5T"s' (@, T) = T"57" (0. T)a) Qs(@) ™ daj 9(a).

Ts k=0
Using Fubini’s theorem we get
M—1

P =g [ [ [ 3 50 (TS0 D) T8 0 Ta) @0~ ot

and by Lemma 7.3, setting B := T S; (g, T), we obtain

M—
F(T) %/ kz:: T) fr(q) dg; 9(q)
and finally
M—
P =5 [ S TS 0T da feola)
k=0
M-
= Z *(frg)(T) = (Fg)(T),
k=0
and this concludes the proof. O

Based on the product of poly slice monogenic functions in Corollary 4.18 we prove the following product
rule. This product rule requires that the paravector operator 7' has commuting components.

Theorem 7.5 (Product rule (second case)). Let T € BC*'(V,) and M,N € N.
(I) Let F € NN(05(T)) and G € PSY (05(T)), then we have

(FG)(T) = FT)G(T). ()
(II) Let F € PSY (05(T)) and G € N} (05(T)), then we have

(FG)(T) = F(T)G(T). (72)

Proof. We reason as in Theorem 7.4 taking the same contours of integration and pointing out just the
differences. We show point (I). The other point (II) follows in much the same way. Let U, and U, be
bounded slice Cauchy domains that contain og(7T") such that U, C Us and Us C dom(F) N dom(G). The
subscripts ¢ and s refer to the respective variable of integration in the following computation. We choose
j €S and we set I'y := 0(Us N C;) and T’y := 9(U, N C;) for neatness. So by Theorem 6.14 we can represent
F as

/ Z fr(s)ds; Sg (s T)T , forall FePNY(os(T))
T or r

s k=0
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and

M—
1
=5 / Z (¢,T)dg; ge(q), forall FePSH(o5(T))
£=0
so when we consider the product
1 [ = P T
_ g1 .
Fmem =5 | S fuls)dsy Sy 6, T L [ X TS D gt
k=0 £=0
and also.
1 N-— M—1
FOGT) = 5- [ S fuls)dsy [ si e T s 0 ) gy o).
s k=0 Ta p=0

We use the modified S-resolvent equation to get

F(T) 27T/ ka dSJ2 / ZS )T 4Q.(a) ™" dgs ge(q)

Ts k=0 Ta p=0
/ Z fels)dsy 3= | 3 TS 0, T)a@u0) da )
Tq =0
M—1
/ ka ds]2 / ZSS STT QS()ldqjgg(q)
Ts k=0 Ta p=0
/ Z fk dSJ o / Z ST S q, )Qs( ) 1d(]j gE(Q)'
Tq =0
Also here the two integrals that contain the right S-resolvent operators are zero so we obtain
= ke
F(T)G / Z Fi(s) dsj o / > T 8,M(g,T)gQs(q) " dg ge(a)
Is k=0 Ta p=0
1 N—-1
+§/ > fuls)ds; — o / Z ST S (g, T) Q0 (a) ™" dgs ge(g).
Ts k=0 Ta p=0
Using Fubini’s theorem we finally have
F(IG(T) =
1 i k4L
“an Lo [ X woras (T80 -5 0 Da) 000 ds o)
Ts k=0 ¢=0
. =kl 1 .
setting B:=T S, "(¢,T) in Lemma 7.3 we get
1 No1M-1
F(T)G(T) = %/r > TSN a, T) frla) dg; gelq)
4 k=0 (=
1 & e
—5/ TS5 (0.T) dag (o))
Ty k=0 =0
NolM-1
= T (fege)(T) = (FG)(T),
k=0 £=0

and this concludes the proof.
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